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Prescribing the behaviour of geodesics in negative curvature

JOUNI PARKKONEN
FREDERIC PAULIN

Given a family of (almost) disjoint strictly convex subsets of a complete negatively
curved Riemannian manifold M , such as balls, horoballs, tubular neighbourhoods of
totally geodesic submanifolds, etc, the aim of this paper is to construct geodesic rays
or lines in M which have exactly once an exactly prescribed (big enough) penetration
in one of them, and otherwise avoid (or do not enter too much into) them. Several
applications are given, including a definite improvement of the unclouding problem
of our paper [47], the prescription of heights of geodesic lines in a finite volume
such M , or of spiraling times around a closed geodesic in a closed such M . We also
prove that the Hall ray phenomenon described by Hall in special arithmetic situations
and by Schmidt—Sheingorn for hyperbolic surfaces is in fact only a negative curvature

property.

53C22, 11J06, 52A55; 53D25

1 Introduction

The problem of constructing obstacle-avoiding geodesic rays or lines in negatively
curved Riemannian manifolds has been studied in various different contexts. For
example, Dani [16], Stratman [59], Aravinda and Leuzinger [3] and Kleinbock and
Weiss [40] have constructed (many) geodesic rays that are bounded (that is, they avoid a
neighbourhood of infinity) in noncompact Riemannian manifolds. This work has deep
connections with Diophantine approximation problems; see for instance the papers by
Sullivan [60], Kleinbock and Margulis [39] and Hersonsky and Paulin [32]. Hill and
Velani [34] and others (see for instance Hersonsky and Paulin [30]) have studied the
shrinking target problem for the geodesic flow. Schroeder [56] and Buyalo, Schroeder
and Walz [13] have worked on the construction of geodesic lines avoiding given subsets;
see also the previous work [47] of the authors on the construction of geodesic rays and
lines avoiding a uniformly shrunk family of horoballs.

In this paper, we are interested in constructing geodesic rays or lines in negatively
curved Riemannian manifolds which, given some family of obstacles, have exactly
once an exactly prescribed (big enough) penetration in one of them, and otherwise
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avoid (or do not enter too much into) them. We also study an asymptotic version of this
problem. This introduction contains a sample of our results (see also our paper [48]).

Let H be either a horoball of center & or a ball of center x and radius » in a CAT(—1)
metric space (such as a complete simply connected Riemannian manifold of sectional
curvature at most —1). For every ¢ > 0, let H[t] be the concentric horoball or ball
contained in H, whose boundary is at distance ¢ from the boundary of H (with H|¢]
empty if H is a ball of radius » and 7 > r). The following result (see Section 4.1)
greatly improves the main results, Theorem 1.1 and Theorem 4.5, of our note [47]. The
fact that the constant 1 is universal (and not very big, though not optimal) is indeed
remarkable.

Theorem 1.1 Let X be a proper geodesic CAT(—1) metric space with arcwise con-
nected boundary 0., X and extendible geodesics, let (Hy)qe.a be a family of balls or
horoballs with pairwise disjoint interiors in X, and let pg = 1.534. For every x in
X —Ugeu Hq, there exists a geodesic ray starting from x and avoiding Hy[j1o] for
every o.

From now on, we denote by M a complete connected Riemannian manifold with
sectional curvature at most —1.

If M has finite volume and e is an end of M, let V, be the maximal Margulis
neighbourhood of e (see for instance Buser and Karcher [12], Bowditch [10], Hersonsky
and Paulin [32] and Section 5.1). If p. is a minimizing geodesic ray in M starting
from a point in the boundary of V, and converging to e, let ht,: M — R be the height
map defined by hte(x) = lim;—o0 (t — d(pe(?), X)). The maximum height spectrum
MaxSp(M, e) of the pair (M, e) is the subset of | — 0o, +00] consisting of elements
of the form sup, g hte(y(¢)) where y is a locally geodesic line in M .

As a consequence of Theorem 1.1 (see Corollary 4.4), we prove that if M is noncompact
and has finite volume, then there exist universally low closed geodesics in M .

From now on, we assume that the dimension of M is at least 3. The following
statements are true or expected to be true in the constant curvature 2—dimensional case,
but are expected to be false in variable curvature and dimension 2. We first have the
following result on the upper part of the maximum height spectrum.

Theorem 1.2 If M has finite volume and e is an end of M , then MaxSp(M, ¢)
contains the interval [4.2, +00].

For more precise analogous statements when M is geometrically finite, and for finite
subsets of cusps of M, see Section 5.1. Schmidt and Sheingorn [55] proved the
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two-dimensional analog of Theorem 1.2 in constant curvature —1. They showed that
the maximum height spectrum of a finite area hyperbolic surface with respect to any
cusp contains the interval [4.61, +o0].

The previous result is obtained by studying the penetration properties of geodesic lines
in a family of horoballs. Our next theorem concerns families of balls (see Section
5.1 for generalizations). See for instance Hersonsky and Paulin [33] for the almost
everywhere properties of the geodesic lines passing at very small distance from a given
point.

Theorem 1.3 Let x be point in M with r = injy; x > 56. Then, for every d €
[2,r — 54], there exists a locally geodesic line y passing at distance exactly d from x
at time 0 and remaining at distance greater than d from x at any nonzero time.

Given a closed geodesic L in M , the behaviour of a locally geodesic ray y in M with
respect to L is typically that y spirals around L for some time, then wanders away
from L, then spirals again for some time around L, then wanders away, etc. Our next
aim is to construct such a ¥ which has exactly one (big enough) exactly prescribed
spiraling length, and all of whose other spiraling lengths are bounded above by some
uniform constant. Let us make this precise.

Let L be an embedded compact totally geodesic submanifold in M with 1 <dim L <
dim M — 1, and € > 0 small enough so that the (closed) e—neighbourhood N¢L of
L is a tubular neighbourhood. For every locally geodesic line y in M, the set of
¢t € R such that y(¢) belongs to N L is the disjoint union of maximal closed intervals
[Sn,tn], wWith s, <1, < $,+1. Let ¥ be any lift of y to a Riemannian universal cover
of M . Let G, be the lift of C at distance at most € from Y(sn). Let py_ and py, be
the orthogonal projections on C, of the points at infinity of . The distance between
py_ and py, will be called a fellow-traveling time of y along L (see Section 5.2).

Theorem 1.4 Let L be as above. There exist constants ¢, ¢’ > 0, depending only
on €, such that for every h > c, there exists a locally geodesic line in M , having one
fellow-traveling time exactly h, all others being at most ¢’.

See Section 5.2 for an extension of Theorem 1.4 when L is not necessarily embedded,
and to finitely many disjoint such neighbourhoods N¢L. If M has finite volume,
we also construct bounded locally geodesic lines with the above property (with a
control of the heights uniform in €). In constant curvature, we can also prescribe
one of the penetration lengths |¢,, — s,| at least ¢, while keeping all the other ones at
most ¢’. Schmidt and Sheingorn [55] sketch a proof of a result for hyperbolic surfaces
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which is analogous to Theorem 1.4 with a different way of measuring the affinity of
locally geodesic lines. Other results about the spiraling properties of geodesic lines
around closed geodesics are given by Hersonsky and Paulin [33] and Parkkonen and
Paulin [49].

For our next result, we specialize to the case where M is a hyperbolic 3—manifold. See
Section 5.3 for a more general statement, and for instance Matsuzaki and Taniguchi [44]
for references on 3—manifolds and Kleinian groups.

Theorem 1.5 Let N be a compact, connected, orientable, irreducible, acylindrical,
atoroidal, boundary incompressible 3—manifold with boundary, with 0N having exactly
one torus component e . For every compact subset K in the space 9% (N, e) of (isotopy
classes of) complete geometrically finite hyperbolic metrics in the interior of N with
one cusp, there exists a constant ¢ > 0 such that for every h > ¢ and every o € K,
there exists a locally geodesic line y contained in the convex core of o such that the
maximum height of y is exactly h.

If M has finite volume and e is an end of M, define the asymptotic height spectrum
LimsupSp(M, ¢) of the pair (M, e) to be the subset of | — oo, +00] consisting of
elements of the form lim sup, < hte(y(¢)) where y is a locally geodesic line in M .

Theorem 1.6 (The ubiquity of Hall rays) If M has finite volume and e is an end
of M, then LimsupSp(M, e) contains [6.8, 00].

The interval given by Theorem 1.6 is called a Hall ray. Note that the value 6.8 is
uniform on all couples (M, e), but we do not know the optimal value. If M is the
one-ended hyperbolic 2—orbifold PSL, (Z)\Hﬁ{ where H]é is the real hyperbolic
plane with sectional curvature —1, then the existence of a Hall ray follows from the
work of Hall [24; 25] on continued fractions. Freiman [21] (see also Sloane [58]) has
determined the maximal Hall ray of PSL,(Z)\HZ , which is approximately [0.8, +o0].
The generality of Theorem 1.6 proves in particular that the Hall ray phenomenon is
neither an arithmetic nor a constant curvature property. See Section 5.4 for a more
precise version of Theorem 1.6, which is valid also in the geometrically finite case.

The results of Hall and Freiman cited above were originally formulated in terms of
Diophantine approximation of real numbers by rationals. The projective action of the
modular group PSL;(7Z) on the upper halfplane provides a way to obtain the geometric
interpretation. We conclude this sample of our results by giving applications of our
methods to Diophantine approximation problems (see Section 6 for generalizations in
the framework of Diophantine approximation on negatively curved manifolds, developed
by Hersonsky and Paulin [30; 31; 32]). These results were announced in our paper [48].
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Theorem 1.7 Let m be a squarefree positive integer, and let 7 be a nonzero ideal
in an order O in the ring of integers O_,, of the imaginary quadratic number field

Q(i «/m). For every x € C —Q(i /m), let

c(x) = lim inf |q|2‘x—£|
(P.9)€OXZ,(p,q)=0, lg|—>00 q

be the approximation constant of the complex number x by elements of OZ~!, and

Spy 4 the Lagrange spectrum consisting of the real numbers of the form ¢(x) for some

x € C—Q(iy/m). Then Spy,, contains the interval [0, 0.0005].

Theorem 1.7 follows from Hall’s result and from the work of Poitou [52] in the
particular case Z = O = O_,. Other arithmetic applications of our geometric methods
can be obtained by varying the (nonuniform) arithmetic lattice in the isometry group
of a negatively curved symmetric space. We only state the following result in this
introduction (with the notation of Section 6.1); see Section 6.4 and our paper [48] for
other ones.

Theorem 1.8 Let Q(R) be the real quadric {(z, w) € C?:2Re z—|w|?> =0} endowed
with the Lie group law (z,w) - (z,w’) = z + z/ + w'w,w + w’) and Q(Q) =
Q(R) N Q(i)? be its rational points. If r = (p/q, p'/q) € Q(Q) with p, p’,q € Z]i]
relatively prime, let h(r) = |q|. Let déyg be the left-invariant distance on Q(R) such

that

Ay (2 ),(0,0)) = V2 + w]?.
For every x € Q(R) — Q(Q), let

c(x) = liminf h(r)dl-,, (x,r

)= co@ity oo 01
be the approximation constant of x by rational points, and Spy ,, the Lagrange spectrum
consisting of the real numbers of the form c(x) for some x € Q(R) — Q(Q). Then
Spy 4 contains the interval [0, 0.001].

The paper is organized as follows. In Section 2, we define a class of uniformly strictly
convex subsets of metric spaces, that we call e—convex subsets. We study the interaction
of geodesic rays and lines with e—convex sets in CAT(—1)—spaces. In particular, we
give various estimates on the distance between the entering and exiting points in an
e—convex set of two geodesic rays starting from a fixed point in the space and of two
geodesic lines starting from a fixed point in the boundary at infinity. Section 3 is
devoted to defining and studying several penetration maps which are used to measure
the penetration of geodesic rays and lines in an e—convex set. We emphasize the case
of penetration maps in horoballs, balls and tubular neighbourhoods of totally geodesic
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submanifolds. We show that in a number of geometrically interesting cases, it is possible
to adjust the penetration of a geodesic line or ray in one e —convex set while keeping the
penetration in another set fixed. Section 4 contains the inductive construction that gives
geodesic rays and lines with prescribed maximal penetration with respect to a given
collection of e—convex sets. As a warm-up for the construction, we prove Theorem
1.1 in Section 4.1. The other theorems in the introduction besides the last two and a
number of others are proved in Section 5 where the results of Section 4 are applied in
the cases studied in Section 3. Finally, we give our arithmetic applications in Section 6.

Acknowledgments Each author acknowledges the support of the other author’s insti-
tution, where part of this work was done. This research was supported by the Center of
Excellence “Geometric analysis and mathematical physics” of the Academy of Finland.
We thank P Pansu, Y Bugeaud, A Schmidt, P Gilles, A Guilloux and D Harari for
various discussions and comments on this paper.

2 On strict convexity in CAT(—1) spaces

2.1 Notation and background

In this section, we introduce some of the objects which are central in this paper. We
refer to Bridson and Haefliger [11] and Ghys and de la Harpe [22] for the definitions
and basic properties of CAT(—1) spaces. Our reference for hyperbolic geometry is
Beardon [5].

Let (X, d) be a proper geodesic CAT(—1) metric space, and X U doo X be its com-
pactification by the asymptotic classes of geodesic rays. By a geodesic line (resp. ray
or segment) in X, we mean an isometric map y: R — X (resp. y: [ty, +0o[ = X
with 1, e R or y: [a,b] — X, with a < b). We sometimes also denote by y the image
of this map. For x, y in X, we denote by [x, y] the (unique) closed geodesic segment
between X, y, with the obvious extension to open and half-open geodesic segments,
rays and lines (with one or two endpoints in deso X ). We say that X has extendible
geodesics if every geodesic segment can be extended to a geodesic line.

We denote by T'! X the space of geodesic lines in X, endowed with the compact-open
topology. When X is a Riemannian manifold, the space 7' X coincides with the
usual definition of the unit tangent bundle, upon identifying a geodesic line y and its
(unit) tangent vector y(0) at time ¢ = 0. For every geodesic ray or line y, we denote
by y(400) the point of doo X to which y(¢) converges as ¢t — 400, and we define
y(—o00) similarly when y is a geodesic line. We say that a geodesic line (resp. ray)
y starts from a point £ € 0o X (resp. £ € X) if & = y(—o0) (resp. ¥ (1) = §&). For
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every £ in X U deo X', we denote by T;X the space of geodesic lines (if £ € 0o X)
or rays (if £ € X) starting from &, endowed with the compact-open topology.

If Y is a subset of X and £ a point in X U deo X', the shadow of Y seen from & is
the set O¢Y of points y(+00) where y is a geodesic ray or line starting from & and
meeting Y .

The Busemann function Bg: X x X — R at a point £ in doo X is defined by
Pe(x.y) = lim (d(x,p(0)—d(y. p(t)),

where p is any geodesic ray ending at &. The function y = Bg(x, y) can be thought
of as a normalized signed distance to & € doo X, Or as the height of the point y with
respect to £ (relative to x). Accordingly, if Bg(x, y) = Be(x, '), then the points y
and y’ are said to be equidistant to &. If £ € X, we define

IBE(X’)/) :d(x7g)_d(y’§) .

This is convenient in Section 4.2 and in the proof of Corollary 5.5. For every x, y,z in
X and £ € X U 0o X, we have

Be(x.y) + Be(y. 2) = Pe(x. 2),

Be(x.x) =0, and [Be(x. y)| < d(x. ).

A horoball in X centered at £ € doo X is the preimage of [s, +oo[ for some s in R by
the map y = Bg(x, y) for some x in X. If

H={yeX:pe(x,y)=s}

is a horoball, we define its boundary horosphere by

0H ={y € X : Be(x,y) = s},

and for every ¢ > 0, its #—shrunk horoball by
Ht]={y e X : Be(x,y) = s +1}.

(In [47], we denoted H|t] by H(¢).) Similarly, if B is a ball of center x and radius r,
for every ¢ <r, we denote by Bj[t] the ball of center x and radius » —¢. By convention,
if t > r, define B[t] = @. Note that for every ball or horoball H, we have H[t'] C H[t]
if ¢/ > t. The point at infinity of a horoball H is denoted by H[oo]. Note that, in this
paper, all balls and horoballs in X are assumed to be closed.

Recall that a subset C in a CAT(—1) metric space is convex if C contains the geodesic
segment between any two points in C. Let C be a convex subset in X. We denote by
000 C its set of points at infinity, and by dC its boundary in X . If C is nonempty and
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closed, for every £ in doo X, we define the closest point to & on the convex set C to be
the following point p in C U dsoC': if & € 05cC, then p belongs to C and maximizes
the map y > Bg(xo, y) for some (hence any) given point xo in X ;if £ € do0C, then
we define p = &. This point p exists, is unique, and depends continuously on &, by
the properties of CAT (—1)—spaces.

If x,y,z€ XUds X, we denote by (x, y, z) the triangle formed by the three geodesic
segments, rays or lines with endpoints in {x, y,z}. Recall that if «: ¢t — «; and
B: t — B; are two (germs of) geodesic segments starting from a point xq in X at time
t =0,if (xo,a;, Et) for ¢ > 0 small enough is a comparison triangle for (x¢, o, B;)
in the real hyperbolic plane H?2 , then the comparison angle between « and B at xg is

the limit, which exists, of the angle Zx,(ct;, 8;) as t tends to 0.

If X,y € X and & € dooX, then a triple (X, 7,&) with X,7 € H%, £ € d5oH3,
d(x,y) = d(x,y) and ,Bg()?, V) = Be(x,y) is called a comparison triangle for
(x, y,&). Clearly, this comparison triangle exists, and is unique up to isometry. The
natural map from ], X]U[X, y]U[¥. €[ to J&, x]U[x, y]U[y. &[ is 1-Lipschitz, and for
every z € [x, y], if Z is its corresponding point on [X, y], then Bg(z, x) < ,85(2, X).

We end this section with the following (well known) exercises in hyperbolic geometry.

Lemma 2.1 For all points x,y in X and z in X Udso X, and every ¢ in [0,d(x, z)]
(finite if z € 050 X ), if x; is the point on [x, z] at distance t from x, then

1
d(xs,[y.z]) <e"sinhd(x, y) < 3 e~ tHd(x.y)

Proof By comparison, we may assume that X = ]HI]%. As it does not decrease
d(x;:,[y, z]) to replace z by the point at infinity of the geodesic ray starting from x and
passing through z, we may assume that z is the point at infinity in the upper halfspace
model of H]%Q. Let p be the orthogonal projection of x; on the geodesic line y through
y and z. Assume first that p belongs to [y, z[.

If we replace y by the orthogonal projection of x on y, then we decrease d(x, y),
and do not change ¢ and d(x¢,[y, z]). Hence we may assume that y =i and x is
on the (Euclidean) circle of center 0 and radius 1. If « is the (Euclidean) angle at 0
between the horizontal axis and the (Euclidean) line from 0 passing through x, then
an easy computation in hyperbolic geometry (see also Beardon [5, page 145]) gives
sinhd(x, y) = cosa/ sina. Similarly, sinh d(x;, [y, z]) = cosa/(e’ sina). So that

d(x;, [y, z]) <sinhd(x;,[y,z]) = e 'sinhd(x,y).
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Assume now that p does not belong to [y, z[. In particular, y # x;. Let X; be the point
at same distance from y as x; (and on the same side) such that y is the orthogonal
projection of X; on y, so that

dxs, [y.z) =d (. y) =d(xs, p) = d(xe, [y, 2]).

Let X be the intersection of the geodesic line from z through Xx; with the (hyperbolic)
circle of center y and radius d(x, y), so that d(X, y) = d(x, y). Then, with 7 =
d(X7,X), we have ¢ > t, as the angle at X; of [X7, X] with the outgoing unit vector of
the geodesic ray from y through X; is bigger than the corresponding one for x; and x.
Hence we may assume that x; = X; and x = X. As then the orthogonal projection
of x; on the geodesic line through y and z is y, this reduces the situation to the first
case treated above. O

Lemma 2.2 Forevery € > 0, if

2(1 + e€/2) sinh6>

(1) co(€) :2log( c
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then for all points a,b,a’, b’ in X such that
d(a,a)<e, db,b)<e, d(ab)=cole),

if m is the midpoint of the geodesic segment [a, b], then d(m,[a’,b']) < 5.
Proof Let p be the point in [a, b’] the closest to m, and ¢ the point of [a’, b’] the
closestto p. Let t =d(a,m) =d(b,m)=d(a,b)/2. By Lemma 2.1, we have

d(m, p) < e~ G sinh d(b,b') < e~ sinhe
and, as d(m, p) < €/2 by convexity,
d(p.q) <e 9@P sinhd(a,d’) < e~@@M+dmD) ginh d(a,d’) < e T¢/? sinhe .

Hence d(m,q) <d(m, p)+d(p,q) < e ' (1 + e/?)sinhe, and the result follows by
the assumption on d(a, b). ad

Remark If we want a simpler expression, we can also take co(€) = 3¢ +41log?2.

2.2 Entering and exiting € —convex subsets

For every subset 4 in X and € > 0, we denote by N A the closed e-neighbourhood
of A in X . For every € > 0, a subset C of X will be called e—convex if there exists
a convex subset C’ in X such that C = N C’. As the metric space X is CAT(—1),
it is easy to see that an e—convex subset C is closed, convex, equal to the closure of
its interior, and strictly convex in the sense that for every geodesioc line y meeting C
in at least two points, the segment y N C is the closure of y NC. If X is a smooth
Riemannian manifold, then an e—convex subset has a C'>! —smooth boundary; see
Walter [62].

Examples (1) For every € > 0, any ball of radius at least € is e—convex, and any
horoball is e—convex. Conversely, as proved below, if a subset C C X is e—convex
for every € > 0, then C is X, & or a horoball. Accordingly, we will sometimes refer
to horoballs as co—convex subsets.

To prove the above statement, assume that C # X, & and that for all € > 0, there
exists a convex subset C_¢ in X such that C = N C_c. For every x in dC (note that
dC is nonempty as C # X, &) and every ¢t > 0, let x; be the point of the nonempty
closed convex subset C_; which is the closest to x. Then ¢ — x; is a geodesic ray,
which converges to a point called xoo. We claim that xoc = Yoo for every x, y in 9C.
Otherwise, the geodesic segment between x; and y;, contained in C_; by convexity,

converges to the geodesic line between x and y« . Hence, the point x; would not
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be the closest one to x, for ¢ big enough. Therefore dC is a horosphere whose point
at infinity is X, and by convexity, C is a horoball.

(2) When X is a Riemannian manifold and C is a closed convex subset with nonempty
interior and C!*! —smooth boundary, the property of C being € —convex is related with
extrinsic curvature properties of its boundary; see for instance our paper [50] and
references therein. In particular, if X has constant curvature —a?, then C is e—convex
if and only if the eigenvalues of the second fundamental form of dC (for the inner
pointing normal unit vector field along it) belong to [a tanh(a€), a coth(ae)] almost
everywhere; see our paper [50].

The rest of this section is devoted to several lemmas concerning the relative distances
between entering points and exiting points, in and out of an e—convex subset of X, of
two geodesic rays or lines starting from the same point. The asymptotic behaviour of
the various constants appearing in this section is described in Remark 2.7.

Lemma 2.3 Let C be a convex subset in X, let € > 0 and let £y € (X U dooX) —
(NeC U 055C). If two geodesic segments, rays or lines y,y’ which start from &
intersect N¢C , then the first intersection points x, x’ of y,y’ respectively with N¢C
are at a distance at most

¢1(e) = 2 arsinh(cothe).

Proof Let y and )’ be the closest points in C to x and x’ respectively. As x,x’ €
N[y, y'], it is sufficient to prove the result when C = [y, y’].

We may assume that x # x’, and, by a continuity argument, that y # y’. Let us construct
a pentagon in H]%k with vertices &g, X, y, x’, ¥’ by gluing together the comparison
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triangles of (&g, x,x’), (x,x’,)’) and (x, ', y). By comparison (see for instance
Bridson and Haefliger [11, Proposition 1.7.(4)]), the comparison angles at X, v, x', y’
are at least 77/2. Hence, the segments or rays ]€o, X[ and &, x’[ do not meet N[7, '],
and the point ¥ is the closest point on [y, '] to X.

Furthermore, ' is the closest point on [¥, y’] to x’. Indeed, the angle at ' of the
pentagon is at most 377/2 since Ly 7(¥,X) <m/2 and Ly (X, x’) < . Therefore, if
by contradiction Z € [¥, y'[ is closest to x’, the geodesm segment [X’,Z] intersects
[7/,X] ata point u. If z € [y’, y] and u € [y’, x] are such that d(y’,z) = d(¥',Z) and
d(y',u) = d(¥,u), then by comparison

d(x',2) <d(x",u)+dwu,z) <dX.,0)+d@,z)=d(x.2) <dx.7)=d(x, ),
a contradiction.

As d(x,x") = d (X, x"), we only have to prove that d (¥, x’) < c(e), that is, we may
assume that X = H]i. Up to replacing & by the point at infinity of the geodesic
ray starting at x and passing through &y, we may assume that &, is at infinity. By
homogeneity, we may assume that &y is the point at infinity oo in the upper halfplane
model of Hﬁ. As a geodesic line starting from oo and meeting the e—neighbourhood
of a vertical geodesic segment enters it in the sphere of radius € centered at its highest
point, we may assume that C is a segment (possibly a point) of the geodesic line ¢
between the points —1 and 1 of the real line.

Claim There are points xy and x{i that are first meeting points with N¢{ of geodesic
lines starting from oo, such that d(x, x") < d(xy, x{i).

(—coshe, sinh€) ) . | (cosh e, sinh €)
(0, sinh €)

Proof Note that dNc{ is the union of two arcs of Euclidean circles, meeting at
—1 and 1, and let T A £ be the upper one, which is the intersection with H]ﬁ of
the Euclidean circle through (£1,0) and (0, ¢€). The horizontal line with equation
y = sinh e goes through the Euclidean center (0, sinh €) of this circle, and the points
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of 9T N{ above or on this line are exactly the first hitting points with N¢£ of the
geodesic lines starting from co.

We may assume, up to permuting x and x’ that the horizontal coordinate of x is
strictly less than the one of x’.

If both x and x’ are in AN £ or have vertical coordinate at least sinh €, then replace
them by the points xy and xé, respectively to their left and right, on T N{ at the
same vertical coordinate. These points satisfy the claim.

Otherwise, assume for instance that x does not lie on dN£ and has vertical coordinate
strictly less than sinh €. In particular, x belongs to the hyperbolic circle S of radius
€ centered at one endpoint of the segment C. Moreover, the horizontal Euclidean
diameter of S is at vertical height strictly less than sinhe.

Since the Euclidean normal line to S and dTN{ at their common tangency point
goes through both their Euclidean centers, this tangency point is below the horizontal
Euclidean diameter of S. Hence both x and x’ lie on S, since the other points of
dNC are not first hitting points with NVeC of the geodesic lines starting from co. By
horizontal translations and homotheties, which are hyperbolic isometries preserving
the geodesic lines starting from oo, we may assume that C is reduced to the closest
point on £ to oo. Hence we are again in a situation when both x and x’ have vertical
coordinates at least sinh €, which has already been considered. |

The above claim allows us to assume that C = £. The distance d(x, x’) is then maxi-
mized when the geodesic lines are tangent to N¢£ on both sides (see the figure above).
Thus, we may assume that the points x, x” are (& cosh e, sinh €). The computation of
d(x,x") yields the result. O

The following technical result will be used in Lemma 2.5. Define, for every € > 0,
2
¢ (€) = = arcosh(2 cosh(e/2)) .
€
For future use, it is easy to check that, for every € > 0,

(@) co(€) = ec”(e).

Lemma 2.4 For every € > 0, for every convex subset C in X , for every a,b in N;C
and for every ag in [a, b], if d(a, b) = ¢o(€) and

n= //( ) —— min{d(ag,a),d(ag,b)} < =
then d(ag,C) <e—n
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Proof Let € > 0. Let C,a,b,ag,n be as in the statement, and let us prove that
d(ag, C) < € —n. By an easy computation, we have ¢’/ (e)e < c¢o(€). By symmetry,
we may assume that d(a, ag) < d(b, aq), so that our assumptions give the following
inequalities:

3) d(a,ag) =c"(e)n <c"(e)e/2 < co(e)/2 < d(a,b)/2.
Let a’, b’ be the points in C the closest to a, b respectively. As [d’, b’] is contained

in C, we may assume that C = [d/, b’]. Let m be the midpoint of [a, b], and m’ its
closest point on [a’, b]. By Lemma 2.2, we have d(m,m') < 5.

As n<e/2,if d(a,a’) < e—n, then by convexity every point in [a, m] is at distance at
most € —n from C. In particular, this is true for ag, since d(a, ag) < d(a,m). Hence,
we may assume that d(a,d’) > € —1.

Consider the quadruple (a,a’,m, m’) of points of X, which satisfies
e e—n<d(a,d)<e,
e dm,m') <%,
e ¢« is the point in [@’, m'] the closest to a, and

e m’ is the point in [@’, m'] the closest to m.

Define 1 = t(a,a’,m,m’) as the distance between a and the point z = z(a,d’, m, m’)
in [a, m] at distance € —n from [a’, m’] (which exists and is unique by convexity); see
the figure below.

We claim that ¢ < ¢”(e)n = d(a, ag). Before proving this claim, we note that it implies
by Equation (3) that ¢ < d(a,aq) < d(a,b)/2, hence, by convexity, d(ag, [a’,m']) <
€ — 1, and Lemma 2.4 will follow.

We will make several reductions, in order to reach a situation where easy computations
will be possible.
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First we may assume, by comparison, that X = H]%{. If the segment [a, m] cuts the
segment [a’, b'] in a point u, then replacing m and m’ by the intersection point u gives
a new quadruple with the same #. By an approximation argument, we may assume
that [@, m]N[d’, b'] is empty and that a’ # m’ # m. The assumptions on the quadruple
(a,a’,m,m’) then imply that the angles Z,(a,m’) and Zp(m,a’) are at least 7. Let
L’ be the geodesic line through @’ and m’.

If [a, m] does not enter N¢_,C in the sphere dB (¢, € —n) (in which case a and m are
on the same side of L), then define a4 = a. Otherwise, replace a by the point a, at
distance equal to d(a, a’) from a’, such that the geodesic segment between ax and m
goes through the point zy € dB(da’, € —n) N dNe—y L' (on the same side of L’ as m).
This gives a new quadruple (ax,a’,m,m’) satisfying the same properties, whose ¢ has
not decreased, by convexity.

Replace @’ by a/, and ax by axs« such that 2Ly (@xx, m') = %, d(asx,al)=d(a,d),
and ay € [axx,d,]. Clearly, this does not decrease ¢. Now replace axx by the point
Asxxx such that d(dsxx,dl) = € and [axx, d}] C [@xxx, d’]. Let my be the point on
Ne¢/2C such that there is a geodesic line through a«+ and m, which is tangent to
Ne¢/2C at my. Let m), be its closest pointin L’. Again, the value of ¢ for the quadruple
(@sxx, dl, My, M) has not decreased.

Hence, after these reductions, we may assume that X = H2 , that the quadrilateral
(a,a’,m,m’) has right angles at a’,m’, m, and that d(a,d’) =2d(m,m’') = €.

Now, let £ = d(m,a)—t be the distance between m and the point on [a, m] at distance
€ —n from [a’,m’]. An easy computation [5, page 157] shows that

sinh(¢) and  coshf — sinh(e —n)

cosh(t +{) = sinh(e/2) sinh(e/2)

Consider the map

sinh(e + )

sinh(e/2)

This function is increasing and concave on [—€/2, 0], with fc(—e/2) =0. By concavity,
the graph of f; on [—€/2, 0] is above the line passing through its endpoints (—¢/2, 0)
and (0, f¢(0)). Hence, for every s in [0, €/2], by the definition of ¢”(¢), we have
fe(0) — fe(—s) < c"(¢)s. Therefore t = fe(0) — fe(—n) < c"(e)n as n <¢€/2. This
proves our claim, and ends the proof of Lemma 2.4. m|

fe: s > arcosh

Here is a finer version of Lemma 2.3 which shows that the entering point of a geodesic
which enters an e—convex set for a long enough time and the entering point of any
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nearby geodesic are close. For every € > 0, we define

2¢i(e) | coshe sinhc/(€)
4 1 — " 1 1 1 .
X €2(€) = max {C ©=+1, e " Vcoshe—1 ¢j(e)

Lemma 2.5 Forevery € > 0, every & in X U 000X , every convex subset C in X,
and all geodesic rays or lines y,y’ in X which start at &y and enter N¢C at the points
x,x" in X respectively, if the length of ' N NC is at least cq(¢€), then we have

d(x,x") < c5(e)d(x,y").

