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Galois actions on homotopy groups of algebraic varieties

JONATHAN P PRIDHAM

We study the Galois actions on the £—adic schematic and Artin—-Mazur homotopy
groups of algebraic varieties. For proper varieties of good reduction over a local
field K, we show that the {—adic schematic homotopy groups are mixed represen-
tations explicitly determined by the Galois action on cohomology of Weil sheaves,
whenever £ is not equal to the residue characteristic p of K. For quasiprojective
varieties of good reduction, there is a similar characterisation involving the Gysin
spectral sequence. When £ = p, a slightly weaker result is proved by comparing the
crystalline and p—adic schematic homotopy types. Under favourable conditions, a
comparison theorem transfers all these descriptions to the Artin-Mazur homotopy

groups 78 (X ) ®5 Qs

Introduction

In [2], Artin and Mazur introduced the étale homotopy type of an algebraic variety. This
gives rise to étale homotopy groups n,é,t(X , X); these are pro-finite groups, abelian for
n>2,and nft(X , X) is the usual étale fundamental group. In [49, Section 3.5.3], Toén
discussed an approach for defining £—adic schematic homotopy types, giving £—adic
schematic homotopy groups @y, (X, X); these are (pro-finite-dimensional) Q—vector
spaces when n > 2. In [33], Olsson introduced a crystalline schematic homotopy type,
and established a comparison theorem with the p-adic schematic homotopy type.

Thus, given a variety X defined over a number field K, there are many notions of
homotopy group:

e for each embedding K — C, both classical and schematic homotopy groups of
the topological space X¢;

e the étale homotopy groups of X z;

e the £—adic schematic homotopy groups of Xz ;

e over localisations K, of K, the crystalline schematic homotopy groups of Xk, .
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However, despite their long heritage, very little was known even about the relation
between étale and classical homotopy groups, unless the variety is simply connected.

The étale and £—adic homotopy types carry natural Galois actions, and the main aim of
this paper is to study their structure. In many respects, the analogous question for X¢
has already been addressed, with Katzarkov, Pantev and Toén [22] and the author [34]
describing mixed Hodge structures on the classical and real schematic homotopy types.

In [37], the author introduced a new approach to studying nonabelian cohomology and
schematic homotopy types of topological spaces. Its primary application was to transfer
cohomological data (in particular mixed Hodge structures) to give information about
homotopy groups. The bulk of this paper is concerned with adapting those techniques
to pro-simplicial sets. This allows us to study Artin—-Mazur homotopy types of algebraic
varieties, and to translate Lafforgue’s Theorem and Deligne’s Weil II theorems into
statements about homotopy types. We thus establish arithmetic analogues of the results
of [34], with Galois actions replacing mixed Hodge structures.

The main comparison results are Proposition 1.39 (showing when étale homotopy
groups are pro-finite completions of classical homotopy groups), Theorem 3.40 (de-
scribing £—adic schematic homotopy groups in terms of étale homotopy groups), and
Proposition 7.26 (comparing p-adic and crystalline homotopy groups).

If X is smooth or proper and normal, then Corollary 6.7 shows that the Galois actions
on the £—adic schematic homotopy groups are mixed, with Remark 6.9 indicating when
the same is true for étale homotopy groups. Corollaries 6.11 and 6.16 then show how
to determine £—adic schematic homotopy groups of smooth varieties over finite fields
as Galois representations, by recovering them from cohomology groups of smooth Weil
sheaves, thereby extending the author’s paper [38] from fundamental groups to higher
homotopy groups, and indeed to the whole homotopy type. Corollaries 7.4 and 7.36 give
similar results for £—adic and p-adic homotopy groups of varieties over local fields.

The structure of the paper is as follows.

In Section 1, we recall standard definitions of pro-finite homotopy types and homotopy
groups, and then establish some fundamental results. Proposition 1.29 shows how
Kan’s loop group can be used to construct the pro-finite completion X ofa space X,
and Proposition 1.39 describes homotopy groups of X.

Section 2 reviews the pro-algebraic homotopy types of [37], with the formulation of
multipointed pro-algebraic homotopy types from [34], together with some new material
on hypercohomology.

We adapt these results in Section 3 to define nonabelian cohomology of a variety
with coefficients in a simplicial algebraic group over QQ;. The machinery developed
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in [37] applies to give a pro—Qy—algebraic homotopy type, which is a nonnilpotent
generalisation of the Qy—homotopy type of Weil II (see Deligne [5]). Its homotopy
groups are £—adic schematic homotopy groups, and Theorem 3.40 gives conditions
for relating these to étale homotopy groups. Explicitly, if 71 X is algebraically good
(see Definition 3.35), and the higher homotopy groups have finite rank, then the higher
homotopy groups of the pro—Q,—algebraic homotopy type are just nstX ®z Q. For
complex varieties, we also compare the pro-algebraic homotopy types associated to the
étale and analytic topologies.

Section 4 contains technical results showing how to extend the machinery of Section 3
to relative and filtered homotopy types. The former facilitate p—adic Hodge theory,
while the latter are developed in order to study quasiprojective varieties. We also
explore what it means for a pro-discrete group to act algebraically on a homotopy type.
In Section 5, we investigate properties of homotopy types endowed with algebraic
Galois actions.

In Section 6, the techniques of [38] for studying Galois actions on algebraic groups then
extend the finite characteristic results of the author in [35] to nonnilpotent and higher pro—
Qg —algebraic homotopy groups. The results are similar to [34], substituting Frobenius
actions for Hodge structures. Over finite fields, Theorem 6.10 uses Lafforgue’s Theorem
and Deligne’s Weil II theorems to show that the pro—Qg—algebraic homotopy type of
a smooth projective variety is formal — this means that it can be recovered from cup
products on cohomology of local systems. For quasiprojective varieties, Corollary 6.15
establishes a related property we call quasiformality, which is analogous to Morgan’s
description of the rational homotopy type [31] in terms of the Leray spectral sequence.

Section 7 then addresses the same question, but over local fields. In unequal characteris-
tic, smooth specialisation suffices to adapt results from finite characteristic for varieties
with good reduction. In equal characteristic, we show how pro—Q,—algebraic homotopy
types relate to the framework of p—adic Hodge theory. Proposition 7.26 is a reworking
of Olsson’s nonabelian p—adic Hodge theory, and this has various consequences for
Galois actions on Artin—-Mazur homotopy types (Theorems 7.28-7.35). Explicitly, the
homotopy type becomes formal as a Galois representation only after tensoring with the
ring BZ. of Frobenius-invariant periods, which means that the Hodge filtration is the

cris

only really new structure on the relative Malcev homotopy type (Remarks 7.37(2)).
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1 Pro-finite homotopy types

Definition 1.1 Let S be the category of simplicial sets, and take sGpd to consist
of those simplicial objects in the category of groupoids whose spaces of objects are
discrete (ie sets, rather than simplicial sets).

Let Top denote the category of compactly generated Hausdorff topological spaces.

Definition 1.2 Given G € sGpd, we define 7¢9G to be the groupoid with objects
Ob G, and morphisms (7oG)(x, y) = moG(x, ).

Definition 1.3 A map f: X — Y in Top is said to be a weak equivalence if it gives
an isomorphism myX — moY on path components, and for all x € X, the maps
wn(f): (X, x) = 7, (Y, fx) are all isomorphisms.

We give S the model structure of Goerss and Jardine [11, Theorem V.7.6]; in particular,
amap f: X — Y in S is said to be a weak equivalence if the map | f]: | X| — |Y|
of topological spaces is so, where |- | is the realisation functor of [11, Section 1.2].
Likewise, for x € Xy we write 7,(X, x) := m,(| X], x).

A map f: G — H in sGpd is a weak equivalence if the map moG — mgH is an
equivalence, and for all objects x € Ob G, the maps 7,(G(x, x)) — 7,(H(fx, fx))
are all isomorphisms.

For each of these categories, we define the corresponding homotopy categories Ho(S),

Ho(Top), Ho(sGpd) by localising at weak equivalences.

Note that there is a functor from Top to S which sends X to the simplicial set
Sing(X), = Homryp (|A"], X).

This is right adjoint to realisation, and these functors are a pair of Quillen equivalences,
so become quasi-inverse on the corresponding homotopy categories. From now on, we
will thus restrict our attention to simplicial sets.

Definition 1.4 Given G € sGpd, define the category Sg of G—spaces to consist
of simplicial representations of G. Explicitly, X € Sg consists of X(a) € S for
each a € Ob G, together with maps G(a, b) x X(b) — X(a), satisfying the obvious
associativity and unit axioms.
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Definition 1.5 Recall from [11, Section V.4] that for G € sGpd, the G—space WG
is defined by

(WG)n(x) = ]_[ Gn(x, yn) X Gt (Yn» Yu—1) X ... x G(¥1, yo)

with operations

(0igns0i—18n—1,-- -, i <n,
9i(gn &n—1.--..80) = (008n—i)&n—i—1>8n—i—2+-- - 80)
(0ngn On—18n—1----.9181) I =n,

Ui(gn’gn—l,---,go) = (Uign,ai—lgn—la---aUOgn—iaid’ gn—i—lv“"g())’
and for & € G, (z,x) and (gu, gn—1,...,g0) € WG)(x),

Note that WG (x) is contractible for each x € Ob G.

Definition 1.6 As in Goerss and Jardine [11, Chapter V.7], there is a classifying space
functor W: sGpd — S, given by WG = G\WG, the coinvariants of the G—action.
This has a left adjoint G: S — sGpd, Dwyer and Kan’s loop groupoid functor [7], and
these form a pair of Quillen equivalences, so give equivalences Ho(S) ~Ho(sGpd). The
objects of G(X) are Xy, and for any x, y € Xy, the geometric realisation |G(X)(x, »)|
is weakly equivalent to the space of paths from x to y in |X|. These functors have the
additional properties that moG(X) = 7¢| X | (the fundamental groupoid), 7z (| WG|) =~
710G, m(G(X)(x,x)) = mp1(|X], x) and 7,41 (WG|, x) = 7,(G(x, x)). This
allows us to study simplicial groupoids instead of topological spaces.

Definition 1.7 If X € S, then a local system is just a representation of the groupoid
X, ie a functor 7y X' — Gp from the fundamental groupoid to the category of
groups. As in [11, Section VI.5], homotopy groups form a local system 7, X, whose
stalk at x is 7, (X, x).

1.1 Pro-simplicial L -groupoids
Definition 1.8 Given a set L of primes, we say that an L—group is a finite group G for

which only primes in L divide its order. We define an L—groupoid to be a groupoid H
for which H(x, x) is an L—group for all x € Ob H.
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Definition 1.9 Given a category C, recall that the category pro(C) of pro-objects in C
has objects consisting of filtered inverse systems {Aq} in C, with

Homyro(c) ({A4a}. {Bg}) = limlim Home (Aq. Bp).
B «

Remark 1.10 A discrete topological space is just a set. Given a pro-set { X, }, we can
thus take the limit l(in Xy in the category of topological spaces. This functor gives a
faithful embedding of pro(Set) into topological spaces, so lim Xy is discrete if and
only if {Xy} lies in the essential image of Set — pro(Set). We will thus refer to the
essential image of Set — pro(Set) as the discrete objects.

In fact, pro-sets endow a topological structure which cannot be detected by weak
equivalences, which is why shape theory is modelled using the category pro(S), as in
Isaksen [19].

Definition 1.11 Given a groupoid G and a set L of primes, define G"L € pro(Gpd)
by requiring that G*L be the completion of G with respect to all L—groupoids H .
In other words, G”L is an inverse system of L—groupoids, with a canonical map
G — GL inducing isomorphisms

Hom(G"t, H) — Hom(G, H)
for all L—groupoids H.

In particular, Ob Gt = Ob G and G"E(x, x) is the pro—L completion of the group
G(x, x) (in the sense of Friedlander [10, Section 6]). If L is the set of all primes, we
write G := G L, s0 G(x x) is the pro-finite completion of G(x, x) (in the sense of
Serre [47, Section 1]).

Note that G is a pro— L—groupoid in the sense of Definition 1.9. However, beware
that a pro-groupoid can be isomorphic to a pro— L—groupoid without actually being an
inverse system of L —groupoids, since {I'y}ger = {T'a}a>a, forany g € I.

Definition 1.12 Say that a simplicial groupoid I is a simplicial L—groupoid if T'; is
an L —groupoid for all 7. Denote the category of such groupoids by stdL .

Definition 1.13 Given a groupoid I', define a disconnected normal subgroupoid
K <aT to consist of subgroups K(x) <T'(x,x) forall x cOb T, with aK(x)a~ e K(y)
forall a e I'(y, x).
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Note that disconnected normal subgroupoids K <1 I' are in one-to-one correspondence
with isomorphism classes of surjections f: I' — H for which Ob f: ObI" - Ob H
is an isomorphism. The equivalence is given by setting H(x, y) = ['(x, y)/K(y) =
K(x)\I'(x, ), and conversely by setting K(x) :=ker(f: I'(x,x) = H(fx, fx)).

Definition 1.14 Given I" € sGpd, define a simplicial disconnected normal subgroupoid
K < T to consist of disconnected normal subgroupoids K, <1 I',, closed under the
operations 0;,0j .

Definition 1.15 Given I' € sGpd, define T"L € pro(stdL) to be the inverse sys-
tem {I'/K}g, where K ranges over the poset of all simplicial disconnected normal
subgroupoids K <1 I" for which I'/ K is a simplicial L-groupoid.

Given T’ = {T'y}¢ € pro(sGpd), define T L € pro(sGpd%) by

I = limTOL,
lim

o
where the limit is taken in pro(stdL ). This corresponds to saying that I'*L is the
pro-object {I'y/ Ko} (a,k,) indexed by pairs (a, Ky), for Ko < Ty .
Lemma 1.16 For I' € pro(sGpd) and A € pro(sGpdX), the canonical map
Hompro(stdL) (FAL s A) - Hompro(std) (F’ A)

is an isomorphism.

Proof By the definition of morphisms in pro-categories, it suffices to prove this
when A € sGpdY. Then A is cofinite in both pro(sGpdX) and pro(sGpd) (ie
Hom(l(i_r_na [y, A) = lir_>na Hom(T'y, A) for filtered inverse systems {I'y}qy), SO we
may also assume that I" € sGpd.

Now, for any morphism f: I' — A, the image H is a simplicial L—groupoid of the
form H =T/K, for K <« T' a disconnected normal subgroupoid. Therefore

Hom,gpa(T, A) = l_ingomstd(F/K, A) = Hompro(std)(F’\L ,A),
K

as required. a

Lemma 1.17 For ' € pro(sGpd), the pro—L —groupoid ('), is just the pro—L
completion of T';,.
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Proof Given A4 € Gde, define A%n (not to be confused with AM) to be the
simplicial groupoid on objects Ob A with

ABn(x, )i = A(x, y)in,

with 0;: (A%n); — (A2n);_; coming from 8/: Ai~! — A, and o;j coming from
of: ATt1 5 Al Then A% is clearly an L—groupoid, and has the key property that

Hom,gpa(T, A%") 2 Homgpa(Ty, A)
for all T'.
Taking colimits extends this to all I € pro(sGpd), and then
Hompro(stdL)(F/\L, APy Hompm(Gde)((F’\L)n, A),
but the left-hand side is just
Hompro(std) (F» AA”) = Hompro(Gpd) (Tn, A)’
so (I'*L), is the pro—L completion of T'. o
Definition 1.18 Given X = {X,} € pro(S), define the category of local systems on X

to be the direct limit (over «) of the categories of local systems on X, (in the sense of
Definition 1.7).

Remark 1.19 Our motivation for working with pro(S) comes from [10, Definition
4.4], which associates an object X € pro(S) to each locally Noetherian simplicial
scheme X . Finite local systems on Xg then correspond to finite locally constant étale
sheaves on X .

Definition 1.20 Given a pro-simplicial set X', and a map 7y X — I" to a pro-groupoid
with discrete objects, define the covering system X by
f(a) = X xgr B(I'|a) € pro(S)

for @ € Ob I, noting this is equipped with a natural associative action I"(a, b) x X (a)—>
X (b) in pro(S). Here, B is the nerve functor (equal to W in this context), and " | a
denotes the slice category of morphisms in I" with target a.

Definition 1.21 Given 7y X — I' as above, with a continuous representation S of I’
in pro-sets (ie S(a) € pro(Set) for a € ObI', equipped with an associative action
I'(a, b) x S(a) — S(b) of pro-sets), define the cosimplicial set C*(X, S) by

c” (X, S) = HomF,pro(Set) (fn’ S)
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From now on, local systems will be abelian unless stated otherwise.

Definition 1.22 Given X = {X,} € pro(S) and a local system M on Xg define
cohomology groups by

* NERT *
H*(X, M) := lim H* (X, M),

o

where H* (X, —) is cohomology with local coefficients, and we also write M for the
pullbacks of M to Xy andto X . Given G € pro(sGpd), set H*(G, —) :=H*(WG, —).

Note that the cosimplicial complex C®(X, M) extends [11, Section VI.4] to pro-spaces,
and that H* (X, M') = H*(C*(X, M)), the cohomology groups with local coefficients.

Definition 1.23 Given X € pro(S) with X discrete, and an inverse system M =
{M;};en of local systems on X', define the continuous cohomology groups H* (X, M)
as follows. First form the cosimplicial complex C*(X, M) := 1(1111C' (X, M;), for C*
as in Definition 1.21, then set

H*(X, M) :=H*(C*(X, M)),
noting that this agrees with Definition 1.22 when M; = M for all i.
Remark 1.24 Observe that there is a short exact sequence
0— l(i_r_an"_l(X, M;) —-H"(X, M) — l(i_r_nH"(X, M;) — 0,

so H' (X, M) =~ Lln H" (X, M;) whenever the inverse system {H"~1 (X, M;)}; satisfies
the Mittag—Leffler condition (for instance if the groups are finite).

When working with the étale homotopy type X, we will usually apply this construction
to Z¢—local systems {M; = M/¢'};. In that case, the exact sequence above becomes
the comparison between étale cohomology and Jannsen’s continuous étale cohomology
(see Example 3.18 for details).

Lemma 1.25 Given X € S and an inverse system M = {M;};eN of local systems
on X , there is an isomorphism

* . N o~ TT*
H (X,l(lfllMl)zH (X, M).
Proof As in Definition 1.22, H* (X, l(iLnMi) is cohomology of the complex
lim C*(X, M;) = C* (X, 1lim M;),
n - ) = ; 3 =1 ="
but C (Xal(EIMl) —HomSet(Xnyl(lan) —l(lnHomSet(Xn’Ml) =C'(X. M),

as required. a
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We will occasionally refer to groups and groupoids as “discrete”, to distinguish them
from topological (or simplicial) groups and groupoids. As in Remark 1.10, we regard a
pro-groupoid as a kind of topological groupoid, so “discrete” will indicate that both
simplicial and pro structures are trivial.

Definition 1.26 Given a set L of primes, say that a pro-groupoid G with discrete
object set is (L, n)—good if for all G"L —representations M in abelian L —groups, the
canonical map

o H (G, M) — H (G, M)
is an isomorphism for all i < n and an inclusion for i =n + 1. When L is the set of
all primes, we say that G is n—good. Observe that any inverse system of (L, n)-good
groupoids is (L, n)-good. Say that G is L—good if it is (L, n)—good for all n.

Lemma 1.27 Free groups are L—good for all L.

Proof Let F = F(X) be a free group generated by a set X, and let I" := F/L . By
the argument of [47, I, Section 2.6, Exercise 1(a)], it suffices to show that H*(I", M) —
H*(F, M) is surjective for all discrete I"—representations M in abelian L—groups.
Since F is free, H*(F, M) = 0 for n > 1, so it only remains to establish surjectivity
forn=1.

This amounts to showing that every derivation o: F — M factors through I'. The
derivation gives rise to a map B: F — M x G, for some finite L —torsion quotient G
of F. Since M x G is an L—group, B factors through I'. a

Examples 1.28 (1) L-—groups are L—good.

2) If 1 - F—>T — II — 1 is an exact sequence of groups, with F and II
L-good, FAL — T'L injective, and H?(F, M) finite for all finite L—torsion
I'-modules, then I" is L—good.

(3) All finitely generated nilpotent groups are L —good for all L.

(4) The fundamental group of a compact Riemann surface is L—good for all L.

Proof (2) This is essentially [47, I, Section 2.6, Exercise 2(c)].
(3) Express I' as a successive extension of finite groups and Z, then apply (2).

(4) Choose a smooth complex projective curve C of genus g > 0, with 7 (C) =T.
It suffices to show that for all finite L—torsion ['*L —representations M , the map

H*(T""t, M) — HX(C, M)

is an isomorphism.
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Letting C be the universal étale pro—L cover of C, this is equwalent (by the Serre
spectral sequence) to showing that H* (C Fp) =1, forall pe L. C is the inverse
limit all finite L—covers C’ — C, giving

(. F,) = i, (' 5,).
C/
which can only be nonzero for i =0, 1, 2.

Note that (5 )= ker(f‘ — I'AL). Thus the pro—L completion nl(é )L of the
abelianisation of 71 (C) must be 0, or we would have a larger pro— L quotient of T’
than 'L . Hence Hét(C, F,)=0forall peL.

We now adapt the proof of Schmidt [45, Proposition 15]. Since any curve C’ has a
cover C" of degree p, with the map HZ(C'.Fp) — HZ(C",F,) thus being 0, we
deduce that H2 (C Fp) =0, which completes the proof. a

Proposition 1.29 For any X € S, the canonical morphism
X - W(GX)")

in pro(S) induces an isomorphism (77 X )t — Jer[_/'(G(X )AL) of pro-groupoids, and
has the property that for all finite abelian (g X)L —representations M in L—groups,
the canonical map

H* (W (G(X)"), M) — H*(X, M)
is an isomorphism.
Proof The statement about fundamental groupoids is immediate, since completion
commutes with taking quotients. Now, observe that
H" (W (G(X)"F), M) = H'(G(X)":, M),
tautologically from Definition 1.22.

It thus suffices to show that the simplicial groupoid G(X) is L-good, in the sense
that H*(G(X), M) =~ H*(G(X)"E, M) for all 719G (X)L —representations in abelian
L—groups M . This is equivalent to showing that for all x € X, the simplicial groups
G(X)(x,x) are L—good. This will follow if the groups G,(x, x) are all L-good,
because there is a spectral sequence

HY(G,, M) = HPT(G, M).

Since the groups G, (x, x) are all free, this then follows from Lemma 1.27. a
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Given a property P of groups, we will say that a groupoid I' locally satisfies P if the
groups I'(x, x) satisfy P, forall x € ObT.

Definition 1.30 Define pro(S)s to be the full subcategory of pro(S) consisting of
pro-spaces X for which Xj is discrete (as in Remark 1.10, so Xj is a set, not just a
pro-set).

Define S to be the full subcategory of pro(S)s consisting of spaces X for which
the groups 7, (X, x) are all pro— L—groups. If L is the set of all primes, we write
S:=srL

Definition 1.31 A morphism f: X — Y in pro(S); is said to be an Artin-Mazur weak
equivalence if 79X — moY is an isomorphism, and the maps 7, (X, x) — 7, (Y, fx)
are pro-isomorphisms for all # > 1 and all x € Xj.

Define Ho(pro(S)s) and Ho(S”L) by formally inverting all Artin-Mazur weak equiv-
alences.

In [19], Isaksen established a model structure on pro(S) with the right properties for
modelling pro-homotopy types. In particular, [19, Corollary 7.5] shows that a morphism
in pro(S)s is a weak equivalence in pro(S) if and only if it is an Artin-Mazur weak
equivalence.

Proposition 1.32 Fix N €[1,00], and let f: X — Y be a morphism in pro(S)s such
that (X )"t — (nyY) L is a pro-equivalence of pro-groupoids, with the property
that for all abelian (s Y )" —representations M in L -groups, the map

H"(f): H(Y, M) — H"(X, M)

is an isomorphism for all n < N and injective forn = N + 1. Then for all Z € S"L
with 7; Z =0 fori > N (resp. i > N + 1), the map

S Hompgo pro(s)s) (Ys Z) — HoMpgg(pro(s)5) (X, Z)
is an isomorphism (resp. an inclusion).
Proof First observe that if M is a ¢ (Y)"L —representation in abelian pro—L groups,

we can express it as an inverse system { My} of 77 (Y )-representations in L—groups.
Then the complex C*(Y, M) of M —cochains is given by

C*(Y, M) ~ RI%EC (Y, My).
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This implies that for all such M, the map H*(f): H*(Y, M) — H"(X, M) is an
isomorphism for all » < N, and injective for n = N + 1.

Now consider the Moore—Postnikov tower [11, Definition VI1.3.4] P,Z of a fibrant
replacement for Z. The pro-equivalence on s gives the required isomorphism if
Z = P Z, and we can proceed by induction.

Assume that we have a homotopy class of maps X — P, Z, for n < N . The obstruction
to lifting this to a homotopy class of maps X — P, Z lies in H"t2(X, 7,41 2Z),
and if nonempty, the latter homotopy class is a principal H* T (X, 7,4 | Z)-space. As
Tp1Z is a pro— L—group, the isomorphism H”*!(Y, —) =~ H"*!(X, —) and the in-
clusion H**2(Y, —) < H"T2(X, —) (resp. the inclusion H"*1(Y, —) — H"*1(X, —))
mean that the pro-homotopy class of lifts ¥ — P,y Z is similarly determined (resp.
embeds into the class of lifts X — P, 412 ), completing the inductive step.

Since the map Z — Py Z (resp. Z — Py +1Z) is an Artin—-Mazur weak equivalence,
this completes the proof for N < co. In the case N = oo, the analysis above gives an
isomorphism

f*: HomHo(pro(S),g) (Y, 1(11‘_n Pn Z) — HomHO(pro(g)a) (X, 1(1111 Pn Z);

n
since the canonical map Z — l<lr_nn P, Z is an Artin—-Mazur weak equivalence, this
completes the proof. |

Corollary 1.33 The inclusion functor S* — pro(S)s has a homotopy left adjoint,
which we denote by X ~ XL . This has the property that for X € S’ , X" ~ X .

Proof Proposition 1.29 and Proposition 1.32 imply that for X € S, the object XL :=
W(G(X)"L) € SN has the required properties. Given an inverse system X = { X},
set XL 1= 1<i_r_n(Xa)AL. O

Remarks 1.34 Comparing with [10, Theorem 6.4 and Corollary 6.5], we see that this
gives a generalisation of Artin and Mazur’s pro— L homotopy type [2] to unpointed
spaces. Their context for pro-homotopy theory was formulated slightly differently,
in terms of pro(Ho(S)), which is not very well-behaved. See [19] for details of the
comparison.

