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STEENROD’S OPERATIONS IN SIMPLICIAL BREDON-ILLMAN
COHOMOLOGY WITH LOCAL COEFFICIENTS
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(communicated by Jean-Louis Loday)

Abstract
In this paper we use Peter May’s algebraic approach to Steen-
rod operations to construct Steenrod’s reduced power opera-
tions in simplicial Bredon-Illman cohomology with local coeffi-
cients of a one vertex G-Kan complex, G being a discrete group.

1. Introduction

The study of cohomology operations has been one of the important areas of research
in algebraic topology for a long time. For instance, they have been extensively used
to compute obstructions [20], to study homotopy type of complexes [23] and to show
essentiality of maps of spheres [3]. A class of basic operations are Steenrod’s squares
and reduced power operations [1, 21, 22]. Steenrod’s squares are defined for cohomol-
ogy with Zs-coefficients whereas Steenrod’s reduced powers are defined in cohomology
with coefficients in Z,,, p # 2 a prime. A very general and useful method of construct-
ing these operations is given in [14]. A categorical approach to Steenrod operations
can be found in [6]. In [9], S. Gitler constructed reduced power operations in coho-
mology with local coefficients. A well-known result of Eilenberg describes cohomology
of a space with local coefficients by the cohomology of an invariant subcomplex of its
universal cover, equipped with the action of the fundamental group of the space [5].
The main idea of Gitler’s construction is to lift power operations in this invariant
cochain subcomplex and reproduce the operations in cohomology with local coeffi-
cients via Eilenberg’s description. The relevant local coefficients in this context is
obtained by a fixed action of the fundamental group of the space on a fixed cyclic
group of prime order p # 2.

Recently, in [17], we introduced simplicial equivariant cohomology with local coef-
ficients, which is the simplicial version of Bredon-Illman cohomology with local coeffi-
cients [15]. The aim of this paper is to construct Steenrod’s reduced power operations
in simplicial Bredon-Illman cohomology with local coefficients, where the equivari-
ant local coefficients take values in Z,-algebras, for a prime p > 2. Throughout our
method is simplicial. It may be mentioned that, for a space with a topological group
action there exists a brace (or homotopy Gerstenhaber) algebra structure [16] on

The second author would like to thank CSIR for its support.

Received June 22, 2010; published on May 23, 2011.

2000 Mathematics Subject Classification: 55U10, 55N91, 55N25, 57599, 55S05.

Key words and phrases: simplicial set, group action, equivariant cohomology, equivariant local coef-
ficients, cohomology operation, Steenrod’s reduced power operation.

Article available at http://intlpress.com/HHA/v13/n1/a10 and doi:10.4310/HHA.2011.v13.n1.a10
Copyright (© 2011, International Press. Permission to copy for private use granted.



274 GOUTAM MUKHERJEE AND DEBASIS SEN

the Bredon-Illman cochain complex. This brace algebra structure was used in [8] to
deduce Steenrod’s squares in Bredon-Illman cohomology with local coefficients that
take values in Zsy-algebras.

We have the notion of a ‘universal Og-covering complex’ of a one vertex G-Kan
complex X [17]. This is defined as a contravariant functor from the category of
canonical orbits to the category of one vertex Kan complexes and is the analogue,
in the equivariant context, of the universal cover of a one vertex Kan complex [11].
This universal Og-covering complex comes equipped with an action of an Og-group
X (see Section 4 for details), and an equivariant analogue of the Eilenberg theo-
rem holds [18]. Following Gitler [9], we first construct the power operations in the
7 X-equivariant cohomology of the ‘universal Og-covering complex’. This is done by
applying the algebraic description of Steenrod power operations of P. May [14]. We
then use the equivariant version of the Eilenberg theorem to reproduce Steenrod’s
reduced power operations in the present context. It may be remarked that our method
also applies when p = 2 and hence also yields Steenrod squares (cf. Remark 5.15).

The paper is organized as follows: In Section 2, we recall some standard results and
fix notations. The notion of equivariant local coefficients of a simplicial set equipped
with a simplicial group action is based on fundamental groupoid. In Section 3, we
recall these concepts and quickly review the definition of simplicial Bredon-Illman
cohomology with local coefficients. In Section 4, we state the equivariant version of
the Eilenberg theorem. In Section 5, we briefly recall the algebraic method of P. May
and then apply it to construct Steenrod’s reduced power operations in simplicial
Bredon-Illman cohomology with local coefficients.

2. Preliminaries

In this section we set up our notations and recall some standard facts [10, 13].

Throughout, S will denote the category of simplicial sets and simplicial maps. Let
Aln] denote the standard simplicial n-simplex and A,, be the unique non-degenerate
n-simplex of A[n]. We have simplicial maps 0;: A[n — 1] — Aln] and 0;: Aln+1] —
A[n] for 0 < i < ndefined by 6;(Ap—1) = 9;(A,) and 0;(An+1) = $;(Ay). The bound-
ary subcomplex dA[n] of A[n] is defined as the smallest subcomplex of A[n] containing
the faces 9;A,,1=0,1,...,n.

Definition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in
the category of G-sets. More precisely, a G-simplicial set is a simplicial set {X,,; 0;, s;,
0 <@ < n}p>o such that each X, is a G-set, and the face maps 9;: X,, — X, and
the degeneracy maps s;: X,, — X, 11 commute with the G-action. A G-simplicial map
between G-simplicial sets is a simplicial map which commutes with the G-action.

For a G simplicial set X, we consider X x A[1] as a G-simplicial set with trivial
G-action on A[l].

Definition 2.2. Two G-simplicial maps f,g: X — Y between G-simplicial sets X
and Y are G-homotopic if there exists a G-simplicial map H: X x A[1] = Y such
that

Ho(id xd1) = f,H o (id xdp) = g,
where X x A0] is identified with X. The map # is called a G-homotopy from f to
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g, and we write H: f ~g ¢. If i: X’ C X is an inclusion of a subcomplex and f, g
agree on X', then we say that f is G-homotopic to g relative to X’ if there exists
a G homotopy H: f ~¢ ¢ such that Ho (i x id) = o pry, where a = f|x = g|x-
and pry: X’ x A[l] — X’ is the projection onto the first factor. In this case we write
H: f~g g(rel X7).

Definition 2.3. A G-simplicial set is a G-Kan complex if for every subgroup H C G
the fixed point simplicial set X is a Kan complex.

Remark 2.4. Recall [2, 7] that the category GS of G-simplicial sets and G-simplicial
maps between G-simplicial sets has a closed model structure [19], where the fibrant
objects are the G-Kan complexes and the cofibrant objects are all the G-simplicial
sets. From this it follows that G-homotopy on the set of G-simplicial maps X — Y
is an equivalence relation, for every G-simplicial set X and G-Kan complex Y. More
generally, relative G-homotopy is an equivalence relation if the target is a G-Kan
complex.

We consider G/H x A[n] as a simplicial set, where (G/H x A[n|), = G/H x Aln],
with face and degeneracy maps as id x0; and id xs;. Note that the group G acts on
G/H by left translation. With this G-action on the first factor and trivial action on
the second factor, G/H x A[n] is a G-simplicial set.

