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APPROXIMATION AND GENERALIZED GROWTH
OF SOLUTIONS TO A CLASS OF ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS

SUSHEEL KUMAR, GIRJA S. SRIVASTAVA

Abstract: In the present paper, we study the approximation and growth of solutions to a class of
elliptic partial differential equations. The characterizations of generalized order and generalized
type of solutions to a class of elliptic partial differential equations have been obtained in terms
of approximation errors.
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1. Introduction

Following McCoy [4] , we first give some definitions. A Helmholtz type equation
is given by

L[H] = [0pr + 1720, + r~20p + F(r)|H(r,0) = 0. (1.1)

Here (r,0) are polar coordinates and F' is an entire function. Let H(r,0) =
H(r,e") be a regular solution of (1.1) in some sufficiently small star-shaped neigh-
borhood 2 about origin. Let R be the radius of convergence of this regular solution.
Following Bergman [1], we have

+1

H(r,0) = B[f(2)] = / E(r2.,1) f(o) du(t)

—1

where z = re’? € Q0 = 2(1 — 1?)/2 , du(t) = (1 — t2)~/2dt, and the associated
function f is analytic for 2z € Q. The Taylor series expansion of the kernel E(r?,t)
is given as

E(r?t)=1+4Y Q" (r?).
n=1
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For a fixed r > 0, the kernel E(r?,t) is analytic for ¢t € [~1,+1] and for every
fixed t € [~1,+1], it is entire for r > 0. The Taylor coefficients Q™) (r?) are entire
function solutions of the system

8(Q(2)(T2)) 2\ _ (0) 7,2y _
S arrt =0, QU =1,
o (2n+2) 7,2 o ,,,2 (2n) T2
(2n) (,.2
et - n O

Q(2n+2)(7'2)|r:0 =0, n=12,3...

McCoy [4] defined the basic set of particular solutions

®,,(r,e) = [r"G,(r?)/R"G,(R*)]e™?

normalized by the conditions

D, (r,e?) =™, n=20,1,2,3...
Here

+1
Gn(r?) = E(r*t) (1- tz)n du(t).
—1
This set is complete relative to compact convergence on a disk Dg = {2 : |2| < R}.
Let Im(Dg) be the space of regular solutions of (1.1) on Dg. Then H € Im(Dg)
has the expansion in a uniformly convergent series

H(r,e") = Z an®,(r, e?),
n=0

where {a,} is a sequence of real numbers. If A(Dpg) is the space of analytic
functions on Dg, then f € A(Dg) has the Taylor series expansion

f(z):Zanz”, z € Dp.
n=0

McCoy [4] associated H with the analytic function f by defining an integral oper-
ator as given below:

H(re) = T ()] = 5 Kr(Q)f(2/Q)d¢/¢,  z=re"/R,

270 Jygl=1-e
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where € > 0 is arbitrarily small. The kernel for this integral operator defined over
the basis {®,} is given by

oo

Z ¢"[Gn(1?)/Gn(R?)).
For £ > 0, there exists an integer N () such that for all n > N(g), we have

(1—¢) <|Gn(r®)/Gn(R*)| < (1 +2).

Thus we can say that the kernel of this operator has uniformly convergent expan-
sion. The above integral operator maps the function f € A(Dg(1—.)) onto regular
solution H € Im(Dg(1—.)) and the disk of regularity of H coincides with the disk
of analyticity of f. The maximum modulus of H on D, is given by

M (r, H) = max{|H(s,e")| : s <r}.

Let H be regular on the closure A* of the unit disk A = {z: |z| < 1} and define
the norm of H as

H||, = UfN |prdrd9]1/p, 1< p< oo,
||H||OO = lim M(r,H).
r—1-

|HI| =

The spaces of polynomial solutions of fixed degree n = 0,1,2, ... are given by

1L, {P Pre chq)kre ,ckGR}.

k=0

We define the approximation errors E,, (H) (see [4]) by

Eo(H) =inf{|[H—P||: PETL,},  n=0,12..

