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A BUILDING-THEORETIC APPROACH TO RELATIVE
TAMAGAWA NUMBERS OF SEMISIMPLE GROUPS OVER
GLOBAL FUNCTION FIELDS

RoNY A. BITAN, RALF KOHL (NE GRAMLICH)

Abstract: Let G be a semisimple almost simple group defined over a global function field K,
not anisotropic of type A,. We express the (relative) Tamagawa number of G in terms of local
data, including the number too (G) of types in one orbit of a special vertex in the Bruhat—Tits
building of Goo (Koo ) for some place oo and the class number hoo (G) of G at co.
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1. Introduction

Let C be a smooth, projective and irreducible algebraic curve defined over the
finite field F, and let K = F,(C) be its function field. Let G' be a (connected)
semisimple group defined and almost simple over K. The Tamagawa number
7(G) of G is defined as the covolume of the group G(K) of K-rational points in
the adelic group G(A) (embedded diagonally as a discrete subgroup) with respect
to the volume induced by the Tamagawa measure on G(A) (see [Weil], [Clo] and
Section 4 below). Let 7 : G*¢ — G be the universal covering and let F' = ker(w)
be the fundamental group. We assume that G is not anisotropic of type A, and
that (char(K),|F|) = 1.

Weil’s conjecture states that 7(G) = 1. By [Harl] the Weil conjecture is
known to hold for split G*¢. A geometric proof of Weil’s conjecture by Gaitsgory—
Lurie has been announced in [Gai, 1.2.3], see also: [Lur].

In the present article we investigate the relative Tamagawa number %Gsz)
from a building-theoretic point of view — in the situation in which G is locally
isotropic everywhere. Let oo be some non-constant closed point of K and let
Ao = Koo X | P O, be the subring of {co}-adéles in the adéle ring A. Defining
some local integral models of G, we may refer to the set of double cosets Clo (G) :=
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G(Ax)\G(A)/G(K) which is finite (4.6). This allows us to split off the class
number o (G) = |Cls (G)] and proceed by computing the co-volume of G(K) in
the trivial coset G(Ax)G(K) w.r.t. the Tamagawa measure by considering the
natural action of G(A.) on the Bruhat Tits building of Guo(Ko), resulting in
formula (14) below

7(G) = ¢ VD b (G) e (G) - [ [ wp(GR(Op))
p

where for each p, w, is some multiplicative local Haar-measure, Qg stands for
the connected component of the Bruhat-Tits @p—model at some special point and
10o(@) is an arithmetic invariant related to G, := Gk K. The key obstruction
for using this formula is to determine a fundamental domain for the action of the
discrete subgroup G°(Oyuc}) on a Goo (K o)-orbit of the Bruhat-Tits building of
Goo(Koo) where GY is a flat connected smooth and finite type model of G defined
over the ring Ot of {oco}-integers in K.

In Proposition 5.3 below, we will see that for computing the relative local

oo (G)
ioo(Gsc)

behavior is controlled by the number ¢ (G) of types in the G (IA( 0 )-orbit of the
fundamental special vertex and by the number j.(G) expressing the comparison
between the fundamental domains of G*(Ojsy) and G°(Oyucy).

We then arrive at the following main result of our article. By K3 we denote
the separable closure of K., with Galois group ge, = Gal(K? /K ) and inertia
subgroup I, = Gal(K3 /KY). Moreover, 0o denotes a generator of goo/Iso,
ie., the map oo : 7 = zl*l where ko is the residue field of Kw. Let F :=
ker[GS = Goo] and Fio := Hom(Fio © K5, G,,, £ ).

it suffices to compare orbits under G5¢ (K ) and Goo (Ko ), whose

volumes

Main Theorem. With these notations and assuming the wvalidity of the Weil
conjecture, one has

7(G) = hoo(G) - =

The number t(G) satisfies
fs o ——foc

tOO(G): |H1(I<x>aF<>O(Koc)) oo‘ :|Foo |
and: (0 .
j(G) = [H5(Ofo0y, F)

[ F(Ofoc})]
where F = ker[G% — G°].
In particular, if G is quasi-split and the separable closure 6?00} of Oy in the

splitting field of G is a UFD (see Remark 1.1), then joo(G) =1 and so

T(G) = heo(G)  too(G) = hoo(G) - [Fos |-

If, in addition, G is split or adjoint then hoo(G) = 1 and so 7(G) = t(G) =
|f‘;goo| and just |F| in the split case (see Corollaries 7.10 and 7.14 below).

oo
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Remark 1.1. Such @foo} being a UFD arises in cases the underlying extended

curve C4f is of genus zero, and oo € C#(F,) or it admits no F,-rational point (see
[Sam, Theorem 5.1]).

Our method of proof is a combination of geometric group theory and coho-
mology. Our approach is independent of Prasad’s covolume formula described in
[Pra2], but it is likely that with some effort it can be used to deduce our Main
Theorem.

As an application in case the group G is quasi-split and @foo} is a UFD,
we combine our result with [Onol, Formula (3.9.1’)] and the techniques from
[PR, § 8.2] in order to relate the cokernels of Bourqui’s degree maps degps. and
degp from [Bou, Section 2.2], where T%¢ and T denote suitable maximal tori of
G®¢ and G respectively; cf. Proposition 7.8. These concrete computations allow
us to also provide a wealth of examples in Section 6 for which we compute the
relative Tamagawa numbers. We also demonstrate the result in a case of a split
group defined over the function field of an elliptic curve (Remark 7.13).

