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Phase tropical hypersurfaces

GABRIEL KERR
IL1IA ZHARKOV

We prove a conjecture of Viro (Tr. Mat. Inst. Steklova 273 (2011) 271-303) that a
smooth complex hypersurface in (C*)" is homeomorphic to the corresponding phase
tropical hypersurface.

14TO0S; 14J33

1 Introduction

Consider a hypersurface Hy C (C*)" defined by a Laurent polynomial

f= Z caz®,
acA
where A C Z" is the set of monomials. Let Q be its Newton polytope, that is, the convex
hull of A. Given a function n: A — R whose upper graph induces a triangulation of Q,
one considers the associated phase tropical hypersurface 7H, C R” x T" = (C*)".
This is a polyhedral object which surjects onto the tropical hypersurface #, C R”".
Over the relative interior of a face of H, dual to a simplex Q' in the triangulation, the
fiber of this surjection is the coamoeba of the hypersurface

Z caz? =0.
aevert Q'
Our main result, Theorem 21, states that for a generic polynomial f, the complex
hypersurface Hy is homeomorphic to the phase tropical hypersurface 7Hy, which
was a conjecture of Viro [13].

In Section 3 we reduce the case of a general hypersurface to finite abelian coverings
of a pair of pants using Viro’s patchworking [12] and a nonunimodular version of
Mikhalkin’s pair-of-pants decomposition [9]. Thus, the core of the proof is the case
of a pair of pants. The closures P"~! and TP"~! of the corresponding pairs of
pants carry induced stratifications from a certain compactification of (C*)". The key
technical result of Section 2 is that the closed strata are balls. A homeomorphism
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P! » TP"=1 then follows from an isomorphism between the two regular CW-
complexes, one for P"~! and the other for 7P"~ L.

In the final stages of writing the paper we were made aware of an announcement by
Kim and Nisse of similar results in Theorem 1.1 and Proposition 5.2 of [5].

Acknowledgments We would like to thank Jianting Huang, Grisha Mikhalkin, Mounir
Nisse, David Nadler, Nick Sheridan, Oleg Viro and Peng Zhou for very fruitful
conversations on the subject of the paper. Christian Haase shared some essential
ideas on how to prove that a polyhedral complex is homeomorphic to the ball. We
would also like to thank Dave Auckly, Igor Belegradek and Andreas Thom for helping
us with the cobordism argument in the proof of Proposition 5. Finally we would
like to thank the anonymous referees for pointing out some mistakes and suggesting
several improvements of the original manuscript. Kerr acknowledges support by the
Simons collaboration grant. The research of Zharkov is partially supported by the NSF
FRG grant DMS-1265228 and by the Laboratory of Mirror Symmetry NRU HSE, RF
Government grant, ag. No. 14.641.31.0001.

2 Pair of pants

The main result of this section is a homeomorphism between the complex pair of pants
and the phase tropical pair of pants; see Theorem 15. The idea is to endow both spaces
with structures of regular CW—complexes which are isomorphic.

2.1 Notation

Throughout the paper we identify C* with R x (R/27Z). In particular, we will
identify (C*)"+1/C* with

R"F1/R) x (R/27Z)"*! /(R /27 Z)),
where both R and R/27Z act diagonally. We denote the second factor by
T" := (R/2xZ)" T /(R/27Z) ~R" /27 Z".
We will use homogeneous (additive for the last two cases) coordinates
[Zo.....2zn] in (C*)"F1/C*,
(1) [x0,....xp] in R*T1/R,
[6o,...,60,] in T".
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An element in T” can be thought of as a configuration of marked points 6y, 61, ..., 6,
on the unit circle up to simultaneous rotation.

Let 77 denote the set {0, ..., n}. For any subset / C 7 we denote by 7€ its complement.
We denote by 7y = [0, ..., 0,] the point in T” with coordinates
w, el
2 9 — 9 b
) ' 0, i¢l.

The points 77 and mje coincide. The origin [0, ..., 0] is denoted by 0.

Let
A:={(o,...,ym) Ry >0,y =1}

be the standard n—simplex. For a nonempty subset J C 71 the face Ay of A is defined
by y; =0 for i € J¢. We will identify R”?*!/R with the interior of A via the map

3) (X0, .2 Xn] l—)( e L )

ex0_|_...+exn" ex0+...+exn

Multiplying by the factor T” leads to a compactification of (C*)"*1/C* to the space
A x T™. For any subset ¥ C (C*)"T1/C* we define its compactified version Y to be
the closure of ¥ in A x T” via the map (3) above.

2.2 The face lattice WV of the future CW-complex

We say that 0 = (I1,..., I) is a cyclic partition of the set n = {0,...,n} if n is a
disjoint union of the sets I, ..., I} and the sets I, ..., I} are cyclically ordered. The
elements within each I are not ordered. If all /5 are 1—element sets then we simply
write o = (ig, ..., In). Our main source of cyclic partitions of 77 will be configurations
of marked points 8y, 01, ..., 6, on the oriented circle.

The set of hyperplanes 6; = 6; for i, j € stratifies the torus T” with strata T labeled
by cyclic partitions o. On the other hand the simplex A has a natural stratification
by its faces A y. The product of the two stratifications induces a stratification on any
closed subset ¥ € A x T". The strata Yy of Y are labeled by the pairs (o, J), where
o = (I1,...,1I}) is a cyclic partition of 7 and J C 7. The inclusion of the strata
closures Y4/, j» €Y 5 s gives a partial order among the pairs: (o7, J’) < (0, J) if o is
a refinement of o’ (we write 0/ <o) and J' C J.

To simplify notation we will often drop the index J from the subscript if J = 7. For
any nonempty subset J C 7 a cyclic partition o0 = (I, ..., I) of i induces a cyclic
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partition oy = (J1,...,Jr) of J by intersecting each I with J. We will drop the
empty intersections and shift the indices; in this case r will be smaller than k.

Our main focus will be on the poset W which consists of pairs (o, J) such that J
contains elements in at least two of the subsets Iy,..., Iy of 0 = (Iy,..., I). In this
case we say that o divides J and write o | J. This, in particular, means that k > 2 and
|J| > 2. We set the rank function to be

tk(o,J) =k +|J|—4.

The poset W will be the face lattice of our regular CW—complex and rk(o, J) will be
the dimension of the (o, J)—cell.

Conjecture 1 For each element (o, J) € W, its lower interval
W) =10, J)ew:(c'.J) = (0, )}

is isomorphic to the face lattice of a simple polytope.

It is clear that for any pair (¢”, J') < (o, J) the interval [(¢/, J'), (0, J)] is Boolean,
which means that the polytope would have to be simple. The conjecture is manifest
for n = 2: maximal faces W<, are hexagons. For n = 3 each maximal face W« is
the 4—dimensional polytope with 20 vertices and 8 facets, dual to P385, one of the 37
simplicial polytopes on 8 vertices classified by Griinbaum and Sreedharan [4]. The next
problem would be to realize VW<, inside a linear space, which is already interesting
for n =2 and 3.

2.3 Complex pair of pants as a CW-complex

The (n—1)—dimensional pair of pants P™"~! is the complement of n + 1 generic
hyperplanes in CIP”~1. By an appropriate choice of coordinates we can identify P”~1
with the affine hypersurface in (C*)"*1/C* given by the homogenous equation

zo+z14+---+2z, =0.

We define the compactified pair of pants P"~! to be the closure of P"~! in A x T"
via the map (3). This is a manifold with corners, and it can be thought of as a real
oriented blow-up of CP”~1 along its intersections with the coordinate hyperplanes
in CP",
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Figure 1: Polygons represent points in <I>(,-0,m’,-4), q>({i0,i1},i2,{i3,i4}) and <I><,-0,m’l-4)’,={,-0’il}

We can view points in P*~! as closed oriented broken lines with n + 1 marked
segments in the plane defined up to rigid motions and scaling. The segments represent
the complex numbers z, . .., z,. In the compactification P"~! the broken lines may
have sides of zero length but with directions still recorded.