The definition of order and type for regular solution H are the same as those for
the associated analytic function f (see [4], pp. 209). Hence the order p of regular
solution H on Dp is given by
I In* In* M(r, H)
= lim sup———F"""—"—=
P AR P T mRI(B— )]

where
otz — Inz, z=>1;
0, O0<z <1

Further, for 0 < p < oo the type o of regular solution H on Dgp is given by

lim su ™ M(r, H)
o= —_—.
ror- PTRJ(R —1))°
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McCoy [4] obtained the characterizations of order and type of function H in terms
of approximation errors. Later, in [5], using the concept of index, McCoy studied
the growth of entire solutions of the Helmoltz equation. Using the concept of
(p, q) growth, Kumar [3] studied the relation between the growth and Chebyshev
approximation of entire function solutions of Helmoltz equation. Srivastava and
Kumar [7] obtained the characterizations of generalized growth of function H in
terms of approximation errors and Taylor series coefficients It is clear from the
above that the definition of ¢ is not valid if the order p = oco. For such cases,
following Janik [2] and Seremeta [6] we define the generalized order and generalized
type of function H. Hence, let L denote the class of functions h satisfying the
following conditions:

(i) h is defined on [a, 00) and is positive, strictly increasing, differentiable and
h(z) tends to co as x — oo,
(ii) lim W = 1, for every function ¢ such that ¥(z) — oo as z

Tr—r0o0
tends to oo.

(iii) let A denote the class of functions h satisfying condition (i) and
h(cx)

zlingo h() =1, c >0,

i.e., h is slowly increasing.
For o € A and 3 € L° we define the generalized order of H as
. allnt M(r, H)]
a,B,H)= lim sup ———F———-—.
Pl ) = B S 3R R — 1)
Further, for a, 5,7 € A and 0 < p < 00, we define the generalized type of H as

(1.2)

. oz[lnJr M(r,H)]
7B ) = R SRR - )y
If p(a, B, H) defined as above is zero then the analytic function is of generalized
order zero and o(«, 8,7, H) is no longer defined. For such functions we give
the modified definition of generalized order. Hence for a(xz) € A, we define the
generalized order p(«a, H), (0 < p(a, H) < 00) of H on Dp as

(1.3)

(o, H) I o [1n+ M(r, H)]

o = lim su .
PR i P W I {R/(R —1)}]
Also for B(z) € L° and 1 < p(a, H) < oo, we define the generalized type o (3, p, H)
of H on Dp as

(1.4)

, B[t M(r,H)]
o(B,p,H) = lim sup .
o )= R G (RIR -
In the present paper we have obtained the characterizations of generalized order

and type defined by (1.2) and (1.3). We have also obtained the characterizations
of generalized slow growth of function H in terms of approximation errors.

(L.5)
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2. Generalized (o, 3)-growth

We now prove

Theorem 1. Let H be a regular solution of (1.1) having the series expansion
H(r,e?) = 307 a,®,(r,e). For a € A, € L° and positive numbers x and
w1, set U(x, p1) = B~ Hpa(x)}. Assume that o (z/U(x, 1)) =2 [1 + o(z)]a(x) as
x — oo. Then H is the restriction of a solution Hy whose disk of regularity is

Dgr(R > 1) and having generalized order p(0 < p < 00) if and only if

a(n)

p=pla, 8, H) =n1er;osupﬁ{n/ln+ (IR (2.1)
Proof. Write
m = lim sup a(n) (2.2)

Now first we prove that n; < p. From (1.2), for u; > p and r sufficiently close to
R, we have

logt M(r, Hy) < o 1 B{R/(R — 7)}].

Let € > 0 be arbitrary such that v = (R~ +¢) < 1. Following McCoy ([4], pp.208),
we have

K (e)vk

Ey(H) < ; k=nn+1,..,

1—wv

where K (¢) is a finite positive number. Let us put 7 = v=1. Then 1 < r < R. For
sufficiently small ¢, r is close to R and 7K () < M (r, H). Hence we have

M(r,H M (r, Hy
Ek(H) < (7“ —(1)Tk)1 < (r—(l)r’“)l’

Hence for every r sufficiently close to R and large n, we get

1<r<R, k>n. (2.3)

Int (E,(H)R™) < O(1) —nln(r/R) + a [ f{R/(R — r)}].
Putting

r=Trn= R [1 - 1/U (n/U(nvul_l)vﬂl_l)] ’

we get

In* (E,(H)R") < O(1) —nln [1 = 1/U (n/U(n, pui "), uy )] +n/Un, pih).