Let X be any G-simplicial set. A G-simplicial map o: G/H x A[n] — X is called
an equivariant n-simplex of type H in X.

Remark 2.5. We remark that for a G-simplicial set X, the set of equivariant
n-simplices of type H in X is in bijective correspondence with n-simplices of X% .
For an equivariant n-simplex o, the corresponding n-simplex is ¢/ = o(eH, A,,). The
simplicial map A[n] — X#, A, + ¢’ will be denoted by &.

We shall call ¢ degenerate or non-degenerate according to whether the n-simplex
o’ € X is degenerate or non-degenerate.

Recall that the category of canonical orbits, denoted by Og¢, is a category whose
objects are cosets G/H, as H runs over the all subgroups of G. A morphism from G/H
to G/K is a G-map. Such a morphism determines and is determined by a subconju-
gacy relation a"'Ha C K and is given by a(eH) = aK. We denote this morphism by
a [4].

Definition 2.6. A contravariant functor from Og to the category of simplicial sets
S is called an Og-simplicial set. A map between Og-simplicial sets is a natural trans-
formation of functors.

We shall denote the category of Og-simplicial sets by OgS.

For a commutative ring A, let A-alg denote the category of commutative A-algebras
with unity and algebra homomorphisms preserving unity. The category of A-modules
and module maps is denoted by A-mod. The category of chain complexes of A-modules
is denoted by chp. The notion of Og-groups, Og-A-algebras or Og-chain complexes
has the obvious meaning replacing S by Grp (the category of groups), A-alg or chy,
respectively.
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For any two Og-simplicial sets (respectively, Og-groups) T and T”, we define their

product (T x T") € OgS (respectively, Og-Grp) as
(TxTY(G/H)=T(G/H) x T'(G/H)

for objects G/H of O¢g and (T x T")(a) = T'(a) x T'(a) for a morphism a of Og.

For a G-simplicial set X, with a G-fixed O-simplex v, we have an Og-group #X
defined as follows: For any subgroup H of G,

7 X(G/H) = m (X v),

and for a morphism a: G/H — G/K, a 'Ha C K, 7X(a) is the homomorphism of
the fundamental groups induced by the simplicial map a: X% — XH.

Definition 2.7. An Og-group p is said to act on an Og-simplicial set (Og-A-algebra
or Og-chain complex) T if for every subgroup H C G, p(G/H) acts on T(G/H) and
this action is natural with respect to maps of Og. Thus if

O(G/H): p(G/H) x T(G/H) — T(G/H)
denotes the action of p(G/H) on T(G/H), then for each subconjugacy relation a=* Ha
C K,

@(G/H) o (p(a) x T(a)) = T(a) o p(G/K).
Definition 2.8. Let an Og-group p act on the Og-simplicial sets T and T’. A map
f: T — T is called p-equivariant if

f(G/H)(az) = af(G/H)(x),a € p(G/H),z € T(G/H),
for each subgroup H of G.
Definition 2.9. Let L, L' be Og-chain complexes. Two natural transformations v =
{vn},w ={wy,}: L — L’ are said to be homotopic if there exist natural transforma-
tions
Hy: Vi — Wep1,n 20,

such that {#,(G/H)}n>o0 is a chain homotopy of the chain maps v(G/H),w(G/H)
for each subgroup H of G. Symbolically we write H: v ~ w.

If an Og-group p acts on L, L’ and v,w are p-equivariant, then v, w are said to be
p-equivariantly homotopic if there exists a homotopy H: v >~ w which satisfies

H.(G/H)(azx) = aH,(G/H)(xz) for a€p(G/H),x €v,(G/H),H CG.

Definition 2.10. The tensor product L ® L’: Og — chy of two Og-chain complexes
L and L’ is defined as

(Le L")(G/H)=L(G/H)® L'(G/H),
for each object G/H of O¢g and (L ® L')(a) = L(a) ® L'(a) for a morphism a of Og.
Note that a chain complex W can be considered as an Og-chain complex in the
trivial way, that is, W(G/H) = W, W(a) = id. So the tensor product of W with an
O¢-chain complex is defined.

Throughout the paper, unless otherwise mentioned explicitly, all the tensor prod-
ucts are over the ring A.
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3. Simplicial Bredon-Illman cohomology with local coefficients

In this section we recall [17] the relevant notion of a fundamental groupoid of a
G-simplicial set X, the notion of equivariant local coefficients on X and the definition
of simplicial Bredon-Illman cohomology with local coefficients.

We begin with the notion of a fundamental groupoid. Recall [10] that the fun-
damental groupoid 7X of a Kan complex X is a category having as objects all
0-simplexes of X and a morphism = — y in 7.X is a homotopy class of 1-simplices
w: A[l] = X rel 9A[1] such that w o §p =, w 0 07 = T. If wo represents an arrow from
x to y and wy represents an arrow from y to z, then their composite [wp] o [ws] is repre-
sented by € o §1, where the simplicial map Q: A[2] — X corresponds to a 2-simplex,
which is determined by the compatible pair (w), ,w}). For a simplicial set X, the
notion of a fundamental groupoid is defined via the geometric realization and the
total singular functor.

The fundamental groupoid of a G-simplicial set is defined as follows:

Definition 3.1. Let X be a G-Kan complex. The fundamental groupoid I1X is a
category with objects equivariant 0-simplices

zg: G/H x Al0] - X

of type H, as H varies over all subgroups of G. Given two objects xy and yx in
IIX, a morphism from xy — yx is defined as follows: Consider the set of all pairs
(a,¢) where a: G/H — G/K is a morphism in Og, given by a subconjugacy relation
a"'Ha C K, a € G, so that a(eH) = aK and ¢: G/H x A[l] — X is an equivariant
1-simplex such that

¢o(id x01) = zg, ¢ o (id xdy) = yx o (G x id).

The set of morphisms in IIX from xy to yx is a quotient of the set of pairs
mentioned above by an equivalence relation ‘ ~’, where (a1, ¢1) ~ (a2, ¢2) if and
only if a; = a2 =a (say), and there exists a G-homotopy H: G/H x A[1] x A[1]
— X of G-homotopies such that H: ¢1 ~g ¢2(rel G/H x JA[1]). Since X is a G-Kan
complex, by Remark 2.4, ~ is an equivalence relation. We denote the equivalence
class of (@, ®) by [a, ¢]. The set of equivalence classes is the set of morphisms in TIX
from xg to yx.

The composition of morphisms in IIX is defined as follows: Given two morphisms

- [d1,¢1l YK [dz,tﬁzl .

L,

their composition [ds, ¢o] o [a1, ¢1] is [a1a2,¥]: g — 21, where the first factor is the
composition

G/H —“+ G/K —+ G/L,

and ¥: G/H x A[l] — X is an equivariant 1-simplex of type H as described below.
Let = be a 2-simplex in the Kan complex X determined by the compatible pair
of 1-simplices (a1¢h, ,@]) so that px = a1¢h and Oz = ¢). Then 1) is given by
’l/)(eH, Al) = 8111,‘.
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Observe that ¢’ is a 1-simplex in X such that 9,¢' = 2, and 9y¢’ = ay/,. More-

over, the O-simplex ay}- in X corresponds to the composition
G/H x A0] 2% G/K x Af0] 25 X

and ¢ is a G-homotopy =y ~¢ yk © (a x id) (cf. Remark 2.5 for notations).

