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TRACTABILITY OF L,-APPROXIMATION
IN HYBRID FUNCTION SPACES

PETER KRITZER, HELENE LAIMER, FRIEDRICH PILLICHSHAMMER

Abstract: We consider multivariate Lg-approximation in reproducing kernel Hilbert spaces
which are tensor products of weighted Walsh spaces and weighted Korobov spaces. We study the
minimal worst-case error el2=2PPA (N d) of all algorithms that use N information evaluations
from the class A in the d-dimensional case. The two classes A considered in this paper are
the class A consisting of all linear functionals and the class A9 consisting only of function
evaluations.

The focus lies on the dependence of el2—2PP:A(N d) on the dimension d. The main results
are conditions for weak, polynomial, and strong polynomial tractability.

Keywords: multivariate approximation, Walsh space, Korobov space, hybrid function space.

1. Introduction

We consider Ly-approximation of functions in certain reproducing kernel Hilbert
spaces H (K ), which are embedded into Ly([0, 1]¢), where K denotes the reproduc-
ing kernel. To be more precise, we approximate the embedding operator

EMB, : H(K) — Lo([0,1]%), EMBq4(f) = f,

and measure the approximation error in the Lo-norm. Since H(K) is a reproducing
kernel Hilbert space it is known (cf. [16, 20]) that there is no loss of generality when
we restrict ourselves to linear approximation algorithms of the form Ay 4(f) =
fo:l ar Ly (f) with coefficients aj € Ly([0,1]¢) and continuous linear functionals
Ly, on H(K) from a permissible class of information A. Here N is the number of
information evaluations.
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We study the problem in the so-called worst-case setting, i.e., we measure the
approximation error of an algorithm Ay 4 by means of the worst-case error,

€T P(An )= sup  |[EMBa(f) — An.a(f)llLs(o,14)-
FEH(K)
£l 3¢ cry <1

The N*'" minimal worst-case error is given by

2P AN ) = inf el27PP(Ay ),
AN,d

where the infimum is extended over all linear algorithms Ay 4 using N information
evaluations from the class A. We are particularly interested in the dependence of
the N*® minimal worst-case error on the dimension d. To study this dependence
systematically we consider the information complexity N%2~3PP-A (g d). which is
the minimal number N for which there exists an algorithm using N information
evaluations from the class A € {A*! As*d} with an error of at most .

We would like to avoid cases where the information complexity N2=2PP:A (g, d)
grows exponentially or even faster with the dimension d or with e~!. To quantify
the behavior of the information complexity we use different notions of tractability,
namely strong polynomial tractability, polynomial tractability, and weak tractabil-
ity (we refer to Section 3 for the precise definitions).

The current state of the art of tractability theory is summarized in the three
volumes of the book of Novak and Wozniakowski [16, 17, 18] which we refer to for
extensive information on this subject and further references.

In previous papers, several authors have studied similar approximation prob-
lems in various reproducing kernel Hilbert spaces, see, e.g., [2, 3, 4, 12, 15, 22].
These investigations have in common that the reproducing kernel Hilbert spaces
considered are tensor products of one-dimensional spaces whose kernels are all
of the same type (but maybe equipped with different weights). In the current
paper we consider the case where the reproducing kernel is a product of kernels
of different type. We call such spaces hybrid spaces. Some results on tractabil-
ity in general hybrid spaces can be found in the literature. For example, in [17]
multivariate integration is studied for arbitrary reproducing kernels K; without
relation to K441. Here we consider as a special instance the tensor product of
Walsh and Korobov spaces. The problem of numerical integration in such spaces
was recently considered in [11]. The study of a hybrid of Korobov and Walsh
spaces could be important in view of functions which are periodic with respect to
some of the components and, for example, piece-wise constant with respect to the
remaining components. Moreover, it has been pointed out by several scientists
(see, e.g., [10, 13]) that hybrid problems may be relevant for certain applications.
Indeed, communication with the authors of [10] and [13] have motivated our idea
for considering function spaces where we may have very different properties of the
elements with respect to different components, as for example regarding smooth-
ness.
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From the analytical point of view, it is very challenging to deal with hybrid
spaces. The reason for this is the rather complex interplay between the different
analytic and algebraic structures of the kernel functions. In the present study we
are concerned with Fourier analysis carried out simultaneously with respect to the
Walsh and the trigonometric function systems. The problem is also closely related
to the study of hybrid point sets which received much attention in recent years
(see, for example, [8, 9]). Hence we also have considerable theoretical interest in
studying this problem.

