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Existence of minimizing Willmore Klein bottles
in Euclidean four-space

PATRICK BREUNING
JONAS HIRSCH
ELENA MADER-BAUMDICKER

Let K =RP?#R P? be a Klein bottle. We show that the infimum of the Willmore
energy among all immersed Klein bottles f: K — R” for n > 4 is attained by a
smooth embedded Klein bottle. We know from work of M W Hirsch and W S Massey
that there are three distinct regular homotopy classes of immersions f: K — R*,
each one containing an embedding. One is characterized by the property that it
contains the minimizer just mentioned. For the other two regular homotopy classes
we show W(f) > 8w. We give a classification of the minimizers of these two
regular homotopy classes. In particular, we prove the existence of infinitely many
distinct embedded Klein bottles in R* that have Euler normal number —4 or +4
and Willmore energy 8. The surfaces are distinct even when we allow conformal
transformations of R*. As they are all minimizers in their regular homotopy class,
they are Willmore surfaces.

53C42; 53C28, 53A07

1 Introduction

For a two-dimensional manifold ¥ immersed into R” via f: ¥ — R”, the Willmore
energy is defined as

W= g [1HP dug,

where H is the mean curvature vector of the immersed surface, ie the trace of the
second fundamental form. Integration is due to the area measure with respect to the
induced metric g = f*8eucl-

In this paper, we consider closed nonorientable manifolds ¥ of (nonorientable) genus
p =1, 2, ie our surfaces are of the type of RP? or K := R P? R P? (aKlein bottle).
We are interested in the existence and the properties of immersions f: ¥ — R” forn>4
that are regularly homotopic to an embedding and that have low Willmore energy.

Published: 19 May 2017 DOI: 10.2140/gt.2017.21.2485


http://msp.org
http://www.ams.org/mathscinet/search/mscdoc.html?code=53C42, 53C28, 53A07
http://dx.doi.org/10.2140/gt.2017.21.2485

2486 Patrick Breuning, Jonas Hirsch and Elena Mdder-Baumdicker

Concerning a lower bound on the Willmore energy, a result of Li and Yau [19] is very
useful for closed surfaces immersed into R”: Let x € R” be a point and 0(x) :=
|{z € ¥ : f(z) = x}| the (finite) number of distinct preimages of x. Then

W(f) = 4r0(x).

As any immersed R P? in R has at least one triple point (see Banchoff [3]) it follows
that W(f) > 12z for any such immersion. Equality holds for example for Boy’s
surface; see Kusner [11]. Similarly, as an immersed Klein bottle in R3 must have
double points we have that W( f) = 8x for such immersions. Kusner conjectured
that Lawson’s minimal Klein bottle in S* is (after inverse stereographic projection)
the minimizer of the Willmore energy for all Klein bottles immersed into R3; see
Kusner [11] and Lawson [18]. This immersion has energy about 9.7 .

Since any m—dimensional manifold can be embedded into R2™ (Whitney [28]) it is
natural to ask what is known about real projective planes and Klein bottles immersed
into R*. Li and Yau [19] showed that W(f) > 67 for any immersed R P? in R*, and
equality holds if and only if the immersion is the Veronese. It turns out that the Veronese
embedding and the reflected Veronese embedding are representatives of the only two
distinct regular homotopy classes of immersions containing an embedding. The number
of regular homotopy classes is due to Whitney and Massey (see Massey [21]) and
Hirsch [9]; see Section 3.

As in the case of R P2, we can count the number of distinct regular homotopy classes
of immersions of a Klein bottle containing an embedding. There are three of them.
By a gluing construction of Bauer and Kuwert there is a Klein bottle embedded in R*
with Willmore energy strictly less than 8 ; see Bauer and Kuwert [4, Theorem 1.3].
We repeat parts of this gluing construction in Section 4 and conclude that this gives
a Klein bottle in the regular homotopy class characterized by Euler normal number
zero. As we can add arbitrary dimensions this construction yields an embedded Klein
bottle f: K — R" for n > 4 with W(f) < 8. It follows that the infimum of the
Willmore energy among all immersed Klein bottles is less than 87 . E Kuwert and
Y Li proved in [14] a compactness theorem for so-called W 22 —conformal immersions
and a theorem about the removability of point singularities. With these methods we
prove that the infimum among immersed Klein bottles is attained by an embedding.
We know that the minimizer is smooth by the work of T Riviere [24; 25]. Note that
Riviere proved independently a compactness result similar to the one of Kuwert and Li
mentioned above; see [25, Theorem III.1].

The existence of the minimizer among immersed Klein bottles gives a partial answer to
a question that was stated by F Marques and A Neves [20, Section 4]: they asked about
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the infimum of the Willmore energy in R3 or R* among all nonorientable surfaces of
a given genus or among all surfaces in a given regular homotopy class and they asked
whether it is attained. Here is the first existence result:

Theorem 1.1 Let S be the class of all immersions f: ¥ — R" where ¥ is a Klein
bottle. Consider

B :=infW(f): [ € S}.

Then we have that 7 < 8m for n > 4. Furthermore, B7 is attained by a smooth
embedded Klein bottle for n > 4.

We want to point out that the upper bound 87 < 8m can be improved. Let 73,1 be
the bipolar surface of Lawson’s 73 j—torus [18]. It is an embedded minimal Klein
bottle in S*. After stereographic projection, one obtains a Klein bottle f: K — R*
with Willmore energy W(f) = 6x E(%E), see Lapointe [16]. Here, E(-) is the
complete elliptic integral of the second kind. We conclude that 85 < 67 E(Z*sz) ~
6.682m < 8m. There is some indication that 73 ; is the actual minimizer among
immersed Klein bottles in R*; compare the forthcoming paper of Hirsch and M:der-
Baumdicker [8].

We will show in Section 3 that immersions in one of the other two regular homotopy
classes of immersed Klein bottles in R* satisfy W(f) > 8. There are minimizing
representative embeddings f;: K — R* for i = 1, 2 with Euler normal number —4
for fi and +4 for f5 (for the definition of the Euler normal number, see Section 3).

We prove the following:

Theorem 1.2 There is a one-parameter tamily of smooth embedded Klein bottles
S K —>R* fori = 1,2 and r € RT, with W(f) =8n fori =1,2. The
embeddings f1’~ have Euler normal number e(v) = —4. The oriented double cover
of the surfaces f|: My — R4 are conformal, where M, = C/ T', is the torus generated
by (1,ir). Furthermore, the f| are twistor holomorphic. The second embeddings
S5 are obtained by reflecting f] (K) in R*, and they have Euler normal number +4.
Every embedding f| and f] is a minimizer of the Willmore energy in its regular
homotopy class. Thus, all discovered surfaces are Willmore surfaces.

For r # r' the surfaces f{ (K) and f/ "(K) are different in the following sense: for all
conformal transformations ® of R* we have JT(K) # ®o flr/(K) forr #r’.

Furthermore, there is a classification (including a concrete formula) of immersed Klein
bottles in R* that satisfy W(f) = 8x and |e(v)| = 4.

Our techniques can also be used for any R P2 with W(f) = 6. As such a surface
must be a conformal transformation of the Veronese embedding (Li and Yau [19]) we
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get an explicit formula for this surface:

Proposition 1.3 Define f: S* — C? =R* by

Izt =1 Lz
f(z)_(z|z|6+1’z |z|6+1)"

Then f(S?) is the Veronese surface (up to conformal transformation of R*).

We give an overview of the structure of this paper. In Section 2 we prove that each
torus carrying an antiholomorphic involution without fixpoints is biholomorphically
equivalent to a torus 7 with a rectangular lattice generated by (1,7). On T, the
involution has the form /(z) =z + % up to Mobius transformations on 7°. Section 3
contains the proof in the nonorientable case of the so-called “Wintgen inequality”,
W(f) = 27 (x + le(v)]); see Wintgen [29]. We then give an introduction to the
theory of twistor holomorphic immersions into R* (see Friedrich [7]) and construct
the surfaces of Theorem 1.2 with this theory. The same methods yield the formula
for the Veronese embedding. We explain in Section 4 that the gluing construction of
Bauer and Kuwert [4] gives an embedded Klein bottle f: K — R” for n > 4 with
Willmore energy strictly less that 87 (thus, with Euler normal number zero if n = 4).
This embedding is not in one of the regular homotopy classes of the embeddings of
Theorem 1.2. After this, we show that a sequence of Klein bottles fz: K — R” where
the oriented double covers diverge in moduli space satisfies

liminf W( f) > 8.
k—o00

We use this estimate together with techniques and results from Kuwert and Li [14] and
Riviere [24; 25] to show Theorem 1.1.

Remark In R3, there is no immersed Klein bottle with Willmore energy 8x. If
it existed then we could invert at one of the double points in R3. We would get a
complete minimal immersion in R3 with two ends. But due to Kusner [11] this surface
must be embedded, a contradiction.

Acknowledgment First of all we want to thank Ernst Kuwert for the initial idea. He
posed the existence of Willmore-minimizing Klein bottles as an open problem and
proposed the gluing of two Veronese surfaces as a first step to obtain a competitor
below 8m. Furthermore, he gave us a sketch of the proof of Theorem 1.1. Secondly
we want to thank Tobias Lamm for drawing our attention to this problem and for
helpful discussions. Mader-Baumdicker is funded by the DFG in the project “Willmore
surfaces in Riemannian manifolds”.
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2 Antiholomorphic involutions on the torus

Let N be a nonorientable manifold of dimension two and ]7 N > R" (n>3)an
immersion. We equip N with the induced Riemannian metric f *Seuct. Consider
q: M — N, the conformal oriented two-sheeted cover of N, and define [ := f oq.
As every 2—dimensional oriented manifold can be locally conformally reparametrized,
M is a Riemann surface that is conformal to (M, f*8euc1). Let I: M — M be the
antiholomorphic order-two deck transformation for ¢. The map I is an antiholomorphic
involution without fixpoints such that f ol = f.

Now consider the situation where N is the Klein bottle, ie N is compact, without
boundary and has nonorientable genus two. In this case, the oriented two-sheeted cover
g: T? — N lives on the two-dimensional torus 72. It is the aim of this section to
classify all antiholomorphic involutions without fixpoints on a torus 7% up to Mobius
transformation. A Mobius transformation is a biholomorphic map ¢: 7% — T'2. We
use the fact that every torus is a quotient space C/ ', where I' is a lattice in C, ie

I'={mw+no :mneclZ},

where w, o’ € C = R? are vectors that are linearly independent over R. We call
(w, ") a generating pair of T'.

Theorem 2.1 Consider a lattice T in C generated by a pair (1, t) where J(t) > 0,
—% <N(r) < % and |t|>1.Let I: C/T — C/ T be an antiholomorphic involution
without fixpoints. Then T’ must be a rectangular lattice, ie T € iR™, and, up to Mébius
transformation, the induced doubly periodic map I: C — C is of the form

I(2)=z4+1 or I(z)=-2+1c

Remarks (i) A similar result can be found in [13, Appendix F]. For the sake of
completeness we give a full proof of Theorem 2.1 in the following. The case that
I' is a hexagonal lattice, ie generated by (1, ¢™/3) and T =T with a = ¢/i7/3
for =1, 2,4, 5 is not considered in the proof of [13].

