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MODULE DERIVATIONS AND NON TRIVIALITY OF AN
EVALUATION FIBRATION

KATSUHIKO KURIBAYASHI
(communicated by Charles A. Weibel)

Abstract
We give a sufficient condition for the evaluation fibration,
whose total space is the free iterated loop space, not to be
totally non cohomologous to zero with respect to a given field.

1. Introduction

Let F, the prime field with p elements if p # 0 and let Fy denote the rational

number field Q. We say that a fibration F — E — B is totally non cohomol-
ogous to zero (henceforth TNCZ) with respect to the field F,, if the induced map
i* : H*(E;F,) — H*(E;F,) is surjective, equivalently, the Leray-Serre spectral
sequence for the fibration collapses at the Es-term.

Let X be an n-connected space of finite type with a base point and A™X the
m-fold free loop space map(S™, X), namely, the space of all continuous maps from
the m-dimensional sphere S™ to X. For 1 < m < n, let us consider the evaluation
fibration

Fm : Q"X — A™X 25 X,

where ev is the evaluation map defined by ev(y) = v(0) for v € A™X. One may
ask when the evaluation fibration F,, is TNCZ. The purpose of this paper is to
give a sufficient condition for the evaluation fibration F mnot to be TNCZ with
respect to IF,,. To this end, we first take a note of some non-trivial relation between
indecomposable elements in the cohomology algebra H*(X;F,). Such a relation
brings us a non-trivial relation in H*(A™X;F,) via the Eilenberg-Moore spectral
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sequences associated with fibre squares

APX X l
evml lcm_l - A2X — X
X 5 oAmelx L X l l
evm,ll l X % AX - X
X o ATT2X el lA
l X A& xxX,

in which A is the diagonal map and the map ¢; is defined by carrying an element
z of X to the constant loop at x. In consequence, we will see that there exists a
non-trivial differential in the Leray-Serre spectral sequence. The module derivation,
which has been introduced and studied in [10], plays an important role in the
consideration. In fact our main theorem (Theorem 2.2) describes how to deduce
the non-triviality of F,,, from a non-trivial relation in H*(X;F,) using the module
derivation.

Let F —— E -2 B be a fibration with a section. Recently, Kallel and Sjerve [8]
have related the brace product of the fibration, which has been introduced by James
[6], to some differential in the integral homology Leray-Serre spectral sequence for
the fibration. Since the evaluation fibration F,, has a section ¢,, defined previously,
we can detect a non-trivial differential in the spectral sequence for the fibration F,, if
the brace product of the fibration is non-trivial. Observe that, in this case, the brace
product is viewed as the Whitehead product up to the iterated adjoint isomorphism
on the homotopy. As mentioned above, we obtain a way to deduce the non-triviality
of F,, using the module derivation so that, conversely, such information on the
non-triviality enables us to investigate the Whitehead products via the result due
to Kallel and Sjerve.

Let [, ]:m(X) ®@ m(X) — mgri—1(X) be the Whitehead product, b : m4(X) —
H,(X) the Hurewicz map and let ad™ : 7, (X) — 7p—m (2™ X) denote the iterated
adjoint map.

Consider the composition map

ppohoad™ o, ]:my(X)®mn(X) = Hopm1(U"X) L2 Hop py 1 ("X F,),

where p, is the mod p reduction. Let ¢ : H"(X;F,) ® H"(X;Fp)/Im (1 - T) —
H?"(X; F,) be the map induced by the cup product, in which T is the homomor-
phism on H"(X;F,) ® H"(X;F,) defined by T'(z ® y) = (—1)"y ® x. We can then
compare the dimension of the image by the composition map p, o hoad™ o[, |
with that of the kernel of the map £. More precisely, we will establish the following
interesting inequality.

Theorem 1.1. Let p be an odd prime or zero and X an (n — 1)-connected space
(n>2). Then, form<n—1,

dim Im (ppohoad™ o[, ]) > dimKer &.
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Moreover, if £ =0, then
1
dim Im (ppohoad™o|, ]) = §s(s—|— 1) —es,

where dim H,(X;F,) =s and e =0 or 1 as n is even or odd.

In the case p = 2, the above (in)equality does not hold in general. Indeed, the result
[8, Lemma 4.4] due to Kallel and Sjerve implies that p,ohoad™ o[ty t,] = 0 for the
generator ¢, of 7,(S™) although n is even. The Whitehead products are trivial for
an H-space. So one can see that the condition £ = 0, which deduces the equality, can
not be relaxed even though p is odd. (We can give QSU(m) as such an example.)
It is important to mention that Theorem 1.1 recovers an inequality concerning the
Whitehead product due to Chen [2, Theorem 2]. The same argument as in the proof
of Theorem 1.1 enables us to obtain an estimate of the dimension of the image by
the composition p,ohoad™ o[, |: mp(X) @ Tpt1(X) = Hopnem ("X F,).