This article is organized as follows: In the preliminary Section 2, we fix the
relevant notions from Bruhat—Tits theory. In Section 3, we compute volumes of
parahoric subgroups over local fields, their maximal unramified extensions, and
their valuation rings. In Section 4, we revise the definition of the Tamagawa
number of semisimple K-groups and establish a decomposition of G(A)/G(K)
enabling us to express 7(G) in terms of some global and local invariants. In
Section 5, we compute cohomology groups over rings of S-integers with |S| = 1,
use Bruhat-Tits theory and Serre’s formula ([Serl, p. 84|, [BL, Corollary 1.6]) in
order to derive the above-mentioned formula (14) for computing the Tamagawa
number. In Section 6, we express the number ¢, (G) of types in the orbit of
a special point in terms of F,,, accomplishing the proof of our Main Theorem.
The final Section 7 addresses the above-mentioned application and examples.

Acknowledgements. The authors thank M. Borovoi, D. Bourqui, B. Conrad,
P. Gille, C. D. Gonzalez-Avilés, B. Kunyavskii, Q. Liu, G. McNinch, G. Prasad
and R. Weissand for valuable discussions concerning the topics of the present
article. They also thank A. Rapinchuk for helpful comments on an earlier version
of this article.

2. Basic notions from Bruhat-Tits theory

We retain the notation from Section 1, only here we assume G to be quasi-split,
allowing us to consider a maximal torus 7" of G, being the centralizer of a max-
imal split subtorus of G. At the end of Section 3, however, this assumption will
be dropped. Since K is a function field, all valuations defined on K are non-
Archimedean. For any prime p of K let v, be the induced discrete valuation on K.
Let Op := {z € K : vp(z) > 0} and let K, be its fraction field. Let K, be the
completion of K, w.r.t. vy, and let @p be its ring of integers. Let k, = @p/p be
the corresponding (finite) residue field. Then G, = G ®x K'p is semisimple. The
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assumption (char(K), |F|) = 1 says that  is separable. T, = T ®x K, is a maxi-
mal torus in Gy. Let (X*(T}), ®, X, (T}), ®Y) be the root datum of (G, T}) and
let W be the associated constant Weyl group. Let B, be the Bruhat-Tits building
associated to the adjoint group of G, (cf. [BT1, Section 7], also [AB, Chapter 11])
and let A be the apartment in B, corresponding to T},.

We fix a special vertex x € A, i.e., a vertex whose isotropy group in the setwise
stabilizer of A is isomorphic to W. Since the Bruhat-Tits building B, is locally fi-
nite, the stabilizer P, of z in G, (K,) is a compact subgroup of Gy (K,). In fact, P,
is a profinite group. As the Bruhat-Tits building is non-positively curved ([BT1,
Section 2.5]; also [AB, Theorem 11.16]), any compact subgroup of Gy (K},) neces-
sarily fixes a simplex of B, by the Bruhat-Tits fixed point lemma ([BT1, Lemma
3.2.3]; also [AB, Theorem 11.23], [BH, Section I1.2, p. 178]) and, hence, P, has
finite index in a maximal compact subgroup of G, (K' ). A detailed discussion of
maximal parahoric subgroups, maximal compact subgroups, and conjugacy classes
thereof can be found in [BT1, Section 3.3] (see also [IM, Tables (I), (II), p. 41],
[Tit, p. 51]). Let G, be the Bruhat-Tits model associated to Py, i.e., such that
G.(0,) = P,. Denote by G, the reduction modulo p of G, and by G the open
subscheme of G, whose reduction is the identity component ég of G. Let T, be
the Néron—Raynaud @p—model (shortly referred as NR-model) of T}, which is of
finite type, i.e., such that Ip((’jp) is the maximal compact subgroup of T, (K p) (see
Theorem 2 in [BLR, § 10.2] and [CY, § 3.2] for an explicit construction). Denote
by T g its subscheme having a connected special fiber. Ig (@p) is the pointwise sta-
bilizer of A and is a subgroup of Qg(@p). Since Gy is semisimple and the residue
field k, is finite, the adjoint group of GP(KP) permutes transitively the special
vertices (see [Tit, § 2.5]). If ® is not reduced, we adapt the convention of Prasad
in [Pra2, § 1.2] and of Gross in [Gro, § 4]: for each component of the local Dynkin
diagram of the type

e<— e — o0---06 —0<—6e0

we choose the special vertex at the right end of the diagram. Now G, is well-
defined up to isomorphism and is denoted from now on by G,. z is called the
fundamental special vertex of B,.

Remark 2.1. If G is either simply connected or adjoint, being also almost simple,
it is one copy of restriction of scalars Ry, (G') where K’ is a separable extension
of K and G’ is split and simple. If G is also quasi-split, its maximal torus T being
the centralizer of a maximal split subtorus of G’, is maximal (see in the proof of
[Spr, Prop. 16.2.2]) and quasi-trivial, i.e. a Weil torus Ry, (G%,). In this case,

T, is connected for any p (see [NX, Prop. 2.4]).