It is proved in [17] that the composition is well defined. For a version for the
fundamental groupoid of a G-space we refer to [12, 15].

Observe that if X is a G-simplicial set then S|X| is a G-Kan complex, where for
any space Y, SY denotes the total singular complex and for any simplicial set X, | X]|
denotes the geometric realization of X.

Definition 3.2. For a G-simplicial set X, we define the fundamental groupoid I1X
of X by IX :=1II5|X]|.

Note that if F': X — Y is a G-simplicial map then there exists an obvious induced
functor II(F): IIX — IIY which assigns to each object 2y of IIX, the object F oz
of ITY and a morphism [, ¢] in IIX to the morphism [4, F o ¢] of ITTY.

Remark 3.3. Suppose ¢ is a morphism from z to y in 7XH, given by a homotopy
class [w], where @: A[1] — X represents the 1-simplex in X from x to y. Let g
and yg be the objects in 7 X defined respectively by

zp(eH, Ao) = z,ym(eH, Ag) = y.
Then we have a morphism [id,w]: zg — yg in IIX, where w(eH, A1) = ©0(A1). We
shall denote this morphism corresponding to & by b€.

Definition 3.4. Equivariant local coefficients on a G-simplicial set X are a con-
travariant functor from IIX to the category A-alg.

Next, we briefly describe the simplicial version of Bredon-Illman cohomology with
local coefficients as introduced in [17].

Let X be a G-simplicial set and M equivariant local coefficients on X. For each
equivariant n-simplex o: G/H x A[n] — X, we associate an equivariant 0-simplex
op: G/H x A[0] — X given by

Og = 0O (ld Xé(l,?,..,,n))7
where d(13,... n) is the composition

Sz A0] 25 AN B - 2 Aln).

The j-th face of o is an equivariant (n — 1)-simplex of type H, denoted by o), and
is defined by
o) = o (id xd;),0 < j < n.

Remark 3.5. Note that ag) = oy for 7 >0, and Jg) =00 (id x62,... n))-

Let CZ&(X; M) be the A-module of all functions f defined on equivariant n-sim-
plexes o: G/H x Aln] — X such that f(o) € M(cy) with f(o) =0, if o is degener-

ate. We have a morphism o, = [id, o] in IIX from oy to 01(3) induced by o, where
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a: G/H x A[l] — X is given by a = 0 o (id Xd2,... )). Define a homomorphism
§: CA(X; M) — CETH (X M)y f — 6 f
where for any equivariant (n + 1)-simplex o of type H,

n+1

(=1)" 6 f(0) = M(0,) f(o©) + Z(_l)jf(a(j))'

A routine verification shows that § o § = 0. Thus {C}(X; M), 6} is a cochain complex.
We are interested in a subcomplex of this cochain complex as described below.

Let n: G/H x A[n] - X and 7: G/K x Aln] — X be two equivariant n-simplex-
es. Suppose there exists a G-map a: G/H — G/K,a 'Ha C K, such that 7 o (a x id)
= 7. Then n and 7 are said to be compatible under a. Observe that if n and 7 are
compatible as described above then 7 is degenerate if and only if 7 is degenerate.
Moreover, notice that in this case, we have a morphism [a,k]: ng — 7k in IIX,
where k = ng o (id xop), where og: A[1] — AJ0] is the simplicial map as described
in Section 2. Let us denote this induced morphism by a.

Definition 3.6. We define S%(X; M) to be the submodule of C%(X; M) consisting
of all functions f such that if n and 7 are equivariant n-simplexes in X which are
compatible under a, then f(n) = M (a.)(f(7)).

If f € SA(X;M) then one can verify that §f € Si"'(X; M). Thus we have a
cochain complex of A-modules Sq¢(X; M) = {SZE(X;M),d}.

Definition 3.7. Let X be a G-simplicial set with equivariant local coefficients M on
it. Then the n-th Bredon-Illman cohomology of X with local coefficients M is defined
by

HE(X5 M) == H"(Sa(X; M)).

Suppose that X,Y are G-simplicial sets and M, N are equivariant local coefficients
on X and Y respectively. A map from (X, M) to (Y, N) is a pair (F,~), where F': X
— Y is a G-simplicial map, and y: N oII(F) — M is a natural transformation of
functors, II(F): IIX — IIY being the map induced by F. A map (F,v): (X, M) —
(Y, N) naturally induces a cochain map (F,v)#: S&(Y;N) — S&(X; M) as follows:
For f € S5(Y;N) and an equivariant n-simplex o in X of type H, (F,7)#(f)(c) =
v(ow) f(F o o). Therefore we have an induced map (F,v)*: H5(Y; N) — HL(X; M)
in cohomology.

We now define the cup product in simplicial Bredon-Illman cohomology with
local coefficients. Let o: G/H x Aln+ m] — X be an equivariant (n + m)-simplex of
type H. Then define 0|, = oo (idg/g X0m+1,....n4m)), Lm0 =00 (idg/m Xd(0,... n))
where (41, ntm): Aln] = Aln+m] and 0(,... ) Alm] = A[n+m] are defined
as before. For cochains f € SZ(X; M) and g € SZ(X; M), the cup product fUg €
SEt™(X; M) is the cochain whose value on o is given by the formula

(fug)o) = (=1)""f(o]n)(M(ont1)9(lma)),

where On+1 = [1d7 go (ldG/H X(s(l,“.,n,n+2,.“,n+m) )] isa morphism in IIX from (OJn)H
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to (|mo)u. A routine verification shows that f U g belongs to S¢™™(X; M), and
d(fUg)=df Ug+(~1)*Dfudg.

Therefore it induces a product in cohomology which is associative and graded com-
mutative. Thus H5(X; M) is an associative graded algebra.

Suppose M is equivariant local coefficients on a G-simplicial set X with a G-fixed
0-simplex v. Then M determines an Og-A-algebra M, equipped with an action of
the Og-group =X as described below.

For any subgroup H of G, let vy be the object of type H in IIX defined by

vg: G/H x Al0] — X,vg(eH,Ag) = v.

Then for any morphism a: G/H — G/K in Og given by a subconjugacy relation
a~'Ha C K, we have a morphism [a, k]: vy — vk in [IX, where k: G/H x A[1] = X
is given by k(eH, A1) = sgv. Define an Og-A-algebra M, by

My(G/H) :=M(vy),HCG
and My(a) = M{a, k] for a morphism & in Og.

We now describe the action of the Og-group X on My. Let a = [¢] € =X (G/H) =
71 (XH  v). Then the morphism [id, ¢]: vy — vy, determined by ¢(eH, A1) = ¢(A;),
is an equivalence in the category I1.X. This yields a group homomorphism

b: 7T1(XH7/U) — AutHX(UH)aa = [¢] = b(a) = [ldv(b]
The composition of the map b with the group homomorphism
Autnx (UH) — AutA-alg(M(vH»’

which sends o € Autyx(vy) to [M(a)]™!, defines the action of m;(X*,v) on
My(G/H). Tt is routine to check that this action is natural with respect to mor-
phisms of Og.

