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THREE-CROSSED MODULES

Z. ARVASI, T.S. KUZPINARI axp E.O. USLU
(communicated by Jean-Louis Loday)

Abstract

‘We introduce the notion of a 3-crossed module, which extends
the notions of a 1-crossed module (Whitehead) and a 2-crossed
module (Conduché). We show that the category of 3-crossed
modules is equivalent to the category of simplicial groups hav-
ing a Moore complex of length 3. We make explicit the relation-
ship with the cat3-groups (Loday) and the 3-hypercomplexes
(Cegarra-Carrasco), which also model algebraically homotopy
4-types.

1. Introduction

Crossed modules (or 1-crossed modules) were first defined by Whitehead in [25].
They model connected homotopy 2-types. Conduché [12] in 1984 described the notion
of a 2-crossed module as a model of connected 3-types. More generally, Loday [20]
gave the foundation of a theory of another algebraic model, which is called cat™-
groups, for connected (n + 1)-types. Ellis-Stein [17] showed that cat™-groups are
equivalent to crossed m-cubes. A link between simplicial groups and crossed n-cubes
were given by Porter [23]. Conduché [13] gave a relation between crossed 2-cubes
(i.e., crossed squares) and 2-crossed modules. 2-crossed modules were known to be
equivalent to that of simplicial groups whose Moore complex has length 2. In [4, 5],
Baues introduced a related notion of a quadratic module. The first author and Ulu-
alan [2] also explored some relations among these algebraic models for (connected)
homotopy 3-types.

The most general investigation into the extra structure of the Moore complex
of a simplicial group was given by Carrasco-Cegarra in [9] to construct the non-
abelian version of the classical Dold-Kan theorem. A much more general context of
their work was given by Bourn in [6]. Carrasco and Cegarra arrived at a notion of
hypercrossed complexes and proved that the category of such hypercrossed complexes
is equivalent to that of simplicial groups. If one truncates hypercrossed complexes at
level n, throwing away terms of higher dimension, then the resulting n-hypercrossed
complexes form a category equivalent to the n-hyper groupoids of groups given by
Duskin [15] and Glenn [18], and give algebraic models for n-types. For n =1, a 1-
hypercrossed complex gives a crossed module, whilst a subcategory of the category of
hypercrossed 2-complexes is equivalent to Conduche’s category of 2-crossed modules.
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Mutlu-Porter [22] introduced a Peiffer pairing structure within the Moore com-
plexes of a simplicial group. They applied this structure to the study of algebraic
models for homotopy types.

In this article we will define the notion of a 3-crossed module as a model for
homotopy 4-types. The methods we use are based on ideas of Conduché given in [12]
and a Peiffer pairing structure within the Moore complexes of a simplicial group.
We prove that the category of 3-crossed modules is equivalent to that of simplicial
groups with Moore complex of length 3 which is equivalent to that of 3-hypercrossed
complexes. The main problem with the 3-hypercrossed complex is difficult to handle
intuitively.

The advantages of the notion of a 3-crossed module are the following:

(i) It provides a new algebraic model for (connected) homotopy 4-types;

(ii) It is easy to handle with respect to other models such as the 3-hypercrossed
complex;

(iii) It gives a possible way of generalising n-crossed modules (or equivalently n-
groups (see [24])) which is analogous to a n-hypercrossed complex.

(iv) In [5], Baues points out that a “nilpotent”algebraic model for 4-types is not
known. 3-crossed modules go some way toward that aim.
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2. Simplicial groups, Moore complexes, Peiffer pairings

We refer the reader to [14] and [21] for the basic properties of simplicial structures.

2.1. Simplicial groups

A simplicial group G consists of a family of groups {G,} together with face and
degeneracy maps d': G, — Gp—1,0< i< n,(n#0)and s?': G,,—1 — G,,0 < i< n,
satisfying the usual simplicial identities given in [14, 21]. The category of simplicial
groups will be denoted by SimpGrp.

Let A denote the category of finite ordinals. For each k > 0 we obtain a subcat-
egory Agy, determined by the objects [¢i] of A with ¢ < k. A k-truncated simplicial
group is a functor from A%pk to Grp (the category of groups). We will denote the
category of k-truncated simplicial groups by TrpSimpGrp. By a k-truncation of
a simplicial group, we mean a k-truncated simplicial group tryG obtained by for-
getting dimensions of order > k in a simplicial group G. Then we have the adjoint
situation

try
SimpGrp e —— TrSimpGrp,

sty

where sty is called the k-skeleton functor. For detailed definitions see [15].
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2.2. The Moore complex
The Moore complex NG of a simplicial group G is defined to be the normal chain
complex (NG, 9) with

n—1
NG, = (] Kerd;
i=0

and with the differential 9,,: NG,, — NG, _1 induced from d,, by restriction.
The nth homotopy group m,(G) of G is the nth homology of the Moore complex
of G; i.e.,

m.(G) = H,(NG, ) = () ker 7' /dH (ﬂ kerd?+1).
=0 =0

We say that the Moore complex NG of a simplicial group G is of length k if
NG, =1 for all n > k + 1. We denote the category of simplicial groups with Moore
complex of length k£ by SimpGrp.

The Moore complex, NG, carries a hypercrossed complex structure (see Carrasco
[9]) from which G can be rebuilt. We briefly recall some of the aspects of this recon-
struction that we will need later.

2.3. The poset of surjective maps
The following notation and terminology is derived from [10].
For the ordered set [n] = {0 <1 <--- <n},let a: [n+ 1] — [n] be the increasing

surjective map given by
. J if j <1,
ai'(j) =4’ L
7—1 if j>a.
Let S(n,n —r) be the set of all monotone increasing surjective maps from [n] to

[n — r]. This can be generated from the various o' by composition. The composition
of these generating maps is subject to the following rule:

Qo = ai,laj,j < i.