Remarks (1) Without assuming that the geodesic ray or line )’ has a sufficiently
big penetration distance inside N C, the result is false, as can be seen by taking C a
point, ¥’ a geodesic line tangent to dINC and x very close to x’ on dINC.

(2) The curvature assumption is necessary, as can be seen by considering geodesics
which enter a half-plane in R? almost parallel to the boundary.

Proof Let € > 0 and assume that &y, C, y,y’, x, x’ are as in the statement. We may
assume that x # x’. In particular &y ¢ C. Let p’ be the point of y’ the closest to x.
Let [x’, y'] be the intersection of ’ with NeC (or [x/, y'[ with }’ € 0po X if ¥ NNC
is unbounded). By assumption, d(x’, y') > co(€).

Case 1 Assume first that p’ does not belong to [£o, x']. If d(x', p") < 5c"(e),
then let ao be the point p’. Otherwise let ay be the point in [x’, y’[ at distance
5c”(e) from x’. This point exists and is at distance at least 5c¢”(e) > d(ao.x’)
from y’, as d(x’,y’) > co(€) > e c”(¢) by Equation (2). By Lemma 2.4, we have
d(ag,C) <e—(1/c"(€))d(ag,x').

Hence, if ag = p’, then

La(p' 2y = — L d(ag.x') < e~ d(ao.C) = d(x.C)—d(p'.C) < d(x. p').
" (€) " (€)

Thus, dx,x"y<dx, p)+dp . x)Y< A +"(e)d(x,p),

which proves the result, by the definition of ¢ (€).

If ag # p’, then p’ & [ag,&o[. Let us prove that d(x, p’) > €/2. This implies, by
Lemma 2.3, that

d(x,x") <cl(e) <

2¢ (€) ,
4,
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which proves the result, by the definition of ¢} (¢). Let by be the point in [x’, ] at
distance 5c¢”(e) from y’ (or by = y’ if y’ is at infinity). By Lemma 2.4, we have

max{d(ag, C), d(bo, C)} < € — min{d (ao. x'). d(bo. y')} = g ,

1
" (€)

Assume by contradiction that d(x, p’) < 5. If p’ € [ag,bo], then by convexity

d(p'.C) < 5, therefore d(x,C) < d(x,p') +d(p’.C) < €, a contradiction. If
otherwise p’ € [ag,bo], then by € [p’,&o[. Therefore there exists a point z in
€

[x,&[ whose closest point to [p’, & is bg. By convexity, d(z,bg) < 5. Hence

d(z,C) <d(z,by)+d(bg, C) < €, which contradicts the fact that y enters NC at x.

Case 2 Assume now that p’ belongs to [£g, x’]. Let ¢’ and b’ be the points of C the
closest to x” and )’ respectively. They are at distance € > 0 from x’ and y’ respectively
(except that b’ = y’ if )’ is at infinity). Let ¢ be the comparison angle at x” between
the geodesic segments [x’, '] and [x’, y’[. We claim that sin¢ < 1/+/coshe.

To prove this claim, if y’ € X', we construct a comparison quadrilateral with vertices
xX.d. b,y e H]%Q by gluing together the comparison triangles (x’, a’, ') of (x',d’, ')
and (a/,b’,y") of (a’,b’,y’) along their isometric edges [a’, y’]. If y' ¢ X, then
b’ = y’, and the above quadrilateral is replaced by the comparison triangle with
vertices x/, a’, y_ € H2 U {oo}. By comparison, all angles in the quadrilateral in H2
with vertices x/,a’, b’ y_ are greater than or equal to those in the quadrilateral in
X with vertices x’,a’,b’,y’. In partlcular if the angle at x’ is ¢ we have ¢ < ¢.
If the quadrilateral with vertices x’, a, b,y is replaced by the one with vertices
X', a *,b/*,y with d(x a *) =€ = d(y’ b’*) and right angles at 'y and b/*, the
angle ¢, at x’ of this quadrllateral is at least ¢ Furthermore, this quadrilateral
is symmetric: the angle at )’ is also ¢* Thus, we get an upper bound for ¢ by
estimating ¢« .

Let [m, m’] be the common perpendicular segment between [x’, y'] and [a’4, b+], with
m € [x’, y']. We have by for instance Beardon [5, page 157]

ind coshd(m,m’) 4 hd (7. m) sinh e
singp = —— = and coshd(x',m)= ———.
* coshe sinh d(m, m’)

Hence, as d(x’, ") = co(€),

1+ Gsinh? )/ (cosh? d(¥, m))
sin ¢4 =

coshe

\/ 1 + (sinh? €)/(cosh?(co(€)/ 2)) 1
coshe - «/ coshe
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as, by Equation (2), co(€) > ec”(€) > 2 arcosh(+/2 cosh(e/2)). This proves the claim.

By convexity, the comparison angle at x” between the geodesic segments [x’, x] and
[x",a'] is at most 7. Hence the comparison angle 6 at x” between [x’, x] and [x’, &[
(which lies in [0, Z[ since p’ € [£o., x'[) is at least 7 — T —¢ = T —¢. In particular,

1 1 1 coshe
< = <,/ —.
sinf ~ sin(5 —¢) /l—sin2¢ ~ Y coshe—1

If p’ = x’, then the result holds, since ¢/ (€) > 1. Otherwise, since y’ enters NC at
x’, the points x, x’, p’ are pairwise distinct. Let (X, x/, p’) be a comparison triangle
iﬂ ]HI]% of the geodesic triangle (_x, i, , p"). By comparison, 6 = A;()?,_p’ ) >0 and
p’ is the closest point to X on [p’, x’]. In particular, the angle 4?()?, x’) is at least
7 . By the formulae in right-angled hyperbolic triangles, we have

sinhd(x, p') sinh d (X, p’)

: = = >sinf >sinf .
sinhd(x,x’)  sinhd(xX,x’)

Since p’ is the closest point to x on y’, we have d(x, p’) < d(x,x’) < c{(e). In
particular, by the convexity of the map ¢ + sinh¢ on [0, +00[ , we have

sinh ¢ (€)
cy(e)

sinhd(x, p’) < d(x,p").

Hence, by the definition of ¢} (¢),

sinhd(x, p’)

d(x,x") <sinhd(x,x’) < -
sin 6

<c(e)d(x,p'). a
In general, there is no estimate analogous to Lemma 2.5 for the distance between the
points y, y’ where two geodesic rays or lines y, y’ starting from a point & exit an
e—convex subset N¢C . For instance, the geodesic line y could be tangent to NC, and
y' could enter for a long time in NVC, so that y and y’ would not be close. But the
result is not true even if we assume that both ¥ and 3’ meet NC in a long segment.
Here is a counterexample when X is a tree (but this phenomenon is not specific to
trees).

<
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Let y, ¥’ be two geodesic lines in a tree X', coinciding on their negative subrays, starting
at £ € 000X, and with disjoint positive subrays. Let e =n =1, and C =y’ ([-£, +£]).
Then the entering points of y, y’ in NeC are x = x" = y/(—£—1). Besides, y = y (1),
y' =y’ +1) and d(y,y’) < 1. But we have d(y, y’) = £ + 2, which goes to +o00
as £ —> +o0.

This explains the dichotomy in the following result on the exiting points from an
e—convex sets of two geodesic lines which start from the same point at infinity. For
every €,n > 0, we define

5) h'(e,n) = max {27) + max {0, —2log§} , n+ci(e) +c0(6)} ,
(6) cg(e)=3+2clT(€).

Lemma 2.6 Lete,n>0. Let C be a convex subsetin X, §g € X Udoo X, and v, y’
geodesic rays or lines starting from &y. If y enters N:C at a point x € X and exits
NcC atapoint y € X such that d(x,y) > h'(e,n) and d(y,y’) <n, then y' meets
NcC, entering it at a point x' € X, exiting it at a point y' € X U 0o X such that

d(y.y") =c5(e)d(y.y") or d(x'.y")>d(x,y).

Proof Let p’ be the closest point on ¥’ to y. Let ¢ be the closest point on y to p’.
The point ¢ belongs to [y, &] and satisfies d(y,q) < d(y, p’) <n, as closest point
maps do not increase the distances. By the properties of geodesic triangles in CAT(—1)
spaces, we have

d(p'.q) <arsinh 1 = log(1 + +/2).
Let us first prove that " meets NC. Let m be the midpoint of [x, y]. As
d(y,m)=d(x.y)/2z W (e.n)/2zn=d(y.q)

the point ¢ belongs to [m, y]. Furthermore,

€
d(g.m)=d(y,m)—d(y,q) = h(e.n)/2—n> ~log -,

by the definition of 4’(e, n). By Lemma 2.1, we have
dim,y’) < e—d@m gnh d(q,p) < % )

By Lemma 2.2, as d(x, y) > h'(e,n) > co(€) by the definition of 4’(e, n), we have
d(m,C) < 5. Hence the point m’ of y’ the closest to m belongs to NeC, which is
what we wanted.
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Let x’ and y’ be the entering point in N.C and exiting point out of NeC of y’
respectively. The point " could for the moment be at infinity, in which case the second
possibility below would hold.

Case 1 Case 2

Case 1 Assume that p’ €[y’, &]. Let ne = € ¢”(€)/2. There are two subcases. First
assume that d(y, p’) > €/2. Let
fe = max {ne, —log S}
2
Note that /'(€,1) > ne + te + n by the definition of 4’(e, n), as by Equation (2) we
have c¢o(€) > € ¢”(€) = 27, and by a discussion on the value of 7.. Hence we have
d(y,x)—d(y,q) —te = h'(e,1)) —n—te = ne 2 0.
Therefore, the point yq in [x, ¢] at distance #¢ of ¢ exists and satisfies d(yg, x) > 7e.
Furthermore, d(yg,q) = te > ne and
d(x,q) =d(x,y)—d(y,q) = h'(e.n) —n = co(€) = 21e ,

by the definition of /’(e, n). Let ag and bg be the points in [x, ¢] at distance ne from
x and g respectively, which are at distance at least 7 from ¢ and x respectively. By
Lemma 2.4, we have d(ag,C) <€ —ne/c”"(€) = €/2, and similarly d(by, C) <€/2.
Note that yo belongs to [ag, bg]. Hence by convexity, we have d(yg, C) <¢/2. By
Lemma 2.1, we have

d(yo.y') <e ' sinhd(q. p') < g -

Therefore the point ¢’ on y’ the closest to yo belongs to NeC. As )’ is the exiting
point of Y’ from NC, it belongs to [¢’, p’]. As closest point maps do not increase
the distances, we have d(p’,q") <d(y, yo). Hence

d(y,y)=d(y, ph+dp'.y) =d(y, p)+d(p'.q") =d(y, p") +d(y, yo)
<d(y,p)+d(y,q)+d(g, y0) <2d(p, p') +te
<Q2+2/e)d(y. p') <c5(e)d(y. p') .
as it can be checked that 2¢](€)/e + 1> 2t /.
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Assume now that d(y, p’) <¢€/2. Since
d(x,y) = ' (e.n) = co(€) = 2ne = 2c"(e)d(y, p')

the point yg in [x, y] at distance ¢”(€)d(y, p’) from y exists and is at distance at
least ¢ (e)d(y, p’) from x. Hence by Lemma 2.4, we have d(yo,C) <e—d(y, p’).
Let ¢’ be the point on Y’ the closest to yo. By convexity, ¢’ is at distance at most
d(y, p') from yq, hence belongs to NeC. As )’ is the exiting point of y’ from
NcC, it belongs to [¢’, p]. As closest point maps do not increase distances, we have
d(q’, p’) <d(yg,y). Hence, as above, and by the definition of yy,

d(y,y)<d(y,p")+d(yo.y) < (14+"(€))d(y. p'),

which proves the result, by the definition of ¢} (¢), as 2¢{(€)/e +1 > ¢"(e).

Case2 Assume that p’ €]y’, &]. Lemma 2.3 implies that d(x, x) < c](€). Note that
P £[x’, &)]. Otherwise, with ¢ and s the closest points to p’ and x” on y respectively,
we would have s € ]q, &0] by convexity. As ¢ € [y, &], we would then have

d(x,y)=d(x,s)+d(q.y) =d(x.x") +d(p'.y) =cj(e) +n<h'(e,n) .
by the definition of /’(e, ), a contradiction.

Assume first that d(y, p’) < €/2. We start by observing that d(p’, y') <c"(€)d(y, p’).
Indeed, suppose by contradiction that d(p’, y’) > ¢”(€)d(y, p’). By continuity of the
closest point maps, let yo be a point on y that does not belong to NVeC, but is close
enough to y, so that the closest point ¢’ to yg on y’ belongs to [p’, y’] and satisfies
d(yo.q")<e€/2 and d(q’,y") > " (e)d(q’. yo). Hence, using the definition of /' (e, n)
and Equation (2), we have

d(y',x")y=d(q',x")=d(p'.x") = d(x,y)—d(p’, y) —d(x.x)

™ > 1 (e.m) — 11— (€) = cole) = ec”(€) = 2" (€)d(q. yo)

Let ag and bg be the points in [x’, y'] at distance ¢”(€)d(q’, yo) < € " (€)/2 from
x" and ' respectively. The estimate (7) implies that ao and bq are at distance at
least ¢”(€)d(q’, yo) from y’ and x’ respectively. By Lemma 2.4, we have d(ag, C) <
e—d(q’, yo) and d(by,C) < e —d(q’, yo). Hence, the point ¢’, which belongs to
[@g, bo] by Formula (7) and the construction of ¢’, is by convexity at distance at most
€—d(q’, yo) from C. Therefore by the triangle inequality, d(yo, C) <€, which is a
contradiction. Hence d(p’, y') < c¢"(e)d(y, p’), and

d(y.y") =dy,p)+dp'.y) =1 +c"(€)d(y.p).

which proves the result, as in the end of Case 1.
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Assume now that d(y, p’) > €/2. Suppose first that d(p’, y") > d(y, p’) + ¢} (€).
Then, as p’ € [x/, )],

d(x",y)=d(x', p"+d(p',y")=d(p'. y)+d(x, y)=d(y, p))—d(x,x") > d(x,y),
which is one of the two possible conclusions. Otherwise,
d(y.y)=d(y,p")+d(p'.y") =2d(y. p') + ¢ (e)

- (2 N @)d(y, ) <@d(r. p) .

by the definition of ¢} (¢). This is the other possible conclusion. O

Remark 2.7 The asymptotic behaviour of the constants when ¢ is very big or very
small is as follows.

e co(€) ~3€ as € > 400 and lime ¢ co(€) =4log2 ~ 2.77.

o limes oo cf(€) = cj(00) = 2log(l + V2) ~ 1.76, and cj(e) ~ —2loge as
€ — 0. Note that € > ¢| (¢) is decreasing.

e limeosqooc”(€) =1, and ¢” () ~ %10g(2+ V3) as € > 0.

* For € big, ¢j(€) = ¢"(e) + 1, hence lim¢— 400 ¢5(€) = 2. For € > 0 small,

) | coshe sinhc(e) V2
CHl€) = ~ .
2 coshe —1  cf(e) 4e3 log(1/e)

o limes oo cj(€) =3, and cf(€) ~ —g loge as € — 0.

e N'(e,n) ~3€ as € - +o00, and /'(¢,n) ~ —2loge as € — 0, uniformly on
compact subsets of 7’s.

When € goes to +00, ¢j(€) and c; () have finite limits, and the limiting values apply
for the horoball case; see Lemmas 2.9 and 2.12 below. On the other hand, the constants
co(€) and /'(e, n) behave badly as € — oo, and we will improve them in Section 2.3.

When X is a tree, the constants cg (¢) and /'(e,n) can be simplified, we can take
¢3(€) =2 and any /’(e, n) > 21, as the following more precise result shows, improving
Lemma 2.6 for trees. Note that the versions of Lemma 2.3 and Lemma 2.5 for trees
simply say that we can take cq(€) = €, and ¢|(€) = ¢, (€) = 0, since for every point or
end &g of a (real) tree, for every convex subset C, for all geodesic rays or lines y, y”
starting from &gy and entering C in x, x” respectively, we have x = x’.
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Remark 2.8 Let X be an R—tree and € > 0. Let C be a convex subset in X,
£0 € X UdsoX , and y, y" geodesic rays or lines starting from &y. If ¥ enters N C at
a point x € X and exits NeC at a point y € X such that d(x, y) > 2d(y,y’), then
y" meets NC, entering it at x’ = x, exiting it at a point )’ (possibly at infinity) such
that

d(y.y)<2d(p.y") or d(x'.y)>d(x,p).

Proof Let p’ be the closest point to y on y’. Note that p’ belongs to [€g, y], as
X is a tree and y’ also starts from &y. If p’ € )&y, x[, then d(y,y’) > d(x,y), a
contradiction. Hence p’ € [x, y] C NeC, and y’ enters NC at x’ = x.

Suppose first that d(x, y) < 2e. Then the closest point z to y in C does not belong to
[x, y]. Let ¢ be the midpoint of [x, y], which is also the closest point to z on [x, y].
As d(x,y) > 2d(y,y’), the point p’ belongs to g, y], hence d(y, y') = 2d(y,y’),
which is fine.

Assume now that d(x, y) > 2¢. If x¢ and y. are the points in [x, y] at distance €
from x and y respectively, then [x, y] N C = [xe, ye]. If p’ belongs to ]ye, y], then
Ve is also the closest point to y" in C, and d(p’, y) =d(p’,y’), so that d(y, y’) =
2d(y,y’), which is fine. Otherwise, we have d(y,y’) > €. If d(x', ) <d(x.y),
then d(p’, y") <d(p’,y). Hence

d(y.y)=d(y.p))+d(p'.y)<2d(y,.p')=2d(».y") . 0

2.3 Hitting horoballs

As shown in Remark 2.7, the constants co(€) and /4’(e, 1), used to describe the pene-
tration of geodesic lines inside e—convex subsets, do not have a finite limit as € goes to
+o00. Horoballs are e—convex subsets for every €, and we could use for instance € = 1
in these constants to get numerical values. But in order to get better values, we will
prove analogs for horoballs of Lemmas 2.3, 2.4, 2.5 and 2.6. The proofs of the lemmas
below follow the same lines as the ones for the general case of e—convex subsets given
in Section 2.2, with many simplifications.

As ¢} (€) tends to
c¢1(o00) = 2log(1 + V2),

the next lemma follows by passing to the limit in Lemma 2.3. It is not hard to see (for
instance by considering the real hyperbolic plane) that the constant c; (00) is optimal.
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Lemma 2.9 For every horoball H in X, forevery &y in (X U 0o X) — (H U H[x)),
for all geodesic rays or lines y and y’ starting from &y and entering H in x and x’
respectively, we have

d(x,x") < ¢j(c0) =2log(l + V2). O

The following result, Lemma 2.10, improves Lemma 2.4 for horoballs, and says that
when the e—convex subset under consideration is a horoball, we can replace cg(€) by

8) co(c0) = 4.056 ,

and ¢” (¢€) by ¢”(00) = % Lemma 2.11 below is the analog of Lemma 2.5 for horoballs,
and says that when the e—convex subset under consideration is a horoball, we can
replace co(€) by co(oo) = 4.056 and ¢} (€) by

5
©) chioo) =3 .

Note that ¢”(00), co(o0) and ¢} (o0) are not limits as € goes to 0o of ¢”/(€), co(€) and
c/2 (¢), but this mnemonic notation will be useful in Section 4, where it will be used in
a similar way whether € is finite or not.

Lemma 2.10 For every horoball H, for every a and b in 0H with d(a, b) = ¢o(o0),
for every ay in [a, b], we have

ap € H| % min{d(ag, a), d(ag,b)}].

Proof Let £ = H[oo] be the point at infinity of H. Up to exchanging a and b, we
may assume that £ = d(ag,a) = min{d(ag, a), d(ag,b)}.

Let (@, b, € = 00) be a comparison triangle of (a, b, £) in H]ﬁ. By comparison (see the
paragraph before Lemma 2.1), the (nonnegative) difference £’ of the heights of a and
ao with respect to & is at least the corresponding quantity £/ for the comparison points
a and aq. Thus, in order to show that £ > %E, it is sufficient to show that £/ > %E, and
the question reduces to the case X = H]é. We assume that [b, ¢] lies on the unit circle,
with a (and hence ag, as a and b have the same (Euclidean) vertical coordinate) in
the closed positive quadrant.

Let s be the (Euclidean) vertical coordinate of a¢ and ¢ the one of a, with 0 <t <s <1.
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An easy computation in hyperbolic geometry (see also the proof of Lemma 2.1) gives
¢’ =log § and

_ [2 1— 2
— arsinh

1+ v1—12
g———— .
1+ +V1—s2

{ = arsinh

s
=log-+1lo
N t

Hence, to prove that £ < %2/ , we only have to show that

1 1+V1_t2<11 S
g —F——=>71log-,
1+V1—-s2 2 7t

which is equivalent to /7(1 + V1 —¢2) < /s(1 + ~/1—52). The map f: x >
Vx(14++/1—x2) on [0, 1] is increasing from f(0) = 0 to f(+/5/3), and then de-
creasing to f(1) = 1. Let ¢/ = 0.25873. As f(t) <1 and s > ¢, to prove that
f(t) < f(s), it is sufficient to show that # <¢’. Let ¢’ and b’ be the two points of the
unit circle at (Euclidean) height ¢. As a and b are at the same (Euclidean) height ¢
on the unit circle, to prove that z <¢’, we only have to show that d(da’,b’) < d(a,b).
By the definition of c¢g(oc0), we have

vV1—1¢?
d(d’,b’) = 2arsinh — <co(0) <d(a,b).

Hence the result follows. O

Lemma 2.11 For every horoball H in X , for every &y in X U dx X, for all geodesic
rays or lines y and y' starting from &y and entering H in x € X and x' € X
respectively, if the length of y' N H is at least co(o0), then

5
d(x,x") < zd(x,)/) )

Geometry & Topology, Volume 14 (2010)



302 Jouni Parkkonen and Frédéric Paulin

Proof Let p’ be the point of )’ the closest to x. Let & be the point at infinity of H .
Define y’ by [x’, y'] = ' N H if this intersection is bounded, and )’ = & otherwise.
We may assume that x # x’. In particular, &y € H U {&}.

Assume first that p’ does not belong to [£g, x'[. As closest point projections do not
increase distances and by Lemma 2.9, we have d(x’, p') < d(x,x’) < ¢{(c0). Since

(10) d(x', y") = co(00) = 2¢}(00),

the point p’ belongs to H, and d(p’, y') >d(p’, x’). Let z be the point of intersection
of J€, x’] with the horosphere centered at £ passing through p’, so that in particular
d(x,p’)>d(x’,z). By Lemma 2.10, we have d(x’,z) > %d(x’, p’). Hence

3 5
d(x,x) =d(x,p)+d(p',x) =d(x, p') + S d(x',2) = Zd(x, p').

Assume now that p’ belongs to [£g, x'[. Let B be the comparison angle at x’ between
the (nontrivial) geodesic segments or rays [x’, y'[ and [x’, £[. By comparison, B is
at most the angle B between [x’, y'[ and [x7, €[, where x” and )’ are two points, at
distance d(x’, y"), on a horosphere in fo centered at E An easy computation in the
upper half space model and the inequality (10) show that

tan f = (sinh %d(?, 7))_1 < (Sinh (2log(1 + \/5))>_1 <

51~

As 0 < B < 7, this implies that 8 < < %.

Let a be the comparison angle at x” between the (nontrivial) geodesic segments [x’, p’]
and [x’, x], which is at most 7, as p’ is the closest point to x on |x’, £]. As the
geodesic segment [x, x'] lies in H, we have @ > 7 — 7 — 8 > %. By Lemma 2.9, we
have d(x, p') < d(x,x") < ¢} (00). Using the formulae for right-angled hyperbolic
triangles in [5] and the comparison triangle in Hf{ to the triangle (x, x’, p’) in X, we
have, by convexity of 7 — sinht?,

1 2 sinh ¢/ (00)
—sinhd(x, p)< ——L1——
sin o V3 cj(00)

This proves the result. O

5
d(x,x’)<sinhd(x,x") < d(x,p)=5d(x, p).

The following Lemma is the analog of Lemma 2.6 for horoballs. It says that when the
e—convex subset under consideration is a horoball, we can replace c}(€) and /’(e, )
by

5
(11) cg(oo)zz and h'(0c0,n) = 310+ co(00) + ¢} (00) ~ 3+ 5.8188,
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and that the first of the two possible conclusions of Lemma 2.6 always holds. Note
that ¢}(oc) is not the limit as € goes to +oo of ¢;(¢), and that /' (e, n) diverges as
€ — 00. However, in both cases, this mnemonic notation will be useful in Section 4,
where it will be used in a similar way whether ¢ is finite or not.

Lemma 2.12 For every horoball H in X , forevery &y in (X U0deoX)— (H U H[0]),
for all geodesic rays or lines y, y’ starting from &g, if y enters H at a point x € X and
exits H atapoint y € X, and if d(x, y) > h'(c0,d(y,y’)), then y' meets H, exiting
it at a point y' € X such that

5
d(y,y') < 3 d(y,y').

Proof Let & be the point at infinity of H, let p be the closest point on [x, y] to &,
and let px and p, be the points of intersection of the horosphere 9/, centered at &
passing through p with the geodesic rays [x, &[ and [y, &[ respectively.

§

By comparison, we have d(px, py) < 2log(1 + V2) = c}(c0). Thus, the triangle
inequality, along with the fact that p, is the closest point to y on 0H, and the
assumption on d(x, y), gives

2min{d(y, p), d(x, p)}y>d(p, py)+d(x, px)>d(x, y)—21og(14+~/2) > co(00) > 3.

In particular, as d(x, y) > co(co0), Lemma 2.10 implies that p belongs to H[1]. By
Lemma 2.1 and the assumption on d(x, ), we have

d(p.y') < £ e=dOn+d0r) < L —/2dGen)top4vD+a0p) < 1
=3 =2 =2
This implies that " meets H, because N/, (H[1]) = H [%] is contained in H .

Let x’ and )’ be the entering point in H and the exiting point out of H of y’,
respectively. Let p’ be the point on §’ the closest to y.
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Case 1 Assume that p’ € [)’, &]. Note that

3 3
d(X,J’)—Ed()”P,)zEd()/»l’/)zov

as d(x,y)>3d(y,y’), by the definition of /4’(c0, ). Hence, there is a point yg in
[x, ] at distance %d(y, p’) of y which satisfies d(x, yg) > %d(y, p)). By Lemma
2.10, we have yo € H[d(y, p')]. Let ¢’ be the point of )’ the closest to yg. By
convexity, we have d(yg,q") <d(y, p’). Hence ¢’ belongs to H. By the intermediate
value theorem, the point y’ belongs to [¢’, p]. As closest point maps do not increase
the distances, we have d(p’,q") <d(y, yo) = %d(y, p’). Therefore,

5
d(y,y)<d(y,p)+d(p'.y)<dy.p)+d(p'.q") = 740, ),

which proves the result.

Case 2 Assume that p’ €]y’, &]. By the same argument as in Case 2 of the proof of
Lemma 2.6, we have p’ € [x', &]. If d(p’. ) <3 d(y. p'), then d(y. y') <3 d(y. p').
and the result holds. So assume by contradiction that d(p’, ") > 3d(y, p’). By
the continuity of the closest point maps, there exists a point yy in y that does not
belong to H , whose closest point ¢’ on Y’ belongs to |p’, y'] and satisfies d(q’, y') >
%d(yo,q’) and d(yo.q') <d(y, p') + %co(oo). Lemma 2.9 implies that d(x, x) <
c1(00). Thus, by the assumption on d(x, y),

d(x',y)2d(x'.q")y=d(p'.x") = d(x, y)—d(x,x")—d(y. p")
>3d(y, p') + co(00) + ¢ (00) —cj(00) —d(y. p')
> 2d(y, p') + co(00) = max{2d(yo,q"), co(c0)} .

In particular, d(yy,q") < +d(x',q") < %d(q/,x’) and we already had d(yg.q’) <
%d(q’, »"). Hence, by Lemma 2.10, we have ¢’ € H|[d(y9,¢’)]. This implies that yq
belongs to H, a contradiction. a

3 Properties of penetration in € —convex sets

3.1 Penetration maps

Let X be a proper geodesic CAT(—1) space, and &y € X U doo X . We are interested in
controlling the penetration of geodesic rays or lines starting from &, in e—convex subsets
of X . One way to measure this penetration is the intersection length. If C is a closed
convex subset in X such that &y € C U dooC, we define a map £¢: T;OX — [0, +o0],

Geometry & Topology, Volume 14 (2010)



Prescribing the behaviour of geodesics in negative curvature 305

called the penetration length map, which associates to every y in TEIOX the length of
the intersection ¥ N C (which is connected by convexity).

When we study specific geometric situations, such as collections of horoballs and
e—neighbourhoods of geodesics, there are further natural ways of measuring the pene-
tration. These will be used in many applications in Section 5 and in [49]. If C is an
e—convex subset of X such that £y € C U dooC, we will require our penetration maps
I TE X — [0, 400] in C to have one or two of the following properties, the first one
depending on a constant ¥ > 0. The sup—norm of a real valued function f on TS X
is denoted by || f||co -

(i) (Penetration property) Forany y in TEI()X , f(y)=+ocifandonlyif £c(y) =
400, and the restrictions of f and £¢ to the set where both functions are finite
satisfy || f —€cloo <K .

(ii) (Lipschitz property) Forevery y,y’ in TSIOX which intersect C, if yNC =[a, b]
and y'NC =[d,b'] with a,b,d’, b’ in X, then

|f )= f(¥)] = 2max {d(a.d),d(b,b")} .

If C is an e—convex subset of X such that &y € C U d5cC, and f: TEIOX — [0, +00[
is a map which satisfies (i) for some « > 0, we say that f is a k —penetration map in
(the e—convex set) C. We also say that (C, f) is an (€, k)—penetration pair. In the
condition (ii), we could have replaced 2 by some A > 2, but if f also satisfies the
property (i), then only A = 2 is really relevant in the large scale.

Note that if (C, f) is an (¢/, k") —penetration pair, if ¢’ > ¢ and ¥’ <«k, then (C, f) is
an (€, k)—penetration pair. If C is co—convex and (C, f') is an (€, k)—penetration pair
in every € > 0 then f will be called a k —penetration map in (the co—convex set) C .

Penetration maps in general ¢e—convex subsets If C is a closed convex subset of X,
the map £ is in general not continuous on TSIOX , as can be seen by taking C to be a
geodesic segment of positive length. The following result shows that the situation is
nicer for e—convex subsets. Note that the statement of Lemma 3.1 is not true in R”
(which is not a CAT(—1) space).

Lemma 3.1 Lete >0 and let C be an € —convex subset of X such that £y € C U0 C.
The map {c: T, SloX — [0, 4+00] is a continuous 0—penetration map in C satisfying the

Lipschitz property (ii).

Proof The Lipschitz property (ii) of the penetration length map £¢ follows from the
triangle inequality. It remains to show the continuity of the map.
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Choose a convex subset C’ such that C = N¢(C"), and note that by the definition of
the topology of X U doo X, the subsets C and C’ have the same points at infinity. Let
Yo € TéloX , and let us prove that £¢ is continuous at yg.

Assume first that yo(+00) is a point at infinity of C. Then there exists a geodesic ray
contained in C’ ending at this point at infinity. As geodesic rays converging to the
same point at infinity become exponentially close, this implies that Lc(yo) = 00. Let
A>0.As ygNC isthe closure of y9 NC, let [x, y] be a geodesic segment of length
A + 2 contained in Y9 NC . Let 1 €]0, 1] be such thag the balls B and B’ of radius n
and of center x and y respectively are contained in C . If y € T} X is close enough
to Yo, then y meets B and B’, and by convexity, £c () > A, which proves the result.

