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d
Abstract: We find bases for the spaces Ms (F0(24), <7>> (d =1,8,12,24) of modular forms.

We determine the Fourier coefficients of all 35 theta products ¢la1, a2, as, aa](z) in these spaces.
We then deduce formulas for the number of representations of a positive integer n by diagonal
quaternary quadratic forms with coefficients 1, 2, 3 or 6 in a uniform manner, of which 14 are
Ramanujan’s universal quaternary quadratic forms. We also find all the eta quotients in the

d
Eisenstein spaces Fo (F0(24), <7>> (d=1,8,12,24) and give their Fourier coefficients.
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1. Introduction and notation

Let N, Ny, Z, Q and C denote the sets of positive integers, non-negative integers,
integers, rational numbers and complex numbers, respectively. Let N € N. Let
T'o(N) be the modular subgroup defined by

FO(N){<(; Z>|a,b,c,d€Z, ad—be=1, c=0 (modN)}.

We define a Dirichlet character x; for each ¢t € {—24, -8, —4,—3,1,8,12,24} by

xt(m) = (%) for m € Z. (1.1)

Note that x; is the trivial character. Let x and 1 be Dirichlet characters. For
n € N we define the generalized sums of divisors functions o, )(n) by

ooy () =D x(m)p(n/m)m. (1.2)
1<m|n
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If n ¢ N we set o, y)(n) = 0. If x =9 = x1, then o(, 4)(n) coincides with the
sum of divisors function
o(n) = Z m.

1<m|n

Let k € Z. We write My(T'o(N),x) to denote the space of modular forms
of weight &k with multiplier system x for I'o(N), and FEx(To(N),x) and
Sk(To(N), x) to denote the subspaces of Eisenstein forms and cusp forms of
M (To(N), x), respectively. We also write My (T'o(N)), Ex(To(N)) and Sg(To(N))
for My(To(N),x1), Ex(To(N),x1) and Si(To(N), x1), respectively. It is known
(see [14, p. 83] ) that

Mp(To(N), x) = Ex(To(N), x) & Sk(L'o(N), X)- (1.3)
The Dedekind eta function 7(z) is the holomorphic function defined on the upper
half plane H = {z € C | Im(z) > 0} by

n(z) _ eﬂ'iz/12 H(l _ e27rinz). (14)
n=1

Throughout the remainder of this paper we set ¢ = ¢(z) = ¢?™* with z € H. Let
N € N and rs € Z for each positive divisor § of N. We define an eta quotient of
level N by the product formula

1) =TI (). (15)

1<8|IN

We define an Eisenstein series Ey, 4, (¢) by

Ethtz (Z) = Cthtz + Z O(th,xt2)(n)qn (16)
n=1
for each
(t1,t2) =(—8,-3),(—3,-8),(1,24),(24,1),(1,1),(1,8),(8,1),
(1,12),(12,1), (-3, —4), (-4, —3),
where

1 1
Csq=—= Cio1=—1, Co1=-3  Ci1=——
8,1 27 12,1 B} 24,1 ) 1,1 24a

Cg3=C_3 g=C1o4=0C13=C1120=0_3_4=C_4_3=0.

For (t1,t2) = (1,1) we write



For 1 < d | 24 we set

Theta products and eta quotients of level 24 and weight 2

La(q) =

L(q) — dL(q%).

Ramanujan’s theta function ¢(z) is defined by

iz
qn

n=—oo

It is well known [5, p. 11] that ¢(z) can be expressed as

p(2) =

1°(22)
n?(z)n?

(42)

Let a1, as, a3, as € N and n € Nyg. We define

207

(1.7)

(1.8)

N(ay,as,a3,a4;n) = card{(x1, z2, x3,24) € Z4\ n = alx? + agmg + agajg + a4wi}.