Conversely, an Og-A-algebra My, equipped with an action of the Og-group =X,
defines equivariant local coefficients M on X, where X is G-connected and v € X¢
a fixed 0-simplex [17].

4. The Eilenberg theorem

In this section we recall a version of the Eilenberg theorem [18] for simplicial
Bredon-Illman cohomology with local coefficients.

Let A denote the category with objects the triples (T, My, p), where T is an Og-
simplicial set, My an Og-A-algebra and p is an Og-group which operates on both
T and My. A morphism from (T, My, p) to (IT", M{, p’) is a triple (fo, f1, f2), where
for T =T, fi: M), = My and fo: p — p’ are maps in the appropriate categories
such that

folG/H)(ox) = fo(G/H)(a) fo(G/H)(x), f1(G/H)[f2(G/H)(e)mgi
= afi(G/H)(mp), H € G,z € T(G/H),a € p(G/H), mj € My(G/H).

The p-equivariant cohomology of T with coefficients M; is defined as follows: We
have an Og-chain complex {C,(T), 0.} defined by
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C.(T): O¢ — A-mod,G/H — C,(T(G/H); A),
where C,,(T(G/H); A) is the free A-module generated by the non-degenerate n-sim-
plices of T(G/H). For any morphism a: G/H — G/K in Og,

Co(T)(a) = ag: Cu(T(G/K); A) = Co(T(G/H); A)
is induced by the simplicial map T'(a): T(G/K) — T(G/H). The boundary map
On: Cp(T) = €, 1(T)

is a natural transformation defined by

On(G/H): Co(T(G/H); A) = Coa (T(G/H); A),
where 9,(G/H) is the ordinary boundary map of the simplicial set T(G/H). The

action of p on T induces an action of p on the Og-chain complex {C,(T),d.}. We
form the cochain complex

{C5(T; Mo) = Hom,(C,(T), My), 5" },

where Hom,(C,,(T), My) consists of all natural transformations C,,(T") ER My res-
pecting the action of p and 0™ f is given by f o d,41. Then the n-th p-equivariant
cohomology of T with coefficients My is given by
H;(X; My) = Hn(C;(T; My)).
Remark 4.1. Tt is easy to observe that a morphism in Ax (fo, f1, f2): (T, Mo, p) —
(T", My, p') induces a cochain map C*(fo, f1, f2): Cp(T5 Mo) — C3, (T"; My).
The cochain complex C} (T'; My) is equipped with a cup product, defined as follows:
We have a natural transformation
§:C.(TxT) = C(T) @ C.(T),
where £(G/H) is the Alexander-Whitney map for the simplicial set T(G/H),

H C G [13]. We have a p-action on C,(T') induced by the p-action on T and hence
diagonal actions of pon T x T" and on C,(T") ® C,(T). Since the Alexander-Whitney
map of simplicial sets is a natural map, £ is equivariant with the induced actions of
pon C, (T xT)and C,(T)® C,(T). Then the cup product is defined as the compo-
sition of the maps

@ £
C(T; My) ® C5 (T My) — Hom,(C,(T) ® C.(T), My) — C;(T x T; Mo)
with the map
CA(T x T My) 2= C3(T; My).
Here a: C3(T; My) @ C;(T; My) — Hom,(C, (T x T), My) is defined by
a(f ® g)(G/H)(x @ y) = (=1)*e) W) £(G/H) (2)g(G/H)(y),
where f,g € C;(T; M) and x,y € C,(T)(G/H) and D: T — T x T is the diagonal

map.
Remark 4.2. The cochain complex C} (T'; My), equipped with the above cup product,

is an associative differential A-algebra, and the induced product in the cohomology
is associative and graded commutative.
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We now relate the simplicial Bredon-Illman cohomology with local coefficients of
a one vertex G-Kan complex with the equivariant cohomology of its universal O¢-
covering complex [18].

Let X be a one vertex G-Kan complex. We denote the G-fixed vertex by v. Let
M be equivariant local coefficients on X and My be the associated Og-A-algebra, as
described at the end of the previous section. For any subgroup H of G, let

PH: XTI — XH
be the universal cover [11, 18] of X#. The left translation a: X% — X cor-
responding to a G-map a: G/H — G/K, a"'Ha C K, induces a simplicial map
a: XK - xH such that py 0@ = a o px. This defines an Og-Kan complex X by set-
ting X(G/H) = X" and X (a) = a. This is called the universal Og-covering complex
of X. This is the simplicial analogue of the Og-covering space as introduced in [15].
We refer to [12] for a more general version, called the ‘universal covering functor’.

The natural actions of 71X (G/H) = m (X", v) on X(G/H) = X" as H varies over
subgroups of G, define an action of the Og-group 71X on X. Thus (X, My, 7X) is an
object of Ajy.

Theorem 4.3 ([18]). Let X be a one vertex G-Kan complex with equivariant local
coefficients M on it. Then, with notations as above, there exists an isomorphism of
graded algebras

HE(X; M) = Hi (X5 My).

The proof is obtained by constructing isomorphism at the cochain level. The
explicit isomorphism is described as follows [18]: Define

p: SH(X; M) = Homyx (C,,(X), Mo)
as follows: Let f € SE(X; M) and y be a non-degenerate n-simplex in XH. Let o be
the equivariant n-simplex of type H in X such that & = pg o, where y: A[n] — X
is the simplicial map with 7(A,) = y. Then u(f) € Hom,x(C,,(X), M) is given by

p(ING/H)(y) = M (b€ (9 2....0)9)) f(0),

where 0(12,....n)y = 0102 - Ony-
The inverse of p,

pts Hole(Qn(X),Mo) — CE(X; M),

is described as follows: Let f € Hom,x(C, (X), M) and o be a non-degencrate
equivariant n-simplex of type H in X. Choose an n-simplex y in X such that
pr(y) = o(eH,A,). Then u=1(f) is given by

Pt () 0) = M€ (9.2,..myy) " F(G/H)(y)-

It is easy to check that p(fUg) = u(f) U u(g) for f,g € SE(X; M). Hence we have
an isomorphism

p HE (X5 M) 2 Hyx (X; Mo)
of graded A-algebras.
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5. Steenrod reduced power operations

In this section we briefly recall the relevant part of the general algebraic approach
to Steenrod operations by P. May [14], necessary for our purpose. We apply this
method to construct Steenrod power operations in equivariant cohomology of Og-
simplicial sets in general. In particular, for a one vertex G-Kan complex X, we have
reduced power operations defined for mX-equivariant cohomology of the universal
Og-covering complex X. We then apply Theorem 4.3 to deduce the Steenrod power
operations in simplicial Bredon-Illman cohomology with local coefficients.

Let A be a commutative ring. By a A-complex K, we will mean a Z-graded cochain
complex of A-modules with differential of degree 1. A morphism of A-complexes is
a degree zero map commuting with the differential. If 7 is a group, then we let Axw
denote its group ring over A.