Recall that the (o, J)—stratification on A x T induces a stratification on any closed
subset of A xT", in particular on P"~1, We denote by ®,, s the corresponding stratum
of P"! and by E)(,,J its closure in P" 1,

For [z, ..., zx], a point in a stratum & ; of P"1 one can rearrange the variables so
that their arguments are (partially) ordered counterclockwise on the circle. The order of
the z; is defined up to permutations within the subsets Iy in 0 = (I, ..., I). Then
the circuit of vectors z;,, ..., z;, forms a convex (possibly degenerate) polygon D in
the plane (see Figure 1). The vertices of D separate the subsets /5 in 0.

One can deform a polygon D representing a point in ®, ; by “bending” its edges
within each I (which refines o) and introducing small lengths for zero edges (which
increases J ). Thus, we have the following observation:

Proposition 2 A closed stratum 50, 7 contains @y if and only if (¢’,J') < (0, J).
Next we argue that the (o, J)—stratification defines a CW—structure on P"~1.
Lemma3 &, ; is homeomorphic to R¥() if (o, J) €W andis empty if (o, ) ¢ W.

Proof If (o,J) ¢ W then the set of nonzero edges J falls in a single subset I of
o={(I1,...,I;). Butitis impossible to build a closed circuit with just one nonzero side.

Now let (0,J) € W be a maximal stratum, that is, 0 = (ig,...,i») and J =7
(remember we drop the subscript J from ®4 s in this case). We set z;, = 1. That fixes
the rotational and scaling ambiguity and we can think of ®, as a subset in (C*)".

Geometry & Topology, Volume 22 (2018)
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Figure 2: Linear inequalities for z;, , , defining the fiber

Denote by CIDS,r) C (C*)" the image of ®, under the projection onto the first r

coordinates z;,, ..., z;, . Notice that <I>((,1) is the upper half-plane. For 0 <r <n—1 the
fiber of the projection ™Y — &Y over a point (z;, .. ... z;,) is an open polyhedral

domain in the plane defined by 3 linear inequalities (the red region in Figure 2). Finally,
for r = n — 1 the fiber is a point: the last vector z;, has to close the circuit. By
induction this shows that the ®, is homeomorphic to R?"~2,

For general o and J one can first replace the vectors in each part Js of the induced
cyclic partition oy = (J1,..., J;) by their sum, thus reducing the number of edges
to [. This projects @4, s to a lower-dimensional maximal case, which is R2I—4 by the
previous argument. A fiber of this projection consists of possible splittings of the edge
vectors into several parallel nonzero vectors from the same Jg, which gives RIVI= ,
plus choosing the arguments 6y, for the subsets Iy with Iy N J = &, according to
their order in o, which gives another R*~!. Thus, we conclude that the total space of
the fibration is homeomorphic to Rk+IT1=4, a

Lemma 4 Each closed stratum 5(,, J is a topological manifold with boundary.

Proof Let D be a k—gon which represents some point in a stratum &4 5/ in 50, J-
Here o' = (I{,..., I,é/) is a coarsening of o = (I, ..., 1) and J' C J. We describe
a coordinate system in a neighborhood of D in &, ; which maps it to a neighborhood
of a corner point in

4) Rlzj(l_”/' XR‘J/l_ZX]R];Bk/ XRk/_z.

We choose (I_, I+), a cyclic 2—partition coarsening of ¢’, and two elements ji €
Ji =11 N J" (remember o divides J'). Set J1 := I+ N J. Let V1 be the sets
of vertices of D which separate subsets of o’ in I, respectively. Together there are
k' —2 vertices in V_ and V4. Let V' be the set of vertices of D which separate subsets
of o inside the subsets of o’. There are k — k' vertices in V.
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Figure 3: Gluing polygon from its two deformed halves

The first |J |—2 coordinates are given by the lengths of edges in J— and J4 relative the
lengths of j_ and j, respectively. Namely we set x; := |z;|/[zj | for j € J1 \ jx.
Note that x; = 0 for j € J \ J' at D and they can deform only positively. The
coordinates x; give the first two factors in (4). The last two factors in (4) are formed by
the exterior angles «; at the vertices V4 and V' of D. The angles at V' are zero at D
and can only deform positively to maintain convexity of nearby polygons in Q_JU, J-

Any small variation of the x; and the o, from the original values at D will independently
deform the two halves D, which correspond to 7+ (see Figure 3). Then one uniquely
reconstructs a polygon D’ by rescaling (the values of the x; and the o, are not changed)
and gluing the deformed halves D/, at the ends. |

Remark The above argument shows that 50, J 1s, in fact, a manifold with corners.
Proposition 5 Each closed stratum 50, J 1s homeomorphic to a closed ball.

Proof Lemmas 3 and 4 show that 50, J 1s a compact topological manifold with
boundary whose interior is homeomorphic to the Euclidean space. In particular its
boundary 850, J 1s simply connected (unless it is of dimension 1). We can remove
a topological ball from the interior and use a collar of the boundary to get an h—
cobordism between the boundary and the standard sphere which has to be trivial, at
least in dimension > 4 [6]. Gluing the ball back in we conclude that 505 J hastobea
closed ball. In dimensions < 4 one can give an explicit homeomorphism of 50, J with
a simple polytope (see the remark after Conjecture 1). a

Combining Propositions 2 and 5 we arrive at the desired CW—-decomposition of the
pair of pants (see eg [7] for details about regular CW—complexes).

Proposition 6 P"~1 = U.yew ®o,s is a regular CW-complex.
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2.4 The coamoeba and its decompositions

Consider the argument map
Arg: (CH"TL/C* > T", [z0,...,za] = [arg(zo). ..., arg(z,)].

The closure of the image Arg(P"~') in T" is the coamoeba C" of the pair of pants.
The argument map extends to a continuous surjective map Arg: P"~! — C" via the
projection from A x T” onto the second factor.

We can think of points in C" as allowed configurations of 741 marked points 6y, . .., 6,
on the circle. A configuration is allowed if not all points lie on an open half-circle. Any
allowed configuration is realized by a point in P*~!: we circumscribe a polygon D
around the circle with edges tangent at the 6;. Excluding disallowed configurations
leads to a well-known description of C" as the complement of the interior of the
zonotope (see eg [11, Proposition 2.1])

n
Z =>"[0.m],
i=0

where an interval [0, ;] C T" is defined by 0g="---6; --- =0, and 6; —6; € [0, =] for
any j #i. The facets of Z are given by hyperplanes 6; —6; = w. Among all boundary
points of C" only the vertices 77 for I # & or i1 are in the image Arg(P"™!).

For any subset J C 71 we define the partial coamoeba C to be the closure of Arg(P }l_l)
in T”, where P#~! C (C*)"*!/C* is the hypersurface given by

Z z; =0.

jeJ
An allowed configuration of points on the circle remains allowed if we add more points
to it. This shows that C; C Cy for I C J. In particular, all C; are closed subsets of C".
Note that Cy is empty unless |J| > 2.

We call a subset in T” a polytope if it is a bijective image of a convex polytope in the
universal cover R”*1/R. We will often define a polytope by a set of inequalities in
R”*1/R which depends on a cyclic partition o along with a choice of an initial subset
in 0. However, the image polytope in C" will be independent of that choice. We give
two polytopal decompositions of C". The second is a refinement of the first.