Theorem 1.2. Let p be a prime number or zero and X an (n — 1)-connected space
(n>2). Then, form<n—1,

dimIm {p,ohoad™o[,]: mp(X) ® Tpt1(X) = Hopem (Q"X;F,)} > dimKer ¢,
where ¢ : H"(X;F,) ® H"™(X;F,) — H*""(X;F,) denotes the cup product.

When p = 0, we have the following theorem by analyzing the minimal model for
X.

Theorem 1.3. (1) The inequality in Theorem 1.1 becomes an equality if p = 0.
(2) The inequality in Theorem 1.2 becomes an equality if p = 0 and the multiplication
msy : H2(X;Q) ® H3(X;Q) — H*(X;Q) is a monomorphism.

This paper is organized as follows. In Section 2, after recalling briefly the Koszul
resolution and the module derivation, we describe our main theorem and its appli-
cations. Section 3 is devoted to proving the main theorem. In Section 4, we prove
Theorems 1.1, 1.2 and 1.3.

2. Main theorem and its applications

In order to describe our main theorem, we need algebraic notation and terminol-
ogy. For any non-negatively graded vector space V of finite type over F,, we denote
by S(V) the symmetric algebra generated by V. Let T'(V) be the divided power
algebra generated by V. The desuspension s~1V is the graded vector space defined
by (s71V)i = V! and we denote by s~v € s71V the element which corresponds
tov e V.

We here recall results on the torsion products.

Lemma 2.1. ([15, Proposition 3.5], [9, Propositions 1.1, 1.5] ) Let A be a sym-
metric algebra S(V') over Fp,.
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(i) There exists a projective resolution K® ——~ A — 0 of A as a left A® A-module
such that K* =A@ AT (s V), d(s" ) =u®1—1Q®u foru € V and ¢ is the
multiplication of A, where bideg s~ 'u = (—1,degu). Hence, as a bigraded algebra,

TOI“A®A(A,A) = S(V) ® F(S_1V).

(ii) Let B*(A® A, A) — A — 0 be the bar resolution of A as a left A ® A-module.
Then there exists an isomorphism of algebras

\IJ : TOI‘A®A (A, A)bar—g—%TOI‘A®A (A, A)KT

such that ¥(1u ® 1 — 1 ®@ u]l) = s~'u for u € V. Here Toraga(A, A)par and
Toraga (A, A)gr denote the torsion products obtained from the bar resolution and
the Koszul-Tate resolution which is defined in (i), respectively.

Following [10], we define the module derivation © : A — Tor; ,(A, A) by
D(a) =1a®1—1®all for any graded commutative algebra A over F,. The map
® enjoys the following property:

D(ab) = (—1)(desatDdesbpgy () 4 (—1)98 %D (b)

for any a,b € A. In particular, if A is taken to be the symmetric algebra S(V'), then
D(v) = s~ v for any v € V up to the isomorphism ¥. Observe that the image of
the module derivation D is in Tor, g% (A, A).

Let H* be a graded simply connected commutative algebra over F, and QH*
denote the vector space of indecomposable elements. Choosing a section s : QH* —
H* of the projection H* — QH* = H*/H*-H*, we define a surjective algebra map
qg: A= S(QH*) — H* by q(v) = s(v) for v € QH*. Put A = S(QH*). It follows
from Lemma 2.1 that Toraga(A, A) =2 S(QH*) @ T(s7!QH*) as an algebra. In
particular, Tor:‘gZ(A, A) = S(QH*) ® s 1QH* as an A-module. Therefore we can
define a morphism of A-modules

n: Tor, b5 (A A) — H* @ S(s 'QH")

by n(a ® s71v) = q(a) @ s~ 1v.
For any simply connected space Y, let o* : H*(Y;F,) — H*~}(QY;F,) denote
the cohomology suspension. We are now ready to describe our main theorem.