Now using the properties of logarithm and assumptions of the theorem for «(x)
and S(x), we get for sufficiently large values of n,
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[0 P
Y81 (i a(n)}

where C is a positive constant. Hence by using the properties of 3, we get

In* (E,(H)R™) <

a(n)
B {n/In* (E,(H)R")}
Now proceeding to limits as n — oo, we get 11 < p1. Since pg > p is arbitrary,
therefore we get m1 < p.
Now we will prove that p < 7;. Let us assume that 0 < 73 <oo otherwise for
1 = o0, the inequality obviously holds. Therefore for a given € >0 there exists
a positive integer ng such that for all n>ng, we have

< p1.

- a(n)
= B{n/In" (E.(H)R")

}<m+6:7ﬁ

or

E,(H)r" <r"R™"exp [n/ﬁ_l {(n’f)fl a(n)” . (2.4)

Now from the property of maximum modulus, we have

M(r,H) < i E,(H)r"
n=0

M) < S+ 3 R e [0/ () o)
n=0 n=nop+1
MEE < A+ Y R e [n/p (@) )] @)
n=no+1

where A; is a positive real constant. We take

N(r) = [a™" (B {In{R/(N + 1)r}] 7' })]
where [x] denotes the integer part of # > 0. Since o € A and 3 € LY, the integer
N(r) is well defined. Now if r is sufficiently large, then from (2.4) we have

M(r,H) < Ayrmo 47V 3" R‘”exp[n/ﬁ‘l{(ni‘)_la(n)}}
no+1<n<N(r)

+ > R e /87 { ) alm) }]

n>N(r)
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or

M H) < A 4750 S R exp [n/87 {n) " am)}]

=t (2.6)
+ Z r"R™" exp [n/,@’_l {(77’1“)71 a(n)H .
n>N(r)
Now we have
nlLrI;Osup (an exp [n/,@fl {(ni)_l a(n)}Dl/n = % < 1.

Hence the first series on right hand side of (2.6) converges to a positive real con-
stant As. So from (2.6) we get

M(r,H) < Ay + AyrN() 4 Z r"R™"exp [n/ﬂ71 {(nf)_l a(n)H

n>N(r)
or
M(r,H) < Ajr™ 4 AyrVN ™) 4 Z r"R™"exp[nIn{R/(N + 1)r}]

n>N(r)

or
1 n
n N(r)
M(r,H) < Ajr™ + Agr + Z (NJrl)
n>N(r)

or

o0 1 n
M(r, H) < Ay + AprV) 43 () : (2.7)
= \N+1

It can be easily seen that the series in (2.7) converges to a positive real constant
As. Therefore from (2.7), we get

M(r,H) < Ayr™M[1 4 0(1)]

or
In® M(r, H) < [L+o(1)] [ (B {In{R/(N + 1)r}]~*})] Inr

In™ M(r, H) < [1+ o(1)]a™" [{n} + 61} B {In{R/(N + 1)r}] 7' }],

where §; > 0 is suitably small. Hence
alln™ M(r, H)] < {ni + 61} B{[1 +o(1)] " [In(R/r)] '} .
Thus for r sufficiently close to R, we get

aflnt M(r, H)]
B+ o] R/ (R —7)]}

<np + 61
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Proceeding to limits as r — R and using the property of 3, we get
i aflnt M(r, H)]

im sup ——————-+

r—R- B{R/(R—1r)}

Since € and d; are arbitrarily small, therefore finally we get p < 1;. Combining

this with the earlier inequality obtained, we get p = ;.
Now from (2.2), for every A;>m; and for sufficiently large n, we have

<7’]T+(51.

a(n)
B{n/ " (E,(H)R")}

<A
E,(H)R" <exp [n/B7 ' {\Ta(n)}] .