Since this paper was first written, an alternative pro-finite completion functor has been
developed by Quick [42]. However, the category of pro-finite homotopy types in [42]
is larger than ours, because for its pro-spaces X , the pro-set moX is pro-finite rather
than discrete. The pro-finite completion functor thus differs from ours in that it also
takes the pro-finite completion of the set mo X .
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An important feature of [42] is the existence of a model structure for pro-finite spaces,
and this raises the question of whether there is a model structure on pro(stdL ), and
how the respective model structures compare. The most likely solution is that there
is a fibrantly cogenerated model structure on pro(stdfT), where std]LE is the full
subcategory of stdL consisting of simplicial groupoids with finite object set. For
this model structure, the cogenerating fibrations should be morphisms in stdé which
are fibrations in sGpd, possibly with some additional Artinian condition analogous to
[40, Theorem 2.14]. The right adjoint pro(std]L:) — pro(sGpdL) should then induce
a fibrantly cogenerated structure on the latter, while the functor W from pro(std/Lf)
to simplicial pro-finite sets should be a right Quillen equivalence when L is the set of
all primes.

1.2 Comparing homotopy groups

We now investigate when we can describe the homotopy groups of XL in terms of
the homotopy groups of X .

Lemma 1.35 If A is a finitely generated abelian group, then for n > 2, completion of
the Eilenberg—Mac Lane space is given by K(A,n)"t = K(A™L,n).

Proof By Proposition 1.32, we need to show that the maps
H*(K (A n), M) — H*(K(A,n), M)

are isomorphisms for all abelian L—groups M . By considering the spectral sequence
associated to a filtration, it suffices to consider only the cases M =T, for p € L.

If A = A" x A", then K(4,n) = K(A',n) x K(A”,n), so H*(K(A4,n),Fp) =
H*(K(A',n),Fp) @ H*(K(A”,n),Fp). The structure theorem for finitely generated
abelian groups therefore allows us to assume that A = Z/q, for ¢ a prime power or 0.

Now, if ¢ is neither zero nor a power of p, then H"(K(4,n),F,) = 0 for r > 0;
since AL is a quotient of A, we also get H" (K (A"L,n),F,) =0. If ¢ = p°, then
A = A, making isomorphism automatic.

If g =0, then A =2Z, A" =[];e; Zy, and H" (K(Z¢,n),Fp) = 0 for r > 0 and
£ # p. We need to show that

H*(K(Zp,n),Fp) - H*(K(Z,n),Fp)

is an isomorphism, or equivalently that K(Z,n)"» = K(Zp,,n). This follows from
[43, Theorem 1.5]. O
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Proposition 1.36 Take a morphism f: X — Y in pro(S)s such that (my X)"L —
(mrY) L is a pro-equivalence of pro-groupoids. Then the following are equivalent:

(1) For all abelian (ryY )"t —representations M in L—groups, the map
H'(f): H"(Y, M) - H" (X, M)
is an isomorphism for all n < N and injective forn = N + 1.
(2) The map
n(f): Tn (X, X) = wa (Y, )

is a pro-isomorphism for n < N and a pro-surjection forn = N + 1.

In particular, a pro-groupoid G with discrete object set is (L, N)—good if and only if
mn((BG) ) =0

forall2<n<N.

Proof The key observation is that we have the isomorphism Homgo (pro(s)s) (Y, PnZ) =
Homyo(pro(s)5) (PnY, PnZ), which is deduced from the corresponding result for S.
Thus Proposition 1.32 implies that

PN(X") — Py(Y"E)
becomes an isomorphism in Ho(pro(S)s), while
PN+1(X™) = Py (Y7E)

is an epimorphism. Since isomorphisms in Ho(pro(S)s) are just Artin—Mazur weak
equivalences, this completes the “only if” part.

For the converse, note that the hypothesis is equivalent to saying that the homotopy
fibre F of fAL: XL — YL is N —connected, by looking at the long exact sequence
of homotopy groups. Thus H/(F, A) = 0 for all 0 < j < N and all abelian L—
groups A. For any 7Y "L —representation M in abelian L—groups, the Leray spectral
sequence
H (Yt H/(F,M)) = H'/ (X"t, /71 M)

forces the maps H (YL, M) — H!t/ (XL M) to be isomorphisms for i < N and
injective for i = N + 1, as required.

The final statement is given by taking X = BG and Y = B(G"L). a
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Lemma 1.37 If f: X — Y is a morphism in pro(S)s for which the map

T (f): in (X, x) = (Y, fp)
is a pro-isomorphism for n < N and a pro-surjection for n = N + 1, then the map
Tn(f): Tn(X"E, x) = wa(YPE, f3)
is a pro-isomorphism for n < N and a pro-surjection forn = N + 1.
Proof The proof of Propos?tion 1.36 adapts to show that for any 7Y —representation M,
the maps H' (Y, M) — H'(X, M) are isomorphisms for i < N and injective for

i = N + 1. Thus the hypotheses of Proposition 1.36 are satisfied, giving the required
results. a

Definition 1.38 Given a group-valued representation H of a groupoid I" (ie a functor
from I' to the category of groups), recall from [37, Definition 2.15] that the semidirect
product H xI" is a groupoid with objects Ob(H xI") =Ob(I") and has (HxI")(x, y) =
HyxT(x,y).

Proposition 1.39 Fix X € S. If 7,(X, x) is finitely generated for all n < N, and if

the image of (X, x) — Aut(m, (X, x) ® ) is L—torsion foralln < N ,all p € L,
and all x € X, then there is an exact sequence

AN4+1 (XN, x) —= N (B (X, x))™E)

N (X, )M ——= N (X, x) —— N (B (X, X)) —— -+

= M (X, )N —— my (XM X)

(B (X, x))N) ——0.

Hence if in addition 7ty X is (L, N +1)—good (resp. (L, N)—good), then the natural
map

T (X)) — 700 (X )
is a pro-isomorphism for all n < N (resp. a pro-isomorphism for all n < N and a
pro-surjection forn = N ).

Proof We adapt the argument of [37, Theorem 1.58]. Let {X (1)}, be the Postnikov
tower for X'. We will prove the proposition inductively for the groups X (7). Thanks to
Lemma 1.37, we may replace X with X (), so may assume that the groups 7, (X, x)
are finitely generated for all n. Write I' ;= ms X .
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For n = 1, X(1) is weakly equivalent to By X, so (BryX)" ~ X(1)"t and
mr(X (1), x) =0 for all » > 2, making the exact sequence above immediate.

Now assume that X (n — 1) satisfies the inductive hypothesis, and consider the fibration
X(n) - X(m—1). This is determined up to homotopy by a k-invariant [11, Sec-
tion VL.5] k € H""1 (X (n — 1), 7,(X)). Since 7,(X) ® F, is a finite-dimensional
'L —representation for all p € L, the group A := 7, (X)L is an inverse limit of
finite 'L —representations. Now, the element

ke H"TH X (mn—1), ) = H"TH (X (n— 1)L, A)

comes from a map
G(X(n— 1) — (N 1A[-n]) T,

where N ~! denotes the denormalisation functor [52, 8.4.4] from chain complexes to
simplicial complexes (the Dold—Kan correspondence).

Let L A be the chain complex with A concentrated in degrees n,n—1, and d: (LA), —
(L A)y— the identity, and define G to be the pullback of this map along the surjection
N'LAXT — (N71A[-n]) x T of simplicial locally pro-finite L—torsion groupoids.
This gives an extension

N7'A[l—n]—> G — G(X(n—1))"L.
Applying W gives the fibration
WNYA[l —n] > WG — X(n— Dt

in pro(S), corresponding to the k-invariant f*x € H*(X(n — 1)L, A) for the map
f: X(n—1) — X(n—1)"L. This in turn gives a map X(n) — WG, compatible with
the fibrations.

The long exact sequence of homotopy applied to the map WG — X(n— 1)L shows
that 7, (WG, x) = (X (n—1)"L) for all m # n,n+ 1, and gives an exact sequence

0— JTn_H(W_/g,X) = Ty (X (n— 1)AL)
— A(x) > 1,(WG, x) = 1y (X(n—1)"L) = 0.

The inductive hypothesis shows that 7, (X (n — 1)) = m,,((Bm; (X, x))"t) for
m > n+ 1, so we deduce that there is a long exact sequence

= (X (), )N —— (WG, x) — T ((Brry (X, X)) —— -

s —— (X (n), )N —— 1, (WG, x) — m((Brry (X, X)) — 0.
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As WG e S™L, it will therefore suffice to show that F: G(X(n))"L — G is a weak
equivalence. We now apply the Hochschild—Serre spectral sequence, giving
H?(X(n—1),HY(N " A[l —n], M)) = H?(G(X (n — 1)) ,HY (N ' A[1 —n], M))
— HPH(G, M).
Similarly HP(X(n—1),HI(E(n),V)) = HPT9(X(n),V),
for all 'L —representations M in abelian L—groups, where E(n) is the fibre of
X(n)— Xn—-1).
Now, E(n) is a K(w,(X),n)-space, and WN~YA[l —n] is a K(A,n)-space. By
Lemma 1.35, it follows that E(n) — W N =1 A[1 —n] is pro— L completion, giving an
isomorphism of cohomology with coefficients in M . Thus F induces isomorphisms
on homology groups, hence must be a weak equivalence by Proposition 1.32.

Finally, if T is (L, m)-good, Proposition 1.36 shows that ,,((BT')"L, x) = 0 for all
l<n=<m. |

2 Review of pro-algebraic homotopy types

Here we give a summary of the results from [37; 34]. The motivation for these is
that they provide a framework to transfer information about local systems and their
cohomology to statements about homotopy types. Fix a field k of characteristic zero.

2.1 Pro-algebraic groupoids

Given a local system V of finite-dimensional k—vector spaces on a topological space
X', we can form the affine k—scheme Iso(Vy, Vy) of isomorphisms of stalks, for each
pair of points x, y € X . These combine to form a kind of groupoid G whose objects
are the points of X . This is the motivating example of a pro-algebraic groupoid; in
this case it comes equipped with a canonical groupoid homomorphism 7 X — G(k).

For the general case, we now recall some definitions from [37, Sections 2.1-2.3].

Definition 2.1 Define a pro-algebraic groupoid G over a field k to consist of the
following data:

(1) A discrete set Ob(G).
(2) Forall x, y € Ob(G), an affine scheme G(x, y) (possibly empty) over k.

(3) A groupoid structure on G, consisting of a multiplication morphism m: G(x, y)X
G(y,z) — G(x,z), identities Speck — G(x,x) and inverses G(x,y) —
G(y, x), satisfying associativity, identity and inverse axioms.
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Note that a pro-algebraic group is just a pro-algebraic groupoid on one object. We
say that a pro-algebraic groupoid is reductive (resp. pro-unipotent) if the pro-algebraic
groups G(x, x) are so for all x € Ob(G). An algebraic groupoid is a pro-algebraic
groupoid for which the G(x, y) are all of finite type.

If G is a pro-algebraic groupoid, let O(G(x, y)) denote the global sections of the
structure sheaf of G(x, y).

Remark 2.2 The terminology “pro-algebraic groupoid” follows the characterisation
of pro-algebraic groups in Deligne, Milne, Ogus and Shih [6, Chapter II]. A linear
algebraic group is an affine group scheme of finite type, and there is an equivalence of
categories between affine group schemes and pro-objects in linear algebraic groups. A
more accurate term for pro-algebraic groupoids would thus be “linear pro-algebraically
enriched groupoids”.

Definition 2.3 Given morphisms f, g: G — H of pro-algebraic groupoids, define a
natural isomorphism 1 between f and g to consist of morphisms

nx: Speck — H(f(x),g(x))

for all x € Ob(G), such that the following diagram commutes, for all x, y € Ob(G):

G.y) L5 H(@). £

g(x,y)l l‘ﬂy

H(g(x).2(»)) —— H(/(x).g()).

[If we reversed our order of composition in Definition 2.1, this would be the same as a
natural transformation of functors of categories enriched in affine k—schemes.]

A morphism f: G — H of pro-algebraic groupoids is said to be an equivalence if there
exists a morphism g: H — G such that fg and g f are both naturally isomorphic to
identity morphisms. This is the same as saying that for all y € Ob(H), there exists
x € Ob(G) such that H( f(x), y)(k) is nonempty (essential surjectivity), and that for
all x1,x, € Ob(G), G(x1,x2) = H(f(x1), f(x32)) is an isomorphism.

Definition 2.4 Given a pro-algebraic groupoid G, define a finite-dimensional linear
G —representation to be a functor p from G to the category of finite-dimensional
k—vector spaces, respecting the algebraic structure. Explicitly, this consists of a
set {Vx}xeobn(g) of finite-dimensional k—vector spaces, together with morphisms
pxy: G(x,y) — Hom(V,, Vx) of affine schemes, respecting the multiplication and
identities.
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A morphism f: (V, p) — (W, 0) of G -representations consists of f; € Hom(Vy, Wy)
such that

Jx00xy = pxyo fy: G(x,y) = Hom(Vy, W)).

Definition 2.5 Given a pro-algebraic groupoid G, define the reductive quotient G™4
of G by setting Ob(G™) = Ob(G), and

G™(x,y) = G(x, »)/Ru(G(y. ¥)) = Ry(G(x, x)\G(x, p),

where Ry, (G (x, x)) is the pro-unipotent radical of the pro-algebraic group G(x, x). The
equality arises since if f € G(x, y), g €Ru(G(y, y)), then fgf~! e Ry(G(x,x)), so
both equivalence relations are the same. Multiplication and inversion descend similarly.
Observe that G™? is then a reductive pro-algebraic groupoid. Representations of G4
correspond to semisimple representations of G, since k is of characteristic 0.

Definition 2.6 Recall from [6, Definition II.1.7] that a tensor category C is said to be
rigid if it has an internal Hom—functor Hom, satisfying

o Hom(X,Y)®Hom(X',Y')=Hom(X ® X', Y ® Y’') and
e (XV)VxX forall X eC,

where XV = Hom(X, 1), with 1 the unit for ®.

Definition 2.7 Recall from [6, Section 11.2] that a neutral Tannakian category over k
is a k-linear rigid abelian tensor category C, equipped with a faithful exact tensor
functor w (the fibre functor) from C to the category of finite-dimensional k—vector
spaces.

In [37, Section 2.1], this was extended to multifibred Tannakian categories, which have
several exact tensor functors {wy }xes , jointly faithful in the sense that Hom(U, V') —
[[xes Hom(wxU, wx V).

A Tannakian subcategory D C C is a full subcategory closed under the formation of
subquotients, direct sums, tensor products, and duals.

Tannakian duality [6, Theorem I1.2.11] then states that for any neutral Tannakian
category (C,w) over a field, there is a canonical equivalence between C and the
category of finite-dimensional representations of a unique affine group scheme G.
Explicitly, G is the scheme of tensor automorphisms of w.

If C is multifibred, with a set S of fibre functors, we form a pro-algebraic groupoid G
on objects S by setting G(x, y) to be the affine scheme of tensor isomorphisms
from wy to w,. This gives a canonical equivalence between C and the category of

finite-dimensional G —representations, with wy being pullback along the inclusion
{x}—=>G.

Geometry & Topology, Volume 15 (2011)



Galois actions on homotopy groups of algebraic varieties 521

Definition 2.8 Let AGpd denote the category of pro-algebraic groupoids over k, and
observe that this category contains all limits.

Lemma 2.9 Consider the functor G — G(k) from AGpd to Gpd, the category of
abstract groupoids. This has a left adjoint, the algebraisation functor, denoted T+ I'¥l¢,
which is determined by the finite-dimensional linear representations of I".

Proof The algebraisation functor can be given explicitly by setting Ob(I")¥2 = Ob(I"),
and

I‘alg(x, y) = I‘()c,x)allg x I'(xx) I'(x,y),

where I'(x, x)¥¢ is the pro-algebraic (or Hochschild—-Mostow) completion of the group
['(x,x) [17], and X x9 Y is the quotient of X x ¥ by the relation (gx, y) ~ (x, gy)
for geG.

Alternatively, the finite-dimensional linear representations of I" (as in Definition 2.4)
correspond to those of T'®¢ (if the latter exists). These form a multifibred Tannakian
category (with one fibre functor for each object of I'), so Tannakian duality provides
unique pro-algebraic groupoid G with the same finite-dimensional representations as I.
For any pro-algebraic groupoid H and any groupoid homomorphism I' — H(k), we
then have a functor from H —-representations to I' representations, and thus a unique
compatible morphism G — H, so ' = G. |

Example 2.10 The motivating example for this setup is when I' = ¢ X', the fundamen-
tal groupoid of a topological space. Then (77X )22 5 the pro-algebraic groupoid corre-
sponding to the multifibred Tannakian category of local systems of finite-dimensional
k—vector spaces on X . The fibre functors are given by V > V. Likewise, (7 X yred
is the object corresponding to the Tannakian category of semisimple local systems.

Definition 2.11 Given a pro-algebraic groupoid G, and U = {Ux } xeop(G) a collection
of pro-algebraic groups parametrised by Ob(G), we say that G acts on U if there are
morphisms Uy x G(x, y) = U, of affine schemes, satisfying the following conditions:

(1) (uv)*g=(uxg)(vxg), lxg=1and (u')xg=(uxg)™"!, for geG(x,y)
and u,v € Uy.

2) ux(ghy=w=xg)xhandux1=u,forgeG(x,y),heG(y,z) and u € Uy.

If G acts on U, we construct G x U as in Definition 1.38.
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Definition 2.12 Given a pro-algebraic groupoid G, define the pro-unipotent radical
Ry (G) to be the collection Ry (G)x = Ry(G(x, x)) of pro-unipotent pro-algebraic
groups, for x € Ob(G). G then acts on Ry(G) by conjugation, ie

U*xg:= g_1 ug,
for u e Ry(G)x, g € G(x, ).

Now assume that the field k is of characteristic 0.

Proposition 2.13 For any pro-algebraic groupoid G, there is a Levi decomposition
G = G™ x R,(G), unique up to conjugation by R,(G).

Proof [37, Proposition 2.17]. m|

2.2 The pro-algebraic homotopy type of a topological space

‘We now recall the results from [37, Section 2.4]. The motivation here is that we wish
to study the whole homotopy type, not just fundamental groupoids. This will involve
working with the loop groupoid, which is a simplicial groupoid, so we need a simplicial
framework.

Definition 2.14 Given a simplicial object G, in the category of pro-algebraic group-
oids, with Ob(G,) constant, define the fundamental groupoid 7y(Ge) of Ge to have
objects Ob(G), and for x, y € Ob(G), set wo(G)(x, y) to be the coequaliser

01

Gl(xv y):G()(X, y)—>7TO(G)(X, J’)
do

in the category of affine schemes. Thus 7y (G) is a pro-algebraic groupoid on objects
Ob(G), with multiplication inherited from Gy.
Definition 2.15 Define a pro-algebraic simplicial groupoid to consist of a simplicial

complex Go of pro-algebraic groupoids, such that

(1) Ob(G,) is constant, and

(2) forall x € Ob(G), G(x, x)e € sAGpD, ie the maps G,(x, x) — mo(G)(x, x) are
pro-unipotent extensions of pro-algebraic groups.

We denote the category of pro-algebraic simplicial groupoids by sAGpd.
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For any Go € sAGpd and x € Ob(G,.), observe that Ge(x, x) is a simplicial affine
group scheme, so has homotopy groups 7, (Ge(x, X)). That these are also affine group
schemes follows from the standard characterisation

Tn (G.(X, x)) = Hn (NG.(X, x)’ 80)
of homotopy groups of simplicial groups.

Lemma 2.16 There is a model structure on s AGpd in which a morphism f: Ge — H,
is

(1) aweak equivalence if the map o ( f): wo(Ge) — 7o (He) is an equivalence of pro-
algebraic groupoids, and the maps 7w, ( f, x): my(Ge(x, X)) = my(He(fx, X))
are isomorphisms for all n and for all x € Ob(G);

(2) afibration if the morphism N, (f): N(G(x,x)), — N(H(x, x)), of normalised
groups is surjective for all n > 0 and all x € Ob(G), and [ satisfies the path-
lifting condition that for all x € Ob(G), y € Ob(H), and h € Hy(fx, y)(k),
there exists z € Ob(G), g € Go(x, z)(k) with fg = h. Equivalently, this says
that G(k) — H (k) is a fibration in the category of simplicial groupoids.

Proof This is [37, Theorem 2.25]. O

We define Ho(sAGpd) to be the localisation of sAGpd at weak equivalences.

There is a forgetful functor (k): sAGpd — sGpd, given by sending Ge to Ge(k). This
functor has a left adjoint G - (Ge)%. We can describe (Go)2 explicitly. First let
(9(G))™¢ be the pro-algebraic completion of the abstract groupoid 7o(G), then let
(G¥2),, be the relative Malcev completion (defined in [13] for pro-algebraic groups) of
the morphism

Gn — (m0(G))™e.

In other words, G, — (G¥%), i) (70(G))™¢ is the universal diagram with f a pro-
unipotent extension.

Proposition 2.17 The functors (k) and (—)2 give rise to a pair of adjoint functors

]Lalg
Ho(sGpd) __ L~ Ho(sAGpd),
(k)

with L¥G(X) = G(X)¥2, forany X €S and G as in Definition 1.6.

Proof [37, Proposition 2.26] shows that the functors are a Quillen pair, so the statement
follows from the observation that all objects in sAGpd are fibrant, making (k) its own
derived right Quillen functor. Since G(X) is cofibrant, L¥2G(X) = G(X)*¢. a
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The reason that we need to take .22 in the Proposition is that (—)¢ is not an exact
functor, so only preserves weak equivalences between cofibrant objects (which roughly
correspond to free simplicial groupoids). In Examples 2.24, we will see examples of
discrete groups I" for which the map L¥¢I" — T"¥¢ is not a weak equivalence.

Definition 2.18 Given a simplicial set (or equivalently a topological space), define
the pro-algebraic homotopy type of X over k to be the object

G(X)alg
in Ho(sAGpd), where G(X) is the loop groupoid of Definition 1.6. Define the pro-
algebraic fundamental groupoid by wy(X) := mo (G(X)¥¢). Note that 7o(G2) is
the pro-algebraic completion of the fundamental groupoid o (G).
We then define the higher pro-algebraic homotopy groups @, (X)) (as wy X —represen-

tations) by

@n(X) = -1 (G(X)alg),
where 7,(G) is the representation x — 7, (G(x, x)), for x € Ob(G).
Remark 2.19 We can interpret G(X)¥2 as the classifying object for nonabelian
cohomology. Given G € sAGpd, we can define H! (X, G) to be the homotopy class
of maps G(X)¥¢ — G, which is just [X, WG(k)]. When G is just a linear algebraic
group, this recovers the usual definition of the set H' (X, G) of classes of G—torsors

on X. When A4 is a simplicial finite-dimensional vector space (regarded as a simplicial
algebraic group), this definition gives

H!(X, A) = H' (X, NA),

hypercohomology of the normalised complex associated to A.

2.3 Relative Malcev homotopy types

Definition 2.20 Assume we have an abstract groupoid G, a reductive pro-algebraic
groupoid R, and a representation p: G — R(k) which is an isomorphism on objects
and Zariski-dense on morphisms (ie p: G(x, y) = R(k)(px, py) is Zariski-dense for
all x,y € ObG). Define the Malcev completion (G, p)M¥ (or GPMa or GR-Mal)
of G relative to p to be the universal diagram

G — (G, oM 2 R,

with p a pro-unipotent extension, and the composition equal to p. Explicitly, the
objects are Ob(G, p)Ma = Ob G and

(G, M (x, y) = (G(x, x), )M xF¥) G(x, y).
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If G and R are groups, observe that this agrees with the usual definition (of [13]).

If o: G — R(k) is any Zariski-dense representation (ie essentially surjective on ob-
jects and Zariski-dense on morphisms) to a reductive pro-algebraic groupoid (in most
examples, we take R to be a group), we can define another reductive groupoid R
by setting ObR = ObG, and ﬁ(x, y) = R(ox,0y). This gives a representation
pr X — R satisfying the above hypotheses, and we define the Malcev completion
of G relative to o to be the Malcev completion of G relative to p. Note that R—>R
is an equivalence of pro-algebraic groupoids.

Definition 2.21 Given a Zariski-dense morphism p: 7y X — R(k), let the Malcev
completion G(X, p)M¥ of X relative to p be the pro-algebraic simplicial group
(G(X), p)M . Observe that the Malcev completion of X relative to (mr X yed is just
G(X)¥e. Let wr(X, M = 7oG(X, oM and @, (X, oM = 7,1 G(X, p)Ma.
Note that 77 ((X, p)Ma) is the relative Malcev completion of p: mrX — R(k).

Beware that the relative Malcev completion of X is defined by completing a loop
space for X, rather than X itself. However, Theorem 2.74 will give other equivalent
formulations of the homotopy type, effectively by completing a covering space for X .

Lemma 2.22 Let f: X — Y be a morphism in S for which the map

Tn(f): n(X) = 7n(Y)

is an isomorphism for n < N and a surjection for n = N + 1, and take a Zariski-dense
morphism p: Y — R(k). Then the map

@a(f): wa(X, po IV — @ (Y, )™
is an isomorphism for n < N and a surjection forn = N + 1.
PI;OOf As in the proof of Lemma 1.37, for any myY —representation M , the maps
H' (Y, M) — H' (X, M) are isomorphisms for i < N and injective for i = N + 1.
Now, [37, Proposition 4.37] gives a convergent Adams spectral sequence
Epg(X) = (Lie—p (' (X, O(R)))p+g = @pig1(X, po HM,

in the category of pro-finite-dimensional vector spaces, where H denotes reduced
cohomology, Liey is the free graded Lie algebra functor, and O (R) is the local system
of Definition 2.75. Since E;q (X)— E},q (Y) is an isomorphism for p +¢ < N and
surjective for p + ¢ = N, the result follows. a
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Definition 2.23 Say that a groupoid I' is n—good with respect to a Zariski-dense
representation p: I' — R(k) to a reductive pro-algebraic groupoid if for all finite-
dimensional I'*"M2 _representations V', the map

H (TPM Yy — H(T, V)

is an isomorphism for all i < » and an inclusion for i =n 4 1. Say that I' is good
with respect to p if it is n—good for all n.

See Lemma 3.36 for alternative criteria to determine when a groupoid is n—good.

Examples 2.24 By [37, Examples 3.20], finite groups, free groups, finitely generated
nilpotent groups and fundamental groups of compact Riemann surfaces are all good
with respect to all Zariski-dense representations. Superrigid groups (such as SL3(Z))
give examples of groups which are not good with respect to any real (or complex)
representations. This is because I'®-Mal = R in these cases, but H*(I", R) # R.