Theorem 2.2. Let X be an n-connected space and m an integer which is less than
or equal to n. Suppose that there exist a subspace V.C QH*(X;F)) and an element
p€ KerqnS(V)cC S(QH*(X;F,)) such that
go---00"|y: V- H (Q"X;F,)
m—times

is @ monomorphism and the image of p under the composition map
10 A= S(QH"(X;F,)) — Tor, g4 (A,A) — H*(X;F,) ® S(s 'QH*(X;F,))

is mon zero. Then the evaluation fibration QmX — A™X — X is not TNCZ with
respect to IFp.
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Remark 2.3. If X is n-connected, then the cohomology suspension o* : H'(X;F,) —
H*"'(QX;F,) is a monomorphism for i < 2n+ 1. (see [17, (6.5)Corollary]). There-
fore it follows that the m-fold cohomology suspension ¢* o ---o¢* : H'(X;F,) —
H=™(Q™X;F,) is a monomorphism for i < 2n —m + 2. Moreover, the map 7D
is computable if algebra generators in H*(X;F,) and relations between the ele-
ments are clarified. From these facts, one can expect that the sufficient condition in
Theorem 2.2 is reasonable.

In order to prove Theorem 2.2, we will rely on the Eilenberg-Moore spectral
sequences which are obtained from m fibre squares. The construction of the fi-
bre square is as follows: Let us consider the fibration Q™X — X" %5 x0I™
where res is defined by res(vy) = v|grm. We define the map ¢p—1 : X — XO0I™ 1y
¢m—1(z)(t) = x for x € X and ¢t € OI"™. The pullback of the fibration by the map
Cm_1: X — X9 is regarded as the m-fold free loop space A™X = map(S™, X).
Moreover the map res : X! — X2 can be replaced by the map c¢,,—1 : X —
A™'X with the homotopy equivalence ¢ : X — X" defined by &(z)(t) = x for
x € X and t € I"™. Since the space X2 can be viewed as the (m — 1)-fold free
loop space A1 X, we have a fibre square FS,,(X):

AX —— X

evml l Cm—1

X —  A™TIX

Cm—1
Observe that the fibration on the left hand side in FS,,(X) is the evaluation fibra-
tion Q"X — A™X — X and that 75 (X) is the fibre square which Smith has intro-
duced and studied in [15]. Suppose that X is an m-connected space. Then the fibre
square FS,,(X) gives rise to the Eilenberg-Moore spectral sequence {,,E**, d.}
converging to H*(A™X;F,) with

mE;* = Torz’:(Am_lx;Fp) (H*(X§ ]Fp)a H* (XS Fp))

as a bigraded algebra.

An important point in proving Theorem 2.2 is what we can translate information
of some relation on elements in H*(X;F,) to that in H*(A™X;TF,) via the module
derivation ® : H*(X;F,) — 1B, " and H*(X;F,)-module maps with degree —1
which are defined below.

Let A and M be simply connected graded commutative algebras and ¢ : A — M
an algebra map. We regard M as an A-bimodule via ¢. The map © : Ker ¢ —
Tor o (M, M) defined by ©(a) = 1[a]1 is an A-module map.

Lemma 2.4. D(ab) = (—1)%8%[b]1 for a € A and b € Ker ¢.

Proof. Let 0 : B*(M,A, M) — B*"Y(M, A, M) be the external differential of the
bar complex which induces the torsion product Tor4 (M, M). Then, for a € A and
b € Ker ¢, we see that d(1[a|b]l) = a[b]l + (—1)%€sH1[ab] — (—1)de8a+11[a)b =
alb]l + (—1)desa+1[gb]. This completes the proof. O

We conclude this section with examples.
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Ezample 2.5. Let X be an (n — 1)-connected space (n > 1) and put rx = inf{i >
2|H'(X;F,) # 0}. Assume that rsx is even and p # 2 or dim H™X (X X;F,) > 2.
Then, for m < n, the evaluation fibration Q"X X — A™XX — ¥ X is not TNCZ
with respect to F,.

Proof. Let {z;} be a basis of V = H™H*(LX;F,). Assume that ryx is even
and p # 2. Then, for any element x;, we see that 22 € Ker ¢ N .S(V) and n®(z?) =
2z;(s7'z;)  # 0 in H*X;F,) ® S(s7'QH*(X;F,)). Suppose that
dim H™=X (£X;F,) > 2. It is readily seen that z;z; € Ker ¢NS(V) (i # j) and that

MO (@) = (=1 (a5~ i) + (~1)"> (w5~ 'a;) 0

in H*(X;F,) ® S(sT'\QH*(X;F,)). Since the map (¢*)™ : H™x(LX;F,) —
Hr=x—m(Qm¥X;F,) is isomorphism, the result follows from Theorem 2.2 O

In the case m = 1, we can obtain a characterization for the evaluation fibration
Q¥YX — AYXX — XX to be TNCZ. Indeed, the cohomology of the free loop
space AY of a simply connected space Y is isomorphic to the Hochschild homol-
ogy of the singular cochain complex of Y as a vector space([7]). Moreover since
suspension spaces are K-formal in the sense of Anick (or El haouari) for any field
K ([1]), it follows that H*(AXX;F,) is isomorphic to the Hochschild homology
HH(H*(XX;F,)). Therefore direct computation of the Hochschild homology of
spheres leads us to the following result.