For notational convenience we set

<P[a1, a2, az, a4}(z)

We have

(p[al7a27a37a4

n=0

which is independent of the order of ai,as,as,a4.
pla1, az, as,aq](z) of level 24 and weight 2. We group them according to the
modular spaces to which they belong, namely

e[, 1,1
©[1,2,3
©[3,3,3

W > =
—
N

are in M5(Ty(24), x1

spectively.

So[l’ ]‘72?2](2)
90[2727272](2:)7
¢[3,3,6,6](2),
el1,1,3,6](2),
0[2,2,3,6](2),
el1,1,2,6](2),
©[2,2,2,6](2),
l ,3](2)
©[2,2,2,3](2)

= p(a12)p(az)p(azz)p(asz).

E N(a1,a2,as,a4;n)q",

(1.9)

We have 35 theta products

¢[1,1,3,3](2), ¢[1,1,6,6](2),
£[2.2,3,3](2), ©[2,2,6,6)(z),  (1.10)
2[6,6,6,6](2):

o[1,2,2,2(2), o[1,2,3,3](2),
2[3,3,3,6](), ¢3,6,6,6](); (1.11)
v[1,2,2,3](2), «¢[1,3,3,3](2),
2[2.3.3.61(2), o[2.6.6,6)(z); 112
©v[1,2,2,6](2), «[1,3,3,6](2),
o333, e23606(:)
MQ(F0(24) X12) and Mg( (4),)(24) re-
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d
In this paper we give bases for the spaces M, (F0(24), (7)) (d=1,8,12,24)
of modular forms. We determine the Fourier cofficients of all 35 theta products
n (1.10)—(1.13). We then deduce explicit formulas for N(aq,as,as,aq;n), where
ai,as,as,aq € {1,2,3,6}, in a uniform manner, of which 14 are Ramanujan’s uni-
versal quaternary quadratic forms given in [13]. We also find all the eta quotients

d
in the Eisenstein spaces Es (Fo (24), (7)) (d =1,8,12,24) and give their Fourier

coefficients.
2. Bases for M»(T'¢(24),x;) for i € {1,8,12,24}
We deduce from [14, Sec. 6.1, p. 93] that
dim S5(To(24)) =1, dim Ea(To(24)) = 7. (2.1)
We also deduce from [14, Sec. 6.3, p. 98] that
dim S3(T9(24), xs) =2, dim S3(T9(24), x12) =0, dim S3(T'9(24), x24) = 2,
(2.2)
and
dim E5(T(24), xs) =4, dim E5(To(24), x12) =8, dim E»(I'g(24), x24) = 4.

(2.3)

We define the eta quotients A(q), Bi(q), B2(q), C1(q), C2(q) and the integers a(n),
bl(n)v b2(n)7 1 (n)v CQ(”) by

A(q) = n(22)n(42)n(62)n(122) = i a(n)q", (2.4)
Bi(q) = ngi?;g 122 Zbl ", (2.5)
Bs(q) = n(( )) ((SZ 21;5 sz ", (2.6)
Ci(q) = 7’('277)(772(2)77)(3 ()6 G2l 122242 = gcl 2.7)

_ Pt (2)n(62)n(242) &
Ca(q) = 2 (22)n(82)n( 122 —;(32 (2.8)
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We note that A(g) is the only newform among all the eta quotients of weight 2
and level 24, see [10, Table I| or [11, Theorem 1]. We now give a basis for
M5(T0(24), x;) for each i € {1,8,12,24}.

Theorem 2.1. Let x; be as in (1.1) fort =1,8,12,24. Then

{La(q) | d=2,3,4,6,8,12,24} U{A(q)},

{E1s(2), E15(32), Esa(2), Es1(3z), Bi(q), B2(q)},

{E112(2), B112(22), E12,1(2), F12,1(22), E_4,-3(2),
E_43(22),E_3 4(2), E_3-4(22)},

{E124(2), F241(2), E_35(2), E_s 3(2), Ci(q), Ca(q)},

are bases for Mz(I'0(24)), M2(I'0(24), xs), M2(T'0(24), x12) and Ma(T'o(24), x24),
respectively.