This implies that every element a € S(n,n —r) has a unique expression as « =
Q, 0, 0o, with 0 <4 <ig <+ <4 <n—1, where the indices ), are the
elements of [n] such that {i1,...,4} ={i: a(i) = a(i +1)}. We thus can identify
S(n,n —r) with the set {(ir,...,i1) : 0 <4 <ig < -+ <4, <n—1}. In particular,
the single element of S(n,n), defined by the identity map on [n], corresponds to the
empty O-tuple ( ) denoted by (,,. Similarly, the only element of S(n,0) is

(n—1,n—2,...,0).
For all n > 0, let

S(n) = U S(n,n—r).

o<r<n

We say that o = (ir,...,91) < = (Jsy...,J1) in S(n) if i1 = j1,...,9 = jr but
ig+1 > Jr+1, (K= 0),orif iy = jq,...,4 = jr and r < s. This makes S(n) an ordered
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set. For example,

5(2) ={¢2 < (1) <(0) < (1,0)},
S3)={p3 < (2) < (1) < (2,1) < (0) < (2,0) < (1,0) < (2,1,0)},
S(4)={ds < (3) < (2) < (3,2) < (1) < (3,1) < (2,1) < (3,2,1)
< (0) < (3,0) < (2,0) < (3,2,0) < (1,0) < (3,1,0) < (2,1,0) < (3,2,1,0)}.

2.4. The semidirect decomposition of a simplicial group
The fundamental idea behind the semidirect decomposition of a simplicial group
can be found in Conduché [12]. A detailed investigation of this construction for the
case of simplicial groups is given in Carrasco and Cegarra [9].
Given a split extension of groups
d

1 K G ~p——1,

we write G 2 K x s(P), the semidirect product of the normal subgroup, K, with the
image of P under the splitting s.

Proposition 2.1. If G is a simplicial group, then for any n > 0
Gn = ( o (NGn A Sn—lNGn—l) Moo X Sp_g--- SONGl)
X ( o (Sn,QNGn,1 X 5n718n72NGn72) X XSp_1Sp—2° SONGQ).
Proof. This is done by the repeated use of the following lemma. O

Lemma 2.2. Let G be a simplicial group. Then G,, can be decomposed as a semidirect
product:

G, =2 Kerd! x s" [(Gn_1).

The bracketing and the order of terms in this multiple semidirect product are
generated by the sequence

G1 = NG1 X SUNGO
G2 (NG2 be'l 51NG1) (SoNG1 A SlsoNG())
Gs3 = ((NG?, X SQNGQ) (81NG2 X 8281NG1))
X ((SoNGQ X SQSoNGl) X (SlsoNGl X 828180NGO))
and
G4 = (((NG4 X SgNGg,) X (SQNG3 X SgSQNGQ)) X ((SlNGg X 8381NG2)
X (8281 NGa X $38251NG1))) % so(decomposition of G3).
Note that the term corresponding to a = (iy,...,41) € S(n) is
$a(NGn—sa) = Sipis (NGnoga) = 8i, -+ 85, (NGn_ga),
where #a = r. Hence any element x € GG, can be written in the form

T=1y H Sa(Ta) with ye€ NG, and =z, € NG,_sq.
a€S(n)
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2.5. Hypercrossed complex pairings

In the following we recall from [22] hypercrossed complex pairings. The fun-
damental idea behind these can be found in Carrasco and Cegarra (cf. [9]). The
construction depends on a variety of sources, mainly Conduché [12] and Mutlu
and Porter [22]. Define a set P(n) consisting of pairs of elements («, 3) from S(n)
with aNB =0 and S < a, with respect to lexicographic ordering in S(n) where
a=(ir,...,41), 8= (Js,...,J1) € S(n). The pairings that we will need,

{Fa’ﬁ: NGn,ﬁa X NGn—ﬁ,@ — NG, : (Oz,,@) S P(n)7n > 0},

are given as composites by the diagram

Fa
NGn_#a X NGn_#g —ﬁ> NGn

sax_a:ﬁl Tp

Gn X Gn Gn7
m

where

Sa = Siyy-+ 58t NGr_ga — Gn,

83 =5j,,...,8j,: NGp_yg — Gnz,

and p: G, — NG, is defined by the composite projections p(z) = pp—_1---po(x),
where pj(z) = zs;d;(2)~! with j=0,1,...,n— 1. u: G, x G, — G,, is given by a
commutator map and fa is the number of the elements in the set of «, similarly for
§6. Thus

Fop(ays) = pul(sa X s5)(Ta,xs)]
= p[(saxa X Sﬁxﬁ”'

Let N,, be the normal subgroup of G,, generated by elements of the form

Fa’ﬁ(xwyﬂ)a

where z, € NGy—_yo and yg € NGp_yg.
We illustrate this subgroup for n = 3 and n = 4 as follows:
For n = 3, the possible Peiffer pairings are the following:

Fa1,0)2); Fr2,00(1)5 Floy(2,1), Floy@), Fy @) Floyn)-
For all 1 € NG1,y2 € NG3, the corresponding generators of N3 are

F(1,0)(2) (531,2/2) = [8180901,82y2][82y2,5280$1]

F(z,o)(1)($1,y2) = [82805101, 81y2][81y2,8281$1][S281$1782y2] [82y278280m1],

and for all x5 € NGa,y1 € NGy,

F(o)(2,1)($2,y1) = [803?278281?/1][82813/1,81%2] [82332, 8281y1]>



166 7. ARVASI, T.S. KUZPINARI anp E.O. USLU

whilst for all xo,y2 € NGa,

F(o)(1)($2ayz) = [sow2, 5192][S1Y2, s122|[5272, 5212],
Floy2)(z2,y2) = [s072, 5292]

Foy2)(x2,y2) = [s122, S2y2][s2Y2, 5272].

For n = 4, the key pairings are thus the following:

Foyse2, Fe200), Fouoes FeoLone), Feoe
Feooey, Fooe: Foe, Foe,  Focuy
Foey  Feye, Fene, Feoe, Feow:
Fooe),  Feon,  Faooe), Foone: Foo)
Fys), HOBE ), Foy2), Foya)-

For z1,y1 € NG1, x2,y2 € NG2 and z3,ys € NG3 the generator element of the
normal subgroup Ny can be easily written down from Lemma 2.5.

Theorem 2.3 ([22]). Forn = 2,3 and 4, let G be a simplicial group with Moore com-
plex NG in which Gy, = D,, is the normal subgroup of G,, generated by the degenerate
elements in dimension n. Then

On(NGy) = [ 1K1, K]

1,J
for I,J C[n— 1] with
IuJ=[n-1j,
I=[n-1—-{a}
J=[n—1-{6},

where (a, 8) € P(n).