Assume now that yo(4-00) is not a point at infinity of C, but that yy does meet C.
Then y9 N C is a nonempty compact segment [a, b]. For every n > 0, let ay, b4 be
points in yo—[a, b], at distance at most n/4 from a, b respectively, and, if d(a, b) > 0,
let a—, b_ be points in ]a, b[ at distance at most 1) /4 from a, b respectively. As C is
closed and y N C is the closure of yo NC if a # b, there exists ' €]0, n/4] such that
the balls B(ay), B(b+) of radius n’ and centers a4, b4 respectively are contained in
X —C and, if d(a,b) > 0, the balls B(a—), B(b—) of radius 1’ and centers a_, b_
respectively are contained in the interior of C. If y € TEIOX is close enough to yp,
then y meets B(a+), B(b+) (and hence B(a-), B(b—) by convexity, if d(a,b) > 0).
It is easy to see then that |[€c(y) —£Lc(vo)| < 1.

Assume now that y does not meet C. Let U, V be neighbourhoods of the endpoints
of yp in X U dso X that are disjoint from C U doC. Let n > 0 be such that the
n—neighbourhood of yy is disjoint from C, which exists, as infyey, d(x,C) > 0. If
yeT, SloX is close enough to yp, then (the image of) y lies in U U V U Ny yp, hence
does not meet C. Thus, £c(y) =Lc(yo) = 0. ad

In particular, if H is a horoball such that &y ¢ H U doo H, then £ is a continuous
O—penetration map for H satisfying the Lipschitz property (ii).

Let C be a convex subset of X such that &y € C U d5,C . For every y in T%.IOX , let
Y— =% and y4 = y(+00), and let ¢, be the closest point on C to y+. Define the
boundary-projection penetration map bpc: TSIOX — [0, +o¢] by

bpc(y) = d(Qy_,‘hq.) ;

with the obvious convention that bp-(y) = +o0 if ¢, is at infinity.

Lemma 3.2 Let C be an e —convex subset of X such that £y ¢ C U dooC . The map
bpc is a continuous 2¢' (€)—penetration map in C .
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Proof The continuity of bpo follows from the continuity of the projection maps and
the endpoint maps. Let us prove that bp has the penetration property (i) with x =
2¢i(e). Let y € TEIOX‘ If y+ is a point at infinity of C, then bp-(y) =Lc(y) = +o0,
and the claim is true for these geodesics. Otherwise, if ¥ meets C, then y enters C at
x and exits C at y, with x, y in X. By Lemma 2.3, we hence have

ld(x, y)=d(qy_.qy )| <d(x.qy_) +d(gy,.y) < 2c](€)
and the result follows.

If y does not meet C, let [p, g] be the shortest connecting segment between a point p
in y and a point ¢ in C. By angle comparison, the geodesic segment or ray between
g and y4 meets C exactly in ¢. Hence, by Lemma 2.3,

d(qy_.qyy) <d(gy_.q) +d(q.qy,) <2c](€) .

As £¢c(y) = 0, the result follows. ad

Penetration maps in horoballs If H is a horoball in X, with £ its point at infinity,
such that &y ¢ H U {£}, and if x¢ is any point in the boundary of H in X, define a
1-Lipschitz map Bg: X — [0, +o0l, called the height map of H, by

Bu: x = max{Bg(xo, x), 0},

whose values are positive in the interior of H, and 0 outside H . By convention, define

B (&) = +oco. Note that S is independent of the choice of the point xq. For every y

in T} X, let p, be the closest point to y(+0oc) on the geodesic line between &, and
&0 4

&, with p, =& if y(+o00) =&.

We will study two penetration maps associated with the height map. We will call the
map phy: TéloX — [0, +00] defined by

pha(y) =2 f“]{g Ba (y())

the penetration height map inside H. The map ippg: T, EloX — [0, +00] defined by

ippg () =2 Bu(py)

will be called the inner-projection penetration map inside H. Note that for every
t>0and y € T, X, we have pbp)(v) = max{0, phg (y) —2¢} and ippgp(y) =
max{0, ipp g (y) — 2t}
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Lemma 3.3 Let H be a horoball in X, such that &y ¢ H U 0o H. The maps
phy.ippy: TéloX — [0, +00] are continuous 21log(1 + ~/2)—penetration maps for
H, and phy has the Lipschitz property (ii). Furthermore,

lpb s —ipp g lloo < 2log(l + V2).

Remark In Hp, the equality ippg (y) = pbg(y) +log2 holds for any horoball H
with &y ¢ HU H[oo] and y € TEIOX meeting H . Thus, in Hf the map ippy satisfies
the Lipschitz property (ii). We do not know whether (H, ippg ) satisfies the Lipschitz
property (ii) in general.

Proof Let us prove that (H, phg) satisfies the Lipschitz property (ii). Let y, )’ be
elements in TéloX such that y N H =[a,b] and y’ N H = [d’, b']. Then, for every x
in [a, b], if x’ is the point on [a’, '] the closest to x, we have, with & the point at
infinity of H,

|Be(a. x) — Be(a. x")| = | B (x. x")| = d(x.x") < max{d(a.a’),d(b. D)}
by convexity. Taking x the highest point in [a, b], we get
P (v) = 2Bg(a. x) < 2max{d(a.a’),d(b.b)} +2B¢(a, x')
<2max{d(a.d").d(b,b")} +phg (v .
Using a symmetry argument, the result follows.

Let us prove that (H, phy) satisfies the penetration property (i) with & = ¢} (o0) =
2log(l ++/2). Let y € TSIOX . Note that y enters the interior of H if and only if
Ly (y) >0, and if and only if phg(y) > 0. Hence we may assume that y meets H in
a segment [x, y]. By the first paragraph of the proof of Lemma 2.12, we have

phe(v) <L (y) <phy(y) +2log(l +v2).

Let us now prove that (H,ippg) satisfies the penetration property (i) with k¥ =
2log(1 ++/2). Let y € TE{)X. If p, =&, then ippy(y) = Lu(y) = +oo, and
the result holds, hence we may assume that p, belongs to X. If p, does not belong
to H, as the closest point projection of y on the geodesic line Jy—, &[ is Jy—, py[, then
y does not enter H, and hence ippg(y) = £z (y) = 0, and the result is proven.

Assume that p, belongs to H, and note that by comparison and an easy hyperbolic
estimate, we have d(py,y) <log(1 + /2).
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In particular, if y does not enter H, then 0 < By (py) < d(py,y) <log(l + V2),
and |ippg () — L (y)| < 2log(1 + +/2), hence the result holds. Therefore we may
assume that y enters H at the point x and exits H at the point y. We then have

b (v) <ippg(y) <pbg(y)+2d(py,v). Hence,
L (y)—2log(1 +~2) <ippy(y) < Lg(y) +2log(l +v2),

and the result is proven. The continuity of ippg follows from the continuity of the
endpoint maps, of the closest point projection maps and of Bg: X U{£} — [0, +0o0].
To prove the continuity of phg at a point yp of T, EloX , note that if yy(+o00) = &,
then phg (o) = +00, and the continuity follows from the penetration property (i) of
(H,pbg) and the continuity of £z . Otherwise, y9 N H is a compact segment. If it is
nonempty, then if y is close enough to j’, the argument in the proof of Lemma 3.1
shows that the Hausdorff distance between ¥ N H and y, N H is as small as wanted.
The result follows then since Sg is 1-Lipschitz (and vanishes outside H). If y, does
not meet H, then if y is close enough to y’, the argument in the proof of Lemma 3.1
shows that y also avoids H, hence phg(y) =£g(y) =0. i

Penetration maps in balls If B is a ball of center x¢ and radius r¢ in X with & € B,
define a 1-Lipschitz map Sp: X — [0, +o0], called the height map, by

Bp: x — max{ro — d(xg, x), 0},

whose values are positive in the interior of B, and 0 outside B. For every y in T, EloX ,
let p, be the closest point to y(+00) on the geodesic segment or ray between &g
and xg.

The map php: TéloX — [0, 2r¢] defined by

php(y) =2 sup Bp(y (1))
teR
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will be called the penetration height map inside B. The map ippg: T EloX —[0,2ro]
defined by

ippp(v) =2 Ba(py)

will be called the inner-projection penetration map inside B.

We claim that the maps phg, ipppg are continuous 2log(1 + V/2)—penetration maps,
and that php has the Lipschitz property (ii); furthermore,

lpb g —ippglleo < 2log(l + v2).

This is proved as in Lemma 3.3, except that in the proof of the penetration property (i)
of ipppg, the discussion is on whether p, is equal to x¢ or not, and if p, = X,
then, by comparison, d(y, xo) < log(1 + +/2), and the claim follows in this case as

ippp(y) = 2ro.

If a sequence of balls (B;);en converges to a horoball H (for the Hausdorff distance
on compact subsets of X'), then the maps php, ,ippp, converge, uniformly on compact
subsets of T;OX , to phy, ippy respectively.

Penetration maps in tubular neighbourhoods of totally geodesic subspaces We
define two functions on T} £ X which describe the closeness of a geodesic ray or line
to a totally geodesic subspace L. If & is in the boundary at infinity of X', then
these functions are defined without reference to an e —neighbourhood of L. However,
we show that they are penetration maps in the e—neighbourhood of L, with explicit
constants which depend only on €.

Let € > 0, and let L be a complete totally geodesic subspace of X', with set of points
at infinity doo L, such that &y € N¢L U doo L. For every y in TEIOX’ let y— = &g and
Y+ = y(+00), and let p,, be the point on L the closest to y.

Y+

Py- pry L
We define the fellow-traveller penetration map ftpp : TEI()X — [0, +00] by

ftor (v) =d(py_., pyy)

with the convention that this distance is +o00 if py, isin doo L.
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Lemma 3.4 Let € > 0, and let L be a complete totally geodesic subspace of X such
that £y ¢ NeL U oo L. The map ftpy, is a continuous (2¢' (€) + 2¢€)—penetration map
in NeL and |[ftpy —bpy, lloc < 2.

Proof The continuity of ftp; follows from the continuity of the projection maps and
of the endpoint maps. Note that, for every y in T, EloX , the geodesic segment or ray
from p,, to yt exits NeL at the closest point ¢, L on NcL to y+. Hence, by the
triangle inequality, and as closest point maps do not increase distances, we have

0 <bpp.r(y)—Fftrp(y) <2e.

Therefore the fact that ftpy, (1) satisfies the penetration property (i) with « = 2¢] (€)+2¢
follows from Lemma 3.2. m|

If L is one-dimensional and &) € dooc X — 000 L, a natural penetration map is de-
fined using the crossratios of the endpoints of L and y. Let d4X be the set of
quadruples (a,b,c,d) in (0ooX)* such that @ # b and ¢ # d. The crossratio
[a,b,c,d] € [—o0,+0o0] of a quadruple (a, b, c,d) in d4X is defined as follows (see
for instance Otal [45], Bourdon [9] and Paulin [51]). If a;, by, ¢;, d; are any geodesic
rays converging to «, b, ¢, d respectively, then

1
[Cl,b,C,d]:— lim d(at,ct)—d(ct,bt)+d(bt,dt)—d(dt,at).
2 t—>+o0

Note that the order conventions differ in the references, we are using the ones of [9;
29]), and that our crossratio is the logarithm of the crossratio used in [9]. As suggested
by the referee, [a, b, ¢, d] should rather be called “crossdifference”, but we will stick
to the “crossratio” terminology, which is more widely known, because of formula (12),
and because taking a log from the very beginning makes our subsequent formulas
shorter.

Let us give other formulae for the crossratio. The visual distance of two points a and
b in doo X with respect to a given point x¢ in X is

dy,(a,b) = lim o~ 3(d(x0.a0)+d (x0.b1)~d(as.b1))

o t—>00

If £ € 050X, if H is a horosphere centered at £, and a, b are points in doo X — {£},
and ¢ — Xx; is a geodesic ray with xg € H which converges to &, the Hamenstdidt

distance (defined in [26; 29, Appendix]) of @ and b in dsc X — {£} normalized with
respect to H is

dg(a,b) = tll>nolo e'dy, (a,b).
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Note that if H’ is another horosphere centered at £, then there exists a constant ¢ > 0
such that dg = ¢ dg . In particular, for every £ € 0,0 X — {£} and r > 0, the sphere
of center £ and radius r for dy coincides with the sphere of center &’ and radius cr
for dg.

It is easy to see that for any x¢ € X and any horoball H, we have for every (a, b, c,d) €
04 X
dxy(a,c) dx,(b,d) 1 dg(a,c) dg(b,d)

(12) a,b,c,d]=1o =lo ,
[ I =log dyy (. B) dxy(d.a)  F dg(c.b) dr(d.a)

if, in the second equation, a, b, ¢, d are in doo X — H|[0co]. Note that each expression
in the above two equalities is —oco if a =c orb=d,and +co if c=bora=d. If
the points & and a coincide, the expression of the crossratio simplifies to

dpg (b, d)
dg(c,b)

The crossratio is continuous on d4 X, it is invariant under the diagonal action of the
isometry group of I', and it has the following symmetries

[c,d,a,bl=]a,b,c,d] and [a,b,d,c]=][b,a,c,d]=—[a,b,c,d].

[£,b,c,d] =1og

If X =Hp and & is the point at infinity oo in the upper halfspace model of Hp, , then
the Hamenstddt distance coincides with a constant multiple of the Euclidean distance
of dooHp — {00} = R”~1 (see for instance Hersonsky and Paulin [30]). In particular,
if n =2 or n = 3, then our crossratio is the logarithm of the modulus of the classical
crossratio of four points in C U {co}.

If £y € 0oo X — 000 L, we define the crossratio penetration map cepy: T, SloX — [0, +o0]
as follows. Let y be a geodesic line starting at y— = &p, and ending at y4 € 0oo X .
Let Ly, L, be the endpoints of L. Set

CtpL(y) = max {09 [V—’ Ll? Y+, L2]v [y—’ L2v Y+, Ll]} .
Note that ctpy () = 400 if y+ is equal to Ly or L,. The map ctpy, is clearly
continuous, and is independent of the ordering L, L, of the endpoints of L.
If H is a horosphere centered at &g, then
da(Ly, Ly)
du(y+.L1)’

and the level sets for ctp; have a simple form: [§g, L1, Y+, L] =c if and only if y4 is
on the sphere of radius e “dg (L1, L) centered at L with respect to the Hamenstéadt
metric. Thus, in particular, the boundary of the zero set of ctpy, is the boundary of the

(60, L1, Y+, Ly]=log
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union of the two balls of radius dg (L1, L,) centered at L and L,. Furthermore, if
¢ > log 2, then the level set ctp; ~!(c) is the union of two spheres for the Hamenstidt
distance dg of centers L and L, and radius e “dg (L, L,). These two spheres
are disjoint by the triangle inequality. Each of them separates &y from exactly one of
the endpoints of L. We will use this in the proof of Lemma 3.9.

Note that if X is a negatively curved symmetric space, then the spheres and balls of
the Hamenstidt distance are topological spheres and balls in the topological sphere
doo X (see Hersonsky and Paulin [30] if X = Hf’R and Hersonsky and Paulin [31] if
X = H% ). We do not know (and in fact we doubt it) whether this always holds in the
general variable curvature case.

Lemma 3.5 Let (a,b,c,d) € 04X . If b = d, we define by convention p =q = b
and d(p,q) = 0. Otherwise, let p and q be the closest points on [b,d] of a and ¢
respectively.

(1) Ifb,q, p,d are in this order on [b,d] and d(p, q) > c/1 (00), then |[a,b, c,d]—
d(p.q)| < 2¢} ().

(2) Ifb, p,q,d are in this order on [b, d] and d(p, q) > ci (c0), then [a, b, c,d] <
cj(00).

(3) Ifd(p.q) <c}(00), then[a,b,c,d] <2cj(c0).

Proof If a =d or ¢c =b,then p=d or ¢ = b, hence we are in case (1) with b # d,
and [a,b,c,d] = d(p,q) = 400, which proves the result. If a = ¢ or b = d, then
p =¢q, we are in case (3) and [a, b, ¢, d] = —oo, which proves the result. Hence we
may assume that a, b, ¢, d are pairwise disjoint.

Let t — ay, by, ¢s, d; be geodesic rays converging to respectively a, b, c,d as t — 00,
and let p; and ¢; be the closest points to a; and c¢; respectively on [by, d;]. Let
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p’ €las,ds] and p” € [ay, ¢t] be the closest points to p; on [a;, d;] and [a;, ¢;], and
let ¢’ € [bs, ¢;] and ¢g” € [a;, ¢;] be the closest points to g; on [b;, ¢;] and [a;, ¢¢].

Recall that by an easy comparison argument, for pairwise distinct points u#, v, w in
X UdxoX, if r is the closest point to w on Ju, v[, then r is at distance less than
§ = log(1 4+ +/2) from a point on Ju, w[. We will apply this remark to r = p; and
r = ¢;. Recall also that ¢} (c0) = 26.

Case (1) Under the assumptions of Assertion (1), if ¢ is big enough, then the points
bt,qs, pt,dy are in this order on [b;, d;]. Using the triangle inequality on d(a¢, ¢;)
and d(by, d;), and inserting the points p’ and ¢’ in [d;, a;] and [c;, bs], we have
d(as,c;)—d(ce,by) +d(by,dy) —d(dy,ar)
<d(as, pr) +d(pe.qe) +d(qr, c) —d(ce, q) —d(qe, be) +2d(q', qr)
+d(br,qe) +d(qe, pe) +d(pe,de) —d(dy, pr) —d(pr.a) +2d(p', pr)
<2d(p:.qr)+46.
By comparison and a standard argument on hyperbolic quadrilaterals with three right
angles [5, page 157], for every € > 0, if ¢ is big enough, we have that d(q;,q") <
28+ €/4, as d(pr.qr) — d(p.q) > c((00). If we insert the points p” and ¢” in
[a;, ct], we get, as above,
d(as,ci)—d(ce,by) +d(bs,d) —d(dys,ay)
>d(ar, pr) +d(pe,qr) +d(qe.co) =2d(pe, p") = 2d(qe, q") —d(ce, 1)
—d(q:,be) +d(bs,qr) +d(qr, pt) +d(pe,de) —d(dy, pr) —d(p:r,az)
>2d(pr,qr) —86+e.

This proves Assertion (1) in Lemma 3.5.
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Case (2) The proof of Assertion (2) is almost identical to the one of the upper bound
in the first inequality in Case (1). The different order of the points p; and ¢; now
causes cancellations:
d(ag,c) —d(ce,br) +d(be,de) —d(dy, ar)
=d(as. pr) +d(pr.q:) +d(qr, c0) —d(ce, q1) —d(qs. pr)
—d(pe,be) +2d(q, q0) +d(be, pe) +d(pr.qe) +d(qe, di) —d(dy, 1)
—d(qs. pr) —d(ps,ar) +2d(p', pr)
<4§.
Case (3) Assume that d(p, q) <c}(co) and let € > 0. By taking ¢ big enough, we can
assume that d(p;,qs) < 26§ + €. Inserting the points p” and ¢” in [a;, ¢;] and using
the fact that closest point maps do not increase distances, we have d(p”,q") <24+,
d(cs,qs) > d(ce,q”) and d(ay, p;) = d(ay, p”’). Thus, as in the cases above,
d(as,ce)—d(ce,be) +d(bs,d) —d(dy,ay)
<d(ar, p")+d(p".q") +d(q".ct) —d(cr.qr) —d(qe. be) +2d(q" . q1)
+d(br.qe) +d(qe, pe) +d(pe,de) —d(de, pr) —d(pr.ar) +2d(p', pr)
<885+2.

As this holds for any € > 0, the result follows. |

Lemma 3.6 Let € > 0, let L be a geodesic line in X, and assume that &y € 0o X —
doo L. The map ctpy, is a continuous (2¢} (€) + 2¢](00) + 2€)—penetration map in the
e—convex set Ne L and |[cvpp, —ftpp oo < 2¢](00).

Proof Lety e T, EloX ,let y— =&y and y4 be the endpoints of ¢, and L; and L, be
the endpoints of L. Let p and ¢ be the closest points to y— and y+ on L respectively,

so that ftpz (y) = d(p.q).

If d(p.q) < c}(00), then Lemma 3.5 (3) implies that 0 < cvpy (y) < 2 c{(c0), and
thus Jetpy (v) — ftpL (¥)] =2 ¢} (00).

If d(p.q) > ¢} (00), then up to renaming the endpoints of L, we have by Lemma 3.5 (2)

and (1) that [y—, Ly, y4, L1] < c{(00) and =2 ¢ (00) +ftpr (¥) <[y—. L1, Y+, L2] <
2 ¢ (00) + ftpy (y), which implies the result, using Lemma 3.4. O

Remark The penetration maps can be defined for any fixed starting point which is

outside the e—convex set C and its boundary at infinity, except for ctp; . Thus, the
penetration maps {¢, bpc, phy,ippg, php, ippp, ftpy considered in this section are
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all restrictions to Tgl X of maps defined, and continuous (as an inspection of the above
proofs shows) on Us¢C/ua c TE X c T'X with C’ respectively C,C, H, H, B, B,
NeL. The penetration map ctp; is defined and continuous on | J E€dou X —000C’ TE X.
This point of view is used in cases (3) and (4) of Proposition 3.7 below, and will be

useful to apply Corollary 4.11.

3.2 Prescribing the penetration

In Section 4, we will use the following operation repeatedly: a geodesic ray or line y
starting from a given point &; is given that penetrates two €—convex sets C and C’
with penetration maps f and f”, first entering C with f(y) = h, and then C’ with
f'(y) > h’'. We will need to pick a new geodesic ray or line y’ starting from &, which
intersects C before C’, for which we still have f(y’) = &, and for which we now
have the equality f”(y’) = &’. In the following result, we show that this operation is
possible in a number of geometric cases. These cases will be used in Section 5 for
various applications.

Proposition 3.7 Let X be a complete, simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 3. Let € > 0 and §,h,h’ > 0.
Let C and C’ be e —convex subsets of X, and £y € (X U 0o X) — (C U 00C). Let f
and [’ be maps TSIOX — [0, +o0], with f continuous and k' = || f' — L/ ||co < +00.
Consider the following cases:

(1) C is a horoball with diam(C NC’) <§; f is either the penetration height map
phc or the inner-projection penetration map ippc ;

h=h™"=2c(e) + 25+ || f —phclloo

and I’ > h'™ = k' 4 28 ; if C’ is also a horoball we may take € = +oc in the
definition of h™",

(2) C isaball of radius R (> €) with diam(C NC’) <§; f is either the penetration
height map ph or the inner-projection penetration map ippc ;

W™ =2¢1(€) +28 + || f —pbclloo <h < 2R =2¢}(€) = ||/ —phclloo =A™

and h' > hmm k' +28;

(3) C is the e—neighbourhood of a complete totally geodesic subspace L of dimen-
sion at least 2, with diam(C N C’) < §; either ' = {¢ and X has constant
curvature, or | is the fellow-traveller penetration map ftpy ;

h=h™" =4} (e) + 26 + 8+ 2| f — oL oo
and K’ >hglin =k"+96;

Geometry & Topology, Volume 14 (2010)



Prescribing the behaviour of geodesics in negative curvature 317

4 C is the e —neighbourhood of a geodesic line L ;

© hzh™ =dci(e) +2e+ 8+ f —ftpplloo :

e cither f = {c and X has constant curvature, or f is the fellow-traveller
penetration map ftpy , or £ € doo X', f = ctpy , and the metric spheres of
the Hamenstadt distance on doc X — {&g} are topological spheres;

e either C’ is any € —convex subset that does not meet C (in which case § =0)
and h' > hf™ = ', or C' is the e-neighbourhood of a totally geodesic

subspace with codimension at least two such that diam(C N C’) < § and

W= hein =3¢ (€) + 3+ 8+ || f = ftpr oo -

Assume that one of the above cases holds. If there exists a geodesic ray or line y
starting from &y which meets first C and then C’ with f(y)=h and f’(y) > h’, then
there exists a geodesic ray or line y starting from &y which meets first C and then C’

with f(y)=h and f'(¥) =I'.

Proof Let y be as in the statement, and x (resp. y) be the point where y enters
(resp. exits) C (with y in X since f(y) =h < +00). Let x’ (resp. »’) be the point
where y enters (resp. exits) C’ (with x” € X but possibly with )’ at infinity). By
convexity, £y € C' U 0o C’. For every h > 0, we define A as the set of points «(400)
where o € T, EloX satisfies f(x) = h. Let Ay be the arcwise connected component
of A containing y(+00). By considering the various cases, we will prove below the
following two claims:

(a) Every geodesic ray or line, starting from &y and meeting C’, first meets C and
then C’.

(b) There exists a geodesic ray or line ) starting from &y with y5(+00) belonging
to Ag, and f'(¥) < hg™.

As [’ is continuous and Ag is arcwise connected, the intermediate value theorem
implies the existence of a geodesic ¥ with the desired properties, and Proposition 3.7
is proven.

Case (1) Letk = || f —phclloo- Let & be the point at infinity of C, which is different
from &, and let pg be the closest point to £ on y. As phe(y) = f(y)—k =h—k >
h™iM — > 0, the point pe belongs to the interior of the horoball C. Let yg be the
geodesic ray or line starting from &y with yg(+00) = §£.
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We start by proving the (stronger) first claim that every geodesic ray or line starting
from &y and meeting C’ meets C[4] first (hence it meets C before C’ and Assertion (a)
holds). Note that

Phe(r) _ S) =k _h—r A"
2 = 2 2 2
As f(y)=h Zhg‘i“ =«'+28,wehave Lo/ (y) > f/(y)—«'> 6, unless £c/(y) =5 =0.
Note that ¥ N C’ is not contained in the geodesic segment [x, y]. Otherwise, this
would contradict the assumption that diam(C N C’) < § when £¢/(y) > §. When
Le(y) =8=0,as y meets C’, the segment y N C’ would be reduced to a point by
the convexity of C’. This point would be {x} or {y} (as C’ is not a singleton). But
then the tangent vector of y at x or its opposite at y would both enter strictly C and

be tangent to C’, which contradicts the fact that § = 0.

d(y. pg) = d(pg, 0C) =

=ci(e)+8>86.

As y meets C before C’, this implies, in particular, that the geodesic ray [y, y (+00)[
meets C’, and that the point pg belongs to ]x’, &]: otherwise C N C’ would contain a
segment of length at least d(pg, y) > &, which is impossible. Hence, by convexity, any
geodesic ray or line starting from £y and meeting B(x’, ¢| (€)) first meets B(pg, ¢} (€)).
By Lemma 2.3, every geodesic ray or line, starting from &y and meeting C’, meets
the ball B(x’,c|(¢)) before entering C’ (and we may take € = +o0 if C’ is also
a horoball, by Lemma 2.9). This proves the first claim, as the ball B(pg.c](€)) is
contained in C[§], since d(pg,dC) > ¢ (€) + 8, as seen above.

Let us prove now the (stronger) second claim that there exists a geodesic ray or line
Yo starting from &y with yo(+00) belonging to Ag, and avoiding the interior of C’,
which implies Assertion (b), as then f’(yp) <{c/ (V) +k' =k’ < hg‘i“.
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The subspace 4 of doo X is a codimension 1 topological submanifold of the topological
sphere 000X , which is homeomorphic to the sphere S”~2, hence it is arcwise connected.
Indeed, if /' = phc, then A is the subset of endpoints of the geodesic rays or lines
starting from & that are tangent to 9(C[h/2]). If /" = ippc, the subset A is the
preimage of a point in &g, &[ by the closest point map from deo X to [&, £], which is,
over )&, £[, a trivial topological bundle with fibers homeomorphic to S”~2.

Note that /" is continuous, f(yg) =o0>h,and f(a) =0 if o is a geodesic ray or line
starting from &y with a(4-00) close enough to y(—o0). Therefore 4 separates y (—o0)
and yg(+00), as the connected components of doo X — A are arcwise connected.

If the (stronger) second claim is not true, then the topological sphere 49 = A of
dimension 7 —2 is contained in the interior of the shadow Og,C’. As £y ¢ C' U0oC’,
this shadow is homeomorphic to a ball of dimension 7 — 1. Thus, by Jordan’s theorem,
one of the two connected components of doo X — A is contained in the interior of
Og,C’. As y(—00) does not belong to Og,C’ and A separates y(—o0) and yg(+00),
this implies that y(4+o00) belongs to the interior of Og,C’. Hence y; meets the interior
of C’.

Therefore, by the first claim, the geodesic ray or line y¢ meets C[6] before meeting C’.
Let u’ be the entering point of yg in C’. As £ is the point at infinity of C[§], the points
&o,u’, £ are in this order on yg. Hence by convexity, this implies that u’ belongs to
C[5]. As f'(y) =N > hg‘in =k’ + 268, we have

dx',y)y=Le(y) = f(y)—«' =26

Hence by the triangle inequality, one of the two distances d(u’, x"), d(u’, y’) is at least
8, and by the strict convexity of the distance, it is strictly bigger than § (as u’ does
not belong to y (as y # yg)). Hence, if u” is a point close enough to u in Ju’, £,
then u” belongs to the interior of C’ and to the interior of C[§], and is at distance
strictly greater than § from either z/ = x” or z/ = y’. Therefore, the geodesic segment
[u”, z’]N C has length strictly bigger than §, and is contained in the intersection C NC”.
This contradicts the assumption that diam(C N C’) < 4.

Case (2) The proof is completely similar to Case (1). Let now z be the center of
the ball C, let p, be the point of y the closest to z, let y, be the geodesic ray or
line starting from & and passing through z, and let k = || f —phc|loo. Note that
R > h™ /2 > pmin /2 > § 5o that C[8] is nonempty. We only have to replace £ by z,
Pe by pz and yg by y., and to replace two arguments in the above proof, the one in
order to show that A separates y(—oc0) from y,(400), and the one in order to show
that &, «/, z are in this order on y,, where u’ is the entering point of y, in C’.
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To prove that A separates y(—oo) from y,(+00), we simply use now that f(y,) =
2R > h™>* > h instead of f(yg) = 0o > h. Let us prove that £y, «’, z are in this order
on y,. We have

PO o S B

d(z7pz):R 2 2 2

=cl(e).

By Lemma 2.3, we have d(x’,u") < c¢{(€). As y; meets the interior of C’, by the
same argument as in Case 1, we even have d(u’, ) < ¢/ (€). Hence by strict convexity,
we do have u’ €]z, &[. The rest of the argument in the proof of Case (1) is unchanged.

Before studying the last two cases, we start by proving two lemmas. The first one
implies the first of the two claims we need to prove in Cases (3), (4), and the second
one gives the topological information on A that we will need in these last two cases.

Lemma 3.8 Let L be a complete totally geodesic subspace with dimension at least
1,e>0,C=NcL, & € (X U0xX)—(CUO0dxL), and C’ be an e —convex subset
of X such that diam(C N C’) <§. Let f, f”: TéloX — [0, +00] be maps such that
k= |f—Ftprlloo < +00, k' = || f —Lcrlloo < +00. Let y be a geodesic ray or line
starting from &, entering C before entering C', such that 4c}(e) 4+ 2¢ +§ 4+« <
f(y) <400 and f'(y) > 8+ «'. If y is a geodesic ray or line starting from &, which
meets C’, then ¥ meets the interior of C before meeting C’.

Proof Note that &y ¢ C’ U 05 C’, by convexity and the assumptions on y, as &y ¢
CU0xC. Let L be the geodesic line passing through the closest points pg; . Py (+o00)
on L of &, y(+00), respectively. Note that

(13) d(Pgys Py(+o) = TthL () = f(y) —k Z 4ci(€) +2+8> 0.

Hence, by Lemma 3.4, and as ftpy  (¥) = ftpr(y), we have

En.Lo (V) = ftop, (v) —2¢1(e) —2€ > 0.