Proof. Appealing to [12, Theorem 1.64, p. 18] and [8, Corollary 2.3, p. 37] (see
also [9, 7, 1]) one can show that A(q) € S2(I'9(24)); Bi(q), B2(q) € S2(T'o(24), xs);
C1(q),Ca(q) € S2(T0(24), x24). The assertion (i) follows from (1.3), (2.1) and
[14, Theorem 5.8, p. 88|. (ii) follows from (1.3), (2.2), (2.3) and [14, Theorem
5.9, p. 88] with e = x5 and x,¢ € {x1,xs}. (iii) follows from (1.3), (2.2) and
(2.3) [14, Theorem 5.9, p. 88| with € = x12 and x,v € {x1, X12, X—3, X4} (iv)
follows from (1.3), (2.2), (2.3) and [14, Theorem 5.9, p. 88] with ¢ = x24 and
Xﬂdj € {X17X247X*37X*8}' u

3. Theta products in M2 (I'g(24),x;) for < € {1,8,12,24}

Theorems 3.1-3.4 below follow from (1.10)—(1.13) and Theorem 2.1.

Theorem 3.1. Let pla1, az, a3, a4](z) € M2(T'o(24)) be any of the theta products
given in (1.10), and let Ly(q) be as in (1.7). Then we have

lar, az, as,aq](z) = baLa(q) + bsLs(q) + baLa(q) + bsLs(q) + bs(Ls(q)
+ bi2L12(q) + baaLoa(q) + zA(q),

where the coefficients ba, bz, by, bg, bs, bi2, bog and x are given at the right hand
side of Table 3.1.



210  Ayse Alaca, Saban Alaca, Zafer Selcuk Aygin

Table 3.1. ¢[a1,az,as, as](z) = baLa(q) +bsLs(q) +baLa(q) +bsLe(q) +bsLs(q) +
biaLi12(q) + basLas(q) + xA(q).

a1 as as a4 by b3 by be bg bi2 boy €T
1 1 1 1 0 0 8 0 0 0 0 0
1 1 2 2 2 0 -2 0 4 0 0 0
1 1 3 3 4 4 —4 —4 0 4 0 0
1 1 6 6 1 2 1 -1 -2 -1 2 2
1 2 3 6 1/2 -1 —1/2 1/2 1 —1/2 1 1
2 2 2 2 —4 0 0 0 4 0 0 0
2 2 3 3 1 2 1 -1 -2 -1 2 =2
2 2 6 6 —2 0 2 2 =2 -2 2 0
3 3 3 3 0 -8/3 0 0 0 8/3 0 0
3 3 6 6 0 —4/3 0 2/3 0 —2/3 4/3 0
6 6 6 6 0 0 0 —-4/3 0 0 4/3 0

Proof. Let ¢[a,as,as,a4](z) be any of the theta products listed in (1.10). By
Theorem 2.1, @[a,as,as,aq4](z) must be a linear combination of Lg(q) (d =
2,3,4,6,8,12,24) and A(q), namely

plar, az, a3, as)(z) =baLa(q) + b3L3(q) + baLa(q) + bsLe(q) + bsLs(q)  (3.1)
+ bi2L12(q) + baaLoa(q) + zA(q)

for some scalars by, bs, by, bg, bg, b12, bag, x € C. By [7, Theorem 3.13|, the Sturm
bound for the modular space M>(T'x(24)) is 8. So, equating the coefficients of ¢"
for 0 < n < 8 on both sides of (3.1), we find a system of linear equations. We
solve this system and find the asserted coefficients. |

Similarly to Theorem 3.1, Theorems 3.2-3.4 follow from (1.11)—(1.13) and The-
orem 2.1.