Remark 2.4. In [22], Mutlu and Porter defined the normal subgroup 9, (NG, N D,,)
by Fi g elements which were first defined by Carrasco in [9]. In [11], Castiglioni and
Ladra gave a general proof for the inclusions partially proved by Arvasi and Porter
in [1], Arvasi and Akca in [3] and Mutlu and Porter in [22]. Their approach to the
problem was different from that of cited works. They have succeeded with a proof,
for the case of algebras, over an operad by introducing a different description of
the adjoint inverse of the normalization functor IN: AbA” - Chxg. For the case of
groups, they then adapted the construction for the adjoint inverse used for algebras
to get a simplicial group G X A from the Moore complex of a simplicial group G.

Following the theorem named as Theorem B in [22], we have
Lemma 2.5. Let G be a simplicial group with Moore complex NG of length 3. Then
for the n =4 case, the images of F, g elements under 04, given in the table on the

next page, are trivial.

Proof. Since NG4 = 1, by Theorem B in [22] the result is trivial. O
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da(Floy3,2,1)(73,21)) = [s0d3w3, s25121] [s25121, s1d323] [s2d373, 525171] [$25121, T3

525021, S1d3x3] [s1d3xs, sp5101] [S25121, S2d323]

[
dy (F(320)(1)(I1,1173)) [
[5250251@3] [$3, 5281$1]
[
[

da(Fi3,1,0)(2) (21, 23))
d4(F(2,1,0)(3)($1 x3))
dy (F(g 0)(2, 1)(332,y2))

]
]
s2d373, 525071]
518071, S2d3x3] [s2d373, $25071] [S25071, 3] [¥3, S15071]
]

s28180d121, 23] (23, S15021]

So%2, s281d2y2] [s251d2y2, S1%2] [S22, 5251d2y2] [S1Y2, S22]
51Z2, 81y2] [31y2, 80962]

5250d22, $1Y2] [S1Y2, S251d2%2] [s251da22, S2Y2]
82y2, S250d22] [S02, S212] [522, S12]
$1T2, Slyz] [31y2’ 30332]

ds(F(2,0)(3,1) (72, 12)) =

d4(F(1,o)(3,2) ($2,y2)) = [s180d272, 52y2] [52?}2, 8280d2$2] [Soxz, 52y2]
d4(F(1)(372)(173,I2)) = [s1d3x3, 52%2] 5272, S2d373] [23, 5272]
di(Floy3,2)(73,72)) = [s0d373, s272]

d4(F(3,1)(2)($3,$2)) = [sodzxs, s122] [s122, 51d373] [s2d323, S222] [S222, 23]
di(Floy2,1)(x3,22)) = [s0d3w3, s2s1dax2] [s251dat2, s1d373]

5129, Sadsxs] [sad3xs, Soxa)] [s2l, x3] [T3, S122]
5981dax9, 3] [23, 5122]

[

[

[x3, So2]

50%2, 51d373] [s1d323, 5122] [S272, S2d373] [13, 5272]
[

]
]
SoT2, Sad3 T3]
]
s250d272, T3] [73, S0T2]

s280d272, 81d3$3] [81d3$3, 8281d2332] [5251d2$27 S2d3=’f3]
Sodsxs, S250da2) [Sox2, T3] (23, S122]

s150da2, 3]

ds(F1,0)2)(T2,73)) = [s150d2T2, S2d373] [s2d323, S280d272] [SoT2, 73]
da(Fioya)(zs,93)) = [s2dsxs, ys] [ys, z5]

3,93 = [s1d33,y3]
da(Flo)(3) (23, Y3 s0d373, Ys|

s1dsxs3, s2dsys) [s2dsys, sadaxs] [x3,y3]
sod3x3, spdzys)

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[sad3x3, s951daw2] [5172, 73]
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

sodsxs, s1dsys) [s1dsys, s1dsxs] [sadsxs, sadsys] [ys, 3]

8
w
<
%
N
=

where x3,Ys € NGg,xg,yg S NGQ,J?l € NGy.
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3. 2-crossed modules

The notion of a crossed module is an efficient algebraic tool to handle connected
spaces with only the first homotopy groups nontrivial, up to homotopy.

A crossed module is a group homomorphism 0: M — P together with an action
of P on M, written Pm for p € P and m € M, satisfying the conditions:

CM1) 0 is P-equivariant; i.e., forallpe P, m € M,
d(Pm) = pd(m)p~*.

CM2) (Peiffer identity). For all m,m’ € M,

o 1

"' = mm'm™.

We will denote such a crossed module by (M, P, d).

A morphism of a crossed module from (M, P,0) to (M', P',d’) is a pair of group
homomorphisms

¢: M — M : P— P
such that ¢(Pm) = Y®)¢(m) and &' ¢(m) = pd(m).
We thus get a category XMod of crossed modules.

Examples of crossed modules:

1) Any normal subgroup N < P gives rise to a crossed module namely the inclusion
map, i: N — P. Conversely, given any crossed module 0: M — P | ImJ is a
normal subgroup of P.

2) Given any P-module M, the trivial mapl: M — P, which maps everything to
1 in P, is a crossed module. Conversely, if 0: M — P is a crossed module, then
ker 0 is central in M and inherits a natural P-module structure from the P-action
on M.

The following definition of a 2-crossed module is equivalent to that given by Con-
duché ([12]).

A 2-crossed module of groups consists of a complex of groups
L2 M2 N
together with

(a) actions of N on M and L so that 02,0, are morphisms of N-groups, and

(b) an N-equivariant function
{, }+MxM-—1L

called a Peiffer lifting.
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This data must satisfy the following axioms:

2CM1) Oo{m,m’} = ("m’) mm/ ~tm L,

2CM2) (021,050} = [I',1],

2CM3) (@) {mm/,m"} =" m! m"Hm, m'm"m' "1},
(i) {m,m'm"} = {m,m/ Y™™ ™ I, m"'},

2CM4) {m, D1} {Bol, m} = 1™~

2CM5) “{m,m'} = {"m," m'}

forall ,I’ € L, m,m’,m"” € M and n € N.