(i) The expression “up to Mobius transformation” means that there is a Mébius
transformation ¢: C/T" — C/T such that ¢~ o I 0 ¢ is of the claimed form.
If 1 is an antiholomorphic involution without fixpoints on a torus C/I" then
¢ ! oI o0¢ is also an antiholomorphic involution without fixpoints on that
torus. Therefore, it only makes sense to classify such involutions up to Mobius
transformation.

(iii) Everymap I: C/T" — C/ T induces a map I: C — C thatis doubly periodic
with respect to I'. From now on we denote I simply by 7.
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We prove this theorem in several steps. But first we explain how we come to the case
of a general lattice.

Proposition 2.2 Let I' be a lattice in C. Then there exists a generating pair (@, ®")
such that T := aﬁ)f/a) satisfies J(t) > 0, —% <R() <1, |t|=>1 and, if |t| =1, then
N(t) = 0. Let I be the lattice generated by (1, t). Then there exists a biholomorphic
map ¢: C/T —>(C/f

Proof The pair (w,®’) is sometimes called the “canonical basis”. The proof of the
existence of this basis can be found in [1, Chapter 7, Theorem 2]. For the biholomorphic
map we define §(z) := z/w for z € C. Then ¢([z]) := @(z) for [z] € C/T defines a
biholomorphic map ¢: C/I" — C/ r a

Lemma 2.3 Let I" be a latticein C and I: C/T" — C/T' an antiholomorphic invo-
lution. Then I is of the form 1(z) = az+ b, where a, b € C withal' =T, |a| =1
and ab + b € T'. Here, T is the complex conjugation of T'.

Proof Define ¥ (z) := I(Z). Notice ¥: C/T — C/T is holomorphic. Let " be
generated by (71, 73). The derivative ¥': C — C is holomorphic and bounded on
the compact fundamental domain F := {¢t;t; + #5715 : 0 <, t, < 1}. The periodicity
of ¥’ implies that it is bounded in all of C. By Liouville’s theorem we get that ' = a
for some a € C. Therefore, we have that ¥ (z) = az + b for some b € C. Since
I:C/T — C/T, we have that

I'sIz4+w)—1(z)=¢Y(Z+w)—yY(Z)=aw foral wel,

which implies «I’ C T'. For the other implication we use that ¥ is one-to-one (if
restricted to the fundamental domain F). The map ® := I is an inverse of ¥ because
Toy(z)=Iol(Z)=zmodT and Yol (z) = I(I(z)) =z mod I". The same argument
as above implies that there are complex numbers ¢, d € C such that ®(z) =cz +d.
So we have that

Falz4+w) —I1(z)=®(z+w)—P(z)=cow forall weT,
which implies ¢I" C T'. We get that
id|c/r(2) =¥ o®(z) =acz +ad + b,

which implies ac = 1 and %F crT. a

Lemma 2.4 Let I" be a lattice in C generated by (1,t) with J(t) > 0. Then all
Mobius transformations ¢: C/I' — C/ I' are of the form ¢(z) = az +§ with § € C
and:
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(1) If T =i (quadratic lattice) then o € {1,—1,i,—i}.
(i) If T = e'™/3 or v = ¢2™/3 (hexagonal lattice) then « € {!™/3 .1 =1,...,6}.

(iii) If T is neither the quadratic lattice nor the hexagonal lattice then « € {1, —1}.

Proof First we note that a translation ¢(z) =z + 6 fora § € C is always a Mdbius
transformation. Therefore, we assume that ¢(0) = 0 (by composing with a translation).
The rest of the proof can be found in [23, Chapter III, Proposition 1.12.]. a

Lemma 2.5 Let I' be a lattice in C generated by (1, t) with J(t) > 0 and |t| = 1.
Let I be an antiholomorphic involution on C/T" of the form I(z) = az + b with
a € {+1,—t}. Then I has a fixpoint.

Proof Let ¢(z) =z + § be a translation on C/I". We have that
o lolop(z)=a@Z+8) +b—86=az+b+ad—8.
Consider now a translation with § € R. Then we have that
I(z):=¢ 'olop(z)=+1Z+ (£1—1)§ +b.

By 3J(+t —1) # 0 we can choose § € R such that (7 —1)é + b € R. Hence by
passing from I to T we can assume that the involution is of the form / (z)==xtz+b
with b € R. Lemma 2.3 implies that +tbh 4+ b € I". Since (1, 7) is the generating pair
of I' we get that b € Z. But I(z) = £tz + n with n € Z has the fixpoint 0. Then the
original involution also had a fixpoint. a

Lemma 2.6 Let I be a lattice in C generated by (1, t) with J(t) >0 and |t| = 1.
Let I be an antiholomorphic involution on C/T" of the form 1(z) = az + b with
a &{+1,—1}. Then I has a fixpoint.

Proof Since a satisfies al' =T and |a| = 1 (see Lemma 2.3) we want to know how
many lattice points lie on the unit circle S!. There are two cases.

Case 1 (t—1¢S') But |t —1]% # 1 is here equivalent to R(r) # % since
|t —1|? = 2— 2% (7). Therefore we know that T" cannot be the hexagonal lattice and
there are exactly four lattice points on S', namely 1, —1, t and —t. Since aI' =T’
and 1 € T we have that « € T N'S?!, which implies a € {1, —1, t, —7}. But we assumed
ad{+1,—1}, and a € {tr, —t} implies that I has a fixpoint by the previous lemma.

Case2 (v —1eS!) This corresponds to the hexagonal lattice, T = ¢'™/3 | There
are six lattice points lying on S!, namely elin/3 for [ =1,...,6. Again, as in the
first case, we have that ¢ € T N'S!. The cases / = 3 and / = 6 are not possible by
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assumption, therefore we get that @ € {t! : / =1, 2, 4, 5}. Now consider a Mbius
transformation of the hexagonal lattice ¢(z) = oz with o # 0. Lemma 2.4 yields
ae{tk:k=1,...,6. Wecompose

b _ r2k+lz 4 Gp.

Iz):=¢p ol =§_ - =
(z):=¢ " oloy(z) oL

If / is even, then we choose k such that 2k +/ = 6. Thus, we are in the case a = 1.
If / = 5 then we compose with the Mdbius transformation ¢(z) = oz, where o = 74
(which is equivalent to & = —2). We have then reduced it to the case ¢ = t, which is
Lemma 2.5. a

Lemma 2.7 Consider a lattice I' in C generated by a pair (1,t) with J(t) > 0,
—% <N(r) < % and |t|>1.Let I: C/T — C/ T be an antiholomorphic involution.
Then we have that I(z) = az + b witha € {—1,1}.

Proof By Lemma 2.3 we know that aI' =T and |a| = 1. Hence a € S' NT. We
claim that S' N T" = {—1,1}. Since |r| > 1, we know that 7 ¢ S! N I". But then
we only have to consider the case that z € S N T is of the form z = —1 + /7 for an
[ € Z\ {0}. We use the assumptions on 7 and get

=14 17> = 14+ 22> =20R(0) > 1+ 1> =1 > 1.
This strict inequality shows the lemma. a

Definition 2.8 A lattice I" in C is called a real lattice if it is stable under complex
conjugation, ie I' =T".

Lemma 2.9 Let I' be areal lattice generated by (1, t) with —% < N(tr) < 5. Then

1
5 .
we have that %(7) € {0, 1}.

Proof Let © = x +iy. Then there are m, n € Z such that

T=x—iy=n+mx+iy) < x—n—mx—i(my+y)=0
<< m=-1 and x(1—-m)=n.

This implies that %(r) =x € (—5. $|N{3n:neZ} ={0.1}. o
Lemma 2.10 Let I' be a lattice generated by (1, t) with —% <N(r) < % and let
1(z) =az+b be an antiholomorphic involution with a = —1. Then the lattice is real and

N(r) e {O, %} If N(z) = % then I has a fixpoint. If R(t) =0 then I(z) = —z + %r
(up to Mobius transformation) and I has no fixpoints.
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Proof As every lattice satisfies —I' = I' we have by Lemma 2.3 that T = - =T,
ie the lattice is real. The previous lemma yields R (z) € {0, 1}.

Casel (N(r)=14) We note that

(1) IRNT ={2mi3I(tr) :m € Z}.

By composing / with a translation we can assume that » € iR: Consider the translation
¢(z) =z +4; then

I(z):=¢ 'ologp(z)=—Z+b—56—-8=—Z+b—2R(5).
Thus, we can subtract the real part of b and consider T instead of 1.

But from ab + b € I’ (see Lemma 2.3) and (1) we have that 2b = —b + b € " and
2b =2miJ(t) for an m € Z. Composing the involution with another translation yields
that b = mt for an m € Z. Hence I(z) = —z 4+ mt, which has the fixpoint 0.

Case2 (N(r)=0) Here, I' isarectangular lattice. By translation, as in the first case,
we assume b € i R. Therefore, we get that —b+b=2b e T NiR ={mt:m e 7},
hence b = %Wl‘[ for an m € Z. Observe that m cannot be even because otherwise 7
would have a fixpoint. As the formula for I is only defined modulo I', we have that
I1(z)=—-z+ %1’. We only have to show that this I has no fixpoint; an equality like

I1z)—z=-ZzZ—z+ %r = -2N(z) + %r =n+mt

cannot hold for numbers m, n € Z because t is purely imaginary. |
Lemma 2.11 Let T" be a lattice generated by (1, t) with —% <MN(r) = % and let
I(z) =z 4+ b be an antiholomorphic involution. Then, up to Mobius transformation,
I is of the form I(z) =z + % and the lattice satisfies N (1) € {O, %} If fN(r) = % then
I has fixpoints

Proof By composing with a translation ¢(z) = z + § we get

I(z):=¢ 'olop(z)=Z+b+8—-8=—2+b—2i3(5).

Thus, we can assume that » € R. Now we have that 2b =b+b € TNR = Z and
therefore b = %m for an m € Z. If m was even, then I would have the fixpoint 0,
and since the formula is only defined modulo I" we have that b = % Asal' =T
with ¢ = 1 we know that the lattice is real and hence satisfies R (7) € {0, %} (see
Lemma 2.9). It remains to check in which cases I has fixpoints: Let m,n € Z. If

[(z)—z=Z7—z+4 3 ==2i3(2) + L =n+mNR(v) + mi ()
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then J(z) = —%WIS(‘L’) and R(tr) = (1 —2n)/2m. Hence, if the real part of 7 is an
odd number divided by an even number, then / has a whole line of fixpoints, otherwise
it has no fixpoints. a

We are now able to prove Theorem 2.1:

Proof Any involution is of the form /(z) = az + b by Lemma 2.3. If |t| > 1 then

Lemma 2.7 implies that a € {1, —1}. The case a = —1 is Lemma 2.10 and the case
a =1 is Lemma 2.11. If |t|] = 1 then we have that ¢ € {—1,1} by Lemma 2.6.
Lemmas 2.10 and 2.11 apply also for this case. a

3 Willmore surfaces of Klein bottle type in R*
with energy 8x

Let M be a closed manifold of dimension two (orientable or nonorientable) immersed
into an oriented 4—dimensional Riemannian manifold (X4, #). The immersion induces
a metric g on M, a connection V on tangential bundle TM and a connection V< on
the normal bundle NM. Since TM and NM are both two-dimensional, their curvature
operator is determined by scalars. Let { £, E, N1, N»} be an orthonormal oriented
frame of X* in a neighborhood U of xy € M such that £y, E, is a basis for Tx M
and Ny, N, abasis for Ny M for all x € U. The scalars of interest are the Gauss
curvature, given on U by

K(x)= R(Ey, Ey, E3, Ey) =(VE,VE,E2 —VE,VE E2— Vg, E,1E2, E1),
and the trace of the curvature tensor of the normal connection, given on U by
Kt (x) 1= (RH(Ey, E3) Ny, Ni) = (Vi Vi, N2 — Vi, Vi, N2 = Vig, g1N2. N1).
We introduce the connection 1-forms {wij Vi, j=1,2,3,4 given by
2) Dye; := wl.j(v)ej forve T M,

where {E1, E», N1, Ny} = {eq,ep,e3,e4} and D is the Levi-Civita connection of X .
Classical calculations show that

R(X,Y)E; =dw)(X,Y)E; and RY(X,Y)N;=dwi(X,Y)N;,
hence the definition of K and K+ is independent of the orientation of Ey, E,.