The octahedral decomposition (the name comes from the case n = 3; see Figure 4) is
the restriction to C" of the stratification T? of T” by the cyclic partitions of 7. For
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o =(I1,...,I}) the octahedron Oy :=C" NT" is given (in R"*!/R) by
0; =0y =: 07, fori,i’ €Iy,
(5) O, <0p,,, <0y, +m fors=1,....k—1,
Or, <01, +2m <60, +m.

Left inequalities reflect the order of o . Right inequalities define the boundary of C”:
they exclude disallowed configurations. Changing the initial subset from /; to I, in o
would amount to shifting 61, ..., 60,_1 by 2. Note that two distinct lifts to R”*1/R
of a point in T” cannot both satisty (5). In particular, this means that Oy is a polytope
in T".

The full-dimensional octahedra correspond to maximal cyclic partitions. In general,
the dimension of Oy is k — 1, where k is the number of sets in 0. The vertices are
exceptions from this rule; they correspond to cyclic 2—partitions. And there are no
1—dimensional octahedra.

Remark The octahedral decomposition is not a polyhedral complex. The faces of
octahedra on the boundary of C", except vertices, are not octahedra themselves. In
particular, the edges always lie on the boundary.

Example 7 For n = 2 there are 2 maximal octahedra (triangles in this case). For
n = 3 there are 6 maximal octahedra. In Figure 4 (we set 6p = 0 and 0 < 6; <2m)
the red octahedron is Ogz13 and the blue one is Op321 (we dropped commas and
brackets from the subscripts). The triangle face common to the red and green octahedra
is Opag13y. For n > 3 a maximal octahedron has n + 1 pairs of facets (corresponding
to n + 1 pairs of inequalities (5)). The n + 1 facets in the interior of C" are the
(n—1)—maximal octahedra. Opposite to each such octahedron lies an (n—1)—simplex,
which is on the boundary of C”.

Let us look at the induced decompositions of partial coamoebas Cy. Let o = (I1,..., )

and oy =(J1,...,Jr). Theintersection Oy, j :=CjNOy is not an octahedron anymore,

though it is still a polytope in T”. Namely, it is cut out by the inequalities (in R”*1/R)
0; = 0;r =: 0y, for i,i’ eIy,

(6) 0115.“59]1{ 56[1+27T,

Ojpy <0j;+m and 0; +m <0;, where js€ Js.

Geometry & Topology, Volume 22 (2018)
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Figure 4: Octahedral subdivisions: the two triangles for n = 2 and three of
the six octahedra for n =3

Recall that we drop the empty sets I; N J from oy and shift the indexing. Thus, the
inequalities in the third line of (6), which define the boundary of the partial coamoeba,
are generally stronger than the ones in (5).

The alcove decomposition of C" (the name comes from the affine root system /Tn) is
the restriction of the triangulation of T” induced from the decomposition of R”*1/R
by the hyperplanes

7 0; —6; e nZ for all pairs i, j €.

The octahedra and their intersections with partial coamoebas are cut out by hyperplanes
of the same form which means that all O, ; are triangulated by alcoves.

The hyperplanes (7) break T” into n!-2" maximal simplices. The (n + 1)! of them
are incident to O; they form the zonotope Z and are not part of the coamoeba. Thus,
each of the n! maximal octahedra in C" consists of 2” —n — 1 maximal alcoves. For
example, for n = 3 each of the maximal octahedra is broken into 4 alcoves according
to the relative directions of the opposite pairs of edges in the representing polygons

iz i ir i
i1 I3
i3 . . i i1
11 13
13
io io iO iO

Figure 5: The four shapes of generic quadrilaterals
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(see Figure 5). The zero-dimensional octahedra are also the zero-dimensional alcoves,
and they are the vertices of the coamoeba.

To label alcoves we introduce certain combinatorial objects t which refine cyclic
partitions o . Think of o as coming from a configuration of points 6y, ..., 8, on the
circle. Identifying the opposite points of the circle gives a new configuration of points
on the quotient circle, that is, another cyclic partition &. The purpose of 7 is to encode
both o and 7.

Given a cyclic partition o = (I, ..., I;) we mark k distinct points on the boundary of
a disk (which we will call vertices) and label the k boundary arcs between the vertices
by the sets I in the order given by o. We say that a nonempty collection of chords in
the disk with endpoints at the marked vertices is a net t if any two chords intersect
(possibly at the endpoints). If some of the vertices on the circle are not used by any of
the chords in T we can join the nonseparated arcs together, thus getting a coarsening
of o, which we denote by o(t). Instead of the original o we rather let the cyclic
partition o (t) be a part of the intrinsic information in .

One can think of nets as the Mobius band decompositions as follows. We put the disk
in RP2 and extend chords in 7 to lines in RPP2. The complement of the disc is the
Mobius band with boundary broken into arcs also labeled by o (7). Any two chords
intersect inside the disk, which means that their complements, which we call intervals,
do not intersect. That is, t can be thought of a decomposition of the M&bius band by
intervals into triangles and trapezoids. Maximal decompositions with fixed 0 = o (1)
are triangulations (no trapezoids) and they use k intervals. Minimal decompositions
with fixed 0 = o(t) consist of trapezoids (plus one triangle if k is odd). Thus, the
number / of chords in a net can be any integer between % and k.

The midcircle in the Mobius band (the “horizon” in RIP?) oriented along its boundary
defines a new cyclic partition 6(7) = (Ky,..., K;) of n, which we call the shuffle
of t. Opposite sides of trapezoids in t are combined into single subsets in & (t). The
number of subsets in &(t) equals the number of chords in .

Example 8 Figure 6, left, is an example of a 4—chord net t with o(t) = (ig,...,i4).
The corresponding Mdébius band on the right is glued by identifying left and right blue
intervals (turning one of the them upside down). We can always cut the Mobius band
along an interval in t and picture the subdivision like that. This helps to see the shuffle
order, which in this case is 6 (t) = (ig, i3, {i1,i4}.12).
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Figure 6: Net of chords, diameters in D (sides i and i4 are parallel) and a
subdivision of the Mobius band

Given a net t we define the alcove A, C T" as the image of a simplex in R”*!/R.
As before we choose an initial set in o (t) = (I, ..., I}). First, for i,i’ € Iy we set

®) [ —
Next, if Iy and I, are opposite sides of a trapezoid in T, we set
©) O, +m =05, ifr<s.

Finally, we describe the inequalities, one for each chord (or interval) in 7. Let Iy C Ky
follow right after I, C K, in the shuffle order (that is, s’ = r' + 1, or ¥’ = and
s" =1). If I also follows right after I, in the o (t)-order (thatis s =r+1,0r r =k

and s = 1) we set
O, <0, if 1 <r<k,
(10)

O, <0, +2n if r=kands=1.

If I does not follow I, in the o (t)—order, we set
O, +m <6, if r<s,

11
an o

<O, +nm ifr>s.

r

If K, or Ky (or both) contains more than one (ie two) subsets from o(7) then,
given (9), any choice of a pair (I, I5) € (K,/, Ky/) gives rise to the same inequality.

Altogether, the inequalities (8), (9), (10) and (11) define an (/—1)—dimensional simplex
in RH1 /R which descends to a simplex in T?". This is the alcove A;. Its relative
interior is defined by replacing (10) and (11) with strict inequalities. In Example 8 (see

1, I

I, I
Figure 7: A fragment of the M&bius band
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Figure 6) the alcove A; is defined by
Oi, =6y, +m, biy+m=<0i, 0i=<06;,, 0,<06, 0;,=<0j+mn.