Let p be an odd prime and X, denote the symmetric group on p-letters. For the rest
of this section, unless otherwise stated, A will be the commutative ring Z, and 7 will
be the cyclic subgroup of ¥, generated by the permutation a = (p,1,2,...,p — 1).
If not mentioned explicitly, all tensor products are over the ring A.

Let V,W be free resolutions of A over AX,, Am respectively. We shall use the
following canonical model of W: Let W; be Ar-free module on one generator e;, i > 0.
Let N=1+a+---+a” Pand T = a — 1 in Ar. Define differential d, augmentation
e: Wy — A, and coproduct ¢ on W, respectively by the formulas

d(esit1) = Tea;, d(e;) = Neai—1,€e(a’eg) = 1,
Y(ezit1) = Z e2; K egpt1 + Z €2j+1 @ aeay,

jHk=i k=i
P(ezi) = 5 €2; & eg, + E E a’egji1 ® a’eqy.
jt+k=t j+k=(i—1) 0<r<s<p

Thus W is a differential Aw-coalgebra and a Am-free resolution of A.

We denote the p-fold tensor product K ® ---® K by KP. Then K? becomes a
Am-complex by the following 7 operation:

T ® - Qup) =Y(T)u1 ® -+ - Uj—1 @ Uip1 QU ® Ujyo -+ ® Up,

where (1) = (—1)dee(wi)deg(uit1) if 7 is the interchange of the i-th and (i + 1)-th
factor. We consider W' as a non-positively graded Am-complex. The inclusion of 7 in
Y, induces a morphism j: W — V of An-complexes.

We have the following algebraic category €(p) on which the Steenrod operations
are defined: The objects of this category are pairs (K,0), where K is a A-complex,
equipped with a homotopy associative multiplication K ® K — K, and §: W ® K?
— K is a morphism of Ar-complexes, satisfying the following two conditions:

1. The restriction of 6 to eg ® KP is A-homotopic to the iterated product K? — K,
associative in some order.

2. The morphism 6 is Ar-homotopic to a composite W @ KP ELANG V6 ® KP 2, K,
where @ is a morphism of AX,-complexes.

A morphism f: (K,0) — (K’,0") is a morphism of A-complexes f: K — K’ such that
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the following diagram is Am-homotopy commutative:

WeoKk? — + K

id ®fpl Jf

W ® (K/)p 49/, K.

_ The tensor product of two objects (K,6) and (K',0') is the pair (K ® K’, 0), where
0 is the composite

We KoKy 2% weweKkre K? 4299 e kr oW o K'P

80 K@ K.
Here ¢: W — W @ W is the coproduct, U: (K @ K')? — K? ® K'? is the shuffling
isomorphism and #(z ® y) = (—1)des(®) desW)y @ g,

Definition 5.1. An object (K, 0) € €(p) is said to be a Cartan object if the product
K ® K — K is a morphism from (K ® K,0) to (K, 6).

For an object (K,0) of €(p), there are maps D;: HY(K) — HP*"'(K),i > 0,
defined as follows: For z € HY(K), e;®2P is a well-defined element of
HPI=Y (W @, KP) [14] and define D;(x) = 0,(e; ® xP), where 0,: HPI~{(W @7, KP)
— HPI7Y(K) is induced by . We make the convention that D; = 0 for i < 0. Then
the Steenrod power operations

P HI(K) — HIT2P-O(K) gP*: HI(K) — HIT2sP~D+([)
are defined by the following formulas:
P (x) = (=1)"(m}) D (g—2s)(p—1) (@), BP*(x) = (=1)"(m!)* D (g—25)(p—1)-1(7),

where m = (p—1)/2 and r = s + m(q + ¢*)/2.
Proposition 5.2. The power operations satisfy the following properties:

1. P? and BP?® are natural homomorphisms.

2. P(x)=01if2s>q, BP* =0 if2s > q, and P*(x) = aP if 2s = q.

3. If (K, 0) is a Cartan object, then P* satisfies the Cartan formulas

Pay) = Y PUa)P(y).

i+j=s
AP ay) = > [BPFH )P (y) + (—1)1EO P () BPT (y)).
i+j=s

Remark 5.3. In general, SP* is single notation. But if (K, ) is reduced mod p ([14]),
then the Bockstein homomorphism

B: H'(K) — H" " (K)
can be defined, and SP? is the composition of P*® with the Bockstein.
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Next we recall the definition of an ‘Adem object’ in €(p) [14]. We need the following
notations for the definition: Consider 2 as permutations on the p? symbols {(i, j) |
1 <i4,j <p}. Embed 7= (a) (C X,) in X,z by letting a(i,7) = (1 +1,7). Let o; €
Yp2,1 <i < p, be defined by «;(i,j) = (¢, + 1) and oy (k,j) = (k,j) for k # i. Let

B=oa1--apv=_(0),0 =nv,7T=(01,...,Qp Q).
Note that 8 and «; are of order p and the following relations hold:
ooy = p10G 00 = ooy aff = Bo

Let W7 = W and Wy = W regarded as An-free and Av-free resolutions of A respec-
tively. Let v, w operate trivially on W7y, W respectively. Then W; ® W5 is a Ao-free
resolution of A with the diagonal action of ¢ on W7 ® Ws.

For any v-module M, let 7 operate on MP by letting o operate by cyclic permu-
tation and by letting «; operate on the i-th factor as does 3. Let «; operate trivially
on Wi. Then 7 operates on W; and hence 7 operates diagonally on Wi ® MP. In
particular, Wi ® WY is then a Ar-free resolution of A.

Let (K,0) € €(p). We let X, operate on KP by permutations, where we consider
KP” as @71 (@_1 K j), Kij = K. We let v operate on Wy ® K? by letting /8 act as
a cyclic permutation on KP. By the previous paragraph this fixes an action of 7 on
W1®(W2®Kp)p.

Let Y be any AY,2-free resolution of A with Yy = AX,> and let w: Wh @ WJ — Y

be any morphism of Ar-complexes. Observe that w exists since Y is acyclic and any
two choices of w are AT-equivariantly homotopic.

With these notations, we have the following definition:

Definition 5.4. Let (K, 6) € €(p). We say that (K,0) is an Adem object if there

exists a morphism of A¥,2-complexes : ¥ ® K K , such that the following dia~
gram is AT-equivariant homotopy commutative:

w®id 2
W1 @ W)@ KP —— Y @ KP K
id xU id
i P
Wi (We @ KPY 2% W o kP 6 K.

Here U is the shuffle map and ¥,2 acts trivially on K.
The following relations among the operations P° and gP? are valid on all coho-
mology classes of Adem objects in €(p),p > 2 a prime [14]:

o If a < pb, then

BPUPY =Y (1) (a —pi, (p— 1)b—a+i—1)BPHIP,

%
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e If a < pb, then

ﬂe'])aﬁ'])b — (1 — 6) Z(—l)(l-‘rl(a —pl, (p _ 1)b —a+ i— 1)57)a+b—i7)i
> (=) a—pi— 1, (p— Db —a+i)BPHIBP

where e = 0,1 and 8°P* = P* and B'P* = SP".