3. Volumes of parahoric subgroups

As K p is locally compact, its underlying additive group admits a Haar measure
dx, which is unique up to a scalar multiple, determined by fixing the value of

dxy (@p). Such a normalization induces a multiplicative Haar measure w, on the
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locally compact group Gy (KP) such that for any U C Xg, wp(U) = dxp(Lie(U)).
Our choice of the Bruhat—Tits model in the preceding section allows us easily to
determine the volume of the fundamental parahoric subgroup with respect to this
Haar measure; since QS is smooth and connected we have (see [Oes, Thm. 2.5]):

@p(G,) = dup(Op)* - |k~ [Co(ky),  d = dim(G,). (1)

Remark 3.1. [BT2, 4.6.22] If G, splits over an unramified extension, then
Gp(Op) = Gy(Oy).

Let mp, : G§° — Gy be the universal covering of Gy. According to [BT2,
4.4.18(VI)|, the cover 7, restricted to 7, extends to a homomorphism 7°¢, —
T, over SpecO,. Together with the associated root subgroups Op-scheme X,

which is equal for both G} and Gy, this homomorphism over Spec ij extends to
a homomorphism G*°;, — G, of the Bruhat-Tits schemes. Let F, := ker[@p —
G, ). Tt is finite, flat and smooth, due to our assumption that (char(K), F') = 1. It
is also central, thus embedded in T°¢,.

Let K" be the maximal unramified extension of Ky, i.e., the strict henseliza-
tion of Kp with ring of integers @;h and algebraically closed residue field k. Let
K, be a separable closure of K, containing K" and let I, = Gal(K,/K;") be
the inertia subgroup of g, = Gal(K,/K,). Let o, be a generator of g,/1,, i.e.,

the map oy : z — z!*»| where as above ky is the residue field of f(p.

Proposition 3.2. Any separable isogeny 7, : T, — Tg of Kp—tori can be extended

to an isogeny m : T, — (T’)‘mp over (’j;h, inducing a surjection Tung(@;h) —
0/Ash

(1) (O51).

Proof. Any K, o -torus Ty admits a decomposition, i.e., an exact sequence of K b=
tori
1 =Ty =Ty =Ty —1 (2)

on which 77, is the maximal subtorus of 7}, splitting over k;“ and T}, is Ip-
anisotropic, i.e., such that X*(7T, ,)% = {0}.

We denote by T Lft the locally of finite type (1ft) NR-model of T}, defined over
Spec @;h (see 2). Let j. be the functor taking algebraic K p-tori to their lft-Néron
models. Since T} 1s K;“—split, we have R'j, = 0 (cf. the beginning of the proof
of II1.C.10 in [Mil2]). Thus the exact sequence (2) can be extended to

1T - T —» T — 1. (3)

According to [LL, Proposition 4.2(b)], the groups of k;-points of the connected
components of the reductions of these models fit into the exact sequence

=0 =0 =0
1—=T5, (k;) — Tp(k;) = Top (k;) — 1.
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As ky is algebraically closed, this sequence implies the corresponding exact se-
quence of ky-schemes

1— TLPO — Tg — Tw,0 — 1.
Notice that the identity components of the 1ft NR-models coincide with the ones
of the finite type models. Thus the reduction preimages of the latter kj-schemes,

embedded in the @;h—schemes in sequence (3), yield the exact sequence of the
identity components over @;h

1= Tr) =Ty = Ta) — L. (4)

Now let 7y, : T, — T} be an isogeny of kp—tori. Denote by T, and (7},)"" these

tori tensored with K p - Then applying the decomposition (4) on both T,™ and
(Ty)"™ results in the exact sequences

1— T}mg =T — T;ng -1, (5)

15 (T,’)ung - (T')ung N (T;)ung S,

If we show that the left-hand and right-hand groups in the upper sequence surject
onto the corresponding groups in the lower one, then the surjection of the middle
groups will follow. On the left hand side, T}, and (T;’p)un are isogenous and K"

split. Then 7y := ker[T}™ — (T})"™] is a finite k;‘n—split group of multiplicative
type. Thus, the Kummer exact sequence of K p -schemes

L= =T = (Tr,)™" =1

extends to the exact sequence of corresponding schemes over Of,h

1_>ﬂ_>TLunp — (Tj)““]D — 1,

showing the desired surjection on the left-hand side (notice that both TI““p and

(7)™  split over @Eh and, thus, are connected, i.e. coincide with their identity
—Pp

component; see Remark 3.1).

Both groups 7% and (7j ,)* on the right-hand side of sequences (5) are I,-
anisotropic. Therefore their NR-models coincide with the finite type (classical)
Néron model. In that case, according to [BLR, Section 7.3, Proposition 6], the
K;‘n—isogeny T, — (T,,,)"™ extends to a @;h—isogeny Ep — (Té)““p, such that
the surjection holds for the identity components, see Definition 4 of loc. cit. Hence
we deduce the surjection mg — (T")™°,

Further, as the degree of the latter @;h—isogeny is prime to char(f( p), its kernel
F"". has a smooth reduction as well. Thus the exact sequence of the reduction
groups over the algebraically closed residue field k;

Tun s ﬁo s unO s
L= Fy(ky) = T (ky) — (7)™, (kyp) — 1
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implies the exactness of the reduction preimage groups of @;h—points

un As un As un0 / As
1— F' (OFh) — 1) (O5h) — (T7) p(oph)—u. [

Corollary 3.3. The homomorphism of @p—schemes G*, — QS is surjective.