Here we have used ™[ as a shorthand for {92], m}! in condition 2CM3)(i7) where
lis {m,m”} and m is mm/(m)~!. This gives a new action of M on L. Using this
notation, we can split 2CM4) into two pieces, the first of which is tautologous:

2CM4) (a) {0al,m}="1(1)"1,
() {m,dal} = ("M,

The old action of M on L, via 0; and the N-action on L, is, in general, distinct from
this second action with {m, 921} measuring the difference (by 2CM4)(b)). An easy
argument using 2CM2) and 2CM4)(b) shows that with this action, ™I, of M on
L, (L, M, 02) becomes a crossed module. A morphism of 2-crossed modules can be
defined in an obvious way. We thus define the category of 2-crossed modules denoting
it by XeMod.

A crossed square as defined by D. Guin-Waléry and J.-L. Loday in [19] (see also [8,
20]) can be seen as a mapping cone in [13]. Furthermore, 2-crossed modules are
related to simplicial groups. This relation can be found in [12, 22].

Theorem 3.1. The category XoMod of 2-crossed modules is equivalent to the cate-
gory of SimpGrp, simplicial groups with Moore complex of length 2.

4. 3-crossed modules

In the following we will define the category of 3-crossed modules. First of all we
adapt ideas from Conduché’s method given in [12]. He gave some equalities by using
the semi-direct decomposition of a simplicial group, but these are exactly the images
of Peiffer pairings F, s under 93 for n = 3 case defined in [22]. The difference of
our method is to use F, g instead of semi-direct decomposition. Thus we will define
similar equalities for n = 4 and get the axioms of a 3-crossed module.

Let G be a simplicial group with Moore complex of length 3 and NGy = N, NG,
=M, NGy = L, NG3 = K. Thus we have a group complex

03

K —= %

L2 0 24 .
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Let the actions of N on K, L, M, M on L, K and L on K be as follows:

"m = son (m) son”
"l = sy50n (1) sp50n "7,
"k = sy5150m (k) so5150n ! (1)
M =s1m (1) sym 1,
Mk = sos1m (k) Sos1m L,
1k = sl (k)sal™t.
Using the table on page 167, since
[s180msasiO1m, k] = 1,
[s1ls981020, k] = 1,
(K k™ s203k] =1,
we get

mp — g1 som (k) sysom ™1,

Ol = 511 (k) 51171,
sk -k =k (K)k™,
and using the simplicial identities we get
O3(1- k) = O3(s2l (k) 52l 1) = B389l (D3k) 80l * =1 (03k) 17",

Thus 93: K — L is a crossed module.

The Peiffer liftings given in the definition below are the F, g pairings for the case
n = 3 defined in [9].
Definition 4.1. Let K 2% L 2 M 2% N be a group complex defined above. We
define the Peiffer liftings as follows:

{, }: Mx M — L
{m,m'} = [sim,s1m/][s1m/, som)]
{ s }(1)(()): L x L — K
{L1} oo = [soll, 2] [sal, 1] [s11', s0l]
{ s }(2)(1)1 LxL — K
{l,l,}(g)(l) = [Szl,Szl/] [Szl/,sﬂ]
{ N }(0)(2)2 L x L — K
i i
{l,l }(0)(2> = [Sgl ,Sol]
{, laone: MxL — K
{m, l/}(1,0)(2) = [52807’]’1,, 32[’] [szl',slsom}
{, }eom: MxL — K
{m,'}Yooy = [s2som, s2l'] [s2l’, sasim] [s2s1m, s11'] [s11', s250m]
{, }(0)(2,1)3 LxM — K
{l',m}(o)(g,l) = [3231m7 Szll] [81[’,8281171} [8281’1717 Sol/]

where m, m’ € M, I, I’ € L.
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Then using the table on page 167 we get the following identities:

{m, 95k} (1,0)(2) = {m,&sk}0q) "k ()
{03k, m} (0)2,1) = ™(k)k!
{m, dsk}1.,0)(2) = {m, &k} 00) {05k, m})21) k (k™)
{l', 021} (0y(2,1) = {lvl/}(;%(l){ll?l}(l)(o)
{821,1/}(270)(1) = {lvl/}(:)§(2) v l]({lvl/}(2)(1)){l’l/}(1)(0)
{020, 1"} (1,002 = ({L,'} o) ™!
{LUT"} 2y = LMoL @)
{11 201) = {1 oo L e
95 ({1, 'Y 1)(0)) = [LU]{0al, al'}
Os({L: 1"} 2)w) = Wi
I3({1, 1"} 0y (2)) = 9B({%RLU}a0@)"
93{l, m}0)(2,1) = "ol m}
93{m, 1} 2.0)(1) = Os{m, I}y (7 {m, 01}
{05k, o)) {l, D3k} 2p1y = Kk (%H(ETY))
{03k, L}y o) {l, O3k} ayo) = 1
{03k, 03k'} (2)(1) = [k K]
{05k, O3k} (1)(0) = [K,K]
{03k, 1"} 0y(2) = 1
{021, 05k} (1,0)(2) = {Ldsk} )
{021, 03k} (2,0)(1) = {l,05k} 0y 2)k (%' (k1))
{03k, 02} (0)(2,1) = Ol !
Table 1

"Im,m'} = {"m,"m'}

{1,110 = {""U}ayo

"L o)) = {"L""}oq

LU oy = {"L" '} o)

Hm oo = {"m " ane

{nm,n l/}(2,0)(1)
{0, "m}o)(2.1)

{m, 't} 2,001
', m}0)21)

Table 2
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m{m/7mll} — m{ml7m ml/}
{11} 1) 0) = "L U} 1))
m _ mij]m ]/
{l,l;}@)(l) = {", ll}(z)u)
L1} 0)2) = {"" '}y
™m0 aoe) = Mmoo
MmUY eoa = "M e
U, mboyey = {™."m}loyen
Table 3

where m, m’,m"” € M, 1,l' € L,k, k' € K. From these results, all liftings are N- and
M-equivariant.