The paper is organized as follows. In Section 2 we introduce the Hilbert space
under consideration. In Section 3 we specify the problem setting and state our
main result. The proofs are presented in Section 4.

2. The hybrid function space

We study a specific reproducing kernel Hilbert space, namely the tensor product
of a Korobov space and a Walsh space, that was introduced in [11]. See [1] for
general information about reproducing kernel Hilbert spaces.

Fix a prime number b and let i = v/—1. For k € Ny with b-adic expansion
k= kob®+-- -+ K1b+ kKo with ; € {0,...,b—1} we define the k'™ Walsh function
waly : [0,1) — C by

() = oxp (203 S0 e )

for € [0,1) with b-adic expansion z = %1 + l% + -+ (unique in the sense that
infinitely many of the &; are different from b — 1). Note that a = |log, k|.

For k = (ki,...,ks) € N and = (z1,...,25) € [0,1)° the k' s-variate
Walsh function waly, : [0,1)° — C is given by waly(x) = [];_, walg, (z;).

Further, for I € Z' we define the t-variate I'" trigonometric function
er: [0,1)F = C as

er(y) = exp(2mil - y),

where - denotes the usual Euclidean inner product.

Let now s,t € N, o, 8 > 1 and let v, 4(2) be two non-increasing sequences
~@) = (fyj(.i))jzl for i € {1,2}, where 0 < yj(-i) < 1. We define two functions p,, )
and 75 2 as follows: For k= (k1,...,k;) € Ny and I = (I1,...,1;) € Z let

t

II 7@ (L),

pmm(k):Hpa_,y@(kj) and 750 (1) =
=1 7 j=1

where

1 ifk; =0
k;) = i
pa,vj-”( i) {%(,Ub—oztlogb(kj)J if k; #0,
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and
1 if 1; =0
r 1) = I ’
5.2 () {%@uﬂﬁ if 1; #0.

With the help of these functions one can define so-called Walsh spaces [5, 7] and
Korobov spaces [6, 14, 17].

Here we define a hybrid function space as the tensor product of the Walsh
and Korobov spaces. The hybrid space H(Ks sa.5~), where v = (v ~3)) is
the reproducing kernel Hilbert space with kernel function given by Ko~ :
[0,1)*Tt x [0,1)*Tt — C,

Ks;t,aw@ﬁ((wv y)7 (wlv y/))
= Z Zpaﬁ(l)(k)?"ﬁﬂ(z) (Dwalg (x)walg (' )er (y)er(y')

keNg lezt

and inner product

D oropr =S 3 C— )

keNg LeZt Pay@ (K) 75 4 (1)

with
k1) = / f(@,y)wal(@)er () ddy.
[0,1]s J[0,1]*

The space H (K ¢,0,8,~) is the tensor product of a Walsh space and a Korobov
space. If s = 0, then we obtain the Korobov space, if ¢ = 0, then we obtain the
Walsh space.

Remark 1. For convenience we will in the following use the notation
f[o,1]d f(z,y) dedy, where d = s +t, by which we mean f[o,l]s f[O,l]“ f(z,y) dzdy.

The hybrid space H (K +.,5,~) is the space of all absolutely convergent series f
of the form

fly) = > fleDwal(@e(y)  with |[fllu.,...) < oo
(k,1)ENg x 7t

where || - [|3(k. .. s.) denotes the norm in H (K¢ q,p.~). For further information
on the space H (K, 1q,8,~) We refer to [11, Section 2.2].

3. La-approximation

Our goal is now to approximate the embedding from the hybrid space H (K ¢,0.5,~)
to the space La([0,1]°T7), i.e.,

EMB,; : (K ta,84) = L2([0,1]°7),  EMB,(f) = f.
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As already mentioned, it is enough to consider linear algorithms Ay, ; of the form

N
Ansi(f) =D anLi(f), (1)
k=1

with ay, € La([0,1]5%") and continuous linear functionals Ly on H(Kj t.a.4,~) from
a permissible class of information A. We consider two classes:

e A = A the class of all continuous linear functionals defined on
H(Ks t,a,8~) Since H(K 1 ap.~) is a Hilbert space, for every Ly € A2l
there exists a function fj from H (K a g,~) such that Ly (f) = (f, fx)d,a.8~
for all f € H(Kst,a,8~)-

e A = At the class of standard information consisting only of function
evaluations. That is, L € AS*Y if there exists (xx,yx) € [0,1]*F* such that