There is another, nonminimal but more intuitive, set of inequalities which defines A,
directly in T". It keeps track of relative positions of all pairs of points 6; and 6; on
the circle, ie which half of the circle the differences 6; — 6; belong to. If i and j are
elements in different subsets in o (7) then any chord in T which does not divides {i, j}
defines an order between i and j (going counterclockwise). All such chords in t give
the same order (otherwise they would not intersect). We write i —; j if i comes first
in this order. Two elements i, j € n may be divided by

(1) no chords in 7, that is, i and j belongs to the same /I in o(7);
(2) all chords in 7, thatis, i and j lie in opposite sides of a trapezoid; or
(3) some but not all chords in 7, that is, i and j belong to different cells in the

Mobius band decomposition.

We set .
6; =6, incase (1),

(12) 0 —0; = w mod 27 in case (2),

0; —0; €[0,7] mod 2w in case (3) withi —¢ J.
Lemma 9 The alcove A is defined by (12).

Proof In the lift to R”T!/R associated with the initial subset /1 in o () the first
two equations in (12) are the same as (8) and (9). The inequalities (10) and (11) form a
subset of the third line in (12) for pairs i and j next to each other in the shuffle order.

In the opposite direction, let us deduce, say, 07, < 0, for I, —; Iy and r <s. The
other inequalities in (12) are similar. Choose a chord which does not divide I, and I
and cut the Mobius band along it. Then the Mobius band unfolds into a strip with 7,
and I on one side. By induction, we may assume that /, and I are neighbors in the
o (t)-order, that is, s = r + 1, but there may be several subsets I/, ..., [~ “shuffled”
in-between in the shuffle order; see Figure 7.

There are several cases for the order among the subscripts r, r’ and r”. We consider
eg the case r”” <r <s =r + 1 </, the others being similar. Then (10) and (11) will

read
n+91r 501,./ Efelk 5011 +2r S"'Eelr// +2m,
13
(13) 0r., +m <0y,
which imply 67, < 6y, . O
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All nets, or equivalently all subdivisions of the Mdbius band, form a poset under
refinements. We set rk 7 :=/ — 1, where / is the number of chords in t. This is the
dimension of the alcove A;. Clearly, T <t/ = o(r) < 0(t’). For any J C 7 we say
a chord in t divides J if J does not lie on one side of it. We say t divides J (and
write t | J) if all of its chords do. In Example 8 (see Figure 6) the net t divides only
J ={i1,i4} among all two-element subsets, but it divides any J C 1 with |J| > 3.

Proposition 10 A; € O, ; if and only if o(t) <o and t divides J.

Proof The “if” part follows directly from Lemma 9. Indeed, the inequalities (6),
which define Oy, y, are special cases of (12) for i and j belonging to neighboring
subsets in o (7).

For the converse, to a polygon D representing a point in Oy s we associate a net T
with 0(7) <o and 7| J as follows. Given a line through a vertex v of D we say
that D lies strictly on one side of the line if both adjacent edge vectors from v lie in
the same open half-plane. Two vertices are connected by a diameter if D lies strictly
between two parallel lines through these two vertices. Any polygon D has at least one
diameter, a geometric one, and clearly any two diameters intersect. That is, the set of
diameters forms a net t on a disk with boundary arcs labeled by the sides of D (see
Figure 6). Moreover any diameter must have nonzero edges on both sides of it, that is,
T divides J.

A set of diameters in a polygon D recovers all pairwise relations among the directions 6;
of its sides. It is easy to see that these relations are given by (12) for the corresponding
net . Thus, the point in O,y represented by D falls into the alcove A; in C". O

2.5 Phase tropical pair of pants as a CW-complex

Consider
F(x) = max{xg,X1,...,Xn},

a convex PL function on R” T, Its corner locus is invariant under the diagonal trans-
lation by R, hence it descends to an (n—1)—dimensional polyhedral fan in R”*1/R,
which is known as the tropical hyperplane P"~1. The cones Py in P"~! are indexed
by subsets I C i1 of size |I| > 2: the cone P; is defined by

xi=xj>x; foralli,jeland k ¢1.

The vertex P; of P"~! is at the origin in R*T1/R.
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The closure P"~! of P"~1 in A is a polyhedral complex: the map (3) takes each cone
‘Pr to a linear subspace in the interior of A and the linearity extends to the closure.
Also note that the face A/ of the simplex A intersects the closure of Py only if the
subset 1’ contains /, which gives additional labeling to the boundary faces of P!
by subsets I’ D I. Each face Py ;- of P"~! is a polytope of dimension |I’| —|I].

The phase tropical pair of pants TP"~1 C (C*)*T1/C* = (R"T1/R) x T" is the
union
TP = | (Pr xCp).
ICn
The compactified version 7P"~! is the closure of 7P"~! in A x T". The (o, J)-
stratification on A x T induces a stratification of 7P"~!. We denote by @0’ J the
corresponding closed stratum of 7P~ L.

Proposition 10 says that each Oy ; is triangulated into alcoves A, with o(7) < o
and 7 | 1. This makes W, s into a polyhedral complex in A x T",

U,y = U Pr.o x Aq,

,I',7)
where the triples (I, 1’,7) satisfy I C I’ C J, o(r) <o and t|I. The face order
between legitimate triples is (1, ', 7) < (I,I''T)if IDI, I'’C I and T <7.

Proposition 11 The decomposition of TP"~1 into @g, J is a regular CW—complex.

To prove the proposition we will show (Lemmas 12 and 13) that each @g, Jisa
collapsible PL manifold with boundary of dimension rk(o, J). We begin with the
collapsibility. Recall the collapsing operation on a polyhedral complex X. Let F be a
face of X and let G be a facet of F, such that G is not a subface of any other face
in X. Then we can remove both F' and G and call this an elementary collapse. We say
that a polyhedral complex is collapsible if it can be reduced to a vertex by a sequence
of elementary collapses.

Lemma 12 U, ; is a collapsible polyhedral complex of pure dimension rk(o, J).

Proof The maximal faces (1, 1’,7) in Wy, ; are of two types:

Type I 7 is a maximal net with o(t) = ¢ and [ has three elements (a maximal t
cannot divide a set of two elements).

Geometry & Topology, Volume 22 (2018)



3302 Gabriel Kerr and Ilia Zharkov

Type II © contains a single trapezoid (and k — 2 triangles) and |/| = 2; its two
elements belong to the opposite sides of the trapezoid.

In both cases, I’ = J and
dim(Pr,y x Arr)) = |J|—=|I|+ (#{chordsin 7} —1) = [J| + k —4 =1k(0, J).

Any face (I,1’,7) is a subface of (/,J,7). Adding chords to T and/or removing
elements from 7, one can see that any face is a subface of a maximal face. That is, the
complex is indeed of pure dimension rk(o, J).

To collapse @U, 7 we look at its face lattice. For a given pair (/, t) the interval between
(I,1,7) and (1, J, ) consists of all subsets I’ between I and J. In particular, it is
Boolean, hence possesses a matching unless I = J. Note that if t is maximal, elements
in the interval [(/, I, 1), ([, J, 7)] are not subfaces of anything outside the interval.
Then we can remove the entire interval. The same can be said about intervals with
|7| = 2. Proceeding by alternating induction on the number of chords in ¢ and number
of elements in I, we remove all faces of @g, J except those with I = J.

Thus, it remains to collapse the fiber over the vertex Py . This fiber is the polytope
Oy, triangulated into alcoves, which is clearly collapsible. a

Lemma 13 U, ; is a topological manifold with boundary.

Before proving Lemma 13 we discuss a certain general property of convex cones.
Let V' be an n—dimensional vector space over R and write V* for its dual. Let R C V
and RY C V* be a dual pair of convex cones. That is,

(14) R={veV:Av)>0,1eR"},

and vice versa. We assume both R and R have nonempty interiors. For any v € R
we define the supporting tangent cone TR to be the set of vectors in V' lying in
supporting hyperplanes to R at v.