Theorem 2.25 If X is a topological space with fundamental groupoid I", equipped
with a Zariski-dense representation p: I' — R(k) to a reductive pro-algebraic groupoid
for which

(1) T is (N+1)—good with respect to p,
(2) mn(X,—) is of finite rank for all 1 <n < N, and

(3) the I' —-representation 1, (X, —) ®z k is an extension of R-representations (ie a
[P-Mal _representation) forall 1 <n < N,
then the canonical map
JTn(X, _) z k — w_n(Xp,Mal, _)
is an isomorphism forall 1 <n < N .
Proof When N = oo, this is [37, Theorem 3.21], but the same proof gives the
conclusion above if we only assume that " is (N +1)—good (while still requiring the

other conditions to hold for all n). For arbitrary N, and X as above, this means that
the N —th stage X (N) in the Postnikov tower for X gives isomorphisms

(X, =) ®z k = wu(X (V)M )
forall 1 <n < N,since m; X(N) =0 fori > N, while m; X(N) =m; X fori < N.

Applying Lemma 2.22 to the morphism X — X(/N) now completes the proof. a
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2.4 Cohomology and hypercohomology
2.4.1 Simplicial groupoids
Definition 2.26 For a simplicial groupoid I's, a cosimplicial I« —representation con-

sists of the following:

(1) a Ty—representation V" for all n, with g-d'v = 9°((3;g) - v), for g € T4 1,
vevn,

(2) operations 8’, o/ making V*(x) into a cosimplicial complex for each x € Ob T,
satisfying the additional conditions that

g (@) =9 ((9ig)-v) h-(0'v)=0"((01g) V)
for g € Tpt1(x, ), h € Ty—1(x, ), ve V' (y).
Remark 2.27 If I's = G(X), then we can think of a cosimplicial I's—representation as
being a kind of hyperlocal system on X . As we will see below, these give a sufficiently

large category to recover cohomology, but objects with constant cosimplicial structure
are still just local systems.

Definition 2.28 Given a simplicial groupoid I'e and a cosimplicial I'e—represen-
tation V', define the cosimplicial complex C*(T., V') by
Cn(F., V) = HOI’I’II"n ((WF.)n, Vn),

for the functor W from Definition 1.5, with operations (9’ f)(x) = B’i,( f(9;x)) for
x € (WTe)pt1,and (' [)(x) = 0, (f(0:x)) for x € (WTa)p-1.

Then define hypercohomology groups H (T, V) by H!(Is, V) = H/C(T, V). If V
is a wol'e—representation, regard V' as a cosimplicial I'¢—representation (with constant
cosimplicial structure) and write H! (T's, V') := H! (T, V).
Lemma 2.29 If T, is a simplicial groupoid and V a mol'e —representation, then

H (T, V) =H (WT,, V).
Proof Observe that o(Is) x'® (WT,) is the universal covering system of WT,.

Since V is a mol'e—representation,

Homp, (WTe)n, V) = Homy,r, (7oTe) X (WT4)n, V)

= Homﬂpr((WF-)n» V),

50 C*(Te, V) =C*(WT,, V) (as defined in Definition 1.21), which gives the result. O
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Lemma 2.30 If I', is a simplicial groupoid and V a cosimplicial ' —representation,
then there is a convergent spectral sequence

H (T.,H/ (V) = H'T/ (I, V),
where H’ (V) is the wyTs —representation given by setting H*(V')(x) to be cohomol-

ogy of the cosimplicial complex V(x), for all x € Ob T,.

Proof Form the filtration {F,V}, of V by setting F,V to be the image of the n—
skeleton sk V' — V'; F,V is the subcomplex of V generated under the operations 9’
by V=", and its Dold—Kan normalisation is given by

NV i <n,
N(F,V)!' = 3dN"V i=n+1,
0 i>n+2.

Note that the condition gd’v = 9*((d;g)v implies that F,,V is ['s—equivariant. Also
note that F,V/F,_1V is quasi-isomorphic to the denormalisation DH"(V)[—n]. The
spectral sequence associated to this filtration is thus

H*/ (To, DH/ (V)[—j]) = HT/(I., V).

Let Ko :=ker(I's — moTs); since H/ V is a o —representation, there is a bicosim-
plicial complex

C%? := Homy(r,) (Ka\(WTe)a, D°H/ (V)[- j]).
with H"(Te, DH’ (V)[—j]) = H" (diag C).

By the Eilenberg—Zilber Theorem [52, Theorem 8.5.1], N diag C is quasi-isomorphic
to the total complex of Homy,r, (N Z(Ke\WT,), H/ (V)[—-j]), therefore H*(C) =
H"~/(G,H/(V)), and the spectral sequence becomes

H (T, H/ (V)) = H'/(T.. V). O
Lemma 2.31 Given a weak equivalence f: T'e — Ao of simplicial groupoids, and a
cosimplicial T's —representation V , the map

f* H*(As, V) — H*(T., f71V)

is an isomorphism.

Proof Lemma 2.30 gives a morphism of convergent spectral sequences, SO we may
assume that V is a mwgAe-representation. Since W f: WI'e —> WA, is a weak
equivalence of simplicial sets, Lemma 2.29 completes the proof. a
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Lemma 2.32 Given a simplicial group T'e, a cosimplicial I'e —representation V and a
simplicial abelian group A, the simplicial abelian group

Tot(V ® A)

has a canonical Te—action, where Tot: S® — S is the total space functor of [11,
Chapter VIII], originally defined in [3, Chapter X].

Proof Given X € S2 and K € S, define e(X, K) € S2 by e(X, K)" := (X")Kn,
with obvious cosimplicial operations. Note that Tot(e(X, K)) = Tot(X)X .

The I'e—action on V is the same as a cosimplicial map f: V — e(V, I's), so we have
maps

VAL e(V.TO)®A— (V@ AT,

thus a map Tot(V ® A) — Tot(V ® A)T'*. This is equivalent to a map ['ex Tot(V @ A) —
Tot(V ® A) of simplicial sets, and the argument above adapts to show that this action
is associative. a

In order to simplify the definitions and exposition, we will now take I'e to be simplicial
group, although everything can be extended to simplicial groupoids.

Definition 2.33 For a simplicial group I'e, a simplicial I's—representation consists
of a simplicial abelian group A4, together with a I',—action on A4, for all n, com-
patible with the simplicial operations. Let s Rep(I's) be the category of simplicial
I'e—representations.

Note that Lemma 2.32 provides us with examples of simplicial I'¢—representations
constructed from cosimplicial I'¢—representations. Also note that for any simplicial I'e—
representation V, taking duals levelwise gives a cosimplicial I's—representation V'V
given by (VY)" = (V,)V.

Lemma 2.34 Given a simplicial group ', there is a cofibrantly generated model
structure on s Rep(Ts), in which a morphism f: A — B is

(1) a weak equivalence if the maps 7;(f): m;(A) — nw;(B) are isomorphisms for
all i ;

(2) a fibration if the underlying map in S is a fibration, or equivalently if the maps
N;i(f): Ni(A) — N;(B) on the Dold—Kan normalisation are surjective for all
i >0.
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Proof The forgetful functor from s Rep(I's) to simplicial sets preserves filtered direct
limits and has a left adjoint F(S) = Z(I'e x S). Thus for any finite object I € S, the
object F[ is finite in s Rep(Is), s0 a fortiori permits the small object argument. The
model structure on S is cofibrantly generated by finite objects, so [16, Theorem 11.3.2]
gives the required model structure on s Rep(T,). a

Lemma 2.35 We may characterise hypercohomology groups by
H' (T, V) = Hompo(san(ra)) (Z, Tot(V ®z N ' Z[-i])).
Proof We first note that Z[W T,] is a cofibrant replacement for Z, so for a simplicial
abelian group 4,
R Hom, oy, (Z. Tot(V ®7 A)) = Hom, uyr, (Z[W Tu]. Tot(V @7 A)):
as observed in the proof of Lemma 2.32,
Hom, ,, (Z[WT,], Tot(V ®z A)) = Tot(e(V ®z A, WT,)),
50 Hom xpr,) (Z[WT], Tot(V ®7z A)) = Tot(e(V ®z A, WT,)'™).

Now, e(V®z A, WTe)''* is given in simplicial level n by C*(Ts, V ®7 A,). When A4,
is free and finitely generated, this becomes C*(I's, V) ®7 A,. Taking A = N ~1Z[—i]
thus gives

Homyyo(sab(ra)) (Z. Tot(V ®z N ' Z[—i]))
=~ moRHom, ) (Z. Tot(V ®z N~ ' Z[—i]))
>~ Tot(C*(Te, V) ®z N~ Z[—i]).

Given a cosimplicial simplicial abelian group B, the normalisation N Tot B is equiva-
lent to the good truncation in nonnegative chain degrees of the product total complex
Tot!] N¢NB of the binormalisation of B (which is a cochain chain complex). Thus

70 Tot(C*(Te, V) ®7z N~ Z[—i]) = Hy Totl] ((N.C*(T., V)) ®z Z[—i)),

and Totn((NcC' (Te, V)) ®7 Z[—i]) is just the complex N C*(T, V') turned upside
down and shifted i places, so

Ho Tot l(N.C*(Ts. V) ®z Z[—i]) = H N,.C*(Ts, V) = H (T, V),

as required. a

The following is an analogue of the Leray spectral sequence, and will play a key role
in Theorem 3.32.
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Proposition 2.36 Given a surjection I's — A, of simplicial groups with kernel B,
and a cosimplicial T's—representation V, there is a canonical convergent spectral
sequence

H (Ae,H (B,,V)) = H'T/(T.. V),

which we refer to as the Hochschild—Serre spectral sequence.
Proof Given T € sAb(A.) and U, W € sAb(I's), we have an isomorphism
HomSAb(A.) (T, HomsAb(B.) (U, W)) = HomsAb(F.)(T ® U, W)

This defines a right Quillen functor sAb(A4)°PP x sAb(I"6)°PP x sAb(['e) — S; since
any cofibrant ' —representation is cofibrant as a Be-representation, the isomorphism
above gives an equivalence

RHomgap(a,) (7. RHom s gy (U. W)) > RHom, -y (T @ U, W).
In particular,

RHomg sy r,)(Z, W) >~ RHomgap(a,)(Z, RHomg o, g, (Z, W)).

Setting W = Tot(V ®z N ~'Z[—n]), this gives an isomorphism

H"(Te, V) = H'"C*(A.,C*(B,. V)),
so the morphism C*(T, V) — C*(A., C*(B., V)) is a quasi-isomorphism, and the
result now follows from Lemma 2.30. |

2.4.2 Simplicial pro-algebraic groupoids

Definition 2.37 Given G € sAGpd, define a cosimplicial G—representation to be
an O(G)—comodule V in cosimplicial k—vector spaces. Thus we have cosimplicial
complexes V(x) for all x € Ob G, together with a coassociative coaction V(x) —

OG)(x,y)@V(y).

Note that the category of cosimplicial G -representations is opposite to the category
sFDRep(G) of pro-finite-dimensional simplicial G —representations from [37, Sec-
tion 1.5].

Definition 2.38 Given G € sAGpd and a cosimplicial G -representation V', define
the cosimplicial complex C*(G, V) by

C"(G,V) = O((WG)n) &% V",

for the functor W from Definition 1.5, with operations ¢’ ® 0" and o’ @ o .
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Then define hypercohomology groups H! (G, V) by H (G, V) = HIC(G, V). If V is
a moG —representation, regard V' as a cosimplicial G —representation (with constant
cosimplicial structure) and write H* (G, V) := H (G, V).

Now, [37, Example 1.45] ensures that H! (G, V)Y = H; (G, V") in the notation of [37,
Definition 1.48]. In particular, this means that hypercohomology groups of G are an
invariant of the homotopy type of G.

Proposition 2.39 A morphism f: G — K of pro-algebraic simplicial groupoids is a
weak equivalence if and only if
(1) f(Ru(G)) = Ry(K), with the quotient map

Gred _ Kred

an equivalence, and

(2) for all finite-dimensional irreducible K —representations V , the maps
H'(f): H'(K. V) » H'(G. f*V)

are isomorphisms for all i > 0.
Proof This is [37, Corollary 1.55], adapted from groups to groupoids. a

Note that the analogue of Lemma 2.32 for pro-algebraic simplicial groupoids thus
ensures that weak equivalences induce isomorphisms on hypercohomology.

Lemma 2.40 For a cofibrant pro-algebraic simplicial group G (for the model structure
of Lemma 2.16), and a finite-dimensional wyG —representation V', the cohomology
group H' (G, V) is isomorphic to the homotopy class of maps G — G x (N ' V[1 —i])
in the model category sAGpd| G .

Proof Consider the morphism & — O(G), and let the cokernel be C. As in the proof
of [37, Proposition 1.50], C is fibrant as a cosimplicial G -representation. Likewise,
V ® O(G) and V ® C are both fibrant, so H*(G, V) is cohomology of the cone
complex of

V% 0(G) -V e’c.
Now, V ®% O(G) is just V, so we need to describe V ®% C.

Letting E := O(G)Y, we see that CV is the kernel of £ — k. Elements 6 of
|4 ®,Cl; C" are then just morphisms 6: (CY), — V satisfying a(gc) = ga(c), for
g €Gy,ce(CY)y,. Thereisamap E — CV given by a+> a—1, so 6 composed
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with this gives a linear morphism 6’: E, — V, satisfying 6'(ga) = g6’ (a) + 6'(g)
for g € Gy,.
Regarding E;, as an affine scheme, there is a morphism G, — E,, so we see that ¢

corresponds to a derivation 6: G, — V. Since derivations G — V are just morphisms
G — G x V over G, the statement now follows from the description of the path object

in sAGpd from [37, Lemma 2.29]. O
Lemma 2.41 If I, is a cofibrant simplicial groupoid (eg G(X) for X € S), and V is
a finite-dimensional JTOF.R Mal —representation, then the map

H*(TRMa vy 5 H*(T., V)
is an isomorphism.

Proof This is implicit in [37, Section 1.5.3]. Replacing I's with a disjoint union
of simplicial groups, Lemma 2.40 gives that H* (F.R Mal V) is the homotopy class
of maps from pRMal o pRMal (N~1V[1—i]) over r&EMal gince any map from
I 0a pro-unipotent extension of R factors through rEMal this is the same as the

homotopy class of maps from Fflg to T XMal (N=1V[1—i]) over rRMal

The Quillen adjunction of Proposition 2.17 then shows that this is equivalent to the
homotopy class of maps from I'e to I'ex (N =1 V[1—i]) in the slice category sGpd| T,
which is just H' (T, V). a

Note if we have I'e € sGpd and G € sAGpd together with a morphism f: 'e — G(k)
of simplicial groupoids, then every cosimplicial G —representation V' naturally gives
rise to a cosimplicial T'e—representation f*V . For any coalgebra C, every C—
comodule is a nested union of finite-dimensional comodules. Thus every cosimplicial
G —representation V' is a filtered direct limit li_r)na Vu of levelwise finite-dimensional
cosimplicial G -representations, and we tweak the construction of pullbacks slightly
by regarding f*V as the ind-object (ie filtered direct system) { /*V,} of levelwise
finite-dimensional cosimplicial T's—representations. We then define C*(T, f*V) :=
li_r)na C*(Te, f*Vy), and H*(Te, f*V) :=H*C*(Ts, f*V) = li_rr)la H*(Te, f*Vy).
Also note that the category of cosimplicial G —representations is opposite to the category
slﬁ_R\ep(G) of [37, Section 1.5].

Lemma 2.42 Given a cofibrant simplicial groupoid I's and a cosimplicial O(F.R ’Mal) -

comodule V', the canonical map
H*(TRMa vy 5 H* (T, V)

(induced by the morphism WT'e — W F.R Mal ) is an isomorphism.
Y p P
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Proof By Lemma 2.30 and its analogue for sAGpd, we have convergent spectral
sequences

HY (T, H (V)) = H'™/(I,, V)
H (G, H/(V)) = H'T/ (G, V).

For ind-finite-dimensional 77oG —representations U , the maps H' (G, U) — H (T, U)
are isomorphisms by Lemma 2.41, so the maps H' (G, H’ (V)) — H'(I's, H/ (V')) are
isomorphisms, making the morphism of spectral sequences an isomorphism. a

Theorem 2.43 Take a fibration f: (X, x) — (Y, y) (of pointed connected topological

spaces) with connected fibres, and set F := f~1(y). Take a Zariski-dense representa-

tion p: w1 (X, x) — R(k) to a reductive pro-algebraic group R, let K be the closure of

p(m1(F,x)),and set T := R/K . If the monodromy action of t1(Y, y) on H*(F, V)

factors through @ (Y, y) 7'M for all K —representations V , then G(F, x)X-Mal jg the

homotopy fibre of G(X, x)®Mal . G(y, y)T:Mal,

Proof This is [34, Theorem 3.10], which uses Lemma 2.42 to show that
H*(G(F.x)* M, 0(K))

and cohomology H*(F, O(K)) of the homotopy fibre F are both

H*(G(X, x), O(R) ® oty O(G(Y, ») M) ~ H/ (F, O(K)). O

2.5 Equivalent formulations

Fix a reductive pro-algebraic groupoid R.
2.5.1 Lie algebras

Definition 2.44 Recall that a Lie coalgebra C is said to be conilpotent if the iterated
cobracket A,: C — C®" is 0 for sufficiently large n. A Lie coalgebra C is ind-
conilpotent if it is a filtered direct limit (or, equivalently, a nested union) of conilpotent
Lie coalgebras.

Definition 2.45 Recall from [37, Definition 5.8] that for any k —algebra 4, we define
N4(R) to be opposite to the category of R-representations in ind-conilpotent Lie
coalgebras over A, and denote the contravariant equivalence by C — CV.

Note that there is a continuous functor A ©(R) — Ny (R) givenby CV > (C ®y A)V.
We denote this by g g®A.
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Remark 2.46 Observe that g € N, 4(R) can be regarded as an object of the category
Aff4(R) of R-representations in affine 4—schemes, by regarding it as the functor

g(B) :=Homy gr(g", B),

for B € Alg,(R) := A | Alg(R). In fact, g(B) is then a Lie algebra over B, so
the Campbell-Baker—Hausdorff formula defines a group structure on g(B), and the
resulting group is denoted by exp(g)(B). Thus exp(g) is an R-representation in affine
group schemes over A (ie a group object of Aff4(R)).

Definition 2.47 Write s\, "4(R) for the category of simplicial objects in N 4(R). A
weak equivalence in sN, 4(R) is a map which gives isomorphisms on cohomology
groups of the duals (which are just 4-modules). We denote by Ho(s/(\/ 4(R)) the
localisation of sV, "4(R) at weak equivalences.

For k = A, we will usually drop the subscript, so N (R) := J\Afk (R), and so on.

Definition 2.48 Define £(R) to be the full subcategory of AGpd| R consisting of
those morphisms p: G — R of pro-algebraic groupoids which are pro-unipotent exten-
sions. Similarly, define s€(R) to consist of the pro-unipotent extensions in sAGpd| R,
and Ho(s€(R)«) to be full subcategory of Ho(Ob R | sAGpd) on objects sE(R).

Definition 2.49 Given a pro-algebraic groupoid R, define the category sP4(R) to
have the same objects as sN4(R), with morphisms given by

R
Homyp(ry (8. h) =exp( [] moh(x)) x*00) Homy,, (o py (8. h).
x€Ob R

where f)(If (the Lie subalgebra of R-invariants in hg) acts by conjugation on the
set of homomorphisms. Composition of morphisms is given by (u, f)o (v, g) =

(o f(v), fog).
The following is a key comparison result, which will be used in Proposition 2.76 and
Theorem 3.30 as a step towards reformulating Malcev homotopy types in terms of

Godement resolutions.

Proposition 2.50 For any reductive pro-algebraic groupoid R, the categories
Ho(s&€(R)«) and sP(R) are equivalent.

Proof This is part of [37, Theorem 4.41], adapting [37, Proposition 3.15] to the
unpointed case. The proof just exploits the Levi decomposition of Proposition 2.13.
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Explicitly, the functor maps g € sP(R) to the simplicial pro-algebraic group given in
level n by R x exp(gy). Given a morphism

R
(u. f)eexp( [] moh(x)) xO™) Hompo(enr(ry) (@- b).
x€0b R

lift u to i € [ [, cop g €XP(ho(x)), and construct the morphism
ady o(R x exp(f)): Rxexp(g) > Rxexp(h)
in sE(R), where for a € (Rx exp(h))(x, y), we set adz(a) = @i(x)-a-u(y)~'. O

Definition 2.51 We can now define the multipointed Malcev homotopy type of X rela-
tive to p to be the image of G(X, p)M? in Ho(s€(R)«), or equivalently R,G (X, p)Ma!
in sP(ﬁ). Define the unpointed Malcev homotopy type of X relative to p to be the
image of G(X, p)M? in Ho(sS(E)).

Since R — R is an equivalence of groupoids, there is an equivalence Ho(s€(R)) —
Ho(s€(R)), so may discard some basepoints to give an object of sP(R) (or equivalently
of Ho(sE€(R)x«)) whenever p is surjective on objects.

2.5.2 Chain Lie algebras

Definition 2.52 Let d g/\A/ 4 be opposite to the category of nonnegatively graded ind-
conilpotent cochain Lie coalgebras over 4. Define dgj\7 4(R) to be the category
of R-representations in dg/(\/‘ 4. For k = A, we will usually drop the subscript, so
dg/\A/’(R) = dg/\7k (R), and so on.

The following is [37, Lemma 5.9]:

Lemma 2.53 There is a closed model structure on d g/\Af "4(R) in which a morphism
frg—>his
(1) a fibration whenever the underlying map fV: Y — g¥ of cochain complexes
over A is injective in strictly positive degrees;

(2) a weak equivalence whenever the maps H' ( fV): H! (hY) — H'(gV) are isomor-
phisms for all i .

Remark 2.54 It follows from the construction in [37, Lemma 5.9] that for cofibrant
objects g € dg./\A/' (R) (taking A to be a field), gV is freely cogenerated as a graded Lie
coalgebra. Thus gV[—1] is a positively graded strong homotopy commutative algebra
without unit (in the sense of [26, Lectures 8 and 15]), and a choice of cogenerators
on gV is the same as a positively graded Eoo (also known as Co) algebra — this is an
aspect of Koszul duality.
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Definition 2.55 We say that a morphism f: g — b in dg/\Af (R) is free if there exists
a (pro-finite-dimensional) sub— R—representation V' C b such that § is the free pro-
nilpotent graded Lie algebra over g on generators V.

Proposition 2.56 (Minimal models) For every object g of d gﬁ (R), there exists a
free chain Lie algebra m with d = 0 on the abelianisation m/[m, m], unique up to
nonunique isomorphism, together with a weak equivalence m — g.

Proof [37, Proposition 4.7]. O

The significance of this result is that, together with Proposition 2.50, it allows us to
reformulate Malcev homotopy types in terms of extra structure on cohomology groups,
since (m/[m, m]), is dual to H"*1(g, k).

Definition 2.57 Let dgP(R) be the category with the same objects as dg./\A/' 41(R),
and morphisms given by

R
Homdgp(m(g,h)=exp( I1 Hob(x)) xX200) Homy, e 0, (ry) (8- )-
x€0b R

where b(lf (the Lie subalgebra of R-invariants in hg) acts by conjugation on the
set of homomorphisms. Composition of morphisms is given by (u, f) o (v, g) =

(uo f(v), fog).
Proposition 2.58 There is a normalisation functor N : sNg (R) —> ng\Af "4(R) such
that
Hi(Ng) = 7 (9).
giving equivalences Ho(sN4(R)) ~ Ho(dgN4(R)), and sP4(R) ~ dgP4(R).

Proof This is essentially [37, Propositions 4.12 and 5.11], adapted as in [34, Theo-
rem 3.28]. O

2.5.3 Cosimplicial algebras

Definition 2.59 Let ¢ Alg(R) be the category of R-representations in cosimplicial
k —algebras.
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Proposition 2.60 There is a simplicial model category structure on ¢ Alg(R), in which
amap f: A— B is

(1) a weak equivalence if H (f): H (4) — H!(B) is an isomorphism in Rep(R)
forall i;

(2) afibration if f*(x): A*(x) — B'(x) is a surjection for all x € Ob(R) and all i .
Proof This is [37, Proposition 3.26], adapting [49, Section 2.1]. O

Definition 2.61 Let ¢ Alg(R)+ be the category of R-representations in cosimplicial
k —algebras, equipped with an augmentation to [[, <o, g O(R)(x,—). This inherits
a model structure from ¢ Alg(R). Denote the opposite category by s Aff(R)x =
[{icob g R(x,—) | s Aff(R), where the coproduct is taken in the category of affine
schemes.

Definition 2.62 Given representations V, W € Rep(R), define
V @R W := Homgep(r) (K, V @ W).

Definition 2.63 Given A € c Alg(R) and g € sN (R), define the Maurer—Cartan space
MC(A, G) to consist of sets {w, }n>0, With w, € exp(A"T1®~Rg,), such that

0t lw,_, i >0,
alwn =
(@ op—1)- (Cwp—1)~! i=0,

_ it
Ojwp =0 W1,

an)n =1,

where exp(A"T1®Rg,) is the group with underlying set the Lie algebra A" ' ®g,_1,
with multiplication given by the Campbell-Baker—Hausdorft formula.
Definition 2.64 Given A € c Alg(R) and g € sN (R), define the gauge group
Gg(4.9) <1, exp(A"®®g,) to consist of those g satisfying

dign=20gn_1 Vi>D0,

0ign = Uign—i—l Vi.
This has an action on MC(4, g) given by

(g *®)n = (Bogn+1) @n- (3%, ).
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Definition 2.65 Let ¢ Alg(R)ox be the full subcategory of ¢ Alg(R)« whose objects
satisfy H®(A4) = k. Let Ho(c Alg(R)ox) be the full subcategory of Ho(c Alg(R)ox)
with objects in ¢ Alg(R)o«. Let s Aff(R)g« be the category opposite to ¢ Alg(R)ox,
and Ho(s Aff(R)g+) opposite to Ho(c Alg(R)o«).

Definition 2.66 Given a topological space X, and a sheaf & on X, define
c'x.):= [] Tqa". /9.
fi|Ar|—>X

Together, these form a cosimplicial complex C*(X, %).
2.5.4 Cochain algebras

Definition 2.67 Define DG Alg(R) to be the category of R-representations in non-
negatively graded cochain k —algebras, and let dg Aff(R) be the opposite category.