Li(f) = f(xr, yx) for all f e H(Ksta,8~)-

Since H(Ks,t.0,8,~) is a reproducing kernel Hilbert space, function evaluations
are continuous linear functionals, and therefore AS*d C A, More precisely,

Li(f) = f(xr, yx) = (f, Ko ta.84 (o (T, Yk)) ) sty 8y

and
1/2
1Ll = 1ol o = K (@ ) s )
The worst-case error in H (K ¢ q,,~) of a linear algorithm as in (1) is
TP (AN st) = sup [EMB; +(f) = AN,s,t (F)llLa 0,17+

fEH(KS,t,a,B,‘Y)

[FAEYIS NP S

The N*® minimal worst-case error is given by

2@ PP AN 5 1) = inf e*PP(An ),
N,s,t

where the infimum is extended over all linear algorithms Ay ,; using information
from the class A. The information complexity is given as

NP7 A (e 5 1) := min{N : e"2 *PPA(N, 5,t) < e}

Since Astd C A it follows that Nﬂ‘rapp’m“(a, s,t) < NL2=app,A™? (e,s,t).
We say that the Lg-approximation problem EMB = (EMB; ;)5 +>1 is:

e weakly tractable, if
log NL2=app:A (2 5 1)

lim =0;
s+t+e— 1500 S+t+€_1

e polynomially tractable, if we can find constants C, 7,7 > 0 such that

NE2=apP A (o g ) < Ce (s 41)™ for all e € (0,1) and all s,t € N;
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e strongly polynomially tractable, if we can find constants C, 7 > 0 such that
NE2mappA (g g 1) < Ce™™ foralle € (0,1) and all s,t € N.  (2)
The infimum 7*(A) of the real numbers 71 such that (2) holds is called the

e-exponent of strong polynomial tractability.

For v = (vV, ) we define the sum exponent

oo

Sy =Inf¢ K >0 : Z(’y](-l))” < oo and Z(vj(-z))” < oo (3)
j=1

j=1

with the convention that inf () = co.
Our main goal in this paper is to show the following theorem.

Theorem 1. Consider the approximation problem EMB. Then we have:

1. Strong polynomial tractability and polynomial tractability in the class A
are equivalent, and they hold if and only if sy < oo, where sy is defined
in (3). In this case the exponent of strong polynomial tractability is 7*(A!) =
2max(s., =, %)

2. The problem is weakly tractable in the class A if and only if

s (1) t (2)
lim 2= 2
s+t—o00 s+t

—0. (4)

3. The problem is strongly polynomially tractable in the class A5t if

Z%m < 00 and ZWJ@) < 0.
j=1 j=1

The exponent of strong polynomial tractability in the class AS' satisfies
7*(A%) € [2max(L, %, Sv), 4+ 2max(2, %, 5~
4. The problem is polynomially tractable in the class AS* if

s (1) t (2)
17 , 17
lim sup z:]# < 00 and lim sup E# < 00.
$—00 log s t—o0 logt

5. The problem is weakly tractable in the class AS*Y if and only if

s (1) t (2)
lim Zj:l vt Zj:l 7
s+t—o0 s + t

=0.

Remark 2. Since it can easily be verified that integration in H(Ks ¢ q,5,~) is not
harder than approximation, all sufficient conditions stated in Theorem 1 for ap-
proximation are sufficient for integration in H (K a,3,y) as well. These conditions
coincide with the ones given in [11] for QMC integration.
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4. Proof of Theorem 1

We recall that strong polynomial tractability implies polynomial tractability which
in turn implies weak tractability. Furthermore, all sufficient conditions for the class
A%t are also sufficient for the class A®! with 7*(A2!) < 7*(A%*d) in the case of
strong polynomial tractability. All necessary conditions for the class A®! are also
necessary for the class A,

4.1. Proof of Item 1

In order to give a necessary and sufficient condition for strong polynomial tractabil-
ity for A*!! we use a criterion from [16, Section 5.1]. Let us consider the self-adjoint
operator W ; := EMB{ ,EMBy ; : H(K; t,0,6.v) — H(Ks t,0,8,~), Which in our case
is given by

Warf = D panyw (B)rg e @) f (k. Dwaly(z)er(y).
(k,l)ENS x 7t

The eigenvalues are then given by the collection of the numbers
paq(l) (k)’l"ﬁv,y(z)(l) for (k,l) € Na X Zt.