We define the fotal supporting tangent space of R to be the union

15  TR:=|J{}xTyR)= [ J ((kerANR)xkerd)CV xV.
VER AeRV\{0}

The first presentation shows that 7R is a fibration over R supported on its boundary dR.
An example of a two-dimensional polyhedral cone R is illustrated in Figure 8.
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\\d

V1
Ty, R vs | T,

Figure 8: Two-dimensional cone and fibers of the total supporting tangent
space of its boundary

We fix a vector ¥ in the interior of R and a vector A in the interior of R such that
A(V) = 1. Then in the second presentation of 7R in (15) it is enough to take the union
over {A e RV : A(V) = 1}.

Denote by W the quotient space V/(RY7), and we write w: ¥V — W for the projection.
Consider the map ¢: TR — W given by ¢ (v,u) = 7w (u).

Lemma 14 The total supporting tangent space TR is homeomorphic to R?"~2,
Moreover, the map ¢: TR — W is a trivial fiber bundle with fiber homeomorphic to
W =R

Proof We will show that the map y: TR — W x W given by
(16) Y () = (T () +200) - 7 (W), w(w))

is a homeomorphism. The geometric meaning of the map ¥ is to “stretch out” the
fibers ¢~ !(w) into R”~!; see Figure 9. Then ¢: TR — W is the composition of ¥
with the projection onto the second factor and, hence, is a topologically trivial fiber
bundle with fiber homeomorphic to W.

The map v is clearly continuous. Surjectivity follows from the intermediate value
theorem applied to each fiber ¢! (w) for a given w € W.
Injectivity Let ¥ (v1,u1) = ¥ (v2,u2). Then according to (16) we must have

U1 —v2+I(u1 —uz)-u; =0 mod v,
17 ~
V1 — Uy + AUy —uz)-up =0 mod v.

Say vy, u; € ker Ay and vy, us € ker A, for some Ay, € RY with A1 (V) = 1. Note
that A1(v2) >0 and A,(v1) > 0. Applying A; and A, to the respective equations (17),
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”

Figure 9: On the left is the boundary of dR, and on the right is an example
of the fiber ¢! (w) for some w € W, which is homeomorphic to R2.

we get B
v — U2+ AU —uz)-up = —A1(v2) -0,
U1 — Vg + A(uy —uz)-uz = Az (vy) - 7.

Subtracting one equation from another we get
(18) Ay —u2) - (1 —uz) = =(41 (v2) + A2 (v1)) - .

Finally, applying . we arrive at X(u 1 —u2)2 <0, which, combined with (1) =7 (u3),
gives u1 = up. That implies that 7w (v1) = 7 (v2), and since both v1, v2 € IR, we have
V1 = V2.

Continuity of the inverse Fix a Euclidean metric on ker A = W and extend it to a
Euclidean metric on V. Then notice that the linear functionals A € R with A(V) =1 are
uniformly bounded, and so are the ratios |u|/|7(u)| and |v|/|7(v)]| forall (v,u) e TR.
Suppose | (v1,u1) — ¥ (va, uz)| < €. Then, following the injectivity arguments above,
we deduce that |v; —vs| < Ce and |u; —uz| < Ce for some universal constant C. O

Remark The lemma is a consequence of the convexity property of R. It holds for R
replaced by the upper graph of any convex function f: W — R.

For the proof of Lemma 13 we will apply the above lemma to the following convex
cone. Let o9 = (I—, I+) be a cyclic 2—partition of 7 together with a choice of the
initial subset. Define a convex polyhedral cone R C R”*1/R by the set of inequalities

(19) Xi_<xiy, i-€l_ iyely,

Its boundary dR is a polyhedral fan, whose cones R; are labeled by subsets I C 7
which are divided by og, ie both /_ N[ and I+ NI are nonempty. That is, the face
lattice of R is dual to the face lattice of the product of simplices A;_ x Ay, . The
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cone Ry is defined by
x; =x;r fori,i'el,
(20)
Xi_ <xj, foripelx.
We identify the tangent space of R”*1/R at any point with R”?T! /R and consider the
total supporting tangent space

TR C (R*™1/R) x (R*T1/R).

Let [ug, ..., u,] be the homogeneous coordinates in the second (tangent) factor which
are parallel to [xp, ..., x,]. Following the notation introduced just before Lemma 14,
we let 7 € R?T1/R be the vector with coordinates
=0, i—el_,

@1) M-

Ui, = 1, 1+ €I+,
and denote by W the quotient (R”*1/R)/(R7). Let ¢: TR — W be the projection
onto W in the tangent factor.

Now let

O'=(11,...,1r,1r+1,...,1k),
I_ Iy

be a refinement of 0p. The set of inequalities

Uj = Ujr =1UJ, for i,i/EIS,
(22)

Up = =UL, ULy S S UL,

r+1

defines a cone Cy, o in W = (R"*1/R)/(R¥). Then, by Lemma 14, ¢~ (Cq, o) is
homeomorphic to W x Cy, 5, which is a manifold with boundary.

Next we describe the fibers of the projection of ¢ ~!(Cy,.o) C 9R x (R"*!/R) onto
the first factor. Let x be a point in the relative interior of a face Ry of dR. A vector
u € R**1/R is in the supporting tangent cone TR if and only if it is in the kernel of
some nonzero linear functional A € RY with A(x) = 0. But RY N (ker x) is positively
spanned by the vectors e;, —e;_ for iy € I1 N I, where {e;} is the dual basis to
the coordinates [xg,...,X,]. It means that there are two pairs i 12 €1-N1 and
iffz € I+ NI such that

(23) uir —uit < 0 and Wiy —uif = 0.
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Consider the partition of / induced by o,

(24) o1 =T I I It

> “max’ “min’ " " max)'

I_nI I.nI
Then, given the inequalities (22) for the cone Cy o, the existence of pairs i 12€ I-NnI
and il't 5 € I+ N1 satisfying (23) becomes equivalent to

£ e]:I:

(25) Wi Z U+ and w4 >u . where igi o € T max-

Thus, the fiber of ¢~1(Cg,,5) over the relative interior of a face R is cut out by the
set of inequalities

u; =u; =:uy, fori,i' €Iy,
(26) Upy = SUp, ULy S S UL,
. L £ +
Ui Z U+ and w4 >u; . where igi, o € T maxe

Finally, we remark that up to an isomorphism the space ¢! (Coy,0) does not depend
on the choice of the initial subset in o¢. Had we chosen /4 instead of /_, the cone R
would have changed to its opposite. The fibers over the corresponding cones in dR
would remain the same.

Let us return to 72"~ L. First, recall the notion of the local fan in a polyhedral complex.
If v is a vertex in a face F' of a polyhedral complex X C R”, then the local cone %, F
of F at v is the set of vectors

(27) {w e TyR" : v+ ew € F for some € > 0}

in the tangent space 7, R” = R". The local fan £, X of X at v is the union of local
cones over all faces F' of X containing v.

Proof of Lemma 13 We will show that the local fan Ev@g, J at any vertex v of
W, s is homeomorphic to the (k+|J|—4)—dimensional half-space. First, we consider
a maximal case: J =7 and v is a vertex of W, which lies over the vertex of P*~1,
That is, v =Pz x {a}, where a = mj_ = my, (see Section 2.1), is a vertex of Oy . The

corresponding cyclic 2—partition
Oq = (I_,I+) = (]1 U---U[r,]r+1 U-“Ulk)
is a coarsening of o .