We apply the above algebraic construction to define Steenrod reduced power oper-
ations in equivariant simplicial cohomology of an Og-simplicial set, as defined in the
Section 4. This is done by constructing a functor I' from A, to €(p).

Let (T, Mo, p) be an object of Ax. Recall that the cochain complex C(T; My),
equipped with the cup product, is an associative differential graded A-algebra (cf.
Remark 4.2). We now construct a morphism of Aw-complexes

0: W C;(T; My)? — C,(T; My),

so that (C}(T'; My),¢) becomes an object of the category €(p).
For a simplicial set L, let C,(L) denote the normalized chain complex of L with
coefficients A. We recall the following lemma from [14]:

Lemma 5.5. Let 7 be a subgroup of ¥, (m not necessarily cyclic of order p) and W
be a Am-free resolution of A such that Wy = Axw with generator eg. For simplicial sets
Li,...,L,, there exists a chain map

O WRC,(L1x---xLyp) 5> WRC(L1) ®@--- @ Ciu(Ly),

which is natural in the L; and satisfies the following properties:
1. For o € m, the following diagram is commutative:

W @ C,(Ly X - % L) ki

W ®C(L)® - ®Cy(Ly)

W © CulLo(1) X -+ X Lop)) —> W @ Cu(Lo1)) ® - @ Cu(Lo(p))-
2. @ is the identity homomorphism on W @ Co(Lq X --- x Ly).
3. ey @ (z1,...,2p)) = €0 ®E&(T1,...,2p), where x; € L;j for 1 <i<p and
€:Cu(Ly x -+ x Lp) = Co(L1) @+ @ Ci(Ly)
is the Alexander- Whitney map.
4. @W @ Cj(Lr X -+ X Lp)) €324y W [Ci(L1) ®@ - ® Cu(Lyp)]k-

5. Any two such ® are naturally equivariantly homotopic.

In the special case Ly =--- = L, = L, we obtain a natural morphism of chain
complexes of Ar-modules
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: W ®CL(LP) = W Cy (L),

which satisfies the last four conditions of Lemma 5.5.

Let T € OgS. Applying the above special case of Lemma 5.5 to each simplicial set
T(G/H), we obtain the chain map ®p: W & C.(T(G/H)?) - W @ C.(T(G/H))?P
which is m-equivariant. Since ® g is natural with respect to maps of simplicial sets,
we see that @ o (idy ®C, (T(a)P)) = (idw ®C,(T(a))?) o Pk, where a Ha C K.
Thus we have a morphism ® of Og-chain complexes

&: W ®C,(TP) - W ® C,(T)P, defined by &(G/H) = &y, G/H € Og.

Now suppose that an Og-group p operates on 7. The diagonal action of p on TP
induces a p-action on C,(T?). Also we have an induced p-action on C,(T). We let p
operate diagonally on C, (T')P and trivially on W. The naturality of ® gy with respect
to maps from T(G/H) into itself shows that ® is p(G/H)-equivariant. Thus the
map P is (7 x p)-equivariant. Hence we obtain the following corollary:

Corollary 5.6. Let T € OgS and an Og-group p operates on T'. For a subgroup m
of £, (m not necessarily cyclic of order p), let W be a Am-free resolution of A such
that Wy = Am with generator eq. Then there is a natural transformation

S:WeC,(TP) - WeC,(T)P
such that
1. The map @ is (7w X p)-equivariant;
2. The map @ is the identity homomorphism on W @ C\(T?);
3. For each object G/H of Og,
O(G/H)(eo ® (21, ..,7p)) = o @E(G/H)(21,. .., 2p),

where x; € T(G/H) for1 <i<pand{(G/H): C.(T(G/H)?) — C.(T(G/H))?
is the Alexander-Whitney map of the simplicial set T(G/H);

4. Q(G/H)W @ Ci(T(G/H)P)) € 3 ey W @ (Cu(T(G/H))P)g;

5. The map P is natural with respect to equivariant maps of Og-simplicial sets and
any two such ® are naturally equivariantly homotopic.

Next we construct the map 6: W @ C;(T; Mo)? — C;;(T; Mo).
For an object (T, My, p) € An, let D: T — TP be the diagonal map

D(G/H)(z) = (x,...,z),z € T(G/H),

which induces a map D,: C,(T) — C,(T?). Define A: W C,(T) — C,(T)P to be
the composite

AW e C(T) ME85 W e O (TP) S W e C.(T) — C.(T),

where the last map is the augmentation. Observe that the map A is (7 x p)-equivar-
iant. Moreover, we have a natural map

a: [C5(T5 Mo)]” — Hom,(C (TP, Mo)
defined by
a(fr @@ f)(G/H) (@1 @ @ xp) = (=1)"f1(G/H) (1) - - - fp(G/H)(xp),
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where f; € C3(T; Mo),z; € C(T)(G/H),i=1,...,p and a = [[}_, deg(zx). Hence
dualising A, we get a natural morphism of Am-complexes,

0: W@ Cy(T; My)? — Cy(T; Mo),
given by
O(w® f)(G/H)(x) = (-1)* e 9 eWa(f)(G/H)(AG/H)(w @ 2)),
where w € W, f € O} (T Mo)?,z € C«(T(G/H)).

Remark 5.7. Note that 0(ep ® f) = D**a(f) for any f € C5(T'; Mo)P. As before, let
V' denote a AX,-free resolution of A and j: W — V be the map induced by the inclu-
sion m — X,. We apply Corollary 5.6 for the (sub)group X, to get P: Ve C.(T?) —
W ® C,(T)P. Then ® o (j ®id) satisfies the first four conditions of Corollary 5.6 for

the subgroup n and hence must be equivariantly homotopic to ®. Therefore, 6: V ®
C,(T; Mo)? — C(T; Mp) can be defined such that 6o (j®id) is Am-equivariantly
homotopic to 6. Therefore (C(T'; Mo), ) is an object of the category €(p). Thus we
obtain a contravariant functor I': Ay — &(p) by letting I'(T', My, p) = (C;(T’; My), 0)
and T'(fo, f1, f2) = C*(fo, f1, f2) on morphisms (cf. Remark 4.1).

The next lemma is the key to show that (C3(T; Mp),0) is a Cartan object of
€(p). Let ¢ = (e ®id)® where ® is obtained from Lemma 5.5 and e: W — A is the
augmentation.