Lemma 2.68 There is a closed model structure on DG Alg(R) in which a morphism
f:A— Bis
(1) a weak equivalence if H (f): H! (4) — H!(B) is an isomorphism in Rep(R)
foralli;
(2) afibration if f*: A" — B’ is a surjection for all i ;

(3) a cofibration if it has LLP with respect to all trivial fibrations.
Proof This is standard (see eg [23, Proposition 4.1]). a

Definition 2.69 Define DG AIlg(R)x to be the category of R-representations in non-
negatively graded cochain k-—algebras, equipped with an augmentation to
[Iicob g O(R)(x,—). This inherits a model structure from DGAIg(R). Define
dg Aff(R)« to be the category opposite to DGAIZ(R).

Let DGAIg(R)ox be the full subcategory of DGAIg(R)« whose objects A satisfy
HO(A) = k. Let Ho(DGAIg(R)+)o be the full subcategory of Ho(DGAIlg(R)+) on
the objects of DGAIg(R)o. Let dg Aff(R)o« and Ho(dg Aff(R)«)o be the opposite
categories to DG AIg(R)o« and Ho(DGAlg(R)«)g, respectively.

Proposition 2.70 There is a denormalisation functor D: DGAIg(R) — ¢ Alg(R)
such that _ _
H'(DA) =~ H'(A).

This is a right Quillen equivalence, with left adjoint D*, so gives an equivalence
Ho(c Alg(R)) >~ Ho(DGAIg(R)).

Proof This is [37, Proposition 4.27]. m|

Geometry & Topology, Volume 15 (2011)



540 Jonathan P Pridham

Definition 2.71 Given a cochain algebra 4 € DGAIg(R), and a chain Lie algebra
g € dg/N'(R), define the Maurer—Cartan space by

MC(4, g) := {a) c@P 4" @Rg, | do + 3w, 0] = o}.
n

Definition 2.72 Given A€ DGAIlg(R) and ged gJ\A/' (R), we define the gauge group by
Gg(4,g9) := exp(l_[ A"@Rgn).
n

Define a gauge action of Gg(A4, g) on MC(4, g) by

gw) =g 0 g ' —(dg)-g7".

Definition 2.73 Recall that the Thom—Sullivan (or Thom—Whitney) functor Th from
cosimplicial algebras to DG algebras is defined as follows. Let Q(|A”|) be the DG
algebra of rational polynomial forms on the n—simplex, so

QUA") = Qlto. .. .. tn. dto. . .,dz,,]/(l —Zzi,Zdt,-),

where #; is of degree 0. The usual face and degeneracy maps for simplices yield
0;: QUA") = QA" 1) and 0;: Q(|A"|) — Q(]A"1|), giving a simplicial complex
of DGAs. Given a cosimplicial algebra A, we then set

Th(A) := {a € HA” ® QA" : 8'an = diant1, ajan =0jdp—1 Vi, j}.
n

The following is a major comparison result, which will be used in Theorem 3.30 as
the main step towards reformulating Malcev homotopy types in terms of Godement
resolutions.

Theorem 2.74 We have the following commutative diagram of equivalences of cate-
gories:
Spec D
Ho(dg Aff(R)x)o ____ Ho(s Aff(R)x)o

ol = o]

dgP(R) sP(R),
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with the pair

G
Ho(dg Aff(R)+)o___—dgP(R),
w

characterised by the property that
Homyo(dg ati(R),) (Spec 4, W g) = Homggp(r) (G (A). g)

=MC(4, g) x%490 [T exp(Hog(x)).
x€O0b R

Proof This is [34, Theorem 3.28], which adapts [37, Corollary 4.41] to the pointed
case. The vertical equivalences come from [37, Proposition 3.48], while the horizontal
equivalences are from [37, Theorems 4.39] and Theorem 4.44 or, for a shorter and
more conceptual proof, [39, Theorem 6.23]. The results of [15, 4.1] imply that D and
Th are homotopy inverses. a

Definition 2.75 Recall that O(R) has the natural structure of an R x R—representation.
Since every R-representation has an associated semisimple local system on | BR(k)|,
we will also write O(R) for the R-representation in semisimple local systems on
| BR(k)| corresponding to the R x R-representation O(R). We then define the R—
representation O (R) in semisimple local systems on X by O(R) := p ' O(R).

Proposition 2.76 Under the equivalences of Theorem 2.74, the relative Malcev homo-
topy type G(X)PMal of a topological space X corresponds to

C*(X,O(R)) € c Alg(R),
equipped with its augmentation to [[ ey C*(x, O(R)) = [[,cx O(R)(x,—).

Proof This is essentially the same as [37, Theorem 3.55] (which considers the un-
pointed case). |

Corollary 2.77 Pro-algebraic homotopy types are equivalent to the schematic homo-
topy types of [49], in the sense that the full subcategory of the homotopy category
Ho(sPr) on objects X*" is equivalent to the full subcategory of Ho(sAGpd) on ob-
jects G(X)2. Under this equivalence, X" is represented by the simplicial scheme
W G(X)™2, and pro-algebraic homotopy groups are isomorphic to schematic homotopy
groups.

Proof [37, Corollary 3.57]. m|
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Definition 2.78 Given a manifold X', denote the sheaf of real n—forms on X by #{".
Given a real sheaf % on X, write

AMN(X,F) =T (X, F g A").

Proposition 2.79 The real Malcev homotopy type of a manifold X relative to
p: X — R(R) is given in DGAIg(R) by the de Rham complex A°*(X, O(R)),
equipped with its augmentation to [ [,.cy A*(x, O(R)) = [[,ex O(R)(x,—).

Proof [37, Proposition 4.50]. m|

3 Pro-Q,—algebraic homotopy types

The purpose if this section is to transfer the framework of Section 2 to an £—adic setting,
replacing topological spaces with pro-finite spaces (and hence étale homotopy types of
algebraic varieties).

Fix a prime £. Although all results here will be stated for the local field Q, they hold
for any of its algebraic extensions.

3.1 Algebraisation of locally pro-finite groupoids

Definition 3.1 Given a pro-groupoid I" with Ob(I") a discrete set (in the sense of
Remark 1.10), we define the pro-algebraic completion T2 to be the pro—Q—algebraic
groupoid pro-representing the functor

AGpd — Set
H— HOIl'lTopGpd(F’ H(Qﬁ))v

where TopGpd denotes the category of topological groupoids, and H(Qy) is endowed
with the topology induced from Q. Note that this exists by the Special Adjoint Functor
Theorem [28, Theorem V.8.2], with the algebraic groups GL, providing the data for
the solution set condition (by Tannakian duality). Given a set of primes L, define the
L—algebraic completion I'L22 to be (I'L)22_ If P is the set of all primes, we simply
write [4lg := [ Puale,

Remarks 3.2 Since representations with finite monodromy are algebraic there is a
canonical retraction I'L+21¢ — T'AL of pro-algebraic groupoids.

The motivating example for this definition is when I" = njét(X ), the étale fundamental
groupoid of an algebraic variety.

Geometry & Topology, Volume 15 (2011)



Galois actions on homotopy groups of algebraic varieties 543

The following definition is a slight generalisation of [38, Definition 2.1], and extends
Definition 2.20 to pro-groupoids:

Definition 3.3 Given a pro-groupoid I" with Ob(I") discrete, a reductive pro-algebraic
groupoid R over Q;, and a Zariski-dense (ie essentially surjective on objects and
Zariski-dense on morphisms) continuous map

p: T = R(Qp),

where the latter is given the £—adic topology, we define the relative Malcev completion
rL.pMal (o TL,R.Maly 4 be the universal diagram

e S ey L Ry,

where R is the groupoid equivalent to R on objects ObI" (as in Definition 2.20),
with f: TL-e-Mal _ R a pro-unipotent extension of pro—Qg—algebraic groupoids, g a
continuous map of topological groupoids, and their composition equal to p.

To see that this universal object exists, we note that this description determines the linear
representations of [ L.p-Mal (as described in Remarks 3.4). Since these form a multifi-

bred tensor category, Tannakian duality [37, Remark 2.6] then gives a construction of
FL,p,Mal .

Remarks 3.4 By considering groupoid homomorphisms '~ — ][, GL,(Qy), ob-
serve that finite-dimensional linear representations of I'-2!2 are just continuous Qg —
representations of T'AL

Finite-dimensional representations of I"L-#-Mal

are only those continuous Q,-represen-
tations whose semisimplifications are R-representations. Moreover, if we let R be the

reductive quotient T'L-d of ['Lo2lg then [ L-ale = [ L.RMal

Definition 3.5 Given an n—dimensional Q;—vector space V', a lattice A in V is a
rank n Zy—submodule A C V.

Lemma 3.6 If I' is a pro-finite group, V an n—dimensional Q,—vector space, and
p: I' = GL(V) a continuous representation (where the latter is given the {—adic
topology) then there exists a lattice A C V' such that p factors through GL(A).

Proof Since I' is pro-finite, it is compact, and hence p(I") < GL(V') must be compact.
[46, LG 4, Appendix 1, Theorems 1 and 2] show that every compact subgroup of
GL(V) is contained in a maximal compact subgroup, and that the maximal compact
subgroups are of the form GL(A). Explicitly, we choose a lattice Ay C V', then set
A= Zyel" p(¥) Ao (with compactness ensuring the sum is finite). a
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Remark 3.7 In particular, when " = ne‘(X ), this means that finite-dimensional
representations of I"*€ are smooth Qg sheaves on X, while finite-dimensional repre-
sentations of I'"? are semisimple Q—sheaves. The Zariski-dense map p: I' — R(Qy)
identifies R-representations with a full tensor subcategory of semisimple QQ,—sheaves,
and T»"M2l_representations are Artinian extensions of these semisimple sheaves.

Proposition 3.8 Given a locally pro-finite groupoid I with discrete objects (as in
Remark 1.10), and a Zariski-dense continuous map

p: Tt — G(Qy)

to a pro—Q —algebraic groupoid, there is a canonical model Gz, for G over Z, for
which p factors through a Zariski-dense map

pz: T — Gz, (Zy).

Proof Assume that p is an isomorphism on objects (replacing G by an equivalent
groupoid). Let C be the category of continuous I'—representations in finite free Zy—
modules. For each x € Ob T, this gives a fibre functor wx from C to finite free
Z.y—modules.

If we let D be the category of I'—representations in finite-dimensional Q;—vector
spaces, with the fibre functors also denoted by w,, then the category of G —represen-
tations is equivalent to a full subcategory D(G) of D, since p is Zariski-dense. By
Tannakian duality (as in [37, Section 2.1]), there are isomorphisms

G(x, y)(4) = 150®(wx |p(6), @y lp(6)) (),
where Iso® is the set of natural isomorphisms of tensor functors.

Now, by Lemma 3.6, the functor Q,: C — D is essentially surjective. Let C(G) be
the full subcategory of C whose objects are those A for which A ® Q is isomorphic
to an object of D(G); these are ["'lattices in G —representations. Define

Gz, (x, y)(A) :=150® (wx|c(6) @y lc6)) (A),
observing that this is an affine scheme (since it preserves all limits), with Gz, ®Q, =G
Equivalently, we could set O(Gz,) C O(G) tobe { fLf(p(y)) €Zy Yy €T'}. O
Definition 3.9 Given a finite-dimensional nilpotent Lie algebra u over Q,, equipped

with the continuous action of a pro-finite group I' (respecting the Lie algebra structure),
we say that a lattice A C u is admissible if it satisfies the following:
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(1) A is a I'—subrepresentation.

(2) A is closed under all the monomials in the Campbell-Baker—Hausdorff formula

- Qi i+ si) 7!
1 a, by — (— i=1 RStz ps2  ginpSn
og(e”-e?) E " E [a"' b a"b a’ b,

syl rylsy!

n>0 ri+si>0
1<i<n

where

r S1 n Sn

e N
@b - a b =4 [a, ... [a, (b [b. ... [P, ... [a.[a.. [ [b. b, ... 5. ],

understood tobe 0 if s, >1 orif s, =0 and r, > 1.

Lemma 3.10 If A C u is an admissible lattice and u € N, then the image of A under
the exponential map
exp: u — exp(u)

is a pro-finite subgroup.

Proof We may regard exp(u) as being the set u, with multiplication given by the
Campbell-Baker—Hausdorff formula (which has only finitely many terms in this case,
since u is nilpotent). Since A is closed under all the operations in the formula, it is
closed under multiplication. As exp is a homeomorphism, exp(A) is compact and thus
pro-finite. O

3.2 Pro-Q,-algebraic homotopy types

We now proceed as in Section 2.2, extending to a simplicial framework in order to
study the loop groupoid (and hence the whole homotopy type), rather than just the
fundamental groupoid.

Definition 3.11 Given a pro-simplicial groupoid G with Ob(G) a discrete set, we
define the pro-algebraic completion G2 € sAGpd to represent the functor
sAGpd — Set
H > Homyropcpa(G"E, H(Qy)),
where TopGpd denotes the category of topological groupoids. Note that Lemma 1.17

implies that we can compute this levelwise by (GL22), = (G,)L-.

Remark 3.12 1t is natural to ask whether G — G112 is left Quillen for any suitable
model structure on pro—L simplicial groupoids. This cannot be the case, since the
functor is not even a left adjoint, essentially because QQ; is not pro-finite.
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Definition 3.13 Given a pro-simplicial groupoid G with Ob(G) discrete, a reductive
pro-algebraic groupoid R over QQ;, and a Zariski-dense continuous map

p: mo(G)™ — R(Qy),

where the latter is given the £—adic topology, we define the relative Malcev completion
GL-p:Mal ¢ sE(R) C sAGpd| R by (GL’p’Mal)n = (Gn)L’p"“"’Mal, for ay: G, — 719G
the canonical map.

Note that 7o (GL-PMa) = 70 (G)L-P-Mal,

Lemma 3.14 If the continuous action of a pro-finite group I' on ue € sNg, is
semisimple, then u is the union of its I" —equivariant simplicial admissible sublattices.

Proof Since the action of I' is semisimple, we may take a complement Ve C u,
of [ue, 1te] as a simplicial I"—representation. Given a lattice M C V,let g(M) Cu
denote the Z;—submodule generated by M and the operations in the Campbell-Baker—
Hausdorff formula. Since u is nilpotent, it follows that g(M) is a finitely generated
Z¢-module, and hence a lattice in u. By semisimplicity and Lemma 3.6, there exists a
I'—equivariant lattice Ae C Ve. The lattices £7" Ao C Ve are also then I"'—equivariant
for n > 0, so the lattices g(£7"As) C ue are all admissible.

It only remains to show that | J g(£7"A) — u is a surjective map of Lie algebras. This
follows since | J€"A — u/[u, u] is surjective. o
Lemma 3.15 Given a compact topological space K and a finite-dimensional nilpotent
Qg —Lie algebra u, the map

Hom (K, Z¢) ®z, u — Homes (K, 1)
is an isomorphism.
Proof First observe that the map is clearly injective, since u is a flat Z,—module.

For surjectivity, note that the image of f: K — u must be contained in an admissible
sublattice A C u (by compactness and Lemma 3.14). Now,

Homcts(K» A) = Homcts(K, Z@) ®Z@ A,

since A is a finite free Zy;—module. a

Definition 3.16 Given a continuous representation V' of 717?" in Qg—vector spaces,
recall the standard definition that

H*(X,V):=H*(X,A) ®z, Q,
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for any ¢ X —equivariant Z—lattice A C V as in Lemma 3.6, and H*(X, A) as in
Definition 1.23.

Remark 3.17 If X is discrete, note that this is not in general the same as cohomology
H"(X, V%) of the discrete 7y X —representation & underlying V. However, both
will coincide if H, (G, AY) has finite rank, by the Universal Coefficient Theorem and
Lemma 1.25.

Example 3.18 If X is a locally Noetherian simplicial scheme, we may consider the
étale topological type X € pro(S), as defined in [10, Definition 4.4]. Since (Xg)¢ is
the set of geometric points of Xy, we may then apply the constructions of this section.
For a finite local system M on X, we have

H* (Xg, M) = H (X, M),
by [10, Proposition 5.9]. For an inverse system M = {M;} of local systems, we have

H* (Xg, M) = H* (lim C3, (X, My)) = HA(X, (M),
i
where CZ is a variant of the Godement resolution and Hg‘t(X ,(M)) is Jannsen’s
continuous étale cohomology [20]. If the groups HZ‘t(X , M;) satisfy the Mittag-Leffler
condition (in particular, if they are finite), then

H*(Xg, M) = l(iLnHZt(X’ M;).
i
[10, Theorem 7.3] shows that X € S whenever the schemes X, n are connected and
geometrically unibranched. It seems that this result can be extended to simplicial
schemes (or even simplicial algebraic spaces) for which the homotopy groups 7s:(X7)
satisfy the m4-Kan condition [11, Section IV.4], provided the simplicial set 7 (X ),

given by 7 (X), :=m(Xy), the set of connected components of X, has finite homotopy
groups.

Proposition 3.19 Take X < pro(S) with X discrete, and a Zariski-dense continuous
map

p: 7p (X)"F — R(Qy),
for £ € L, with Ob R = Ob 7wy (X). Then G(X)L-PMal g cofibrant (for the model

structure of Lemma 2.16), the map G(X)L"-»Mal _ G(x)L-pMal jg an isomorphism
forall L C L', and

H*(G(X)EPMa vy >~ H* (X, p* V).
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Proof Let A < R(Qy) be the image of p. Write {Xy}qer for the inverse system X .
For u € sN(R),

Homgropcpd (G(X)E, exp(u) X R) g = Homyropcpa (G(X)E, exp(u) X A) .

Since u € sA/(R), the normalisation Nu is bounded in degrees < n, say. This
implies that u = cosk, 41 u, the (n+1)—coskeleton, or equivalently that any simplicial
morphism ¥ — u is determined by the maps ¥; —u; fori <mn+1.

So any morphism f: G(X)"L —exp(u)xA is determined by the maps f;: G(X);\L —
exp(u;) X A for i <n+ 1. Now, by Lemma 3.14, exp(u) x A is the union over all
admissible A—equivariant sublattices A C u of exp(A) x A. Since each G(X ){\L
is compact, its image in exp(u;) X A must be contained in exp(A;) x A for some
admissible A C u. By choosing A large enough that this holds forall i <n + 1, we
see that

HomsTopGpd(G(X)/\L ,exp(u) X R)g

= 11_“3 HomsTopGpd(G(X)AL ) CXP(A) A A)A
A Cu admissible
= lim Hom, pro(Gde)(G(X)’\L ,exp(A) X A)a,

—
A Cu admissible

because pro(GpdL) is a full subcategory of TopGpd. Here, exp(A)x A € pro(sGpdk)
denotes the pro-object {(exp(A)/ exp({™ A))x A}, . From now on, we will abuse nota-
tion by writing exp(A /£" A) or even exp(A /£™") for the finite group exp(A)/ exp(£"A).

Now, since A = cosk, 41 A, any morphism f: H — exp(A/€™A) x A is determined
by the maps f; for i <n—+1. As exp(A/€™A) is levelwise finite, and filtered colimits
commute with finite limits, this means that

Homspm(Gde)(G(X)/\L ,exp(A) X A)p = Hompm(stdL)(G(X)/\L ,exp(A) x A)a.

Hence Homgropgpd (G(X)" L, exp(u) X R) g

= h_r)n Hompro(stdL)(G(X), exp(A) X A)A.
A Cu admissible

Under the adjunction G - W, this becomes

li_n} Homy,(s) (X, W(GXP(A) XA)) A
A Cu admissible

This expression is independent of L, so we have shown G (X)L -#-Mal _ G(x)L.p-Mal
is an isomorphism for all L C L’.
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For p: u— v an acyclic small extension with kernel  in s\ (R), and an admissible
lattice A’ <u, consider the map A’ — p(A’). This is surjective, and Hy (A'NT)QRQy =
0, since (A'NT)®Qp = 1. As Hy(I) =0, we may choose a A—equivariant lattice
AN NI <M <1 suchthat Hy (M /€M) =0. Let A := A"+ M, noting that this is an
admissible lattice ( p being small), with the maps A /¢" — p(A)/£€" all acyclic.

In order to show that G(X)L-»Ma ig cofibrant, take an arbitrary map f: G(X)"L —
exp(b) x A over p; this must factor through exp(p(A’)) for some admissible lattice
A’ < u, and we may replace A by A’ as above. It therefore suffices to show that the

corresponding map .
fi X = W(exp(p(A) xA)

in pro(S) lifts to W (exp(A) x A). For each n € N, we have a map
Jnt Xa(n) = W (exp(p(A)/€") 1 A),
and these are compatible with the structural morphisms.

We now prove existence of the lift by induction on n. Assume we have g,: Xyn) —
W (exp(A/1") x A), such that p o g, = f,. This gives a map

(fut1-8n): Xamy = W (exp((p(A) /L") Xp(a) e (A/€7)) 3 A).
However, A/£"T1 — (p(A)/€"F1) x5 (a)/en (A /L") is an acyclic small extension, so
W (exp(A/€"F1) x A) — W (exp((p(A) /") X pa) en (A/L7)) 3 A)

is a trivial fibration, so we can construct a lift g,41: Xg(n41) = W (exp(A /") xA).
This completes the proof that G(X)L-*Mal js cofibrant.

Finally, if V is an R-representation then H"t1(G(X)L-#Mal V) is the coequaliser
of the diagram

Homyagpayr (G(X)EPMI (N =1y [—n)A')
——= Homgagpayr (G(X)E-PMal N1V [—n]).
For a A—equivariant lattice A C V, this is the direct limit over m of
7 11— 1
Hom,, 7 gy (X, W (N1 A[=n)® = R))
——z Hom, iz &) (X: W (N ¢ A[-n] % R)).

Hence

H™ (GO EPM V) = lim B (X, 17" A) = N (X, M) @ Qe = H' (X, V),
m

as required. a
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Definition 3.20 Given X and p as above, define the relative Malcev homotopy type
Xp,Mal = G(X)P,p,Mal

where P is the set of all primes, noting that this is isomorphic to G(X)L-*Mal for a]]
L > ¢, by Proposition 3.19 and Proposition 2.39.

Define xbde.— G(x)lde,
Remark 3.21 Note that if X € S, this definition of Malcev completion differs

slightly from the Malcev homotopy type X ?>Mal of Definition 2.51, which is given by
G(X)PMa However, the following lemma rectifies the situation.

Lemma 3.22 For X €S and p: ny(X)"t — R(Qy) Zariski-dense and continuous,
there is a canonical map

G(X)p,Mal _ G(X)L"O’Mal;
this is a quasi-isomorphism whenever the groups H" (X, V') are finite-dimensional for

all finite-dimensional R -representations V .

Proof Existence of the map is immediate. To see that it gives a quasi-isomorphism,
Proposition 2.39 shows that we need only look at cohomology groups. Given an
R-representation V' corresponding to a local system V over Qg on X, the map on
cohomology groups is

H* (XL, V) — H*(X, V);

this is an isomorphism by Remark 3.17. |

Definition 3.23 Define pro-algebraic (or schematic) and relative homotopy groups by
@a(XAE) 1= 71 (G(X)E12) and 7w (XOME) =, (G(X) PPN,

Define pro-algebraic (or schematic) and relative fundamental groupoids by
o (XME) = mp (X)L and (X PM) = g x oML

Define s (A’} ), @y (f ) by the convention that X = XP for P the set of all primes.

Note that Lemma 3.6 implies that for a locally Noetherian scheme X, finite-dimensional
wr (Xé/t\’“)—representations correspond to smooth Qy—sheaves on X .

The following now follow immediately from Proposition 2.39

Geometry & Topology, Volume 15 (2011)



Galois actions on homotopy groups of algebraic varieties 551

Corollary 3.24 A map f: X — Y in pro(S), with Xy, Yy discrete, induces an
isomorphism
fL,alg: XL,alg_) YL,alg

of homotopy types if and only if the following conditions hold:

(1) f™* induces an equivalence between the categories of finite-dimensional semisim-
ple continuous Qg —representations of (y X )"t and (wyY)"E .

(2) For all finite-dimensional semisimple continuous Qg —representations V of zY ,
the maps
f*HYY,V)—>H"X, f*V)

are isomorphisms.

Corollary 3.25 Takeamap f: X — Y in pro(S), with Xy, Yy discrete, and with a
Zariski-dense morphism p: (Y )" — R(Qy) such that po f: (m X) "t — R(Qy)
is also Zariski-dense. Then f induces an isomorphism

fR,Mal: XR,Mal _ YR,Mal
of homotopy types if and only if for all R-representations V , the maps
[*HAY, p*V) = HA (X, [*p*V)

are isomorphisms.

3.3 Equivariant cochains

Proposition 2.79 showed how the schematic homotopy type of a manifold can be
recovered from the de Rham complex with local system coefficients. We will now
establish an analogue for algebraic varieties, involving an étale Godement resolution
with coefficients in smooth Q;—sheaves.

Lemma 3.26 If A is a I'—representation in pro-simplicial groups such that A xI" €
pro(sGpd), then

Homp,pm(g) (j(v, V[_/A) = Hompr0(§)¢Br (X, W(A X F)),

for X as in Definition 1.20.

Proof The calculation is essentially the same as for [37, Lemma 3.53]. O
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Definition 3.27 Given an ind-finite rank Z—local system (ie a filtered direct system
in the category of finite rank Z,-local systems) V = {V,},, define

C*(X,V) :=11_n>1C (X, Vy),
o
where the right-hand side is given in Definition 1.21.

Definition 3.28 Given a pro-algebraic groupoid G' over Zy, define O(G) to be the
G x G -representation given by global sections of the structure sheaf of G, equipped
with its left and right G —actions.

Given a representation p: my X — G(Zy), let O(G) be the G -representation in
(ind-finite rank) Z,—local systems on X given by pulling O(G) back along its right
G —action.

Definition 3.29 Given X, L, p, R as in Proposition 3.19, let Rz, be the Z;-model
for R constructed in Proposition 3.8, and set

C*(X, O(R)) := C*(X, O(Rz,)) ®z, Q.

Theorem 3.30 For X, L, p, R as in Proposition 3.19, the relative Malcev homotopy

type
G(X)L-PMal ¢ sAGpd | R

corresponds under the equivalences of Proposition 2.50 and Theorem 2.74 to the R—
representation
C*(X, 0(R))

in cosimplicial k —algebras, equipped with its natural augmentation to

[[ cCx.omy= [] o®)x.-).
xeXy x€O0b R

Proof We need to show that, for u € sN(R),

Homgagpa g (G (X ) Lo Mal

.exp(u) X R)

=~ Homg agr(g) (Spec C* (X, O(R)), W (exp(u))).
Adapting the proof of Proposition 3.19, we know that
Homgacpd R (G(X)L’p’Mal, exp(u) X R)

2= lim Hompro(s) (X, W (exp(A) % Rz, (Z¢))) BR7, (2)+
A
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where the limit is taken over A C u admissible. By Lemma 3.26,

Hom,,o(s) (X, W (exp(A) xRz, (Z¢)))BRz, (z,) =Homg,, (Zg),pro(S)(X~’ W exp(A)).