The local fan ¥, W, maps to the tropical hyperplane P"~1. The fiber over the relative
interior of a cone Py is nonempty if and only if a € O 1, that is, if both sets 1 N I+
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are nonempty. Thus, the collection of faces P; with nonempty fibers forms a subfan
P(a) of P*~! whose face lattice is dual to the face lattice of A;_ x Aj + - In particular,
the fan P(a) is isomorphic to the boundary fan dR of the polyhedral cone R defined
in (19).

Next we describe the fiber over the relative interior of Py . It is the relative cone of the
polytope Oy ; atits vertex a. Let u; be the homogeneous coordinates on the tangent
space T, T = R**1/R which are parallel to the coordinates §; on T”, and let

or= (I, .... I 1% I+

min’ > “max’ “min’ * * max)

Ini— Ini-

be the cyclic partition of / induced by o. Then the subset of the defining inequali-
ties (6) for the polytope Oy, at a is identical to (26). Thus, X, ¥, is homeomorphic
to ¢~ 1(Cg,,s), which by Lemma 14 is homeomorphic to the (1+k—3)—dimensional
half-space.

Now we allow J to be a proper subset of 7, but still consider a vertex v of @U, J
which lies over the vertex of the corresponding lower-dimensional tropical hyperplane
pHI=2 Ay. Thatis, v="Py j x{a}, where a is a vertex of Og, s. Locally near v
the space (7P"*1) N (Ay x T") is the product TP 1=2 x T\, Moreover, by
choosing the splitting R*T1 /R =R’ /R x R™\/ 50 that the vector T (see (21)) lies
in R/ /R the product structure can be made compatible with the projection by 7.
Then the projection ¢: ¢~ 1(Cy,.c) — W is again a trivial fiber bundle with fibers
homeomorphic to (R? /R)/(R7), as in the maximal case for a lower-dimensional pair
of pants.

Finally, for a noncentral vertex v = Py ; X {a} of W, s, where I C J, the local fan
Yy Ws,s 1s just the product X, Ws 5 X ]RQ)I. O
Remark Although the polyhedral fans R and P(v) are isomorphic, they are really
different fans in R”*!/R. The former bounds a convex cone; the latter generally does
not.

For any vertex a of the coamoeba C" one can identify the local fan of 7P"~! at
v = Py x{a} with the total supporting tangent space TR of the cone R associated with
the corresponding 2—partition o, = (I, I+), which is homeomorphic to a (2n—2)—
ball. That directly proves a conjecture of Viro [13, Section 5.10] that 7P"~! is a
topological manifold.
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Proof of Proposition 11 Lemmas 12 and 13 show that each @g, J is a collapsible
PL manifold with boundary of dimension rk(o, J). Then a version of the regular
neighborhood theorem (see eg [2, Theorem 1.6]) implies that @0’ J is homeomorphic
to the closed ball of dimension rk(o, J). a

Theorem 15 7P"~! is homeomorphic to P"~! and TP"~! is homeomorphic
to P71,

Proof Two isomorphic regular CW—-complexes are homeomorphic (see eg [1]). A
homeomorphism between 77"~ ! and P"~! can be chosen to respect the stratification.
In particular, it restricts to a homeomorphism between 7P"~! and P"~ 1. a

Remark It may be desirable to extend the result to a homeomorphism of pairs
(Pn_l, (C*)n+1/C) ~ (Tpn_l, (C*)n+1/C)

Indeed, the respective complements are the higher-dimensional pairs of pants themselves.
The problem, however, is that even the local homeomorphism X, 7P~ ~ R?"—2
given by (16) is fairly complicated and it does not seem to have an obvious extension
to a tubular neighborhood.

3 Phase tropical varieties of hypersurfaces in (C*)"

3.1 Phase tropical varieties

In this section, we will give the necessary background to state Theorem 21, our main
result. We begin with some preliminary definitions which may be found in [3].
Let N = Z", M =Hom(N, Z) and, for any abelian group K, write Mk for M ® 7 K
and similarly for N. Let A be a finite subset of M and Q its convex hull in M. We
call (Q, A) a marked polytope. Another marked polytope (Q’, A’) will be called a
face of (Q, A) if Q' is aface of Q and A’ = AN Q’. If A4 is affinely independent,
we say it is a marked simplex. A subdivision S ={(Qy,Ay):y €'} of (0, A) isa
collection of marked polytopes satisfying

(1) forany y € I', every face of (Qy,Ay) isin S,

(2) forany y,y €', the intersection (Q, N Oz, A, N Ay) isin S and is a face of

both (Qy, 4y) and (Q5, Ay),
(3) the union | J, e Oy equals Q.
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The poset I" is the face lattice of the subdivision. Note that it is not necessarily the
case that |, er Ay = 4.

We will be particularly interested in subdivisions that are coherent. The basic ingredient
in this construction is a function 1: A — R. From 75, we define a polyhedron in Mg xR
as the convex hull

(28) 0y :=Conv{(at,r) € AXR :r > n(a)}.

Let A £ be the set of vertices over A of any compact face F of an and take Ag and
F to be their projections onto Mg . Define the subdivision

Sy =1{(F,AF): F a compact face of Qn}-

When each (F, Ar) is a marked simplex, we say that 1 induces a coherent triangulation
of (Q, A) (see [3, Chapter 7]).

Consider the piecewise linear function Fj;: Ng — R (or tropical polynomial) defined
by

29) Fp(x) = max{o(x) —n(a) o € A}.

The tropical hypersurface H;, C NR is the corner locus of Fy; see eg [8] for details.
Note that #, is a polyhedral complex. For any k € Z, let S,,Zk be the set of faces
(Qy, Ay) for which dim Q, > k. There is an order-reversing bijection

(30) S71 2> {faces of 1y},

where ®(Qy,A4y) = {x € Nr : a(x) —n(a) = Fy(x)foralla € A,}. For any
(Qy,Ay) € 87!, write Hy,, for the relative interior of ®(Qy, 4y), so that

31) Hy = Hay-
yel

Example 16 Consider an example of A = {(0,0), (1,0), (0, 1), (2,3)}, with Q its
convex hull. Take n: A — R equal to 0 except at (2, 3), where it equals 1. That
gives the coherent triangulation and tropical hypersurface illustrated in Figure 10. The
correspondence @ is indicated by the coloring of the simplices in the triangulation and
the faces of the tropical hypersurface.

Turning to complex polynomials, given a Laurent polynomial f =} .\ cmz™,
where M is a finite set in M and ¢, # 0 for all m € M, we say that (Conv(M), M)
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Figure 10: A triangulation and tropical hypersurface induced by 7

is the marked Newton polytope of f. For any A C M we consider the truncated
polynomial
(32) fa=) caz’.

acA
Given a Laurent polynomial f, its zero locus H ¢ lives in the complex torus Ncx.
In the notation from Section 2.4 we have the argument map Arg: Nc+ — Nt to the
real n—torus Nt . For any polynomial f, we define its coamoeba C s C Nt to be the
closure of the image of H s under the argument map.

Example 17 As will be shown in the next subsection, the coamoeba of a simplex is
a finite cover of the product of the coamoeba of a pair of pants and a torus. Take f
to be a generic polynomial with marked Newton polytope (Q, A) from Example 16.
Figure 11 illustrates the coamoebas, in the cover Ng of N, of f truncated to the
three indicated simplices.

N

R

Figure 11: Coamoebas associated to simplices
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Figure 12: The phase tropical hypersurface

Definition 18 Let f € C[M] and (Q, A) be its marked Newton polytope. Given a
coherent triangulation S;, = {(Qy, A,) : y € I'} induced by n: A — R, the phase
tropical hypersurface of f defined by 7 is

THy, 5= U Hy.y chAy C Nr X NT = Nc=*.
yell

Example 19 Combining Examples 16 and 17 we obtain a partial picture of a phase
tropical hypersurface 7TH,, ¢, illustrated in Figure 12. Here we have not illustrated the
coamoebas over the noncompact faces of the tropical hypersurface.