Furthermore, the largest eigenvalue is p,, ~1)(0)75 .4 (0) = 1.
From [16, Theorem 5.2] we find that the problem EMB is polynomially tractable
for A2 if and only if there exist v > 0 and ¢ > 0 such that

1/v

sup > (Payo (B)rg e ) (s+1)77 < oo. (5)
S\ (kl)eNz x 2t

Furthermore, we have strong polynomial tractability if and only if (5) holds with
q=0.

It is easy to check that we require v > max(Z, %) in order for (5) to hold with
¢ = 0. Let us now assume that v is indeed bigger than max(% %) For the sum

in (5) we have

Yo (Pamo R)ra e @)

(Fe,1)ENG x Zt
=ﬁ0+®%wW0ﬁ0+@%mwm,m>

b= (b—1)
b —b

where p(z) = for x > 1 and () is the Riemann zeta function.
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Now, using arguments outlined in [19] (see also [14, Section 4.5]), it is easy to

see that the existence of some v > max(2, %) with
oo o0
)\v 2)\v
Z(’yj( )) < 00 and Z(vj( )) < 00
Jj=1 j=1

is a necessary and sufficient condition for (5) with ¢ = 0 and therefore for strong
polynomial tractability of the problem EMB.

Again according to [16, Theorem 5.2|, the exponent of strong polynomial
tractability is 2 max(L, %, ), where s, is defined in (3).

It remains to show the equivalence of strong polynomial and polynomial tract-
ability. Of course, it suffices to show that polynomial tractability implies strong
polynomial tractability. So assume that the problem EMB is polynomially tractable
for the class A*!. Then we obtain polynomial tractability also for the embedding
problem in the pure Walsh space (K ,q,5~) and in the pure Korobov space
H(Ko,t,0,8,) According to [21, Theorem 2| this is equivalent to strong polyno-
mial tractability for the embedding problem in the pure Walsh space H (K 0,0,8,v)
and in the pure Korobov space H (K¢ t,a,5,~). According to [3] and [12] this implies

the existence of 1 > 0 such that Zj>1('y](1))”1 < oo and the existence of v, > 0

such that Zj>1(’yj(-2))”2 < 00. Hence we have sy < oo and this in turn implies

strong polynomial tractability for the class A*!, as shown above. This completes
the proof of Ttem 1.

4.2. Proof of Item 2

Sufficiency of Condition (4) follows by Item 5 of the Theorem which we show in
the next section.

For showing necessity of Condition (4), we use [16, Theorem 5.3] in the follow-
ing. To keep notation simple, we shall frequently write again d instead of s + t.
Theorem 5.3 in [16] states that our approximation problem is weakly tractable for
A2 if and only if

e lim )\ log®j =0 for all d € N and
J—0o0

e there exists some function f: (0,4] — N such that

1
sup — sup sup Aajlog? j < oo, (7)

ne(0,1]1 M d>f(n) j>[exp(dym)]+1

where A\g; = As1¢,; denotes the 4t eigenvalue of Wj. + in non-increasing order.
Let us now assume that the approximation problem is weakly tractable for
A2 This then in particular implies that

lim \gjlog?j =0  forall de€N. (8)
Jj—o0
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We are now going to show that (8) implies (4). To this end, recall that the
eigenvalues of W ; are of the form

Pa,A M (k)r/;,,y(g) (l) for (k,l) € NS x Zt.

Note that we have Aq1 = 1; furthermore, note that p_ 7(_1)(1) = 'yj(-l) for any
(2) .

j €N, and rﬁﬁ@(l) =,” for any 7« € N. Hence, by choosing all components of

(k,1) € N§ x Z! but one equal to zero, and the remaining equal to one, we see that

(2) (2)

(1) (1 and Y Y

71 a"'7fYS

are eigenvalues of W ;. Consequently,

s t d
o)+ <3 M
j=1 j=1 j=1

and hence

s (1) t (2) d
S ') S N SR AV o Xd
lim Z]_l 7_} Zj_l PY] S lim Z]-l d,j )
s+t—00 s+t d— oo d

However, due to (8), it follows that the latter limit is 0, which shows that indeed
(4) holds.

4.3. Proof of Items 3-5
Any f € H(Ksta,5~) can be displayed as
flay) = > flkDwale(z)e(y).
(ke 1) ENG XZt

In order to approximate f(k,l), we are going to use quasi-Monte Carlo algo-
rithms based on classical and on polynomial lattice point sets.