Ezxample 2.6. Suppose that X is a connected space. Then the evaluation fibration
QXX — AYXX — YX is TNCZ with respect to F, if and only if H*(X;F,) =
H*(S%F;F,) for some k and p is odd or H*(X;F,) = H*(5™;F,) for some m and
p=2.

One may expect that the evaluation fibration F,,,(X) : Q"X — A™X — X is
TNCZ with respect to F, if and only if the cohomology algebra H*(X;F,) is free
because the assertion is true if p = 0. However it is not true in general when p > 0.
In fact the evaluation fibration F; (CP(n)) over the complex project space is TNCZ
with respect to I, if and only if n +1 = 0 mod p (see [9, Theorem 2]).

Since it is difficult to determine the cohomology of the m-fold free loop space in
general, we can not deduce easily that a give evaluation fibration is TNCZ. Theorem
2.2 is applicable to the case where X is the Stiefel manifold.

Ezample 2.7. For any 1 < m < n, the evaluation fibration
Q"SO(n+k)/SO(n) — A™SO(n+ k)/SO(n) — SO(n+ k)/SO(n)

is not TNCZ with respect to I, if n is even and p is odd.

Proof. Put X = SO(n+ k)/SO(n). As is known [11], H*(X;F,) =

A(€2n13, s €2n42k—3) @ Fplz,]/(22) if n is even and k is odd

A€2n435 s €2n12k—51 €ppm—1) @ Fplzn]/(@2) if n and k are even .
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We choose a 1-dimensional subvector space V of QH*(X;F,) so that V =TF,{z,}.
Since the element x,, is of the least degree, it follows that o*o- - - ¢*|y is a monomor-
phism (see Remark 2.3). Moreover we see that n®(z2) = 2z,5 'z, # 0
in H*(2;Fp)®S(s 'QH*(X;F,)). By virtue of Theorem 2.2, we have the result. [

3. Proof of the main theorem

For based spaces Y and X, let map.(Y, X) denote the space of all based maps
from Y to X. Throughout this section, we assume that X is an n-connected space.
For any integer m < n, let us consider a morphism of fibre squares

QO™ X = map.(S™, X) map, (I, X)

| -

A™X = map(S™, X) l X res
evn, " map,(0I™, X)= Qm-1Xx
/ /mfl
X p— XO0I™ = Am—1X,

Observe that the back square gives rise to the Eilenberg-Moore spectral sequence
{mE}*,d,} converging to H*(Q™X;F,) with

[k, % AU *, %
mBs " X2 TorH*(97,1,1)(;]%)(IF‘p7 F,)

as a bigraded algebra. For the rest of this section, the cohomology algebra H*(X;F,)
will be denoted by H* and the coefficient fields of the cohomologies will be omitted
when no confusion results. Let {,fr} : {mE** d} — {mE**,d,} be the mor-
phism of spectral sequences induced from the above morphism of fibre squares. Let
{mF "} is0 and {,,F~7},50 denote the filtrations of the Eilenberg-Moore spectral

sequences {mE** d.} and {,,E**, d,}, respectively. The naturality of the mor-
phism of spectral sequences allows us to obtain the following lemma.

Lemma 3.1. The following two diagrams consist of commutative squares:
H* 25 Torght, (H . H*) = (E;"" — |EZM « (F'< H*(AX)

:l J{TOI‘id@E(E,E) llfz llfoo ljl*

H 22 Tor211*7*(Fp7Fp) = BV - (BN = Fle HY(QX),
K * ® —1,x * * ~ —1,%
erch_q = TorH*(Am,lX)(H JHY) = LB, SN
j:‘n—ll lTOI'ﬁnil (e,e) l"” f2

* m— P —1,% ~ —1,%
HY(Qm1X) =2 Torgilgmoy) FpFp) = B0 — .

s Bt e o Fles HF(ATX)

lmfoc lj:;

o B = L ETles HE(QMX).
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Here 559 is the map defined by mapping x to [z], © and D are the module deriva-
tion and the H*-module map defined in §2, respectively, and € : H* — T, is the
augmentation.