The Weingarten equation relates D to the connection V and the second fundamental
form A(v, w) = (Dyw)L for vector fields v and w on M by Dyw = Vyw + A(v, w).
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We can express R and R+ in terms of the second fundamental form and the curvature
operator R¥ of the ambient manifold X* using 4;; for A(E;, E;):

(3) K(x)=R¥(E\, Ey. E2. E1) + ((Dg, E\)". (DE, E2)*)
—((Dg, E2)*". (DE, Ex)™)
= R¥(E|, Ey, Ez, E1) + (A11, A22) — (A12, A12).
Similarly, one gets for the normal curvature
K*(x) = R¥(Ey, E3, Ny, N1)+{(Dg,N1)".(Dg,N2) ") —((DE,N>) ", (DE, N1)T)
= RX(EI,Ez,NZ,Nl)—{—( Z (Alj,N1><A2j,N2>—<A1j,Nz)(Azj,Nl)).
j=1,2

Observe that the second part can be expressed as (Zj=1,2 Ayj NAzj, Ny A Nz).
Introducing the tracefree part A7; = Aij—1 Hg;j using Al +A45,=0and A1, =47,,
the equation for K- simplifies to

4) Kt (x) = RY(Ey, Ey, Na, Ny) +2(A45, A A5, Ny AN,).

Recall that the Euler number of the normal bundle can be expressed similarly to the
Gauss—Bonnet formula [22] as

(5) e(v) = % /M Kt

As a corollary of these calculations we obtain a classical inequality by Wintgen.
This inequality was known to be true for oriented surfaces. We extend the result
to nonorientable surfaces.

Theorem 3.1 (Wintgen [29]) Let M be a closed manifold of dimension two (ori-
entable or nonorientable) and Euler characteristic x. Let f: M — R* be an immersion
and denote by e(v) the Euler normal number of f. Then we have that

(6) W) z 27 (x + leW)]),
and equality holds if and only if

(7 |49, 1% = 149,13, (45,, 4S,) =0 and K+ does not change sign.

Proof The proof for the orientable case can be found in [29]. Note that in this case
e(v) =21 (see [17]), where [ is the self-intersection number due to Whitney; see [28].
And we have the equality x =2 —2p, where p is the genus of M .
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The general case follows from (3) and (4) and the flatness of R*. Equality (3) becomes
K = (Aq1,A2) — (A2, A15) and so |H|* = |A|*> + 2K . Together with |4°|> =
|A|? — 3| H|?, we have

FIH|> =2K +|4°.

Equation (4) becomes K 1= 2(A7, N A3

15> N1 A N3) and we can estimate

[KE1=2]47) A AT IN1 A N2| = 2014717147, % = (45, 47D /2
<2|A47,1147,] = |A?1|2 + |A?2|2 = %|A°|2,
with equality if and only if the first part of (7) holds. Combining both gives
LH? =2K +4°* = 2K + 2| K.

Multiplying by % and integrating over M gives

W(f)E/MK+/M|KJ‘|E/MK+'/MKL

with equality if and only if K1 does not change sign. O

’

Remark As we are interested in the case p =2, ie N =RP?{{R P? is a Klein bottle,
the inequality above does not give us any information about the Willmore energy in
the case e(v) = 0. But we get information about the energy if the immersion is an
embedding, due to the following theorem.

Theorem 3.2 (Whitney, Massey [21]) Let N be a closed, connected, nonorientable
manifold of dimension two with Euler characteristic . Consider an embedding
f: N — R* with Euler normal number e(v). Then e(v) can take the following
values:

—4+2x, 2x, 2x+4, 2x+8, ..., 4—2x.

Furthermore, any of these possible values is attained by an embedding of N into R*.

Corollary 3.3 Let N = RP2 i RP? be a Klein bottle. Consider an immersion
f: N —R* that is regularly homotopic to an embedding, and denote by e(v) the Euler
normal number of f. If e(v) # 0 then W(f) > 8x.

Proof By [9, Theorem 8.2], two immersions f, g: N — R* are regularly homotopic
if and only if they have the same normal class. By assumption, the given immersion f is
regularly homotopic to an embedding g: N — R*. Theorem 3.2 and x(N)=2—p =0
implies that e(vy) = e(vg) € {—4,0,4}. As e(v) # 0 we use Theorem 3.1 to see that
W(f)=8m. O
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Remark In the case of genus one, we get from Theorem 3.2 that the Euler normal
number of the Veronese embedding f: RP? — R* must be e(v) € {—2,+2}. By
the work of Hirsch [9] we get that there are exactly two regular homotopy classes
of surfaces of R P2 type containing an embedding. Each regular homotopy class is
represented by a Veronese embedding, one is the reflected surface of the other.

For the construction of immersed Klein bottles with W( /) = 87 and e(v) € {—4, +4}
we need the theory of twistor holomorphic immersions. They were studied in [7], and
we follow that paper.

Definition 3.4 Let (X*, /) be an oriented, 4—dimensional Riemannian manifold.
Consider a point x € X 4 and let P, be the set of all linear maps J: T X * T Xt
satisfying the following conditions:

(i) J?=—id.
(i) J is compatible with the metric %, ie J is an isometry.
(iii)) J preserves the orientation.
(iv) If we define the 2—form Q(t1,12) :=h(Jt1, 1) for t, tr € Tx X*, then —QAQ

equals the given orientation of X*.

Theset P:=|J, cys Px isa C P! —fiber bundle over X* (note SO(4)/U(2) = C P!).
We call P the twistor space of X* and denote by 7: P — X* the projection of the
bundle.

Definition 3.5 (the lift of an immersion into the twistor space) Let M be an oriented
manifold of dimension two and f: M — X* an immersion. We decompose the tangent
space Trx)X 4 of the ambient manifold into the sum of the tangent space T M and
the normal space NxM . Let E,, E, be a positively oriented orthonormal basis of
TxM and Ny, N, an orthonormal basis of N, M such that {E, E5, N1, N} is a
positively oriented basis of Ty, X 4 We define the lift of the immersion f by

8) F(x): Tro Xt — TrenX*,
F(x)Ey =E,, F(x)E;=-Eq,
F(x)N; =—N,, F(x)Ny =Ny,

ie F(x) is the rotation around the angle 7 in the positive (negative) direction on T M
(on NyM). In this way,! F: M — P is alift of f.

IThe frame {E;, E5, N{, N5} gives a local bundle chart of the pullback bundle f*P around x. The
defined linear map F(x): Tf(X)X4 — Tf(X)X4 is an element of the fiber Py (y). Hence we can either
consider F to be a map into the pullback bundle f*P that is the identity on M or as a map into P by
7o F(x):= f(x). We follow the classical line and think of F as a map into P.
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Definition 3.6 (twistor holomorphic) There exists an almost complex structure Y
on P coinciding with the canonical complex structure on the fibers SO(4)/U(2) =~ C P!.
For a point J € P the horizontal part 7' JH P is determined by the Levi-Civita connection
on X* and the complex structure on it is dw~'J dm [7, Section 1]. The pair (P,Y)
is a complex manifold if and only if the manifold X# is self-dual; see [2]. Let M be
an oriented two-dimensional manifold and f: M — X* an immersion. Denote by
I: TxM — Tx M the complex structure of M with respect to the induced metric f*/.
The immersion f is called twistor holomorphic if the lift F: (M,I) — (P,Y) is
holomorphic, ie dF(I1(t)) = Y(dF(¢)).

Remark The pair (M, I) from the definition above is a Riemann surface and 7/ only
depends on the conformal class of f*/h. The map F has the property that for any
conformal coordinates ¢: U C C — M the map F o ¢ is holomorphic. Furthermore,
the metric (f o ¢)*h is conformal to the standard metric on C.

On the other hand, if a the lift F: M — P of amap f: M — X* from a Riemann
surface M has the property that F' o ¢: U — P is holomorphic for any conformal
coordinates ¢: U — M, it is not hard to check that F is twistor holomorphic, as
defined above. In fact, this is the picture we will use in the following.

Remark As we only want to use the construction of twistor spaces for X* = R* we
have more information about the structure of P: using an isomorphism SO(4)/U(2) =
C P! = S?, the twistor space P of R* is (as a set) the trivial S>—fiber bundle over R*,
ie P = R*xS? (see [2, Section 4]). On the other hand P carries a holomorphic
structure which is not the standard holomorphic structure on C2 x S? but a twisted
one: If H is the standard positive line bundle over C P!, then P is isomorphic to
H & H (the Whitney sum of H with itself); see [2, Section 4]. This is a bundle over
S? with projection p: H @ H — S?. Thus, we are in the following situation:

M
PoF l S
F
Proposition 3.7 [7] Let f: M — X* be an immersion of an oriented two-dimen-
sional manifold M ; then the following conditions are equivalent:

(1) f is twistor holomorphic.
(i) The connection forms defined above satisty on every neighborhood U

4 3 3 4 _
w, +wi —*w; +*wj =0,

where x is the Hodge star operator with respect to the induced metric f*h.
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(iii) Forall x e U,
F(x)A${(x) = A3, (x).

Proof Although this proposition corresponds to [7, Proposition 2] we give here
a direct proof. Fix a point x and choose an orthonormal frame {E{, E,, N1, N»}
in a neighborhood U as in Definition 3.5. As described in Definition 3.5 the lift
corresponds to a matrix F(y) € SO(4) for all y € U. By definition of F(y), being
twistor holomorphic is a condition on the vertical part of T, P, ie

©) F(x)DyF(x) = Dy F(x) forall veTxyM.

Observe that conditions (8) imply F(y)? =—1 and F(y)’ =—F(y) (where A’ denotes
the transpose of A) and so

DF(y)F(y) = —F(y)DF(y). DF(y)' =—DF(y).

Therefore DF(y) maps the tangent space T, M into the normal space N, M . This
can be seen as follows:

(E1,DF(y)E2) = (E1, DF(y)F(y)E1)
= —(E1, F(y)DF(y)E ) = (E2, DF(y)E}).

