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ON C;-SEMINORMS FOR GENERALIZED INVOLUTION
A. EL KINANI

1
Abstract: We consider algebras endowed with a generalized involution. We show that ||} isa
C* -seminorm, for every a p-seminorm Hp, 0 < p < 1, which satisfies the C”*-property.
Keywords: Generalized involution, involutive antimorphism, C* -seminorm, submultiplicativ-

ity.

An involutive antimorphism on a complex algebra E is a vector involution = +——
z* ([1]) such that (zy)* = z*y* for every z,y € E. A vector space involution
T+ z* is said to be a generalized involution if either it is an algebra involution
(ie. (zy)* =y*z* for every z,y € E) or an involutive antimorphism. An algebra
p-norm on E is a linear p-norm |||, 0 < p < 1, satisfying |lzy|, < lll|, l¥ll,
for every z,y € E. A complete p-normed algebra will be called p-Banach algebra,
Let (E, |]-Hp), 0 < p € 1, be a complex p-Banach algebra endowed with a

generalized involution £ — z*. An element a of F is said to be hermitian (resp.
normal) if a = a* (resp. ac* = a*a). We designate by H(E) (resp. N(E))
the set of hermitian (resp. normal) elements of E. We say that a p-Banach
algebra (E, il
every hermitian element is real. We denote Ptak’s function on E by Pg that
is, for every o € E, Pg(a) = oe(aa®)t, where pg is the spectral radius ie.
oe(a) =sup{|A|: A € Spa}. Let (E, ]||lp) , 0 < p <1, be a hermitian p-Banach
algebra with an algebra involution z —— z*. We show, as in the Banach case
(|5]), that Pg is an algebra seminorm such that gg < Pg and Pg(a)’ = Pg(aa*)
for every a € E. Moreover RadE = {x € E : Pg(z) = 0}.

Taking into account the fact that in any p-Banach algebra (E) |H|p) we

) with a generalized involution is hermitian if the spectrum of

have gg(a)? = lim Ila"‘nﬁ for every a € E. One can prove, as in 5], the following

result.
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Proposition 1. Let (E, -1l P) , 0 < p <1, be a p-Banach algebra with a gener-

alized involution = — z*. The following assertions are equivalent:
1) E is hermitian.
2) There is ¢ > 0 such that pp(a) < cPg{a) for every a € N(E).
3) pe(a) € Pg(a) for every a € E.

Using Theorem 3.10 of 7] and the fact that the quotient of a p-Banach alge-
bra by a primitive ideal is a primitive p-Banach algebra, we can extend Theorem
4.8 p.19 of Kaplansky ([4]) to the p-Banach case as follows.

Theorem 2. Any real semi-simple p-Banach algebra, 0 <p < 1, in which every
square is quasi-invertible is necessarily commutative.

Let E be a complex algebra with an algebra involution z — z*. A C*-
seminorm is a seminorm |- on E which satisfies the C*-property |a*a| = |a|* for
every a € E. In [6] Z. Sebestyén has proved that every C*-seminorm is automat-
ically submultiplicative. In this paper we extend this result to the p-seminorm
case as follows.

Theorem 3. Let E be a complex algebra endowed with a generalized involution
z s z* If Hp is a linear p-seminorm, 0 < p € 1, on E such that

la*al, = [alz for every a € E,

then H:r; is an algebra seminorm and the completion of E/Ker |-|; is a C* -algebra.

Proof. Using the elementary algebraic identity

4ab = (b+ a*)*(b+ a*) +i(b + ia*)*(b + ia®)
—(B-a")"(b—a") —i(b—1ia")*(b—1a")

valid for every a,b € E, we obtain that
2
labl,, < 41-r (]a'}p + IbIP) for every a,b€E.
So |abl, < 42-P for every a,b € E with la*|, < 1 and |b], < 1. This implies that

|abl, < 42-p la*[, [bl, for every a,be E. (1)

Hence
1-5 1%
lal, <4777 [a", for eyery e € E. (2)

According to (1) and (2) we get

{abl, < 3 ¥ el [Bl, for every a,b€ E.



On Cj -seminorms for generalized involution 85
Consider on E/Ker ||, the p-norm denoted by [|-{|, and defined by
Im(@)ll, = |z}, forevery z€E,

where 7 is the natural quotient map of E onto E/Ker||,. Denote by E the

completion of the p-normed algebra (E/Kerl']p,”'up) . The p-norm in E will
also be designated by ||-[|,. Then we have

lla*all, = ||a|[’2, for every a€E (3)

and
labll, < 43 % |lall, lbll, for every a,b€ E. (4)

For a € E, put
llalll, = sup{llabll, : |isll, < 1}.