If we regard exp(A) as the Z,—valued points of the group scheme exp(A)(A4) :=
exp(A ® A), then this is an affine space, so

Homyyo(s) (X, W exp(A)) = Homg arr, (Spec C* (X, Zg), W exp(A)).

Since A = A ®£e O(Rz,), we then have

Homg, @o).pro(S) (X, W exp(A))
= Homy aff(Ry,,) (Spec C* (X, O(Rz,)). W exp(A)).

The map

lim Hom fi(r,,) (Spec C* (X, O(Rz,)), W exp(A))
A
— lim Homy afi(r, ) (Spec C* (X, O(Rz,)) ® Q. W exp(A))
A

is clearly injective. However, since there exists an admissible lattice A’ with /7" A C A/,
the map must also be surjective. Finally, note that

Homy aft(r;,) (Spec C*(X,0(Rz,)) ® Qq, W exp(A))
= Homyg o¢r(R) (Spec C* (X, O(R)), W exp(A ® Qy)),

as required. a

Remarks 3.31 We could use Proposition 2.70 to replace C* (X, O(R)) with a DG alge-
bra, giving a more reassuring analogue of the de Rham algebra used in Proposition 2.79
to govern relative Malcev homotopy types of manifolds. This is the approach taken
by Olsson [33], and when R = 1, it corresponds to Deligne’s Q,—homotopy type [5,
Section V]. However, in the sequel we will work systematically with cosimplicial rather
than DG objects — both approaches being equivalent, the transfer can add unnecessary
complication.

Note that if we take a scheme X', then Proposition 2.76 adapts to show that C* (X%, V)
is a Godement resolution for the continuous étale cohomology of V. Under the
comparison of Corollary 2.77, this shows that for an algebraic variety X, G(X;)¢
agrees with the £—adic homotopy type discussed in [49, Section 3.5.3].
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Given any morphism p: sz( t)r6d — R to a reductive group, there is a forgetful

functor p#: sN'(R) — sN (wr (X Xz)rd). If we write L py for the derived left adjoint
and p is surjective, then

Ru(G(Xz)" ™M) = LpgRu(G(Xg)™®).

Note that for C a Tannakian subcategory (see Definition 2.6) of FD Rep(w (X, t)m‘)

with correspondlng groupoid G the homotopy type X¢, of [33, 1.5] is equivalent to
LpgRy (G(X)alg) for p: wjr(X ) - G

3.4 Completing fibrations

Observe that the definitions and results of Section 2.4 extend naturally to pro-groupoids
and pro-spaces; we will make use of this extension without further comment.

Theorem 3.32 Take a pro-fibration f: (X,x) — (Y,y) of connected objects in
pro(S) with connected fibres, and set F := f~'(y). Take a Zariski-dense repre-
sentation p: w1 (X, x) — R(Qy) to a reductive pro-algebraic group R, let K be the
Zariski closure of p(my(F,x)), and set T := R/K. If the monodromy action of
71(Y, y) on H*(F, V) factors through @y (Y, y)T"M2 for all K -representations V ,
then G(F, x)K-Mal js the homotopy fibre of G(X, x)®Mal s G(y, y)T-Mal

In particular, there is a long exact sequence

)K,Mal )R ,Mal T ,Mal )K,Mal N

= wu(F,x — wp(X, x — wp(Y,y) — wy—1(F,x

-+ = wy(F, x)K’Mall — w1 (X, )C)R’Mall — w1 (Y, y)T’Mal — 1.

Proof We adapt the proof of Theorem 2.43.

First observe that p(mry (F, x)) is normal in 71 (X, x), so K is normal in R, and 7 is
therefore a reductive pro-algebraic group, so (Y, y)T-M2! is well-defined. Next, observe
that since K is normal in R, Ry(K) is also normal in R, and is therefore 1, ensuring
that K is reductive, so (F, x)&-Mal js also well-defined.

Consider the complex O(R)® o) O(G(Y, y)T:Maly of G(X, x)R-Mal_representations,
regarded as a cosimplicial G(X, x)-representation. Since G(F, x) — ker(G(X, x) —
G(Y, y)) is a weak equivalence, the Hochschild—Serre spectral sequence for f (see
Proposition 2.36) with coefficients in this complex is
= H'(G(Y, y),H/(F, O(R)) ®o(r) O(G(Y, y)TM))
— H'™(G(X, x), O(R) ®o(r) O(G(Y, y)TM)).
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Regarding O(R) as a K —representation, H* (F, O(R)) is a @ (Y, y)T"M& _represen-
tation by hypothesis. Hence H*(F, O(R)) ® o(r) O(G(Y, y)TMaly g a cosimplicial
G(Y, y)TMal_representation, so
H'(G(Y. y).H/ (F, O(R)) ® o1 O(G(Y, y) "))

= H'(G(Y. y)"M H (F, O(R)) ®o(r) O(G(Y. y)M),
by Lemma 2.42.

Now, H*(F, O(R)) ® o(r) O(G(Y, y)TMl) is a fibrant cosimplicial G(Y, y)T-Mal—
representation, so

H(G(Y, y)"Ma HY (F, O(R)) @ o) O(G(Y, y)TMaly)
~ H'T(G(Y, y)TM H/ (F, O(R)) ®o(r) O(G(Y, ) T:Malyy

_ {Hj(F» O(R))®oryk =H/(F,0(K)) i=0,

0 i #0,

SO H/ (G(X,x), O(R) ®o() O(G(Y, y)T,Mal)) ~ H/ (F. O(K)).

Now, let F be the homotopy fibre of G(X, x)®Mal — G(Y, y)T"Ma (which is just the
kernel as this map is surjective), noting that there is a natural map G(F, x)%X-Mal . F.
Lemma 2.42 implies that
HY(G(X.x), O(R) ®ocr) O(G(Y. y)M)
=H/(G(X, x)*M O(R) ®o(r) O(G(Y. )" M)),

and [37, Theorem 1.51] gives a Hochschild—Serre spectral sequence
H'(G(Y. y)"M B (F, O(R) ®o(ry O(G(Y. y)"M))

= H'™(GX, )M O(R) ®o(r) O(G(Y. y)"M).
The reasoning above adapts to show that this spectral sequence also collapses, yielding

H/(F, 0(K)) = H (G(X.x), O(R) ®o(r) O(G(Y. y) M),

We have therefore shown that the map G(F, x)&K-Ma

— F gives an isomorphism
H*(F, O(K)) N H*(G(F, x)K,Mal’ O(K)),

and hence isomorphisms H*(F, V) — H*(G(F, x)X-Mal V) for all K-represen-
tations V. Since this is a morphism of simplicial pro-unipotent extensions of K,
[37, Corollary 1.55] implies that G(F, x)EMal s T i a weak equivalence. a
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Examples 3.33 Note that we can apply this theorem to f;: Xz — Yz whenever
f1 X — Y is geometric fibration in the sense of [10, Definition 11.4]. This includes
smooth projective morphisms, as well as smooth quasiprojective morphisms where
the divisor is transverse to f. The fibre of f; over y will then be equivalent to

(/T Da
Another source of examples comes from nerves of pro-finite groups. Any surjection
g: I' = A of pro-finite groups gives a pro-fibration BI' — BA, with fibre B(ker g).

Of course, even if f: X — Y is not a pro-fibration, we can take a fibrant replacement.
This will have connected fibres if and only if 71 (X, x) — 71 (Y, y) is surjective, and
the theorem then describes the homotopy fibre of f'.

3.5 Comparison with Artin—Mazur homotopy groups
Lemma 3.34 Let /: X — Y be a morphism in pro(S)s for which the map
7n(f): 7n(X) = wn(Y)

is a pro-isomorphism for n < N and a pro-surjection for n = N + 1, and take a
continuous Zariski-dense morphism p: wyY — R(Qy). Then the map

@n(f): @a(X, po IV — @ (Y, oM
is an isomorphism for n < N and a surjection forn = N + 1.
Proof The proof of Lemma 2.22 carries over to this generality. a

Definition 3.35 By analogy with Definition 2.23, say that a locally pro-discrete
groupoid I' is n—good with respect to a continuous Zariski-dense representation
p: I' > R(Qy) to a reductive pro-algebraic groupoid if for all finite-dimensional
[P-Mal_representations V, the map

HY(TPM V) > HY(T, V)
is an isomorphism for all i < » and an inclusion for i =n + 1. Say that I" is good
with respect to p if it is n—good for all 7.
If T is (n-)good relative to I'™9, then we say that I' is algebraically (7-)good.
Lemma 3.36 A pro-groupoid I' is N —good with respect to p if and only if for any
finite-dimensional TP"M _representation V, and a € H*(T", V) for n < N, there

exists an injection f:V — Wy of finite-dimensional I'°"Ma! _representations, with
f(a) =0e HY(T', W,).

Proof This is a special case of the results of [41, Section 1.2.3], which adapt directly
from groups to groupoids. a
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Lemma 3.37 Let I' be a locally finitely presented (L, N)—good groupoid and let
p: Tt — R(Qy) be a Zariski-dense representation, with £ € L. Then T" is N —good
relative to p: T' — R(Qy) if and only if TL is N —good relative to p.

Proof Take a finite-dimensional R-representation V. By Lemma 3.22, (BT")P-Mal ~
(BT)L-,MalGince T is L—good, Proposition 1.36 gives that 7, ((BT)"L) = 0 for
all 1 <n < N. Applying Lemma 3.34 to the morphism (BI')". — B(I'"L), the
observations above show that

@u(BL)PM — @, (B(IE))EAM
is an isomorphism for n < N and a surjection for n = N + 1.

Now, [41, Section 1.2.3] shows that a pro-group G is N —good relative to o if and
only if @w,(BG)L-PMal =0 for 1 <n < N, and the same proof adapts to groupoids.
Thus ' is N —good relative to p if and only if 'L is so. a

Examples 3.38 A pro-finite group I is good with respect to a representation p: [ —
R whenever any of the following holds:

(1) T is finite, or Tt =~ AL for A a finitely generated free discrete group.
(2) TL = AN for A a finitely generated nilpotent discrete group.

(3) '’ =~ AM | for A the fundamental group of a compact Riemann surface. In
particular, this applies if I' is the fundamental group of a smooth projective
curve C/k, for k a separably closed field whose characteristic is not in L.

4) If ]l > F—->T — II — 1 is an exact sequence of groups, with F finite and
FNL — T'AL injective, assume that TT"L is good relative to R/p(F), where
denotes Zariski closure. Then I' is good relative to p.

Proof Combine Lemma 3.37 with Examples 1.28 and [37, Examples 3.20]. O

Remark 3.39 For an example of an important pro-finite group which is not good
with respect to a representation, note that Sp,(Z¢) is not good with respect to the
natural map p: Spg(Z¢) — Spy(Qy) for g = 2. In fact, w,((B Spg(Zg))p’Mal) ~ Gg.
This issue arises in [14], considering the pro-finite mapping class group I'g acting
on a genus g curve. The action on cohomology glves a map p: II\“/Ig — Spg(Zg)
with kernel T, the Torelli subgroup, and the map T’ LMal ker(Fp a_, Sp,) has
kernel G,. Theorem 3.32 allows us to interpret this copy of G, as the image of the
connecting homomorphism @ ((B Spg(Z )My T, gl Mal
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Theorem 3.40 Let L be a set of primes containing £, and take X € pro(S)s with fun-
damental groupoid my X = I", equipped with a continuous Zariski-dense representation
p: T — R(Qy) to a reductive pro-algebraic groupoid. If

(1) mp(XNL,—) ®7 Qg is finite-dimensional for all 1 <n < N, and

(2) the T' L —representation (XL, —) ®7 Qg is an extension of R-represen-

,p,Mal

tations (iea 'L —representation) forall 1 <n < N,

then for each x € X there is an exact sequence

w41 (X DPMA x) — gy ((BT)E-pMal)

i

—= TN (XM, X) ®5 Qp —> oy (X LpMal ) > 75 (BT)LopMaly

==X x) 5 Qp — wry (X LPMal x) —— 7, (BT LMy — 0,

In particular, if in addition T"L is (N +1)—good (resp. N —good) with respect to p,
then the canonical map

TTn (X/\La -) ®Z Q¢ — @n (XL,p,Mal)
is an isomorphism for all n < N (resp. an isomorphism for all n < N and a surjection

forn=N).

Proof Without loss of generality, we may assume that X is connected, choose a
point x € X, and replace R with the group R(x,Xx). Let (X~ , X) be the universal
cover of (X, x), and note that we have a homotopy fibration sequence (f ,X) —>
(X,x) - Bm(X, x), which means that we can apply Theorem 3.32 (after taking a
fibrant replacement for (X, x) — B (X, x)). This immediately gives the long exact
sequence

oo (X, x) > wa(X, x)BMA s o (B (X, x)BMA s, (X, x) KoM

— o= (X, x) = @ (X, x) M 5 1) (Bry (X, x)) RMal 0.
It therefore suffices to show that
Ta (X1, X) ®5 Qp — wa (X5 x)

is an isomorphism for n < N.
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We may assume that X = {fa}a is an inverse system of fibrant simplicial sets, and
then form the tower {X (n)}, by setting X (n) = {Xy()}o, where {Xy(n)}, the
Moore—Postnikov tower of X, .

Note that if X (N) satisfies the theorem, then we can apply Lemma 3.34 to the morphism
X — X(N), so X will also satisfy the theorem. We now prove by induction on # that
X (n) satisfies the theorem for n < N .

Forn=1, X (1) is contractible, making the long exact sequence automatic. Now,
assume that X (n — 1) satisfies the inductive hypothesis, and consider the pro-fibration
X (n) — X (n— 1) with fibre E(n) over x. Properties of the Postnikov tower give
that n,X(n) =m; X forall i <n, with E(n) being a K(m, X, n)-space.

The long exact sequence of Theorem 3.32 gives w; (E(n)¥2) == w; (X (n)L’p’M“l) for
i > n, and exact sequences

wj (E(n)alg) — w; (X~(n)L,alg) — (X~/\L) ®Z Q¢ — wi_ (E(n)alg).

Since E(n) is a K(mw, X, n)-space, the problem thus reduces to establishing the the-
orem for the case when X is a K(m,n) space (for n > 2), and R = 1. Unlike [37,
Theorem 1.58], we cannot now immediately appeal to the Curtis convergence theorem
to show that for any pro-discrete abelian group 7 and n > 2, the map

G(K(m,m)" — N7 (7 @5 Qll —n])
is a weak equivalence of simplicial unipotent groups.

Instead, observe that we may replace = by 7t so assume that 7 is a pro—{ group.
Since m ®z, Qg is finite-dimensional, we may write 7 = v ! for v an abelian group
of finite rank. On cohomology, we have maps

1 HWV (7 ®z, Qll —n]), Q) = H*(K(7r.n), Q) — H*(K(v,n), Q).

By [44, Theorem 1.3.4], the Lie algebra v ®z Q¢[1 — n] is the Q;—homotopy type
of K(v,n). Since 7 ®z, Q¢ = v ®z Qy, the composite is an isomorphism in (),
while the second map is an isomorphism by Lemma 1.35. Thus the first map is also an
isomorphism, as required.

For the final part, we just note that [41, Section 1.2.3] shows that I" is N —good relative
to p if and only if @, ((BI)L-»Maly =0 for | <n < N. |

3.6 Comparison of homotopy types for complex varieties

Let X, be a simplicial scheme of finite type over C. To this we may associate the étale
homotopy type X € pro(S) (as in Example 3.18). There is also an analytic homotopy
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type Xan := diag Sing(X.(C)) € S, where diag is the diagonal functor on bisimplicial
sets. We now compare the corresponding schematic homotopy types.

Lemma 3.41 If G is a pro-algebraic group over Qg, and p: g (Xan) — G(Qy)
a representation with compact image (for the {—adic topology on G(Qy)), then p
factorises canonically through mr(X,,), giving a continuous representation

p: 7 (Xg) = G(Qy).

Proof It follows from [10, Theorem 8.4] that
ﬂf(Xét) = JTf(an)

Since G(Qy) is totally disconnected, any compact subgroup is pro-finite, completing
the proof. a

Now, given a reductive pro-algebraic groupoid R, and p: 7y(Xc) — R(Q) with
compact Zariski-dense image, we may compare the relative Malcev homotopy type
Xa’?{Mal of [37, Definition 3.16] with the relative Malcev homotopy type Xé’t’Mal of
Definition 3.20, since both are objects of Ho(s€(R)).

Theorem 3.42 For X, p as above, there is a canonical isomorphism

p,Mal ~ yp,Mal
XOoMal o xp-Mal,

Proof We adapt [10, Theorem 8.4], which constructs a new homotopy type X ¢, and
gives morphisms

Xét «~ X s
in pro(S)s, inducing weak equivalences on pro-finite completions. By Lemma 3.22,
XM s quasi-isomorphic to Xan”Mal, By Lemma 1.37, the maps

&> Xan

o~

Xop < Xyot = Xan
are weak equivalences in S. Lemma 3.34 then implies that the maps
Xétp,Mal <« Xs,é[p’Mal N Xanp,Mal

are quasi-isomorphisms, as required. |
Remarks 3.43 In particular, this shows that there is an action of the Galois group
Gal(C/K) on the relative Malcev homotopy groups @y (Xeﬁl’Mal) whenever X is

defined over a number field K and p is Galois-equivariant. The question of when this
action is continuous will be addressed in Section 5.
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It seems possible that the conditions of Theorem 2.25 might be satisfied in some cases
where those of Theorem 3.40 do not hold, giving @, (X, E{%’Mal) =~ 71,(Xan) ®7 Qy, but
no such examples are known to the author.

4 Relative and filtered homotopy types

The aims of this section are twofold. Firstly, we adapt some of the framework of
pro-algebraic homotopy types to work over a base ring, rather than a base field. This
is motivated by the need in Section 7.2 to phrase the étale-crystalline comparison
over variants of Fontaine’s ring Bis of p—adic periods, rather than just over Q,.
Secondly, Section 4.3 develops techniques for transferring filtrations systematically
from cochains to homotopy types. These will be used in Sections 6 and 7 to determine
the structure of homotopy types of quasiprojective varieties. This is possible because
the Gysin filtration on homotopy groups (unlike that on cohomology) is not determined
by weights of Frobenius, so imposes further restrictions.

4.1 Actions on pro-algebraic homotopy types

Fix a Qg —algebra A, and a reductive pro-algebraic groupoid R over Qy.

Definition 4.1 Define ¢ Alg (R) (resp. DGAlg,(R)) to be the comma category
Alc Alg(R) (resp. A} DGAlg(R)), with model structure induced by Proposition 2.60
(resp. Lemma 2.68). Denote the opposite category by s Aff4(R) (resp. dg Aff4(R)).
Likewise, define

cAlgy(R)x =cAlg4(R)] [[ 4® O(R)(x.-).
x€0b R
DGAIg(R)«:= DGAlg4(R)| [] 4® O(R)(x.-).
x€O0b R

and so on.

Observe that the Quillen equivalence of Proposition 2.70 induces Quillen equivalences
between dg Aff4(R)« and s Aff4(R)«, so gives the following equivalence of cate-
gories:
Spec D
Ho(dg Aff 4(R)«)____Ho(s Aff 4(R)+).
R(Spec D*)

Although we do not have a precise analogue of Theorem 2.74 for Ho(dg Aff4(R)«)g,
we have the following:
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Lemma 4.2 Given X € dg Aff(R)ox and g € dg/N'(R),

Homyo(dg Aft4 (R).) (X ® 4, Wg® A)

— A~ A~ RS A~
= Homy, g 17, (R (G (X)® 4, g®4) xP@ 4 TT  exp(Hog(x)®A).
x€ObR

Proof The proof of [37, Proposition 3.48] adapts to this context. O

4.2 Homotopy actions

Definition 4.3 Given g€ sP R, define a group-valued functor Autg(g) on the category
of Q,—algebras by setting

Autg(g)(4) := Autgp () (gRA).
Given G € s€(R), define RAut(G) := Autg(Ry(G)), noting that
RAut(G)(Qg) = Autyy(se(r)). (G)-
For G € sAGpd, set RAut(G) := Autgra (Ry(G)).
Lemma 4.4 If G € sE(R) is such that H (G, V) is finite-dimensional for all i and
all finite-dimensional irreducible R -representations V , then the group-valued functor
RAut(G)

is represented by a pro-algebraic group over Q. The map

RAW(G) — [] []Autz@ (G.O(R)(x.-)))

x€ObR i

of pro-algebraic groups has pro-unipotent kernel.

Proof This is a consequence of [37, Theorem 5.13], which proves the corresponding
statement for the group ROut(G) := RAut(G)/ [ [, eon g Ru(G)(x). Since the group
[ Ixeob g Ru(G)(x) is pro-unipotent pro-algebraic, the result follows. o

Definition 4.5 Given a pro-algebraic groupoid G, we may extend the automorphism
group Aut(G) to a group presheaf over Qg, by setting

Aut(G)(A) := Auty(G Xgpec @, Spec A).
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Lemma 4.6 For G € sE(R), there is a group presheaf Aut"(G) over Qy, with the
properties that Aut"(G)(Qy) is the group of automorphisms of G in Ho(Ob G | sAGpd),
and that there is an exact sequence

1 - RAut(G) — Aut"(G) S Aut(R) — 1,
where Aut(R) is given the algebraic structure of Definition 4.5.

If H (G, V) is finite-dimensional for all i and all finite-dimensional irreducible R—
representations V', then « is fibred in affine schemes.

Proof Let R = G™Y, take Y € Ho(dg Aff(R)4) corresponding to G under the
equivalence of Theorem 2.74 and define

Aut” (G)(A) :=1{(f.0): f € Aut(R)(A), 0 € IsOHo(dg afr4(R).) (Y ® A4, fﬂY ® A)}.

We may now take a minimal model m for G(Y) € dg./\A/' (R), and observe that
Lemma 4.2 then gives

HoMygo(dg att(R)) (Y ® 4. fFY ® A)
= Homyyo(dg a4 (R).) (Y ® 4, SfWm® A)
= Homy (1 ¢ R)*)((_?(Y)@A, m@A4) xXPmF &) ]‘[ exp(Hom(x)®A)
x€0b R
~ HomHo(ng\A/A(R))(m@)A’ m®A) xep(mg & 4) 1_[ exp(Hom(x)®A).
x€0b R

The proof that « is fibred in affine schemes is now essentially the same as Lemma 4.4,
which deals with the fibre over 1 € Aut(R). O

Definition 4.7 Given a pro-discrete group I', we say a morphism I' — Aut”(G)(Qy)
is algebraic if it factors through a morphism I'3le — Aut’"(G) of presheaves of groups.

Corollary 4.8 If H (G, V) is finite-dimensional for all i and all finite-dimensional
irreducible R-representations V , then a morphism I' — Aut"(G)(Qy) is algebraic
whenever I' — Aut(G™Y) is so.

Proof We have I8 — Aut(G™%), s0 0: T' — (T¥ x5 (gra) Aut" (G))(Qy). Since
Aut” (G) — Aut(G™Y) is fibred in affine schemes, the group on the right is pro-algebraic,
so O factors through '€, as required. O
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If R = G™4, observe that there is canonical action of Aut” (G) on the direct sum
Dcob g H (G, O(R)(x,—)). In fact, we have a homomorphism

B: Aut"(G) = Aut(R) xAut( P v @, O(R)(x,—)))

x€0b R

of presheaves of groups.

Lemma 4.9 If H (G, V) is finite-dimensional for all i and all finite-dimensional
irreducible R-representations V , then the kernel of § is a pro-unipotent pro-algebraic

group.

Proof The kernel of § is just the kernel of
RAu(G) - [] []Autz H(G.OR)(x.-)).
X€ObR i

which is pro-unipotent by Lemma 4.4. a

4.3 Filtered homotopy types

4.3.1 Commutative algebras

Definition 4.10 Given a Qy—algebra A and a reductive pro-algebraic groupoid R
over Qg, define FDGAIlg,4(R) (resp. Fc Alg,(R)) to consist of R-representations B
in nonnegatively graded cochain (resp. cosimplicial) algebras over A4, equipped with
an increasing exhaustive filtration JoB C J{ B C--- of B as a DG (resp. cosimplicial)
(R, A)—module, with the property that (J;; B) - (J; B) C Jm+nB. Morphisms are
required to respect the filtration, and we assume that 1 € JoB.

Write FcAlg(R)« := FeAlg(R)| [] OR)(x.-).
x€0b R
FDGAIg(R)« := FDGAIg(R)} [] O(R)(x.-).
x€0b R

where O(R)(x,—) = JoO(R)(x,—).

Given (B, J) € FDGAIg,(R) or Fc Alg,(R), there is a spectral sequence jE;"*(B)
associated to the filtration J, with

JE“P(B) = H*P(GrY, B).
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Definition 4.11 We regard JET’*(B) as an object of FDGAIlg,(R), with
Tn(GEY™ (B)" = @D E" " (B).
r<m

noting that d(Jum(E{)") C Jp—1 (E1)" 1.

Definition 4.12 A map f: B — C is a fibration if the maps J, f: J,B — J,C are

all surjective. A map [ is a weak equivalence if the maps JET’*(f): JET’*(B) —
*,% . .

JE;7 (C) are all isomorphisms.

Lemma 4.13 There are cofibrantly generated model structures on the categories
FcMody(R) and FDG Mod4(R), with the classes of fibrations and weak equiva-
lences above.

Proof First, normalisation gives an equivalence FcModg(R) — FDG Mody4(R) of
categories, preserving and reflecting fibrations and weak equivalences. It thus suffices
only to consider FDG Mod4(R)

Let Sy, denote the cochain complex consisting of A concentrated in degree 7,
with JySpm = Spym and Jy—1Spm = 0. Let Dy, denote the cochain complex
consisting of 4 concentrated in degrees n,n — 1 with differential d”~! the identity,
JmDnm = Dy m and Jp_1 Dy = 0. By convention, Dy ,, = 0. Note that there are
natural maps Sy — Dnm-

For a set {V'} of representatives of irreducible R-representations in Q,—vector spaces,
define I to be the set of morphisms A ® Sy @V - AQ Dy @ V, for n > 0.
Define J to be the set of morphisms 0 - A ® Dy, ® V', for n > 0.

Now Hom £p G Mod 4 (R) (A ® Spm ® V, M) =Hompg(V, JnZ" M)
Hom £p G Mod (R) (A ® Dum ® V, M) = Hompg(V, Jy M" 1),
soamap f: M — N in FDG Mod4(R) is then [—injective when
Y RN AN Xd. J,znN.f 2 M
is surjective, for all m, n, and J —injective when
T MV Ly g N

is surjective for all n. Thus I -injectives are trivial fibrations, and J—injectives are
fibrations.
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Since Sy,m = Du+1,m/Sn+1,m»the map 0— Dy, ,,, is a composition 0 — Sy — Dy m
of pushouts of maps in I, so maps in J are all I —cofibrations. Since maps in J are
all weak equivalences, we have satisfied the conditions of [18, Theorem 2.1.19,] giving
the model structure claimed. a

Lemma 4.14 In the category FDG Mod(R) = FDG Modg, (R), all objects V are
cofibrant.