But the antisymmetry of DF(y) implies
(Ey, DF(y)E;) = —(E2, DF(y)Ey),

so (E1, DF(y)E,) = 0. Similarly one shows that (N, DF(y)N,) = 0. Furthermore,
we have

DF(x)E, = DF(x)F(x)E1 = —F(x)DF(x)Eq,
(Ni, DF(x)Ej) = —(Ej, DF(x)N;) fori, j=1,2.

and conclude that (9) is satisfied if and only if
F(x)DyF(x)E{ = Dy F(x)E, forall veTyM.
To calculate DF(x)E we differentiate 0 = (N;, F(y)E;) along v € T,y M and obtain
0= (N;, DF(x)Ey) + (DyN;, F(X) Ey) = (F(x)Ni, DyEy)
= (N, DF(x)E1) — (N, Dy E;) — Z (F(x)Ni, Nj){(Nj, DyE1)

= (N1 DF) 1) (w420 + Z (FCON. Ny w{*0)

j=1,2
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using the 1—forms introduced in (2). We calculate
D F(x)E; = (w3 —wh Ny + (wy +w)Na,
showing the equivalence of (i) and (ii), since
F(x)D(yF(x)E{— Dy F(x)E;
= (wg + wi” — *w; + *w;‘)Nl + (—wg + w‘f + *wg + *wf)Nz.
It remains to check that (ii) is equivalent to (iii). Evaluating (ii) in £; and E,, recalling
w¥T2(Ej) = Nk, D, Ei) = {Nk. Aij) we have
(N2, A12) + (N1, A1) — (N1, A22) + (N2, A12) = 2({(N2, A7,) + (N1, 471)),
(N2, Ag2) + (N1, A12) + (N1, A12) — (N2, A11) = 2(—=(N2, A7) + (N1, 47,)).
This shows that (ii) holds if and only if F(x)A47, = A3,. a
Corollary 3.8 Let M be an oriented two dimensional manifold and f: M — R* an
immersion into R*; then the following are equivalent:

(1) f is twistor holomorphic.
i) W(f)=2n(x—e()) = 271()( + |e(v)|), ie equality holds in (6) and e(v) < 0.

Proof The equivalence follows from the fact that (7) is equivalent to condition (iii) in

the previous proposition, ie F(x)A47, = A}

1, because in this case

K =2(4$, A A7y, N1 A Na) = 2((AS,, N1)(A5,, Na) — (45, N2) (4S5, Ni))
= _2|A?1 |2 = _2|Ac1)1 | |A?2|-

If (7) holds then either F(x)A], = A}, or —F(x)A], = A},, but, since K+ must

be nonpositive so that equality holds, the second is excluded. a

Remark As the Veronese surface satisfies W(f) = 67 and e(v) = —2 (when the
orientation of R* is chosen appropriately), we get that the oriented double cover
f:S? = R* is twistor holomorphic.

Friedrich [7] considered twistor holomorphic immersions into R* in detail. He used
the special structure of P to prove a kind of “Weierstrass representation” for such
immersions.

Theorem 3.9 (Friedrich [7]) Let M be an oriented two-dimensional manifold. Let
P >~ H @ H be the twistor space of R* (see the remark before Proposition 3.7). A
holomorphic map F: M — P corresponds to a triple (g, s1, s2), where

Geometry & Topology, Volume 21 (2017)



Existence of minimizing Willmore Klein bottles in Euclidean four-space 2501

(i) g: M — S? is a meromorphic function;

(ii) s; and s, are holomorphic sections of the bundle g*(H) over M .

Furthermore, there are holomorphic maps ¢', y': M; — C, where i = 1,2 and
M :={g # oo} and M, := {g # 0}, such that

si=('9?), ="y
with
@? = lgol and Y2 = lwl on My N M,.
g g

A holomorphic map F: M — P defines a twistor holomorphic immersion f: M — R*
via [ = m o F if and only if
(10) |dsy| + |dsa| > 0.
If (10) is satisfied, then f is given by the formula
= (wlg—lﬁl J1g+<p1)

L+[gl? " 1+1gl* )

Conversely, if f is given by (11) with s, and s, satistying (10) then f is a twistor
holomorphic immersion. Any such twistor holomorphic immersion satisfies the formula

(12) W(f) = 4m deg(g).

)

Proof The proof is done in [7, Section 1, Remark 2 and Section 4, Example 4]. We
remark that the meromorphic function g is defined by g = po F'. a

Corollary 3.10 Let M be an oriented two-dimensional manifold and f: M — R*
a twistor holomorphic immersion. Let (g, sy, s2) be the triple corresponding to the
lift F: M — P (see Theorem 3.9). Then the maps ¢' and ¥ for i = 1,2 can be
extended to meromorphic functions ¢, ': M — S? fori = 1, 2 with the following
properties: Denote by Sp(h) := {x € M : h(x) = north pole = oo} the poles and
by Sy (h) :={x € M : h(x) = south pole = 0} the zeros of a meromorphic function
h: M — S?, and let ord;,(b) for b € Sp(h) or b € Sy (h) be the order of the poles or
zeros of h. Then we have:

(i) Sp(e') C Sp(g) and ord,1(b) < ordg(b) forall b € Sp(ph).
(i) Sp(p?) C Sn(g) and ord,2(a) < ordg(a) forall a € Sp(p?).
(ii) Sp(y!)c Sp(g) and ordy1(b) < ordg(b) forall b € Sp(yh).
(iv) Sp(y?) C Sn(g) and ordy2(a) < ordg(a) forall a € Sp(y?).

Geometry & Topology, Volume 21 (2017)



2502 Patrick Breuning, Jonas Hirsch and Elena Mdder-Baumdicker

Proof On C\ (Sp(g)U Sy (g)), we have p?g = ¢!, and ¢': C\ Sp(g) — C and
¢%: C\ Sy(g) — C are holomorphic. Thus, either lim,_,; ¢! (z) = oo for b € Sp(g)
or ¢! (b) is a zero of order greater than or equal to — ordg (b). In the latter case, ¢! has
a removable singularity in 5 and can be extended smoothly. In the first case, ¢! has
a pole in b. There are no other poles of ¢!, and the order of a pole of ¢! cannot
be bigger than that of g. Therefore, (i) holds. The other three claims follow in the
same way. o

Proposition 3.11 The twistor space P = R* x SO(4)/U(2) of R* naturally carries
an antiholomorphic involution J defined as being the identity on R* and the multi-
plication by —1 on SO(4)/U(2). The composition of this involution with a lift of
an immersed surface into the twistor space gives the lift of the same surface with
reversed orientation. Furthermore, the involution is fiber-preserving and induces the
antiholomorphic involution z + —1/Z on C P!,

Proof As already mentioned, the twistor space P of R* is isomorphic to H @ H in
the sense that the following diagram commutes:

PLHEBH

The projection 7 is given by (11); compare [7, Section 4, Example 4]. One can under-
stand 7 as follows: Define the local sections around a point z € C P! \{[(0, DI, [(1, 0)]}
with representative (u1,u,) € C? as

a)= (1), per=(1.22).
Uy [Z51
A holomorphic section in H @ H can be parametrized by the real 4—parameter family
(13) § = (Aa(z) + BB(2), Ba(z) — AB(2)).
The projection 7 () is then (A4, B) € C? = R*.

The space H @ H is holomorphically embedded in C* by inclusion. We define the
antiholomorphic involution

I C* > C* u=(ur,up, uz,ug) > (g, 3, —y, iy).

Let ze CP!\ {[(O, 1)]} and u € H® H with p(u) = z,ie z = uy/uy = us/ug;
then po I(u) = —ii,/u;, hence I defines an antiholomorphic involution on C P! by
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z + —1/Z. Using the parametrization (13) one readily checks that

W T0= (L) (L) (1) -as(- D))

Due to the 1somorphlsm Y: H® H — P we obtain an antiholomorphic involution
on Pby J:=vyo To ¥ ~1. Equation (14) implies that J is the identity on R*. It
remains to show that J corresponds to the multiplication by —1 on SO(4)/U(2). This
can be seen as follows: Let f: M — R* be a twistor holomorphic immersion with
holomorphic lift F: M — P; compare Definition 3.5. We denote by F:= Yo F the
associated holomorphic map into H @ H and let 0: M — M be an antiholomorphic
involution on the Riemann surface M reversing the orientation. Using T we obtain
a new holomorphic map F M >H®H by F, := T o Foo. Furthermore, we
have 7 o Fz(p) = f(ao(p)) = f(p) for all p € M, due to (14). Hence, F, :=
v~ 1o Fy: M — P has to be the lift corresponding to the immersion f oo: M — R*
and therefore J must be the multiplication by —1 on SO(4)/U(2). a

Corollary 3.12 Let M be a two-dimensional oriented manifold and f: M — R* a
twistor holomorphic immersion. Assume that M is equipped with an antiholomorphic
involution I: M — M without fixpoints such that f ol = f. Let F: M — P be the
lift into the twistor space and (g, sy, ) the corresponding triple (see Theorem 3.9).
Then we have that

1
(15) ol =——=
& g
and
vy - o'
(16) §01 ol = — 2 1 _2.

=y and Yy ol =—==—¢
g

The immersion f is given by the formula

1 _ 101 _1__101 2
a7 f=(f1,f2)=(‘” vl ¥ oV )=( ‘”,‘”“))
g—gol g—gol g+ &+

Proof Let F: M — P be the holomorphic lift of f as in the statement above. Then
g = po F, where p: P — CP! is the projection in H @ H =~ P. Consider the
holomorphic map F:=JoFol: M — P,where J: P — P is the antiholomorphic
involution from Proposition 3.11. By assumption we have f ol = f', which implies
(together with the properties of J) that F is the lift of f,1ie F = F. As J induces

the antipodal map on C P! we have that
go]:poFo]:poJoF:—%,
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which is (15). For (16), we use the same argument but now on H & H: Denote by
Y: H@® H — P the isomorphism as in the proof of Proposition 3.11. The antiholomor-
phic involution T on H@® H from the same proposition has the property To F ol =F,
where F:=1 o F. By definition of 7 we get ¥2ol =¢! and —y! o I = ¢, which
implies (16). Formula (17) is a consequence of (11) and (16). O

Lemma 3.13 Let M = C/T be a torus that carries an antiholomorphic involution
I: M — M without fixpoints. Then M is biholomorphically equivalent to a torus
with a rectangular lattice. Moreover, there is a set of admissible parameters Ay # &
and a family of meromorphic functions g;: M — S? for A € Ay with deg(g;) = 4

and gj ol =—1/g).

Proof By Proposition 2.2 we get a biholomorphic map ¢: M — M, where M is
generated by a “canonical basis” (1,7). As I :=¢@ologp~! is an antiholomorphic
involution without fixpoints on M we know that M is generated by a rectangular
lattice and I mustbe I(z) =z + & sorl(z)=-z+ T see Theorem 2.1. If T (z) =
—z4+1 > T, then we go again to another lattice by a blholomorphlc map V: M —C /T,
V¥ (z) = z/7. Then T'; has generator (t;, 1), where 7; = —t/|7|? and
PR S W S R |
Yoloy (z)—l/f( Tz + 2) = Tz—i- > =z4 >
because t is purely imaginary. Thus, we can assume that /(z) =z + % and we have a

rectangular lattice generated by (1, 7).

The second step is the proof of the existence of g. As we are looking for an elliptic
function of degree 4, g must have four poles by, for k =1,...,4, and four zeros ay, for
k =1,...,4 (counting with multiplicities). For the theory of elliptic functions, see for
example [10]. Such an elliptic function exists if and only if 37 _, b — > 1_, ax € T;
see [10, Section 1.6]. Consider the function

h(z) :=g(z+ 1)g(2).