Hence proceeding to limits as n — oo, we get

lim sup(E,(H)R™)Y™ < 1.

n— oo

Since 11 > 0, the sequence (E,, (H)R")pen is unbounded, whence
lim sup(E,(H)R™)Y" > 1.
n— oo

Hence finally we get
lim sup(E,(H)R™)Y/™ = 1.

n— oo

Thus following McCoy ([4], Theorem 1) we claim that the regular solution
H can be continuously extended to a regular solution whose disk of regularity is
DR(R > 1)

Let us put

Hy(r,e) =" B, (H)®,(r,e").
n=0

Now we show that H; is the required continuation of H and p(a, 8, Hy) = 1. For
every A\1>n; and for sufficiently large n, we have

E,(H)R" <exp [n/B7 {\Ta(n)}] .
Now as in the proof of this theorem (see (2.4) to (2.7) above), we claim that
pla, B, Hy) < Aq.
Since A;>m; is arbitrary, so we get

p(a7ﬁ7H1) < m-

Also following the proof of first part given above, we get

m g p(aaﬂle)'

Hence finally we get p(a, 3, H1) = 11. This completes the proof of Theorem 1. W
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Next we prove

Theorem 2. Let H be a regular solution of (1.1) and have the series expansion
H(r,e") =327 an®,(r,e'). For positive x, us and p, we set

V(a, pz,p) =7 B (u2e(@)]"/7}.
Assume that for a(z), f(z),vy(x) € A,

n(p+1) i = o(n n as T 00
V (o) = oV (/.1 nsp 1) - .

Then H s the restriction of a solution Hy whose disk of reqularity is Dr(R > 1)
and having generalized type o(0 < o < 00) if and only if

a(n/p) _
B { {7{(/’-# 1) [p1n+ (En(H)Rn)l/n}_l}](” )}

o= J(a36777H1) = nli{r;osup

Proof. Write

n2 = lim sup a(n/p) (2.8)

neoe 5{%{@+1NMM(EJHW“Uﬂ]}YﬁU}

Now first we prove that 72 < 0. From (1.3), for us > o and r sufficiently close to
R, we have

In™ M(r, Hy) < o™ paB{y{R/(R - r)}]*}].

Thus as in the proof of Theorem 1, here we have
In™ (B, (H)R") < O(1) = nln(r/R) + o™ uaB{[1{R/(R — 1)}]*}].

Putting

r=r,=R

Y (v ) }] |

we get

0 n(p+1) 1 -

L o {5 o) Y]
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Now using the properties of logarithm and assumptions of theorem, we get for
sufficiently large values of n

1

L [ a0 Y]

where Cy is a positive constant. Hence by using the properties of a, 8 and ~, we

get
a(n/p)

B { {V {(P+ 1) {phﬁ (En(H)Rn)l/n}_lH (p+1)}

Now proceeding to limits as n — oo we get 12 < po. Since uo > o is arbitrary,
therefore finally we get 72 < 0. Now we will prove that o < 1. If 72 = 0o, then
there is nothing to prove. So let us assume that 0 < 73<oo. Therefore for a given
€ >0 there exists ng € N such that for all n>ng, we have

a(n/p) )
B { {V {(P+ 1) [Plog+ (En(H)Rn)l/n}_lH (p+1)} <y +e=n

Int (E,(H)R") < Cyn”

< pe.

0<

or
-1
Buires e {nesd [ {[57 () aim )Y T 29)
or
-1
E,(H)r"< r"R™"exp {np'};l [ -1 {[5 { a(n/p )}] 1/(p+1)}} } .
Now from the property of maximum modulus, we have
H) <> En(H)r
n=0
<> En(H)r
n=0
00 —1
+ Z r"R™" exp {nijl [ {[5 { 7)) n/ﬂ)}]l/(pH)H }
n=nop+1 p
or

MirH) < B+ 3w R
n=no+1 (2.10)

X exp {npzl { {[5 {m3)~ n/P)}]l/(pH)H _1},
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where B is a positive real constant. We take