Classical lattice point sets. For N € N and z = (21,...,2) € Z%, where
Zn i={z€{1,...,N — 1} : ged(z, N) = 1}, the lattice point set {g, }.-," with
generating vector z is defined by

qv:({%},...,{%}) forall 0<v< N -—1.

Here {-} denotes the fractional part of a real number.
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Polynomial lattice point sets. Let F;, be the finite field of prime order b, Fy[x]
be the set of polynomials over Fy, and let F,((x~!)) be the field of formal Laurent
series over [F,. The latter contains the field of rational functions as a subfield.
Given m € N, set Gy, = {a € Fp[z] : deg(a) < m} and define a mapping
Um : Fyp((x71)) — [0,1) by

Um <i tlx_l> = i tlb_l.
==z

l=max(1,z)

Let f € Fylz] with deg(f) = m and g = (g1,...,9s) € Fp[z]°. The polynomial
lattice point set (p,)vea, ,, With generating vector g is defined by

po = (v (M) (M) forait v G

Note that we can associate the polynomial v(z) = Z:L:_ol vpx” € Gy with the
integer v = Z:ZOI v,b", where, with a slight abuse of notation, the element v, €
is associated with the integer v, € {0,1...,b— 1}. In this way we can index the
points of a polynomial lattice point set by integers ranging from 0 to 0™ — 1.

Now suppose that N is of the form b™ for some m € N, and let
PL = {po,...,pn—1} C [0,1)* be a polynomial lattice point set and
L = {qo,-..,qn-1} C [0,1)! be a lattice point set. We consider the point set
(PLaL) = {(p7q)v = (Pviqv):v=0,....,N — 1}'

For M > 1 define the set

Ay = {(k,1) € Ny X Z" : (po ) ()" (rg 42 (D)7 < M} 9)

In order to approximate the embedding EMB; (f) = f for f € H(Kst,a,8,)
we use the algorithm

N-1

Avsn(D@y) = 3 (}V S fm, q>v>wa1k<pv>el<qv>) walk(@)er (y).
(k,1)eANM v=0

(10)

It can easily be checked that Ay s ar is a linear algorithm of the form (1) with

1
av(wa y) = N Z Walk(w epv)el(y - qv)
(k,l)GAM

and

L,(f)=f((p.@)v), O0<v<N-1
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The error of approximation for given f € H(K,qa,3,~) is then

(f = Ansem(f))(x,y)
= Y J(kDwalg(x)er(y)

(k,1)EANM
N—-1
3 (f(kz,l) () q>u>wa1k<pv)el<qv>> walg(@)er(y). (1)
(k) EAM v=0

We use (11) and Parseval’s identity to obtain

IEMB; ¢ (f) = An,s,e.00 (FIIE 5 j0,175+4) = S1 + S,

where N
si= S 1f kD
(k,l)¢ A
and
2
Sy = / Sy (x,y) dedy — Z Jwn (P q ;
(k,l)E.AM [0’1]S+t
with

feny (@, y) = f(x,y)walg(x)er (y).

From the definition of Ay, it follows easily that

1 2
S1 < MHf”H(KS,t,a,aw)'

Let us now consider S5. The term in-between the absolute value signs in Sy
is the integration error of the QMC rule using the nodes (PL,L) for the function
Jaep)(x,y). Since the product of two Walsh functions is again a Walsh function,
and the analogue is true for trigonometric functions, it can easily be verified that
Je,) € H(Ks t,0,8,~)- Hence we can bound Sy by

Sy < (™ (PLL))> D e Fui s s
(k,L)EAM

where e™*(PL, L) is the worst-case integration error in H(Kj  q,4,~) of the QMC
rule based on the nodes (PL,L), i.e

e™(PL,L) = sup
FEH(Ks t,a,8,~)
1 laecxy 4050 ST

N—
)daedy — —
/[O’WH fla,y) dedy — Z; (p,q
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From [11, Theorem 3| it then follows that

t

2 S
Sy <+ | [T+ 2u@) || TTO+2246) | D0 I B sy
j=1 j=1 (k,l)EAM
(12)

Next we find an estimate for ||f(kvl)||%t(Ks,t,a,g,q) for (k,l) € Ap. From the

easily seen fact that f\(k,l)(h, m) = ]?(k @ h,l + m) we obtain

ey e s s

1F(k & h,1+m)|?
=

heNs mezt Py (R)75 4 (M)