We show that we can choose the poles and zeros of g so that 2 = —1, which is
equivalent to (15).

As g only has poles in by, we require ay = I(by) = by + % Then
4 4

4
D b= (br+3)=2i> 3(bp)-2¢€T
= k=1

is a necessary condition for the existence of such g. Thus, there must be an m € Z
with 22=1 (b)) = %m%(r). As I is an involution we have that I(a;) = by, thus
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if go I has a pole in a point, then g has a zero of the same order at that point (and
vice versa). It follows that /i has no poles. As h is elliptic without poles it is constant,
and /1 is constant as well. We have to find out if this constant can be —1. Define
Wy = Z?=1 by — 22=1(I;k + %) =mt —2 € I'. Then, up to a complex constant
factor ¢, the function g is of the form

Hl‘i:l U(Z_[;k _%)

g(z) = e~ N(@o)z
H2=1 o(z—by)

where 0: C — C denotes the Weierstrass sigma function and n: I' — C is the group
homomorphism that satisfies the Legendre relation, ie

(18) n(wy) w1 —n(wy) wy =2mi  if S(ﬂ) > 0.
]

We collect some facts about ¢ and 7; see [10, Section 1.6]: This function ¢ is an
entire function that has in all lattice points zeros of order one and no other zeros. As it
is nonconstant and has no poles it cannot be doubly periodic. But it has the property

o(z+w) = —en(w)(z+w/2)(7(z),

when %a) ¢ T'. If the lattice is real, then 6(z) = o(z). This can be seen in the
representation formula

o(z)=z 1_[ (1_£)ez/w+(2/w)2/2‘

1)
0#wel’
For a rectangular lattice, n has the property that

n(w) €iR for w e T NiR,

(19) ,, _
nw)eR for we TNR.

We use these properties to get

[Ticy0G—b) k=1 5(z =Bk —3)
[TicioG—b) [Ti=i0(G—br +3)
l'[;‘i=1 E(Z_Ek - %)
Hli:l U(E_bk + %)

(20)  h(z) = exp(—n(wo) (Z + ) — N(wo)7)

= exp(—2R(n(wo))Z — Ln(wo))
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, Hk 1‘7( k_l)
— exp(~20(1(@0)% — $n(wo)
( e nwO)Hk 1 o(Z—bk—73)
4
x (-1)* exp(—n<1) Z(Z—bk))

k=1

- exp(—zm(n(wo))z ~ (o) — 4n(Dz + () Z bk)

As n(w + @) = n(w) + n(®) for all w, @ € T (n is a group homomorphism) and
n(0) = 0 we get that

n(wg) =mn(t)—2n(1) and n(r)€iR and n(l) eR.

Thus, (20) yields

4
h(z) = exp(+4n(1)z+ n(1) = Fn(@) —4n()Z +n(1) kX_jl R(be) + n(l)%r)

4
= exp(n(l)(l +> m(bk))) exp(mmi),
k=1
where we used the Legendre relation (18) and property (19) in the last step. Thus,
for every combination of poles by for k = 1,...,4 that satisfies i Zli:l J(by) =
%(21 + 1)t foran / € Z, we define R := Z}t=1 N (by) and choose ¢ := ¢ MDU+R)/2
Then we have, with g2(z) := cg(z) (g as above), that

h(z) = [e["DUTR (1) = —

which is equivalent to (15). As we can assume that by € [0, 1] x [0, J(7)], it suffices to
consider poles such that i th:l (b)) = %(21 + 1) with / € {0, 1,2, 3}. We collect
all such possible by in Ag. The set A is obviously not empty. |

Proposition 3.14 Let M = C/T" be a torus that carries an antiholomorphic involution
I: M — M without fixpoints. Let g: M — S? be meromorphic with goI =—1/g
(coming from Lemma 3.13). If there is a meromorphic function ¢': M — S? with
2 < deg(p!) <4, Sp(p') C Sp(g) and ord,1(b) < ordg(b) for all b € Sp(ph)
and @' # cg + ¢ for all ¢, ¢ € C then there are unique meromorphic functions
vl y2, ¢* M — S? such that the triple (g, s1,s2) with s; = (¢!, ¢?) and s, =
(y'!, ¥?) corresponds to a twistor holomorphic immersion f: M — R*. In particular,
the properties of Theorem 3.9 and Corollary 3.10 are satisfied.
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Proof As the existence of ¢! is assumed, we define 92 = ¢!/g, ¥? =o' oI and
Y1 = —p% o I. This defines V', 2, 92: M — S? uniquely and we have all the
properties of Corollary 3.10. Then we define

e ((p‘E—Jl 1Zlg+<p‘) _ (fpl —¢'ol y'—y! ol)
S\ I+lglP T 1+glr )\ g—gol T g—gol )
which is (11) and (17). In this way, we also know f o[l = f. We claim that [ is
not constant. If f; = ¢ for a constant ¢ € C then ¢! —¢' ol =c(g—go ). This is
equivalent to ¢! —cg = (¢! —cg) o I, which implies that ¢! —cg is holomorphic (as
a map into S?) and antiholomorphic. Thus, it must be a constant. But this contradicts
o' #cg+cforallc, ceC.

We do not know yet if |do!| 4+ |de?| + |dy!| + |dy?| > 0. This is necessary for f
to be an immersion; see Theorem 3.9. Define

B:={ze M :|dg'|(z) +|d¢*|(z) + |dy | (z) + |dy?|(z) = 0}.

We assume B # @. Considering ¢’ and v’ as elliptic functions with finite degree we
know that |B| < co. As I has no fixpoints, |B| is an even number. By Friedrich’s
construction, f: M — R* is a branched conformal immersion with branch points
in B. The Riemann—-Hurwitz formula for covering maps with ramification points yields
the formula

W(f) = 4n deg(g) = 16m,

as shown by Friedrich; see [7, Section 4, Example 4]. We combine this with the
Gauss—Bonnet formula for conformal branched immersions [6, Theorem 4],

| K=2n (X(M) +y m(p)),
M PEB

where m(p) is the branching order in p, to get

i ar=win -4 [ K<o

Since M is compact we have that Vol( f(M)) < co. Thus, f: M — R* is a
W2:2—conformal branched immersion and we can apply [14]. For that, fix any
xo = f(p) forsome p € B. Then Zpef_l(xo)(m(p)+ 1) > 4. Define f:: SoJof,
where J(x) := xo + (x — x0)/|x — xo|?> and S: R* — R* is any reflection. Then
f : M\ B — R* is twistor holomorphic because 4° does not change by a conformal
transformation and by Proposition 3.7(iii) (note that the reflection makes sure that SoJ
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is orientation-preserving). We apply [14, (3.1)] and get
@1 W) =W(f)—4r > (m(p)+1)<0.

pef~1(x0)

Hence, f : M\ B—R*is superminimal (ie twistor holomorphic and minimal). By a
classical result of Eisenhart [5 j is locally given by two (anti)holomorphic functions
fA = (hy,hy). But this yields a contradiction because f ol = f implies that the
components of f are holomorphic and antiholomorphic, and hence constant. O

We now restate and prove our main theorem:

Theorem 3.15 On each torus M, with rectangular lattice generated by (1,ir) for
r € R, there is a set of admissible parameters A # @ such that there are smooth
conformal immersions f{ : M, — R* that are twistor holomorphic and double covers
of Klein bottles. The corresponding immersed Klein bottles fy: K — R* for A € A
satisty W(f,) = 8w and e(v;) = —4. By reversing the orientation of R* we get a
family of immersions fk with W(fk) =8x and e(Vy) = +4.

Every immersion f: K —R* with W(f) =8 and e(v) € {—4, +4} is an embedding
and is either an element of { f; : A € A} or of {f:" : A € A}. Furthermore, every such
immersion is a minimizer of the Willmore energy in its regular homotopy class, thus it
is a Willmore surface.

Proof Every Klein bottle N is the quotient of its oriented double cover g: M — N
and the group {id, I} = (1), where I: M — M is the antiholomorphic order-two deck
transformation on a torus M ,ie N = M/{I) and g: M — M/{I).

We consider the rectangular lattice generated by (1, t) with J(z) > 0 and the invo-
lution I(z) =z + % As the imaginary part of t is not fixed we get the parameter
r := J(7) and a family of tori {M;},cg+ with the involution /. From now on we
keep r fixed and denote N := M, /{I). We choose b; € [0,1] x [0,3(7)] =: F
for k =1,....4, with i} 4, 43(bg) = %mr with m odd. As in the proof of

Lemma 3.13, each such combination yields a meromorphic functions g with (15).
Consider any p; € F\ {by,b,} and define p, := by + by, — p1. Then

(22) bi+by—pi—pr=0€l.

If p, € {by +T,by+ T} then we go to (p1, p2) = (p1 + €, p2 — €) such that (22) is
still satisfied and {p1, p»} N ({b1 + T} U{b, +T'}) = &. By the existence theorem for
elliptic functions there exists a meromorphic ¢!: M — S? with poles in 5; and b,
and zeros in p; and p,. By construction and with deg(¢') = 2 # deg(g) we have
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proven the existence of a ¢! that we need for Proposition 3.14.2 Of course, this ¢!
only one choice. In A we include each possible g and ¢!. Then,

7 (wlg_—iﬁ‘ $1g+¢1)
T+gl* " 1+]gl

is a twistor holomorphic immersion with W( ]7 ) =16z and

e(v) = x(M) = 3-W(]) = -

due to Corollary 3.8(ii). We define f by f = f oq and get immersions f: N — R*
with W(f) = 87 and e(vs) = —4 (the equality e(v~) = 2e(vy) can be seen for
example in (5)). By reversing the orientation of R4 and repeating the construction of
f and f we get immersions f N — R* with W(f) = 8m and e(v A) = +4. Note
that in this case f M — R? is not twistor holomorphic (Corollary 3. 8)

On the other hand, every immersion f: N —R* with W( f)=8x and e(v) € {+4, —4}
has all the properties shown in Theorem 3.9 and Corollaries 3.10 and 3.12. The proof
of Lemma 3.13 shows that every g from the triple (g, s, s>) must be one of the g;
that we found for our surfaces. Also ¢! must be one of ours. Thus, by the “Weierstrass
representation” of Friedrich, f mustbein {fj : A € A} or { fk TAEA}.

It remains to check every immersion /: N —R* with W(f)=8x and e(v) € {+4, —4}
is an embedding. We repeat an argument from the proof of Proposition 3.14. If
e(v) = +4, then we reverse the orientation of R* and get an immersion with e(v) = —4.
We go to the oriented double cover and get an immersion f . M —R* with W( f )=16x
and e(v) = —8. As equality is satisfied in the Wintgen inequality, f is twistor
holomorphic (Corollary 3.8). If f has a double point, then f has a quadruple point
Xg € R%. Inverting at 0B1(xo) and reflecting in R* yields W( f )=0 asin (21), where
f =SoJo f (J is the inversion, S the reflection). As S o J is conformal and
orientation-preserving, f is still twistor holomorphic (Proposition 3.7(iii)). But every
superminimal immersion into R* is locally given by two (anti)holomorphic functions.
As f ol = f for I antiholomorphic, f1 and f2 must be constant. Thus, it cannot be
an immersion, a contradiction.