Theorem 3.2. Let pla1,az,as,aq](z) € Ma(T'9(24), xs) be any of the theta prod-
ucts given in (1.11), where xs(n) is given by (1.1). Let E; g(z) and Eg1(z) be as
in (1.6). Then we have

<p[a1,a2,a3,a4](z) = blELg(Z) + b2E1,8(32) + ngg,l(Z) + b4E8,1(3Z)
+ 21B1(q) + 22B2(q),

where the coefficients by, ba, b3, by, 1 and xo are given at the right hand side of
Table 3.2.
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Table 3.2. <p[a1, asz, as, a4](z) = blELg(Z) + b2E178(3Z) + ng&l(Z) + b4E871(3Z) +
21B1(q) + x2B2(q)

a1 ag as a4 b1 b2 b3 b4 X1 X9
1 1 1 2 8 0 -2 0 0 0
1 1 3 6| 16/5 —24/5 —4/5  —6/5 8/5 0
1 2 2 2 4 0 -2 0 0 0
1 2 3 3| 8/5 48/5 2/5 —12/5 —8/5 8/5
1 2 6 6| 4/5 24/5 2/5  —12/5 8/5 —4/5
2 2 3 6| 8/5 —12/5 —4/5  —6/5 0 —4/5
3 3 3 6 0 8 0 -2 0 0
3 6 6 6 0 4 0 -2 0 0

Theorem 3.3. Let ¢lay,az,as,a4](z) € M2(T'0(24), x12) be any of the theta prod-
ucts given in (1.12), where x12(n) is given by (1.1). Let Ej12(2), E121(2),
E_3_4(2) and E_4 _3(2) be as in (1.6). Then we have

plai, az, as, as)(z) =b1Ei2,1(2) + baE12,1(22) + b3 E1 12(2) + baE1 12(22)
+b05E_4,-3(2) + beE_4,-3(22) + brE_3,_a(z) + bsE_3 _4(22),

where the coefficients by, ba, bz, by, bs, bg, by and bg are given at the right hand
side of Table 3.3.

Table 3.3. <p[a1, as, as, (14}(2) = b1E1271(Z)—FnglQ’l(22)+b3E1,12(Z)+b4E1712(2Z)+
b5E_4,_3(Z) + bﬁE_47_3(22) + b7E_37_4(Z) + ng_37_4(22’).

b1 b

S
S
S

be by

S

ai a2 ag Qa4 3 4 5 3
1 1 1 3 —1 0 6 0 3 0 -2 0
1 1 2 6 0 -1 3 0 0 3 1 0
1 2 2 3 0 -1 3 0 0 -3 -1 0
1 3 3 3 -1 0 2 0 -1 0 2 0
1 3 6 6 0 —1 1 0 0 1 1 0
2 2 2 6 0 —1 0 6 0 3 0 -2
2 3 3 6 0 -1 1 0 0 -1 -1 0
2 6 6 6 0 -1 0 2 0 -1 0 2

Theorem 3.4. Let ¢[ay,as,a3,a4](2) € M2(T(24), x24) be any of the theta prod-
ucts given in (1.13), where x24(n) is given by (1.1). Let Ej24(2), E241(2),
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E_g _3(z) and E_3 _g(2) be as in (1.6). Then we have

lar,az, as, aq](z) = b1Eas1(2) + boEr 24(2) + bsE_g _3(2) + by E_3 _g(2)
+ 21C1(q) + 22C2(q),

where the coefficients by, b, bz, by, T1 and x5 are given at the right hand side of
Table 3.4.