Definition 4.2. A 3-crossed module consists of a complex of groups

K %0 2 0 2
together with an action of N on K, L and M, an action of M on K and L, an action
of L on K so that d3, Jo, 01 are morphisms of N, M-groups, and M, N-equivariant
liftings
oo LxL—K,  {,}oo:LxL—K  {,jou:lxL—K
{,}(1’0)(2)1M><L—>K, {,}(270)(1):M><L—>K,
{,}(0)(211):L><M*>K, {,}ZMXM‘)L

called 3-dimensional Peiffer liftings. This data must satisfy the following axioms:

3CM1) K 2 L 22 M is a 2-crossed module with the Peiffer lifting { , }2,1)
3CM2) {m, 8sk}1,0y2) = {m, Bsk} 2,001y (k)™ (k™)

3CM3) {93k, m}Y )21y = " (k)™

3CM4) {m, 83k} (1,0(2) = {m, 3k} 2,00(1) {03k, mY0yc2,n) K7 (k)
3CMs5) {, 021} )21y = {L: U} oy oy {0, By

3CMB6) {91} eory = (L} by 1 JAL T @) 0 Sy o)
3CMT) {021, a0 = (L1 o@)

3CMB8) Fs({L, U}y ) = [L,V] {021, 021"}

3CM9) ({1, 1} oy2) = 05({021, 1Y 1,0y(2))

3CM10) 3 {l,m}oy21) = " {al,m}

3CM11) A3{m, 1} 2,001y = 9s{m, [} 1.0y 2™ (17 ) {m, Dal}
3CM12a) {83k, 1} (1)) = (k)k™

3CM12b) {1,095k} 1)) = k('k)

3CM13)  {0sk,0sk'}(1)(0) = [K', K]
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3CM14) {03k, '} oy2) = 1

3CM15)  {0al, 93k} 1,0)2) = {1, 05k} 02

8CM16)  {0al, 05k} 2.0)0) = {l, sk} o)k (82l(k_1))
3CM17) {95k, Bal}0y2n) = 'k k7!

3CM18) O2{m,m'} = mm/mfl(almm/)fl.

We denote such a 3-crossed module by (K, L, M, N, 03,02, 01).
A morphism of 3-crossed modules of groups may be pictured by the diagram
03

02 01

Ls Lo L, Ly
f3l f2l fll foJ(
Ly Ly L Lg,
3 9; 1

where

ACm) = et (m), fo("1) = T 1), f3("k) = Vo) fy(k).
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We require the following equations to hold: for { , })2),{, }2)1) and {, }ayo),

{’ }f2xf2:f3{7 };

for {, }(1,0)(2) and {, }(2,0)(1)»

{, Yaxfo=fs{, }

for {, }(0)(2,1)7

{’ }f2xf1:f3{7 };

and for { , },

{,Vhaxh=rf{,}

for all k € K,l € Lym € M and n € N. These compose in an obvious way. We thus
can define the category of 3-crossed modules, denoting it by X3Mod.

5.

Applications

5.1. Simplicial groups

As an application we consider in detail the relation between simplicial groups and
3-crossed modules.

Proposition 5.1. Let G be a simplicial group with Moore complexr NG. Then the
group complex

NG3/04(NGy N Dy) 25 NGy 22 NGy 25 NG,
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is a 3-crossed module with the Peiffer liftings defined below:

{,}: NGt x NG — NG»
{w1,y1} | [Soml,slyﬂ[slyl,swﬂ,
{, Yyoy: NG2 x NG2 — NG3/04(NG4N Dy)
{z2,y2} = ([s022, s1y2][s1Y2, 5172|5222, $292]),
{, }o): NG2 x NG — NG3/04(NG4N Dy)
{z2,92} = ([s172, s292][5202, 5222]),
{, o : NG2 x NG2 — NG3/04(NG4N Dy)
{22,492} +—  ([s0x2, 5212]),
{, Ja,o@: NG1 x NGz — NG3/04(NG4N Dy)
{z1,92} +——  ([s150%1, s232][52Y2, s25021]),
{, Yeom: NG1 x NGy — NG3/0:(NGs N D)4)
{z1,92} +——  ([5250%1, 51Y2][S1Y2, S25171][S251%1, S2y2][S2Y2, S25071]),
{, }oe1: NGa x NG1 — NG3/04(NG4N Dy)
{y2, 21} ([soy2, s2s121][s28121, 8192])[5292, s25121]].

(The elements denoted by [, ]| are cosets in NG3/04(NG4N Dy) and are given by
the elements in NGs.)

Proof. The proof is given in Appendix A.. O

Theorem 5.2. The category of 3-crossed modules is equivalent to the category of
simplicial groups with Moore complex of length 3.

Proof. Let G be a simplicial group with Moore complex of length 3. In the above
proposition we showed that the group complex

NGs 25 NG, 22 NG, 25 NG,

is a 3-crossed module. Since the Moore complex is of length 3, NGy N Dy =1, so
04(NG4 N Dy) = 1. Thus we can take NG5 instead of NG3/0,(NG4 N Dy)). Finally,
there is a functor

S3: SimpGrp;— X3Mod

from the category of simplicial groups with Moore complex of length 3 to the category
of 3-crossed modules. Conversely, let

a 8 a
K—=L>2M-""%

be a 3-crossed module. Let Hy = N. By the action of N on M obtain the Hy = M x N
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semidirect product. For (m,n) € M x N, define the degeneracy and face maps as

do: MxN — N
(m,n) +— n

di: MxN — N
(m,n)  — (Ou(m))n

sg: N — MxN
n —  (1,n).

Now by the actions of M and N on L we obtain the Ho = (L x M) x (M x N)
semidirect product. Forl € L,m,m’ € M,n € N, define the degeneracy and face maps
as

do: (LX M) x (M xN) —>(M>4N)
(I,m,m’',n) — (m/,n),

di: (LXM)x (M xN) —>(M>4N)
(I,m,m',n) — (mm’,n),

dy: (LxM)x(MxN) — (MxN)
(I,m,m’,n) s (Oa(l)m, 01 (m/)n),

so: (M x N) — (LXM)x(MxN)
(m/,n) — (1,1,m’,n),

s1: (M x N) — (Lx M) x (M x N),
(m/,n) — (1,m’,1,n).

Since { , }(2)(1) is a 2-crossed module there is an action of L on K defined as

'k = {05k, 1} o))k

forl € L, k € K. Using this action we obtain a semidirect product K x L. The action
of (I,m) € L x M on (k,l) € K x L can be expressed as

W) (k, 1) = (™ (MR),™ (M)
= ("(k)," (1),
EO (k1) = (1( k), ()
= ('K
= (P'E{1, 05k} (21, WTTH).