Proof. Our assumption (char(K),F) = 1 in Section 1 implies that the isogeny
mp : T3¢ — Ty is separable at any p. As GJ(O5h) = T9(O52)X(O3), the surjection
of groups of @;h—poin‘cs in Proposition 3.2 can be extended to 7 : @g(@;h) —»
Qg(@;h). As Gi¢ is simply connected, G*°, has a connected special fiber (see

[Tit, § 3.5.2]). By [BT2, Proposition 1.7.6], we know that the coordinate ring
representing G, is

0y1G,] = {1 € KylGyl: (G, (O3) € O3} € Ky [Gy).
As E(@p(@;h)) = Qg((’jf,h), any function f € O, [Qg] satisfies
fom(@*,(O) C f(G,(O") C O,

thus for € @p [@p] yielding the surjection of the contravariant functor of schemes.
[ |

Lemma 3.4. wp(@p(@p)) = wp(Qg(@p)).

Proof. Consider the following exact sequences, obtained by the reduction of
groups of points

1/ A 0/ A d =50
1= G (0p) = G (Op) = G, (k) — 1,

p
A A red —=0
1 — GL(O,) — GS(0,) ™5 G (ky) — 1.

Since T}, is maximal and G, is quasi-split, by [BT2, Corollary 4.6.7] Qg (@p) =
Ig(@p)X(@p) where X(0,) is the group generated by the root subgroups each
fixing an half apartment containing xz. Let d = dim(Qp). The preimage of 14
in Qg((’}p) /Ig(@lﬂ) is homeomorphic to the additive group p/®l. The preimage
of 14 in IS(OP) is isomorphic to (1 + p)4™ 7> being homeomorphic to pd™Tr,
Together, Lie(Q;(@p)) & pdim Ty +I®) — pd The same is true for @;(@p). Thus
the two kernels above share the same volume with respect to w,. Further, as the
residue field k, is finite and the reductions @g = @p and @O are connected and
ky-isogeneous, they also share the same number of rational kp-points (see [Bor,
§ 16.8]). Now the claim follows from equality (1). [ |

Remark 3.5. The following argument for generalizing the above results for a non
quasi-split group can be found in [Gro, Prop. 4.7]. At any prime p, if G, is not
quasi-split, then it is an inner form of a quasi-split group Hy. Let G*¢, and Qg be
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the underlying group schemes stabilizing respectively the images of H*¢, (@p) and
H g(@p) in the twisted building. These schemes are connected and the surjection
G*, = Qg as shown in Corollary 3.3 is preserved. Applying the twisted measure
of wyp on H, — being again some scalar multiple of w, — results in Lemma 3.4
equality for H, and therefore for G, as well. And so, a posteriori, the restriction
to quasi-split groups throughout this section is redundant for Corollary 3.3 and
Lemma 3.4.

4. The Tamagawa number of semisimple groups

We return to the definition of G over the global field K as introduced in Section 1.
Let w be a non-zero left-invariant differential K-form on G of highest degree. It
induces a Haar measure on the adelic group G(A) of G, which is unique up to
a scalar multiplication. Let w, be the multiplicative Haar measure induced locally
by w at p. The Tamagawa measure on G(A) is defined as

= qf(gfl) dim G pr
P

where g is the genus of C.

Due to the product formula, the measure 7 does not depend on the choice of
w, i.e., for each A € K* the volume forms w and Aw yield identical Haar measures
(cf. [Weil, 2.3.1]). Therefore 7 is wel- defined. Identifying K with its diagonal
embedding in A and consequently G(K) with its diagonal embedding in G(A), we
consider the following arithmetic invariant of G:

Definition 4.1. The Tamagawa number 7(G) of G is the volume of G(A)/G(K)
with respect to the Tamagawa measure .

Remark 4.2. Since the multiplicative Haar measure on G|, (K p) at any p is unique
up to a scalar multiplication, there exists A\, € f(px such that w, = A\ywp (see
notation in Section 3) and so Lemma 3.4 and Remark 3.5 remain true for any p
after replacing w, with wy.

Recall that all discrete valuations of K are non-archimedean. For any finite
set S of primes of K, we define:
Ag = {(xp)p¢3 : 1z, € O, for almost all p} C H K,.
p¢S
We also define the ring of S-adéles as:
AS) =[] K x [] Oy
pes pgs

Note that

A=[JA(9).
S
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For any prime p, let Qp(@p) be the maximal compact subgroup of Gp(f(p)
w.r.t. some special point x as defined in (2). Moreover, we define

Gs = [[ Go(Ky),  GA(S)) = Gs x [[ Go(Oy).
pes p¢sS

Definition 4.3 (|[Kne, p. 187], [Pla]). We say that G satisfies the strong ap-
prozimation property w.r.t. a finite set of primes S, if the diagonal embedding
G(K) — G(Ag) is dense, or, equivalently, if Gg-G(K) is dense in G(A). If |S| =1,
we call it the absolute strong approximation property.

Theorem 4.4 ([Pral, Theorem A]). Let G be a connected, simply connected,
semisimple linear algebraic group defined and almost simple over K. If the topo-
logical group Gg is non-compact w.r.t. to a finite set of primes S, then Gg - G(K)
is dense in G(A).

Theorem 4.5 ([Tha, Thm. 3.2 3)], [PR, Prop. 8.8] in the number field
case). Let G be a connected reductive K-group such that the simply connected
covering of the derived subgroup of G has the strong approrimation property w.r.t.
a finite set of primes S. Then G(A(S))G(K) is a normal subgroup of G(A) with
finite abelian quotient, the S-class group Cls(G) = G(A)/G(A(S))G(K) of cardi-
nality hs(G) = |Cls(G)].