N(r) = [pa‘l {7756 (h{(p + D[pn{R/(N + 1)r}]_1}](p+1)) H 7

where [z] denotes the integer part of = > 0. Since a(x), B(x),v(z) € A, the integer
N(r) is well defined. Now if r is sufficiently close to R, then from (2.10) we have

M(r,H) < Byr'™®

) Z R~ exp {np—i—l [ {[ﬂ {m) 'a(n/p)}] 1/(p+1) H —1}

no+1<n<N(r) P

+ r"R—"exp{”pijl B ) aln/p )}]1/(p+1)”_1}

n>N(r)

or

M(r,H) < Byr™

N(T>§:R"exp{np;1{v {[ﬂ {(n5)a(n/p )}]1/(p+1)H—1}
+ > 7“"R_"exp{np:1[’y {187 {m)" ”/f’)}]l/(pH)Hl}'

n>N(r)

(2.11)

Now we have

S (R_nexp {”p: s ) a1 1}) .

n—oo

Hence the first series in (2.11) converges to a positive real constant Bs. Hence from
(2.11), we get

M(r,H) < Byr" + Bor™¥™
n —n +1 -1
S rrr e (a2 [ (57 (o) a7
n>N(r)

or
M(r, H) < Byr™ + BorM(™ 4 Z r"R™"expnIn{R/(N + 1)r}]
n>N(r)

or

1 n
< no N(r) —
M(r,H) < B1r"™ + Byr + >EN()<N+1>
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or

M(r,H) < Byr™ + Byr™ () 3 () : (2.12)
~\N+1

It can be easily seen that the series in (2.12) converges to a positive real constant
Bs;. Therefore from (2.12), we get

M(r, H) < Bir™ 4 Bor™¥™) 4 By < BorV 1 4 0(1)]
or
In" M(r,H) < [1+ o(1)]
x o {m38 (o + DlpW{R/(N + 1)r} 7 1) e,

Int M(r,H) < [1+o0(1)]
x a7 {5 +62) 8 ({(p + VoW {R/(N + )r} ) 1

where do > 0 is suitably small. Hence

ofin* M(r, H)] < (55 + ) 8 (r{(p + DlpIn{R/(N + 1r}] 1))
When 7 is sufficiently close to R, then by using properties of 8 and v, we get

aflnt M(r, H)]
BUAR/ (R —7)}]P}

Since € and 05 are arbitrarily small, proceeding to limits as r — R, we get

< 77; +(52.

o <1 (2.13)

Now as in Theorem 1 we can similarly prove that the regular solution H can be
continuously extended to a regular solution whose disk of regularity is Dg(R > 1).
Let us put

Hy(r,e) =" B, (H)®,(r,e").
n=0

Now we claim that H;p is the required continuation of H and o(a, 8,7, H1) = na.
From (2.8), for every Ao>79 and for sufficiently large n, we have

n +17 _ _ _ 1/(p+1)) ]t
Eu(i) < exp {n? 2 [ {57 {0 i)}
Now as in the proof of this theorem (see (2.9) to (2.13)), we claim that

U(avﬂv’}/?Hl) < >‘2'
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Since Ay>1s is arbitrary, so finally we get
J(avﬁa’%Hl) < n2.
Also following the proof of first part given above, we get

12 < U(avﬁa’V?Hl)'

Hence finally we get o(«, 8,7, H1) = n2. This completes the proof of Theorem 2.
|

3. Functions of generalized slow growth

In this section we give the characterizations of generalized order and type for
functions of slow growth. We have

Theorem 3. Let H be a regular solution of (1.1) and have the series expansion
H(r,e??) =320 an®,(r,e?). Then for a(x) € A, H is a restriction of a solution

n=0

Hy whose disk of reqularity is Dr(R > 1) and having generalized order p(«, Hy)
if and only if

- a(n)
D) = B g™ o/ (B, ()R]

Proof. First we assume that H has an extension H; whose disk of regularity is
Dr(R > 1) and is of generalized order p(a, Hy). We write p(a, H1) = p and

a(n)

= lim s . 3.1
O = S e [/ (B ()R] (31)
First we prove that {; < p. As shown above, from (2.3) we have
M(r, H)
Ey(H) L ——————, 1 , k> 2
x(H) = 1)k <r<R n (3.2)
Also using (1.4), for arbitrarily small e > 0 and r > ro(g), we have
M(r,H) <exp (o™ {p*a[ln{R/(R—7)}]}), (3-3)

where p* = p+¢. From (3.2) and (3.3), we get
In" (E,(H)R") < —InT(r —1) —nln*(r/R) + o * {p*a[In {R/ (R —1)}]}.