Corollary 3.3 shows that every immersion with the properties above is a minimizer in
its regular homotopy class. As Willmore surfaces are defined as critical points of the
Willmore energy under compactly supported variations, the discovered immersions are
Willmore surfaces. a

2The existence of ¢! seems to be clear, but there are indeed cases where we have to be careful. If

by =---= by =: b are the poles of g then we cannot construct ¢ with a double pole in b and a double

zero in I(b) because then we have that i J(b) = smr with m odd and i3J(b) = lkr with k € Z,

a contradiction.
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Corollary 3.16 Let K be a Klein bottle and f: K — R* be an immersion with
W(f) =8n and |e(v)| = 4. Let ¢: M — K be the oriented double cover on the
corresponding torus M. Then M is biholomorphically equivalent to a torus M,
generated by (1,ir) forr € R™, via a map ¢: M — M, . Moreover, there are 5
Ji’ and ¢, coming from Theorem 3.15 such that foq=f{oqrogp fore(v)=—4
or foq= f{ ogrog fore(v) = +4. Thus, the surface f(K) is one of the surfaces
obtained in Theorem 3.15.

Proof By possibly changing the orientation of R* we can assume e(v) = —4. By
Corollary 3.8 we know that f is twistor holomorphic. The work of Friedrich [7] yields
the existence of a triple (g, s1,52) as in Theorem 3.9. By Corollary 3.12 we have
gol =—1/g, where I comes from the order-two deck transformation of the oriented
cover. Lemma 3.13 shows that there is a biholomorphic map ¢: M — M, , where M,
is generated by (1,ir) for an r € R™. From Theorem 3.15 we get that f o g must be
fioqrop foradeA. o

Proposition 3.17 The Lie group SO(4) acts naturally and fiber-preserving on the
twistor space P. It induces a fiber-preserving action on H & H . The induced action
on C P! is the action of the 3—dimensional Lie subgroup G of the Mébius group on
C P! that commutes with the antipodal map z +— —1/Z:

b
G = {m(z) —ETY e a4 bR = 1}.
bz—a

Proof We proceed via several claims:

Claim 1 The SO(4) action ¢: SO(4) x P — P defined as
0-(y,j):=(0y,0j0"

is natural and fiber-preserving.

Proof of Claim 1 The action preserves by definition the fibers. It is natural in the
sense that if f: M — R* is a given immersion with corresponding lift F: M — R*
then for any O € SO(4) the map O - F is the lift of the immersion Of . Fix a point
x € M and an orthonormal frame {E{, E5, N1, N} in a neighborhood U of x as in
Definition 3.5 with related matrix F(y) € SO(4) for y € U. As F satisfies conditions
(i)—(iv), so does OF(y)O". Furthermore {OE, OE,, ONy, ON,} is an orthonormal
frame of Of and OF(y)O" obviously satisfies the conditions (8) with respect to the
new orthonormal frame. O

Claim 2 The action is holomorphic.
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Proof of Claim 2 Given a point (p, j) € P the complex structure J(, j) on
TP =TH PoT! ;)P =T,R*®T;S0(4)/U(2)

is by definition the multiplication by j on T,R* and by j on T;SO(4)/U(2). Hence,
given X +Y € T,R* @ T;SO(4)/U(2) and O € SO(4) we have

dOJp. (X +Y)=dO(j X +Y)
=0j0" 0OX + 0j0' OYO! = Jo-(p,H)dO(X +7).
Thus, the action is holomorphic. a

Claim 3 SO(4) acts naturally and holomorphically and is fiber-preserving on H & H .
Hence it induces a group homomorphism h: SO(4) — Aut(C), where Aut(C) is the
Moébius group of the Riemann sphere.

Proof of Claim 3 The isomorphism ¥: P =R*xSO(4)/U(2) - H & H induces a
natural, holomorphic action of SO(4) on H & H by composition:

O-(u,v) =900 -0y (u,v).

Recall that parallel transport (translation in R*) defines a fibration of P over one of
its fibers; compare [7, Remark 2]. This fibration defines the isomorphism . Hence
we have a commutative diagram (compare the remark below):

SO(4)/U(2) — CcP!

I [

The action of SO(4) on the SO(4)/ U(2)—factor of P is independent of the basepoint
in R* and therefore the induced action on H @ H is fiber-preserving. Therefore,
the SO(4) action on P induces an action of SO(4) on SO(4)/U(2) and via the
isomorphism ¢: SO(4)/U(2) — C P! it induces also an action on C P!. The action is
holomorphic, as proven in Claim 2. Therefore, SO(4) acts on C P! as biholomorphic
maps. The holomorphic automorphism group of the Riemann sphere C P! =~ C is the
Mobius group, ie all rational functions of the form

az+b
cz+d

Claim4 Let G be the image of the group homomorphism h: SO(4) — Aut(@); then

m(z) =

with a,b,c,d € C, ad —bc # 0. O

G = {m € Aut(@) : % =m(_Tl)}

4

ie G is a 3—dimensional Lie subgroup of Aut(@).

Geometry & Topology, Volume 21 (2017)



2512 Patrick Breuning, Jonas Hirsch and Elena Mdder-Baumdicker

Proof of Claim 4 The map /% is induced by the group homomorphism ¢. Therefore,
its kernel corresponds to the normal subgroup

N:={0ecSO4):0-j=0j0" = forall j €SO4)/U2)!,

which can be determined explicitly, using the isomorphism Sp(1) ® Sp(1) — SO(4)
defined by

(a,b)-g=aqgb for g e H=~R* and (a,b) € Sp(1) ® Sp(1),

where Sp(1) is the group of unit quaternions; compare [26, Proposition 1.1]. Conditions
(1)—(@v) in Definition 3.4 determine

SO4)/UQ2)={(1,c):c=—c e Sp(l)}.
Hence (a,b) € N if and only if (a,b)(1,c)(a,b)’ = (1,¢) for all ¢ € H with |¢c| =1
and ¢ = —c. This simplifies to
(a,b)(1,¢)(a,b)" = (a,.b)(1,c)(@, b)=(1,bch)=(1,¢) forall ceSp(l), c=—c
or, equivalently, c¢b=>bc forall ¢ €Sp(l), c=—c.
The last line implies that b has to be real, and since |b| = 1 we conclude b € {—1, +1}.

Furthermore, we have
N ={(a,1):a e Sp(l)},

which is a 3—dimensional Lie subgroup of SO(4). The Lie group SO(4)/N is also
3—dimensional, so G is isomorphic to SO(4)/N by the first isomorphism theorem. O

Recall the antiholomorphic involution J on the twistor space P and the corresponding
involution 7 on H @ H introduced in Proposition 3.11. Applying J corresponds to
reversing the orientation of an immersed surface f: M — R*. Since reversing the
orientation of the manifold M commutes with the SO(4) action on R*, the natural
associated maps on the whole space and the base have to commute as well, ie

O-T(u,v)zf(O-(u,v)) for all (u,v)e H® H, O € SO4),

_1 _
(23) :m(Tl) forall zeC, meG,
m(z)

by the properties of J. The subgroup H of Aut(@ ) that commutes with the antipodal

map z > —1/Z is readily calculated to be

. b
H= {m e Aut(C) s m(z) = %”_ with a,b € C, |af? + |b[? = 1}.

zZ—d

We observe that H is also a 3—dimensional connected Lie subgroup. Property (23)
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implies that G C H. Since h: SO(4)/ N — G is a Lie group isomorphism, G is open
and closed. As observed before, G and H are both connected and of dimension 3.
Hence we finally conclude that H = G'. a

Remark The translation-invariance of the isomorphism y: P — H @ H can also
be seen in the formulas of Friedrich as follows: Let CP! - H@® H, z+> (u,v), be
holomorphic sections with 1(zo) = Aa(zg) + BB(zo) and v(z9) = Ba(zg) — AB (o).
Consider the holomorphic sections u(z) = u(z) — (Aa(z) + BB(z)) and v(z) =
v(z) — (Ba(z) — AB(z)). These sections still satisfy p(u) =z = p(@) and p(v) =
z=p@), but 7(u,v) =7(u,v)— (4, B).

The isomorphism ¢: C P! — SO(4)/U(2) can explicitly be stated, identifying C?
with the quaternions H. Fix g € C U {oo} and let y € H be the unit quaternion y =
(—1/v/1+1gl. g/V/1 +|g|?). The map ¢ can now be stated, using the quaternionic
multiplication, to be

CP! -S0M@)/UQ), g+ Ag, where Agq = q(—yiy) forall g € H = R,
which is equivalent to
0 —lglP+1 2 -2g

1 lg]*—1 0 2g1 22>
H
EP 1| 200 20 0 JgP-i
2g1 -2g2 —lg*+1 0

Corollary 3.18 Consider firi K —>R*fori=1,2,a pair of Klein bottles with
W(f{") =8 and |e(v;")| = 4. Let ®: R* — R* be a conformal diffeomorphism
such that f]'(K) = ®o f,2(K); then ry = r5.

Proof We use the notation f; := firi and keep in mind that the double covers possibly
live on different lattices. After changing the orientation of R* we may assume without
loss of generality that e(v;) = —4. The Willmore energy and the Euler normal
number are conformally invariant, hence f, := ®o f5: K — R# is a Klein bottle with
W(f,) =8 and |e(v})| = 4. The Euler normal number of an immersion only depends
on the image and not on the particular chosen immersion. Since f1(K) = f;(K) we
deduce e(vy) = e(v}) = —4. Hence it is sufficient to prove the statement under the

assumption that @ is the identity and e(v;) = —4 for i =1, 2.

Let g;: M,;, = C/I'; = K be the oriented double cover of the related tori. By
Theorem 3.15, f; oq;: My, — R* are twistor holomorphic with related holomorphic
lifts Fj: M,, — P =~ H ® H. By assumption we have F|(M;,) = F,(M;,). We
also have that f;og; 0 I(z) = fioqi(z) for all z € C, where I(z) =z + % The
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maps Fj restricted to one fundamental domain are homeomorphisms onto their images.
Hence G = F Lo Fy: M,, — M,, is a homeomorphism between tori. As F
and F, are conformal and orientation-preserving, G is conformal and orientation-
preserving and therefore holomorphic. As a biholomorphic map between tori, G is of
the form G(z) = az + b with inverse G™!(z) = Z— g and aI', = I';. Furthermore,
I =G~ !'ol0G is an antiholomorphic fixpoint-free involution on M,,. Arguing as in
Corollary 3.12, using the natural involution J: P — P, we deduce

Jonof(z):JoFloIoG(z):FloG(z):Fz(z):JonoI(z).

As J is an involution and F} is (restricted to a fundamental domain) a homeomorphism
onto its image, we hence conclude I = I. By direct computation following

. _a., 1, b o1

G oIoG(Z)—aZ—f—za—l— P —Z+2,
we deduce @ = 1 and J(b) = 0. This implies ry = r, and F;(z + b) = F,(z) for
some b €0, 1). a

Corollary 3.19 Let ff’f K — R* for i = 1,2 be a pair of Klein bottles with
W(f{")=8m, e(v;') =—4 and ' (K)=ARo f,*(K) for arigid motion R(x) =
O(x +v) for x € R*, ie some O € SO(4), v € R* and a scaling factor . € R*. Then
we have that ry = r,. Furthermore, if g;: M,, — C P! are the related projections of
the holomorphic lifts, there is a Mobius transform mo € G of Proposition 3.17 and
b €[0,1) such that g,(z) =mpogy(z+b).