We choose an arbitrary closed point oo of C' to be the point at infinity, and in
accordance to Section 1 define:

hoo = A, Glhao) = GaolBoe) x ] G,(0y).

The following facts are now deduced from the preceding theorems in the case of
S = {o0}:

Definition 4.6. There exists a finite set {z1, ...,z } C G(A) such that

h
G(A) = | | GlAx)z:G(K).

i=1
The finite number h = hoo(G) is called the class number of G (see [Beh, Satz 7],
[BP, Prop. 3.9], also [BW, proof of Theorem 2.1]).

Remark 4.7. Our restriction of G as mentioned in Section 1, of not being
anisotropic of type A,, implies that for any prime p, G, is Kp-isotropic (see [BT3,
4.3 and 4.4]). Hence by Theorem 4.4 in the case of S = {c0}, G*° admits the
absolute strong approximation property implying . (G*¢) = 1.

According to Theorem 4.5 together with Remark 4.7, G(A)G(K) is a normal
subgroup of G(A) and we may consider the natural epimorphism:

¢ G(A)/G(K) — G(A)/G(Ax)G(K) : Yz € G(A) : 2G(K) — 2G(Asx)G(K)
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for which

ker(p) = {zG(K) : z € G(Ax)G(K)} = G(Ax)G(K)/G(K)
= G(Ax)/G(Ax) NG(K).

Since all fibers of ¢ are isomorphic to ker(¢), we get a bijection of measure spaces

G(A)/G(K) = im(p) x ker(p) (6)
= (G(A)/G(Ax)G(K)) x (G(Ax)/G(Ax) N G(K))

4.5
=~ Cleo(G) x (G(Ax)/T)

on which the first factor cardinality is hoo(G) and T' := G(A) N G(K). We will
next study the volume of the second factor.

5. On the cohomology of O(}-schemes and relative local covolumes

The discrete group I' = G(K) N G(As) consists only of elements over the ring of
{oo}-integers of K, namely:

Ofocy = {a € K [vp(a) >0 Vp # o0} = [ Op.
pFoo

So it would be natural to describe it using an Oy.}-scheme. Consider the following
construction: For any p let ép be the Bruhat-Tits model of G| defined over O,,
i.e., such that:

1. Gy @0, K, = Gy, and

2. Gy ®o, @p ZQP.
According to Proposition D.4(a) in [BLR, § 6.2] the patch (G, G,,, ), where T is
the canonical isomorphism Gy ®g, Kp =G, Q0, Kp, corresponds uniquely to the
Op-module ép, in the sense that it covers it with a canonical descent datum. Now
since C is one dimensional, for any two distinct primes p; and po, the product
Op, ® O, is isomorphic to K. Thus we may Zariski-glue all geometric fibers
{Spec Oy, : p # oo} along the generic point Spec K, resulting in Spec O3. Then
the aforementioned patches cover (with descent datum) a unique group scheme G
over Spec O¢}. Moreover, for any p, the localization (Of1)p is a base change
of Op. Thus the bijection Spec (O(oc})p — Spec O, is faithfully flat (see [Liu,
Thm. 3.16]). Hence G extended to Spec @p is smooth by construction so that G is
smooth at p by faithfully flat descent, see [EGAIV, 17.7.3]. Its generic fiber is G
and it satisfies:

G(Ooey) = GK) N ] G,p(0p) = G(K) N G(Ax).
pFoo

We denote by G° the subscheme of G whose geometric fibers are Qg. The same
construction for G*¢ is denoted by G*¢. The surjectivity at the geometric fibers
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G*, — Qg (see Lemma 3.3 and Remark 3.5) leads to the surjection MOy g —
GO over Spec O{) as étale sheaves. Since the morphism of the geometric fibers
G, — Qop is smooth for any p (due to our assumption that char(K) is prime
to |F]), according to Proposition 17.8.2. in [EGAIV] the global morphism 7o,
is also smooth, as well as its kernel denoted by F. We have an exact sequence of
O/s0)-models:

1> F—=G°—g°—>1. (7)

Let 7 be the subscheme of G whose generic fiber is T, let 7° := T NGY and let
T be its preimage under 7o, , in G*. Being central (as all its geometric fibers),
F is equal to the kernel of the corresponding Of..}-tori-models, fitting into the
following exact sequence of O }-schemes

1= F T =T7% =1 (8)
Lemma 5.1. H}(Ofo0},G%) = 1.

Proof. According to Nisnevitch ([Nis, 3.6.2]), we have the following exact se-
quence
1 = Cloo(G™) = H(Ofoe},G%) — H' (K, G*(K?))

on which in our case Cloo(G®°) is trivial (see Remark 4.7), and the latter group
in the sequence is trivial as well due to Harder’s result (see [Har2, Satz A]). The
claim follows. [}

Lemma 5.2. Let mo,, : G°(Ofec)) — QO(O{OO}). Then:

o 0| (O )
|keI‘(7To{oo})| |‘7:(O{oo})|

If in particular G is quasi-split and 6?00} is a UFD, then joo(G) = 1 which means
that the discrete groups T and 'Y are bijective.
Proof. Since F is smooth we have: Hg (Oqocy, F) = Hfpi(Ofooy, F). Due to

Lemma 5.1, flat cohomology applied on sequence (7) gives rise to the following
sequence of groups of O(4.}-points:

1= F(O}) = G*(O1c}) U G°(Ofo0y) = Hy(Opoey, F) = 1. (9)

This gives us the first assertion.