B Z \f(k ® h,l +m)|? Pa~ (kSR 1 (L +m)
- -

heNg mezt Pa) (k ©® h)?“ﬁ’,y(z) (I+m) Pa~M (h)’l“ﬁ’,y(z) (m

Combining results from [3] and [12] we find

kEdh l
/)a,,(l)( @ )7'[37—7(2)( +m) < 1 Hmax 1 Qﬁ’Y(Q))
Pam (R)Tg 4@ (M) Pa,y (k)75 4@ (1)
t
<M Hmax(l,Qﬁ’yf)),
j=1

and hence, after applying an index shift,

7k @ h,1+m)|?
f y <M max(1, 28 (2)
| (kl)HHK e .7) H h% ngzt Pay (kS R)Tg 2 (L +m)

t
2
= M| fl3yx. .,y [ max(1,274).

j=1
Plugging this into (12) we obtain
9 s t
1
S < - | [T +75"20(a) H 1+724¢(8))
j=1 j=1
2
NIk vy M| A H max(1,2%{?). (13)

Jj=1
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Next we study the cardinality of the set Aj,.

Lemma 1. Let § = min(w, 8). For arbitrary x > 1/6 = max(Z, %) we have

S

|AM|gM”H(1+2g(9H )by )ﬁ(l—i—?(@m )).

j=1 j=1

Proof. For k € N we have

1 ba[logb k| - boc(flJrlogb k) B R 7 1
pa,’y(k) v a Y ’Ybo‘ To,ybo (k) .
Then we have
A —{(kl)eNSth' L }
M ’ 0 ’ pa,’y(l) (k}) 7"[3 .),(2)
1 1
C (k1) € NS x Zt: M}
{( ) €N Taype (k) 154 (1) —

1 1
- (k,l)estZt: SM}
{ 7o~ pe (k) To,~(2) ()

from which the result follows immediately from [12, Lemma 1].

Considering Lemma 1, for any x > 1/v we obtain

M1+H
Sz < estapm 1 ik s

where

t t
CotiaBiyim = 2 H1+7(1)2u( )) H (1+74¢(8) H x(1,294)

f[ 1+2<9H (b (D) )f[(1+2g9/-; (2))n ) (14)

J=1

Summing up we have
1+

) 1 MU+
||EMB5t(f) - AN,s,t,M(f)Hle([O,l]ert) é (M + Cs,t,a,ﬁ,'y,KT ||f||%(KSv“a,B,-y)'

Choosing M = M(N) = (N/cst.a.5~x)" ") and taking the square root we
obtain the following proposition and its corollary, which then concludes the proof

of Theorem 1.
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Proposition 1. Let k > 1/min(c, §) and let ¢s 40,8~ be defined as in (14).
The worst-case error of the algorithm Ay s:n as defined in (10) using a point
set (PL,L) constructed by [11, Algorithm 1] and with M = (N/cs t.a.p.~.x) " 3T
satisfies

_1
eﬂlziapp(AN,s,t,M) < \/5 (Cs,t,(i;\,[ﬁ,'y,n) itzr .

Corollary 1. Consider the approzimation problem EMB with information from
the class ASY.

o If Z] 1 73 ) < 00 and Z] 1 ’yj( ) < 0o, then EMB is strongly polynomially

tractable with e-exponent at most 4 + 2 max(s, é, %);

(1) (2)

- ; 5 . t v

o if limsup, . >, foz (571 < 00 and limsup;_, ., 2= o () < 00, then
EMB is polynomially tractable;

s () N
o iflimgyy oo 2i=17 SLZJ LREF 0, then EMB is weakly tractable.

Proof. Employing Proposition 1, the result follows by the same arguments as used
in [11, Section 5.2]. We only show the first item: Let x = 1. Since log(1 + z) <z
we obtain

s
2
Cs Jta,B,y,1 < QQXP ul Z + UQ(O‘?ﬂ) 27_5 ) S coo,oo,oz,ﬁ,'y,l < oo,

where u;(a, 8) = 2u(a) + 2¢(0)b* and uz(a, B) = 4¢(B) + 27 + 2¢(6). Then
Proposition 1 with x = 1 implies that

1/6
22 PP(N s 4 1) < V2 (Coo,ooj\?ﬁml) .

Recall that N is of the form ™. Now, for € > 0 choose m € N such that ™! <

(Scoo,oo,a,ﬁ,'y,1576—|
=: N’ < b™. Then we have e“2~8PP(h™ s+ t) < ¢ and hence

NL2=appA™ (o g ) <B™ < DN’ = b[8Coo 00,05 418 0]

This is strong polynomial tractability. The result for the e-exponent can be shown
easily by similar arguments. |
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