Proof Firstly observe that scaling and rigid motions on R* are conformal transforma-
tions. Corollary 3.18 hence implies that 7; = r,. We use the notation f; := firi .

Secondly we can assume that A =1 and v = 0, ie f1(K) = O - f2(K) for some
O € SO(4). Otherwise we may consider additionally the immersion f; := A(f2 +v)
and observe that

poFy(z)=poFy(z) forall ze M,,,

where F,, F): M,, — H & H are the related lifts and p: H & H — CP! is the
projection. This is easily seen because scaling and translation in R* does not affect
the tangent space and so the lift in the twistor space is unaffected.

Let F;: My, — H @ H be the lift of f;: K — R* and O € SO(4) such that f;(K) =
O- f>(K). The group SO(4) acts naturally on P — compare Proposition 3.17 — hence
O F, is the lift of O- f;. Using the proof of Corollary 3.18 we conclude the existence
of b €0, 1) such that

Fi(z)=0-Fy(z+b) forall ze M, =M,,.
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Furthermore, Proposition 3.17 implies the existence of a Mdbius transform mg € G
suchthat po O-Fy =mgpo po F,. With g; = po F; we get

g1(z) =mpogy(z+0b) forall ze M, =M,,. O

Remark Concerning the question how many surfaces we have found in Theorem 3.15
we can say the following: As shown in the proof of Lemma 3.13 the parameter set
(of g, and therefore of f]) is at least of the size of [0, 1]7. In Corollary 3.19 we
studied how rigid motions and scaling in R* and admissible reparametrizations of
the tori affect our surfaces, in particular the g, . Counting dimensions we still have a
parameter set [0, 1]* for every torus M, .

We finish this section with deducing the explicit formula for the double cover of the
Veronese embedding:

Proof of Proposition 1.3 Consider the triple (g, s, 55) with g =23, 51 = (¢!, ¢?) =
(z2,1/z) and s, = (Y, ¥?) = (z,1/z%). Then g satisfies go I = —1/g for the
antiholomorphic involution z — —1/Z without fixpoints on S2. Furthermore, our
choice of 51 and s, yields (16). The immersion f is defined so that

Fo) = (w‘g_—lfl @1g+<ﬂ‘) _ (wl—wl of y! —Wol)
L+]gl? " 1+]gf? g—gol ' g—gol J
whichis (11) and (17). It follows that fol = f. As |dsy|+|ds2| >0 on S?, we defined
a twistor holomorphic immersion with W(f) = 127 ; see Theorem 3.9 or [7]. As § 2
carries the involution 7, we consider g: S2—S2/(I) and f:= foq™': Sz/il) —R*.

We get an R P2 with W(f) = 6mr. By the work of Li and Yau [19], f must be
a conformal transformation of the Veronese embedding. a

4 A Klein bottle in R* with Willmore energy less than 8z

In this final section we would like to consider the case of immersions f: K — R* with
Euler normal number e¢(v) = 0. Our goal is to show the existence of the minimizer of
immersed Klein bottles in R” for n > 4. For this, we need the following theorem:

Theorem 4.1 Let K =R P2#R P? be a Klein bottle. Then there exists an embedding
f: K — R* with e(v) =0 and W(f) < 8.

For the proof of the preceding theorem we use a construction by Bauer and Kuwert:
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Theorem 4.2 (M Bauer and Kuwert [4]) Let f;: £; — R” fori = 1,2 be two
smoothly immersed, closed surfaces. If neither fi nor f, is a round sphere (ie totally
umbilical), then there is an immersed surface f: X — R”" with topological type of the
connected sum X1 ff ¥, such that

(24) W() <W(f1) + W(f2) —4n.

Remark Notice that the strategy for the gluing construction implemented by Bauer
and Kuwert was proposed by R Kusner [12].

A rough sketch of the construction of the connected sum in Theorem 4.2 is as follows:
The surface f is inverted at an appropriate sphere in order to obtain a surface ]?1 with
a planar end and energy W( fl) = W(f1) —4m. Then a small disk is deleted from
/> and a suitably scaled copy of fAl is implanted. An interpolation yields the strict
inequality (24). For the details we refer to [4].

For the Veronese embedding V: R P2 — R* we have W(V) = 6. Hence we can
connect two Veronese surfaces and obtain a new surface f with W( f) < 8w . However,
by the previous sections we know that there is no Klein bottle in R* with Euler normal
number 4 or —4 and Willmore energy less than 87. In order to obtain a better
understanding of this situation we have to take a closer look on the construction of
Bauer and Kuwert:

For that, let f;: ¥; - R" = R2*k for i =1, 2 be two immersions that are not totally
umbilical (ie no round spheres). Let A and B denote the second fundamental forms of
f1 and f5, respectively. Moreover let p; € ; be two points such that 4°(p;) and
B°(p») are both nonzero. After a translation and a rotation we may assume

fi(pi) =0, im Dfi(p;) =R>x{0} fori=1,2.

Then A°(p;). B°(p,): R? x R?2 — R¥ are symmetric, tracefree, nonzero bilinear
forms.

In [4, (4.34), page 574], it is shown that Theorem 4.2 is true provided

(25) (4°(p1). B°(p2)) > 0.

In order to achieve inequality (25), one exploits the freedom to rotate the surface f; by
an orthogonal transformation R ~ (S, T) € O(2) x O(k) C O(n) before performing
the connected sum construction.

The second fundamental form Ag 7 of the rotated surface Rf; at the origin is given
by
As T ) =TAS™'¢,S71¢) forall ¢ e R2.
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For the tracefree part we obtain
AS 7. =TA°(S7'¢.87'¢) forall { e R>.

We need the following linear algebra fact, which will be applied to A° and B°:

Lemmad4.3 Let P, Q: R2 xR2 — R¥ be bilinear forms that are symmetric, tracefree
and both nonzero.

(a) There exist orthogonal transformations S € SO(2) and T € O (k) such that the
form Ps r(¢,¢) = TP(S™1¢, ST¢) satisfies (Ps.r, Q) > 0.

(b) We can choose S € SO(2) and T € SO(k) such that (Ps 1, Q) > 0, except for

the case that all of the following properties are satisfied:

e k=2,

o [P(er,e)|* =|P(e1,ex)|* and |Q(er, e1)|* = [Q(er, e2)]?,

e (P(ey,e1), P(er,ez)) =0 and (Q(ey, e1), Qler,e2)) =0,

e {P(e1,e1), Pler,er)} and {Q(eq,e1), O(eq,ep)} determine opposite ori-

entations of R?.

In this case, if S € SO(2) and T € O(2) with (Ps, T, Q) > 0, then we have
T € 0(2)\SO(2).

In (b), the ordered set {e},e,} is any positively oriented orthonormal basis of R? . If
all four properties in (b) are satisfied for one such basis, they are also satisfied for any
other positively oriented orthonormal basis of R?.

Proof See [4, Lemma 4.5, page 574]. The exceptional case in (b) is the case in [4] in
which k =2, |b|=a, |d| =c, and b and d have opposite signs. O

Proof of Theorem 4.1 Let V: RP? — R* be the Veronese embedding. Consider
two copies fi: X > R* of V,ie X; =RPZand f; =V fori =1,2. Let A and B
denote the second fundamental forms of f and f;, respectively. Of course, A = B
and A° = B°. Choose p € R P? such that A°(p) is nonzero (in fact, this is satisfied for
any p € RP?)and set P:= A°(p) and Q := B°(p). Then P and Q are two bilinear
forms as in Lemma 4.3 with P = Q. Surely, the last condition in the exceptional case
of Lemma 4.3(b) fails to be true. Hence, by Lemma 4.3 we can rotate f; by rotations
S, T € SO(2) such that (25) is satisfied. Now we are able to perform the connected
sum construction: Inverting f; and connecting f; and f5 as described in [4] yields
a surface f: K — R* with e(v) =0 and W(f) < 87. As any closed surface with
Willmore energy less than 87 is injective, f is an embedding. a
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Let us finally explain why it is not possible to construct an immersion f: K — R*
with |e(v)| = 4 with the method above: A direct calculation shows that the Veronese
embedding V satisfies |4S,|* =|A45,|> =1 and (4S,, AS,) = 0 in any point of R P2.
Let P and Q be defined as in the preceding paragraph. Then P and Q satisfy the
second and the third condition of the exceptional case in Lemma 4.3. In order to obtain
a surface with |e(v)| =4 we have to reflect one of the Veronese surfaces before rotating
/f1 and performing the gluing construction. But then also the last condition of the
exceptional case in Lemma 4.3(b) is satisfied. Hence we cannot choose 7" € SO(2), ie
/1 has to be reflected another time. But then, after inverting f; and connecting the
surfaces, e(v) = 0 for the new surface. Hence, in this very special case, the construction
above fails.

Remarks 44 (i) We can also argue the other way round: Theorem 3.1 implies
that we cannot choose S € SO(2) in Lemma 4.3. This implies that | A7, |2 =
|49, |2 and (A9, A7,) = 0 for the Veronese embedding. Moreover, the surface
f: K —R* that we obtain from Theorem 4.2 must have Euler normal number 0

as W(f) < 8.

(i) As we can add arbitrary dimensions to R* we get by Theorem 4.1 that every
Klein bottle can be embedded into R”, n > 4, with W( f) < 8x.

The existence of a smooth embedding j%: K — R" for n > 4 minimizing the Willmore
energy in the class of all immersions f~ : K — R”" can be deduced by a compactness
theorem of Kuwert and Li [14, Proposition 4.1, Theorem 4.1] and the regularity results
of Kuwert and R Schitzle [15] or Riviere [24; 25] if one can rule out diverging in
moduli space. We note that Riviere showed independently a compactness theorem
similar to the one of Kuwert and Li; see [25]. The nondegenerating property is shown
by combining the subsequent Theorem 4.5 and Theorem 4.1. We get the following
theorem:

Theorem 1.1 Let S be the class of all immersions f: ¥ — R" where X is a Klein
bottle. Consider

B :=infW(f): feS}
Then we have that B7 < 8m for n > 4. Furthermore, B} is attained by a smooth

embedded Klein bottle for n > 4.

Before we prove that a sequence of degenerating Klein bottles always has 87 Willmore
energy we explain how we apply certain techniques from [14] to nonorientable closed
surfaces.
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We repeat our general set-up from the beginning of Section 2: Let N be a nonorientable
closed manifold of dimension two and f : N - R" (n > 3) an immersion. Consider
q: M — N, the conformal oriented two-sheeted cover of N, and define [ := f oq.
As every 2—dimensional oriented manifold can be locally conformally reparametrized,
M is a Riemann surface that is conformal to (M, f*8euc1). Let I: M — M be the
antiholomorphic order-two deck transformation for ¢. The map I is an antiholomorphic
involution without fixpoints such that f o I = f. From now on we will work with
the immersion f on the Riemann surface M equipped with an antiholomorphic
involution /. We are not arguing on the quotient space N = M /().

For the Willmore energy of the immersion f we have

W(f) =2W(f).

If pe f~1(y) then I(p) € f~1(y), ie the number of preimages of f is always
even. We describe this in other words: Consider M as a varifold and consider the
push-forward of M via f,ie fyM . Then fyM is a compactly supported rectifiable
varifold with at least multiplicity 2 at every point.