If G is quasi-split, then 7°¢ is a Weil-torus (see Remark 2.1). Consequently,
1Oy (G%)) where 5?00} stands for the
integral closure of O in the splitting field of 7. By Shapiro’s formula for the
flat topology, we have:

its O(ooy-model T°¢ is isomorphic to R@/{

c\ U ~ —G
Hflppf(o{oc}a T ) = Hflppf(o{oo}7R (ng)) = Hflppf(o{oo]nGsln)

—~G
Ofocy/Ofooy

= P Pic (0.
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Hence given that 6?00} is a UFD, being a Dedekind domain Pic (@?OO}) =0, and
so flat cohomology applied on sequence (8) gives rise to the following sequence of
multiplicative groups of Oy..}-points

1— .7:(0{00}) — TSC(O{OO}) l> 7—0(0{00}) — Hélt(O{OO},]:) — 1. (10)

Recall that Oy = KN ﬂp;éoo Oy, i.e., O(x) consists of exactly those elements
of K that do not have poles at any place p # co. If x € Oy has a proper pole
at 0o, then it has a proper zero at some place p # co. Hence its inverse z7! € K
has a proper pole at that place and, thus, 27! € K \O{sc}. We conclude that the
only invertible elements of Oy are the constants. In other words, since the curve
C is projective, its regular functions are exactly the constants. This means that
T%(Os0}) = T*(Fq) and T (Ofy) = T (F,) are finite groups.

As the reduction of all geometric fibers of 75¢ and 7° are smooth and con-
nected, the specializations T3¢ = T ®gpec 0w SPecF, and T =70 ®Spec O (oo
SpecF, are connected F,-schemes, where SpecF; — Spec O} is the closed im-
mersion of the special point. Thus the exact sequence (10) can be rewritten as:

1= F(Ofoe}) = T(Fy) 5T (Fy) = HY(Ofooy, F) = 1. (11)

The surjectivity of 75¢ — T implies the one of 75¢ —» T°. These schemes are
isogenous, connected and defined over F,, so they share the same number of F,-
points. Then the exactness of (11) implies that |F(Ofocy)| = [Hg(Ofocy, F)I-
Returning back to the exact sequence (9), we get the claim. [ |

The group G(A) admits a natural action on the product B = [[, B, of the
Bruhat-Tits buildings, and its subgroup G(A) fixes the fundamental special
vertex of each building B, with p # oco. Identifying B, with its product with
these fundamental special vertices therefore yields an action of G(Ay) on By.
Let:

G'(A) = Goo(Koo) x [ Go(Op), T° = G°(Ax) NG(K) CT.
pF#oo

Notice that as G*¢ is simply connected I'*° := G*¢(A,,) N G(K) = (I'*¢)°.
Consider the following compact subgroups:

U =[G (0p) C G*(Ax), U =]]Gp(Op) C GlAc).
P p

Let Y°¢ and Y be the sets of representatives respectively for the double cosets sets:

[N\G™(Ano) /U 2= (I°° N1 G (Koo )\ G (Ko ) /G5 (Oc), (12)
TN\G(As)/U = (I N G(Koo))\Goo(Koo) /G (Occ)-
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For any y € Y, yUy ™! is compact and I'’ is discrete thus their intersection is finite.

More precisely, by the isomorphism above any such y may represents a non-trivial
double coset only by its co-component, whence yUy ! C G(A) and therefore:

yUy ' NTY = yUy ' N (G(K)NG(Ax)) = yUy ' NG(K).
But conjugation by y on the co-component of U is a shift to the stabilizer of yz
in Goo (Koo ):
yUy ' =G Gz (Oc0) X HG Op
pF#oo

Thus yUy~' N G(K) admits an underlying group scheme aoo,y having only global
sections on K, i.e., defined over SpecF, (recall that C' is projective). We denote
by é;gy, the resulting F,-group for the same construction for G*¢ with y’ € Y*=¢
st. 7(y') = y. The surject1V1ty of G}y — GO for all p and of G — G imply
the one of GSC v Goo .y having a finite kernel as well. So the groups G and

Goo,y, being isogeneous, connected and of finite dimension, defined over the ﬁnlte
field Iy, share the same finite number of F,-points, i.e.:

Yy € YO |y USy T N T = | (y)Un(y') PN TY. (13)

As G(A) is unimodular by [Mar, Corollary 1.2.3.3], we get to Serre’s formula
([Serl, p. 84],|BL, Corollary 1.6]) :

7(@) © hoo(G) - T(G(K)\G(Aoc)) = hoo(G) - > r(yU) (14)
yey
_ T(U)
= e ; lyUy=—tNTO|
1 im 1

= DA () i (G) - [ (GO
p

where:

1
io(G) =D 1
' lyUy=t IO’ (15)
yey

Lemma 5.3. With the previously introduced notations, one has
i (G) _ teo(G)
i0o(G%)  JoolG)
Proof. Let us regard the double cosets groups in formulas 12. The representatives

of G**(Auo) /U™ = G5 (Kuo) /G5 (Ose) and of G(Ao)/U 2 Goo(Ko)/Go% (Occ)

correspond to vertices in the orbits of « in B, obtained by the actions of G5 (K )
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and G (K o), Tespectively (the Iwahori subgroup is the kernel of this action in each
case). These actions are transitive on the alcoves in B, thus it is sufficient to
compare between the orbits inside one alcove, in which there are t.(G) (special)
points in the orbit of z, while simply-connected groups are type preserving, thus
too (G5°) = 1 (see [Tit, § 2.5]). So the orbit of z under the G/( K, )-action is bijective
t0 too (G)-times the orbit under the G3¢ (K, )-one.