Table 3.4. ga[al, as, as, a4] (Z) = b1E2471(Z) + b2E1’24 (Z) + ng,&,‘g(Z) +
biE_3 _s(2) +21C1(q) + 22C2(q).
al a2 as a4 b1 b2 b3 b4 X1 i)
1 1 1 6 | —1/3 4 I —4/3 8 8/3
1 1 2 3 | —1/3 4 -1 4/3 0 0
1 2 2 6 | —1/3 2 1 —2/3 0 0
1 3 3 6 | —1/3 4/3  —1/3 4/3 0 0
1 6 6 6 | —1/3 2/3  —1/3 2/3 8/3 4/3
2 2 2 3 | —1/3 2 -1 2/3 0 —4/3
2 3 3 3 | —-1/3  4/3 1/3  —4/3  —8/3 0
2 3 6 6 | —1/3  2/3 /3 —2/3 0 0

Remark 3.1. We obtain the following identities from Tables 3.1, 3.2 and 3.4.

—p[1,1,2,2](2) + 4¢[1, 2, 3,6](2) — 3¢[3,3,6,6](z) = 4A(q),
72g0[1, 1,1,2](2) + 5¢[1, 1,3, 6](2) + 9¢[3, 3, 3,6](z) — 12¢[3,6,6,6](z) = 8B1(q),
20[1,2,2,2](z) — 5¢[2,2,3,6](z) — 6¢[3,3,3,6](2) + 9¢[3,6,6,6](z) = 4B2(q),
20[1,1,1,6](2) — 3¢[1,1,2,3)(2) + 402, 2,2, 3)(2) — 30[2,3,3,3](2) = 24C1(q),
20[1,1,2,3](2) — 2¢[1,2,2,6](2) — 3¢[2,2,2,3](2) + 3p[2, 3,6,6](z) = 4C2(q).

4. Representations by quaternary quadratic forms with coefficients 1,
2,3 o0r6

Let a1, a2, a3,a4 € {1,2,3,6}. With the simplifying assumptions
ng(ah az, as, CL4) =1 and a1 a2 <az < a4,

there are 26 diagonal quaternary quadratic forms a;2? + a2z3 + azz3 + asz?. Of
these, 14 are Ramanujan’s universal quaternary quadratic forms given in [13]. In
Theorem 4.1 we give explicit formulas for N (a1, as, as,aq;n) for these 14 universal
quaternary quadratic forms. In Theorem 4.2 we give formulas for N (a1, az, as, aqs;n)
for the remaining 12 quaternary quadratic forms. Both Theorems 4.1 and 4.2 fol-
low from Theorems 3.1-3.4.
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Theorem 4.1. Let n € N. Then
(i) N(1,1,1,1;n) = 8c(n) — 320(n/4),

(il) N(1,1,2,2;n) =4o(n) — 40(n/2) 4+ 8c(n/4) — 320(n/8),

(i) N(1,1,3,3;n) = 40(n) — 80c(n/2) — 120(n/3) + 165(n/4)
+240(n/6) — 480 (n/12),

(iv) N(1,2,3,6;n) =o(n) —o(n/2) + 30(n/3) + 20(n/4) — 30(n/6)
— 80 (n/8) + 60(n/12) — 240(n/24) + a(n),

(V) N(17 17 1’ 27 TL) = 80—()(1,)(&)(”) - 2U(X8,X1)(n>7

. 16 24 4
(vi) N(1,1,3,6;n) = Ea(xmcs)(n) - ga(xl,XS)(n/?’) - gU(X&Xl)(n)

6

8
- go—(Xst)(n/g) + gbl(n)v

(Vll) N(17 27 2? 27 n) = 40(X1,X3)(n) - QU(XS,Xl)(n)v

8 48 2
(Vlu) N(l’ 2,3,3; n) = gU(Xth)(n) + EO’(leXS)(n/i%) + 7U(X8»Xl)(n)

)
12

8 8
- EJ(X&Xl)(n/g) - gbl(ﬂ) + gbg(n)7

(iX) N(l’ 11,35 n) = 60—()(17)(12)(77’) - U(X12,X1)(n) - 20—()(—30(—4)(”)
+30(x_4,x_s) (1),

(X) N(l’ 17 2’ 6; Tl) = 30(X17X12)(n) - U(leXl)(n/Q) + U(X—B,X—U(n)
+ 3U(X—4,X—3)(n/2)7