In particular, y enters N¢ L at a point x( and exits it at a point yg in X (as y(+o0) ¢
0oo L since f(y) < +o00). Let u — p, be the closest point map from X U dee X onto
LU 0o Lg. Recall that this map does not increase the distances (and even decreases
them, unless the two points under consideration coincide or are on L), and that it
preserves betweenness, that is, if u” € [u,u’], then p,» € [py. puw]. Let X" (resp. X')
be the point where y (resp. }) enters C’, and gg, and ¢, (yo0) be the closest point
to & and y(+00) respectively on NVeLg.
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€o V(+00) y(+00)

LoCL

Pt Px’ Py(+o0) Px' Pyy  Py(+o0)

Recall that by Lemma 2.3, the distances d(X’, x"), d(xo. qg,), d(o. 4y (+00)) are at
most ¢} (€). Note that X" € £, (4-00)]. Hence, as betweenness is preserved,

ftrry () = d(pgy. Py(+00)) Z d(pgy. P3r) = d(pgy. pxr) —d(pxrs p3)
> d(pgy. px') —d(x" . X') = d(pgy. px') =€} (€) -

Note that d(pg,. px’) = d(pg,. Py,) When &, yo,x’ are in this order on . When
&0, yo, X' are not in this order on y, as y enters in C before C’, as Lc/(y) > f'(y)—
k' > § and as diam(C N C’) < 4§, we have d(x’, yg) < 8; hence

d(pgy. Px’) = d(pgy. Pyo) —d(Pyo. Pxr) = d(Pgys Pyo) —d(v0. x") = d(pgy. Pyy) =8 .

Therefore, in both cases, as yq € [§g, Y (+00)] and u — p, preserves the betweenness,
and Since Py (+o00) = Pgy (400> WE have, using (13),

ftpr, () = d(pgy. pz) = d(pgy. px') — € (€) = d(pgy. Pyy) — 8 — ¢} (€)
> d(Pgy> Py(+00) — A(Pay s ooy Pro) —C1(€) =8
> §tpL (¥) — d(qy (+00)> Vo) — ¢} (€) =&
> ftpr (y) —2¢i(e) — 8 = 2¢q(€) + 2¢ .

By Lemma 3.4, we hence have
EneL(7) Z bn. o (P) = ftpr, () — 2¢1(€) —2€ > 0.

In particular,  does enter the interior of C, at a point X. Note that the geodesic from
&o through pg, enters C at gg,. Now by contradiction, if y enters the interior of C
after it enters C’, then X’ € [&g, X], so that

c1(e) = d(qg,. X) = d(pg,. px) = d(pg,. pz) > 2¢(€) + 2€

as seen above, a contradiction. O
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Lemma 3.9 Let X be a complete, simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 3. Let €¢,h > 0. Let L
be a complete totally geodesic submanifold with dimension at least 1 and &, €
(X UdogoX) — (WeL UdooL). Assume either that

(1) f ={n.r. X has constant curvature and h € [4c| (€) + 2¢, +00],

(2) & €0ooX,dimL =1, f =ctpy, hellog2, +oo[, and the metric spheres of
the Hamenstéadt distance on 0o X — {&o} are topological spheres, or

(3) f=ftpr.
Then A={a(+o0):a e Ty X, f(a)=h}

is a codimension 1 topological submanifold of the topological sphere d X , which is
homeomorphic to the torus ST L—1 x §eodim L—1 " Eyrthermore:

(a) Ifdim L =1, then A has two arcwise connected components, homeomorphic
to a sphere of dimension n —2. If f = ctpy, orif h > c|(€), then each of them
separates y(—oo) and exactly one of the two points at infinity of L, for every
geodesic ray or line y starting from &g if f = ctpy, and for those meeting N L

if [ cepy.
(b) Ifcodim L =1, then A has two arcwise connected components, homeomorphic
to a sphere of dimension n — 2, separated by 0o L .

(¢) IfdimL > 2 and codim L > 2, then A is arcwise connected.

In cases (b) and (c), for every component Ay of A, for every geodesic ray p in L with
0(0) the closest point to &y on L, there exists n € Ay such that p(h) is at distance at
most || f —ftpr |leo from the closest point to 1 on p.

Proof Let m7: X UdooX — L Uds L be the closest point map, and py = 77, (&y).
Note that L has codimension at least one, by the existence of &;.

Assume first that = ftp; . As h > 0, the subspace A of doo X is the preimage of
the sphere (of dimension dim L — 1) of center pg and radius 4 in L, by wp. As
71 0o X \ dooL — L is a trivial topological bundle whose fibers are spheres of
dimension codim L — 1, the topological structure (including the assertions (b) and (c) )
of A is immediate. The final statement on (b) and (c) is trivial as, by definition, p(/)
is the closest point to some point in Ay .

If dimL =1 and & > c{(e), if y € TéloX meets N¢ L, then by Lemma 2.3 and by
convexity, d(mr (y(—00)), po) < c¢|(€) < h. Hence, the separation statement in (a)
follows.
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Assume then that f = ctp; , and that the hypotheses of (2) are satisfied. The result in
this case (only assertion (a) needs to be checked) follows from the discussion before
Lemma 3.5.

Assume now that f =€y z, X has constant curvature, and / € [4¢] (€) + 2¢, 4-o0] .
Let Sp = nL_l (po) N dso X . Using normal coordinates along L, the topological sphere
doo X is homeomorphic to the topological join of the spheres doo L of dimension
dim L — 1 and Sy of dimension codim L — 1

So V0oL = (So %[0, +00] X doo L)/ ~ .

where ~ is the equivalence relation generated by (a,0,b) ~ (a,0,b’) as well as
(a, +00,b) ~ (a', +00,b), for every a,a’ in Sy and b, b’ in doo L. We denote by
[a,t,b] the equivalence class of (a,t,b). We choose the parametrization of doo X
by Sp V 0so L such that [¢,0,b] = a, [a,+00,b] = b, d(zy(a,t,b]), po) =, and
the geodesic rays [z ([a,1,b]).[a,t,b][ are parallel transports of [po,a[ along the
geodesic ray [pg, b, for 0 <t < 400.

For every ¢ in 0, +oo[ and every (a,b) in So X doo L, let ¥4+, be the geodesic ray
or line starting from &, and ending at [a, ¢, b]. By the proof of Lemma 3.4 and by
Lemma 3.2, we have

—2¢(€) = L, (o) —ftpp (@) < 2¢1(€) + 2e,

forevery « € TgloX' In particular, if 1 = ftp, (V[q,1,5]) > 2¢] (€), then £ar 1 (V[a,r,6]) > 0,
that is y{,,,»] meets the interior of N L. The points po,a, b, &y are contained in an
isometrically embedded copy of Hﬂ’g in X, and therefore we can restrict to the case
when X is the upper halfspace model of ]H[]%{ and L has dimension 1. If we normalize
so that £y = oo and the endpoints of L are b =1 and —b, then the level sets of £x. 1,
for positive values are drawn in the following picture. The level set £ Nl 1, (2€) is the
unique figure—8 curve. Each level set £ NI (1) for t > 2e has exactly two components,
one in each bounded component of the complement of £ (26)
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The curve ¢ — [a,t,b], t >0, is a segment of a circle through » and —b that connects
the point ¢ on the imaginary axis to b. Thus, it is easy to see that the map from
[2¢] (€), +oq[ to [0, 4-o0[ defined by ¢ > Lx. 1 (Va,,p]) is continuous and strictly
increasing, for every fixed (a, ) in Sg X doo L.

Hence, as Lemma 3.4 gives
N L (Va,2¢) (),5)) = 4} (€) +2€ < h < 400,

there exists a unique 7, 5 € [2¢] (€), +oc[, depending continuously on (a, b), such that
Un.L(Na,t, p,61) = B In particular, the subset of points of doo X of the form [a, 74,5, D]
for some (a, b) in Sy X doo L is indeed a codimension 1 topological submanifold of
900X , which is homeomorphic to the torus S4mL—1 s §eodim L—1 'The statements (b)
and (c) follow.

If L has dimension 1, and if y € TQ)X meets N L, then by Lemma 2.3 and by
convexity, d(z (y(—00)), po) < c/(€). For every & in a component Ay of A4, if as
above & =a. 1,45, ], then we have d(rz (§). po) =145 > 2¢](€), hence Ay separates
y(—o0) and b. This proves (a).

Let us prove the last assertion of the lemma. Let « = || /' — ftp |00, and let Ay be a
connected component of A. For every u in L such that d(u, po) =h, let ng =|a, h, b],
on the same side of dooL as Ag if codim L = 1, be such that 7y (o) = u. Let
nt = [a, h + ¢, b], which is on the same side of doo L as Ay if codim L = 1. Note that

S Wah+ie,b) Z FPL Va,h+ie,p) —K =1,
and similarly, f(¥{q,h—c,p]) < h. By the intermediate value theorem, there exists

t € [—«, +k] such that n; € Ag. Hence d(u, mp(n:)) = |t] <«. O

Now we proceed with the proof of the remaining parts of Proposition 3.7.

Case (3) By Lemma 3.8, we only have to prove the second claim, that there exists a
geodesic ray or line ¥, starting from &y with y,(+00) belonging to A4, such that
['(Wo) < hg™.

Let k = || f —ftpr|loo. Let po (respectively p, ) be the point of L the closest to &
(respectively y(+00)), so that, in particular,

d(po, py) =ftpr(y) = f(y) —k =h—x > 0.

Let p;, be the point on the geodesic line L (contained in L) passing through po and
py on the opposite side of p, with respect to pg, and at distance & from po. By
Lemma 3.9, there exists a geodesic line y, starting from &y and ending at a point in
Ao whose closest point py, on L is at distance at most « from p;,.
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Yo(4-00) §o y (+00)

LoCL

>h—« >h—«

Assume by contradiction that f’(y,) > hgli“. We have
o) = ') = =h —k' > hg™ =’ =6

Similarly, £c/(Yo) > 8, and, in particular, ¥, enters C’. Let )’ (resp. y;) be the
point, possibly at infinity, where y (resp. ¥,) exits C’. By Lemma 3.8, ¥, meets
C before C’. Let xq (resp. yo) be the point where Y, enters in (resp. exits) C.
As diam(C N C’) < §, we have y; € [y, yo(+0o0)[ and )’ € ]y, y(+00)[, so that in
particular d(y,, L) > € and d(y', L) > €.

Let y; be the geodesic line through y’ and y(/). The points at infinity of y; do not
belong to doo Lo, so that ftpy  (y1) and £¢ (1) are finite. Note that by strict convexity
and by Lemma 2.3, we have

d(y' . [py.y(+00)]) <d(y.[py.y(+0)]) < c}(e),

and, similarly, d(yg.[py,.¥o(400)[) < c](€). Hence, with 7, the closest point map
to Lo, which preserves betweenness and does not increase distances,

ftpLo (Vl) = d(T[L() (y(/))? 7TL() (y/))
> d(py,. Py) —2¢1(€) = d(py,. po) +d(po. py) —2¢/ (€)
>h—k+h—k—2c(e) =2h—2k—2c](€) .
In particular, by Lemma 3.4,
Lo (1) = Lo (r1) = ftpr, (1) — 26 (€) — 26 > 2h — 2k — 4c (€) =26 = §,

by the definition of 2™". Hence y; meets C in a segment I of length > §. But as
y(/) and y’ are at a distance strictly bigger than € of L, the segment / is contained in
[, yol. which is contained in C’, by convexity. This contradicts the assumption that
diam(C NC’) <§é.
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Case (4) Let k" = f"—ftpy/lloo. Note that f'(y) =h' = hy™™ > §+«’. This is true
under both assumptions on the value of hg‘i“, as when hgﬁ“ =3cj(e) +3e +8+«",
we have, by Lemma 3.4,

8+K’§5+K"+2c’1(6)+2e<h‘8ﬁ".

By Lemma 3.8, we only have to prove the second claim that there exists a geodesic
line ¥, starting from &y with 3 (+00) belonging to Ay, such that f”(yp) < hg‘in.

We first consider the case C' = N¢L’' where L' is a totally geodesic subspace of
codimension at least 2, with diam(C NC’) <§, and i’/ > hgli“ =3ci(e)+3e+5+«".
Assume by contradiction that every geodesic ray or line ¢ starting from &, with
a(+00) € Ay satisfies f/(a) > hg‘i“. In particular, every such « satisfies £c/ (o) >
() —«k" > hgﬁ“ —«’ >8>0, hence a meets the interior of C’. Let

B = {,3(+OO) :B e Té)X’ ftor(B) > hglin_K//} ‘

By the contradiction hypothesis and the definition of k”, we have 49 C B’. Let
P, be the closest point to £ on L’. Note that B’ is a (topological) open tubular
neighbourhood of dsoL’, whose fiber over a point & in 0oL’ is the preimage of
Pg (]hro’rlirl — k", +00]) by the closest point map from doo X to L' U 0o L', where pg is
the geodesic ray with p(0) = py and p(+o0) = £.

By Lemma 3.9 (a), let £; be the point at infinity of L separated from y(—o0) by Ayg.
Let p; (—oo) De the closest point to y(—00) on L’. Recall that y enters C’ at x’,
and & ¢ C’, so that & € [y(—o0),x’[. Hence, by Lemma 2.3 and the fact that
closest point maps preserve betweenness and do not increase the distances, we have
d( p; (—00)’ py) < ¢} (€) < h3™™ — k" by the definition of /4§"". Hence the complement
of B” in 0o X, which is connected as codim L’ > 2, contains y (—00). As A separates
y(—o0) from &; and is contained in B’, it follows that B’ contains &;.

LyclL

Py Pu Pk,

Let x, be the intersection point of &y, py] with dC’. Lemma 2.3 then implies that
d(x’,x;) < c}(€). Hence, by convexity and as y first meets C and then C’, we have
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d(x,]éo, pé)]) <cj(e). If u € L is the closest point to x on L, we therefore have
d(u, €. pyl) <cj(e)+e. Let pél be the closest pointto £; on L', and Ly, the geodesic
line (contained in L) through p; and p%l . As the closest point map does not increase
distances, the closest point p;, to u on Ly satisfies d(py. p,) < c/(€)+€. Then, since
the closest point map to L preserves betweenness, by the triangle inequality, and as
&1 belongs to B’, we have

ftpr, (L) = d(py. ) = d(pg, . po) —d(pg, pp) > g™ — k" — ¢ () —€..
Therefore, using Lemma 3.4,
diam(C N C’) > diam(C NN L) > Cnry (L) = ftpr, (L) — 2¢i(e) —2e
> hg‘i“—lc”—3c§(e)—3e =4,
a contradiction.

Assume now that C’ is any e—convex subset such that C N C’ = &, and that &’ >
hy'™ = k" . Let us prove that there exists a geodesic ray or line jp starting from &g
with ¥o(+00) in Ay, and avoiding the interior of C’. This implies the result as in
Case (1).

By contradiction, suppose that for every & in Ao, the geodesic ray or line yg starting
from &y and ending at £ meets the interior of C’. By Lemma 3.8 (applied with § = 0),
Ye meets the interior of C before meeting C’. Let xé be the entering point of yz in C’
and yg be its exiting point out of C. As C and C’ are disjoint, note that £, yg, xé,g
are in this order along yg. The maps £ — y¢ and & — xé are injective and continuous
on Ao (by the strict convexity of C and C’, as y¢ meets the interior of C and C").
We know that A is a topological sphere, by Lemma 3.9 (a), separating the endpoints
of L. Hence the subsets Ay and S’ = {xé :& € Ay} are spheres, that are homotopic
(by the homotopy along the geodesic ray or line yg that does not meet L between xé
and &) in the complement of L in X U doo X . By a homology argument, every disc
with boundary S’ in X U doo X has to meet L. But by convexity of C’, there exists
a disc contained in C’ with boundary S’ (fix a point of S’ and take the union of the
geodesic arcs from this point to the other points of S”). This contradicts the fact that
cnC' =w. o

Remarks (1) In Case (2), we have /™ > ;™" if R is big enough, as c; (¢) has a
finite limit as € — 00.

(2) In Case (3), if the codimension of L is 1, then we may assume that y meets L if
y meets L. Indeed, as we have seen in Lemma 3.9 (b), L U doo L separates X U doo X
into two connected components, and A (defined in the beginning of the proof) has
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exactly two components separated by L U doo L. If ASL is the component of 4 on the
same side of L UdooL as &, and A the component of A on the other side, then
a geodesic ray or line starting from &, and ending in A(J)r does not meet L (as L is
totally geodesic), and any geodesic line starting from &y and ending in A meets L,
by separation. This observation on the crossing property will be used in the proof of
Corollary 5.12 to make sure that the locally geodesic ray or line constructed in the
course of the proof stays in the convex core.

(3) Case (4) is not true if C’ is assumed to be any e—convex subset, as shown by
taking X the real hyperbolic 3—space, and C’ the e—neighbourhood of the (totally
geodesic) hyperbolic plane perpendicular to L at a point at distance / from the closest
point to £y on L: any geodesic ray or line « starting from &y, with ftp; (o) = & and
meeting C’ satisfies (o) = 400 for every f” which is a x’—penetration map in C’.

4 The main construction

4.1 Unclouding the sky

The aim of this section is to prove the following result, improving on our result in [47].
The first claim of Theorem 4.1 was stated as Theorem 1.1 in the introduction.

Theorem 4.1 Let X be a proper geodesic CAT(—1) metric space (having at least
two points), with arcwise connected boundary d X and extendible geodesics. Let
(Hy)qena be any tamily of balls or horoballs with pairwise disjoint interiors. Let
Ho = 1.534.

(1) Forevery x in X —| e 4 Hq ., there exists a geodesic ray starting from x and
avoiding Hy[o] for every o.

(2) For every ag in A such that Hy, is an horoball, there exists a geodesic line
starting from the point at infinity of Hy, and avoiding Hg[o] for every o # .

Remarks (1) Note that by its generality, Theorem 4.1 greatly improves the main
results, Theorem 1.1 and Theorem 4.5, of [47], where (except for trees) X was always
assumed to be a manifold, strict assumptions were made on the boundary of X, and no
definite value of o was given except in special cases. But besides this, an important
point is that its proof is a much simplified version of the upcoming main construction
of Section 4, and hence could be welcome as a guide for reading Section 4.2.

(2) Note that the constant 1o is not optimal, but not by much. For simplicial trees
all of whose vertices have degree at least 3, the result is true, with any o > 1 and
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this is optimal (though they do not satisfy the hypotheses of the above result, the proof
is easy for them; see for instance [47, Theorem 7.2 (3)]). We proved in [47] that the
optimal value for the second assertion of the theorem, when X = Hﬁ’@ and all H,’s
are horoballs, is jo = —log(4+/2 — 5) & 0.42. Hence Theorem 4.1 (2) is not far from
optimal, despite its generality. Furthermore, when X = Hp and all Hy’s are horoballs,
a possible value of g for the first assertion of the theorem that was given in [47,
Theorem 7.1] was log(2 + v/5) —log(4+/2 — 5) &~ 1.864. Hence Theorem 4.1 (1) is
even better than the corresponding result in [47] when X = Hig, despite its generality.

Proof We start with the following geometric lemma. For every p > 0, define
2e7H
V() = ———oex,
1+ V1—e 21

which is positive and decreasing from 2 to 0 as pu goes from 0 to +o0.

(14)

Lemma 4.2 Let X be a proper geodesic CAT(—1) space. Let H be a ball or a
horoball in X and &y € (X U dooX) — (H U H[ox]). Let u > log?2 be at most the
radius of H, and let y and y’ be geodesic rays or lines starting at &, meeting H[u],
parametrized such that y'(s), v (s) are equidistant to &, for some (hence every) s, and
that y enters H at time 0.

(1) If x = y(0) and x’ are the points of entry in H of y and y’ respectively, then
d(x,x") <v(u).

(2) Forevery s > 0, we have

d(y(=s),y (=) <v(p)e ™.

Proof Let & be the center or point at infinity of H, and let 7, ¢’ be the entrance times
of y,y’ respectively in H[u]. Note that > 0 as u > 0. Let us prove first that ¢/ > 0
too. We refer to Section 2.1 for the definition and properties of the map B¢, , especially
when &y € X'. Let u be the point on the geodesic ]o, &[ such that B¢, (x,u) = 0. By
the convexity of the balls and horoballs, the point u is the closest point to £ on the
sphere or horosphere centered at £, passing through x. Since B¢, (x,’(0)) =0, we
hence have B¢(x,y’(0)) < Be(x,u). Let us prove that B¢ (x, u) < u, which will hence
imply that y” enters H[u] at a nonnegative time (which is 7).

Glue the two comparison triangles (é_o, X, ,§ ) and (5 ,X,p(t)) in fo for the geodesic
triangles (£o,x, &) and (&, x, (7)) along their sides [X, £].
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Let H be the ball or horoball centered at E such that X € dH . By comparison, we
have /5 (&, S) <7 </s(&.E)+ Lz (&, )/(Z)) Hence the geodesic ray or line y
starting from &g and passing through X meets [7(2), &], therefore it enters H[u]. Let &
be the point on the geodesic [£o, £ | such that 'BEO (x,u) =0. As Be(x,u) = /35()_6, u),
we only have to prove the result if X is the upper halfspace model of the hyperbolic
plane H]é.

We may then assume that &, is the point at infinity oo, and that H is the horoball
with point at infinity 0 and Euclidean diameter 1 (see the figure below). But then,
the vertical coordinate of y(0) is at least 1, since y enters H at y(0). As e #* < %,
the result follows: any geodesic line, starting from &, and meeting H[u], meets the
horizontal horosphere containing y (0) before H[u].

Now, in order to prove both assertions of Lemma 4.2, let us show that we may assume
that X = H]ﬁ.

For the first one, glue the two comparison triangles (&, X, € ) and (&g, x’, € ) for the
geodesic triangles (&, x, &) and (&, x’, ) along their sides [£, £ ]. As seen above,
the geodesic line ¥ (resp. y’) starting from 5_0 and passing through X (resp. x’) enters
HI[u]. And by comparison, we have d(x, x) < d(X,x’).

For the second assertion, we glue the two comparison triangles (E_O, m, m) and
(£, 7(r),y'(t)) for the geodesic triangles (£o, (7). ¥'(t')) and (§, ¥ (2), ¥’ (")) along
their isometric segments [y (7), ¥ (t’)] As in the beginning of the proof of Lemma
2.3, the geodesic segment or ray ]1€0. v (t) [ does not meet the ball or horoball H[u]
centered at £ whose boundary goes through y(t) and y'(¢'). By comparison, if H’
is the ball or horoball centered at é whose boundary passes through the point y(O)
on ]&., y(¢)[ at distance ¢ from y (), then H'[x] contains H[u], so that ]&, y(¢)]
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and ] &, /()] meet H'[u]. For every s > 0, as t,t > 0, if y(—s),y’(—s) are the
corresponding points to y(—s), y’(—s) on &, v (¢)[, ] &0, ¥’ (t') [ respectively, then
by comparison d(y(—s),y'(—s)) =d(y(=s),y'(=s)).

Hence we may assume that X is the upper halfspace model of the real hyperbolic
plane HI%&' Up to replacing &y by the point at infinity &, of a geodesic ray starting
perpendicularly from the boundary of H and passing through &g, and y, ¥’ by the
geodesic lines starting from E(/) and passing through x, x’, we may assume that &, is
at infinity.

By homogeneity and monotonicity, it is sufficient to prove the result for & the point at
infinity oo, for H the horoball with point at infinity 0 and Euclidean diameter 1, and
with y and y’ different and both tangent to H|[u].

A
V(e | 79

y(0)

D

e M e M
2 0 2

Then, by an easy computation, the Euclidean height of the point y(0) is v'(u) =
%(1 + +/1 —e721), so that the Euclidean height of the point y(—s) is v'(u) . The
hyperbolic distance between y(—s) and y’(—s) is hence at most e #/(V'()e®) =
v(w) e5. With the case s = 0, this proves both assertions. O

Proof of Theorem 4.1 Let X and (Hy)qe4 be as in the statement. Let & be either
a point in X — | J,e 4 He or the point at infinity of Hy, for some g in A such that
Hy,, is a horoball. For every 11 > log 2, define the following constants, with v the
map introduced before Lemma 4.2,

ma=v(n1) >0, pz=p1+p2>0, pus=2pn1—2u,.

As 1 >1og?2, v is decreasing and v(log2) < log?2, we have 4 > 0. We define by
induction an initial segment N in N and the following finite or infinite sequences
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* (Vr)ken of geodesic rays or lines starting from &g,
* (ax)ken—ioy of elements in A,

* (f)ren of nonnegative real numbers,

o (Up)ren of maps uy: [0, +o00[ — 10, +00[,

such that for every k in V, the following assertions hold:

(1) If & € X, then yx(0) = &. Otherwise, y; meets 0Hy, at time 0.

(2) If k > 1, then y, enters Hy, at the point yi(f) and meets Hgy, [(41] in one
and only one point.

Q) If k > 1, then uy(t) = up_1(t) + ppe' % if t <tp_y, and ug(t) = ps3 if
t>1tp_1.

4) Ifk>1,then t; > g+ 15_1.

(5) If t €[0, t[, then the point yx(¢) does not belong to | Jye 4 Haltx (1)].

If & € X, let yp be a geodesic ray starting from & at time 0. Otherwise, let yq
be a geodesic line starting from &, and exiting Hy, at time 0. Such a yy exists by
the assumptions on X . Define uq as the constant map ¢ +— 3. Let to = 0. The
assertions (1)—(5) are satisfied for £k = 0. Assume that yy, #%, o, uj are constructed
for 0 < k <n verifying the assertions (1)—(5).

If the geodesic ray yy, (Jtn, +0o0[) does not enter in the interior of any element of the
family (Hg[it1])aen, then define N = [0,7] N N, and the construction terminates.
Otherwise, let Hg,  [1t1] be the first element of the family (Hy[it1])aea such that
the geodesic ray y,(]t,, +00[) enters in its interior. Such an element exists as the
H,,’s have disjoint interiors. Note that o1 # &y, as Y, does not meet the interior of
Hg, [11] by (2).

If £ € X, let y,41 be a geodesic ray starting from &o at time 0 and meeting Hy,, , ,[1t1]
in one and only one point. This is possible as there exists a geodesic ray starting from
&o and avoiding Hy, , by the properties of X (consider for instance the extension
to | — 00, 0] of y,) and since dc X is arcwise connected. If £, € X, let y,,4+1 be a
geodesic line starting from &g, and meeting Hy, ,[141] in one and only one point.
Again, this is possible as doo X is arcwise connected. Parametrize y,4; such that
Yn+1 exits Hy, at time 0. In particular, in both cases, the assertion (1) for k =n + 1
is satisfied.

Define #,+1 > 0 such that y,41 enters Hg,, at the point yy41(;+1), so that the
assertion (2) for k = n + 1 is satisfied. As y, and ;41 both meet Hy,  [1t1] and as
w1 = log2, it follows from Lemma 4.2 (2) that, for every ¢ < t,41,

(15) dYns1(t), yu(t)) < po ol tnt1
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Define 7, > 1, as the entrance time of y, in Hy, .

and 41 meet Hy, [i1] and 1 >log2, we have

By Lemma 4.2 (1), as both y;,

dVn+1(tn+1), Yn(tn)) < 2 .

As Hy, ., and Hy, have disjoint interiors, and since Hy, and Hg,[/1] are at dis-
tance (1, we have d(yy(ty), yn(tn)) = 211 . Hence

d(Yn(tn) - Yn(tn+1))
= d(Yn(tn), Yn(tn)) = d(Vn(Tn), Vat1(n+1)) — d (Vg1 (tnt1), Va(tnt1))
=21 =2y = g > 0.
In particular #,41—1, is positive (otherwise yy (¢,) belongs to [y (¢y+1), Yn(Tn)], hence

2p1 =d(Yn(tn), Yn(tn)) < d(Yn(tut1), Yn(Tn))
< d(yn(tn), Yn+1n+1))+d Vnr 1t 1), Yn(tar1)) < 202,

a contradiction). Therefore #,4+1 — 1, is at least jt4, which proves the assertion (4) for
k=n+1.

Define ¢ — uy1(¢) by the induction formula in Assertion (3). The only remaining
assertion to verify is (5). By contradiction, assume that there exist some ¢ in [0, #,1][
and some o € A such that y,;(¢) belongs to Hyluy+1(2)]. As uy41(¢) > 0, the
element « is different from o if &) € doo X, and it is also different from «, 41 by
construction. By Equation (15), the point y,(¢) belongs to Hy[u,1(t) — pup e’ ~n+1].

Assume first that ¢ > 1, so that u,41(f) = 3. As 3 — pp e’ n+1 >y (since
t < ty4+1 and by the definition of w3 ), this implies that y, () belongs to the interior
of Hy[u1]. This contradicts the fact that Hy, [/1] is the first element of the family
(Hy[p1])aen encountered by yy, (Jt,, +00[) in its interior.

Assume now that ¢ < ¢,. Then y,(¢) belongs to Hy[u,(t)]. This contradicts the
assertion (5) at step n. Thus, the assertions (1)—(5) hold for all k € N
Let us prove that the maps u, are uniformly bounded from above by

K2
eta —1°

Ms = 3 +

As g > 0, the sequence (#)renN increases to +o00. Fix ¢ > 0. Let k = k(¢) be the
unique nonnegative integer such that ¢ belongs to |¢x_1, #x] (by convention, /_; = —00).
Let us prove, by induction on n, that

n—k

un(t) Sps+py Y e M
j=1
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(Recall that an empty sum is 0). This implies that u,(¢) < us.

This is true if n =0, as uo(¢) = (3. Assume that the result is true for n. If 1 > t,,
then u,4+1(t) = w3, and the result is true. Otherwise, by property (3), we have
Upt1() = up(t) + poe’ 7n+1, Note that ty —ty+1 < —p4(n+1—k) by property (4),
and that ¢ < #;. Hence, by induction,

n—k n+1—k
Up+1(t) = s+ o Z e M4 4 /Lze_”“(”"'l_k) =13+ o Z o Hal
j=1 j=1

This proves the induction.

Summarizing the above construction, there exist a sequence of geodesic rays or lines
(Yn)neN starting from &g, and a sequence of times (¢,),ecN converging to +oo, such
that for every ¢ in [0, #,], the point y,(¢) does not belong to | Jye 4 Hulps]. (Take
an eventually constant sequence (y,)neN if the construction stops at a finite stage,
which is possible as s > 1.) As (fy)nen grows at least linearly, the formula (15)
implies that (y,(¢))neN is a Cauchy sequence, uniformly on every compact subset of
nonnegative ¢’s. Hence, the geodesic rays or lines y, converge to a geodesic ray or
line avoiding | J, e 4 Halits — €], for every € > 0. Taking 117 = 1.042 > log 2, we can
check that 5 < 1.5332, hence the result follows. m|

Corollary 4.3 Let X and (Hy)gen be as in Theorem 4.1. For every x € X, there
exist t > 0 and a geodesic ray y starting at x such that y ([t, oo[) is contained in the
complement of | ), ¢ 4 Ha[lto].-

Proof We may assume that x € Hy, for some «g € A, otherwise, Theorem 4.1 (1)
applies (with # = 0). Let Hy, = Hy if o # g, and Hy = Hy,[d(x, dHy,) + 1]. Then
X € X —Uyea H- By Theorem 4.1 (1), let ¥ be a geodesic ray starting from x and
avoiding the H/[uo]’s. Let t = d(x,0Hy,) + 2 + 2110 + 2log(1 + V2). Recall that
||€Ha0 _thao oo < 210g(1 + +/2) by Section 3.1. With ¥ any extension of y to a
full geodesic line, the length of the geodesic segment y N Hy,, is at most

Ch,, (7) —d(x,8Hy,) < ph g, (7) +2log(1 + v2) —d(x,0Hy,) <1 ,

since y avoids Hy,[d(x, 0Hgy,) + 1 4 o). Hence the geodesic ray y([t, oo[) does not
meet Hy,. The result follows. O

Let e be an end of a finite volume complete negatively curved Riemannian manifold V.
Let ht, be the Busemann function of e normalized to be zero on the boundary of
the maximal Margulis neighbourhood of e (see for instance Buser and Karcher [12],
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Hersonsky and Paulin [30] and Parkkonen and Paulin [47], as well as the paragraph
above Corollary 5.4). Our next result improves Theorem 7.4 (hence Corollary 1.2) in
[47], with the same proof, by removing the technical assumptions on the manifold and
giving a universal upper bound on /. (V).

Corollary 4.4 Let V be a finite volume complete Riemannian manifold with dimen-
sion at least 2 and sectional curvature K < —1, and let e be an end of V. Then
there exists a closed geodesic in V' whose maximum height (with respect to ht, ) is at
most 1.534. ad

4.2 The inductive construction

Fix arbitrary constants €y € R% U {oo} and 8y,k¢ > 0, and fix an arbitrary point
&0 in X UdoX. Let (Cp)pen be a family of €p—convex subsets of X such that
&0 € Co U 0c0Cy, and let fy be a ko—penetration map for C.