We now consider the case that f is a proper branched conformal immersion (compare

. . . 2,2
[14, page 323]), ie there exists £ C M discrete such that f € Wt (M \ Z,R")
and

/|A|2d,uf*5eud<oo and pprg,,(U) <oo forall U e M.
U

We note once again that we have /(X)) = X since fol = f. If ¢: B, - M is
a local conformal parametrization around ¢(0) € ¥ such that ¢(Bys) N X = ¢(0),
we may apply the classification of isolated singularities result of Kuwert and Li [14,
Theorem 3.1] to f o ¢ and conclude that

02(f o sl Bol, fo9(0)) =m+1 for some m > 0.
Here, we considered [Bs] as a varifold itself. Furthermore I o ¢: B, — M is an
antiholomorphic parametrization around the point / o ¢(0). Applying once more [14,
Theorem 3.1] (1 o ¢(Bs) N @(By) = @ by the choice of o)
0%(fol o@s[Bs], folo@(0)) =m'+1 forsome m' > 0.

We have m =m’ since fol = f. Combining both local estimates with the monotonicity
formula of Simon (which extends to branched conformal immersions) we obtain,
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for g = fop(0) = folop(0),
(26) W(f) = 6*(fyM.q)

> 02(f oyl Bs1. q) + 0% (f o I o4 Bo, q)
>2(m+ 1)4mn.

We remark that in general we could have started working on N = M/(I) with the
associated varifold ﬁ;N which has density 1 at most points. But we decided to stick
to the oriented double cover M since all theorems in the literature are proven on
orientable Riemann surfaces.

The following theorem can be considered as the analog of [14, Theorem 5.2] for the
nonorientable situation. Our argumentation is inspired by the arguments of Kuwert
and Li.

Theorem 4.5 Let K, be a sequence of Klein bottles diverging in moduli space. Then

: : 7 2,2 n
for any sequence of conformal immersions fp, € W, (Kp, R") we have

liminf W( fm) = 87.
m—00

Proof Let ¢y: T2 — Ky be the two sheeted oriented double cover and I,,: T)2 — T2
the associated antiholomorphic order-two deck transformation. By Theorem 2.1 we
may assume that 7,2 = C/T,, where Ty, is a lattice generated by (1,ib,,) with
bm =1 and I, is given by

27) Im(z)=Z+% or In(z)=—-Z+ 3ibp.
Diverging in moduli space implies limy,— o0 by = 00. We lift the maps f",;, to the
double cover T2 and then to 'y, —periodic maps from C into R”, and denote the lifted

maps by fm,ie fmo I, = fim. By Gauss—Bonnet we may also assume that the maps
fm: C — R” satisfy

limsup%/T2 |Afm|2 dpg,, =limsup W( fm) < Wy < o0.
m m—00

m—0o0

The theorem is proven if we show that
(28) liminf W( /) = 167.
m—0o0

We have to distinguish two cases. They are determined by the form of the involution.
After passing to a subsequence the involution is either of the second kind in (27) for
all m (Case 1) or it is the involution I(z) =z + % for all m (Case 2).
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Following the notation of [14] we will denote by I, the inversion at dB;(p) in R”,
ie Ip(x) = p+ (x — p)/|x — p|? for x € R". Furthermore, for § € R we define the
translations ng(z) :=z+ié for z € C.

Casel [I,(z)=-z+ %ibm for all m.

Proof of (28) in Case 1 The local L°°-bound of the conformal factor [14, Corol-
lary 2.2] implies that fj, is not constant on any circle C, =[0, 1]x{v}. As fiolm = fm
we have that fm([O, 1] x [O, %bm]) = fm([O, 1] x [%bmbm]) Thus, there exists
Um € [O, %bm) such that

Am :=diam( f;,(Cy,,)) < diam( f,(Cy)) forall v e R.

As already mentioned in Lemma 2.5 the involution is not affected by these translations
because ’78_1 olmong = Iy, —2NR(@18) = I,. Consider the two sequences

hm(z) = }‘;11 (Jm © N0, (2) = fm © Ny, (0)),
km(2) = X (fim © My j 240 (2) = Jrn © Ny 240 (0)).

We have that 1 = diam(/,,(Cyp)) = diam(k,(Co)), 0= h,, (0) = ks, (0) for all m and
him(z) = ki (—=2). The immersions 4, and kj,, are immersed tori diverging in moduli
space. We can therefore repeat the proof of Kuwert and Li from [14, Theorem 5.2].
\lVe find a suitable inversion I, at a sphere dB;(xo) and deduce that /’/l\m =TIy, o hm

km := Ix, o kpy converge locally uniformly to branched conformal immersions / and
k satisfying W(h) > 8z and W(k) > 8x. Observe that

W(fm) = W(lxq © fm)
1

4 /[0:I]X[Um_bn1/4svm+bm/4]

|H1x0°fm |2 dlugm

1

|H1x o ml2 dll"m
4 AO,I]X[Um+bm/4avm+3bm/4] 0°) ¢

= Wltm|[0. 11x[=byn /4.5y /41) + W ml[0, 11x[—byn /4.5y /4])-
We pass to the limit and get

HminfW( fy) = liminf W () + liminf W(kn) = W(h) + W(k) > 167.
m—0Q m—0Q m—00

Note that / and k parametrize the same sphere because of h (z) = k (—2). This sphere
has a double point, as shown in the proof of [14, Theorem 5.2].

Case2 I,(z) :E—I-% for all m.
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Proof of (28) in Case 2 Observe that we cannot translate into “imaginary direction”
without changing the involution because ’78_1 olong(z) = 1(z)—2id. Another delicate
point is that the form of the involution does not help to find a “second” torus.

We fix a large integer M € N such that 4 M > W.

For each m € N pick u,, € {—M, ..., M} such that

29 Am =di C = min diam Cu)).
(29) m iam( fm (Cy,,)) wel M oA (Jm(Cu))
By passing to a subsequence we may assume that u,, = u for all m. Furthermore, argu-
ing as in [14, Propositon 4.1] we obtain By (x1) C R” such that f,,(T,2)N By (x1) =@
for all m. We consider the sequence

(30) hm(z) := Ix, ()\r_nl(fm(z)_fm Onuo(O)))-
Repeat the procedure and fix v, € {—M, ..., M} such that

Gl pum = diam(hm(Cp,,/24v,,)) = ve{—II\I}[i,I.l..,M} diam(/1;n (Cp,, /2+v))-

By passing to a subsequence we may assume v,, = vo for all m and define

kim(2) 1= g (ham © My /2(2) = him © 18,7240 (0)).

The translations were chosen so that we still have hy,, o I = hy, and ky, o I = ky,

for all m. As before we find x, € R" with kyy, (T2) N B1(x2) = & and consider
km = I, (km). We have achieved that /,,(7, ) C Bi(x1) and km( 2) C Bi(x3).
Lemma 1.1 of [27] implies area bounds ftg,, (7, '2) < C for both sequences. Up to a
subsequence, we have |4, 1> djig,, — 1 and |4z | djig,, — 2 as Radon measures
on the cylinder C = [0, 1] x R. The sets X; := {zne C:ai({z}) = 4n} fori =1,2
are discrete. Theorem 5.1 in [14] yields that 4, and fom converge locally uniformly
on C \ ¥; and C \ X,, respectively. The limits either are conformal immersions
h: C\ Xy - R", k:C \ ¥, — R" or points p; and p,. Note that by construction

o
1+]x1]’
o
1+]xa|

32) hm(Cuy) C I, (B1(0)) CR"\ By, (x1) with 6; =
km(Cuy) C I, (B1(0)) CR"\ Bg,(x3) with 6, =

Assume the second alternative holds for 4,,, ie h,, — pp locally uniformly. Observe
that C, N X1 = @ for at least one uy € {—M, ..., M}. Otherwise there would be
pomts zy € Cy with a1 (By/4(zy)) > 47 for each ue{—M,..., M} contradicting

Zu— M 21(B1/a(zn)) = a1 (C) = Wy.
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Due to (32) we have | p; —x;| > 60; > 0 and hence I, (h,(Cy,)) — Ix, (p1) uniformly.
But diam(/x, (hm(Cy,))) = 1 by (29) and (30), a contradiction. In the same way we
exclude k,, — p>.

By uniform local convergence we get

h= lim h, = hm hpmol =hol,

m—00

k= lim kmz hm k oI—koI

m-—0Q

and we are in the situation of branched W ?2-2—conformal immersions that are in-
variant under /. We now investigate the behavior of /4 and k at the ends {£o0}
of the cylinder C. We present the argument for /; the argument for k works
analogously. We note that ¢+ (z) = _i —1In(z) is a holomorphic chart around +o00
and [ o p4(z) = 5-In(Z) + 2 is an antlholomorphlc chart around —oo. Since
JclAn? dpg < al(C) < 00, themap h4(z) :=hogp4(z)is a W1 2(B,\{0},R")—
conformal immersion with X1 N ¢4+ (By \ {0}) = @ for o > 0 sufficiently small. We
follow the explanations presented in front of Theorem 4.5 (page 2519) to conclude
that the varifold /14 4[ B5] extends continuously to 0. This implies that 2(Cy) — ¢
for v — +o0 using the fact that /(C,) = C_,. Furthermore, applying the Li—Yau
inequality (a version for branched immersion can be found in [14, Formula (3.1)])
yields the following lower bound of the Willmore energy of /. A detailed explanation
how we apply this inequality to the oriented double covers was done on page 2519;
see (26). We have that

W(h) = 6%(hyC, q1)
> 0% (h44[Bol.q) + 6> (hoIogiylBsl.q)
> 2(m(+o00) + 1) 4m.

Thus, if m(+00) > 1 we have that W(h) > 4-4x. The very same argument applies
to k.

Similarly we exclude branch points for the maps / and k in the interior of the cylinder
C as follows. Suppose that the application of the classification theorem of isolated
singularities [14, Theorem 3.1] to a point z € X reveals a point with branching order
m(z) > 1; then, by (26), we conclude W(h) > 4-4x = 16x. In the same way we
can assume that all points z € X, are removable singularities, ie m(z) = 0 and k
has removable singularities in +00.

It remains to handle the situation where 4 and k are unbranched. Since 4o I = and
kol =k,and h and k extend smoothly to +o00, they are double covers of immersions
of an RP? into R”. By the work of Li and Yau [19] we get min{W(h), W(k)} >
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2-6m = 127 as h and k are the oriented double covers of the unoriented surfaces.
Recall once more that this also implies that #42~! ({x}) and #k—1({x}) are even for all
x e R",

If #~1({x;}) > 2, the Li-Yau inequality implies W(k) > 4 - #k 1 ({x1}) > 167.
Otherwise let Cp, :=10, 1] x [—%bm, %bm]. We observe that ky;, = Ix, ok — Ix, 0k
and

W(hm) =W(hmlc,,) + Whmly,, »Cn) = Whmlc,,) + W(km|c,,)-
With #k (x1) <2, we conclude by [14, Formula (3.1)] that
liminf W(hp,) = liminf W(h,|c,,) + liminf W(kpn|c,,)
m—00 m—o0 m—00

> W(h) + W(I, (k) > 127 + (127 —87) = 167 O
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