To accomplish the comparison between Y*¢ and Y, the above right quotients,
taken modulo the discrete subgroups I'*® and T'? (from the left), respectively, cor-
respond to vertices in some fundamental domains of the aforementioned orbits
of . In Lemma 5.2, we compared between these subgroups and got that I'C is
bijective to joo(G)-times I'*°. Moreover, along any orbit the Bruhat-Tits schemes
are isomorphic (see [Tit, § 2.5.,p. 47]) and have isomorphic reductions. Thus the
cardinality |yUy~! NTP] is the same for all y € Y. We get:

. (15) 1
io(G) =) e
& lyUy=tnIe|
(13) too(G) 1
joo(G) y/;ﬁc y/UScyl—l ml“sc‘
too(G) .
= - oo (G*). u
Joo(G) (&)

Recall that

7(@) 2 e ImG (@) ie(@) - [[wp(GUOp))-
p

Clearly the invariant ¢~ (9=D dmG js the same for both G and G*°, as well as the
volume of the compact subgroups U*® and U (see Lemma 3.4 and Remark 4.2).
We conclude that:

Q) _ halG)  in(G)
T(Gsc) hoo (Gsc) oo (GSC) :

Now assuming the validity of the Weil Conjecture: 7(G*¢) = 1 and due to the
strong approximation related to G*¢ for which h.(G%¢) = 1 (see Remark 4.7),
plus Lemma 5.3 we finally deduce:

Corollary 5.4.
T(G) = hoo(G) - =

If G is quasi-split and 6?00} is a UFD, according to Lemma 5.2 this formula
simplifies to:
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Remark 5.5. From a geometric point of view, the key issue of computing the
Tamagawa number 7(G) therefore is to describe a fundamental domain for the ac-
tion of G(O(uey) on the Goo (Koo )-orbit of the fundamental special vertex z of the
Bruhat-Tits building B.,. This is not surprising at all via the following considera-
tion: If G is simply connected, by the absolute strong approximation property (see
Remark 4.7 above) the group G(K) is dense in [],_ . Gy(K}) so that it has the
same orbits on the product of buildings B =[], By as [[,,., Gp(Ky). Hence
any element of B in the G(A)-orbit of the tuple consisting of all the fundamental
special vertices of the Bruhat-Tits buildings B, in fact lies is the same G(K)-orbit
with a tuple consisting of a special vertex of B,, and all the fundamental special
vertices of the Bruhat-Tits buildings B, for p # oo.

The situation of a general G can then be analyzed by studying how a G(K)-
orbit changes under an isogeny.

6. Number of types in the orbit of a special point

We retain the notation and terminology introduced in the preceding sections.

Lemma 6.1. For any prime p, one has H1(<op>,7r(G;C(IA(;;n))) =1.

Proof. At any prime p, we may consider the following exact sequence of Kp—
groups:
L= F, = Gy = 7w(G*) — 1.

Due to Harder [Har2, Satz A|, we know that H'({cy), G;C([A(I‘Jm)) =1, hence (oy)-
cohomology gives rise to the exact sequence:

1 — H'((0p), 7(Gy (K3") = H((0p), Fp ("))

on which the right term is trivial as Fj, ([A(I‘Jm) is finite. This gives the required
result. |

Lemma 6.2. The number to(G) of (special) types in the G (Koo )-orbit of the
fundamental special vertex x in By, is given by

s \\Oo T 9e0
too(G) = [H' (I, Foo(K3,))7| = [Fos |-
Proof. Galois I, and ge.-cohomology yield the exact diagram

1 —= Foo(K) —= G5 (KW) — "> Goo (K1) — = H' (o, Foo (K3,)) — 1

I

1— FOO(KOO)*)GEE(KOO)*W>GOO(KOO)*>H1(9007 (K&))*)l

The group moo (G2 (K™)) N Goo (K o) is the largest type-preserving subgroup of
Goo(K ). By the classification of affine Dynkin diagrams an automorphism of
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B preserves the types of special vertices in B if and only if it preserves types of
arbitrary vertices. Therefore the cosets of Too (G5 (K™)) N Goo(Kso) in Goo (Koo)
are in 1-to-1 correspondence with the types of special vertices in the QOO(IA(OO)—
orbit. We conclude that

1o (G) = |Goo (o) (G2 (K32)) N G (K) ) .
The exact sequence
1= Foo(K2) = G2 (KX) 5 Goo(K2) = H'(Io, Foo(K5,)) — 1
can be shortened to
15 m(GE(KY) = Goo(KY) = H' (Ino, Foo(K5,)) — 1.
Applying {0 )-cohomology on this exact sequence gives the exact sequence
1= m(GE(KE)) N Goo(Kao) = Goo(Koo)
= H' (I, Foo (K5,))7> = H' ({000), (G2 (K)))
on which the right-hand group is trivial by Lemma 6.1. Hence too(G) =
[H (Ino, Foo (K3,)) 7.