After these definitions we have the semidirect product

H; = (K xL)x (LxM)x(MxN).
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Define the degeneracy and face maps as:

do: (K xL)x (L><1M)><1(M>4N) — (L><1M) (M x N)
(k,L,I',m,m',n) —  (I';m,m/,n),

dy: (K xL)x (L>4M)>4(M>4N) — (LxM)x(MxN)
(k,1,I',m,m/,n) —  (Il,m,m',n),

dy: (K xL)x (L><M)>4(M>4N) — (LxM)x(MxN)
(k,1,I',m,m/,n) —  (I';m,m/,n),

ds: (K xL)x (L><M)>4(M>4N) — (LxM)x (M xN)
(k,1,UI',m,m/,n) —  (03kl, 02l'm,m/ n),

50 (L><1M) (M x N) — (KXL)x(LxM)x(MxN)
(Il,m,m’,n) —  (1,1,1,m,m',n),

s1: (LxM)x (M xN) — (KXL)x(LxM)x(MxN)
(Il,m,m’,n) —  (1,1,1,m,m/,n),

s9: (LxM)x (M xN) — (KXL)x(LxM)x(MxN)
(l,m,m’,n) —  (1,1,1,m,m/,n).

Thus we have a 3-truncated simplicial group H = {Hy, H1, Ho, H3}. Applying the 3-
skeleton functor defined in Subsection 2.1 to 3-truncation gives us a simplicial group,
which will again be denoted H, and the result has Moore complex

kerd3 - K — L — M — N.

We set H' = st3H and note that NH), = D, N NH,, where D, is the subgroup of H,

generated by the degenerate elements, and so NHZ') = 1if p > 4. We claim NH:1 =1
By Theorem B, case n = 4 (see [22]), O4(NHy N Dy) is the product of commutators.
A direct calculation, using the descriptions of the actions and the face maps above,
shows that these are all trivial, so 9;(NHy N Dy4) =1, but 6? is a monomorphism so
NH] is trivial as required. O

Proposition 5.3. Let G be a simplicial group, let ), be the homotopy groups of its
3-crossed module and let w, be the homotopy groups of the classifying space of G;
then we have m, = 7, forn=0,1,2,3,4.

Proof. Let G be a simplicial group. The nth homotopy group of G is the nth homol-
ogy of the Moore complex of G; i.e.,

ker d::j NNG,_1

(@) = Ha(NG) = — Jrvas

Thus the homotopy groups 7, (G) = 7, of G are

NGo/d1(NG1) n=1
- kerd!"1 N NG,_1 ne934
n dZ(NGn) — 4y
0 n=0forn >4
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and the homotopy groups =, of its 3-crossed module are
NGo/h(M) n=1

ker 01 /Im(02) n =2
7, = 4 ker 95 /Im(03) n =3

ker 83 n=4
0 n =0 for n > 4.
The isomorphism 7, 2 7, can be shown by a direct calculation. O

5.2. Crossed 3-cubes
Crossed squares (or crossed 2-cubes) were introduced by D. Guin-Waléry and
J.-L. Loday [19]; see also [8] and [20].

Definition 5.4. A crossed square is a commutative diagram of group morphisms

L —1 v

€l
NT)P

with the action of P on every other group and a function A: M x N — L such that:
(1) themaps f and u are P-equivariant and g, v, v o f and g o u are crossed modules,
(2) foh(z,y)=a9Wa=! woh(z,y) = "@yy,
(3) h(f(2),y) =292t bz, u(z)) = "Wzz,
(4) h(za',y) =" h(a, y)h(z,y), h(z,yy'") = h(z,y)? Y h(z,y),
(5) h(‘z,'y) ="h(z,y)

for z,2’ € M, y,y € N,z€ Land t € P.

It is a consequence of the definition that f: L — M and u: L — N are crossed
modules where M and N act on L via their images in P. A crossed square can be
seen as a crossed module in the category of crossed modules.

A crossed square can be seen as a complex of crossed modules of length one; thus
Conduché [13] gave a direct proof from crossed squares to 2-crossed modules. This
construction is the following:

Let

L —1 v

ul Ul
N —— P
g

be a crossed square. Then seeing the horizontal morphisms as a complex of crossed

modules, the mapping cone of this square is a 2-crossed moduleL LM N2 P,

where 95(2) = (f(2) "%, u(z)) for z € L, 01 (x,y) = g(x)g(y) for x € M and y € N, and
the Peiffer lifting is given by {(z,v), (z/,y')} = h(x,yy'y™1).
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Crossed squares were generalised by G. Ellis in [16, 17] and were called “Crossed
n-cubes which were related to simplicial groups by T. Porter in [23]. Here we only
consider this construction for n = 3 and look at the relation between crossed 3-cubes
(see Appendix B) and 3-crossed modules.

Let

K% %2 2 N

be a 3-crossed module and let G be the corresponding simplicial group. The crossed
3-cube associated to G, defined by T. Porter in [23], is up to a canonical isomorphism

vQ

kerd3 N kerd} kerd?
AN
vQ
NG5 A kerd? N kerd3 b2
vp [{
2 o1
AL kerdo Go
vQ
/ /
kerd? N kerd3 G kerd3,

where Az, , Ay, Ax are restrictions of d3 and the others are inclusions. The h-maps
are

hi: kerd; x kerd; Nkerd; — NGj3

(2, y) —  [s1zas023 ', 5205 5195 ),
hy: kerd3 x ker d3 Nker d3 — NGs

(z,y) —  [s122, S2y25195 ' Soa],
hs: kerds Nkerd? x ker d2 — NG;

(z,y) — [s2m2, say25195 ',
hr: kerdd Nkerds x kerd? Nkerds — NG3

(z,9) —  ha(iz,y) = ha(z,y),
hs: kerd Nkerd] x kerdj Nkerds — NG3

(z,y) —  hs(z,iy) = hs(z,y),
hg: kerds Nkerds x kerd? Nkerds — NG3

(z,y) —  hs(z,iy) = hs(z,y),

and the others are commutators. (The name of the maps are given with respect to
the crossed 3-cube definition in [16].)
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Then in terms of the 3-crossed module, this crossed cube can be written as

L 2 L x M
y /
vQ
K vt f d2
l/pl/
v LxM (L % M) » (M x N)
vQ

7% %
L Vo LxM

where
Lx M={(l,m,1,1):le Lyme M},
LxM={(l,mm' 1):1€Lmm €Mmm =1,1€ L mée M},
L x Mf{(l m,m’,n): 9a(l) = 1,0, (m )n=1,l € Lym € M},
(1,1,1,1): 1 € L},
(I,m,1,1): dalm =1,1€ Lym € M}
(1,02(171),1,1) : L € L},
(I,m,m/; 1) :mm’ =1,0,()m =1,00(m')n=1,l € Lm e M,n € N}
={(1,05(171),05(1),1) : 1 € L}.