The upper sequences in Lemma 3.1 are covered by more algebraic sequences.

Lemma 3.2. (i) There exist an H*-module map &1 : H* ® s 'QH* — F~1 =
F~'H*(AX;F,) and an H*-algebra map oy : H* ® S(s7'QH*) — H*(AX;F,)

such that the following two diagrams are commutative:

A=SQH") —2—  Tor,bi(4,A)
QJ( lTorqéi!q(%Q)
H

*

—2 o Torglt . (H*, H?)

—~
~
-

>~ SQH)®s'QH* L HroslQHY — H*©S(s'QHY)
o [
&~ 1E;1’* — 1Egol7* A E— 1-F71 — H*(AX)3

Ay = H*® S(s"\QH*) —%— H*

o e

H*(AX) 2, H*

where ¢1 : H*®S(s 'QH*) — H* is defined by ¢1(h®s™1v) =0 and ¢1(h®1) = h.
(ii) There exist an H*-module map &y, : H* @ (s™H)™QH* — F7'H*(A™X;TF,)
= nF7' and an H*-algebra map o, : H* @ S((s~H)™QH*) — H*(A™X;F),)
such that the following two diagrams are commutative:

Ker gy —2 Tor, ** (A, A)

| | Tora,. )
(H*, H")

* —1,%
Kercy, |y —— TorH*(Am_lx)

= H' e )MQHT —— H e S((s ) MQH)

o Jon

= mEQ_L* - mEo_ol’* <_mF_1 — H*(AmX)a

Ap = H*® S((s"H)MQH*) —2ms H*

[e220) =
o*

H*(AmX) —m g

where (s~ ("™ QH* denotes the m-fold desuspension of the vector space QH* and
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G H* @ S((s~H™QH*) — H* is defined by ¢ (h @ (s~)™v) =0 and ¢, (h®
1) = h.

By virtue of Lemma 2.1, we can obtain the isomorphism (I). Observe that the
composition map S(QH*)(@S_IQH*&)H*@S_lQH* — H*®S(sT1QH*) = A;
coincides with the map 1 defined before Theorem 2.2.
Proof of Lemma 3.2. We define H*-module map &; : H*®s 'QH* — F~'H*(AX)
by ai(s7 ) = 1[q(v) ® 1 — 1 @ q(v)]1, where 1[¢(v) ® 1 — 1 ® q(v)]1 denotes a repre-
sentative element of {D(¢(v))} such that ¢j(1[g(v) ® 1 — 1 ® ¢(v)]1) = 0. Moreover,
choosing 1[@m_1 (s71)(™~Dy]1 as a representative element of {D((s~1)m D)} €
mEZM*, we define H*-module maps @,, : H* ® (s~ )™QH* — F~'H*(A™X) by
A (57 1) ™) = 1[@p,_1 (s~ )™ Do)l inductively. Since the evaluation fibration
evy, : A™X — X has a section ¢, : X — A™X there is no loss in generality in
supposing that ¢, (1[@m,_1((s~1) ™ Dv)]1) = 0. We have the required maps @, and
iy« O
The module map D defined in Ker ¢m 1 or Ker ¢, _; will be denoted below by
CD . From the definitions of ® and ’Dm, we see that Im n® C Ker ¢; and that
Im 775‘2)Z 1 C Ker ¢;. This fact allows us to compose the maps D, ’Dm and 7’s as
n@m 1 17@177®

Lemma 3.3. The following diagram is commutative:

A= SQH*) TmIiEI pe g (61 )mQH?)
q Qo
H*(X;F,) H*(A™X;F,)
. in
QH*(X;Fp) - H*(QmX;Fp),

(o.*)(wn)
where (%)™ is the m-fold suspension map.

Proof. It follows from [13, Proposition 4.5] that the composition map

H*(Qz 1X)—>T07”H*(Ql IX)(]FP7IFP) = iE;l’* N iE;ol -l H*—I(QiX)
coincides with the cohomology suspension. Lemmas 3.1 and 3.2 yield the result. [l
Lemma 3.4. amnf)m_l . ~77’§)17]©(Ker q) =0.