Write F (x,¢1) = a~! {cia(x)}, where x and ¢; are positive real numbers. Now
putting r = r,,, where

= (1= o {F (w0 {F ()7 } 7)) 7).
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we get

In* (E,(H)R") < —In"(r,, — 1)
~nnt (1 - {exp {F (n/ exp {F (n (p*)_1> } : (p*)_l) H 1)
+n/exp{F (n (p*)_1>}.

Now using the properties of logarithm, we get for sufficiently large value of n

Int (E,(H)R") < {1+ o(1)} [n/exp {F (n (p*)_l)}] .

From the above inequality, we get

o () )} < {1+ o)} " {n/n* (B, (H)R")}
a(n) < p*a[{1+o(1)}In* {n/In* (E,(H)R")}]
a(n) _ .0 [{1+0o1)}n" {n/In* (E,(H)R")}]
a[ln® {n/In" (E,(H)R")}] a[In™ {n/In" (E,(H)R")}]

Proceeding to limits as n — oo and using the properties of a(x), we get ¢; < p*.
Since € > 0 is arbitrarily small, we finally get (; < p.

Now we will prove that p < (7. If (1 = oo, then there is nothing to prove. So
let us assume that 0 < (3 <oo. Therefore for a given € >0 there exists ny € N such
that for all n>ng, we have

a(n) .
0< o [log+ {n/ log™ (En(H)R”)H SGte=g
" E,n(H)R" < exp {n/ exp [orl {(q)—l oz(n)H } (3.4)
or

E,(H)r" <r"R "exp {n/ exp [a_l {(Cf)fl oz(n)H } .
Now from the property of maximum modulus, we have

M(r,H;) < i En(Hy" <> E,(H)r"

n=0 n=0

n i T”R_”exp{n/exp {a_l{(Cf)fla(n)H}

n=no+1
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or

M(r,Hy) < Apr™ + Z " exp {n/ exp {ofl {(G‘)_l a(n)}] } . (3.5)
n=no+1

where A; is a positive real constant. We take

W1 (’I’)

[a_l {G‘a {ln {In[R/ (61 +1) r]}fl} H ,

where 4; > 0 is arbitrarily small and [x] denotes the integer part of z >
alx , i

0. Since
(x) € A, the integer Wi (r) is well defined. Now if r is sufficiently large, then
from (3.5), we have

M(r,Hy) < Ayrmo + W10

% Z R ™exp {n/ exp [a_l {(Cf)il O‘(n)}]}
no+1<n<Wi(r)

+ Z r"R™™ exp {n/ exp [a*l {(q)*l a(n)H }
n>Wi (r)

or

M(r,Hy) < Ay 4 W10 i R "exp {n/ exp {

o) am}] }
=t (3.6)
+ Z r"R™" exp {n/ exp [ofl {((i")fl a(n)H } .
n>Wi(r)

Now we have

nILIEO sup (an exp {n/ exp [ofl {(Cf)_l a(n)}] })Un % < 1.