The aim of this section is to construct by induction a sequence of geodesic rays or lines
in X, starting from &y and having a suitable penetration behaviour in the C,’s.

Prescription of constants The following constants will appear in the statement, or in
the proof, of the inductive construction:

* ¢ =cj(ep) > 0 given by Lemma 2.3 if €y # oo and by Lemma 2.9 if €9 = oo
and ( fo.80) # (pbc,. 0); otherwise ¢; = {5 ;

* ¢y =ch(ep) > 0 given by Equation (4) if €y # oo and by Equation (9) otherwise;

e ¢3 =2sinhc; + ¢; €21 sinh ¢y, which is positive, and depends on €p;

* ¢4 =c;(€o)sinh(cy +8p) +c2 e~ 3¢3(€0) sinh(er +80)—log 2 inh ¢ where c;(+) is
given by Equation (6) if €y # oo and by Equation (11) otherwise. Note that ¢4
is positive, and depends on €g, ¢ ;

* c¢5=cs(eg, 8o) =2max{cy, cj(€o)} sinh(cy +38o), which is positive, and depends
on €g,8o;

e (¢ = 3cq +1log2, which is positive, and depends on €, 8¢ ;

* ho = ho(eo. b0, ko) = max{ 8o + ko, coleo) +ko . h'(€p,sinh(8p +¢1)) ., So +
2¢14c6, cg+ko+80—2c¢s }, where ¢o(-) is given by Equation (1) if €y # oo
and by Equation (8) otherwise, and /(-, -) is given by Equation (5) if €q # 00
and by Equation (11) otherwise;

e Forevery hy > 0, let 'y = h'|(eo. 8¢ hyy) = hiy + 2c¢s.

Fix hy > ho and h > I .
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Assumptions on the family (C,),cny  Assume that there exists at least one geodesic
ray or line yq starting from &y with fo(yo) = £ (this implies that Yy meets Cy, since
fo is a ko—penetration map in Co and & > &} > hy > ho > kg, hence £c,(yo) > 0),
and that the following conditions are satisfied.

(iii) (Almost disjointness property) For every m,n in N with m # n, the diameter
of C,, N Cy, is at most &g .

(iv) (Local prescription property) For every n in N —{0} such that &y € C;,, U000 Cyy,
if there exists a geodesic ray or line « starting from &; which meets first Cy
and then C, with fo(e) = h and {¢, () > hj,, then there exists a geodesic ray
or line ', starting from &y which meets first Cy and then C,, with fo(a') = h
and Lc, (&) = hy.

Note that (iii) is satisfied with o = 0 if the C,’s have disjoint interior. In Section 5, we
will use Proposition 3.7 to check (iv) for various applications, with /iy = max{/, hg‘i“}
and & > max{h’, h™"}, for the various values of hmin, h™ defined in Proposition 3.7.

For every n in N such that &y ¢ C,, U 000Cy,, define f, ={c,: TE X — [0, +00], and
for every geodesic ray or line y starting from £y and meeting Cy, let £, (y), .7 (y) €
] — 00, +00] be the entrance time and exit time of y in and out of the convex subset
C,, respectively. The following remark will be used later on.

Lemma 4.5 For every n > 0, for every geodesic ray or line y starting from &y and
entering Cy at time t = 0, such that fo(y) = h and y (69, +00[) meets C,, we have
E0 € CrU00Cy and t,, (y) > 0.

Proof Otherwise, as y(]dg, +00[) meets C, and by convexity, there exists € > 0
such that the geodesic segment y ([0, 8o + €]) is contained in C,. By the penetration
property (i) of fy, the length of y N Cy is at least & — ko, which is bigger than &
as h > h' > hy > hg > 8¢ + ko by the definitions of /7 and ho. As y enters Cy
at time ¢ = 0, up to taking € > 0 smaller, this implies that the geodesic segment
¥ ([0, 6o + €]) is also contained in Cy. This contradicts the almost disjointness property
(iii) as n # 0. |

Statement of the inductive construction We will define by induction an initial seg-
ment A in N, and finite or infinite sequences

*  (Yrx)ken of geodesic rays or lines starting from &,
* (m)kew of integers such that £ ¢ G, U dooCr
* (i)ken of maps ug: [0, +o0[— 5. b)),
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such that the following assertions hold, for every k in N, where we use t,f = t,f; (Vk)
to simplify notation.

(1) The geodesic ray or line y; enters Cy attime t = 0 and fo(yx) = h.
(2) If k> 1, then y; meets Cy, with ;7 >0 and fy, (yx) = hy.

(3) If k > 1, then d(yx (1), yk—1(t)) < c3 €' ' for every ¢ in [0, ].
4) If k>1, then

ur(t) = sup Cug—1(s) + cs ek

s€[0,4o00[ :|s—t|<cq ek
for t €[0,7,] and uy(t) = hyy if t > 1.
(5) If k> 1, then L =ty + ¢

(6) If k>1,forevery n in N—{0} such that y, (J6o, +00[) meets C,, with ¢, (yx) =<
t » we have fu(vi) < uk (6 (vi) — o).

Note that by Lemma 4.5 and by (1), if Y% (69, +00[) meets C,, for some n > 1, then
&0 € Cy U 0o Cyy, so that, in particular, t,f (yx) are well defined, and (6) does make
sense.

Proof of the inductive construction By the assumptions, let y, be a geodesic ray
or line starting from &y and entering Cy at time 7, = 0, such that fo(yo) = /. Let
ng = 0. Let ug: [0, +00[— [hg, k'] be the constant map with value /. As the
conditions (2)—(6) are empty if k£ = 0, the construction is done at step 0.

Let kK > 1, and assume that yg, ng, tg, ..., Vik—1,Rj—1, Up—; are constructed. Note
that uz_; > hj by induction. If for every n in N — {0} such that y;_;(]8o. +o0[)
meets Cy,, we have f(yk—1) < ug_1(t;} (yk—1) — o), then we stop and we define
N={0,1....k—1}.

Otherwise, let T be the greatest lower bound of the 7, (yx—1)’s taken over all n in
N — {0} such that y_1 (80, +00[) meets Cy with f5(yi—1) > ttge—1 (& (Vi—1) — S0)-

Let us prove that this lower bound is in fact a minimum, attained for only one such 7.
Let € > 0 such that /1, > 8¢ + €, which is possible by the definition of /g, as &y > hq.
If 1 (vk—1) and 1, (1) belong to [z, 7+ €] with fu(yk—1) > ug—1 (] (vk—1) —80)
and fm (Vk—1) > ug—1(t;) (Yk—1) —80), assume for instance that 7, (Vxk—1) <1, (Vk—1)-
As fn=Lc,. fm =Lc,,» Uk—1 = hy and 1, (Vk—1) —t; (Vk—1) < €, the subsets Cy,
and Cp, meet along a segment of length at least /1y, —e > 8y . By the almost disjointness
property (iii), this implies that » = m. In particular, we have v =1, (y—1) for a

Geometry & Topology, Volume 14 (2010)



338 Jouni Parkkonen and Frédéric Paulin

unique n € N — {0}, and we denote this n by n; € N — {0}, so that y;_;(]6¢, +00[)
meets Cp, with

(16) S Wie—1) > ge—1 (& (viem1) — 80) = hgy .

In particular, &y € Cy, U 000Cy,, by Lemma 4.5 and by Assertion (1) at rank k — 1.
Note that ny # ng_y, as fu,_, (Yk—1) = hy by Assertion (2) at rank k — 1, which
would contradict Equation (16) if ny = ng_1.

By Lemma 4.5, the geodesic ray or line y,_; firstenters Cp and then Cy, . Furthermore,
Vk—1 satisfies (1) and f,, (Yk—1) > hé). Hence, by the local prescription property (iv),
there exists a geodesic ray or line yj starting from & that first enters Cyp and then Gy, ,
with fo(yx) =/ and fy, (yx) = hyy. Choose the parametrization in such a way that
Yk enters Cp at time 0. In particular, (1) and (2) hold for yx, and 7, =1, (k) > 0.
Define uy: [0, +o00[ — [0, +o0[ by using the induction formula given in Assertion (4).
Before checking (3)-(6) for yi,ng, uy , let us make two preliminary remarks.

Lemma 4.6 We have d(yx—1(v), k() < c¢1 and d(yk—1(0), yx(0)) <c1.

Proof By Lemma 2.3 if €y # oo and Lemma 2.9 otherwise, we have the inequalities
d(ye—1(7), vk () = ¢}(€0) and d(yk—1(0), vk (0)) =< ¢} (o). By the definition of
¢1, we hence only have to prove Lemma 4.6 when €y = 00, 6o = 0 and fo = phc, .
In this case, as ¢; = 1/19, ¢ = 5/2, ¢o(00) = 4.056, ko = 2log(1 + +/2) = c1(00),
¢3(00) = 5/2, easy computations show that

ho = I’ (00, sinh¢y) = 3sinh ¢y + ¢o(00) + ¢} (00) & 5.9767
and, for future use,
(17) (00,0, ho(c0, 0, ¢} (c0))) & 6.5032.

As phe, (vk) and phe, (Vk—1) are equal to & > h'y > hy > ho, and since /1/2 > log 2,
it follows from the definition of the map ph¢, and from Lemma 4.2 (1) and (2) that
d(yk—-1(0), yx(0)) and similarly d (yx—1(7), yx(#,)) are at most v(/19/2), where v(-)
is defined by Equation (14). An easy computation shows that v(/¢/2) <c¢; = 1/19,
which proves the result. m|
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Lemma 4.7 We have [t — 1, | < 2¢y.

Proof Lemma 4.5, applied to n =ny and y = y_1, implies that t > 0. We have seen
that 7,~ > 0. By the triangle inequality and the above lemma, we have |t —7, | <2¢;. O

Verification of (5) If k = 1, then since n; #0, £ >0, and fu, (y1) = hy > ho >S9,
we have 17 > ¢, (y1) — do by the almost disjointness property (iii). Therefore

ty =ty =ty =Lcy(y1) =80 = fo(y1) — 6o —ko =h—kKo—5o
Zh/l—K0—80=h6+2C5—K0—50Zh0+2c5—1{0—502€6,
by the definition of /.

Assume now that k > 2. Note that T =1, (yxk—1) >1;,_, . Otherwise, as

l;;(yk—l) =74 fu,(Vk—1) = T+ hy =1+ ho> 8o

by Equation (16) and by the definition of /¢, we have, by the assertion (6) at step k — 1,
the inequality f, (Yk—1) < Up—1 (t,j;{ (Yk—1) — 80), which contradicts the definition of
ny by Equation (16).

Let us first prove that t > 7, | + /1o — 89. Assume first that T > t]j_l . Since k > 2,
we have

(18) Tty 247~y = e (k=1) = By = ho.

Hence the result holds. Otherwise, 7, | <7 < t,j'_l . By convexity, y,_1(t) belongs to
Ch,._, - Note that yx_; ([7, T + ho]) is contained in Cy,, , since 7 is the entrance time of
Yk—1 in Gy, , and fo, (Yk—1) = hy = ho. If T4+ 689 < t,j_l , as chk (Vk—1) = ho > 0o
by the definition of /¢, then Cy, NCy, _, contains a geodesic segment of length bigger
than §¢. This contradicts the almost disjointness property (iii) since nj # nj_;. Hence

T= f;j__l —80 =ty + Jug—y (Vi—1) =60 = 13 _y +ho—b0 ,
and the result holds.
Now, by Lemma 4.7,
Ly =ty =t—2c1—1t;_y = hog—8—2c1 = c¢6
by the definition of /. Therefore, Assertion (5) holds at rank k.

Verification of (4) We only have to check that u; has values in [/, 4]. This will
follow from the following easy but tedious general lemma.
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Lemma 4.8 Letc,c’,c”, hy >0, let M be an initial segment in N, let (ty)ner be
a sequence of nonnegative real numbers, and let (uy: [0, +00[ — [0, +00[)ner be a
sequence of maps. Assume that uy has constant value hy, and that for every n in
M —{0}, we have t, —ty—1 > ", un(t) = hy if t > t, and if t < t,,, then

up(t)y=ce' ™ + sup Up—1(8) .
s€[0,+oo] :|s—t|<c el n

If ¢ > 3¢’ +1log 2, then for every t € [0, +oc[, for every n in M, we have

he <up(t) <hs+2c.

To prove that uj has values in [/, 4], we apply Lemma 4.8 with ¢ = ¢5, ¢’ = ¢4,
" =cg, ha =hy, M={0,1,... .k} and (;)iem = (] )1<i<k - Its hypotheses are
satisfied by the definition of the constant cg, by Assertion (5) at rank less than or equal
to k, that we just proved, and by the definition of u; and Assertion (4) for u; with
0 <1<k —1. Hence the map u; does have values in [/, /], by the definition of /.

Proof of Lemma 4.8 First note that by an easy induction, whatever the value of ¢”
is, for every ¢ € [0, +o00[ and n € M, we have u,(t) > hy.

Let ¢” > 3¢’ +1og2, t €[0,+oc0[ and n € M. Let us prove that u, (1) < hy + 2c.
We may assume that 7 <, and that n > 1. Define t_; = —2¢’ — 1. Let m be the
unique element in M such that ¢, _1 + 2¢’ <t <t;, +2¢’. Set N = n —m, which is
nonnegative (otherwise n <m —1 and t, < t,,—1 < t,—1 + 2¢’ < t,, a contradiction).
Note that for every integer k with 0 <k < N, we have t,_; —t, > (n—m —k)c”
hence

(19) t—ty_p <2 — (N —k)" .

Consider the finite sequence (xj)o<k<n defined by xo = 0 and

Xk41 = Xk +ec’xk—(N—k)c’/+Zc’

for 0 <k < N —1. Let us prove by induction on k that x; < e~ V=0 which in
particular implies that

(20) xy <1.
Indeed, the result is true for k = 0. Assume it to be true for some kK < N — 1. Then

_ _ Vi 7 ,—(N—Fk)c" _ _ 7" ’
Xpq1 Se (N—=k)c +ece (N—=k)c"+2¢

< e—(N—k—l)c” (e—c” +e—c”+3c’) < e—(N—k—l)c”

as ¢’ > 3¢’ +1og2 > log(l + e3¢).
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Let us now prove by induction on k that, for 0 < k < N, we have

(21) up(t) < sup  uy_x(s) +cxg.
|s—t| < ¢’ xp
This is true if £ = 0, assume it is true for some k < N — 1. In particular, n —k > 1.
For every s € [0, +o0o[ such that |s —¢| < ¢’ x;, we have
Un—je(s) = sup Un—k—1(s") +c etk

|s’—s|<c’eS"In—k
(this is true by definition if s <1, , and also true otherwise as then u,,_ (s) = h4 and
Up—g—1(s") = hy for every s”). Hence by the triangle inequality and Equation (19),

/ —
un(t) < sup Up—je—1(s") + ¢ xp + ce! TE Xk In—k
|s'—t| < ¢’ xp+c’e! T Xk~ tn—k
/ /_ _ 7
< sup un—k—l(s,) + ¢ xp + ce€ Xrt2e (N—=k)c
|s’—t| < ¢’ xk+c’ec/xk +2¢/—(N—k)c”

/
= WD Uppe ) X
|s"—t| < ¢’ Xj 41

which proves the inductive formula (21).

Finally, let us prove that u,(¢) < hs + 2¢, which finishes the proof of the lemma. Take
k = N in the inductive formula (21), and note that » — N = m. For every € > 0, let
s €0, +oo[ with |s —#| < ¢’ xn such that supg_s <y Um(s') < um(s) + €. If
§ >ty or m =0, then u,,(s) = h«, hence by the inequality (20),
upy(1) < sup  upm(s’) +exy <hs+e+c,
[s/—t|<c’xN

and the result holds. Otherwise, s <t, and m > 1. For every s’ € [0, +oc[ such that
|s’—s| < ¢’ e57!m by Equation (20), we have s’ >s—c' >t—c'xy—c' >1t—-2¢" > t,_1 .
Again, the definition of s and the inequality (20) gives

un(t) <um(s) +€+cxn

= sup Up—1(s") +ce* M fetexy <e+hs+2c,

|s’—s| <c’ es—tm

and the result also holds. O

Verification of (3) Let 7 be in [0,7,]. Recall that d(yx—1(7), ¥ () < ¢1 by
Lemma 4.6. By Lemma 2.1 applied with x = yx_1(7),y = vk (4 ).z = &0, we
have d(yx—1(0), yx) < e *sinhc;. By the penetration property (i) of fy and the
definition of /i, we have

Lo (Vi) = folyk) —ko =h—ko = ho — Ko = co(€o) -
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Thus, by Lemma 2.5 if €9 7 0o and by Lemma 2.11 if €y = 0o, and by the definition
of ¢, we have

(22) d(yk-1(0), yx(0)) < c2¢” " sinhcy .

We refer to Section 2.1 for the definition and properties of the map B, . It follows
from the inequality (22) that

1Beo (Vie—1 (1), vie )] = |Begy (vi—1(0). ¥ (0)]

23
& <d(yx-1(0), yx(0)) < cye " sinhcy .

For every s in R, let y,_;(s”) be the point on the geodesic line y,_; such that the
equality Be, (yk—1(5"), ¥k (s)) = 0 holds. For every point p € yx_;, we have

Q4 d(p.vi—1 () = |Be (P V=1 ()| = |Beo (0. v ()| = d(p. v (1)) -

Using the triangle inequality with the point p the closest to yj (f) on y,_;, Lemma
2.1 and Lemma 4.6, we hence have the following inequalities

d(yic (1), yk—1(t") < 2d (v (1), yr—1) < 2€"" sinhd (v (1), yi—1 (1))
25) <2e" ' sinhe; .

Note that, using Equation (24) with p = y;_;(¢) and the inequalities (23),
d(Vi—1 @), V=1 ") = |Beo (Vk—1 (1), v (1))| < c2 ¢ T sinh ey .
Hence, by the inequality (25), we have
d(y(0), vk—1(0) = d(ve @), ve—1t") + d -1 (), yi—1(1))
< 2¢' ' sinhe¢; + ¢p e Fsinhey .
As T 21" —2c¢; by Lemma 4.7, and by the definition of ¢3, we get
d(yi(1), yk—1(1)) ez 7'k,
which proves the assertion (3) at rank k.

Verification of (6) By contradiction, assume that there exists n € N — {0} such that
vk (160, +00[) meets Cy, (so that in particular &y € Cy, U 000 C, by Lemma 4.5), with

by (vk) <t and
(26) Tu(vie) > up (& (vi) — o) -

To simplify notation, let s,ﬁc = t,;t (k) x =vi(s),y =7k (Slj)’ and, as we will
prove later on that y;_; also meets Cj, let s,ﬁc_l = t,jt(yk_l), X' =yr—1(5,_1)>
V' =Vr—1(s5_ ).
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Note that s,;" <1, +3o. Otherwise, as s;_ <7, and by convexity, there exists € > 0
such that yy ([t,, ;" + 8o + €]) is contained in Cy. As t]j —ty =hy=ho > 3o, upto
making € smaller, the geodesic segment yi ([7,", 7 + 8o +€]) is also contained in Cy,, .
Hence 7 is equal to n; by the almost disjointness property (iii). But fy, (vx) = hj
and, by Equation (26), we have f,(yx) > u k(s,'cIr —80) > hy, so that n cannot be equal
to ng.

By Lemma 2.1 applied to the geodesic triangle with vertices yx (¢, + 80), Yk—1(7), o,
and as d(yx (4 ), Vk—1(t)) < ¢ by Lemma 4.6, we have

d(y. yi—1) = OO sinh d (v (1, +80). vi—1 (1))
(27) < St =8 sinh(8g + ¢1)
which is, in particular, at most sinh(ég + ¢y).
Note that
(28) d(x,y) = fu(yk) > hy = ho = h'(eo, sinh(8o + ¢1)) > sinh(8o + 1) + ¢} (o) ,

by the definition of /¢ and of A’(-, -) in Equation (5) if €y # oo and in Equation (11)
otherwise. It follows from Lemma 2.6 if €y # oo and by Lemma 2.12 otherwise, that
the geodesic line y;_; meets C, (thus x’ and )’ indeed exist) and that one of the
following two assertions hold:

(29) d(y,y") = cj(e0) d(x', i)
or
(30) d(x',y")=d(x.y).

Note that d(x, x") < ¢{(ep) by Lemma 2.3 if €y # 0o and Lemma 2.9 otherwise. Let
¢’ be the closest point to y on y,_1, so that

d(y,q") = d(y, yk—1) <sinh(8o +c1) .
By the cocycle property of Bg,, we have

ﬂé() (q/’ X/) = ﬁ%‘o(q/’ y) + ﬂf()(y’ X) + ﬁfo(x’ X/) > d(y? X) - d(y’ q/) - d(x7 X/) s
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which is nonnegative by the two previous assertions and Equation (28). Hence &g, x', ¢’
are in this order on yj . Therefore, by convexity,

@31 dx',vk) <d(q' vk) <d(q' y) =d(y, vi—1) -

By Equation (28) and the definition of /¢, we have d(x, y) = hy > co(€g). Hence, by
Lemma 2.5 if €g # oo and Lemma 2.11 otherwise, and by the inequalities (31) and
(27), we have

(32) dx,x"Y<c, d(xX', ) < eslj_tk__‘so sinh(8g + ¢1) -

Before obtaining a contradiction from both assertions (29) and (30), we prove a technical
result.

Lemma 4.9 We have 8o <s,_, < 7, so that the geodesic ray yy_1(]8o, +o0[) meets
Cp with t, (yg—1) <T.

Proof Assume first by contradiction that s, | < do. If s, _; €10, 0], we have by the
triangle inequality, Lemma 4.6 and the inequality (32),

S = d(ve(0), v (si))
= d(Vk(0), Yk—1(0)) + d (Yk—1(0), Yie—1(85_1)) +d (Vie—1(55_1)» Vi (55 )
<c¢1 4809+ ¢y sinh(dg +¢1) .

Let zo and zs- be the closest points on y; to y,—1(0) and x' = Yi—1(5,_1)>
respectively. If s, < 0, then as the closest point map does not increase distances, we
have

S = d(yi(0), vi () = d(yk(0), 20) + d(zo, v (sy))
=d(yk(0),z0) +d(zs_ |, vi(s))
< dyk(0), vk—1(0) + d(Vi—1(s5_ ), Ve (s))
<c¢1 4+ ¢ sinh(§g +¢q) .

Hence, by the definition of ¢5 and as ¢}(€g) > 1 (see Equation (6) if €y # oo or (11)
otherwise), we have

¢s > ¢ sinh(8o + ¢1) + ¢5(€9) sinh(8g + ¢1) = ¢z sinh(8g +¢1) + 8o +¢1 = Sg -
Now £c, (vk) = ho > 8o by the definition of /¢, and

Ly (i) = fo(yi) —ko =h—o = I’y —ko = ho +2¢s —ko > 8o+ ¢5 > 80 + 55 -
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As the entrance time s, of y, in C is positive by Lemma 4.5, this implies that
diam(Cy N Cy,) > 8g. As n # 0, this contradicts the almost disjointness property (iii).
Hence 8o <s;_,-

Assume now by contradiction that Sp_1 =T Then as in the case S = 0, we get

(33) = sg =d k=10 i) +d (i1 (k) vie(5)) < e1 + ¢ (€o) |

by Lemma 4.6, and by Lemma 2.3 if €y # co and Lemma 2.9 otherwise. We have
seen in the inequalities (28) that

ho = sinh(8g + ¢1) + ¢} (€0) > 8o + ¢1 + ¢} (€0)-
Hence Z]:ZS;_—5025]:+/’10—50>S1:+01+C,1(€0),

a contradiction to Equation (33). Hence Sp_qy <T. m|

Assume first that the inequality (29) holds. As s;,” = 0 by Lemma 4.5 and by the
definition of /g, we have

s> hy+sg = ho =80 +2¢1 + ¢ .

=+ —
Hence, as #;7 < 7 + 2¢; by Lemma 4.7, we have e e ot > 7T, By the
definition of ¢ and of ¢4, we have

c6 = 3cq +10g2 > 3 ¢5(eo) sinh(cy + o) + log2 .

By the triangle inequality since s,j_l > 0 by Lemma 4.9, by Equations (29), (31), (27)
and (22), and by the definition of ¢4, we have

s =5 1 <d (. y") +d (v (0). yk—1(0))
< ¢5(€o) ¢Skt o sinh(8g + ¢1) + ¢ ¢~ T sinh ¢y
(34) < ¢4 &% B0t

By the Lipschitz property (ii) of f, = {c, (as n # 0), by the inequalities (32), (29),
(31) and (27), and by the definition of cs, we have

| fn(Vk—1)— fa(vi)| < 2max{d (x, x"), d (v, ")}
< 2 max{c, eslj_go_tk_ sinh(§g + ¢1), cg (€0) eslj_‘so_tk_ sinh(6g + ¢1)}
(35) < c5 %% B0t |
By the inequalities (26) and (35), by the definition of T and by Lemma 4.9, we have

+_ e - +_ e -
ug(sy =80) < fu(Vi) < fu(vk—1) +es e 707 <up_y (s;F | —80) s e’k 707k,
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Assume now that the inequality (30) holds instead of the inequality (29). Then f, (%) <
Jn(Vk—1), so we again have that
+ —
ug(sy —80) <ug—1(sf_ —80) +cs5 €% ~007lic,
As |(s,j_1 —68o) — (s,'cF —680)| < c4 ek o=t by the inequality (34), this contradicts
the assertion (4) on the map uj, . Hence the assertion (6) at rank k is verified.

The main corollary of the construction The above inductive construction will only
be used in this paper through the following summarising statement.

Proposition 4.10 Let X be a proper geodesic CAT(—1) metric space. Let € be in
R* U{oo}, 8o.k0 = 0 and &y € X U doo X . Let hyy > ho(eg. 89, ko) and h > '} =
(€0, 80, ). Let (Cun)nen be a collection of eg—convex subsets of X which satisfies
the assertions (iii) and (iv), and with &y € Cy U 000Cp. Let fy: TéloX — [0, +00] be
a continuous ko—penetration map in Cy. Assume that there exists a geodesic ray or
line yq starting from &y with fo(yo) = h. Then there exists a geodesic ray or line Voo
starting from &g, entering Co at time t = 0 with fo(yeo) = h, such that £c, (Yoo) < |
for every n in N — {0} such that Yoo (]8¢, +00[) meets C,,.

Proof Apply the main construction of the previous subsections with initial input a
geodesic ray or line Yy entering Cy at time ¢t = 0 with fy(yo) = &, to get finite or
infinite sequences (Vi)ren> i)ken> (Ur)ken satisfying the assertions (1)—(6).

If \V is finite, with maximum N, define y; = yn for k > N . Then the sequence
(Vk)reN converges to a geodesic ray or line yoo = yn in TSIOX . If V is infinite, as
X is complete, it follows from the assertions (3) and (5), by an easy geometric series
argument, that the sequence (Y )ren converges in TéloX to a geodesic ray or line Yo
starting from &y. Since Cj is closed, the point yo0(0) belongs to Cy. If ys does not
enter in Cy at time ¢ = 0, then there exists n > 0 such that ys(—2n) € Cy. By the
strict convexity of Cy, the geodesic segment Yoo (—27), Yoo (0)[ is contained in the
interior of Cy. Hence if n is big enough, we have y,(—n) € Cy, which is impossible.
Hence yoo does enter in Cy at time ¢ = 0. By the continuity of f and the assertion (1),
we have fo(Voo) = h.

Suppose by contradiction that there exists 7 in N —{0} such that y(]69, +00[) meets
Cn and Lc,(Yoo) > ', > 0. In particular, yeo(]8o. +0c[) meets the interior of C,
and &y ¢ C, U 05cC, by Lemma 4.5. Furthermore, it follows from the definition of
the stopping time, and the fact that u; < h/l for every k, that V is infinite. Hence,
as the yj ’s converge to Yoo, and by the continuity of {¢, , if k is big enough, then
Yk (180, +o00[) meets C, and £c, (vk) > I} .
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In particular, 7,7 (yx) > 8o. Since the point yx (¢, (yx)) is at distance at most ci(€o)
from the point Yoo (?,, (Yoo)) by Lemma 2.3 if €y # oo and by Lemma 2.9 otherwise,
the sequence of times (tn_ (yk)) xen 1s bounded. Hence if k is big enough, then 7, (yx)
is less than 7, ", since 7, converges to +00 when k — +00 by the assertion (5). This
contradicts the assertion (6), as uy < h/1 . m|

Remark If X, €. 8¢.x0.%0.55. 1. (Cp)nen. fo satisfy the hypotheses in the state-
ment of Proposition 4.10, and if for every n such that &y € C, U 000Cy,, we have a
Kk —penetration map gp: TSIOX — [0, +00] for some constant k¥ > 0, then Proposition
4.10 implies that there exists a geodesic ray or line yoo starting from &g, entering Cy
at time ¢ = 0 with fo(yoo) = /1, such that g,(yeo) < i + K for every n in N — {0}
such that Yo (]6g, +00[) meets C,,. We will apply this observation to more general
penetration maps than the £¢,’s, in Section 5.

The next corollary yields geodesic lines with a prescribed penetration in Cyp, and that
essentially avoid the C,,’s not only for positive times, but also for negative ones. The
penetration in the sets C, for n # 0 cannot be made quite as small as in Proposition
4.10.

Corollary 4.11 Let X be a proper geodesic CAT(—1) metric space. Let €y be in
R* U {oo} and 8o, ko > 0. Let Co be a proper €g—convex subset of X', and let

fo: g Ty X — [0, +00]
£€000 X —000Co

be a continuous map such that f] Tl X Is a kg—penetration map in Cy for every
5068 X -0 Co Let h/ >h0—h0(60,80,/€0) h> h/ —l’l/ (6(),50, 0) and

hY =l (€0, 80. 11g) + c3(€0) (80 + c1) + ¢} (€0) -

Assume that there exists a geodesic line yy in X with fy(yo) = h. For every n in
N—{0}, let C;, be an €g—convex subset of X , such that (Cy,),eN satisfies the assertions
(iii) and (iv) with respect to every £y € oo X — 00oCo. Then there exists a geodesic
line y’ in X entering Cy at time t = 0 with fo(y') = h, such that {c, (y") < h for
every n in N —{0}.

Proof Let y, be a geodesic line in X with fy(yo) = £, and let £ be the starting point
at infinity of y, which does not belong to docCy as h < +o0o. Applying Proposition
4.10 with £y = &, as h > I’, , there exists a geodesic line y starting from & and entering
Co at time 0, such that fo(y) = h and £c,(y) < &, for every n € N — {0} such that
¥ (160, +00[) meets Cy,.
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Let £ be the other endpoint at infinity of 7, which does not belong to docCo as
h < 4o00. Applying Proposition 4.10 again with now &, = &’, we get that there exists
a geodesic line y’ starting from £’ and entering Cy at time 0, such that fo(y’) = h
and £c,(y") < k| for every n € N — {0} such that y’(]9, +oo[) meets Cy.

Assume by contradiction that there exists 7 € N — {0} such that £c, (y") > h| > 0.
Then y’ enters C, at a point x,,, exiting it at a point y,, at time at most 8o, as 4| > /)
by the definition of /7. In particular, if x" = y’(0) is the entering point of ¥’ in Cy,
then d(y},x") <& if x’, y},, x],, & are not in this order on y’.

Sl

A

/ /!
yn Xn

Ca
Let y be the exiting point of y out of Cy. Note that

36) h> hll > h;) >ho > h/(éo, sinh(§g +¢1)) > h/(Eo, 8o +c¢1)

by the definitions of /', hg,h’. By Lemma 2.3 if ¢y # oo and by Lemma 2.9 if
€o = oo and (fo,80) # (phc,.0), and as in the proof of Lemma 4.6 if (eg, fo.80) =
(00, phc,.0) since h > hg, we have d(x', y) < c;. Hence by convexity,

(37 d(ypy) =d(x',y) +80 =d(x', p) +80 < 8o +c1 .
Note that d(x,. yy) =Lc,(y") > h{ = h} > h'(€. 80+ c1)

by the definition of /' and by the inequalities (36). Hence, by Lemma 2.6 if € # oo
and by Lemma 2.12 otherwise, the geodesic line y enters C, at a point Xx; and exits it
at a point y, such that

(38) d (. xn) < 5(€0)d(yy.v) or d(xn, yn) Z d(xp. yp) -

Let us prove by contradiction that  (]8¢, +o0c[) meets C,,. Otherwise, since y () >0,
by convexity, and by Lemma 2.3 if €y 7% oo or Lemma 2.9 if €y = o0, we have

(39) d(x',x,) d(x', y) + 80 +d(yn, x,) < c1 + 80 +¢j(€o) -
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By the definition of % and since c}(eo) > 2 by Equation (6) if €y # oo, and by
Equation (11) otherwise, we have

d(x',xp) =d(xp, yp)—80>h'{—80 > h} +2(80+c1)+ci(€0)—80 = c1+80+¢] (€0) .
This contradicts the inequalities (39).