Proof. Let m : F7'H*(AX;F,) — 1EZ"* be the natural projection. From the
commutativity of the diagram (i) of Lemma 3.2, it follows that m a1 (¢®1)D(z) =0
for any x € Ker q. Therefore we see that a;(¢ ® 1)D(z) + eviy = 0 for some
y € H*(X;F,). Since cjev; = id, it follows from the definition of &y that y = 0.
Thus a;1(¢ ® 1)®(x) = 0 and hence ayn®(x) = 0. The same argument still works
well on the diagram (ii) of Lemma 3.2. In consequence we have ozm@i_l(z) =0 for
z € Ker a;_1. This completes the proof. ]

Proof of Theorem 2.2. We can choose a basis S for H*(Q™X;F,) extending that
of (6*)™(V), say {(0*) ™y, ..., (0*) ™y, ..} U{b1,by,..}, where {z1,..,25,..} is
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a basis for V with degz; < degzs < ---. Suppose that the evaluation fibration
Q"X — A™X — X is TNCZ with respect to IF,,. Then there exists an isomorphism
¢ H*(A"X;F,) —» H*(X;Fp) @ H*(Q"X;F,) of an H*(X;Fp)-module such that
ins® = j*  where ing : Q"X — X x Q™X is the inclusion into the second factor.
We here consider the image of (s=1)™z; by in®a,,. From Lemma 3.3, it follows
that in5®a,, (s~ 1) ™ x;) = j*ap ((s71)™a;) = (6*)™ ;. Therefore we can write

Bar (571 ™) = (%) ™a; + > Q)2
2€8,deg z<deg x;—m
where Q. ;) are appropriate elements of H Z1(X;F,). Since n®p # 0 by the assump-
tion, we see that the element n®(p) is expressed as Zle P;s7la; with elements P;
of H*(X;F,) in which P, # 0. Letting 7 = D1+ nD1nD, then Lemma 2.4
implies that 77(p) = Zle Pi(s71)(™ ;. From Lemma 3.4, it turns out that

k
0=Tamn(p) = _ Pi((c")™z; + > Q(z)?)
1=1

z€S,deg z<deg x;—m

= Pu((0*)™ay + > Qe10)?)

z€S,deg z<deg x,—m
k—1
+> Pi(0") ™ + > Q(z,i)2)-
i=1 z€S,deg z<deg x;—m

The fact that H*(X;F,) @ H*(Q"X;F,) is a free H*(X;F,)-module enables us to
deduce that P, = 0, which is a contradiction. O

4. Proofs of Theorems 1.1, 1.2 and 1.3

Proof of Theorem 1.1.. Let {E",d"} and {E",d"} be the integral homology Leray-
Serre spectral sequence for the evaluation fibration F,, and its mod p reduction,
respectively. From [8, Theorem 3.5] and a result due to Hansen [5], we can obtain
the following commutative diagram (4.1):

(X)) ® 7, (X) LN Ton—1(X)
1®ad""J( J{adm

Tn(X) @ e (QMX) =5 Topem—1(QMX)
h®hl lh

H’Vl (X) ® Hn—m(QmX) = E721,n—m Egﬂn—m—l = H2n—m—1(QmX)
E;L,n—m d—n) E6L,2n—m—1
PpJ/ Pp

~ an ~
n n
En,nfm EO,2n7m717
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where {, } denotes the brace product in the sense of James associated with the fibra-
tion F,,,. Thus in order to prove Theorem 1.1, it suffices to show that dim(Im d") >
dimKer ¢ and that dim(Im d") = 1/2- s(s 4+ 1) —es if & = 0.

Let {¢; }1<igs be a basis for H, (X;F,) and ¢;(m) the iterated transgression image
of the element ¢; in H,_,,(Q2"X;F,). We denote by z* the dual element to an
element x of H.(X;F,) or H,(Q"X;F,). Let &' : Fp{t;@15;i—j > e} — H?>"(X;F))
be the restriction of the cup product to the subspace of H"(X;F,) ® H™"(X;F,)
generated by the elements (] ® 7. Observe that dim Ker ¢ = dim Ker &. For a basis
{b} of Ker &', we write b, = Z e ik @ v5. Since Safu i =¢Mb) =0,it
follows from Lemmas 2.4 and 3.4 that (4.2):