Lemma 5.8. Let L;,S;,i =1,...,p be simplicial sets. Let

p

w: (ﬁLi X HSl) — ﬁ(Li X S;)

i=1 i=1
and
U: (€721C4(Li)) ® (71 Cu(8i)) = @121 [Ca(Li) ® Cu(S))]
be shuffle maps. Let t denote the flip map, that is, t(x ® y) = y @ x. Then there exists
a homotopy

p

i=1 i=1 i=1

of the chain maps EPP(id @u) and U(p ® ¢)(id @t ® id)(¢ ® id ®id)(id X&), so that
the following diagram is homotopy commutative:

P p

W®C*(f[Li><ﬁS¢) 5w O (L x 8)) —— Q)IC-(Li x 5]

=1 =1

id ®§\ &P

p
Wec. (H Li) ©C (H Si) U(6es)(doteid) (peidoid) ®[C*(Li) ® Cu(Si)]-

=1 =1 =1
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Moreover, the homotopy H is natural in the L;,S; and the following diagram com-
mutes for o € T:

W®C, (ﬁ L; x ﬁ&) " é[C*(Li) ® Ci(5;)]

ocQo o

p

p p

=1 =1 i=1

Proof. The proof is similar to the proof of Lemma 7.1 of [14]. Let us use the notation
A; =Ci(TT_, Li x I8, Si) and B; = [®F_,C\(L;) ® Ci(S;)];. We construct H on
W; ® A; by induction on ¢ and for fixed ¢ by induction on j. Note that the two
maps agree on W ® Ag, so H is the zero map on W ® Ay. To define H on Wy ® A;,
j =0, it suffices to define on ey ® A;, since H can then be uniquely extended to
all of Wy ® A; using the commutativity of the second diagram. The functor eg ® A;
is represented by the model A[j]P? x A[j]? and W ® B, is acyclic on this model.
Therefore, by the acyclic model argument, H can be defined on eg ® A;, provided H is
known on eg ® A;_1. But H has already been defined on Wy ® Ag. Hence by induction
on j, we can define H on ep ® A;, j > 0. To define H on W; ® A;, assume that it
has already been defined on Wy ® A;, 4" <4, j >0 and on W; ® A/, j' < j. Choose
a Am-basis {wy} for W;. As before, it suffices to define H on w® A;, w € {wy}. We
can repeat the acyclic model argument replacing eg by w, and hence we are through

by induction. O
In the special case L1 =--- =L, =L, S; =--- =5, = 5, we obtain the following
corollary:

Corollary 5.9. For simplicial sets L and S, the two chain maps £P¢(id ®u) and
Up @ ¢)(id @t @ id) (¢ @ id @1id)(id X&) from W @ C(LP x SP) to [C(L) @ C,(S)]?

are Am-equivariantly homotopic and the homotopy is natural in L and S.

Suppose (T, My, p) and (T, M{, p') are objects of Ax. With the product actions of
pxp onT xT and My® M}, we have an object (T x T, Mo ® M{,p x p') € Ax.
The lemma below relates I'(T' x T', My @ Mj, p x p') = (C*, (T x T"; My @ M), )

pXp’

to I(T, Mo, p) @ T(T", M, p') = (C5(T; My) @ C,(T"; M), ).
Let
a: Cy(T; Mo) @ iy (T'; Mg) = Homys (C(T) @ C(T'), Mo ® M)
be defined by
a(f @ g)(G/H)(z @ y) = (—1)%e) W) £(G/H)(x) @ g(G/H)(y), H C G,
where f € C3(T; M), g € Cp(T'; My),x € C.(T)(G/H),y € C.(T")(G/H).



290 GOUTAM MUKHERJEE AND DEBASIS SEN

Lemma 5.10. With the notations as above, the following diagram is Amw-homotopy
commutative:

W@ C (T x T My @ M) —2— O (T x T'; My ® M)
id®(£ a)? £a

W @ [C(T; Mo) @ Coi (T M) —v C3(T' M) @ C (T'; M),

Proof. Let D, D’, and D be the diagonals for T,T", and T x T" respectively. Let
wu: TP xT? - (T xT)? and U:C (TP @C, (T — [C.(T)®C,. (TP

be the shuffle maps. Let ¢ be the switch map.
By the definitions of 6 and 6, it suffices to prove that the following diagram of
O¢-chain complexes is A(m x p X p’)-equivariant homotopy commutative:

WoC,(TxT) C(T =T

(1) id x¢ &r

W®C(T)®C(T) —— [C.(T)&C.(T)]".

Here
A= (e®id)@(id®D),¢ = U(A ® A)(id ®t ® id) (¢ ® id @ id).
Let ¢ = (e ®1id)®. Observe that D =u(D x D') and
(id®D @id®D")(id @t ® id)(¢ ® id ®id) = (id ®t ® id)(¢ ® id @ id)(id @D @ D’).
Observe that the following diagram commutes by naturality of £:

id@(DxD’
W& C.(T x T ®(DxD’)

W ®C, (TP x T'P)

(2) id ®¢ id ®¢

W& C.(T) & C.(T) 2250 W e CL(T7) @ CL(T™).
Let F denote the following diagram of Og-chain complexes of A-modules:

id ®u
W e C, (TP x T") 2% W C,([T x T')P)

C(Tx Ty

(3) id ®¢ 5

U(¢®¢)(id ®t®id) (4 Qid @ id)

WeC,(TP)® C.(T") [C.(T)®C(TPF.
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Then F(G/H) is Am-equivariant homotopy commutative, by Corollary 5.9. The nat-
urality of this homotopy with respect to maps from T(G/H) into itself implies that
the homotopy is equivariant for the p(G/H)-action on T(G/H). Similarly, the homo-
topy is p/(G/H)-equivariant. These natural equivariant homotopies of chain com-
plexes combine together to form A(w X p x p’)-equivariant homotopy, which makes
diagram (3) A(m X p x p’)-equivariant homotopy commutative.

Now observe that diagram (1) is juxtaposition of diagrams (2) and (3). Hence
diagram (1) is A(w X p X p’)-equivariant homotopy commutative. O

Proposition 5.11. For an object (T, Mo, p) of Ax, I'(T, Mo, p) = (C;(T; Mo), 0) is
a Cartan object of €(p).

Proof. Recall that (C(T; My),0) is called a Cartan object if the cup product is a
morphism of €(p). Now observe that

(id,m, D)

P, (71, Mo, p) S (17, My © Mo, p % p)

(Ta M07 p)
are morphisms in Ax, where m: My ® My — My is the multiplication, D denotes the
diagonal map, and we let p to operate diagonally on 7" x T'.

Applying Lemma 5.10 with (T, My, p) = (T", M|}, p'), and composing with the mor-
phism C*(id, m, D), we see that the composite "«

o € .
C3(T; M) @ C(T; My) % Hom, (C,(T) @ C,(T), My) = C3(T x T; My)

is a morphism in &€(p). Also note that C*(D,id,id): C;(T x T; My) — C(T; Mp) is
a morphism in €(p). Hence the cup product is a morphism in €(p). O

Next we show that (C (T Mp) is an ‘Adem object’ in &(p).

Proposition 5.12. For an object (T, Mo, p) of A, (T, My, p) = (C;(T; My),0) is
an Adem object of €(p).

Proof. With the notations of Definition 5.4, we first construct the map
0: Y © C5(T; Mo)? — C(T; My).