Proof Given V € FDG Modg, (R), it will suffice to show that Jo V' is cofibrant, and
that all the maps J,,—1V — J,,V are cofibrations, since V =lim J,, V. To do this,
we will show that these maps are transfinite compositions of pushouts of generating
cofibrations.

Now, since all R-representations are semisimple, we may choose decompositions
grl V' = M" @ N" ®dN""!, with dM"™ = 0. By semisimplicity, we may also
lift the R—modules M*, N to M’ NicC JuV.Now dM C Jm—1V, so the map
Jm—1V — JnV is a pushout of @, (Sp+1,m ® M”) — D, (Dpt1,m @ M”) <)
D, (Dnt1.m ® N "), and hence a cofibration. Since this argument also applies to
0— JoV, we deduce that V is cofibrant. |

Proposition 4.15 There is a cofibrantly generated model structure on FDGAlg4(R)
(resp. Fc Alg4(R)), for which a morphism is a fibration or weak equivalence whenever
the underlying morphism in FDG Modg4(R) (resp. F'c Mod4(R)) is so (in the model
structure of Lemma 4.13).

Proof The forgetful functor FDGAIg, (R) — FDG Mod4(R) (resp. Fc Alg,(R) —
FcMody(R)) preserves filtered colimits and has a left adjoint, the free algebra functor.
Since the free algebra functor maps trivial generating cofibrations to weak equivalences,
we may apply [16, Theorem 11.3.2], which gives the required cofibrantly generated
model structure. The generating cofibrations and trivial cofibrations are given by
the images under the free algebra functor of the generating cofibrations and trivial
cofibrations in FDG Mod4(R) (resp. Fc Mod4(R)). a

4.3.2 Lie algebras

Definition 4.16 Define FN/ "4(R) to be opposite to the category F N, 4(R)°PP of R—
representations in ind-conilpotent (see Definition 2.44) Lie coalgebras C over 4,
equipped with an exhaustive increasing filtration JoC C J1{C C ---, of C as an
(R, A)-module, with the property that V(J,C) C ), +,—,(JmC) ® (J,C), for V
the cobracket. Morphisms are required to respect the filtration.
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Similarly, F dg/\A/' 4(R) is opposite to the category of R-representations in nonnega-
tively filtered ind-conilpotent Ny—graded cochain Lie coalgebras over 4. F sN. 4(R)
is the category of simplicial objects in F’ N, 4(R). When A = Qg, we will usually drop
the subscript A.

Proposition 4.17 There is a closed model structure on Fd g/i\/' ‘4(R) (resp. F sN. 4(R)),
in which a morphism f: g — b is a fibration or a weak equivalence whenever the
underlying map fV: §Y —g" in FDG Mod4(R) (resp. Fc Mod4(R) ) is a cofibration
or a weak equivalence.

Proof The proof of [37, Lemma 5.9] carries over to this context. O
4.3.3 Equivalences

Definition 4.18 Define Fc Alg(R)oo, (respectively, FDGAIg(R)o, ) to be the full
subcategory of Fc Alg,(R)« (respectively, FDGAIlg,(R)«) consisting of objects B
with B=Qy. Let Fc Alg(R)os (respectively, FDGAlg(R)o, ) be the full subcate-
gory consisting of objects weakly equivalent to objects of Fc Alg(R)go, (respectively,
FDGAIg(R)oo,. ). Define Ho(Fc Alg(R)«)o (respectively, Ho(FDGAIg(R)«)o) to
be the full subcategory of Ho(Fc Alg(R)«) (respectively, Ho(FDGAIlg(R)«)) on
objects Fc Alg(R)o, (respectively, FDGAIg(R)y, ). Denote the opposite category to
Fc Alg(R)go« by Fs Aff(R)go«, etc.

Definition 4.19 Given g€ F SN (R), we define Wg € Fs Aff(R) by

(Wg)(B) := W (exp(HomF moa(r) (8" (B)))) €S

for B € Alg4(R). Here, W is the classifying space functor of Definition 1.6, and exp
denotes exponentiation of a pro-nilpotent Lie algebra to give a pro-unipotent group.

Observe that this functor is continuous, and denote its left adjoint by G: F's Aff(R) —
FsN(R).

Definition 4.20 Define functors
G
Fdg Aff(R)_L_ FdgN'(R)
w

as follows. For g € Fd g/\A/' (R), the Lie bracket gives a linear map /\2 g— g. Write
A for the dual A: g¥ — A? gV, which respects the filtration. This is equivalent to a
map A: g¥[—1] — Symm?(g¥[—1]), and we define

O(Wg) := Symm(g"[1])

Geometry & Topology, Volume 15 (2011)



568 Jonathan P Pridham

to be the graded polynomial ring on generators g¥[—1], with a derivation defined on
generators by D :=d 4+ A. The Jacobi identities ensure that D? = 0.

We define G by writing o B[1] for the brutal truncation (in nonnegative degrees) of
B[1], and setting

G(B)Y = CoLie(oBJ[1]),
the free filtered graded Lie coalgebra over Qg , with differential similarly defined on

cogenerators by D :=d + p, p here being the product on B. Note also that G(B) is
cofibrant for all B.

Definition 4.21 Define the category FsP(R) (resp. FdgP(R)) to have the fibrant
objects of FsN(R) (resp. FdgN (R)), with morphisms given by

R
Hompp(r) (9. b) = Homy  r( &gy (. D) xP00) TT exp(mob(x)).
x€O0b R

R
Hompggep(r) (g.b) = HomHo(ng/\?(R)) (g.H) x@p(hp) 1_[ exp(Hoh(x)),
x€Ob R

where h(lf is the Lie algebra Homyjea(r) (g » Q¢) = Hom g yieacr) (b - Q). acting by
conjugation on the set of homomorphisms.

Theorem 4.22 There is the following commutative diagram of equivalences of cate-
gories:
Spec D
Ho(Fdg Aff(R)«)o ____ Ho(Fs Aff(R)«)o

RE Spec Th B _
Al T el
N

where N denotes normalisation, D is denormalisation, and Th is the functor of Thom—
Sullivan cochains.

Proof The proof of Theorem 2.74 transfers to this context, making use of Lemma 4.14,
which implies that everything in the image of W is fibrant, as are all objects of
F dg./\A/' (R) and F sN (R). On objects, the functor G is defined by choosing, for any
X € Ho(F's Aff(R)«)o (resp. X € Ho(Fdg Aff(R)«)¢) a weakly equivalent object
X' € Fs Aff(R)gg (resp. X' € Fdg Aff(R)go), and setting

G(X):=G(X'),

for the functor G from Definition 4.20. O
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Although we do not have a precise analogue of this result for Ho(Fdg Aff4(R)) for
general A, we do have the following:

Lemma 4.23 Given X € Ho(Fdg Aff(R)«)o and g € ngJ\A/(R),
Homyo(Fdg aft 4 (R).) (X ® A, Wg® A)
— ~ A~ RS
~ HomHO(ng/\A/A(R))(G(X)®A, g®A) x*PE ©4) 1_[ exp(Hog(x)).
x€0b R

Proof The proof of [37, Proposition 3.48] adapts to this context. |

Definition 4.24 We say a filtered cochain algebra (B, J) € FDGAIlg4(R) is quasi-
formal if it is weakly equivalent in FDGAIlg4(R) to JET’*(B) (as in Definition 4.11).
We say that a filtered homotopy type is quasiformal if its associated cochain algebra
is so.

4.3.4 Minimal models Let FDG Rep(R) = FDG Modg, (R) be the category of
nonnegatively graded filtered complexes of R-representations.

Definition 4.25 We say that M € FDG Rep(R) is minimal if d(Jy,y M) C Jy—1 M
for all m.

Lemma 4.26 For any V € FDG Rep(R), there exists a quasi-isomorphic filtered
subobject M — V', with M minimal.

Proof We prove this by induction on the filtration. Assume that we have constructed
a filtered quasi-isomorphism Jy, f: JyuM — J,, V (for m = —1, this is trivial). Pick
a basis v, for H"‘(gr,{H_1 V), and lift vy to v}, € Jy4+1V . Thus dv), € J,,V, and
[dv,] =0e€ H*(JnV/JmM) = 0. This means that dv,, € J,, M + dJ, V. Choose

Uy € JuV such that dv), —dug € J;n M , and set Uy 1= v}, —Ugy.
rr{H-l V), so define
Jn 1M =JuyM & <Ua>a§

this has the properties that dJ,, 1M C J,, M and H* (gr,{H_1 M) = H"‘(grl‘;_i_1 V),

as required. a

Now, [Uy] = vq € H*(g

Definition 4.27 We say that a cofibrant object m € Fd g/{\/' (R) (resp. F sN (R)) is min-
imal if (m/[m, m])" (resp. N(m/[m, m])") is minimal in the sense of Definition 4.25.

Proposition 4.28 (Minimal models) Every weak equivalence class in F dg/\Af (R)
(resp. sN'(R) ) has a minimal element m, unique up to nonunique isomorphism.

Proof The proof of [37, Proposition 1.16] adapts to this context, using Lemma 4.26
instead of the corresponding result for DG Rep(R). o
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4.3.5 Homotopy automorphisms

Definition 4.29 Given u € FsN (R), let G = exp(u) x R, and define the group
presheaf of filtered automorphisms by

Aut}}(G)(A) ={(f,0): f € Aut(R)(A),0 € IsoFspA(R)(u®A, Ffu®4)y.
Define RAuty (G) := ker(Aut}} (G) — Aut(R)).

Definition 4.30 Given V € Rep(R) and g € F sN (R), define the spectral sequence
JEZ ¥ (Rxexp(g), V) to be the cohomology spectral sequence of the filtered complex

oOWg) @RV,
for JoV = V. Thus ;E*?(Rx exp(g), V) = H4T(Gr!, O(Wg) @R V).

Lemma4.31 Assume that G is as above, and let m € FsN (R) be a minimal model for
Ru(G). IfH! (G, V) is finite-dimensional for all i and all finite-dimensional irreducible
R -representations V' , then the group presheaves

B
Aty g x ] exp(rom(x)) = RAut; (G) = [ | Autr GES?(G. O(R))
x€0b R a,b

are all pro-algebraic groups, the maps « and 8 both have pro-unipotent kernels, and
is surjective.

Proof The proof of [37, Theorem 5.13] carries over. m|
4.3.6 Examples

Definition 4.32 Given B® € DG Alg4(R), we define the good truncation t« on B by

B" n<m,
(tmB)" :=={Z™(B) n=m,
0 n>m.

Observe that (B®, t) € FDGAlg,4(R).

Definition 4.33 Given a bicosimplicial algebra B**® € cc Alg,(R), we define the
associated filtered cosimplicial algebra (zf B <t/ B <---) € Fc Alg4(R) by

(z), B)" = (Dt Th B™*)",

for D, Th as in Proposition 2.70. Observe that there is a canonical quasi-isomorphism
diag B** — 1/ B*®, where diag denotes the diagonal of a bicosimplicial complex.
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In practice, the only filtered homotopy types which we will encounter come from
morphisms of spaces:

Definition 4.34 Given an algebraic variety X and an ind-constructible £—adic sheaf V
on X, recall (eg from [36, Definition 2.3]) that there is a natural cosimplicial complex

6 (V)

of £{-adic sheaves on V, with the property that I'(X, 62 (V)) = CZ (X, V), the Gode-
ment resolution (as in Example 3.18). This construction respects tensor products.

Lemma 4.35 To any morphism j: Y — X of algebraic varieties, and any Qg —sheaf ¥
of algebras on Y as in Definition 4.34, there is associated a canonical filtered homotopy
type C(j,¥) € Ho(Fc Algg,), with the property that _]E:’*Cgt(j, ¥) is the Leray
spectral sequence

JECPCE(j, o) = HPHD (X, R7 ), %) = HOPE(Y, ).
The associated unfiltered homotopy type is canonically weakly equivalent to Cgt(Y, ¥).

Proof We have a Qg—sheaf j, 6 (%) of cosimplicial algebras on X, and hence a
bicosimplicial algebra
Now, set

InCL(j. %) = r,/{Cgt(X, Jx65 (%)) = diag CZ (X, D1, Th j €2 (%)),
as in Definition 4.33, with CZ (X, jx6(¥)) = JooCZ (/. ¥) a quasi-isomorphism.
Finally, observe that there is a quasi-isomorphism

C,(Y.9) =T(X, jx€(F)) — diag CZ (X, j«6Z(F)).

and that gry, jx6Z (%) is quasi-isomorphic to R" j&. o
Remark 4.36 There is a similar statement for filtrations on homotopy types coming

from morphisms of topological spaces, using Cech resolutions instead of Godement
resolutions.

Since the construction above is functorial, for any point y € Y, we have a morphism
C(J,9) — C(idy, Fy), where id) is the identity map idy: y — y. Now,

JnCZ(idy, Fy) = diag CZ(y, DT, Th¥y).

Since ¥y has constant simplicial structure, Th ), =¥, so Jncgt(idy, ¥y) =) for
all n>0.
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Definition 4.37 Given a morphism j: Y — X of algebraic varieties and a Zariski-
dense continuous map

p: () > R(Qp)
we define the filtered homotopy type (Y*Ma ;) to correspond to C,(J,O(R)) €
Fc Alg(R)«, where the augmentation map is the canonical morphism

C:(J, O(R) — [ ] Ci(idy, O(R) = [ O(R)(», -).
yeY yeY

S Algebraic Galois actions

5.1 Weight decompositions

By a weight decomposition, we will mean an algebraic action of the group G,,. A
weight decomposition on a vector space V' is equivalent to a decomposition V =
D,cz WnV , given by A € G, acting as A" on W, V.

Fix a prime p, which need not differ from ¢. Let Z2 be the pro-algebraic group
over Qg parametrising Z-representations. Since Z is commutative, Z2 is commuta-
tive, so Z8 = 7™ x R, (Z¥#), where Z"™ is its reductive quotient. For any unipotent
algebraic group U, this means that Hom(R,(Z¥¢), U) = Hom(Z, U(Qy)) = U(Qy),
SO Ru(Zalg) = G, . Combining these observations gives 788 = G, x 74,

Likewise, let Z2 be the pro-algebraic group over Q; parametrising continuous Z-
representations. Since continuous Z—representations form a full subcategory of Z—
representations, 7% is a quotient of Z¢. The reasoning above adapts to show that
2o = G, x 2,

Definition 5.1 Given n € Z and a power g of p, recall that an element « € Qg is
said to be pure of weight n if it is algebraic and for every embedding ¢: Qg — C the
element ¢(«r) has complex absolute value ¢"/2.

Let M, be the quotient of 7™ whose representations p correspond to semisimple
Z-representations for which the eigenvalues of p(1) are all of integer weight with
respect to ¢g. Such representations are called mixed.

Observe that every M, —representation decomposes into “pure” representations, in
which all eigenvalues have the same weight. There is thus a canonical map G, — My
given by A € G, acting as A" on a pure representation of weight 7.
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Definition 5.2 Define P, to be the quotient of M, whose representations are pure of
weight 0, s0 Py = My /Gyy,.

Definition 5.3 Given n € Z, an embedding ¢: Q; — C and a power ¢ of p, recall
that an element o € Qy is said to be (—pure of weight n if |((a)| = ¢"/2.

Let M, 4 be the quotient of 7" whose representations p correspond to semisimple
Z—-representations for which the eigenvalues of p(1) are all of integer (—weight. Note
that My is a quotient of M, 4.

Observe that there is a canonical map G,, — M, 4 given by A € Gy, acting as A" on
an (—pure representation of weight », and that this induces the map G,, — M, above.

Definition 5.4 Define P, ; to be the quotient of M, ; whose representations are pure
of 1—weight 0,50 P g =M, 4/Gy.

Definition 5.5 Given a pro-algebraic group G, let G° be the connected component of
the identity; if G is the maximal pro-finite quotient of G' (parametrising representations
with finite monodromy), then G = ker(G — G).

Lemma 5.6 If I' is a pro-discrete group, then we may make the identification

re0 = lim A%,
o
A

where A runs over A < I' open of finite index.

Therefore the category of finite-dimensional T'*¢:° _representations is the direct limit
h_r)n A FD Rep(A) (over A as above) of the categories of finite-dimensional A —represen-
tations.

Proof This is essentially [29, Proposition 2], which deals with the case when I' is
discrete, and refers to li_n[)lA FD Rep(A) as the category of virtual I'—representations.

First note that T4 = [ , where the pro-finite completion [ of T is characterised by
the property that Homy,oGp) (I, F) = Homy,o(gp) (I, F) for all finite groups F'. Thus
[ =T whenever T is pro-finite.

The exact sequence A — I' — I'/A — 1 gives an exact sequence (A)¥2 % ag
I'/A — 1. It suffices to show that « is injective. This follows from the observation

that every finite-dimensional A-representation V' embeds into a finite-dimensional
I" —representation Indg V. a
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Thus if F is a generator for Z, then representations of Z¥&° are sums of F’—
representations, with morphisms commuting locally with sufficiently high powers
of F.

Observe that we have commutative diagrams

A~ A~

7 ——> 7

! !

Mqr —_ Mq.

Any Z—representation with finite monodromy is pure of weight 0, giving a map
P, — Z. Also note that Myr = ker(My; — 7 /rZ). Combining these observations
gives:

Lemma 5.7 We have
0 . 0 .
Mp = lim Mr, Pp = lim Ppr.

Writing M := M) and P° := Py, there are quotient maps 740 s MO s PO,

There are similar results for M LO =M, [?p, PL0 = PL? P

Definition 5.8 We say that a representation of Z¥&0 is mixed (resp. pure of weight 0,
resp. L—mixed with integral weights, resp. .—pure) if the action of Z™%0 < 7229 factors
through MO (resp. P, resp. M2, resp. P?).

Lemma 5.9 Observe that the canonical maps G,, — M, are compatible, giving
G, — MO, with trivial image in PO, Similarly, we have G, — MLO, with trivial
image in PLO.

5.1.1 Slope decompositions

Definition 5.10 Define the pro-algebraic group G to be the inverse limit of the étale
universal covering system of G, . This is the inverse system {G; },ecn With G, = Gy,
and morphisms [s]: Gy — G, for s € N,

Lemma 5.11 The category of G/\,; —representations is canonically equivalent to the
category of Q —graded vector spaces.
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Proof A representation of G, is equivalent to a Z—grading. Given a finite-dimensional
vector space V' with a Q—grading V =@V, let d be the lowest common multiple
of the denominators of the set {A € Q : V) # 0}. Then V =P, cz Vi/a, giving a
G—action on V. If we regard this copy of G,, as G, this defines a @; —action.

Now, for any pro-algebraic group G, arbitrary G —representations are nested unions of
finite-dimensional G —subrepresentations. Likewise, every Q—graded vector space can
be expressed as a nested union of finite-dimensional (Q—graded vector subspaces, so
the two categories are equivalent. a

Now assume that p = £.

Definition 5.12 Given a power ¢ of p, normalise the p—adic valuation v on Q p by
v(q) = 1. Define the slope of o € Q, to be v(x) € Q.

Lemma 5.13 There is a canonical morphism @,; — 74, corresponding to the functor
sending a 7 —representation V' to a slope decomposition @@ V.

Proof Let F be the canonical generator for Z. Given a finite-dimensional semisimple
Z—representation V', we may decompose V ®q, Q p into F'—eigenspaces, and hence
take a decomposition by slopes of the eigenvalues. Since conjugates in Q, have the
same slope, this descends to a slope decomposition V = @Ae@ V., asrequired. O

5.2 Potentially unramified actions

Fix aprime p 7 £, and take alocal field K, with finite residue field k of characteristic p.
Let G := Gal(K/K)™¢, the pro-algebraic completion of Gal(K/K) over Q.

Definition 5.14 A finite-dimensional continuous Qg—representation of Gal(K /K)
is potentially unramified if there exists a finite extension K’/ K for which the action
of Gal(K/K’) is unramified. Say that an arbitrary Q—representation of Gal(K /K)
is potentially unramified if it is a sum of finite-dimensional potentially unramified
representations.

These form a neutral Tannakian category (see Definition 2.7); let GP™ be the corre-
sponding pro-algebraic group. Since Rep(GP™) is a Tannakian subcategory of Rep(G),
GP" is a quotient of G.

Lemma 5.15 We can write grr — Gal(l;/k)alg XGal(k/ k) Gal(I?/K), so GP0 —
Gal(k / k)40 =~ 72120,
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Proof A representation G — GL(V) (for V finite-dimensional) is potentially un-
ramified if it annihilates ker(Gal(K/K') — Gal(k/k’)) for some finite Galois ex-
tension K’/ K . In other words, it annihilates ker(Gal(K/K) — Gal(k/ k) XGal(k'/ k)
Gal(K’/K)), so is an algebraic representation of Gal(k /k)de XGai(k'/ k) Gal(K'/ K).
Thus the category of finite-dimensional GP™ —representations is given by

FD Rep(GP™) = lim FD Rep(Gal (k/ k)" a4 Gal(K'/ K)

K/
= FD Rep(lim Gal(k / k)™ X a1y Gal(K'/ K))
K/

= FD Rep(Gal(k / k)" X g 1 Gal(K/ K),
as required.

The final statement is an immediate consequence of Lemma 5.6. |

Definition 5.16 We say that a representation of GP™ is mixed (resp. pure of weight 0)
if the resulting action of Z20 — 721290 j5 0.

5.3 Potentially crystalline actions

Now let £ = p, and take a local field K, with finite residue field k& of order ¢ = pf .
Let G := Gal(K/K)™, the pro-algebraic completion of Gal(K/K) over Q p. Let
W := W(k), with fraction field K, and let o denote the unique lift of arithmetic
Frobenius ® € Gal(k /Fp) to o € Gal(K'/Qp), for K" the maximal unramified
extension of K. Note that the geometric Frobenius of the previous section is F =&~/ .

Definition 5.17 Say that a finite-dimensional continuous Gal(K /K)-representation
over Q, is potentially crystalline if there exists a finite extension K’/K for which
the action of Gal(K/K’) is crystalline. Say that an arbitrary Q p—Trepresentation of
Gal(K/K) is potentially crystalline if it is a sum of finite-dimensional potentially
crystalline representations. Note that since unramified representations are automatically
crystalline, all potentially unramified representations are potentially crystalline.

These form a neutral Tannakian category (see Definition 2.7); let GP°™S be the cor-
responding pro-algebraic group. Since Rep(GP) is a full subcategory of Rep(G)
closed under subobjects, Gperis ig a quotient of G.

Definition 5.18 In [9, Section 4], Fontaine defined a ring Byis = Beis(V) of periods
over Q,, equipped with a Hodge filtration and actions of Gal(K/K) and Frobenius,
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and used it to characterise crystalline representations (adapted in Proposition 5.20
below).

n [33, 6.8], Olsson defined a localisation Ecm(V) of Bis(V) as follows. Fix a
sequence 1, of elements of V with 1y = p and t” m+1 = tm forall m = 0. Define
Ap—n to be the sequence (Tn+m)m=>0, and let §,—n be the associated Teichmiiller lifting.
Set

Ecris(V) = Bcris(V)[‘S;—ln]nZO,
noting that (8,-n—1)? = §p—n.

Definition 5.19 Given a finite-dimensional Gal(K /K)-representation U , set
Dcris,K(U) = (U ®Qp Bcris)Gal(K/K),
Dpcris(U) = h_I)n Dcris,K’(U)a
5cris,K(U) = (U ®Qp Ecris)Gal(K/K),
5pmris(U) = 11_1‘)1’1 5cris,K/(U),
for K’ ranging over all finite extensions of K. For an arbitrary algebraic Gal(K /K)—

representation U, set
Dpcris )= 1}})1 Dpcris (Ua).

for Uy running over all finite-dimensional subrepresentations, and similarly for 5pcris.

Observe that Spec B is an affine G—scheme over Spec Q,, and that the coarse
quotient (Spec Bis)/G° is Spec Ky

Proposition 5.20 An action of G on an affine Q, —scheme Y factors through gpenis jf
and only if there exists an affine K" —scheme Z, with
Y XQ, Spec ch ~ 7 X K Spec ch
ago —equivariant map (for trivial GO —action on Z).
In that case, we necessarily have Oz = Dyis(Oy) = pms(©y)
Proof If we replace potentially crystalline with crystalline, and K" with Ko, then

this is just [33, Theorem D.3]. Taking the direct limit over finite extensions of K gives
the first expression.

Taking G°—invariants gives 07 = ﬁpcris(Gy), but then [33, Remark D.10] shows that
for potentially crystalline representations U, Dycris(U) = Dperis(U). a
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5.3.1 Frobenius actions Although we do not have a canonical map Z¥&0 — Ggperis|
there is something nearly as strong:

Lemma 5.21 There is a canonical morphism
lg,0
7" ®Qp Bgrls - gpcrls ®Qp Cl‘lS

of affine group schemes over the o —invariant subring B°. of Bgs.

cris

Proof Given U € FD Rep(GP™), U is crystalline over K’ for some finite extension
K’/ K with residue field k’. If |k’/ k| =r and ¢ = p/ , then ¢/7 isa K —linear endo-
morphism of Dy x/(U). This extends uniquely to give a K, o —linear automorphism £,
of Dperis(U) (note that F, # ¢f ", the latter being o —semilinear).

Now, observe that Dpcis(U) is a sum of finite-dimensional £, —representations over Q,,
since Dyris,x’(U) is finite-dimensional over K’, and hence over Q p- This gives us a

o —equivariant Q,-linear action of Z% alg on Dypis(U), and hence a o —equivariant
BZ. —linear action on Dypeis(U) ® K Beris = U ®q,, Beris- We now take the ¢—invariant

subspace, giving a 7.%-312 ®q, Bi—actionon U ®q, BZ;-

Cris cris”

If we took a larger extension K”/K with residue field k£, then we would have
|k"/ k| = s with r|s. The corresponding K§"—linear automorphism Fy of Dyperis(U)
is given by Fs = Frs/r, so gives rise to the same Z%2_action on Dyperis(U). This
ensures that the action is functorial in U .

Given U,V € FD Rep(gpcris), we have DpcriS(U ®Qp V)= Dpcris(U) ®K8r DpcriS(V)v
compatible with ¢. Choosing K’ so that U, V' are both crystalline over K’, we see that
Dyperis (U ®q, V) is isomorphic to Dperis(U) ® g Dperis(V) as an Fy —representation.