O:amném 1"'n35177©(€/(bz))
—1)P DS g - a(m)” + ()" - 1 (m) ),

where ¢;(m)* is the element of H*(A™X;F,) such that j (¢;(m)*) = ¢;(m)*. We
look at the mod p cohomology Leray-Serre spectral sequence {E,.,d,.} for F,,. Let V'
be the subspace of Ey""~™ generated by the elements Y oy’ {¢5 @i (m)* + (=) 1 @
t;(m)*}. Since ev* is a monomorphism, every element of V is a permanent cycle.
The equality (4.2) implies that all elements in V' are in the image by the differential
dy : EY?2n—m=1 _ pr.n=m_Therefore, letting dimH2"*m*1(QmX;Fp) = k and
dim H?>"~™~Y(X;F,) = [, we have dim H*"~™"}(A™X;F,) < k — dimKer & +
l because dimV = dim Ker &’. We again turn to the mod p homology spectral
sequence {ET dT} The map ev, is an epimorphism so that every element in E* 0=
H.(X;F,) is a permanent cycle. Thus we have dim Hoy—p,—1(A"X;F,) = k—
dim Im d,L n—m 1 and hence (4.3): dim Im d?L nm = dim Ker ¢’. We have the former
half of Theorem 1.1. Suppose that & = 0. Then dim Ker & =1/2-s(s+1)—es. Since
the Whitehead product is skew commutative, it follows from the diagram (4.1) that
d™(1; @ 1;(m)) = d™(1; ® vi(m )), further d™(t; @ 1j(m)) = d™(1; @ 1;(m)) = 0 if n is
odd. Thus we see that dim Im d” n—m < 1/2-5(s+1)—es. Combining this inequality
with (4.3), we can conclude that dim Im d” =1/2-s(s+1)—e. O

n,n—m

If X is (n — 1)-connected, then the Hurewicz homomorphism h : m,41(X) —
H, 1(X) is surjective. Therefore, in the homology Leray-Serre spectral sequence
{E",d"} in the above proof, every element of F2 n+1—m and EnJr1 n—m 1S spherical,
that is; the element is in the image of the the Hurewicz homomorphism. With this
in mind, we shall prove Theorem 1.2. The proof is similar to that of Theorem 1.1
although a little complicated argument is needed. In fact, we have to consider two

differentials d"+' : EMfY  — Eg3)_ and d* : ER, ., . — EJ,, ,, in the

mod p homology Leray-Serre spectral sequence {ET’7 d’"}.

Proof of Theorem 1.2.. Under the notation in the proof of Theorem 1.1, let us con-
sider the commutative diagram (4.2):
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mi(X) @ m;(X) Titj—1(X)
1®adeV ladm

r(X) @ m_m(@X) Y m L @mX)
h®h h
Hi(X)® Hj—n(Q"X) = EZ,_,, Efitj1-m = Hitjo1-m(Q"X)
Ei ' E’L
i,j—m - 0,i+j—1—m
Ppl lpp
i,j—m — 0,i+j—1—m>

for i =mn and j = n + 1. Observe that the composition of left vertical arrows is
surjective. As in the proof of Theorem 1.1, it suffices to show that dim(Im d") >
Ker ¢. By comparing the dimension of the E>-term of {E”,d"} with that of the
E-term of {E,,d.} on the total degree 2n — 1 — m, we see that

dimIm {d" : E" — Bl gp—m_1} = dimIm {d, : E*"~™"1 — prn=my,

n,n—m

Put k = dim H?"~™(Q™X;F,) and | = dim H*"~™(X;F,). Then it follows that
dim H*""™(A™X;F,) = k — dimd%?" ™™ — dim dy2) "™
4 dim cokerd®?" ™1 4|
<k —dimd%?" ™™ 4 dim BT
—dimIm @%2"=m=1 4],

On the other hand, dim Ha,, (A" X;F,) = k — dim d? — dimd"t} +

~ n,n+l—-m n+l,n—m

dim E2 ,,_,, —dimIm d , . + 1. We here consider the commutative diagram (4.2)
for ¢ = n+ 1 and j = n. Since the composition of the left vertical arrows is
also surjective in this case, the skew commutativity of the Whitehead product en-
ables us to deduce that Im dZﬁnfm = 0. It turns out that dimIm d%?"~™ <
dimIm d} ., ,,. We are left to show that dimKer ¢ < dimIm d)*"~™. Since
the Hurewicz map h : m;(X) — H;(X) is an isomorphism for i = n and an
epimorphism for i = n + 1, it follows that the iterated cohomology suspension
(0*)™) . HY(X;F,) — H'~™(Q™X;TF,) is a isomorphism for i = n and a monomor-
phism for ¢ = n 4+ 1. Lemma 3.3 implies that every element z in the image of
the map (o)™ . H"*(X;F,) — H""'=™(Q™X;F,) is also in Im j,. There-
fore the element x is a permanent cycle. As in the proof of Theorem 1.1, ap-
plying the map a,;,,n®;,—1--- 101D to appropriate elements of Ker (, we have
non-trivial relations between indecomposable elements of H*(A™X;F,). In the co-
homology Leray-Serre spectral sequence, the relations are caused by the differential
dO2n—m , gpO2n=m _, pnntl=m Thys the same argument as in the proof of Theo-

rem 1.1 enables us to obtain the required inequality. [
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Remark 4.1. The proof of [2, Theorem 2] relies on the bijectivity of the Hurewicz
homomorphism [2, page 259, line 6]. So it does not seem to be easy to improve the
proof due to Chen for showing Theorem 1.2.