Assume first that the second of the inequalities (38) holds. As d(x,,, y,) > K’ , this
contradicts the construction of y. Hence the first of the inequalities (38) is satisfied,
and by Equation (37), we have

d(yy Xn) = 3(€0)d(yy, v) = ¢3(€0) (0 +c1) -
But then, by the triangle inequality and by the definition of 4",
d(xn, yn) = d(xy, y) = d(n, yy) —d(yn, X,) > By = c3(€0) (80 + 1) — ¢} (e0) = 1},

which contradicts the construction of y. m|

5 Prescribing the penetration of geodesic lines

In this section, we apply Proposition 4.10 to prove a number of results on the geodesic
flow of negatively curved Riemannian manifolds.

The following constants appear in the theorems, depending on € € R} U {00}, d,x > 0.

¢ eje.5.00) = max {26} (6) + 28 + k. ) (€. 8. hole. 8.} ()}

o ci(e) =c](€,0,0) +c](00) +2cy, where ¢; = ¢|(€) if € #00,and ¢; =1/19
otherwise. Note that ¢} (c0) = /1 (00,0, h1g(00, 0, ¢} (00))) + ¢} (00) + 2¢1 ~
8.3712 by the definition of ¢{'(e, §, k) and the approximation (17).

Recall that the constants ci (¢) are given by Lemma 2.3 and Lemma 2.9, and that
ho(-, -, ) and A (-, -, -) are given in the list of constants in the beginning of Section
4.2.

5.1 Climbing in balls and horoballs

In this subsection, we construct geodesic rays or lines having prescribed penetration
properties in a ball or a horoball, while essentially avoiding a family of almost disjoint
convex subsets. Let us consider the penetration height and inner projection penetration
maps first in horoballs and then in balls. Note that in these cases, if fo = phc, , then

[ fo—pbc,lloo =0 and if fo =ippc,, then || fo —phc,lloo < ¢} (c0) by Section 3.1.
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Theorem 5.1 Let e € R} U {oo}, 8,k > 0; let X' be a complete simply connected
Riemannian manifold with sectional curvature at most —1 and dimension at least 3;
let § € X U doo X ; let Cy be a horoball such that &y ¢ Co U d00Co; let fo = phc,
or fo = ippc,; let (Cn)pen—{oy be a family of e—convex subsets of X ; for every
n € N —{0} such that £y € C, U 000 Cy, let f: T;OX — [0, +00] be a k —penetration
map in Cy. If diam(C, N Cp,) < 6 for all n,m in N with n % m, then, for every
h > c{(e.8, | fo—phc,lleo) . there exists a geodesic ray or line y starting from &y and
entering Co at time 0, such that fo(y) = h and fu(y) < c{ (€., || fo —phc,llec) + &
for every n > 1 such that y (18, +oo[) meets Cy.

Proof Leth>c{=c{(e.8.| fo—pbc,lloo). Inorder to apply Proposition 4.10, define
€0 =€,80 =08,k =cj(00) =2log(1+ V2) and hy = ho(€o. 80, ko). Recall that phc,
and ippc, are ko—penetration maps for Co by Lemma 3.3. For every n € N —{0} such
that &y € C,, U 00oCy, let us apply Proposition 3.7 (1) to C = Cy, C' = Cy, f = fo,
f'= te, W = Iy, so that h™" =2.¢ () + 28 + || fo — bbc, lloo and AJH™ = 28. Note
that /™" < h(), as

hy = h' (e, sinh(8 +¢1)) > 2sinh(8 + ¢1) > 26,

by the definitions of 4o and of A'(+,-). As h > ¢] = h™" by the definition of
c{, Proposition 3.7 (1) hence implies that (Cy),eN satisfies the local prescription
property (iv). Thus by Proposition 4.10, there exists a geodesic ray or line y starting
at & such that fo(y) =h and {c,(y) < h/l (€0, 60, ho(€g, 69, ko)), which implies that
fn(y) <+« for every n > 1 such that y (], +oc[) meets C,. ]

The proof of the corresponding result when Cj is a ball of radius R > € is the same,
using (2) of Proposition 3.7 instead of (1). This requires & < h™* = 2R — 2/ (€) —
[l /o —pbc,lloo- To be nonempty, the following result requires

R=c{(e,8. [ fo—pbcylloo) /24 ci(e) + 1l fo—pheylloo/2 -

Theorem 5.2 Lete >0, §,k > 0; let X be a complete simply connected Riemannian
manifold with sectional curvature at most —1 and dimension at least 3; let Cy be
a ball of radius R > €; let &y € (X U doX) — Co; let fo = phc, or fo = ippc,;
let (Cn)neNn—foy be a family of e —convex subsets of X ; for every n € N —{0} such
that £y € C, U 05cCy, let fy: TSIOX — [0, +00] be a Kk —penetration map in C,. If
diam(C, N Cy) < 6§ for all n,m in N with n # m, then, for every

he[c(e.8, 11 fo—pbcyllec)s 2R —2¢1(€) =l fo—Phcy, lloo] -

there exists a geodesic ray or line y starting trom &y and entering Cy at time 0, such
that fo(y) =h and fu(y) < ¢/ (.8, | fo—phe,lleo) + & for every n > 1 such that
¥ (16, +o0[) meets Cy,. ad
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Varying the family (Cy),en—(oy of e—convex subsets appearing in Theorem 5.1 and
Theorem 5.2, among balls of radius at least €, horoballs, e—neighbourhoods of totally
geodesic subspaces, etc, we get several corollaries. We will only state two of them,
Corollaries 5.3 and 5.5, which have applications to equivariant families. The proofs
of these results are simplified versions of the proof of Corollary 4.11, giving better
(though very probably not optimal) constants.

Corollary 5.3 Let X be a complete simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 3, and let (H”)neN be a family
of horoballs in X with pairwise disjoint interiors. Then, for every h > ¢{(c0,0,0) ~
6.5032, there exists a geodesic line y' such that phg (y') = h and phg, (y') <
c5(00) ~ 8.3712 forevery n > 1.

Proof Let ¢ =] (00,0,0) and ¢} = ¢} (c0). Let Cy = Hy and let £ be a point in
0o X — 000Co - We apply Theorem 5.1 with e =00, § =0,k =0, & =&, C, = Hy
forevery nin N, fo=pbhc,,and f, =L, forevery n# 0 such that £ € C;, UdocCy .
Note that for every n € N —{0}, the map f; is a k—penetration map in Cy,. As h > c{,
there exists a geodesic line y starting from £ and entering Cy at time 0, such that
phe,(y) = h and £c,(y) < c{ for every n € N — {0} such that y meets C, at a
positive time.

Let &’ be the other endpoint of . This point is not in dooCp. Applying Theorem 5.1
again, as above except that now &y = &', we get that there exists a geodesic line y’
starting from &’ and entering Cy at time 0, such that ph¢, (y') = h and Lc, (y') < cf
for every n € N — {0} such that " meets C, at a positive time.

Assume by contradiction that there exists n € N — {0} such that ph¢, (y') > ¢J > 0.
Then y’ enters C, at the point x;,, exiting it at the point y, at a nonpositive time, as
¢y > c{. In particular, if x’ = y’(0) is the entering point of y” in Co, then x’, y;, x;,, &
are in this order on )’ (see the picture in the proof of Corollary 4.11).

Let y be the exiting point of y out of Hy. With ¢; = 1/19, as in the proof of Lemma
4.6, since ph, (y) and phc,(y’) are equal to

h > ¢ =h(00,0,h(0,0,c](00))) = ho(c0,0, ] (00)) = h (00, sinh¢y)
by the definition of ¢}, 47, ho, we have d(x’, y) <c;.

Let &, be the point at infinity of Hj,. Let p’ be the point in [x, ;] the closest to &,
so that

d(p'.yp) = Be, (v 0') =pbc, (¥)/2 > ¢4 /2.
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Let p be the point of y the closest to p’. By convexity and the definition of ¢, we
have

d(p'.p)=d(p.y)=dx"y)=d(x".y) =ci1 <¢3/2.
Hence p belongs to the interior of Cy,. If p € J€, y], then the closest point to x’ on y
lies in )&, p[ and by convexity,

ey /2<d(p',yy) <d(p . x)<d(p', p)+d(p.x") <d(p'.p)+d(y.x") <2¢,

a contradiction, as by the definition of ¢J, of ¢ and of /’(€,n) (see Equations (5) and
(11)), we have

¢y = ¢l +2c¢; =h'(e,sinhcy) +2¢y = 2sinhey +2¢; > 4cy .

Hence p €1y, &'[ C y(]0, +o0[), so that y meets C,, at a positive time. But, by Lemma
3.3 and the definition of ¢,

Lc,(y) = phe, (y) —cj(00) = 2B¢, (vy,. p) — ¢} (00)
> 2(Bg, (v, P)—d(p. p)) —c1(00) > 2(cy /2 —¢1) —cj(00) = ¢f .

This contradicts the construction of y . a

Let M be a complete nonelementary geometrically finite Riemannian manifold with
sectional curvature at most —1 (see for instance Bowditch [10] for a general reference).
Recall that a cusp of M is an asymptotic class of minimizing geodesic rays in M
along which the injectivity radius converges to 0. If M has finite volume, then the
set of cusps of M is in bijection with the (finite) set of ends of M , by the map which
associates to a representative of a cusp the end of M towards which it converges. Let
n: M — M be a universal Riemannian covering of M , with covering group I". If e is
a cusp of M, and p, a minimizing geodesic ray in the class e, as M is geometrically
finite and nonelementary, there exists a horoball H, in M centered at the point at
infinity &, of a fixed lift p, of p, in M , such that yH, and H, have disjoint interiors
if y € I" does not fix & (see for instance Buser and Karcher [12], Bowditch [10] and
Hersonsky and Paulin [32]). This horoball is unique if maximal (for the inclusion).
The image V, of H, in M is called a Margulis neighbourhood of e, and the maximal
Margulis neighbourhood of e if H, is maximal. We assume that p, starts from the
boundary of H,. Let hte: M — R be the map defined by

hte(x) = lim (1 —d(pe(1). X)),

called the height function with respect to e. Note that if V, C V. is another Margulis
neighbourhood of e, then the height function associated to the choice of V] becomes
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ht, —t for some nonnegative constant t. Let maxht,: T’ 'M — R be defined by

maxhte(y) = sup hte (y (7)) .
teR

The maximum height spectrum of the pair (M, e) is the subset of | — 0o, +00] defined
by
MaxSp(M, e) = maxht,(T' M) .

Corollary 5.4 Let M be a complete, nonelementary geometrically finite Riemannian
manifold with sectional curvature at most —1 and dimension at least 3, and let e be a
cusp of M . Then MaxSp(M, e) contains [c} (00)/2, 400].

Note that ¢ (00)/2 A 4.1856, hence Theorem 1.2 of the introduction follows.

Proof With the above notation, let (Hy),en be the ['—equivariant family of horoballs
in M with pairwise disjoint interiors such that Hy = H,. Apply Corollary 5.3 to
this family to get, for every & > c}(00) > ¢{(00,0,0), a geodesic line ¥ in M
with phg, (¥) = h and phy, (V) < cJ(oco) for every n > 1. Let y be the locally
geodesic line in M image by m of . Observe that ht, or = B, in H, and that

P, (V) =2 sup,cr Ba, (¥ (t)) (see Section 3.1). Hence sup; g hte(y (1)) = /2 and
the result follows. |

Schmidt and Sheingorn [55] treated the case of two-dimensional manifolds of con-
stant curvature —1 (hyperbolic surfaces) with a cusp. They showed that in that case
MaxSp(M, e) contains the interval [log 100, +00] & [4.61, +o0]. This paper [55] was
a starting point of our investigations, although the method we use is quite different
from theirs.

Let P be a (necessarily finite) nonempty set of cusps of M. For every e in P,
choose a maximal horoball H,, with point at infinity &, as above Corollary 5.4. The
horoballs of the family (gHe)ger,/ ¢, ,eep may have intersecting interiors. But as
M is geometrically finite and nonelementary, there exists ¢ > 0 such that two distinct
elements in (gHe[t])ger/ T, , ecp have disjoint interior; see for instance Buser and
Karcher [12] and Bowditch [10]. Let #p be the lower bound of all such ¢’s. For every
y € T' M, define

maxhtp(y) = ma%( maxhte(y) and MaxSp(M, P) = maxhtp(T' M) .
ee

Remark Let C be the set of all cusps of M . Under the same hypotheses as in Corollary
5.4, the following two assertions hold, by applying Corollary 5.3 to the family of
horoballs (gH,,)ger/T; , ,erec With Hy, = He if ¢’ = e, and H,, = H,[t] for some ¢

Geometry & Topology, Volume 14 (2010)



354 Jouni Parkkonen and Frédéric Paulin

big enough otherwise, for the first assertion, and to the family (gH,[tp])ger, T:, ,ecP
for the second one.

(1) For every cusp e of M , there exists a constant ¢ > 0 such that for every & >, there
exists a locally geodesic line y in M such that maxht.(y) = & and maxht./(y) <1t
for every cusp ¢’ # e in M .

(2) Let P be anonempty set of cusps of M . Then MaxSp(M, P) contains the halfline
[¢}(00)/2 + tp, +00].

Now, we prove the analogs of Corollaries 5.3 and 5.4 for families of balls with disjoint
interiors. Let

‘ 3
Ry™ = Tsinh ¢} (00) + S} (00) & 22.4431.

Corollary 5.5 Let X be a complete simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 3, and let (Bn)n en be a family
of balls in X with disjoint interiors such that the radius Ry of By is at least Ry"". For
every h € [¢](RJ™,0,0),2Ro —2 ¢} (R3™)], there exists a geodesic line y in X with
php,(¥) =h and php (y) < cj(RP™) foralln > 1.

Proof We start by some computations. Let € > 0. With ¢; = ¢|(€) and ¢5 = ¢s(€, 0)
as in Section 4.2, we have ¢s > 6sinhc; since c;(€) > 3 by the definition of ¢} ()
in Equation (6). By the definition of /¢ in Section 4.2 and of 4’ in Equation (5),
we have /(€. 0,cj(o0)) > /(e,sinhcy) > 2sinhcy. Hence, by the definitions of
cy(€),c}(€,0,0), 1 and as € — ¢} (¢) is decreasing,

c5(€) = c{(€.0,0) + ¢} (00) +2¢4
= max{2c¢y,ho(e€, 0, c](00)) +2¢s}) + cf(00) +2¢;
> 2sinh ¢y + 12sinh ey + ¢7(00) +2¢; > 14sinh ¢} (00) + 3 ¢} (00) .

Define now € = Rglin, so that 2¢ < c¢5(e) and Ro > €. For every n # 0, let R, be the
radius of the ball By,. If for some n # 0 we have 2R, < ¢} (¢), then phg (y) < cJ(€)
and the last assertion of Corollary 5.5 holds for this 7. Hence up to removing balls, we
may assume that R, > cJ/(€)/2 > € for every n # 0, so that the balls in (By),en are
€—convex.

The end of the proof is now exactly as the proof of Corollary 5.3, with the following
modifications: € = R™; ¢} = ¢//(¢,0,0); ¢} = ¢4(€); & is any point in dooX ;
Cn = By, for every n in N; we apply Theorem 5.2 instead of Theorem 5.1, which
is possible by the range assumption on /z; we take now c; = ¢|(€), so that we still
have d(x’, y) < ¢; by Lemma 2.3; &, is now the center of By, and fg, (u,v) =
d(u,&,) —d(v, &,) (see Section 2.1). Besides that, the proof is unchanged. ad
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A heavy computation shows that
c’l(R[)“i“) ~ 1.7627, cf(Rg‘i",0,0) ~ 101.4169 and ¢} (Rm‘“) ~ 106.7051 .

Note that the above corollary is nonempty only if Ro > ¢//(RJ™, 0,0)/2+ ¢ (RF™) ~
52.4712. The constants in the following corollary are not optimal. Theorem 1.3 in the
introduction follows from it.

Corollary 5.6 Let M be a complete Riemannian manifold with sectional curvature at
most —1 and dimension at least 3, let (x;);ey be a finite or countable family of points
in M with r; = injp, x;, such that d(x;,xj) > r; +rj if i # j and such that r;, > 56
for some io € I. Then, for every d € [2,r;, — 54], there exists a locally geodesic line y
passing at distance exactly d from Xx;, at time 0, remaining at distance greater than d
from Xx;, at any nonzero time, and at distance at least r; — 56 from x; for every i # iy.
In particular,

gré%}d(y(t),xio) =d

Proof Let 7: M — M be a universal covering of M , with covering group I', and
fix a lift X; of x; for every i € I. Let B; be the ball Bz (X;,r;). Apply Corollary 5.5
to the family of balls (g Bj)ger,ier in X = M , which have pairwise disjoint interiors
by the definition of r; and the assumption on d(x;, x;). Note that r;, > 56 > Rgli“ (see
the definition of Rg"™). Let & = 2(rj, —d), which belongs to [108, 2r;, — 4], which
is contained in [¢} (RF™, 0,0), 2r;, —2 ¢} (RG™)] by the previous computations. Then
Corollary 5.5 1mphes that there exists a geodesm line ¥ in M such that P, ()/) =

and phgp, () < c! (Rm‘“) < 108 for all (g,7) # (1,ip). Parametrize ¥ such that its
closest point to X;, is at time = 0. Let y = m o ¥, then the result follows by the
definition of ph (see Section 3.1). m|

5.2 Spiralling around totally geodesic subspaces

In this subsection, we apply Proposition 4.10 and Corollary 4.11 when Cj is a tubular
neighbourhood of a totally geodesic submanifold. We only give a few of the various
possible applications, others can be obtained by varying the objects (Cy),eN—{o}» as
well as the various subcases in Proposition 3.7 (3) and (4).

Theorem 5.7 Lete > 0,8 > 0. Let X be a complete simply connected Riemannian
manifold with sectional curvature at most —1 and dimension at least 3. Let L be
a complete totally geodesic submanifold of X with dimension at least 2, different
from X, and Co = N¢L. Let (Cp)pen—goy be a family of e —convex subsets in X
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such that diam(C, N Cp,) <& forall n # m in N. Let either fo = ftpy or fo =LA L.,
with X having constant curvature in this second case. Let

ho = ho(e, 8, max{]| fo —£LnLllos 2l fo = ftoL oo + 26 =8¢} (€)})
and h > I = I (.6, hy).

e Forevery £ € (X U0dooX)— (Co U 00cCy), there exists a geodesic ray or line
y starting from & and entering N L at time 0 with fo(y) = h, and with
Lc,(y) < I forevery n # 0 such that y (I8, +-o0[) meets Cy,.

e There exists a geodesic line y in X with fo(y) = h, and with
e, (y) S h) +c3() (8 +cl(e) +ci(e)
forall n # 0.

Note that if £¢,(y) < c, then f(y) < ¢+« for any k—penetration map f in C,.

Proof We apply Proposition 4.10 and Corollary 4.11 with £y =&, €9 =€, §o =6,

xo = max{]| fo —€n; Llloo. 21l fo — FtpL lloo +2€ =8 ¢} (€)} .

and h6 = ho(€g, 89, ko). In particular, fy is a continuous kg—penetration map in Cy.
As L is a complete totally geodesic submanifold of dimension and codimension at
least 1, there does exist a geodesic line yg in X starting from &g such that fo(y) = 4.
Let hg‘i“ = 8o and h™" = 4ci(€) +2¢ + 84 2| fo—fthrllco - By the definitions of
Ry(y 0 -) ho(-, -, ), cs(+, +) in Section 4.2, we have

hy = ho(eo, 80, ko) > 8o = hg™
and h> h/1 = ho(eg, 89, ko) + 2 ¢5(€g, 8g) = ko + 12 sinh(c’1 (€0) + 6o)
> kg + 126} () + 8 > ™™

The family (Cy,),en hence satisfies the local prescription property (iv) by Proposition
3.7 (3). Therefore, the result follows from Proposition 4.10 and Corollary 4.11 O

Remark 5.8 If the C,,’s are disjoint from N L (and § = 0), then the same result as
Theorem 5.7 also holds when L has dimension 1, by replacing Proposition 3.7 (3) by
Proposition 3.7 (4) in the above proof and hgﬁ“ = §o by hgﬁ“ =0.

Theorem 5.9 Lete > 0,5 > 0. Let X be a complete simply connected Riemannian
manifold with sectional curvature at most —1 and dimension at least 3. Let (Ly,)eN
be a family of geodesic lines in X , such that diam(N¢ L, "N¢Ly,) <8 forall n # m in
N. Let either fo = ftpr,, or fo = {n,L, if X has constant curvature, or fo = ctpr,
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if the metric spheres for the Hamenstidt distances (on doo X —{£} forany & € 000 X)
are topological spheres. Let

hy = max {5 ¢} (€) + 5¢ + 6,
ho(e, 8, max{[| fo — € Lo lloos | fo — Fth Ly lloo + 26 =8 ¢} (€)})}
and h > 'y = I (e, 6, hy).

e Forevery £ € (X U0dooX) — (NeLo U 0dooLg) (and & € 0o X — dooLg if
Jo = ctpr, ), there exists a geodesic ray or line y starting from § and entering
NeLy at time 0 with fo(y) =h, such that {1, (y) < I forevery n # 0 such
that y (], +o0o[) meets Ne L, .

e There exists a geodesic line y in X such that fo(y) = h, and, if n # 0, then
Ener, (v) S hy +c5(e) (8 +cj(e) +ci(e).

Note that if €57 1, (y) <c, then f(y) <c+« for any k—penetration map f in Ne¢Ly.

Proof As in the previous proof, we apply Proposition 4.10 and Corollary 4.11 with
Cn =N€Ln, €0 — €, 50 =5, 50 =$,

ko = max{ ] fo — Ex; Lo lloo. | fo = Ftpr, lloo + 26 8.} ()}

For every n # 0, let h{'™ = 3¢/ (€) + 3¢ + 8 + .1, —FthL, lloo and ™" =
4c(e) + 2+ 8+ || fo—ftprlloo. In particular, iy > 5S¢/ (€) + Se + § = AT by
Lemma 3.4. As in the end of the previous proof, the family (C,),en hence satisfies
the property (iv) by Proposition 3.7 (4), and the result follows. |

Let M be a complete Riemannian manifold with sectional curvature at most —1
and dimension n > 3. Fix a universal cover M — M of M. For € > 0,6§>0,a
(possibly not connected, but such that any two components have equal dimension)
immersed complete totally geodesic submanifold L (of dimension at least 1 and at
most n — 1) will be called (e, §)—separated if the diameter of the intersection of the
e—neighbourhoods of two lifts to M of two components of L is at most §.

Examples (1) If L is compact and embedded, then there exists € > 0 such that L
is (€, 0)—separated. For instance, a finite union of disjoint simple closed geodesics is
(e, 0)—separated for € small enough.

(2) If L is compact, and if L is self-transverse (that is, if the tangent spaces at
every double point of L are transverse), then for every € > 0 small enough, L is
(e, 1)—separated. In particular, a finite union of closed geodesics (possibly nonsimple)
is (e, 1)—separated for ¢ small enough.
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(3) The lift of a locally geodesic line y: R — M to the unit tangent bundle 7' M is
the map 7: R — T'' M (or by abuse its image) given by 7(t) = (y(¢), y'(¢)) for every
t e R. For every p > 0, if the p—neighbourhood (for the standard Riemannian metric of
T1M) of the lift of ¥ to T!' M is a tubular neighbourhood, then there exists §(p) > 0
such that y is (p, 6(p))—separated. Indeed, if the intersection of the p—neighbourhoods
of two different lifts to a universal cover of y has diameter big enough (depending
only on p), then by arguments similar to the ones in the proof of Lemma 2.2, two
subsegments of the two lifts will follow themselves closely for some time, hence the
tangent vectors at two points on these two lifts will be closer than p.

Let L be an (¢, §)—separated immersed complete totally geodesic submanifold. Let
(Za)ae A be the family of (connected) complete totally geodesic submanifolds of M,
that are the lifts to M of the components of L. Note that in particular, the family
(Ne(Lg))aea is locally finite.

Let f be one of the symbols £, bp, ftp, ctp and assume that L has dimension 1 if
S = ctp. Let kr be respectively 0, 2¢](€), 2¢](€) + 2¢, 2¢(e) + 2c|(00) + 2€.
For every o € A, let fo = {n.1,.bpr,.fthr,.ctpr, respectively, which is a «p—
penetration map in NV Ly by Section 3.1. For every locally geodesic line y in M,
consider a lift ¥ of y to M .

The family ( fo(¥))aeca Will be called the family of spiraling times of y along L with
respect to f (and length spiraling times, fellow-traveling times or crossratio spiraling
times if f = £, ftp, ctp respectively). Up to permutation of A, it does not depend
on the choice of the lift ¥ of y. The entering times of ¥ in the sets NV¢L, with
Ja(¥) > 8 +«y, where a varies in A, form a discrete subset (with multiplicity one) of
R, as NeLg NN Lg has diameter at most § if o # . We will only be interested in
the corresponding spiraling times. It is also then possible to order these spiraling times
using the order given by the parametrisation on ¥, but we will not need this here.

Corollary 5.10 Let M be a complete Riemannian manifold with sectional curvature
at most —1 and dimension n > 3. Let € > 0, § > 0. Let L be an (¢, §)—separated
immersed complete totally geodesic submanifold (of dimension at least 1 and at most
n—1). Let f be one of the symbols £, ftp, ctp, and K} = max{0, 6€ — 4c} ()},
2¢i(€) + 2¢, 2cj(e) + 2€ + 2¢}(o0) respectively. If f = {, assume that M has
constant curvature. If f = ctp, assume that L has dimension 1 and that the metric
spheres for the Hamenstédt distances (on the punctured boundary of a universal cover
of M ) are topological spheres.

For every
h>hy =h'(e 8 max{5c](e) +5¢+6, ho(e,é,x})}),
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there exists a locally geodesic line y in M having one spiraling time with respect to f’
exactly h, and all others being at most I, + ¢,(€)(8 + ¢/ (€)) + ¢/ (€).

If furthermore M is nonelementary and geometrically finite, then for every cusp e
of M , we may also assume that the locally geodesic line y does not enter too much
into the maximal Margulis neighbourhood of e ; more precisely we can assume that y
satisfies

maxht.(y) < sup htp(x) + € + %(h/1 + c5(e) (8 + ¢ (e)) + ¢ (e)) .

xeL

Proof Let m: M — M be a universal cover of M, with covering group I". With
ko the constant in the proofs of Theorem 5.7 if the dimension of L is at least 2, and
Theorem 5.9 otherwise, it is easy to check, using Section 3.1, that K} > ko for every
case of /. Note that o(-, -, -) and A’ (-, -, -) are nondecreasing in the third variable,
by their definitions at the beginning of Section 4.2. The first assertion follows from
Theorem 5.9 applied to the family (L), of the lifts of the components of L to M, if
the dimension of L is 1, and from Theorem 5.7 otherwise.

To prove the last assertion, with the notation of Section 5.1, let #, = sup,. ¢z hte(x) +€.
We add to the family of convex subsets in Theorem 5.7 if dim L > 2, and in the proof
of Theorem 5.9 otherwise, the family of horoballs yH,[t.] for y in T" (modulo the
stabilizer I'g, ). Note that these horoballs have pairwise disjoint interiors, and that their
interiors are disjoint from the €-—neighbourhood of every lift of a component of L, so
that Proposition 3.7 (4) does apply when the dimension of L is 1. a

Theorem 1.4 in the introduction follows from this one, by the above example (1).

Remarks (1) If we wanted to have the same locally geodesic line y for every cusp e
of M in the second assertion of Corollary 5.10, we should add the bigger family of
horoballs (yHe[te])yer/ry,, ecc. and replace there 7, by max{ic, maxeec fe}, where
C is the set of cusps of M, and £ is the greatest lower bound of ¢ > 0 such that
two distinct elements in (y He[f])yer/r,, ecc have disjoint interiors (see the definition
above Corollary 5.5), in order for the new horoballs to have disjoint interiors.

(2) With M and L as above, let f be one of the symbols £, bp, ftp, ctp. Define, for
every locally geodesic line y in M,

maxspty, ¢(y) = sup fa(¥),
a€A
the least upper bound of the spiraling times of y around L with respect to f. Let

MaxSp;, (M) = {maxspty (y):y € T'MY
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be the maximum spiraling spectrum MaxSpy (M) around L with respect to f.
Corollary 5.10 gives, in particular, sufficient conditions for the maximum spiraling
spectrum to contain a ray [c, +00].

5.3 Recurrent geodesics and related results

In this subsection, when M is geometrically finite, we construct locally geodesic
lines that have a prescribed height in a cusp neighbourhood of M, and furthermore
satisfy some recurrence properties. We will use the notation introduced in Section 5.1
concerning the cusps e, and the objects hte, Ve, He, &, .

Corollary 5.11 Let M be a complete, nonelementary, geometrically finite Riemann-
ian manifold with compact totally geodesic boundary, with sectional curvature at most
—1 and dimension at least 3. Let e be a cusp of M . Then there exists a constant
¢y = ¢ (e, M) such that for every h’ > ¢, there exists a locally geodesic line y in
M with maxht,(y) = h’, such that the spiraling length times of y along the boundary
0M are at most c7 .

Up to changing the constant cg/ , we may also assume that y stays away from some
fixed (small enough) cusp neighbourhood of every cusp different from e. Note that, up
to changing the constant c7, the last assertion of the corollary does not depend on the
choice of f = £, bp, ftp, ctp, with respect to which the spiraling times are computed,
and we will use f = £.

Proof As dM is compact, there exists €’ € ]0, 1[ such that the €’-neighbourhood
of the geodesic boundary dM is a tubular neighbourhood of dM . By definition of
manifolds with totally geodesic boundary, there exists a complete simply connected
Riemannian manifold A , a nonelementary, torsion-free, geometrlcally finite discrete
subgroup I' of isometries of M a I'—equivariant collection (L )ren of pairwise
disjoint open halfspaces with totally geodesic boundary (Lk)keN , such that M is
isometric with T'\(M — Uken L ). We will 1dent1fy M and T\(M — Uken L )
by such an isometry from now on Note that (NG/L )keN is a family of pa1rw1se

disjoint €’ —convex subsets in M .

Let 7, yps = max{0, max,eyps hte(x)} > 0, which exists since dM is compact. Note
that the famlly (gHelte ap + 1Dgery e, is a I'—equivariant family of pairwise disjoint
horoballs in M , which are disjoint from N/ L; for all n € N. Let us relabel this
family of horoballs as (H )ren such that Hy = He[t, spr + 1]. Note that the horoballs
Hj , k € N, are €’ —convex.
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Define
¢y =h) (e’, 0,ho(€',0,c] (oo))) +toam + 1+ (€)(cS(€)+ 1),

and let i’ > ¢ . We apply Corollary 4.11 with X' = Mieg=¢;8=0; ko= c1(00);
Co = Ho; fo="pbcy: hy = hol€o.80.x0); Cok1 = NeeLf; Cop = Hy: h =
2h' —2(t,.9p +1). Note that fp is a Ko—penetration map in Cp by Lemma 3.3,
and that &1 > h'| (€9, 80, hy), as ' > c3 As M is a manifold of dimension at least 2,
there does exist a geodesic line yg in X with fo(y0) = h. The family (Cy),en , whose
elements have pairwise disjoint interiors, satisfies the assertion (iii). It also satisfies
(iv), by Proposition 3.7 (1), as & > 2¢% —2(te gpr + 1) = 2¢(€'). Hence, by Corollary
4.11, there exists a geodesic line ¥ in X" with phg, (¥) =/ and

Le, (V) = h =N (0. 80, hg) + i (€0) (c3(e0) + 1) <3
forall n £ 0.