By Definition 2.7, given in [13], we have the mapping cone of this crossed 3-cube as

={
=1
={
{

K—(LxL)x L — (D M)(Lx M) x (L M))— (Lx M) x (Mx N).
Example 5.5. Let
K202 2N
be a 3-crossed module. If M = {1}, then, for i = 1,2, 3, the commutative diagram

L

is a crossed square with the following h;-maps:
hi1 = {,}(2)(1)2 LxL— K,
ha ={ }oy2): L x L — K,
hs ={, }oya): L x L — K,
-1
(z,y) — {y7x}(1)(0)7

where the action of L on itself is by conjugation.

%

%
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Since M = {1}, 02(1) = 1 for all [ € L. Thus from the 3-crossed module axioms
we find

{1,005k} 20y = (- k)K",
{1y =1-AU " oL o),
LUy o) = L1 Yo LT o))
{1 o) = 11T,

{1 DB ayo) " ={L1UY o)),

{LI'Y oy =1

forall [,I’,l"” € L, k, k' € K. Using these equalities and the 3-crossed module axioms,
crossed square conditions can be easily verified.

In this example the result is trivial for the h-map hy from [12] since {, }2)(1) is a
2-crossed module. Here the liftings {, }(0)(2), {, }(0)(1) are not 2-crossed modules but
the associated h-maps are crossed squares.

Ezample 5.6. In the universal cube definition given in [16], take P, R, N, M = L,
S=Mand To = K ® K ® K. Then

K

S

KOoKK——F—>K

l

Y

K—1L

L

L
is a universal crossed 3-cube with the crossed squares obtained by the Peiffer maps
L o) U Feays 4 Hoye) given in the above proposition.

Appendix A.
Proof of Proposition 5.1.

3CM1)
03 ({x2, y2}2)(1)) = [2, v2] [y2, 510222
= $2y2$2_1y2_1y23182$2y2_18182.732_1
= wayzwy (Pya) 7
Since
da(F1)(3,2)(73,Y2)) = [s1d323, S2y2] [S2y2, Sodsx3] [T3, S2y2] ,
we find

{539637 y2}(2)(1) = [8153%, s2y2][s292, 8253563]
= [x3, S2u2] mod 94,(NG4 N Dy)

= $3(y2$3)_1.
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Since

dy(F(3,1)(2)(w2,y3)) = [5122, S2d3y3] [s2d3y3, Sox2| [s222,y3] [ys, s122] ,
we find
{22,053} (2)1) = [s222, 5203y3] [5203ys3, 5122
= [s22,y3] [y3, s122] mod d4(NG4 N Dy)

= "2y3s120y5 ' S125
82x2y3)—1 mod 84(NG4 n D4),

= "ys(
{3”23/2,22}(2)(1) = [s1(z2y2), s222] [5222, S2(T2Y2)]
= 51(I2y2)522251(I2y2)7152(3321/2)5222_182(962%)71
= 52(Izyz)Szzz_lSz(Izyz)flsl(Izyz)
592281 (T2y2) ™t mod 94(NG4 N Dy)

= {2, 9222%5 "} 1) P w2, 22} 2) (1),
and
{172,2/222}(2)(1) = [s1(22), 52(y222)] [s2(y222), 52(72)]
[s2(w2), 52(y222)] [52(y222), 51(w2)]
(52(22)s2(y2)s2(22) ") s1(x2)s2(y2)s1(22) ™" mod O4(NGy N Dy)
(zay2m3 ") - {22, 22} 2y (1) {225 Y2 } ) (1)-

3CM2) Since

ds(F(3,2,001)(71,y3)) = [s25021, 51d3y3] [s1d3Y3, s25121] [S25121, S2d3Y3]
[s2d3ys,] [s25071, Y3] [y3, s25171]
d4(F(3,170)(2) (r1,y3)) = [s150%1, s2d3Yy3] [s2d3ys , s25021]

[s25021, y3] [ys, s15021]
and
ds(Fi2,1,0)(3)(71,Y3)) = [s28150d171, y3] [y3, S15071]
we find

( o1x1 —1.

{331753y3}(1,0)(2) = {9017532!3}(2,0)(1){53%,$1}(0)(2,1)y3 y3)
3CM3) and 3CM4) are left to the reader.
3CM5) Since

d4(F(3,0)(2,1)) = [30172, 528132y2] [5251323/2, 81132] [52I27 525132242]

[$1Y2, S22][s122, S1Y2][51Y2, S0T2],
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we find
{22, 0292} (0)(2,1) = [S0T2, 525102y2][525102y2, 5122][s222, 5251022]
= [s1y2, s2x2][s1%2, s1y2][S1¥2, Sox2] mod O4(NG4 N Dy)
= ({y2, 22} (1))~ Hz2, 2} (1) (0)-
3CMS6) Since

s250daT2, 51Y2][S1Y2, S251da 2]

ds(F2,0)3,1)(72,92)) = [
[s251d2T2, S2Y2|[S2Y2, S250d2T2)]
[
[

S0T2, Szyz] [Szyz, 511'2]
5172, 51Y2][51Y2, 072,

we find

{32$27y2}(2,0)(1) = [525002%2, 51Y2][S1Y2, 52510222]
[3281623627 32y2} [32?}2, 328082332]

= [sow2, s212][S2y2, S5172]