(Xi) N(l’ 2’ 2’ 3; n) = 30(X17X12)(n) - U(X12’X1)<n/2) - U(X—S,X—4)(n)

- 30(X—4,X—3)(n/2)7

.. 1
(Xll) N(L 1,1,6; n) = 40(X17X24)(n) - gU(XM,Xl)(n) - gU(X—&X—S)(n)

N

8
+ U(X—S»X—:s)(n) +8ci(n) + 502(n)7
1 4
(Xlll) N(17 1,2,3; n) = 4U(X1,X24)(n) - gU(X247X1)(n) + gU(X—s,X—s)(n)
- O—(X—&X—s)(n)’
1 2

(xiv) N(1,2,2,6;n) = 20(y, y,u) () — ga(m,xl)(n) - gff(xfs,xm(n)

+ U(X—S,X—s) (n)

213
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Theorem 4.2. Let n € N. Then
(i) N(1,1,6,6;n) = 20(n) — 20(n/2) — 60(n/3) — 4o(n/4) + 65(n/6)
+ 160(n/8) + 120(n/12) — 480 (n/24) + 2a(n),
(i) N(2,2,3,3;n) =4o(n) — 8a(n/2) — 120(n/3) + 160(n/4)
+ 240(n/6) — 480 (n/12),

4 24 2
(i) N(1,2,6,6:7) = £0(x, x0) (1) + F 000x0) (1/3) + £0(x30) (1)

12 8 4
- EO’(XS»Xl)(n/?)) + gbl(n) - 5b2£(1n)7
. 8 12
(V) N(2,2,3,6:1) = 2001 .x0) (1) = 5 0x0) (1/3) = 203030 ()
6

4
- gU(Xs,xﬂ(n/?’) - gb2(n)v

(V) N(1,3,3,3;n) = 200y, x10) () = Oixanixs) () + 20 (50 ()
— O(x_ax—a) (1),
(Vi) N(1,3,6,6;1) = 0(x1.x12) () = Tlxazinr) (1/2) + 01 sy 0)(1)
+ 0 (x_ax_s)(1/2),
(Vi) N(2,3,3,6:7) = 0y, x12) (1) = Tlxan ) (1/2) = T(x_sx ) ()
— O(x_ax_s)(n/2),
(vili) N(1,3,3,6:7) = 3000 x00(1) = 5000000 (1) + 30055501 (0)

1
= 3%0sx-a)();
. 2 1 2
(IX) N(1,67 6, 6,77/) = gU(Xth)(n) - gU(XM,Xl)(n) —+ gJ(Xfmxfs)(n)
1 8
- gU(X,S,Xd)(n) + 301 (n) + gCg(n)7
1 2
() N(2,2,2,3;n) = 20 (31 x24) (M) = 50(X24,X1)(n) + go—(X737X78)(n)
4
= O(x_sx_s) (M) — 502(71),

(%) N(2,3,3,3;7) = 2000300 (1) = 300000 (M) ~ 300 sx-0) ()

1 8
+ gU(X,S,X,3)(n) - §C1 (n),

.. 1
(Xll) N(2, 3,6,6; n) = g (20(X1,X24)(n) — U(X24;X1)(n) — 20’()(737)(—8)(”)

+ O(x_s,x—3) (n)) :
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Remark 4.1. The formula in Theorem 4.1(i) is the classical result of Jacobi
[6, 16]. The formulas in Theorems 4.1(xiii)(xiv) and 4.2(viii)(xii) agree with the
formulas given in [4, p. 1668]. Note that A(n), B(n), C(n) and D(n) in [4] are
T(xx20) 1)y T(x_sx—5) (1) T(x_5x_g)(n) and 0(y,, y,)(n) in this paper, respec-
tively. The formulas in Theorem 4.1(v)(vii) agree with those given in [15]. The
formulas in Theorems 4.1(i)—(iv) and 4.2(i)(ii) agree with those given in [3].