The rest of this section is devoted to proving Theorem 1.3. We first recall an
equality related to the differential of the minimal model for X and the Whitehead
product. Let (AV,d) be the minimal model for the given (n— 1)-connected space X.
It is known that there exists a non-degenerate Q-bilinear map (; ) : V° x 74(X) ®z
Q — Q for any s > 2. We define another bilinear map ( ; )o : A2V x (7, (X) ®2Q) ®
(1 (X)©@2Q) — Q by (vAwW; 3 @71)2 = (v;71) (w3 70) +(—1) 1 ¥ 9B (v 1) (w; 7).
The linear map [, Jo : m(X) ®z Q @ 7. (X) @z Q — 7. (X) ®z Q is defined by
Y0 ® 90,71 @ ¢1]o = [Y0,71] ® qoq1, where [, | is the Whitehead product, ¢; € Q and
vi € m(X). Observe that (Im [, ]) ®z Q =Im [, ]g. We then obtain the equality
(4.3):

(d1v;70 ®71)2 = (=1)*T*"Hv; [v0, mlq),

where v € V| 79 € mx(X) ®2Q, 71 € 75(X) ®2Q and d; is the quadratic part of the
differential d (see [4, Proposition 13.16]). To simplify, the composition V" ® Ykt x
(5 ()52 0) (1 () £00) AV ()25 Qi0m ()20 L2
is denoted by ( ; )’ below. It is immediate that (v ® w;v ® 1)’ = (v;71){w; Y0)
for v @ w € V™ ® V"L Therefore, the map ( ; )’ is also non-degenerate. Thus
the equality (4.3) yields that dimIm d; = dim(Im [, ] ®z Q). We note that V™ =
H™(X;Q) and V™! = U7+ @ Q{va} for which V7! = H7+(X;Q), Q{va} = 0
if n # 2 and Q{v,} = Ker my if n = 2. Moreover, we see that the map ( :
H"(X;Q®@H" T (X;Q) = V*eV"tt — H?"1(X;Q) factors through the injection
¢:VreV™tl — (Ker d)?"*1. For dimensional reasons, we can write (Ker d)?"*+! =
Q{vf - v}”l} ® Qf{wg} ® Q> ai®vl'v, }. Here {v!'} and {’U;—H_l} are bases for V"
and V™! respectively and wg are appropriate indecomposable elements. Observe
that d?® = d2". In general, ((Ker ¢) C Im d so that dim(Im [, ] ®z Q)*" > Ker (.
Thus we have the following proposition.

Proposition 4.2. dim(Im [, | ®z Q)?" = Ker ¢ if and only if {(Ker ¢) = Im d.

Proof of Theorem 1.3.. We first prove (2). From the injectivity of the map mso, we
see that ((Ker ¢) = Im d. Moreover, since dim(Im pgohoad™o|[, ]) = dim(h® 1o
ad™®1(Im [, |®zQ)), it follows from Proposition 4.2 that dim(Im pgohoad™o[, ]) <
dim(Im [, | ®z Q) = dimKer ¢. The result follows from Theorem 1.2. The same
argument as above, in which V%! is replaced with V", enables us to deduce that
the inequality in Theorem 1.1 becomes an equality if p = 0. O

As mentioned above, the inequality dim(Im [, |®7Q)?™ > Ker ¢ holds in general
for (n—1)-connected space (n > 2). We conclude this section with an example which
asserts that the inequality can be strict.

Ezample 4.3. We define a minimal differential graded algebra (AV,d) over Q as
follows: let V' be the vector space generated by the elements z,, x5, 4 with degree
2, v, Wag, Wyo with degree 3 and z with degree 4. Define the differential d by
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d(z;) = 0 = d(v), d(wap) = Taxs, d(Wya) = T4To and d(2) = TyWap — Wyals.
Then it follows that dim Ker ¢ = 0 and dim(Im d)® = 1. From Proposition 4.2, we
can conclude that dim(Im [, ] ®z Q)*" > Ker (.
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