= {9527.7;2}(_0;(2) [yz’m]({l‘z,3/2}(2)(1)){93272/2}(1)(0)-
3CMY) Since

d4(F(1,0)(3,2)($2, Y2)) = [818052»’32, s2y2][52Y2, 528052332] [s072, S232],

we find
{022, y2}(1,o)(2) = [515052:1:2, s292][s2y2, 525052@]
= [sox2, S2y2] mod 94(NG4N Dy)
= (=202} 0)2)
3CMS8)
53({$2,y2}(1)(0)) = [z2, 2] @331:52,5351,7;2] [5381212,5380%2]
= [x2, 2] 51 [0222, O2y2] [5102Y2, S002%2)
= [$2,y2] {32332,32212}-
3CM9)
= = -1
03 ({$27y2}(0)(2)) =03 ({3215272/2}(1,0)(2)) .
3CM10)

53{$27yl}(0)(2,1) = 53 ([stlyl, 52332] [51$27 5251y1] [5231y1, 80332])
= [s1y1, 72] @381@,812/1} [813/1,5380%2]

= Vixoxy H{Oowa, 11}
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3CM11) Since
03{x1, Y2} (1,0(2) = [s021, Y2 [y2, D3515071]
53{36173;2}(1,0)(2) [538180331,192] = [sow1, 2],
O3{x1, Y2} (2,0)1) = [S021, y2] [y2, s121] [s121, D35192] [D351Y2, S01]
= [s0w1, y2] [y2, s171] [s171, 5102y2] [510292, S021]
= [s0x1,y2] [y2, s121] {21, 0292},
we find
03{x1, 92} (2,001) = O3{@1, Y2} (1.0)(2) [03515021, ¥2] [y2, s121] {z1, Doy}
= 03{w1, Y2} (1,0)(2) [51500171, y2] [y, s121] {1, Doy}
Yo “'yo{w1, Doya}.

011

= 53{I1,Z/2}(1,0)(2)

3CM12) Since

da(Floy(3,1)(73,2)) = [Sodsx3, s1Y2][51Y2, S1d373][s2d373, S2y2][52Y2, 73],
we find

{53333, y2}(1)(o) = [50533337 s51Y2][s1Y2, 8153333] [52535637 S2Y2]
= [s2y2, 23] mod O4(NG4 N Dy)
= (Y223)z3 "

Since

da(F(3,0)1)(72,y3)) = [Sow2, s1d3y3] [s1d3y3, s122] [s222, 52d3Y3] [y3, S22] ,
we find

{m2a53?}3}(1)(0) = [80552,8153313} [8153.@3,813?2] [32x2,5253y3]
= [ys, s2x2] mod 94(NG4 N Dy)
= y3("ys) "
3CM13) is left to the reader.
3CM14) Since
ds(Foy(3,2)(3,y2)) = [sodsz3, s2y2],
we find
{533037112}(0)(2) = [5053%,821/2}
=1 mod 94(NG4 N Dy).
3CM15) Since
da(F(3,0)(2) (2, y3)) = [s072, s2d3Yy3] [y3, Sox2]

and

da(F(1,0)2)(72,y3)) = [515002%2, 5203y3] [5203Y3, 52500222] [s0T2,Y3] ,
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we find
{37275393}(0)(2) = [80962,8253?/3]
= [ys, Sox2] mod O4(NG4 N Dy)
= [8280821‘2, 8253y3] [82533/3, 818082.1‘2} mod 84(NG4 N D4)
= {02 (22), 05 (43)} (1 o) 2 -

3CM16) Since

dy(F(2,0)1)(22,y3)) = [s2500222, 5103y3] [$103y3, 52510222]
[82510222, 5203y3] [$203y3, $2800272]

[sow2,y3] [ys, s121],

we find

{0212, O3y3} (2,0)(1) = [52500222, 5103y3) [$103ys3, s2510222]

(52510222, 203ys] [5203ys, s2500222]

[soz2,ys] [ys, s121]  mod 94(NG4N Dy)

[som2,ys] y3(P"2ys) ™" mod 84(NG4 N Dy)

(51500222, 203ys] [520sys, s2500222]  mod O4(NG4 N Dy)

= {32$275393}(170)(2)'
3CM17) Since

da(Floy2,1)(73,y2)) = [Sod3x3, s251d2ya] [s251d2y2, 51d373]

[82d3333, 5251d2y2] [Slyz, 1?3]

and
dy(Floy(2,1)(w2,y3)) = [s251d22,y3] [ys, s122] ,
we find
{053, 0292} (0)(2,1) = [5003T3, 525102y2] [525102y2, 51032:3]
(520523, 525102%2]

= [Slyg, $3] mod 84(NG4 N D4)
= [xg,, 8281823/2] mod 84(NG4 N D4)
— x3(32y2$3)—1_

3CM18)

Oo{z1, 01} = [1, 11][y1, O25071]

= xlylel(alxlyl)_l. O
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Appendix B.

B.1. Crossed 3-cube
Given a commutative diagram of groups

N = Q
AN
vQ
A
K—M>M o
vp
AL P 4U>S

ARV

L———5—>N

in which there is a group action of S on each of the other seven groups (hence the
eight groups act on each other via the action of S), and there are six functions

hi: @xL — K,
ho: PxM — K,
hs: NxR — K,
hy: PxXxR — L,
hs: @xXR — M,

hg: Px@Q — N,
we say that this structure is a crossed 3-cube of groups if

1. Each of the nine squares

K—1L K—M K—R L—R M—R
SR T Y T A A A A
Q—S P—=S N—§ P—=5 Q—S
N—0O K—M K—1L K—M
| T S A A R
P—5 L—R N—P N —Q

is a crossed square; for the last three squares, the functions h: L x M — K,
h: NxL— K, h: N x M — K are respectively given by h(l,m) = h(vpl,n),
h(n,1) = h(n,vgl), h(n,m) = h((n,vgm).

2. h((ven)(vpl), m)h((vgm)(vgn),l) = h(n, (vsl)(vrm)).

“h(h(p,q )"t r) =Phig, h(p~ ) h(p, h(g,r ™) 7).

w
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Aph(p,m) = h(p,vrm),
Aph(n,r) = h(vpn,r),
Amh(q,1) = h(q, vrl),
Avch(n,r) = h(vgn,r),
Anh(p,m) = h(p,vgm),
Anh(g,l) = h(vpl,q)

h(vgm,1) = h(vpl,m)~*
h(n,vgl) = h(vgn,l),
h

h(n,vgm) = h(vpn,m),

forallle L, me M,ne N,pe P,qe Q,r € R.
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