We get an algebra p-norm on E such that
45 all, < llalll, <4°~F |lall, for every a€E.

In the p-Banach algebra (E, l||]§|p) with a generalized involution z — z*, the
spectral radius pg satisfies, for every a € N(E),

,

2—n+l

~n+1
n
a2

og(a)” =lim

= lim ||a®” n
p

2
n
)2
P

= lim ||(a*a

ol

Hence R
og(a) = Pg(a) for every a € N(E), (5)
which implies in particular
n 2-'"_1 fand
es@? =tim|||@ || =laal} = flall, forevery aeN(B). ()
™ P
By Proposition 1 the algebra (E, HIHIP) is hermitian and so

o5(a) € Pgla) forevery a€ E. (M
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We consider first that z —— z* is an algebra involution. In this case we get by
(6) and (7)

1 -~
llabll; < ||6b*(a®a)?bb*||2  for every a,be€ E.
Inductively, we obtain for every n =1,2, ...

n— n n— 2
labl} < [[o67)*" (@) 06|
P

for every a,b€ E.

It then follows from (4) and (3) that
llabll> < (4573P)2 " |la|2 |Ib||2  for every n=1,2,... and a,b€E.
Letting n tend to infinity, we obtain
llabll, < llall, lIbll, for every a,b G_E-

Therefore
labl, < |a|,|b|, for every a,b€E.

On the other hand Py is an algebra seminorm such that
Pji:(a)2 = Pg(a%a) forevery a€ E,

and by (6)
][a][; = gg(aa')p = Pg(a)ZP frevery ac€ E.

Thus
1 o~
Pz(a)=|lallz # <«very a€E.

L, . .
This implies that ||-||> is an algebra seminorm. Moreover Py is an algebra norm

on E which is equivalent to |-, and such that (E, Pz) is a C*-algebra. Suppose
now that z — z* is an involutive antimorphism. WE will show that in this case
the algebra E is commutative. It is sufficient to consider the real p-Banach algebra
H(E). By (6) we have Rad(H(FE)) = {0}. Since E is hermitian every square of
H (E‘) is quasi-invertible. Hence by Theorem 2 the algebra H (E) is commutative.
This completes the proof. n

Let E be a complex algebra with a generalized involution z — z*. We
define a CJ-seminorm as being a linear p-seminorm Hp, 0<p<1, on E such
that |a*a|, = [a]f7 for every a € E. If ||, is a Cp-seminorm, 0 < p < 1, then by

Theorem 3 H% is a C*-seminorm. Then we have the following result which is an
extension of Theorem 4 of [6].
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Corollary 4. Let E be a complex algebra with a generalized involution z —— z*,

I a x-idesl in E and ||, a Cj-seminorm on E. The following assertions are
equivalent:

1) There exists a C*-seminorm || on E such that |z| = Iw[p for every
T €l

2) For every a€ E

sup{jablz , bel, [bl, <1} < +oo.

Remark 5. If ||, is linear p-seminorm, 0 < p < 1, such that clz*|,[z],
|z*x|, for every z € E and some constant ¢ > 0, then ||, is not necessarlly
submultxphcatwe as the following example shows:

Let E = C([0, 1]) be the algebra of all complex-valued continuous functions
on [0, 1] endowed with the norm

1
Il = / ()]t

and the involution f —— f* = f. It is clear that ||f||, = ||f*||; and Hf“? <
| f*fll; for every f € E. But |||; is not submultiplicative. Actually ||-]|; is a
linear norm for which the product is not continuous.

Remark 6. Let ||, be a linear p-seminorm, 0 < p < 1 such that |z*z|,
clzl,|z*|, for every z € E and some constant ¢ > 0. The same argument used in
the proof of Theorem 3 shows that [:c[ = max ([:c] , 1z ) is a linear p-seminorm,

0 < p < 1, for which the product is continuous. It is not the case for ||, as the
following example shows:

Let E denote the direct sum C([0,1]) & C([0, 1]). Define norm, product and
involution in E by:

(£, 9)ll = max (|| fll,,llgll;);
(fi,91)(f2, 92) = (f1f2, 9192),

(.f’g)‘ = (?’7)7

where

Iflloo = sup [f(t)]
tefo,1}

and

1
loll, = / lo(t)]dt.

It is easy to verify that [|(£,9)*(f, Ol < I(f, D I(, 9)*]| for every £,9 € C([0,1]).
But the product is not continuous for ||-||.
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