Hence the Z°%¢ ®q, B2, —representation (U ®q, V) ®q, BZ; is isomorphic to

Cris Cris

(U ®Qp Cl'lS) ®Ba (V ®QP CI‘IS)

For a Q,—algebra A, Tannakian duality says that giving an element g € GP'S(4) is
equivalent to giving A-linear automorphisms gy of U ® A for all GP*"' —represen-
tations U, functorial and compatible with tensor products and duals. Therefore the
7% ®g » B&;s—actions on the representations U ®q,, By, give group homomorphisms

cris cris

Z.942(C) — GPis(C), functorial in B, —algebras C, as required. |

cris

Definition 5.22 We say that a potentially crystalline representation U is mixed (resp.
pure, resp. L—mixed with integral weights, resp. (—pure) if the action of Z¥2:0 @ B2
on U ® BZ, factors through M (resp. Py, resp. M, 4, resp. P, 4). This is equivalent
to saying that the action of Z on Dpeis(U) is mixed (resp. pure, resp. (—mixed with

integral weights, resp. (—pure).
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We have the following analogue of a slope decomposition:

Lemma 5.23 There is a canonical morphism Gm — gperis ®q, BZ;, of affine group

Cris
schemes over B, for Gm as in Definition 5.10.

Proof Combine Lemma 5.13 with Lemma 5.21. O

6 Varieties over finite fields

Fix a variety X over a finite field k, of order ¢ prime to £. Let X := X; ® k,
for k the algebraic closure of k. There is a Galois action on X, and hence on the
pro-simplicial set X, and on its algebraisation G(X ). The purpose of this section
is to describe this action as far as possible.

6.1 Algebraising the Weil groupoid

The morphism X — X gives a map of groupoids a: nj‘?‘X — net(X %) - Similarly,
there is a map n}?tX K — JTJ?‘(SpeC k)=Gal(k/k) =~ 7. Denote the canomcal generator
of Gal(k/k) by F, the geometric Frobenius automorphism.

In constructing fundamental groupoids and étale homotopy types, we may use the same
set of geometric points for both Xz and X, so assume that « is an isomorphism on
objects. We then have

ﬂft(X) = ;’t(Xk) XZ 0.

Definition 6.1 Define the Weil groupoid Wy (X)) by
Wy (Xy) = ' (Xg) x5 Z,

noting that this is a pro-groupoid with discrete objects.

For any scheme Y, note that finite-dimensional representations of wf‘(Y) = wyr (Y t)
correspond to smooth Qy—sheaves on Y. We now introduce natural quotients of this
groupoid.

Definition 6.2 Deﬁqe ;‘(X ) to be the image of the map w et(X ) = Wr(Xp)ie,
so Wr(Xp)"e = Wwet(X) x 728,

Define G‘ﬂwet(X ) to be the image of the map w et(X ) — wf Y(X%), so w (X)) =
Gd]zzre‘(X ) x Z32. Note Gd%zret(X ) is a Frobenius- equlvarlant quotient of Wy et(X ) (it
is in fact the quotient on Whlch Z acts continuously).
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In [38], "w(X,X) was defined to be the universal object classifying continuous
W (X}, x)—equivariant homomorphisms 71 (X, X) — G(Qy) to algebraic groups. In the
terminology of [38, Definition 1.3], "zo; (X, X) is the maximal quotient of @ (X, X)
on which Frobenius acts algebraically.

Note that these definitions are consistent by [38, Lemma 1.14], which proceeds by
establishing an action of Z*¢ on " (X, X) generated by Frobenius, then showing
that the map Z¢ x W (X, X) — W (X, x)¥€ is an isomorphism.

It also implies that linear representations of Wwfét(X ) correspond to smooth Qg—
sheaves on X arising as subsheaves of Weil sheaves, while linear representations of
Ga](D’;t(X ) correspond to smooth Qg —sheaves on X arising as subsheaves of pullbacks
of smooth Qy—sheaves on X.
Lemma 6.3 The canonical action of F on Wwf’t(X ) factors through a morphism

7% Aut(Wwft(X))
of group presheaves, for Z*'¢ as in Section 5.1.
Proof Write G = Wwfét(X ). H = Wr(X, )¢, and observe that the orbits of F in
Ob G =Ob H are finite, giving a map

7 — Aut(Ob H).

Since Z is pro-finite, we may regard it as the pro-algebraic group Z¥¢/72:0,

Now, consider the group scheme

N = ]_[ 1_[ H(X,fX),

fe€Aut(Ob(H)) xeOb(H)

with multiplication given by
(flha}) - (f' AR = (f - £ A - h)).
There is a morphism N — Aut(Ob(H)) fibred in affine schemes. Thus

7 X au(ob(H)) N
is an affine scheme.

Now, F' gives a collection of paths F(x) € Wy (Xy)(x, Fx), and thus a map

Z — (Z X awovery) N)(Qp).
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Since the latter is an affine group scheme, this extends to a map Z¢ — Zx Aut(Ob(H)) NV -
Finally, observe that the conjugation action of H on G gives a map

N — Aut(G). a

Theorem 6.4 If X;/k is normal, then the action of Z*! on Wwfét(X yed factors
through P, (see Definition 5.2), that is, the Frobenius representation O(Ww;‘(X yredy
is a sum of finite-dimensional Galois representations, pure of weight 0.

Moreover Wwf‘(X yred = Galwf‘(X yd, so the Z™ action factors through its quo-
tient 7',

Proof Since Z2 =7Z"4xG, (Section 5.1), this amounts to showing that the Frobenius
action factors through P, x G,. We adapt the proof of [38, Theorem 1.11] (to which
we refer the reader for details).

Let T be the set of all isomorphism classes of irreducible representations V of
Wwét(X yed over Qq. Since Ww]‘f't(X yed js reductive, there is an isomorphism of
Wwft(X yred i Wwfét(X )d_representations given on objects (x, y) by

0w (X)(x. y) ®q, Qr = @ Hom(Vy. V).
VeT

Suppose V is the smooth sheaf on X corresponding to the representation V. Then
@Dy e Hom(Vy, V) corresponds to the smooth sheaf

@ pry' VY ®pr;! vV
VerT
on X xX.

Now, V € T is an irreducible representation of w;“(X ) which is a subrepresen-
tation of some Wy (X} )-representation. This is the same as underlying a Wy (Xy/)—
representation for some finite extension k’/k, so V underlies a smooth Weil sheaf
on Xj/.

From Lafforgue’s Theorem ([5, Conjecture 1.2.10], proved in [27, Theorem VII.6 and
Corollary VII8]), every irreducible smooth Weil sheaf over Q; is of the form

V=PeQ,®,

for some mixed sheaf P on Xj/. By [5, Theorem 3.4.1 (ii)], every irreducible smooth
t—mixed Weil sheaf is t—pure. Thus the mixed sheaf P is (—pure for all ¢, and hence
pure.

Thus pri' VV®@pry' Vepr! PY@pr;! P,

which is a smooth sheaf on Xj x X}, pure of weight 0.
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Hence OV et(X ) ®q . Qy, and hence O(Pw et(X yed) is a pure Galois represen-
tation of welght 0. Thus the action of Z¢ factors through P, x Ga, and the discrete
Galois action on wet(X yed descends to a continuous action on et(X yed | so

Ww.;t(X)red — Galw.ft(X)red. O
6.2 Weight decompositions

Now assume that X is either smooth or proper and normal.

Definition 6.5 Define a weight decomposition on a multipointed homotopy type G €
Ho(s€(R)«) to be a morphism

Gm — RAut(G)
of pro-algebraic groups.

Compare this with [37, Definition 5.15], which considers weight decompositions on
unpointed homotopy types, corresponding to outer automorphisms.

Proposition 6.6 If we let R be any Frobenius-equivariant quotient of Wwft(X yred

then the Galois action on
X,R,Mal

is mixed, giving a canonical weight decomposition. Furthermore, the Frobenius action
extends canonically to a continuous algebraic Gal(k / k)—action.

Proof By Theorem 6.4, the Galois action on R factors through the quotient Py x G,
of Z*8. By Corollary 4.8, the Gal(k/k) action on Xéf Mal s thus algebraic. Since
R is a Py x G,—representation, the Weil sheaf @, cop g O(R)(X) is an arithmetic
sheaf of weight 0. Deligne’s Weil II theorems [5, Corollaries 3.3.4-3.3.6] then imply
that @, c y H* (X, O(R)(x)) is a mixed Gal(k / k) representation (ie a representation
of My x Gg). By Lemma 4.9, we may therefore conclude that the action of 7" on
Xélf’Mal factors through M, giving

Mg — Aut" (X FMa,

Finally, use the map G,, — M, (given after Definition 5.1) to define the weight
decomposition. Since R is pure of weight zero, the G,,—action on R is trivial, giving

Gy — Aut” (XéIS’Ma]),

as required. a
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Corollary 6.7 The Galois actions are mixed on the duals wy, (Xélte Mal )V of the
homotopy groups for n > 2, and on the structure sheaves O(wy (Xélte Malyy(x, y). In
particular, these objects have canonical weight decompositions.

Proof This is just the observation that there are canonical maps Aut” (Xélf Maly
Aut(wy, (XéIf’M"ﬂ, x)) and Aut” (Xélf’Mal) — Aut(O(wy (XéIf’Mal))(x, y)) of group-
valued presheaves, so Proposition 6.6 gives algebraic actions of M, x G, (and hence
Gy ) on the homotopy groups and fundamental groupoid. |

Remark 6.8 We have shown that w, (X éf Maly §5 a mixed nft(X 1 )—Tepresentation.
In particular, this means that oy, (Xéf’Mal, X) is a mixed (F)-representation, so has a
canonical weight decomposition.

Remark 6.9 If the hypotheses of Theorem 3.40 hold and nft(X , x) is N —good relative
to R, then Corollary 6.7 implies that the Galois actions on the 75 (X, x) ® 5 Qy are
mixed forn < N.

Alternatively, if it should happen that the Galois action on H” (H(lét(X ,Xx), V) is mixed
for all R-representations V' underlying pure nf‘(X &, X)-representationsand all n < N,
then Lemma 4.9 (combined with the Adams spectral sequence of [37, Proposition 4.37])
implies that the Galois actions on @, (B (X, x))®-Mal is mixed for n < N . Provided
the first two hypotheses of Theorem 3.40 hold, the exact sequence of that theorem
would then imply that the Galois actions on n;ft(X ,X) ®75 Qg are also mixed.

6.3 Formality

Now assume that X is smooth and proper. Deligne’s Weil II theorems then imply that
D cx H' (X, O(R)(x)) is pure of weight n.

Theorem 6.10 For R as in Proposition 6.6, the Malcev homotopy type Xélf Mal ¢
sE(R) is formal, in the sense that it corresponds (under the equivalences of Proposition
2.50 and Theorem 2.74) to the R -representation

H (X, O(R))

in cochain algebras, equipped with the unique augmentation map Q, =H°(X, O(R))—
[ 1ieon g O(R)(x, —). This isomorphism is Galois equivariant.

Proof We need to construct an isomorphism 6: NR,(X2M¥) = GH} (X, O(R)) in
dgP(R) (for G as in Definition 4.20), such that

adg: Aut" (X2M) — Aut"(G Spec DHZ (X, O(R)) x R)
satisfies adg F = F'.
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As in Section 4.3.4, take a minimal model m for NR, (X Q’Mal) € dg/\Af (R). This has
the property that m,/[m, m], = H**1(X, O(R))".

From the proof of Lemma 4.4, we know that
1_[ exp(Hom(x)) x AUtdg/f/A(R) (m®A4) — RAut(Xg’Mal)(A)
x€0b R

is a pro-unipotent extension of pro-algebraic groups.

Likewise, the maps
Aut(R x exp(m)) — Aut (XM
—{(f.a): [ € Aut(R), a € Isopgaie(r)(HL (X, O(R)), fﬁH (X, O(R))))

both have pro-unipotent kernels.

So we may lift the map 73 — Aut” (X! é’t’Mal) to give 74 Aut(R x exp(m)). This
gives a lift of the weight decomposition G, — RAut( X’ é’t’M"‘l) to G, — Aut(Rxexp(m)).
Since m is of strictly negative weights, we may adapt [38, Corollary 1.21] by observing
that O(R x exp(m))/O(R) is of strictly positive weights, and that the weight 0 part
Wo O(R x exp(m)) is just O(R), so we have a Z"‘lg—equivariant decomposition

O(R x exp(m)) = O(R) ® W4 O(R x exp(m)).

This amounts to giving a Z2—equivariant section of R x exp(m) — R, or equivalently
a Z™2_equivariant Levi decomposition, so we may assume that the Z¥# action on
R x exp(m) consists of actions on R and on m.

Let V,, :=W_,_1m,, for W as in Section 5.1; since cohomology is pure, we deduce
that V,, — H**1(X, O(R))V is an isomorphism, and that m is freely generated as
a Lie algebra by the spaces V,,. The differential d on m is then determined by
d: Vy; —> m,_1, and weight considerations show that the only nonzero contribution
is Vo = [a16=n_1[Va. V. This is isomorphic to d: m/[m, m] — [m, m]/[m, [m, m]],
so must be dual to the cup product.

Therefore, the choice of lift Z& — Aut(R x exp(m)) has determined an isomorphism
R xexp(m) = Rx exp(GHg‘t(X ,O(R))), and this is automatically compatible with

the Galois action Z¥¢ — Aut” (R x exp(m)). |

Corollary 6.11 If we let R be any Frobenius-equivariant quotient of "1 m(X yred
then the relative Malcev homotopy groups @ et(X R.Mal ') can be descnbed in terms
of cohomology as

(X RMA ) ~ H,_ | (GH* (X, O(R))),
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for G as in Definition 4.20. This description is Galois-equivariant. If the conditions of
Theorem 3.40 hold (including goodness), then this also calculates 7' (X, x) ®7 Qg as
a Galois representation.

6.4 Quasiformality

Let j: X < X be an open immersion of varieties over k , such that locally for the
étale topology, the pair (X, X) is isomorphic to (A" x [; (A% —{0}), A9), for some
d =m+ Y ¢;. Note that this is satisfied when X — X is a normal crossings divisor
(corresponding to the case ¢; = 1 for all 7). It also includes all geometric fibrations
over k in the sense of [10, Definition 11.4].

Definition 6.12 For X, X asabove, let T = X —X, and let D be the closed subscheme
of T of codimension 1 in X . Note that net(X) — net(X D) is an isomorphism,
and define =« (X )i=m r I(X — D) to be the tame fundamental groupoid (as in [12,
XII1.2.1.3]).

Define 71} (X%) similarly, with the tame Weil groupoid Wf (X)) given by
Wi (Xy) = 77 (Xg) x5 Z.
Let w} (X):= 71} (X)¥2 and define Ww} (X) to be the image of w} X)— Wjﬁ (Xz)e.

Given a local system V on X, observe that the direct image iV of V under the
inclusion i: X — X — D is also a local system. We say that V is tamely ramified
along the divisor if i,V is tamely ramified along D in the sense of [12, Definition
XI1.2.1.1].

Lemma 6.13 Take j as above. If V is a pure smooth Weil sheaf on Y of weight zero,
tamely ramified along the divisor, then RY jV is pure of weight 2v (in the sense of
[25, Lemma-Definition I11.12.7]).

Proof This is a consequence of the following statements:
(1) RY 4V is pointwise pure of weight 2v.
(2) the canonical map (R” V)Y — R¥om z(R” jxV, Q) is an isomorphism.
If 0 > V' -V — V”— 0 is an exact sequence, with the statements holding for V

and V”, then observe that they also hold for V, since the long exact sequence must
degenerate.

The statements are local on X . Etale-locally, the pair (X, X) is isomorphic to
(U,U") = (A" x[];(A% —{0}),A%), for d =m + Y ¢;. We may then reduce to the
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case when V is irreducible on U, and so V =V, K (), V;, for V; irreducible on
A€ —{0}. By the Kiinneth formula, we now need only consider the pair (A¢—{0}, A¢).

If V is constant, then the statements follow from the cohomological purity theorem
[30, VL.5.1]. Since the scheme A€ —{0} is simply connected for ¢ > 1, this leaves only
the case ¢ = 1. [25, Lemma 1.9.1] shows that j,V is pure, and local calculations give
R!j,V =0 for i >0 (since V is tamely ramified, and is nonconstant irreducible). I

Proposition 6.14 Assume that j: X <> X is a morphism over k, with j @ k as in
Lemma 6.13, for Xy, proper. If V is a pure smooth Weil sheaf on X of weight zero,
tamely ramified along the divisor, then H: (X, R j, V) is pure of weight i + 2v, for
j: X — X the compactification map.

Proof By [5, Corollary 3.3.4], we know that H' (X, R" j,V) is mixed of weights
<i+2v,since RY .V is pure of weight 2v. Now, Poincaré duality [25, Corollary
I1.7.3] implies that

H (X,R"j,V)Y = H2 (X, (R”j« V)V)(2d),
which is mixed of weight < —i — 2v, using the isomorphism
(RYju V) = Ritom g (R” j V. Qy)
of Lemma 6.13. O
Corollary 6.15 For X as above, and p: wftX — R any Frobenius-equivariant
quotient of Ww} (X)red, the filtered homotopy type (XPM2, j) of Definition 4.37

is quasiformal (in the sense of Definition 4.24). The formality quasi-isomorphism is
equivariant with respect to the Galois action.

Proof This is largely the same as Theorem 6.10. Use the equivalences of Theorem 4.22
to take a filtered minimal model (m, J) € F sN (R) for (X*Ma ;) The increasing
filtration J, on m" gives a decreasing filtration J* on m, with J"m,, the annihilator
of J,_1(mV). Note that [J%m, J®m] c J%"Pm and J%m =m.

If we write Auty (R x exp(m)) for the group of filtered automorphisms of R x exp(m),
then similarly to Lemma 4.31, the maps

Auty (R X exp(m)) — Aut’} (Xt é’t’MaI) —
{(f.o): f € Aut(R). @ €150 pp G atg(r) (HE (X, R* jxO(R)), f*HE (X, R* j.O(R)))}

both have pro-unipotent kernels.
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We may therefore lift the Galois action 74 Aut}} (Xt Q’Mal) to a filtered automorphism
of Rxexp(m). This gives a lift of the weight decomposition G, — RAut; (X Q’Mal) ,
a unique Galois-equivariant Levi decomposition of R x exp(m), and a weight decom-
position G, — Auty(m).

Now, (mi?)Y =~ DBatb=nii H%(X,R0 j,O(R)) =: E™!, on which J, is the sub-
space of weights <n+r+1. Thus J” (m2P) is the subspace of weights < —(n+r+1).

Let I'"m be the lower central series on m, so ''m = m and I'"*!m = [m, " m].
The weight restrictions on m®® show that J” (grr m), = J" (Lieg (m?)),,, which is of
weights < —(n 4+ r 4 s). This implies that J" (I'ym),, is of weights < —(n+r + ).

We now make a canonical choice of generators by setting
W—(n+r+1)Vn = W—(n+r+1)ern~

Set V := [[; W;V; the weight conditions above show that this has no intersec-
tion with I'ym for s > 1, so the composition ¥V — m — m® is injective. Since
W_(,,_,_,H)(mab)n =W_(ntr+1)J" (m®),,, the composition is also surjective, so V
is a space of generators for m.

The structure of m is now determined by the differentials d: V,, — m,_;. As m =
Lie(V)=V x /\2 V x I'ym, weight and filtration considerations show that we must
have the projection d: V;; — (I'3sm),—; being 0. The nonzero contributions to d are
Vi — Vu—1, whichis dual to d; on E, and V;; — [[,4p=,_1[Va. V5], which must be
dual to the cup product. Thus m = G(E), and so Rxexp(m) = Rxexp(G(E)), as
required. a

Corollary 6.16 For X and R as above, we can describe the relative Malcev homotopy
groups wi (X RMal xy explicitly in terms of the Leray spectral sequence as

H,_1(G(JE]™)).
for JEtll,b — H2a+b (1‘7’ R—aj* @(Ww.;:t(X)L,red))

as in Definition 4.11, and G as in Definition 4.20. If the conditions of Theorem 3.40
hold (including goodness), then this also calculates ;' (X, x) ®7 Q¢ as a Galois
representation.
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7 Varieties over local fields

7.1 Potentially good reduction, £ # p

Let V' be a complete discrete valuation ring, with residue field k&’ (finite, of charac-
teristic p # £), and fraction field K’ (of characteristic 0). Let k, K be the algebraic
closures of k, K’ respectively, and V the algebraic closure of V’ in K.

Let Xy = X yr — Ty be a geometric fibration over V'’ (in the sense of [10, Definition
11.4]). Assume that we have a subfield K C K’ and a scheme Xg /K such that
Xk @k K’ = Xy ®p K'. We wish to study the Gal(K /K)—action on the homotopy
type X K.t

Recall from [12, Theorem X.2.1] that the map nj?‘(X %) — nj?t(X V’) is an equlvalence
By ibid. Section XIII.2.10, this generalises to an equlvalence g (X k) — T (X V).
Meanwhile, ibid. Corollary XIII.2.8 implies that the map 7 (X K) -7 (X V) is an

epimorphism, and ibid. Corollary XIII.2.9 shows JTet(X )’\L — Jtet(X )AL is an
equivalence, where L is any set of prime numbers excludmg D.

Proposition 7.1 If V is an {—adic local system on X;;, tamely ramified along the
divisor (ie coming from a representation of Tl’} (X)), then the maps

i¥: H* (X5, V) — H* (X, i3 V)
i H*(Xp, V) - H* (X5, iV)

are isomorphisms.

Proof In [10, Theorem 11.5], this is proved for nf‘(X )L —representations, for
p € L. The same proof carries over to w (X i )—Tepresentations, since the pro—L
hypothesis is only used to restrict the monodromy around the divisor. a

Definition 7.2 Since net(Spec V') = Gal(k/k’), we may define "w? 7+ (Xj) anal-
ogously to Definition 6.2 as the maximal quotient of wf(X )= (X )32 on
which the Frobenius action is algebraic. Define p“rwf (Xg) to be the image of
w}(A: 7)) — Wwf’(X 7). noting that this is a quotient of wf( %) on which the
Gal(K/ K)—action is potentially unramified.

Note that these definitions are independent of the choice of extension V'/V, in the
sense that a finite extension V”/ V'’ would give the same construction.
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Theorem 7.3 Let R be any Frobenius-equivariant reductive quotient of P“rwf’ Xg).
Then the Gal(K / K)—action on the homotopy type
R ,Mal
XF Lét
is algebraic, potentially unramified (as in Section 5.2) and mixed (Definition 5.16),
giving a canonical Galois-equivariant weight decomposition. It is also quasiformal,
corresponding to the E,—term

P H(Xg.R? j.O(R)) € FDGAIg(R),
a,b

of the Leray spectral sequence for the immersion j: X — X . The formality quasi-
isomorphism is equivariant with respect to the Gal(K / K)-action.

Proof We know that the homotopy type is given by
C(Xg.O(R)) € c Alg(R).

From the definition of pmw} (Xg), we know that O(R) is the pullback of a local
system on X, so iy« O(R) is a local system and i,’;in*O(R) = O(R).

The equivalences of Proposition 7.1 now give quasi-isomorphisms

C: (X, O(R)) = C5(X g, iy inx O(R))
« C (X, ins O(R)) = Co (X, i inx O(R)),
compatible with the basepoint augmentation maps.

We may assume that K C K’ is a Galois extension, then observe that the equivalences
above imply that action of Gal(K/K’) is unramified, so the Gal(K/K)¥¢ action
factors through Gal(K/K) XGal(k/ k') Gal(k /k")¥2. In fact, Proposition 6.6 implies
that the action factors through Gal(K/K) Xca(k/k’)y My, where ¢’ = |k’|, so the
morphism G, - M (?, = ker(My — Gal(k / k")) provides the weight decomposition.
This is compatible with the Galois action since My’ is commutative (being a quotient
of Z*®), so G,, lies in the centre of Gal(l?/K) XGal(k/ k") My .

We may now adapt Corollary 6.15 to see that this is quasiformal, noting that all of the
quasi-isomorphisms above extend naturally to the filtered algebras of Corollary 6.15. O

Corollary 7.4 Let X and R be as above. Then the homotopy groups wf;t(X ) are
potentially unramified and mixed as Galois representations, giving them a canonical
weight decomposition. They may also be recovered from the Leray spectral sequence,
as in Corollary 6.16.
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Corollary 7.5 If L is a set of primes including £, and
(1) njﬁ"(X)/‘L is (N +1)—good relative to pnrw} (XI%L),
() ]Tf;t(X AL) ®5 Qy is finite-dimensional for all 1 <n < N, and

(3) the action of ker(nf‘(X WL — 1 (X )AL) on ne‘(X/\L) ®5 Qg is unipotent
foralll<n <N,

then the Galois action on &' (X I%\L) ®5 Qy is potentially unramified and mixed, giving
it a canonical weight decomposition. It may also be recovered from the Leray spectral
sequence.

Proof Substitute R = nj’, (X V)L’red into Corollaries 7.4 and 6.16 and Theorem 3.40. O

Note that if L does not contain p, then the third condition of the Corollary is vacuous.

7.2 Potentially good reduction, £ = p

7.2.1 Convergent isocrystals Let X, X, V'’ K, K’ k' etc. be as in the previous
section, but with £ = p. Let W’ = W(k’), the ring of Witt vectors over k', and
K the fraction field of W’; let W™ := W(k), with K{' its fraction field. Choose a
homomorphism o: K’ — K’ extending the natural action of the Frobenius operator
¢ on W(k') C K’'. Assume moreover that Ty, = Dy, a normal crossings divisor, or
more generally that Dy~ corresponds to a log structure.

Definition 7.6 Let MF), + be the category of filtered convergent F—isocrys-
(XV/ DV/)/K

tals on (Xp, Dy), as in [50, Section 1] (or [33, 6.9] when K’ is unramified, noting

that the construction extends to ramified rings, as mentioned at the end of [33, 1.14]).

Roughly speaking, an object of MF(V)?V,’ Dy)/K’ consists of an F—isocrystal (E, ¢fg)
on (Xy, D)/ W, together with a filtration Fil' € of ¢ satisfying Griffiths transver-
sality with respect to Vg, where (€, Vi) is the module with logarithmic connection
on (Xg/, Dg’) obtained by base change from the evaluation of E on the p-adic
completion of (Xy+, Dy).