We will also consider a compactified version of the phase tropical hypersurface. For this,
we identify Ng x NT with Nc+ via the exponential map and consider the algebraic
moment map u: Nc+ — Mp defined as

He) = s 3 I27la

aca |74 ued
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It is clear that u is independent of the Nt factor and, for any 6 € Nt , we denote the
restriction of i to Ng x {0} by ur: Ng — Mp. It is also easy to observe that the
image of u is the relative interior of Q. If we wish to reference the marked polytope
in the notation, we write x4 for yu and ,uﬁ for ug.

Definition 20 Let Q be an n—dimensional polytope. The compactified phase tropical
hypersurface T 771,7, # is the closure

(ur XId)(THy, r) C O x Nt

of the phase tropical hypersurface in Q x N .

Of course, we may also compactify the complex hypersurface H s C Nc+ by taking
its closure under the image of the moment map. When the Newton polytope of f is
n—dimensional, we call

(33) Hy = p(Hy) C Q x Nt
the compactification of H .

The boundaries of H + and T?Tl,,, # both have stratifications indexed by the face lattice
of Q. It will be helpful later on to describe these boundary strata intrinsically. Suppose
(Q, A) is a marked polytope in M, not necessarily full-dimensional, f is a polynomial
whose marked Newton polytope contains (Q, A) and 7 is any function on A. Let

N(A):={x € N:a(x)=a'(x) forall a,a’ € A}

be the sublattice orthogonal to the affine span of A, and Ng(4) = N(A) ®z K. Then
it is easy to see that the tropical hypersurface H;, C Ng is invariant under translations
by Nr(A). Define the space

Nr
Ngr(A)

(34) THy, r,4a=1(x+Nr(A),0) € XN :(x,0)€THy £,¢-

We may compactify 7Hy, r,4 by using the moment map wu4 associated to A. More
explicitly, let tr: Nr/Nr(A) — Nr be any section of the quotient map. Then define

- N,

-0

to be the composition Mﬁ olR. As [Lfé is invariant with respect to translations by N(A),
it is clear that ﬁﬁ is independent of the choice of . Note that the image of /’Iﬁ is the
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relative interior of Q. For the compactification of TH,, r 4 we take

(36) THy, 1.4 = (B3 x1d)(THy, 1,4)-

One may relate 7—7_{17, #,4 to the lower-dimensional phase tropical hypersurface as-
sociated to f. To do this, let M(A) be the saturation of the affine lattice spanned
by A4, (Q , /T) the image of A in M(A) and 7: A — R the function equal to n; then
T’}Tln, f.4 is homeomorphic to T?Tl;?', 7 x Nt (A). To define a homeomorphism, one
can use a lift t(g: Ng/Nr(A) — N to equate the argument factor of 7H,, r 4 with
Nt /Nt (A) x Nt (4).

If (Q’, A’) is a face of (Q, A) where the marked Newton polytope of f contains
(Q, A), then there is a natural inclusion

(37) 4,4 7'7?[,7,]214/ —>7'7T[7,,ﬁ,4

whose image is the inverse image of Q' in Q x Nt under the moment map. To define
this map, it suffices to consider the noncompact strata. But there is already a map
(ﬁf{ xId): THy, r.4 — Q' x NT C Q x Nt and this maps bijectively onto T?Tl,,,f,A
over the relative interior of Q’.

Thus we obtain a stratification of the compactified phase tropical hypersurface
(38) THy 5= U THy, far
(Q’,A’) aface of (Q,A)

whose strata are in bijective correspondence with the positive-dimensional faces of Q.

Turning to the geometry of complex hypersurfaces, we note that their tropical compact-
ifications also carry a stratification by the boundary faces of Q. Here, assume f is a
Laurent polynomial with marked Newton polytope containing the face (Q, A). We
denote by Hy 4 the quotient of the hypersurface H s, in Ncx = Ng X N1 by Ng(A4)
(note that f4 is homogeneous with respect to this action, so that the quotient is well
defined). The space Hy, 4 is not compact, but again we may compactify by taking its
closure under the restricted moment map

(39) Hy g = (fig x1d)(Hy, 4).

As in the phase tropical setting, for a face (Q’, A”) of (Q, A), and marked Newton
polytope of f containing (Q, A), there are natural maps

(40) jara: Heq— Hpy
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defined analogously to those in (37). The associated stratification is then

(41) Hf= U Hy g

(Q’,A’) aface of (Q,A)
Even for smooth hypersurfaces H ¢, the tropical compactification may contain un-
wanted singularities on the boundary strata. To prevent such singularities, we call a

Laurent polynomial f nondegenerate if 0 is a regular value of fy/ for every face

(Q". 4) of (2. 4).

Theorem 21 Given a nondegenerate polynomial f with marked Newton polytope
(O, A) and n: A — R defining a coherent triangulation, there are homeomorphisms
Y and  for which the diagram

Hy . TH,

-7

f 7 nf

commutes.

3.2 Simple hypersurfaces

Often when considering pair-of-pants decompositions induced by a coherent trian-
gulation S = {(Qy, Ay) : y € I'} of a marked polytope (Q, A) (eg as in [9]), the
simplices (Qy, Ay) are required to have volume % (or normalized volume 1). Such
triangulations are referred to as maximal or unimodular. In practice, unimodular
triangulations are comparatively rare and there will usually be several simplices in
any given triangulation with larger volume. Indeed, there are many cases of marked
polytopes without a single unimodular triangulation. For a simplex of volume greater
than % , the associated phase tropical hypersurface is no longer a pair of pants, but rather
a finite cover of the pair of pants, called a simple hypersurface in [10]. Following loc.

cit., we take a moment to consider this cover and that of the associated hypersurface H 7.

First, let us establish some notation. Let (Q, B) be a marked simplex in M = Z" for
which B affinely spans Mg and

f=> ez’ eCm]

beB
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with ¢;, # 0 for every b € B. Fix an ordering of B = {by, ..., by}, write ¢; for ¢,
and identify any subset / C 77 with its corresponding subset {b; :i € [} C B. Consider
the map ¢p: Nc+ — (C*)"+1/C* C P" defined by

43) ¢B(2) :=[coz®, ... cuzbn].

One notes that ¢ extends via the inverse of the moment map to ¢p: O x Ny — AxT",
where A is the standard simplex.

Write Ep C M for the sublattice which is the Z—span of {b; —b; : b;,b; € B}. Then
there are containments N C E C NRr and we write Ap for the image of E "V in the
quotient N7 = Nr/N. Then, us1ng notation from Section 2.4, we have the following
basic result:

Lemma 22 The maps ¢p and ¢p are quotient maps by Ap. Furthermore, for any
subset I € {0,...,n} with |I|> 2, the restriction of ¢p to Hz, is a covering map to
the complex pair of pants PI”_1 .

Proof To verify the statement that ¢pp is the quotient map, first observe that

b"] bi=bo cnzb”_bo].

¢B(z) = [COZ o enz’ =|[co,c12

This implies that ¢p factors through the homomorphism Ncx — (C*)" given by z
(zbr=bo_ .. zbn=bo) which has kernel A g. The extension to ¢ follows immediately
since Ap C Nt acts only on the N factor.