Hence the first series in (3.6) converges to a positive real constant Ay. So from
(3.6), we get

M(r,Hy) < Ayr™ + AgrWi(m)

i Z "R exp {n/ exp [a—l {(Cf)_l a(ﬂ)H }
n>Wy(r)

< Ayr™ 4 AgrWi() 4 Z "R™"exp[nIn{R/(01 + 1)r}]

n>Wiq(r)
<A™+ A 4 N /(G + )]

n>Wiq(r)
or

M(T’,Hl) <

< Ay 4 Agr™ D £ N 1/(6 + )" (3.7)
n=1
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It can be easily seen that the series in (3.7) converges to a positive real constant As.
Therefore from (3.7), we get

M(r,Hy) < Ayr™ + Agr™i() 4 Ag < Agr™1 (D [1 4 0(1)

or
In" M(r,Hy) < [L+o(1)]Wi(r)Inr
< [1+0(1)] [a—l {G‘a {ln{ln R/ (61 +1) r]}*l} }] Inr
<o) [a {¢ia [ [R/ (6 + D1} }]
Since d; > 0 is arbitrarily small, for r sufficiently close to R, we get
In™ M(r, Hy) < O(1) [o~ " {¢Fa [In{R/(R — )}]}]

a[ln® M(r,Hy)] < GGan{R/(R - r)}] +0(1)
Thus for r sufficiently close to R, we get

[ln+MrH1] .
ol (7)) SO

Proceeding to limits as r — R, we get

p <G

Since € > 0 is arbitrarily small, therefore finally we get

p < (3-8)

Now from (3.1), for every A\;>(; and for sufficiently large value of n, we have

a(n)

a [log* {n/log" (E,(H)R")}]

<M

or

E,(H)R™ < exp {n/ exp {a‘l {()\1)_1 a(n)H } .
Now for sufficiently large value of n, we get
[E,(H)R"V" < 1.
Proceeding to limits as n — oo, we get

lim sup [E,(H)R"]"™ < 1.

n—oo
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Since 11 > 0, the sequence (E, (H)R")pen is unbounded, whence

lim sup [En(H)R"]l/n > 1.

n—oo

Hence finally we get
lim sup [En(H)R"]l/" =1.

n— oo

Thus following McCoy ([4], Theorem 1) we claim that the regular solution H can be
continuously extended to a regular solution whose disk of regularity is Dr(R > 1).
Let us put

Hy(r,e) =) By (H)®p(r,e).
n=0

Now we claim that H;j is the required continuation of H and p(«, Hy) = (. For
every A\1>(; and for sufficiently large value of n, we have

E,(H)R" < exp {n/ exp [ofl {()\1)_1 a(n)H } .
Now as in the proof of this theorem [(3.4) to (3.8)], we claim that
pla, Hy) < Aq.
Since A\1>(7 is arbitrary, so we get
pla, Hi) < G-
Also following the proof of first part given above, we get
G < p(a, Hy).

So finally we get
pla, Hi) = Gi.

This completes the proof of Theorem 3. ]
Next we have

Theorem 4. Let H be a regular solution of (1.1) and have the series expansion
H(r,e") =37 an®,(r,e). Then for 1 < p < co and B(z) € L°, H is a restric-
tion of a solution Hy whose disk of reqularity is Dr(R > 1) and having generalized
type (B, p, Hy) if and only if

B(n) _
log* {n/In" (E,(H)R")}])"

) 7H = ]‘. 3
o(B,p, Hi) = lim_sup i

Proof. The proof of the above theorem follows on the lines of proof of Theorem 2
and Theorem 3. Hence we omit the proof. |
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Next we have

Theorem 5. Let H be a regular solution of (1.1) and have the series expan-
sion H(r,e?) = 3 a,®,(r,e?). Then for a(x) € A the generalized order
pla, H) (0 < p(a, H) < 00) of H is given by

- a(n)
plo, H) = lim sup a[In* {n/In* (lan|R?)}]

Proof. The proof is similar to Theorem 3 above and ([7], Theorem 2.1). Hence
the proof is omitted. [ |

Lastly we have

Theorem 6. Let H be a regular solution of (1.1) and have the series expansion
H(r,e") =37 an®,(r,e). Then for 1 < p < co and B(z) € L° the generalized
type o (B, p, H) of H is given by

. B(n)
o(B,p,H) = lim su -
(ﬁ p ) n— oo p (/B |:1n+ {n/ h’l+ (|an|Rn>}])

Proof. The proof is similar to Theorem 2 above and ([7], Theorem 2.2). Hence
the proof is omitted. |
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