As ECZ" +1(¥) is finite, the geodes1c ¥ does not cross the boundary of L , SO it stays
in M — UkeN L .Let 7: M — Uken L — M be the canonical pI'Q]eCtIOIl and
lety=mo¥y. Hence the length spiraling tlmes of y along 0M are at most c;

Note that

pba, (V) =pbc, (V) +2(te o + 1) = h 4+ 2(te gpa +1) = 21,

by the paragraph above Lemma 3.3. Furthermore, if g € (I' —T%,)/ I'¢, , then there
exists £ in N — {0} such that

pthe ) = phCzk )+ 2([e,8M +1)< ZCZk &) + Cll (c0) + 2(te,3M +1)
< I+ ¢} (00) + 2teans +1) < 2¢5 <20’

Thus maxht,(y) =/’ by the same proof as in the end of the proof of Corollary 5.4. O

Let M be a compact, connected, orientable, irreducible, acylindrical, atoroidal, bound-
ary incompressible 3—manifold with nonempty boundary (see for instance Matsuzaki
and Taniguchi [44] for references on 3—manifolds and Kleinian groups). A hyperbolic
structure on a manifold is a complete Riemannian metric with constant sectional
curvature —1. A cusp e of a geometrically finite hyperbolic structure is maximal if the
maximal Margulis neighbourhood of e is a neighbourhood of an end of the manifold.
Let P be the union of the torus components of dM , and §F (M) = 4% (M, P) be the
(nonempty) space of complete geometrically finite hyperbolic structures in the interior
of M whose cusps are maximal, up to isometries isotopic to the identity. Recall that
9% (M) is homeomorphic to the Teichmiiller space of dgM = oM — P.
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For every o in 4% (M), the cusps of o are in one-to-one correspondence with the torus
components of dM , as any minimizing geodesic ray representing a cusp converges
to an end of the interior of M corresponding to a torus component of dM . If e is
a torus component of dM , let maxhts . (y) denote the maximum height of a locally
geodesic line y in o with respect to the cusp corresponding to e. The convex core of a
structure ¢ in 9% (M) is the smallest closed convex subset of the interior of M, whose
injection in the interior of M induces an isomorphism on the fundamental groups.

The following result generalizes Theorem 1.5 in the introduction to the case of several
cusps.

Corollary 5.12 Let M be a compact, connected, orientable, irreducible, acylindrical,
atoroidal, boundary incompressible 3—manifold with boundary, and let e be a torus
component of M . For every compact subset K in 4% (M), there exists a constant
¢, = ¢, (K) such that for every h > ¢ and every o € K, there exists a locally
geodesic line y contained in the convex core of ¢ such that maxhts.(y) = h, and
maxhtg e (y) < ¢ for every torus component e’ # e of OM .

Proof For a subset A of BOOH% , we denote by ConvA the hyperbolic convex hull of
A in ]H[]?{. A subgroup I' of 11 M is called a boundary subgroup if there are an element
yem M ,acomponent C of dgM , and a point x € C suchthat ' =y Im(nl (C,x)—
71 (M, x)) vy~ . Let (Ty)nen be the collection of boundary subgroups of 7 M . Let
(T';)nen be the collection of maximal rank 2 abelian subgroups of 7; M, with F(’)
conjugate to mye.

Let pg: miM — Isom(H]"l’{) be a holonomy representation corresponding to o € K,
appropriately normalized to depend continuously on o . By assumption, I' = p, (711 M)
is a (particular) web group (see for instance Abikoff and Maskit [1]). More precisely,
forall n € N, ps(I'y) is a quasifuchsian subgroup of I' stabilizing a connected, simply
connected component €2, , of the domain of discontinuity of py; M , such that Q2 4
and Q,  have disjoint closures if n # m, and that 92, » contains no parabolic fixed
points of I'. Let (Hj ¢)ken be a maximal family of horoballs with pairwise disjoint
interiors such that Hy , is pg(F,’{)—invariant (such a family is unique if M has only
one torus component). To make this family canonical over 4% (M), we may fix an
ordering e¢; = e, es, ..., ey, of the torus components of dM , and take by induction
Hy o, for the k’s in N such that I‘;{ is conjugate to 1 (e;), to be equivariant and
maximal with respect to having pairwise disjoint interiors as well as having their interior
disjoint with the interior of Hj,_ ., for the k4’s in N such that F;(* is conjugate to
my(e;j) with j <i. Note that the Hy ,’s, besides the ones such that F;{ is conjugate
to 7ye, may not be the horoballs that were used to define the height functions, but this
changes their values only by a constant (uniform on K).

Geometry & Topology, Volume 14 (2010)



Prescribing the behaviour of geodesics in negative curvature 363

Hence, as K is compact, there exists § > 0 such that for every o € K, the 1—convex
subsets N1 (Conv Q) and Hy , for n,k € N meet pairwise with diameter at most §.

The claim follows as in Corollary 5.11 by applying Corollary 4.11 to X = HS3,,
€0 =1,80=2, ko =cj(c0), Co = Ho», fo="rbc,, hy = hol€o.0.k0), Cant1 =
Ni1(Conv Qy, ), Cop = Hy s to geta geodesic line ¥ in X with prescribed penetration
in Cp, and penetration bounded by a constant in C,, for n # 0. The finiteness of the
intersection lengths ¢, (¥) for n € N implies that y stays in the convex hull of
the limit set of T". O

Remark The fact that a locally geodesic line stays in the convex core of the manifold
and does not converge (either way) to a cusp is equivalent with the locally geodesic
line being two-sided recurrent.

5.4 Prescribing the asymptotic penetration behaviour

Let X be a proper geodesic CAT(—1) metric space and let £ € X U doX . Let
€€ R*+ U{oo}, 8,k > 0. Let (Cy)qen be a family of e—convex subsets of X which
satisfies the almost disjointness condition (iii) with parameter §. For each o € A, let fy
be a x—penetration map in C,. Let y be a geodesic ray or line, with 0 in the domain
of definition of y (as we are only interested in the asymptotic behaviour, the choice of
time 0 is unimportant). These assumptions guarantee that the set £, of times ¢ > 0
such that y enters in some C, at time ¢ with fo(y) > & + « is discrete in [0, +o0],
and that « = a; is then unique. The set £, may be finite, for instance if fg(y) = +o00
for some f. Hence &, = (t;)ien for some initial segment A in N, with #; < ;4 for
i,i +1in N. With a;(y) = fati (y), the (finite or infinite) sequence (ai(V))ne/\/ will
be called the (nonnegative) penetration sequence of y with respect to (Cy, fo)acA.
In this section, we study the asymptotic behaviour of these penetration sequences. We
will only state some results when the C,,’s are balls or horoballs, but similar ones are
valid, for instance for e—neighbourhoods of geodesic lines in X (see for instance our
paper [49, Section 5]). We may also prescribe the asymptotic penetration in one cusp,
while keeping the heights in the other cusps (uniformly) bounded.

In the following results, we show how to prescribe the asymptotic behaviour of the
penetration sequence of a geodesic ray or line with respect to horoballs and their
penetration height functions. First, we prove a general result, and we give the more
explicit result for Riemannian manifolds as Corollary 5.14.

Theorem 5.13 Let X be a proper geodesic CAT(—1) metric space, with 0.0 X infinite.
Let (Hy)qea be a tamily of horoballs with pairwise disjoint interiors. Assume that
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there exists K € [0, +oo[ and a dense subset Y in d, X such that, for every geodesic
ray y in X with y(4o00) € Y, we have

limi .
tll)nirgd()/(t), U Ha) <K
a€A

Let £ € X UdooX and c,c¢’ > 0. Assume that for every h > ¢ and « € A such that
& ¢ Hy U Hy[oo], there exists a geodesic ray or line y starting from & and entering
Hy attime ¢ = 0 with phy, (y) = h, and with phg, () < ¢’ forevery B in A—{a}
such that y(]0, +oc[) meets Hg. Let (a,'()/’))neN be the penetration sequence of a
geodesic ray or line y’ with respect to (Hy, ph g, )acA-

Then, for every
h>hy =max{c, ¢’ +3c}(c0) +107°},

there exists a geodesic ray or line y starting from & such that

limsup a;(y)=nh.

i—>+o00

Proof To simplify notation, let fo = phy, . cx = ¢’ + 3¢}(00) + 107, so that
hs« = max{cx,c}. If a geodesic ray or line y starting from & meets H, such that
€ ¢ Hy U Hy[oo], let £ (y) and ¢ (y) be the entrance and exit times.

Let & > h4, and let ap € A such that & ¢ H,, U Hy,[oo], which exists by the
assumptions. As 1 > hy > ¢, there exists a geodesic ray or line yq starting from &,
entering Hy, at time 0, such that fo,(yo) =/, and fy(yo) < ¢’ for every o # g
such that y4(]0, +-00[) meets Hy.

We construct, by induction, sequences () )ren Of geodesic rays or lines starting from
&, (ax)ken of elements of A, and (x)xeNn—{o} of elements in [0, +oo[ converging
to +00, such that for every k € N,

(1) yx enters the interior of Hy, attime 0, with d (v (0), yx—1(0)) <1/2X if k> 1,

(2) vy enters Hy, , & € Hy, U Hy, [00], and fo, (vk) = h,
(3) if 0= j <k —1, then y,(]0, +oc[) enters the interior of Hy, before entering
He, with 1o (k) < te = 15, _ (vi) <13, (vk),

(4) if k=1, then for every « such that y (]0, +00[) meets H,, we have } Ja(ve)—
Jar=n| < 1728 15 (i) < i, and fo(vi) < ex if 1 = 15 (i) < 1, (Vi)
and fo(yx) < ¢ if 15 (vi) = 15, (v)-
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Let us first prove that the existence of such sequences implies Theorem 5.13. By
the assertion (1), as Y4 (0) stays at bounded distance from 34(0), up to extracting a
subsequence, the sequence (Yi)reNn converges to a geodesic ray or line Yo starting
from &, entering in Hy, at time ¢ = 0, by continuity of the entering point in an
e—convex subset. Let us prove that limsup;_, , o, @i(Yoo) = h.

The lower bound lim sup;_, | o, @i(Yoo) = h is immediate by a semicontinuity argument.
Indeed, for every k > i in N, we have by the assertions (2), (3) and (4),

k=1 k-1
| for: Vi) — | = | fos Vi) = fous ()| < Z | foi Vj+1) — Ja; )| = Z

j=i j=i

1
2Jj+1 S?'

Hence by continuity of f,, , we have the inequality fy, (Yoo) =/ — 1/2¢, whose right
side converges to / as i tends to 400, which proves the lower bound, as / > ¢/ (c0)
and fy, is a ¢} (0co)—penetration map in Hy, (see Section 3.1).

To prove the upper bound, assume by contradiction that there exists € > 0 such that for
every A > 0, there exists @ = «(A) € A such that Yo, enters Hy with fo(Veo) > h+€
and 13 (Yoo) > A +2¢}(00). Take Ao = max {f;41:1/2 = £}, and o = a (k)

By continuity of fq, if k is big enough, we have fo(yx) > h+5>hs > cx > ¢’. Thus,
Yk meets Hy as hy > 0. The entry time is positive, as d(yx(0), Yoo (0)) < ¢/ (00)
and the entrance points of y; and Y~ in H, are at distance at most c’1 (c0), both by
Lemma 2.3, and as the entrance time of yoo in Hy is strictly bigger than 2¢](00).
Hence, by the assertion (4), we have 7, (yx) < tx. Let i <k — 1 be the minimum
element of N such that for j =1i,...,k—1, the geodesic y;; meets H, at a positive
time with 7, (yj+1) < tj4+1. By the triangle inequality, we have

|ta (Vi1) —tq (Yoo)| = d (Vit1(tg (Vit1)). Yoo (g (Yoo))) + d (¥i41(0). 750(0))

<2cj(0).
Hence fi41 >ty (Yit1) =ty (Yoo) —2¢7(00) > Ao + 2 ¢} (00) —2 ¢ (00) = Ag.

By the definition of Aq, we hence have 1/2 < 5. By the definition of i and by the
assertion (4), we have

k—1 k—1
Jalr) = falr) + 3 (falr) = falypen) Zh+ 5= 3"
J=1 J=i

€ 1
Zh—}—z—?ZhZh*,
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and in particular by the same argument as for y; above, y; enters H, at a positive
time and 7, (;) < t;. This contradicts the minimality of i. This completes the proof,
assuming the existence of the sequences with properties (1)—(4).

H,

k

Vi (tg; (Vi)
HOlo Hak—l 5
V]é_l (Sk) Vi—1
t
Vi (O)=_ | Ve (t) i Vit
Vie—1(0) Vi1 (k1)) Vie1(t3 _ (k1) + A)

Let us now construct the sequences (Vx)keN» (¥k)keN» (7k)keN—{o}- We have defined
Y0, g, and they satisfy the properties (1)—(4). Let k > 1, and assume that y;_1,
a_1,as well as #;_; if k£ > 2, have been constructed.

As Y is dense in 00 X, for every A > 0, there exists a geodesic ray or line )/,;_1
starting from & with )/]2_1 (+00) € Y, entering in Hy, at time ¢ = 0, which is very
close to yx_1 on [0, t(j;c_l (Yk—1) + A]. By the definition of K, let s; be the first time
t> toj;c_l (Yk—1) + A such that there exists o in A with d(y;_,(¢), Hy) < K +1, and
let o be such an a with d(y;_, (sx), He) minimum. Let p; be the closest point
of Hy, to y;_, (sx). Note that & ¢ Hy, U Hy, [o0], if A is big enough (in particular
compared to K), as Hy, and Hy, have disjoint interiors.

By the hypothesis, let y; be a geodesic ray or line starting from & with fy, (yx) =h
(which proves the assertion (2) atrank k as 42> 0) and fu(y) <c’ for every « such that
Yk (g, (Vk), +00[) enters Hy . Asa CAT(—1) metric space is log(1+ V/2)-hyperbolic,
the geodesic ]&, px] is contained in the log(1 + +/2)—-neighbourhood of the union
. vi_1 )1V Iy, (k). p]. By Lemma 2.3, we have d (i (ty, (k). 15, pi]) <
¢} (00), and therefore [, yx (t,, (V)] is contained in the (c](oc0) + log(1 + V2)-
neighbourhood of &, v (sx)]U[y;_, (sk), p]. Up to choosing 4 big enough, we
may hence assume )y is very close to yx_; between the times 0 and t(;:_ V-1 +1.
Using this and properties (1) and (3) at rank k£ — 1, we have

* ¥ does enter the interior of Hy,, at a time that we may assume to be 0, with
d (v (0), Yk—1(0)) < 1/2% (this proves the assertion (1) at rank k);

o for 0<j <k—1,as yg_1 passes in the interior of Hy, at a time strictly between
0 and t&t{_l (Yk—1), by the inductive assertions (3)if k #% 1 and j <k —2, or

()if k=1or)if j =k —1, so does the geodesic ray or line yy ; this allows,
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in particular, to define 7 =5, | (), which satisfies 1 <15 (vk) <15 (V&)
and

(40) d (vie(t). Vi—1 (g (Yk—1))) <107°/4

if A is big enough; this proves the assertion (3) at rank k& ;

e for every « such that y(]0, +oo[) meets Hy and ¢, (yx) < tx, we may assume
by continuity that |fa (Vi) — fa()/k—1)| <1/2k.

Hence, to prove the assertion (4) at rank k, we consider « € A such that y; meets
Hey with ty <ty (vi) <1y, (V). and we prove that fo (k) < cx. We may assume that
Jo(vk) > 0. Let v be the highest point of y; in Hy, which, by disjointness, belongs
to Jvk(tq (Vi) Vi (tgy (vi))[. Let u be a pointin J&, v, (si)] U [vz_ (sk). pi] at
distance at most ¢} (00) +log(1 + V2) = %c; (c0) from v.

Assume first that u € [y,i_l (Sx), pr]. Note that by the minimality assumption on oy
and since a # ay, the point u then does not belong to Hy. As cx > 3 ¢|(o0), this
implies that fo (vr) <2d(u,v) < cx.

Assume now that u = )/,é_1 (t) with t € [to‘);{il (Yk—1) + A4, sg[ . Then by the minimality
of sy, the point u again does not belong to H, (it is in fact at distance at least K + 1

from Hy). Hence similarly fy (yx) < cx.

Finally, assume that u =y, (¢) with 7 < t&:_l (Yk—1) + A. Let u’ = y,_1(¢), which

satisfies d(u,u’) <1073 /4 (as yx_; and )/]é_l were assumed to be very close on that
range). Assume by contradiction that fy(yx) > ¢x. In particular,

d(, () Z d (v, viclty (Vi) Z fa (i) /2> ¢4 /2.

Let &, be the point at infinity of Hy and x4 = Yk (f, (yx)) the entrance point of yi
in Hy. Since d(v,u’) <d(v,u) +d(u,u’) < %c’l (00) + 1072 /4, we hence have

2Bg, (', xo) = 2B, (', v) + 2Bg, (v, xa)
> fa(yk) —2d(v,u') = cx =3¢} (00) —107°/2> ¢ >0,

by the definition of c4. Hence u’ € Hy and fo (yx—1) = 2B¢, (1, Xo) > ¢’. Furthermore,

t> to—);,  (Vk—1), since otherwise, and by Equation (40),

3
d(yk(tx)), v) <d(v,u')+d (v (), Vi1 (g, _ (rk—1))) < 3 €10+ 107°/2 <4 /2

by the definition of ¢4, a contradiction. Hence, by convexity and since Hy and Hy, _,
have disjoint interiors, we have #, (yx—1) > t‘j;(_l (Yi—1)- Since fo(vk—1) > ¢, this
contradicts the inductive hypothesis (4) on y,_1. This proves the result. O
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Remark There is an analogous statement, with an analogous proof, when (Hy)geA
is a family of balls of radius R > 0, replacing ¢} (00) by ¢} (R), and assuming both in
the hypothesis and in the conclusion that 4 < ¢” for some ¢”.

Corollary 5.14 Let X be a complete simply connected Riemannian manifold with
sectional curvature at most —1 and dimension at least 3, and let (Hy)qe 4 be a family
of horoballs in X with disjoint interiors. Assume that there exists K € [0, 400 and a
dense subset Y in 000X such that, for every geodesic ray y in X with y(4o00) €Y,
we have liminf; s 4 0o d(y (1), Uyea Ha) < K. Then, for every £ € X U oo X and

h > ¢ (00,0,0) +4cf(00) + 107> ~ 13.5542,

there exists a geodesic ray or line y starting from & such that, with (a;(y))nen the
penetration sequence of y with respect to (Hy, ph g, )aca, we have

limsup a;(y)=h.

i—>+o00

Proof Let ¢ = c¢{(00,0,0), ¢’ = c](c0,0,0) + ¢} (c0). We apply Theorem 5.1 with
€=00,8=0,k=c](00), & =&, Co = Hy where a € A satisfies & ¢ Hy U Hy[oc],
fo=pbc,- (Culnz1 i (Hp)pea—tay (up to indexing), f, = phe, for every n € N
such that £ € C,, U 000 Cy,. Then the assumptions of Theorem 5.13 are satisfied. An
easy computation of /4 in Theorem 5.13 then yields the result. a

Remark Using Theorem 5.2 instead of Theorem 5.1, there is an analogous statement
when (Hy)ae 4 is a family of balls of radius R >0, for /1 €[¢}/(R,0,0)+4c¢| (R)+107°,
2R—c{(R)].

As in Section 5.1, we consider a complete, nonelementary, geometrically finite Rie-
mannian manifold M, and e an end of M endowed with a choice of a Margulis
neighborhood. The asymptotic height spectrum of the pair (M, e) is

LimsupSp(M, e) = {lim supht.(y(2)) :y € TIM} .
t—>00

In classical Diophantine approximation, the Lagrange spectrum is defined as the
subset of [0, +o00[ consisting of the approximation constants ¢(x) of an irrational real
number x by rational numbers p/q, defined by

c(x) = liminf|q|2‘x _2 .
g—00 q
Using the well known connection between the Diophantine approximation of real

numbers by rational numbers and the action of the modular group PSL,(Z) on the
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upper halfplane model of the real hyperbolic plane, the asymptotic height spectrum
of the modular orbifold PSL, (Z)\H]é is the image of the Lagrange spectrum by the
map ¢ — —log2¢ (see for instance Hersonsky and Paulin [30, Theorem 3.4]). Hall
[24; 25] showed that the Lagrange spectrum contains an interval [0, ¢] for some ¢ > 0.
The maximal such interval [0, ] (which is closed as the Lagrange spectrum is closed,
by Cusick’s result (see for instance Cusick and Flahive [15]), called Hall’s ray, was
determined by Freiman [21] (see also Sloane [58] where the map ¢ — 1/¢ has to
be applied). The geometric interpretation of Freiman’s result in our context is that
LimsupSp(PSL, (Z)\H ) contains the maximal interval [c, +o0] with

491993569 ) 0817
2221564096 + 283748+/462 '

The next result is the asymptotic analog of Corollary 5.4, and has a completely similar
proof. Theorem 1.6 in the introduction follows, since (¢} (00,0, 0)+4 ¢} (00)+107%)/2
~ 6.7771. The result proves the existence of Hall’s ray in our geometric context, which
is much more general than the above particular case; there is no assumption of arithmetic
nature, nor of constant curvature nature. Furthermore, we obtain a universal constant
(though we do not know the optimal one) 6.7771 which is not too far from the geometric
Freiman constant 0.817.

= —log(2n) = —log?2 (

Corollary 5.15 Let M be a complete, nonelementary, geometrically finite Riemann-
ian manifold with sectional curvature at most —1 and dimension at least 3, and let e be
a cusp of M . Then LimsupSp(M, e) contains the interval

[(€](50,0,0) + 4 ¢} (00) +107%)/2, 0] . -

6 Applications to Diophantine approximation in negatively
curved manifolds

In this section, we consider a number of arithmetically defined examples, illustrating
the last result, Corollary 5.15. But we need first to recall some properties and do some
computations in the real and complex hyperbolic spaces.

6.1 On complex hyperbolic geometry and the Heisenberg group

To facilitate computations, we identify elements in C”~! with their coordinate column
matrices. We will denote by A* =’ A the adjoint matrix of a complex matrix 4.
In particular the standard Hermitian scalar product of w,w' € C" s w*w =

Z,_l w;w;. We also use the notation lw> =w* w.
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Let H be the Siegel domain model of the complex hyperbolic n—space, whose
underlying set is

HE = {(wo, w) € C xC" ' :2Rewy — |w|* > 0},

and whose Riemannian metric is
4

ds? =
€7 2Rewp — [w]?)?

((dwo—dw* w)(dwo—w* dw)+(2 Re wo—|w|?) dw* dw)

(see for instance Goldman [23, Section 4.1]). The complex hyperbolic space has
constant holomorphic sectional curvature —1, hence its real sectional curvatures are
bounded between —1 and —%. Its boundary at infinity is

oo H = {(wg, w) € C x C" 1 : 2Rewy — |w|* = 0} U {00} .
The horoballs centered at oo in H% are the subsets
Hs = {(wo, w) € C xC" 1 :2Rewy — |w|* > s},

for s > 0. Note that the subset Hé: = {(wo, w) € HE, : w = 0} is the right halfplane
model of the real hyperbolic plane with constant curvature —1, and it is totally geodesic
in Hg . In particular, the (unit speed) geodesic line starting from oo, ending at
(0,0) € dooHf- and meeting the horosphere d7 at time # = 0 is the map co: R — H{
defined by cq: t > (¢77,0).

Let ¢ be the nondegenerate Hermitian form —zyZ, — z,Z¢ + |z|? of signature (1, )
on C x C"! x C with coordinates (z, z, z,). This is not the form considered in [23,
page 67], hence we need to do some computations with it, but it is better suited for our
purposes. The Siegel domain H{. embeds in the complex projective n—space P, (C)
by the map (using homogeneous coordinates)

(wg, w) > [we : w : 1].

Its image is the negative cone of ¢, thatis {[z¢ :z : z,] € P4(C) : q(20, z, z4) <0}. This
embedding extends continuously to the boundary at infinity, by mapping (wo, w) €
doo Hi¢ — {00} to [wg : w: 1] and oo to [1:0: 0], so that the image of dooH. is the
null cone of ¢, thatis {[z¢ : z : z4] € P4(C) : q(z0, z, z4) = 0}. We use matrices by
blocks in the decomposition C x C"~1 x C.

Let

o O

4D

QS

Il
o ~O
o o
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be the matrix of ¢. If

a y* b
X=|a 4 ],
c 8 d
d —B* b
then o 'x*Q=| -§ A* —y
c —a* a

If Ug is the group of (n + 1) x (n + 1) invertible matrices with complex coefficients
preserving the Hermitian form ¢, then X belongs to Ug if and only if X is invertible
with inverse Q7' X*Q. In particular, if X belongs to Ugp, then

cd —§*§+dc=0,
ab—y*y +ba=0,
—af* + AA* - Ba* =1,
ch—8*y +da=1,
da—As+¢B =0,
ba— Ay +af =0.

(42)

The group Ug acts projectively on P, (C), preserving the negative cone of ¢, hence it
acts on H . We will denote in the same way the action of Ug on H{. and the action
of Ugp on the image of H% in P, (C). It is well known (see for instance Goldman [23])
that Ug preserves the Riemannian metric of H..

The Heisenberg group Heisy,—1 is the real Lie group with the underlying space
C" ! xR and the group law

CE V) =+ v+v -2ImE*) .
It has a Lie group embedding in Ug, defined by
¢ B

(Cv) > ugy = I ¢ ;
0 1

S O =

whose image preserves the point co as well as each horoball centered at co, as an easy
computation shows.

The Cygan distance (see Goldman [23, page 160]) on Heisy;,—1 is the unique left-
invariant distance dcy, such that

deys((0,0), (&, v) = (Ig]* + 0D
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We introduce the modified Cygan distance déyg as the unique left-invariant distance
/
dCyg such that
diyg((0,0), (6, v) = ((EI* + )2+ [g1H)1V2.

It is straightforward to check that déyg is indeed a distance, in the same way as the
Cygan distance (see for instance Koranyi and Reimann [41, page 320]) and that it is
equivalent to the Cygan distance,

Hence, its induced length distance is equivalent to the Carnot—Carathéodory distance
on the Heisenberg group Heisjy;,—1 (see Goldman [23, page 161]).

As the action of Heisy,—1 on dooH — {00} is simply transitive, dcyg and déyg define
distances on dooH ¢ — {00}, which are invariant under the action of Heisy,—1. We also
call these distances the Cygan distance and the modified Cygan distance, and again
denote them by dcy, and d(’:yg. Explicitly, these distances are given by

deyg(g,(0.0). ugr (0, 0)) = deye (€, v). (' 0)

and the similar expression for the modified Cygan distance.

Lemma 6.1 The distance dcy, (resp. déyg) is the unique distance on deoH? — {00}
invariant under the action of Heis,,_1 such that dcys((wo, w), (0,0)) = /2|wg| (resp.

d(,jyg((w(% I,U), (O’ O)) =V 2|U)0| + |w|2)

Proof For every (wo, w) in dooH{ — {00}, note that (wq, w) = u¢ ,,(0, 0) if and only

if v=—2Imwy and { = w, and that 2 Re wy = |w|?. Hence
Ay, (112,0(0.0), (0,0)) = (4 Re? wo +41m? wo)'/? + |w|*) /2 = v/ 2Jwol + |w]? .
A similar proof gives the result for the Cygan distance. |

In particular, if n = 2, then d(’:yg is indeed defined as in the statement of Theorem 1.8
in the introduction.

Let ng: be the Riemannian distance on H, and d]/HI% = % dH% be the Riemannian
distance of the Riemannian metric of H% renormalized to have maximal real sectional
curvatures —1.

Proposition 6.2 For every £,£ in dooH —{oo}, for every so > 0, the distance {’ for
the renormalized Riemannian distance dI,HI{g: between the horoball H, and the horoball
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centered at £ and tangent to the geodesic line between oo and &’ is, if these horoballs
are disjoint,

1
t'=—logdiy, (5,8 + 3 log (%0) .

Proof By invariance of the modified Cygan distance, of each horoball centered at
oo, and of the normalized Riemannian distance, under the action of the Heisenberg
group, we may assume that £ = (0, 0). Let ({, v) € Heisy,—; such that £ = u¢ ,(£).
As ug, sends geodesic lines to geodesic lines, and fixes oo, the geodesic lines (for
ng: ) starting from oo and ending at &’ are time translates of u¢ ,, o co, which by an
easy computation is

ugwocor 1 (¢ + (EP ~iv)/2.0)

The matrix

(43) Xo =

- o O
S ~N O

1
0
0

belongs to Ug, as Q_IX(;" 0=Xy= XO_1 , and the corresponding isometry of H,
sends 00 € dooHi: t0 (0,0) € dooH:. Hence Xy sends the horoballs centered at oo
to the horoballs centered at (0,0). Let s > 0, an easy computation shows that

XoHs = {(wg, w) € C xC" 1 :2Rewy — |w|? > s|wo]?} .
For every 7 in R, the point u¢ , 0co(7) belongs to the horosphere X0, if and only if
2Re (e 4+ ([51P —iv)/2) = [¢1? = sle™ + (|51 —iv) /2],
that is, if and only if
s €7 4 (I =2e + 2 (gl* +v7) = 0.

The horoball XoH; is hence tangent to the geodesic line u¢ , o ¢o if and only if the
above quadratic equation with unknown e~ has a double solution, that is, if and only
if its discriminant A is 0. An easy computation gives —A = s2v? + 4s|¢|?> — 4. Thus,
the horoball XoH; is tangent to u¢ , o ¢o if and only if

(44)

2
SEVTERET T

As the geodesic line ¢ passes through the point at infinity of both horoballs H, and
XoHs (which have disjoint interiors by assumption), the Riemannian distance between
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them is the length of the subsegment of ¢ joining them. Note that ¢y meets Xo0Hs
at (%, 0). Hence, by an easy computation in H &,

1 1 Ky 2
O = digy (Hey. Xo) = 3 diy (Huy. XoHe) = 3 diy ((—° o), (E’ o))

2
1 ) 2
= (10g2 —10g 7).
2(°g2 Ogs)

By Equation (44) and the definition of déyg, the result follows. a

For every X in Ug, we will denote by ¢ = ¢(X) its (3, 1)—coefficient in its matrix by
blocks. Note that X fixes oo if and only if ¢ = 0, by the equations (42). Equivalently,
by the same set of equations, a matrix fixes oo if and only if it is upper triangular by
blocks (this is the main reason why we chose the Hermitian form ¢ rather than the one
in [23]). The following lemma is completely analogous to Proposition 3.14 of [31], but
as we are using a different quadratic form, we need to give a proof.

Lemma 6.3 For every X in Ug and every s > 0 such that the horoballs Hs and
X Hs have disjoint interiors, we have

N
digp. (Hs, XHs) =logc| +log = .

Proof As H and X H; have disjoint interiors, X does not fix co, hence ¢ # 0. Left
and right multiplication of X by an element u¢ ,, for some (¢, v) in Heis,,—; does not
change the coefficient ¢ of X', nor does it change dﬁﬂ% (Hs, XHs) = % dmn, (Hs, XHs),
as ug, preserves the distance ng: and each horosphere centered at co. Hence, as
Heis;,—1 acts transitively on 0o H¢ —{0c0}, we may assume that X oo = (0, 0) and that
X loo= (0,0). As Xoo = (0,0), the coefficients a, @ of X are 0, and hence by the
second equation of (42), the coefficient y is 0. As X oo = (0, 0), the coefficients d, &
of X are 0, and hence by the fifth equation of (42), the coefficient 8 is 0. Therefore,
by the third and fourth equation of (42), the matrix X has the form

00
0 A4
c 0

S O9=

with A unitary. An easy computation, similar to the one we already did with X,
shows that

XHs ={(wg,w) eC x Cr1 :2Rewgy — |u)|2 > s|c|2|w0|2} .
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Hence, as above, since s/2 > 2/(s|c|?) as the horoballs Hy and X H; have disjoint
interiors,

1
dI/HI% (Hs, XHs) = E dH%(Hss XHS)

L ((2.0).(=22.0)) = tog|¢] + 1og
=—dpr|[=.0),| —, =log|c| +log = .
2 “He\\ 2 slef? g )

Let m be a squarefree positive integer, let K_,, = Q(i o/m) be the corresponding
imaginary quadratic number field, and let O_,, be the ring of integers of K_,,. An
order O in K_j, is a unitary subring of O_,, which is a free Z-module of rank 2. We
use for instance [14, Chapter 7] for a general reference on these objects. An example
of an order in K_,, is Z[i /m], and O_,, is the maximal order of K_,,. In particular,
O contains a Q—basis of K_,,, and the field of fractions of O is K_,,. Let w be an
element of O with Imw > 0 such that O = Z|w] = Z 4+ wZ.