5. Eta quotients in E5(T'g(24),x;) for ¢ € {1,8,12,24}

We use arguments similar to the ones in [1, Theorem 3.1] to write a search
algorithm in MAPLE to find all the eta quotients in My(T'9(24), x;) for ¢ €
{1,8,12,24}. We found that there are exactly 819, 212, 800 and 212 eta quo-
tients in M3(T'0(24), ;) for i € {1,8,12,24}, respectively. Of these, 282, 8, 800
and 8 eta quotients are in Eo(I'g(24), x;) for ¢ € {1,8,12,24}, respectively. We
note that Ma(To(24), x12) = F2(T0(24), x12) as dim(S2(Io(24), x12)) = 0.

Of the eta quotients in E5(T'9(24)), 250 arise directly from those given in [17]. In
Table 5.1 we list the remaining 32 eta quotients and their Fourier series expansions.

In Table 5.2 we list all 8 eta quotients in Fq(T'g(24), x24). All 8 eta quotients
in Ey(T'0(24), xs) arise directly from those in E5(I'¢(8), xs) given in [2], so we do
not list them here.

All the eta quotients in E2(I'g(12), x12) are given in [1]. There are 395 eta quo-
tients in F5(T'0(24), x12), which do not arise directly from those in E5(T'g(12), x12)-
We list these eta quotients and their Fourier series expansions in Table 5.3.

Theorems 5.1-5.3 follow from Theorem 2.1 directly.

Theorem 5.1. Let f(z) = H N (0z) € E2(T'g(24)) be any of the eta quotients
1<5)24
with the exponents rs given on the left hand side of Table 5.1. Then we have

f(2) = b2La(q) + b3L3(q) + baLa(q) + beLe(q) + bsLs(q)
+ b12L12(q) + D24 L2a(q),

where the coefficients b; (j € {2,3,4,6,8,12,24}) are given at the right hand side
of Table 5.1.
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Theorem 5.2. Let f(z) = H 1" (8z) € Ea(T0(24),x24) be any of the eta
1<5)24

quotients with the exponents rs given on the left hand side of Table 5.2, where

X24(n) is given by (1.1). Then we have

f(2) = b1E241(2) + b2 E1 24(2) + b3E_g _3(2) + baE_3 _3(%),

where the coefficients by, ba, b, by are given at the right hand side of Table 5.2.

Table 5.2. f(Z) = b1E2471(Z) + b2E1724(Z) + b3E_87_3(Z) + b4E_37_8(Z).

71 T2 T3 T4 r6 TS Ti2  T24 b1 ba b3 by
0o 2 -2 5 1 -2 8 4| -1/3 2/3 1/3 —2/3
1 1 1 6 -2 -3 5 -1 0 2/3 13 0
—2 1 0 8 —2 —4 5 —2 -1/3 2 1 —-2/3
2 5 -4 -2 8 0 1 2| -1/3 4/3 -1/3  4/3
-3 6 -1 —1 5 -1 -2 1 0 4/3 —1/3 0
—4 8 —2 1 5 —2 —2 0 —1/3 4 -1 4/3
1 -2 -1 5 -1 -1 6 -3|-13 o0 0 —2/3
1 5 3 —2 6 1 -1 -1|-1/3 o0 0 4/3

Theorem 5.3. Let f(z) = H N (0z) € E2(Ig(24),x12) be any of the eta
1<5|24

quotients with the exponents rs given on the left hand side of Table 5.3, where

X12(n) is given by (1.1). Then we have

f(z) =b1E121(2) + baE121(22) 4+ b3 E1 12(2) + baE1,12(22) + bs E_4,_3(2)
+ b6E74’,3(22) + b7E,3’,4(2) + ng,3174(22),

where the coefficients b; (1 <1 < 8) are given at the right hand side of Table 5.3.
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