The procedure is similar to the construction of §. We remark that the proof of
Lemma 5.5 works for any subgroup m of ¥, r being any positive integer. Thus we
have a chain map

3V QC,(Ly % x L) > Y®C(L) @ @ Cu(Ly),

satisfying properties of Lemma 5.5. As before, we specialize to L; = --- = L, = L and
take m = ¥,.. The naturality of ® with respect to maps of a simplicial set into itself
allows us to pass to an Og-simplicial set T', equipped with an action of an Og-group p,
so that we get A(X, X p)-equivariant map of Og-chain complexes &: Y @ C (T") —
Y ®@C,(T)". As a consequence, we obtain a map of Og-chain complexes A: Y ®
C(T) — C(T)*"* which is (Xp2 X p)-equivariant. Next, following the construction of
the map 6, we obtain 7.
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Note that, dualising the diagram in Definition 5.4, it suffices to prove that the
following diagram is A(7 x p)-homotopy commutative.

wid
—_—

A 2
Wy @ WP e C,(T) Y ®C.(T) — c.(T)”

t®id AP

WP @ W) @ C,(T) 25 WP e (TP —% Wy C.(T)P.

Here the notations are as in Lemma25.10. Define the maps of Og-chain complexes
X W@ Wy @ C (TP") — C.(T)" by

X = 0w @idg (pp2))andQ = ¢"U(idw, gwy ®9)(t @ idg (7p2))-
Let D: C,(T) — C,(T?") be induced by diagonal. Following [13], we observe that
A(w ®id) = x(id®id ®D)
and
APU(Id®A)(t ®id) = Q(id®id @ D).

Therefore it suffices to show that the maps of the Og-chain complex y,2 are

A(7 x p)-equivariantly homotopic. Here 7 operates by permutation of factors, and
the Og-group p operates diagonally on T%" and on Q*(T)p2. We replace Q*(sz)
by C.(I1} =1 Li;) and C, (T by &7 j=1 C«(Li ;) in the definitions of the maps
x and Q, where L; ;s are simplicial sets. Then the chain maps, corresponding to x

and (2, can be shown to be T-equivariantly homotopic, and the homotopy is natu-
ral with respect to maps of simplicial sets. In the special case L; ; = L,1 <1,j < p,
the naturality of this homotopy for maps of a simplicial set into itself implies that
the chain maps x(G/H) and Q(G/H) are A(T x p(G/H))-equivariantly homotopic,
H C G being a subgroup. Again the naturality of homotopy shows that the maps of
O¢-chain complexes x,Q are A(7 X p)-equivariantly homotopic. O

Thus we have the following theorem.

Theorem 5.13. Let (T, My, p) € Ar, A =Zp,p > 2 a prime. Then there exist func-
tions

P HY(T; My) — HIT>*P=D(T; M),
BP*: Hi(T; Mo) — Hi™*@=D¥(T; My),
which satisfy the following properties:
1. P? and BP?® are natural homomorphisms.
2. PP=BP*=01ifs<0. Also P*(z) =0 if2s > q, BP* =0 if2s > q.
3. P(x) =aP if 2s = q.
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4. (Cartan formula). For x,y € HI(T; M),

S(xUy) = Z’P’ U P (y),

i+j=s

AP wuy) = Y [BPT () UPI(y) + (—1)% P () U BPIT (y)].
i+j=s

5. (Adem relation). If a < pb, then
BPUPP = (1) (a—pi,(p— )b —a+i— 1)gPrtIPL

%

If a < pb, then

ﬁe’Paﬂ'Pb — (1 - 6) Z(,l)aJri(a — pi, (p _ 1)b —a+i— 1)sza+b7ifpi
_Z D) (a—pi—1,(p—1)b—a+1i)B°P*T P,

where e = 0,1 and BOP° = P* and B P* = fP5.

Proof. We only need to prove that P* = §P*® = 0 for s < 0. By definition of the power
operations, it suffices to show that D;(z) = 0 for i > pq — ¢, deg(x) = ¢. Recall that
A = (e®id)®(id x D) and

P(e; ® D(x Z Wpe—j ® [C.(T)] € Ker(e ®id) for i>pg—q.
i<pq
Hence A(e; @ x) =0 for z € C,,_(T). O

Let X be a one vertex G-Kan complex and M be equivariant local coefficients
of A-algebras on X, where A =Z,, p > 2 a prime. We define the Steenrod reduced
power operations in simplicial Bredon-Illman cohomology with local coefficients by

P =p Pt and  BPS = (AP,

where the symbols P? and SP? on the right side of the above equalities denote
the power operations as constructed in the category A, and p* is the isomorphism
p's HE(X; M) = H: (X Mp), as obtained in Theorem 4.3. Thus we have the fol-
lowing theorem.

Theorem 5.14. Let X be a one vertex G-Kan complex and M be equivariant local
coefficients of A-algebras on X, A = Z,,p > 2 a prime. Then there exist natural homo-
morphisms

P HL(X; M) — HE 0D (X, M),

BP*: HL(X; M) — HL*@=D (x: ar),

which satisfy properties (1)-(5) of Theorem 5.185.
If G is trivial, then P* can be naturally identified with the reduced power operations
in local coefficients [9].
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Proof. Since the isomorphism p* of the Eilenberg theorem, Theorem 4.3 is natural
and respects the cup product, and the first part follows from Theorem 5.13.
For the second part, we just remark that when G is trivial, the map

A:WeC(T) = C.(T)

reduces to the (7 X p)-equivariant chain mapping ¢': W ® C,(X) — C.(X)P, as con-
structed by Gitler in Section 4.2 of [9]. O

Remark 5.15. Let p =2, A = Zy. For an object (K, 6) € €(2), we have the maps
D;: HI(K) — H?*TY(K),i >0,

defined as before by D;(x) = 0.(e; ® 2?) with D; = 0 for i < 0, 2 € HY(K). Then the
Steenrod’s square operations are defined by

Sq'(z) := Dy_i(x).

It may be mentioned that in this general setup cup-¢ products U;: K ® K — K are
also defined and are given by

zUy:=0(e; xQy),x € Ky, y € K.

(See [14, §6].) In terms of these U; products, Steenrod’s squares are given by

Si(m)— TUg—iz, 0<1<q
T =0 ifi > q.

In our situation K = C(T; Mo), where (T, My, p) € An, A = Z3, and we obtain
Sq': HI(T; Mo) — Hg”(T; My) by the above formula. As in the case p > 2, we use
the equivariant Eilenberg theorem to define Steenrod square operations

Sq': H&L(X; M) — HEY(X; M),

where X is a one vertex G-Kan complex and M is equivariant local coefficients on
X, taking values in Zs-algebras.

Our approach is simplicial and the motivation comes from Gitler’s work [9]. The
key points of our construction are the use of general algebraic approach to Steenrod
operations due to Peter May [14] and that of the equivariant Eilenberg theorem in
the present context.

In contrast, for a topological space X equipped with an action of a topological
group G, Ginot [8] gave a direct construction of Steenrod’s squares on the Bredon-
Illman cohomology of X with local coefficients M that take values in Zs-algebras.
Ginot’s idea was to deduce cup-i products on the Bredon-Illman cochain complex of
X using a brace (or homotopy Gerstenhaber) algebra structure on this complex [16].
For p = 2 and a discrete group action, our construction leads to the same operations
as defined in [8] via the geometric realization functor of simplicial sets.
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