O

As O is stable by complex conjugation, the subset
SUp(0) =SUg N M;,11(0)

is a discrete subgroup of the semisimple connected real Lie group SUg = Ug N
SLu+1(C).

Let Z be a nonzero ideal of O. We denote by I'c z the preimage, by the group
morphism SU g (O) — SL,,1(O/Z) of reduction modulo Z, of the parabolic subgroup
of matrices whose first column has all its coefficients 0 except the first one. As O/
is finite (Z is nonzero), I'c 7z is a finite index subgroup of SUp(O). In particular, if
Z=0,then I'cz =Tc,0 =SUp(0).

Recall that a horoball H centered at a point £ in a CAT(—1) metric space X is
precisely invariant C1)1nde£ a group of isometries I if for every g € I that does not fix &,
the intersection gHH N H is empty.

Lemma 6.4 Forv=2Imw if Rew € Z, and v = 4 Imw otherwise, the horoball
‘H is precisely invariant under I'c 7. Furthermore, if T = O = O_y, then H, is the
maximal horoball centered at oo which is precisely invariant under I'c 7.

Proof With v as in the statement, the element —iv/2 belongs to O, as i Imw =
o — Rew belongs to O if Rew € Z, and 2i Imw = w — w belongs to O (which
is stable by conjugation). Hence u¢ , belongs to I'c z. It follows for instance from
Hersonsky and Paulin [28, Proposition 5.7] (which is an easy consequence of the
complex hyperbolic Shimizu inequality of Kamiya [37] and Parker [46]) that the
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horoball H, is precisely invariant (the Hermitian form ¢ in [28] is not the same one
as the one above, but it is equivalent by a permutation of coordinates, hence we may
indeed apply Proposition 5.7 of [28]).

If Z=0=0_;, then X, defined in Equation (43) belongs to I'c 7 and Imw =1,

Rew € Z. By Lemma 6.3, we have d(H,, XoH,) = 0, hence the last assertion follows.
O

For every (a,a,c) € O x 0" 1 x O, let {a,a,c) be the ideal of O generated by a, ¢
and the components of «.

Proposition 6.5 Ifn =2 and O = O_,,, then

(1) forevery I, the set of parabolic fixed points of I'c 1 is exactly the set of points in
dooH having homogeneous coordinates in P, (C) that are elements in K_,,

(2) the orbit I'c 7 - 0o is exactly the set of points in dooH. having homogeneous
coordinates in P,(C) of the form [a : o : c] with (a,a,c) € O x IT" ! x T,
2Reac = |a|? and (a,a,c) = O,

(3) ifm=1,2,3,7,11,19,43,67,163 and Z = O, then I'c 1 has only one orbit of
parabolic fixed points.

Proof (1) If Z = O, then the first result is due to Holzapfel [35; 36, page 280]. As
I'c,z has finite index in SU(O), and as a discrete group and a finite index subgroup
have the same set of parabolic fixed points, the first claim follows.

(2) A result of Feustel [19] (see Holzapfel [36, page 280] and Zink [63]) says that
the map which associates to a parabolic fixed point of SUg(O) the fractional ideal
generated by its homogeneous coordinates in O—;, induces a bijection from the set of
orbits under SU g (O) of parabolic fixed points of SU g (O) to the set of ideal classes of
K_,;,. As oo corresponds to [1 : 0 : 0] whose coordinates generate the trivial fractional
ideal, and as K_,;, has class number one if and only if m =1,2,3,7,11,19,43, 67,163
(see Cox [14, Theorem 7.30]), the second claim follows if Z = O, as well as claim (3).

If M € I'c,z and

1 a
MO ]|=|«al],
0 c
then
a
o
c

is the first column of the matrix M, so that the second claim if Z # O follows by the
definition of I'c 7. a
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6.2 Quaternions and 5—-dimensional real hyperbolic geometry

Let H be Hamilton’s quaternion algebra over R, generated as a real vector space by
the standard basis 1,7, j, k, with products k =ij = —ji, i2=-1, j2 = —1 and
unit 1. Recall that the conjugate of the quaternion z = X1 + Xoi + X3 + X4k is
Z = X1 — X0 —Xx3] — X4k, which satisfies zw = w z, and that the absolute value of
z (or the square root of its reduced norm) is

=N(EZ)=~zZz=+Zz = \/xlz+x§+x§+x§.

The Dieudonné determinant (see Dieudonné [17] and Aslaksen [4]) A is the group
morphism from the group GL,(H) of invertible 2 x 2 matrices with coefficients in H

to R% , given by
N b _ lad —aca™'b| ifa #0,
cd)])  \|eb—cac™'d| ifc#0.
We will denote by SL,(H) the group of 2 x 2 quaternionic matrices with Dieudonné
determinant 1. We refer for instance to Kellerhals [38] for more information on
SL, (H). Note that this notation is different from, hence should not be confused with,
the notation SL(2, C,) for n = 3 and C3 = H of Vahlen and Ahlfors [2] (see also
Maclachlan, Waterman and Wielenberg [43]), giving a description of the isometry

group of the real hyperbolic (n + 1)—space using the 2" —dimensional real Clifford
algebra C,.

The group SL,(H) acts on the Alexandrov compactification H U {oo} of H by

4 b (az+b)(cz+d) Vifz # 00, —c71d,
(Cd)-z= ac ifz=o00,c#0,

00 otherwise.

It is well known (see for instance Kellerhals [38]) that PSL,(H) = SL, (H)/{+£Id} is
the orientation preserving conformal group of the 4—sphere H U {oo} with its standard
conformal structure defined by the 4—dimensional Euclidean space (H, |-]). In the
upper halfspace model H% of the 5—dimensional real hyperbolic space with constant
curvature —1, consider the coordinates (z,¢) with z € H and ¢ > 0 (called the vertical
coordinate), so that 3ooH]§ identifies with the union of H (for # = 0) and of {co}. By
the Poincaré extension procedure (see for instance Beardon [5, Section 3.3]), the group
PSL,(H) hence identifies with the group of orientation preserving isometries of H%.
We will denote the Riemannian distance on H]?@ by dﬁﬂ% .
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Lemma 6.6 [27, Theorem 1.- 2)] For every

_f(ab
£=\cua
in SL,(H), and (z, t) in H3,, the vertical coordinate of g(z,t) is

t
lez+d|? + |c|?t2

Proof As [27] is an announcement, we give a proof for the sake of completeness.
The proof is an adaptation of the proof for SL,(C) in [5, page 58], the main problem
consists of being careful with the noncommutativity of H. We may assume that ¢ # 0,
as the map z — azf + y for o, B,y in H* x H* x H is a Euclidean similitude of
ratio |afB|. Define the isometric sphere of g to be the sphere Sg of center —c~'d and
radius 1/|c| in the Euclidean space (H, |-|). By the definition of a Euclidean reflection
with respect to a sphere in this Euclidean space, the map

1 z4+cd

-1
ozt~ d+————
e |z +c1d]?

is the Euclidean reflection with respect to the sphere Sg. An easy computation shows
that the map ¢ = goo is
2> (b—ac 'd)zZe+d) +ac™ !,

which is a Euclidean isometry, as z + Z is, and |ch — cac™'d| = 1. The Poincaré
extension of ¢ preserves the vertical coordinates, and the Poincaré extension of o is
the Euclidean reflection with respect to the sphere in H% whose equator is Sg. As
g = ¢ o0, the result follows by an easy computation. O

The horoballs centered at oo in H% are the subsets Hg for s > 0, where

Hs =1{(z,1) € Hx]0, +00[ : > s} .

Lemma 6.7 For every

in SL;(H), and every s > 0 such that the horoballs Hs and gHs have disjoint interiors,
we have

d(Hs, gHs) =2log|c|+2logs .
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Proof As H and g7, have disjoint interiors, we have ¢ # 0. The map g sends the
geodesic line between —c~'d and oo to the geodesic line between oo and ac™!, hence
the point (—c~'d, s) of intersection of the first line with ; is sent to g(—c~'d, s),
which is the point of intersection of the second line with g7 . The vertical coordinate
of g(—c~'d,s) is 1/(|c|*s) by the previous Lemma 6.6. Hence the result follows by
an easy computation of hyperbolic distances. O

We will use Vignéras [61] and Maclachlan and Reid [42, Section 2] as general references
on quaternion algebras. Let 4(Q) be a quaternion algebra over Q, which is ramified
over R, that is, the real algebra 4(Q) ®g R is isomorphic to Hamilton’s algebra H.
We identify 4(Q) ®g R and H by any such isomorphism. Let O’ be an order of
A(Q), that is an unitary subring which is a finitely generated Z-module generating
the Q—vector space A(Q). For instance, if
A(Q) = {x1 +x21 +x3] + x4k € H : x1, X2, x3, x4 € Q},
we can take
O = {Xl + x51 +X3j +X4k e H 1 X1,X2,X3,X4 € Z},
or the Hurwitz ring
I+i+j+k

O/ = {X]%—F)Qi +X3j +X4k S Hlxl,X2,X3,X4 S Z} s

which is a maximal order. Let Z’ be a nonzero two-sided ideal in the ring O’.

We denote by 'z the preimage in the group morphism SL,(O’) — GL,(O’/Z") of
reduction modulo Z’ of the subgroup of upper triangular matrices. As O'/Z’ is finite
(Z' is nonzero), 'z is a finite index subgroup of SL,(O’).

Lemma 6.8 The horoball H is precisely invariant under 'z, . Furthermore, if ' =
O, then H, is the maximal horoball centered at oo which is precisely invariant

under I'z.
11
01

belongs to I'zv. It follows from Kellerhals [38, page 1091] that the horoball H; is

precisely invariant.
(01
=\ =10

If 7/ = @, then
belongs to I'z/, and by Lemma 6.7, d(#H1, g#H1) = 0, so the last assertion follows. O

Proof The element
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6.3 On arithmetic lattices

The following result follows from the work of Borel and Harish-Chandra [8] and of
Borel [7, Theorem 1.10] (see Borel [6] for an elementary presentation of semisimple
algebraic groups). Two subgroups 4 and B of a group C are said to be commensurable
in this theorem if A N B has finite index in both 4 and B.

Theorem 6.9 [8;7] Let G be a connected semisimple algebraic group defined over
Q of R-rank one and P be a minimal parabolic subgroup of G defined over Q,
let G = GR)g and P = GN P(R), let I be a subgroup of G commensurable to
G(Z)N G, then T is a lattice in G, and the set of parabolic fixed points of T on G/ P
is G(Q)P. ad

Such a subgroup I' will be called an arithmetic lattice in G . Note that the R-rank
assumption is equivalent to the fact that for every (or equivalently any) maximal compact
subgroup K of the Lie group G, the associated symmetric space X = G/K may
be endowed with a G —invariant Riemannian metric with sectional curvature at most
—1. Such a metric is then unique up to multiplication by a positive constant, and P
is the stabilizer of a point in the boundary at infinity do X . The orbital map at this
point hence induces a G —equivariant homeomorphism between G/ P and doo X . Note
that there is a terminology problem: by a parabolic element, we mean an isometry
of X having a unique fixed point (called a parabolic fixed point) on X U 0o X , that
belongs to dso X', but the set of real points of a parabolic subgroup of G also contains
nonparabolic elements!

Examples In (1) and (2) below, let m be a squarefree positive integer, and let Z be a
nonzero ideal in an order O in the ring of integers O_,, of the imaginary quadratic
number field K_,, = Q(i/m). Let (I,w) be a basis of O as a Z-module. It
is also a basis of K_,, as a Q—vector space, and of C as an R—vector space. If
X1,..-5Xn, V1,-.., yp are real numbers, as w is a quadratic integer, note that

n
H(xi—l—wyi):P(xl,...,xn,yl,...,yn)—l—a) O(X1,y - s X, V1seovs Vn)

i=1
where P and Q are polynomials in xy,...,X,, y1,..., yp With integer coefficients.

(1) By writing each coefficient of a 7 x n complex matrix X in the basis (1, w) over
R, the equation det X =1 gives a system of two polynomial equations with integer
coefficients, with unknown the coordinates of the coefficients of X in (1, w).

Hence, there exists an algebraic group G defined over Q such that G(Z) = SL,(0O),
G(Q) =SL,y(K_,,) and G(R) = SL,(C). As the Lie group G(R) is connected and
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semisimple, with associated symmetric space the real hyperbolic 3—space, the algebraic
group G is connected, semisimple with R-rank one. Let P be the algebraic subgroup
of G corresponding to the upper triangular subgroup of 2 x 2 matrices, so that P is
the stabilizer of the point at infinity oo in the upper halfspace model of H]?x'

Let I'r 7 be the finite index subgroup of the group SL,(O), which is the preimage, by
the group morphism SL,(O) — SL,(O/Z) of reduction modulo Z, of the subgroup of
upper triangular matrices. By Theorem 6.9, the subgroup I'r 7 is a lattice in SL,(C),
and its set of parabolic fixed points is

,PFR!I = SLZ(K—m) 00 = K—m U {OO},

as 0 -1 and x 0
1 0 1 x7 1)

for every x in K_,, — {0}, are elements of SL,(K_;,) sending co to 0 and x respec-
tively.

Note that if Z = O = O_,,, then I'r 7 = PSL2(O_;,) is a Bianchi group, which is
well-known to be a lattice in PSL,(C) (see for instance Maclachlan and Reid [42]).
The fact that Pry , = K—m U {oo} is also proven in Elstrodt, Grunewald and
Mennicke [18, Proposition 2.2, page 314].

(2) Recall that N(w) = ww and Tr(w) = w + ® = 2 Rew are integers, as  is an
algebraic integer. If x, y, x’, y" are real numbers, note that

(x +@y)(x" +wy) = (xx"+ N(@) py' + Tr(®) yx') + o(xy" - px) .

Recall that the matrix Q (introduced in Equation (41)) has integer coefficients. Hence
by writing each coefficient of a (n+ 1) x (n 4+ 1) complex matrix X in the basis (1, ®)
over R, the system of equations given by det X = 1 and X* QX = Q becomes a
system of 2((n+1)2+1) polynomial equations with integer coefficients, with unknown
the coordinates of the coefficients of X in (1, w).

Therefore there exists an algebraic group G defined over QQ such that G(Z) =SUp(O),
G(Q) =SUg(K_p) and G(R) = SUg. As the Lie group G(R) is connected and
semisimple, with associated symmetric space the complex hyperbolic n—space, the
algebraic group G is connected, semisimple with R-rank one. Let P be the algebraic
subgroup of G corresponding to the upper triangular by blocks subgroup of (n 4 1) x
(n 4+ 1) matrices, so that P is the stabilizer of the point at infinity oo in the Siegel
domain model of H., or of the point [1 : 0: 0] in the projective model.

By Theorem 6.9, the group I'c 7 defined in Section 6.1 is a lattice in SU g, and its set
of parabolic fixed points is Pr , = SUg(K—p,)-00. By Witt’s theorem, SUg (K_;;)
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acts transitively on the isotropic lines in K_,,"! for the Hermitian form ¢. Hence

Prer =1z0:2:zn] € Pu(K—m) : q(20.2,2p) = 0}. If n =2 and O = Oy, we
recover Proposition 6.5 (1).

(3) Let Z’' be a nonzero two-sided ideal in an order O’ of a quaternion algebra
A(Q) over Q such that 4(Q) ®p R = H. For every field K containing Q, define
A(K) = A(Q) ®q K. Let (eq, ez, e3,e4) be abasis of O’ as a Z-module. It is also
a basis of A(K) as a K—vector space for every field K containing Q.

If x = x1 + x2i + x3j + x4k is an element in H, written in the standard basis
(1,1, j, k), let Trx = 2x; be its reduced trace, and N(x) = xl2 + x% —|—x§ +x§ be
its reduced norm. A 2 x 2 matrix
ab
X =
(24)

with coefficients in H has Dieudonné determinant 1 if and only if
(45) N(ad) + N(bc) — Tr(acdb) = 1

(see for instance Kellerhals [38, page 1085]). The maps R* — R defined by sending
(x1,x2,x3,x4) to N(x1e1+x2e0+Xx363+x4e4) and Tr(x1e1 +X2e2+ X383+ Xx4€4)
are polynomial maps in x1, X3, X3, x4 with rational coefficients.

By writing each coefficient a, b, ¢, d of a 2 x 2 matrix X with coefficients in A4(K)
in the basis (e, e, e3,e4) for any field K, Equation (45) becomes a polynomial
equation with coefficients in QQ, with unknown the coordinates of the coefficients of
X in (ey, ez, e3,¢e4).

Hence there exists an algebraic group G defined over Q such that G(Z) = SL,(O’)
and G(K) = SL,(A(K)) for every field K containing Q. As the Lie group G(R) =
SL,(H) is connected and semisimple, with associated symmetric space the real hyper-
bolic 5—space, the algebraic group G is connected, semisimple with R—rank one. Let
P be the algebraic subgroup of G corresponding to the upper triangular matrices, so
that P is the stabilizer of the point at infinity co in the upper halfspace model of H]%{.

Let I'zv be the group introduced in Section 6.2, which has finite index in SL,(O’). By
Theorem 6.9, the subgroup I'z/ is a lattice in SL, (IH), and its set of parabolic fixed
points is Pr,, = SL2(A4(Q))-00. As A(Q) is a division algebra, the same argument
as for example (1) shows that Pr_, = A(Q) U {oo}.

6.4 The ubiquity of Hall rays

In this subsection, we give applications of our geometric results from Section 5 to the
framework of Diophantine approximation in negatively curved manifolds, introduced
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in Hersonsky and Paulin [30; 31], to which we refer for notation and background. In
particular, we will consider arithmetically defined examples. See also the previous
works of Ford [20] and Series [57], among many others.

Let M be a complete, nonelementary, geometrically finite Riemannian manifold with
sectional curvature at most —1 and dimension at least 3. Let 7: M — M be a
universal Riemannian covering, with covering group I'. Let e be a cusp of M, and,
as in Section 5.1, let V, be a fixed Margulis neighbourhood of e, H, a horoball in
M with n(H.) =V, and &, the point at infinity of H,. Note that V. is a Margulis
neighbourhood of e if H, is precisely invariant under I'. In the previous works [30;
31], it was required that V, is the maximal Margulis neighbourhood, as this makes
the constructions independent of the choice of V.. But since it is not always easy to
determine the maximal Margulis neighbourhood of a cusp, and as it is not necessary
for the statements, we will fix some choice of V, (or equivalently H,) which is not
necessarily maximal.

Three (classes of) examples Many of these examples are in fact orbifolds rather than
manifolds, but the extension to this context is obvious. We use the same notation as in
the examples of Section 6.3.

(1) Let I'r 7 be the finite index subgroup of the group SL,(O), which is the preimage,
by the group morphism SL,(O) — SL,(O/Z) of reduction modulo Z, of the subgroup
of upper triangular matrices. The quotient M = FR,I\H% is a finite volume real
hyperbolic orbifold. Let 7: Hi{ — M be the canonical projection, e the cusp of M
corresponding to &, = oo, and let H, be the horoball of points of Euclidean height at

least 1. As
11
01

belongs to I'g 7, it is well known that H, is precisely invariant under I'g 7. Further-

more, if Z = O, then
0 1
—-10

belongs to I'r 7, hence H, is maximal. For more details, see the end of Section 5
of [30].

(2) Let I'c,z be the finite index subgroup of SUg(O) introduced in Section 6.1,
that acts by isometries on the Siegel domain model H{, of the complex hyperbolic
n—space with (constant) holomorphic sectional curvature —1. Let M be the finite
volume complex hyperbolic orbifold I'c 7\Hf , which is endowed with the quotient
of the renormalized Riemannian distance dgn in order for its sectional curvatures to
be at most —1. Let 7 : Hiz — M be the canonical projection, e be the cusp of M
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corresponding to £, = 0o, and let H, be the horoball H; 1,4 if Rew € Z, and Hy 1m e
otherwise, which is precisely invariant under I'c 7 by Lemma 6.4 (and maximal if
IT=0=0_y).

(3) Let Z’ be a nonzero two-sided ideal in an order O’ of a quaternion algebra 4(Q)
over Q such that 4(Q) ®g R = H, and I'zv be the finite index subgroup of SL,(O’)
introduced in Section 6.2, that acts by isometries on the upper halfspace model H]i
of the real hyperbolic 5—space with (constant) sectional curvature —1. Let M be the
finite volume real hyperbolic orbifold I'z/\H3 , 7r: H3 — M the canonical projection,
e the cusp of M corresponding to & = 0o, and let H, be the horoball #, which is
precisely invariant under I'z7 by Lemma 6.8 (and maximal if Z' = O’).

Let the link of e in M, Lk, = Lk.(M), be the space of locally geodesic lines (up to
translation at the source) starting from e in M that are nonwandering (in other words,
such that each of them accumulates in some compact subset of M ). Let Rat, be the
space of locally geodesic lines starting from e and converging to e. Normalize the
locally geodesic lines in Lk, URat, so that their first intersection with dV, is at time 0.
Endow Lk, U Rat, with the compact-open topology. Let A" C 800117 be the limit set
of I', Pr C AT the set of parabolic fixed points of I', and let I's, be the stabilizer
of & in T". Then the maps I'§, — {&.} — Rat, and AT" —Pr — Lk, which associate
to x the projection in M by 7 of the geodesic line starting from &, and ending at x,
induce a bijection I'so\(T'E, — {&.}) — Rat, and a homeomorphism

Too\(AT —Pr) — Lk, .

We identify these spaces by these maps. Note that Lk, U Rat, is compact if and
only if M has only one cusp, and that Rat, is dense in Lk, U Rat, (as I'&, is dense
in AT'). Diophantine approximation in M as defined in [30; 31; 32] studies the rate
of convergence of sequences of points in Rat, to given points in Lk, .

For every r in Rat,, let D(r), called the depth of r, be the length of the subsegment
of r between the first and the last meeting points with dV.

Examples (1) Consider M = FR,I\HEK- Then Pry , C C U {oo} is exactly
K_;» U{oo}, by Example (1) of Section 6.3. Thus, Lke(M) = (I'R,7) 00 \(C — K_p).
In a commutative unitary ring R, we denote by (pi,..., px) the ideal generated
by pi,..., px € R. It is easy to prove as for instance in Elstrodt, Grunewald and
Mennicke [18, Lemma 2.1, page 314] that Rat, is the set of elements » = p /¢ (modulo
(I'rR,7)00) With (p, q) € OxZ such that (p, g) = O. Furthermore by [30, Lemma 2.10]

D(r) =2log|q| .
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(2) Consider M = I'c z\H¢ . Let Q(R) be the real quadric dooHg — {oo}. By
considering a basis of K_,, over Q, it is easy to see that Q(R) is the set of R—points
of a quadric Q defined over Q (which depends on m), whose set Q(Q) of Q—points is
Q(R) N (K—pm x K™,1). We have Lk, = (I'c, 7)o\ (Q(R) — Pre. ;). By Example (2)
of Section 6.3, we have Pr. , = Q(Q) U {oo}.

Then Rat, is the quotient modulo (I'c 7)oo of the subset of Q(Q) of points of the
form (a/c,a/c) with (a,a,c) € O x "1 x T such that there exist matrices of the
appropriate size b, d, 8, y, 8, A such that

ay* b

a A B

c & d
belongs to I'c,z. By Proposition 6.5 (2), this existence requirement is equivalent
to the requirement that g(a,®,c¢) =0 and {(¢,a,c) = O,if n =2 and O = O_,.
By Proposition 6.5 (3), Rate = (I'c,7)00\Q(Q) if n =2, T =0 =0_;;, and m =
1,2,3,7,11,19,43,67,163.

If r € Rat is of the form (a/c,a/c) (modulo (I'c 7)so) as above, then by Lemma
6.3, we have
log Imw if Rewe?Z,

D(r) =1
(r) 0og |C| + { log(2 Imw) otherwise.

(3) Consider M = FZ/\H%. We have Pr,, = A(Q) U {oo}, by Example (3) of
Section 6.3. Hence Lk, = (I'z7) oo \(H — A(Q)).

It is easy to see that Rat, is the set of elements r = pg~—! (modulo (I'7)so) With
(p.q) € O x (T’ —{0}) such that there exists r,s € O" with |gr —qpg~'s| = 1.
Furthermore, by Lemma 6.7, we have

D(r)=2loglq| .

The cuspzdal distance d}(y,y’) of y,y’ in Lk, URat, is the mlmmum of the d Y,y )
for ¥, y’ two lifts of y,y’ to M starting from &,, where d/ &,y ) is the greatest
lower bound of » > 0 such that the horosphere centered at y(+00), at signed distance
—log2r from dH, on the geodesic line &, 7(+00)[, meets 3’ [30, Section 2.1].
Although 672 is not necessarily an actual distance, it is equivalent to the Hamenstidt
distance (see Section 3.1 and Hersonsky and Paulin [30, Remark 2.6]).

Examples (1) If M has constant curvature —1, if one identifies Lk, U Rat, with a

subset of dH, by the first intersection point, then ¢, is the induced Riemannian distance
on dH,, which is Euclidean [30, Section 2.1]; in particular, if M = I'g I\HR or
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M =Tz \H3,, then d, is the quotient of the standard Euclidean distance on Lk, U Rat,
identified with a subset of (I'r,7)o0\C or (I'z7) oo \H.

(2) If M is Hermitian with constant holomorphic sectional curvature —1, then d} is
no longer Riemannian, but by Proposition 6.2, it is a multiple of the modified Cygan
distance d(’:yg. In particular, if M = I'c 7\H, then d is the quotient by (I'c 7)oo
acting on dooHIE. of the distances

1
——d/ ifRew € Z,
2/ Imow Cye

1
22 Imow

Remark The claim in the first paragraph of Section 3.11 in [31] (where the authors
only considered the case m = 1 and Z = O = O_;) that the cuspidal distance coincides
with the Hamenstidt distance is incorrect. But every statement remains correct. Since
the Cygan distance and the modified Cygan distance are equivalent, this does not
change the statement of the main results, Theorems 3.1, 3.2, 3.4, and 3.5 of [31].
Since d(, < V2 dcyg and d) = ld’ o by the above displayed formula with © =1,
so that dcyg > 2 dé, Theorem 3. 6 of [31] also remains correct, using in its proof the
inequality dcy, > V2 2 d}, instead of the equality dcy, = V2 ds, mentioned there.

’ .
dcy, otherwise .

With M as in the beginning of this subsection, for every x in Lk, , define the approxi-
mation constant ¢(x) of x as
c(x) = lim inf d.(x,r) el
( ) reRate , D(r)—o00 e( )
The Lagrange spectrum of M with respect to e is the subset Spy,, (M., e) of R
consisting of the constants ¢(x) for x in Lk,. It is shown in [30] that

e c¢(x) is well defined for any x in Lk, (as Rat, is dense in Lk, U Rat, and
{D(r) : r € Rat} is a discrete subset of R with finite multiplicities),

e ¢(x) is finite for any x in Lk, (as x is nonwandering) (note that if y is a locally
geodesic line starting from e in M that converges into a cusp of M, then the
same formula would yield c¢(y) = +00),

e the least upper bound of Spy,,(M, ¢), denoted by Ky, and called the Hurwitz
constant of (M, e), is finite.

In particular, Spy,,(M, e) C [0, Kps,e]. The following result tells us that the Lagrange

spectrum contains a nontrivial initial interval [0, ¢], with a universal lower bound on ¢
(whose optimal value we do not know).
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Theorem 6.10 Let M be a complete, nonelementary, geometrically finite Riemannian
manifold with sectional curvature at most —1 and dimension at least 3, and let e
be a cusp of M endowed with a Margulis neighbourhood. The Lagrange spectrum
Sprae (M., €) contains the interval [0, 0.00057]. In particular, Kz, = 0.00057.

Proof By [30], the map /& — %e‘h maps the asymptotic height spectrum bijectively
onto the Lagrange spectrum. We apply Corollary 5.15 and the computation above it. O

A precise version of this theorem is stated as corollaire 5 in our paper [48] when M
is a real or complex hyperbolic manifold. Note that the constant ¢4« of [48], which
satisfies cx = e+ /2 with hy ~ 6.7771, is approximatively 0.00057, and not 0.0337
as indicated by mistake in [48]. Theorem 1.7 in the introduction follows immediately,
by the first example discussed in this section. By varying the (nonuniform) arithmetic
lattices in the isometry group of a negatively curved symmetric space (see for instance
Maclachlan and Reid [42] or Maclachlan, Waterman and Wielenberg [43]), other
arithmetic applications are possible. We only state two of them in what follows; see
also our paper [48].

Let 7' be a nonzero two-sided ideal in an order O’ of a quaternion algebra 4(Q) over
Q ramifying over R, and let N be the reduced norm on A(R) = A(Q) ®g R (see
for instance Vignéras [61] and Section 6.2). For every x € A(R) — A(Q), define the
approximation constant of x by
c(x) = lim inf N(q)N(x—pq_l)% ,
(p,q) €O'XT:
Ir,s€® N(gr—qpqg~1s)=1, N(g)—o0

and the Hamilton—Lagrange spectrum for the approximation of elements of H by
elements of O'Z'~! as the subset of R consisting of the c(x) for x € A(R) — A(Q).
Note that ¢(x) is finite if x € A(Q), as then x is not a parabolic fixed point of I'z.
Apply Theorem 6.10to M = I‘I/\Hfg with the above discussions of the third example
to get the following result.

Theorem 6.11 The Hamilton—-Lagrange spectra contain the interval [0, 0.00057]. O

In the case when Z' = O’ and 0’ is the Hurwitz maximal order in Hamilton’s quaternion
algebra A(Q) C H (see Section 6.2), A Schmidt [54] proved that the Hamilton—
Lagrange spectrum contains /2 Spp where Spg is the classical Lagrange spectrum
for the approximation of real numbers by rational numbers. As Spg contains [0, 1]
where w is Freiman’s constant (see the end of Section 5.4), this proves that the Hamilton—
Lagrange spectrum in this case contains the interval [0, 0.312]. Note that the fact that
our approximation constant coincides with the inverse of A Schmidt’s approximation
constant follows from Schmidt [53, Theorem 5].
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Let m be a squarefree positive integer, let Z be a nonzero ideal in an order O in the
ring of integers O_,, of the imaginary quadratic number field Q(i /1), and let w be
an element of O_,, with Imw > 0 such that O = Z + wZ. Let £p 1 be the set of
(a,a,c) in O xI""1 x T such that there exists a matrix of the form

a y* b

a A B

c 8% d
that belongs to I'c 7. If n =2 and O = O_,, then, as seen previously,

Eor={(aac)eOxT" "xT:q(a a.c)=0, (a,a,c)=0}.

We do not know if this is the case for every n,Z, O as above. For every x € Q(R) —
Q(Q), define the approximation constant of x by
c(x) = lim inf cl dby,(x,(a/c,afc)),
()=, lmint el iy (v, (afe. /o)

and the Heisenberg—Lagrange spectrum, for the approximation of elements of Q(R)
by elements of {(a/c.a/c):(a,a,c) € o1} C Q(Q), as the subset of R consisting
of the ¢(x) for x € Q(R) — Q(Q). Note that c(x) is finite if x € Q(Q), as then x is
not a parabolic fixed point of I'c 7. Our last result follows from Theorem 6.10 and the
previous discussions of the second example.

Theorem 6.12 If Re w € Z, the Heisenberg—Lagrange spectra contain the interval
[0,0.0011/+/Im w] and otherwise contain [0,0.0008/+/Im w]. O

Theorem 1.8 in the introduction follows from this one (and from Lemma 6.1) by taking
m=1,n=2,T7=0=0_1,asthen Imw = 1.
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