7.2.2 Crystalline étale sheaves We now introduce crystalline étale sheaves, as in
Faltings [8, V(f)] or Andreatta and Iovita [1].
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Definition 7.7 We define the category of associations on (Xy+, Dy/) to consist of
triples (V, ¢, E), where

(1) V isasmooth Qp—sheaf on Xk,

\Y%
2 E EMF(XV’sDV’)(q))’

(3) ¢ is an association isomorphism [33, Section 6.13], ie a collection of isomor-
phisms
w: V ®q, Beis(U) = E(Buis(0))
for U — Xy~ étale, compatible with the filtrations and semilinear Frobenius
automorphisms, and with morphisms over X, so that ¢« becomes an isomorphism
of étale presheaves. Here, Bcris(ﬁ ) is formed by applying Fontaine’s construction
to the p—adic completion UofU.

A morphism f: (V,¢, E) — (V',/, E’) in the category of associations consists of
a morphism f°: V — V’ and a morphism f°%: E — E’ such that f% o =
Vo fe Vv ®Q, Beris(U) = E'(Beis(U)) forall U.

The following lemma is a counterpart to [8, Lemma 5.5], which gives the corresponding
statements for the forgetful functor from associations to MF(VXV, Dy

Proposition 7.8 The forgetful functor (V, ¢, E)+— V from the category of associations
to the category of smooth Q,—sheaves on Xk is full and faithful. Its essential image
is stable under extensions and subquotients.

Proof Given associations (V, ¢, E), (V/,/, E’),note (VV®V, (V)" '®/, EVY®E’)
is another association. Giving a morphism f ¢ V — V’ amounts to giving an element
of H* (X, VY ®V’), or equivalently a Galois-invariant element of H(X . VVeVv).
By [8, 5.6], the map

(LV)_l ® /: H*(X]?a VV ® V,) ®Qp Beris — H;, (Xk/W7 EY 2 E/) ®K’o Beris

cris

is an isomorphism. Taking Galois-invariant and Frobenius-invariant elements in Fil°,
this gives an isomorphism

W)@ H (X, VY @ V) SIE/KD RO HY (X, /W, EY ® E')?,

cris
so there is a unique Frobenius-equivariant morphism f“: E — E’ preserving the
Hodge filtration such that the diagrams
A\ ®QI, Bcris(fj) —— E(Bcris(ﬁ))
fél®@p Biis l/ l/ fcriS(Bcris(ﬁ))
V' ®q, Beis(U) —— E'(Beis(0))
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commute. This shows that the forgetful functor is full and faithful.

To see that the essential image is stable under extensions, observe that extensions
of V by V' are parametrised by elements @ of H'(Xg/, V¥V ® V’). The isomor-
phisms above then show that ((:¥)™! ® (/)(a) is a Frobenius-equivariant element of
Fil®HL. (X3/W, EV ® E'), so gives a unique extension of (V,¢, E) by (V/,//, E’)
in the category of associations.

Finally, note that the subquotient of an extension is an extension of subquotients, so it
suffices to show that the essential image contains subquotients of semisimple objects.
Since such a subquotient V' of V is isomorphic to a direct summand, we have an
idempotent endomorphism 7 of V with ker 7 = V’. Since the forgetful functor is full,
7 lifts to an idempotent endomorphism 7 of (V,¢, E), so V' underlies ker 7 . a

Definition 7.9 Say that a smooth Q,—sheaf V on Xk is crystalline if it lies in the
essential image of the forgetful functor from the category of associations.

Proposition 7.10 The fibre functors (V, ¢, E) — Vi make the category of associations
into a multifibred Tannakian category. The corresponding pro-algebraic groupoid

J?‘(X K/)Crls is a quotient of w;t(X k). Moreover, we‘(X K/)Cm is the Malcev com-
pletion of n;‘(X k) with respect to the reductive quonent et(X K )crisred,

Proof Associations form a Q,—linear rigid abelian tensor category, with (V,(, £) ®
(V' E)=(V®g, V.t®, E ®ay, ., E") and (V,i, E)Y = (VY, ("), EV).

By Proposition 7.8, associations are equivalent to the Tannakian subcategory of crys-
talline étale sheaves in Rep(wft(X k7). Thus the forgetful functor from associations
to smooth Q,—sheaves corresponds to a surjection wft(X k') — wft(X &) of pro-
algebraic groupoids (with the same object set).

For p: n}‘;"(X X)) — wjf"(X x)°ised representations of wf‘(X x)PMa are smooth
Qp—sheaves on X+ which are Artinian extensions of semisimple crystalline étale
sheaves. By Proposition 7.8, this is equivalent to the category Rep(w}?t(X &)™) of
associations. a

Definition 7.11 Say that a smooth Q,—sheaf V on X is potentially crystalline if
V|x,, is crystalline for some finite extension K’ C K”.

7.2.3 Equivariant pro-algebraic fundamental groups

Definition 7.12 Define <K et(X &) to be the image of we‘(X 7)) — wet(X &)
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Note that we can also characterise Cris’K/w]é‘(X ) as
ker(wjét(XK/)cris N Gal([Z/Kl)cris — wft(spec K/)criS)’
using the right-exactness of pro-algebraic completion. Thus
@ (X = Ko (X g) x Gal(K/K')™,
so representations of CriS’K/wjét(X ) correspond to smooth Q,—sheaves on X g arising
as subsheaves of pullbacks of crystalline étale Q, —sheaves on Xg-.
Definition 7.13 Define

pcrisw_;t(XI?) = Lln cris,K//w_;t(XI?)’
K//

where the limit is taken over all finite Galois extensions K’ C K”'.

Finite-dimensional representations of pcrisw;t(X &) thus correspond to smooth Q,—
sheaves on X arising as subsheaves of pullbacks of potentially crystalline smooth
Qp—sheaves on X .

Since G = Lﬂl X (Gal(K/K")s XGal(K/K") Gal(K/K)), this gives an isomorphism

1(1_1(111(G31(K/K) XGal(]?/K//) w.;t(XK//)CrIS) o~ Pcrlsw_}:t(XI?) i gPCrls’

so the Galois action on pcrisw;‘t(X &) is algebraic and potentially crystalline.
Lemma 7.14 The map wfét(X g) —> Moy (X &) factors through pcriswft()( 7)-

Proof Since

Gal(K/K)P"' x P (X ) = L;i(lllGal(K/K) XGaie/ k) @f (Xir).

it suffices to show that the map ws(Xg~) — @y (Xj~) factors through w;“t(X x)°TS,
By looking at representations, this is equivalent to saying that every smooth QQ,—sheaf
on Xy~ pulls back to give a crystalline étale sheaf on Xy~. This now follows from
[21, 4.1.1], which shows that smooth Q,—sheaves on Xj.» correspond to unit-root
F—lattices on Xp». a

Definition 7.15 Any field extension K' — K" gives a pullback functor

v_ v_
MFE%,, p,n/x = MEx,, D,k
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and we set
MF % ¢ = limMFy "
(XV’DV)/K ° N (XV//,DV//)/K ’
K//
where K’ ranges over all finite field extensions K’ C K”'.

Representations of Gal(K / K)Peris:0 Pcriswft(X &) are just representations of

: ét cris
l(ln wf (X //)
K//

so the category of finite-dimensional representations is

lim FD Rep(wft(X &),
K//

Definition 7.16 Making use of the forgetful functor from associations to filtered
convergent F'—isocrystals, the observation above gives us a Q,—linear functor

DX : FD Rep(Gal(K /K )Pei$:0 x Peris gy et(XK))—>MF(XV’ Dy)/E

peris*

Say that an object of MF( Xy.Dp)/ K is potentially admissible if it lies in the essential
image of DX

peris *

Spec K
peris

Note that D Dpcr]s

Definition 7.17 Given a G°—equivariant affine scheme Y over Q,, define the affine
scheme Dycris(Y) over K" by

Dyperis(Y') = Spec Dperis O(Y).
Observe that O(Y) is therefore an ind-object of (ie a sum of objects in) the category

vV _
MF(SpeC V.,2)/K -

Proposition 7.18 The category of finite-dimensional mes(pcm et(X ) —represen-
tations in potentially admissible objects of MF(Spec V.2)/K 18 equ1valent to the category
of finite-dimensional GPCris-0 i Peris et(X %) —representauons which in turn is equiva-
Ient to the category of potentially adm1ss1ble objects of MF( Xy.Dp)/K -

For any point x € Xj; 7 (K), the associated fibre functor from mes(pcrls et(X )—
representations to MF(Spec V.z)/K corresponds under this equivalence to the pu]lback

X MF(A_’V,DV)/E - MF(Spec V.2)/K:
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Proof A Dpcis (Perisgy et( ))-representation V' in potentially admissible objects of
MF(Spec V.2)/ K cons1sts of potentially admissible objects V(x) € MF(Spec 7.2k for
all x € Ob(Pszz et( %)), together with coassociative morphisms

V(y) = V(x) ® Dperis OC™w (X ) (x. )

: \Y _ _
n MF(Spec V.,20)/K -

Since Dpris gives an equivalence between GP:0_representations and potentially
admissible objects of MF(SpeC V7,2)/ K » the description above shows that it defines the
required equivalence from GPeris:0 i peris et(X & )—Tepresentations.

Now, Gperis:0 i peris et(X )= lim wet(X k)", so we may apply the functor Dp oris
from Definition 7.16, mapping to potent1ally admissible objects in MF( Xy.Dp)/K - By
[8, Lemma 5.5], this functor is full and faithful, so gives us the second equlvalence
required. o

Definition 7.19 Define

Isoc((X7, D7)/ K™) := lim Isoc((Xg~, D)/ K"
koY)l Bo am
K//

to be the category of isocrystals on lim _ (Xg», Dgr)/ K", where the limit is taken
2 K 17
over finite extensions K’ C K”'.

Proposition 7.20 The category of finite-dimensional Dpcris(Pcrislzf}}é‘(X ))-represen-
tations over K" is equivalent to a full subcategory of Isoc((Xz, D)/ Kg'). This
subcategory is the smallest full abelian subcategory containing the potentially admissible
objects of MEY%_ py/ie-

X7.Dyp)/ K

Proof Write G := Pcriswfét(X ), and let Q(G) be the universal G—representation
in smooth Qp,—sheaves on Xz, as defined in Definition 2.75. Following through the
proof of Proposition 7.18, the functor from D is(G)-representations in potentially
admissible objects of MF(VSpeC V.2)/K 10 MF(VX% Dy)/K 18 given by

F(A):= A®Pres(@ pX . 0(G),

peris

while its inverse is

F*(ﬂ) _hchrls((Xk” Dk//) .ﬂ@D
K//

0(6)).

peris
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The same formulae define left exact functors F, Fx between the category of finite-
dimensional Dyis(G)-representations and Isoc((Xj, D)/ K'). For any point x €
X(K),

F(A)x = 4@ D Dy (0(G)x) = A @D Dy (0(G) (. -)) = A(x),
so F' is exact.

For any Dis(G)—representation A,

FyF(A) = A @Preris(@) hmH0

cris
K”
= A ®Dpcris(G) DpcriSO(G)
=A.

((Xgr. Dir), DX .. 0(G)® DX . 0(G))

peris peris

Moreover, Fy is right adjoint to F, since a morphism A4 — Fy(sd) is equivalent
to a G —equivariant morphism 4 ® O X ais = A ® DPCHS(O)(G) of isocrystals, which
is equivalent to a G—equivariant DX . O(G)-linear morphism 4 ® DX . O(G) —

pCrN CI'1§

A’ ® DX . O(G), which (taking G —invariants) is just a morphism F(A) — si’. These

peris
two statements combine to show that F is full and faithful.

Since F is exact, its essential image is an abelian subcategory. Proposition 7.18 ensures
that it contains all potentially admissible objects of MF(V)?V, D)/ K>SO We need only
show that anything in the image of F is in the abelian subcategory generated by these
potentially admissible objects.

Given any Dpis(G)-representation A, there exists a canonical embedding 4 —
A ® Dperis(O(G)), which is a sum of objects of MF(VSpec 7.2)/ K- Thus for some
finite-dimensional subobject U, we have an embedding 4 — U . Replacing A with
U/A, we get an embedding U/A < U’, so A =ker(U — U’), and hence F(A) =
ker(F(U) — F(U")). Since F(U) and F(U’) are potentially admissible objects of
MF(V);V’ D)/ K » this completes the proof. ml

7.24 Crystalline homotopy types Fix a Galois-equivariant quotient R of
PCfiSij‘(X )4, or rather of its full subgroupoid on objects X (K).

Definition 7.21 Let & — €7, (%) be a choice of functor from isocrystals to cosimpli-

cial sheaves on the log-crystalline site, with the property that 62 (%) is a resolution
of %, compatible with tensor products, and acyclic for log-crystalline cohomology.
Examples of such a functor are given in [35, page 17], or by denormalising the

construction DR of [33, 4.29.2]. In both cases, the resolution is given by first choosing
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a resolution which is acyclic for the derived functor between crystalline and Zariski
sites (such as denormalisation of the de Rham complex), then taking a Cech resolution.

Define ois (Y, F) :=T(Y,62:(%)),

crls

observing that this construction will also be compatible with tensor products.

Definition 7.22 Define the relative crystalline homotopy type X mes(R) Mal

Dyeris R to be the pro-algebraic homotopy type in Ho(s& (Dperis R) +) (over Ky') corre-
sponding under Theorem 2.74 to the Dpis(R)-representation

CCI‘IS((X_’ k) Dpcrls@ (R))

in cosimplicial K"'—algebras, equipped with its natural augmentations to

over

* . (Spec K, x* DX

DpcriSO(R) (x, _) - pcm(D(R))

CI'IS

coming from elements x € X (V).

Lemma 7.23 There is a canonical equivalence between representations of

wy (XE/Kgr) DpFris(R),Mal

Cris

and a full subcategory of Isoc((X: © D)/ K{') . Objects of this category are Artinian
extensions of those isocrystals corresponding under Proposition 7.20 to Dycris(R)—
representations.

Proof This is [32, Theorem 2.28]. An alternative approach would be to note that the
proof of [35, Theorem 2.9] carries over to nonnilpotent torsors. O

Definition 7.24 For a topos 7T, if ‘65-(%) is a canonical cosimplicial 7 —resolution of
a sheaf ¥ of algebras on X', with C3-(X, %) := I['(X,65-(¥)), then for any morphism
f: X —>Y wehavea bicosimplicial algebra C3-(Y, f*<€' (¥)), and we define

CH(f.9) :=1"CH(Y, fx65(F)) € Fc Alg,
defined as in Definition 4.33.
Definition 7.25 If we write j for the embedding X < X, define the filtered relative
crystalline homotopy type (Xi ..., Ji Cris)DP““(R)’M'“ll over DpuisR to be the filtered

pro-algebraic homotopy type in Ho(s&(Dperis R)«) (over K{') corresponding under
Theorem 4.22 to the filtered Dpeis(R) —representation

Czris (j];,crig ’ pcrls O (R))
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in cosimplicial K —algebras, equipped with its natural augmentations to

DpcriSO(R)(xa -)= (Spec Kgr, x*DX. O(R))

CI'IS pCrl§

coming from elements x € X (V).

7.2.5 Comparison of homotopy types From now on, let B := Bs(V) and B:=
Bis(V), from Definition 5.18.

Proposition 7.26 For any Galois-equivariant quotient R of Pcriswf‘(X Ig)red, there is
a chain of (¢, G°)—equivariant quasi-isomorphisms

R ,Mal - Dyperis R ,Mal . n
XK ét ® B Xk cris ®K0 B

in s Aff 5(R)x.

Proof This amounts to establishing a chain of quasi-isomorphisms
C;(Xz.0(R)) ®q, B~CS.. (Xz/ Ky pcm@( R)) ®w B B
in ¢ Algg(R)«

In the notation of [33, 4.29, 5.21], C*. (X% /K™, DX . O(R)) and C,(Xg, O(R)) are

cris pCI'lS

quasi-isomorphic to the denormalisations of R ¢y (Dpcm(@ (R)) and GC (O(R), X(K)),
since denormalisation and Thom—Sullivan are quasi-inverse up to homotopy (as in

Remarks 3.31).

Since the affine group schemes R/Qp and Dpeis(R)/KG' are associated by an iso-
morphism
B ®QP OR)=B ®K(‘)" DpcriSO(R)y

the required result is then ibid. 6.15.1, combined with the observation in ibid. Proposition
6.19 that pullback preserves associations, thus ensuring that these associations are
compatible with the augmentation maps coming from basepoints.

The proof of ibid. 6.15.1 proceeds by adapting the isomorphisms on cohomology groups
from [8, 5.6] to quasi-isomorphisms of DG algebras. Since the latter proves that the
cohomological isomorphisms respect cup products, an alternative approach would be
to extend the isomorphisms to quasi-isomorphisms of the minimal E,—algebras they
underlie. Remark 2.54 would then imply that the corresponding objects in dg./\Af (R)
are weakly equivalent. a
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Remark 7.27 When L is a crystalline étale sheaf on Xk and R is the Zariski
closure of the image of 771 ( =, X) — GL(L%) with nilpotent monodromy around
each component of the d1V1sor, then Proposition 7.26 is effectively [33, Theorem
1.7] (replacing “crystalline” with “potentially crystalline” throughout). The nilpotent
hypothesis was needed for Tannakian considerations, which in our case are obviated
by Proposition 7.8.

Theorem 7.28 Given a Galois-equivariant quotient R of P et(X &) the Galois
action on X Rl\:tal is algebraic and potentially crystalline.

Proof In the notation of Section 5.3, we need to show that the map G — Aut” (X R, Mal)
factors through GPS . Apply Proposition 5.20 to Proposition 7.26, taking

Y = Aut (XR Mal) X Aut(R) gpcrlq ,0
with the G° action on Y given by left multiplication.

Now, note that Dpcris(gpcﬂs’o X R) = Dpcris(gpﬂis’o) X R, giving a K{'~linear map
f: DPCFiS(gpcriS’O) X R — DpcrisR- In fact,

. 0 cris, 0
Dpcris(gpcrls,O) — Spec Bker(g —gP ),

so this map just comes from the isomorphism (Dpeis O(R)) ® Ky B = O(R) ®q, B
We now define Z over Dpcrisgpcﬂsﬁ to be the affine scheme given by

Z(A) = Is0Ho(dg Aff4(R).) (X Il—g,’gfal ®q, A, [H(XDpersRMal Rk A)),
for Dpcris O(Qpcris,O) —algebras A.

Since GPrs:0 is potentially crystalline, we have an isomorphism o GPeris0 » Spec B—
(Dperis GP15:0) X spec Kir Spec B, so the scheme Z Xspec K Spec B can be regarded as
a scheme over GPeris: 0" X Spec B

The G°-equivariant isomorphism of Proposition 7.26 then gives a G°—equivariant
isomorphism

Z(A) = I0po(dg att4(R)) (X 2" ®, 4.F X2 M ®q,

for any DPCHSO(Qpcrls N® K B- —algebra A, but the right-hand side is just Y (4),
giving a G®—equivariant 1somorph1sm

A),

4 XK Spec Bcrlq ~Y XQp Spec Bcrls,

as required. a
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Corollary 7.29 For x, y € X(K), the G®—actions on
wy, (Xg:glal, x) and wf(XR Mal)(x »)
are potentially crystalline.
Proof This is just the observation that the map
Aut(Xg ) — Aut(wn(xlf_;:gfal, ))(Qp)
factors through Aut” (X Ig:g[al). a

Note that if we set R = 1 and look at the fundamental group, this recovers the
comparison theorem of [48; 51] between pro-unipotent étale and crystalline fundamental
groups.

In fact, we may extend Proposition 7.26 to a filtered version:

Proposition 7.30 For any Galois-equivariant quotient R of P Et(X yed and for
j: X — X, there is a chain of canonical (¢, G®)—equivariant quasi- 1som01ph1sms

X o Jg.) M ®q, B~ (Xg
in Fs Aff5(R)x.

F— D, cris(R)sMal n
Jcris’ ]k,cris) " ®K8r B

Proof The proof of Proposition 7.26 adapts. a

Lacking a suitable p—adic analogue of Lafforgue’s Theorem (although [24, Theorem
6.3.4] might provide a viable replacement in some cases), we now impose a purity
hypothesis.

Assumption 7.31 Assume that pCHS@)(R) is an ind-object in the category of (—pure
overconvergent F —isocrystals. Like Definition 6.2, this is equivalent to saying that for
every R-representation V', the corresponding sheaf V on Xz can be embedded in the
pullback of a crystalline étale sheaf U on X, associated to an (—pure overconvergent
F—isocrystal on (X, D)/ K", for some finite extension K’ C K”. Also note that
this implies that the Frobenius action on Dpcis O(R) is t—pure.

Example 7.32 To see how the hypotheses of Assumption 7.31 arise naturally, assume
that f: Yx — Xk is a geometric fibration (in the sense of [10, Definition 11.4], for
instance any smooth proper morphism) with connected components, for Y of potentially
good reduction. Let G(X,Z) be the Zariski closure of the map

7 (Xg)(%.2) = [ [Iso(R" /¢, Qp)x. R" [ Qp)2).
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so G is a pro-algebraic groupoid on objects X (K), and then set R = G™4. By [8],
R" f I%"*QP is associated to  R” f,fis@Y,;,cris,

which by [24, Theorem 6.6.2] is t—pure (or if f is not proper, globally (—mixed). Thus
the semisimplifications of the G —representations

T R [ Qp)s

are direct sums of (—pure representations. Since these generate the Tannakian category
of R-representations, the hypotheses are satisfied.

For X € X(K), we may write F:=Y Xy y 5 Spec K, and Theorem 3.32 then shows
that the homotopy fibre of

ét\ R ,Mal ét\ R,Mal
(YI?) g (XI?)

= éty1,Mal

over X is (F E) .

Example 7.33 A more comprehensive example would be to let G(X, zZ) be the Zariski
closure of the map

7 (Xp)(X.2) = [ [Iso(R" /¢, Qp)x. (R /¢, Qp)z).
n,f

where f ranges over all geometric fibrations of potentially good reduction with con-
nected components, and then to set R := G4, The resulting homotopy type (X %)R’Mal
would be very close to possible conceptions of a pro-algebraic motivic homotopy type.

Theorem 7.34 Given a Galois-equivariant quotient R of P et( ) satisfying
Assumption 7.31, the Galois action on X &- M“l is t—mixed in the sense of Deﬁmnon 5.22,
giving a canonical weight decomposition’ on XR l\f“l ® BC.

’

Proof This is essentially the same as Proposition 6.6. Frobenius gives a canonical
element of Aut” (X ngcfisR Maly “We first show that this is (—mixed of integral weights.
By Lemma 4.9, we need only consider the Frobenius action on cohomology

5is (X7, D), Dpiis O(R)).

CI'1§ pCI‘li

The Leray spectral sequence gives

H2(l+b (X_, Rcrlg]*

cris

O(R)) = HTP((X7, D), DX

pCI'lS Cris

O(R)).

peris
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If we write D™ for the normalisation of the n—fold intersection of the local components
of D, and iy: D™ — X for the embedding, then as in [4, 3.2.4.1], there is an
isomorphism

H2a+b (X_, chbj*

Cris

~ p2a+b n(a)
pcrls (R)) Hcrtlls+ (D]; a)’l;lk]* Pcrls (R)(a))

since jx DX . O(R) is associated to a locally constant sheaf on X .

peris

Now, [24, Theorem 6.6.2] combined with Poincaré duality proves that

H2a+b(D( a)l ]* pcrls@(R)(a))

Cri1s

is (—pure of weight b. Thus Lemma 4.9 implies that the Frobenius element of
Aut! (X Pperis B:Maly s _mixed of integral weights.

We need to show that the composite morphism
73,0 _ gpcris ®q, B° — Aut” (Xll?ijé\t/lal) ®qQ, B°
factors through M, 0. By Proposition 7.26,
Aut (XR M) ®q, BY = Aut” (X Jpeis M) @ g B,

cris
so the map

290 — "™ ®q, B — Aut" (X 2 ®q, B°
factors through M. Since B’ C B, this completes the proof. a

Theorem 7.35 For R as in Theorem 7.34, the filtered homotopy type
(Xl?,ét’ jl?,ét)R’Mal ® B?
is quasiformal, corresponding to the E,—term

JECP (X B @ BT = @ (X, R™ /. O(R) @ B € FDGAlgpo (R),
a,b

of the Leray spectral sequence for the immersion j: X — X, and the formality
isomorphism is equivariant with respect to the Galois action.

The filtered homotopy type (X g . J g ét)R Mal jg also quasiformal, but the formality

isomorphism is not in general Galois-equivariant or canonical.
Proof Since the Galois action is (—mixed in the sense of Definition 5.22, there

is a Galois-equivariant weight decomposition G, — RAuty (X R, ::I“l ® B?), using
Lemma 5.21 and the observation after Definition 5.3. The argument of Corollary 6.15
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now adapts to show that X }; Mal & B9 is quasiformal, with the formality quasi-
isomorphism equivariant under the Galois action, proving the first part.

In particular this implies that
RAut ,(XR Mal) (B%) — Aut(JE}” *(XR Maly) (B?)

is a pro-unipotent extension. Thus the corresponding morphism of pro-algebraic
groups is surjective, which allows to lift the weight decomposition on ET’*(X Ig’Mal)
noncanonically to X g . . This decomposition is not necessarily compatible with the
canonical decomposmon on X ®:Mal @ Bo The argument of Corollary 6.15 adapted
to this decomposition now shows that X Ilg,gfal is quasiformal. |

Corollary 7.36 For X and R as above, we can describe the homotopy groups
o (X 1123 Mal |y Xspec @, Spec B explicitly in terms of the Leray spectral sequence as

, R, _ ,
?D';t(XE Mal’x)\/ ®Qp B° = H" I(G(JET *(Xlg,,é\:[al))V) ®QD BG,

for G as in Definition 4.20. Of course, if the conditions of Theorem 3.40 hold (including
goodness), then this also calculates 7, (X g, x) ® 5 B as a Galois representation.

Remarks 7.37 (1) In the case when X is projective and R is a quotient of
Ga]wjr (X ,;), this is essentially the main formality result of [32, Section 4], which
has since been extended to the general projective case in [33, Theorem 7.22],
although Frobenius-equivariance is not made explicit there. The proofs also
differ in that they work with minimal algebras, rather than minimal Lie algebras.

(2) Although at first sight Theorem 7.35 is weaker than Theorem 7.3, it is more
satisfactory in one important respect. Theorem 7.3 effectively shows that relative
Malcev £—adic homotopy types carry no more information than cohomology,
whereas to recover a relative Malcev p—adic homotopy type from Theorem 7.35,
we still need to identify

(Xg oo T )™ € Xg g g )M ® B
This must be done by describing the Hodge filtration on (X Clr)igcrisR Mal jE,cris)’
which is not determined by cohomology (since it is not Frobenius-equivariant).
Thus the Hodge filtration is the only really new structure on the relative Malcev
homotopy type. This phenomenon is similar to the formality results for mixed
Hodge structures in [34, Section 2].
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