The fact that ¢p and ¢p restrict to give covering maps from the hypersurface H £ to
the pair of pants follows from the definition of PI”_1 C (C*)"+1/C* CP" as the zero
locus of ) ;<7 zi = 0. In particular, f7 = ¢g (Zie[ Zl'), so that ¢p restricts to H g,
to give a well-defined and an onto map. |

We now turn our attention to the phase tropical hypersurface of a marked simplex
(Q, B) with the function n: B — R and a polynomial f. We first make an observation
that the tropical hypersurface H; depends on 7 only up to a translation in Ng. In
particular, since 7 is defined on a simplex, it is the restriction of an affine function
ny-+c on Mg to B, where n; € Nr and c is a constant. In this instance, one observes
that Hy, = Ho + ny,. The coamoeba Cy, is independent of the function 7 and only
depends on / and the arguments of the coefficients {c; : i € I} of f. Thus, there is an
elementary homeomorphism 7H, r = THy, s given by translating by n; in the Ng
factor of Ng x NT. Consequently, the topology of the phase tropical hypersurface of a
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simplex is independent of the function 7. For convenience, we choose 7r: B — R to
be the function 1z (b;) = —log|c;|.

Lemma 23 The restriction of ¢p to T?Tl,,_ ,.f 1s a covering map onto TP L
Proof View the map ¢p as a map from Ng x N to (C*)*+1/C* C P™. Consider the
linear map &: R"t! — My defined by £(e;) = b; and let ¢ = ) _; log|ci|e; € R*TL
It is then clear that the diagram
B 1
Nr x Ny —— (C*)"*1/C*

(44) T Log

Nr

R2+1 /R

£V +ec
commutes, where m; is projection to the first factor. Furthermore, the composition
of the affine map £V + ¢: Ng — R”*! with every dual basis vector e/ R+l 5 R
yields the map b; — ¢ (b;). Thus, the tropical polynomial for the standard pair of pants
pulls back to Fy, and & Y + ¢ maps the tropical hypersurface 7 s to the tropical pair
of pants P~ 1,

For I €{0,...,n} with |I| > 2, denote by Q7 the convex hull of the corresponding
set in B. Then, over the face ®(Qy, I) of the tropical hypersurface, in the phase
tropical hypersurface 7Hy,, ., lies the coamoeba Cy, . Utilizing Lemma 22 and a
commutative diagram analogous to (44) with argument maps, we have that C s, maps
to the coamoeba Cy . This implies the result. a

Combining Lemmas 22 and 23, we obtain an extension of Theorem 15 to the simple
hypersurface case.

Theorem 24 Given a marked simplex (Q, B) which affinely spans Mg and any
n: B — R, there is a homeomorphism : Hy — TH,. 1.

Proof It suffices to prove this theorem in the noncompact case. We write ¢p: P*~! —
TP"! for the homeomorphism in Theorem 15. Note that both inclusions P"~! <
(C**+1/C* and TP" ! < (C*)"*T1/C* induce isomorphisms on first homology
(and on the fundamental group when n > 2). This follows by looking at the coamoeba
(see eg [11]) for the complex and phase tropical pair of pants and its covering in R”*+1,
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which is simply connected for n > 3 and is the universal abelian cover for n = 2.
Moreover, it is evident from the construction of ¢ that the diagram

H(9)
Hi(P""1;Z)

H, (TPn_l 7))
(45)

~ ~

Hi((CH"H)C*;2) = 27
commutes.

By Lemmas 22 and 23, H s and TH,, s are covers of P"~! and 7P"~1 obtained
by pulling back the subspaces along the cover ¢p: Nc+ — (C*)"+1/C*. This cover
corresponds to a sublattice of Hy((C*)"*t1/C*;Z) = 71 ((C*)"+1/C*). The com-
mutativity of (45), pulled back along the Hurewicz homomorphism, then implies that
m1(¢) takes the normal subgroup associated to ¢pg|g , to that of ¢pg|r3, , implying
the result. O

The arguments given in Lemmas 22 and 23 easily extend to the strata H 7B’ and
T?Tl,,, #.B’- We record the stratified version of Theorem 24 as a corollary.

Corollary 25 Given a marked simplex (Q, B) contained in the marked Newton
polytope of f, n: B — R and any subsimplex (Q’, B"), there are homeomorphisms
Vg and Yp for which

Vp

Hyp THy. 1.5

(46) JB'.B { inB’.B

Hf,B — T?Tln,f’B
¥B

cominutes.

3.3 Proof of Theorem 21

Having extended Theorem 15 to simple hypersurfaces and their stratified compact-
ifications, we now apply the results of Milkalkin [9] based on Viro’s patchworking
method [12] to obtain Theorem 21 for general hypersurfaces.

Proof of Theorem 21 One first observes that, since f is assumed to be nondegen-
erate, Hy is diffeomorphic to H for any other nondegenerate polynomial g with
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marked Newton polytope (Q, A). To see this, one can compactify Ncx to the toric
variety Yo and resolve all singularities of the toric boundary to obtain X with a
normal crossing divisor D. Then Laurent polynomials with Newton polytope O may
be identified with a dense open subset of sections of the line bundle O(1) determined
by Q. Moreover, the condition of nondegeneracy implies that the zero locus Z ¢, which
is an analytic compactification of Hy, transversely intersects the divisor D. Taking a
family &: [0, 1] = I'(X g, O(1)) of such nondegenerate sections, one may consider the
incidence variety ) = {(t, z) : z € Zg()} along with the function 7r: Y — [0, 1] induced
by projection. Let D = {(¢t,z) € Y : z € D}. By the openness of the transversality
condition, 7 and m|p are trivial families and equipping )’ with a connection for
which D is horizontal and taking parallel transport gives a diffeomorphism of the pair
(Zg(0y» Zgoy) N D) with (Zg(1), Zg1) N D). Excising the respective subspaces then
produces the diffeomorphism.

Next we note that, for ¢ € Ro small, the polynomial f; = Y ,c4cqt"Pz? is
nondegenerate, regardless of the coefficients ¢c := (cq) € C4 (see [3]). In particular,
an alternative definition of a nondegenerate polynomial f is that the principal A—
determinant E4( f) is nonzero. By [3, Theorem 10.1.4], E4 is a polynomial in the
coefficients (c;) whose Newton polytope is the secondary polytope X(A). It can be
shown that the Log of the coefficients c¢ct” of f; lie in the interior of the cone dual to
the triangulation defined by 7 for sufficiently small ¢. This implies that, for such f;,
the point Log(cc) lies outside the amoeba of E4 implying E4(cc) # 0.

To complete the proof we apply the reconstruction result [9, Theorem 4], adapted to the
nonunimodular case. In this modified form, it asserts that for 1 inducing the coherent
triangulation S = {(Qy, 4,) : y € '}, there is homeomorphism between H # and the
topological direct limit (ie the colimit in the category of topological spaces). Thus, we
obtain

7 Hy ~lim Hy 4,

Here we mean that one may consider the face lattice I' of S given by inclusions as a
category and H #— as a functor from I" to topological spaces. Then the limit of this
functor is achieved by gluing simple hypersurfaces along common boundary strata.

Using the dual subdivision of Ny to that given by the tropical hypersurface, one obtains
a decomposition H, = Uyer Yy. We then have that 7 Hy r = Uyer TYy, where
TY, is the part of the phase tropical hypersurface lying over Y, . Each 7Y, can be
identified with a partially contracted T?TL,,, #,4,, which is clearly homeomorphic to the
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original T~ 77,7, f.4, - These identifications are compatible with inclusion maps ig, 4,
when (Qy, Ay) if a face (Q3, A3). In particular, we have that

(48) THy,r ~imTHy 1.4,

Here again we regard this as a limit of the functor from the poset category I' to
topological spaces taking y to T?T[,,, .4, andinclusions of faces (Qy, 4y) of (O, A7)
to i4,, Ay -

By Corollary 25, we have a natural isomorphism of functors from H f—to T 77,,’ fim>
implying their limits are homeomorphic. Equations (47) and (48) then give that
H R T’}_{n, 7. Removing the boundary strata on both sides of the equation gives the
open case. o
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