More explicitly, the Kottwitz epimorphism together with Galois descent, yields
an epimorphism T (Ko) — Xu(To)7 whose kernel is the Iwahori subgroup

79 (Os) (see [Bit, Corollary 3.2]). We get the following exact diagram

1—=F (Ox) —= T _(0On) —==T% (Os) — H((000), . (O2)) — 0
1 —>Foo(Koo) — T5¢(K o (Koo) — H(goo, Foo(K2.)) —= 0
0 X (TP % X, (T)f = HY (I, Fao( K3))7 — 0

on which the lower row can be also obtained by the following steps: applying
the contravariant left-exact functor Hom(—,Z) on the exact sequence of character
goo-modules -

0— X*(Ts) = X*(TY) - Fs — 0,

on which fo\o = Hom(Fy ® K 50, G,, s ), gives the exact sequence

U

0= 0 = Hom(Fu, Z) — Xu(T) ™5 X, (To)
— Ext!(Foo, Z) — Ext!(X*(T%),Z) = 0. (16)
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—

Applying the functor Hom(F.,, —) on the resolution
0-Z—-Q—-Q/Z—0

gives rise to a long exact sequence on which as fo\o is finite, Hom(fo\07 Q) =0 and
Extl(Foo, Q) = 0, showing the existence of an isomorphism

*

Ext' (Fic, Z) = Hom(Fue, Q/Z) = Fux

where f;* is the Pontryagin dual of f;, i.e., the group of finite order characters
of F, see also [Mil2, p. 23]. Being finite, these duals are isomorphic. So sequence
(16) can be rewritten as

Tr\/

0= Xo(T5%) ™ X,(Tse) = Foo — 0. (17)

The I-coinvariants functor is in general only right exact, but here as 75 __ is con-
nected, X, (T55)r, is free (see [Bit, Formula (3.1)]) and embedded into X, (Tw)r.. -
Thus applying this functor on

7_‘,_\/ —— —_—

0= Xu(TE) — Xi(Too) @ Foo 2 Fse — 0
also leaves the left hand side exact
0 = X (T) 1 = X (Too) 1o, — Foog — 0.

Now applying the Galois (0 )-cohomology gives the exact lower row on the above
diagram

0 = XA (T)7= ™5 X (To)7= = (Frog )7 — H'((000), X (T5)) = 0. (18)

Returning to the diagram, as ﬁ;* being finite is isomorphic as a goo-module to
F, we finally get
oo (G) = |H' (I, Foc(K,))7| = | coker(my_ )| = |Foc"" | u

Remark 6.3.

1. The sequence (18) illustrates the fact that the number ¢, (G) of types in the
orbit of x depends only on the embedding of X, (T5) in X, (Tw).

2. By the geometric version of Cebotarev’s density theorem (see in [Jar]), one
may choose the point co such that G is split. In this case to(G) = |Fxl-

Now Corollary 5.4 together with Lemma 6.2 lead to the Main Theorem.

Main Theorem. Assuming the Weil conjecture validity one has:

7(G) = hoo(G) - =
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The number t (G) satisfies
s \\O T 9ee
teo(G) = |H1(I<x>aF<>O(Koo)) | =1Fo |
and HL(O F
i (G) = |Hey (Ofooy, F)
[F(Ofoey)l

If in particular G is quasi-split and 6{000} is a UFD then jo(G) =1 and so

Goo

T(G) = hoo(G) - 1o (G) = hoo (@) - [Fie

7. Application and examples

In this section, we describe an application of our Main Theorem in case G is

quasi-split and 6{600} is a UFD (see Remark 1.1). We combine our result with
[Onol, Formula (3.9.1’)] and the techniques from [PR, § 8.2] in order to relate
the cokernels of Bourqui’s degree maps degr.. and deg, from [Bou, Section 2.2],
where T%° and T denote suitable maximal tori of G*¢ and G, respectively; cf.
Proposition 7.8 below. These concrete computations will allow us to also provide
a wealth of examples for which we compute the relative Tamagawa numbers. Ono’s
formula was originally designed for groups over number fields and was generalized
to the function field case in [BD, Theorem 6.1]. We will use freely the notation
concerning algebraic tori introduced in [Onol]. In this section, we will usually
assume that Weil’s conjecture 7(G*®) = 1 holds.

Remark 7.1. According to the Bruhat-Tits construction, G,( )
Ip((’:)p)i((’:)p). As G, is quasi-split, one has (see [BT2, Corollary 4.6.7]) G
T (0p)X(0

pz =
pOP):

) and so
Gy (0p) : Gy(Op)] = [T (Op) : T5(Oy)].

Definition 7.2. The finite group W(T') = T(K)NT°(A) = T (F,) is the group of
units of T and its cardinality is denoted by w(T).

Lemma 7.3.

w@) _ |[TE) _ TE)| _ ,
w(Tsc) - |7'sc(IE‘q)| - |TO(Fq)| - [T(Fq) : TO(Fq)]

Proof. Under the assumptions of G being quasi-split and @foo} is a UFD, the

finite groups 7°¢(F,) and T°(F,) are of the same cardinality (see in the proof of
Lemma 5.2). The assertion follows. [ |

For an algebraic K-torus T, we set the following subgroup of the adelic
group T'(A)

T'(A) = {z € T(A) : |Ix(2)l| = 1 ¥x € X" (T)x}. (19)
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Let g = Gal(K*®/K). Following J. QOesterlé in [Oes, 1.5.5], D. Bourqui defines in
[Bou, §2.2.1] the morphism

degr : T(A) — Hom(X*(T)®, Z)

with ker(degy) = T (A) and a finite cokernel (see [Bou, Proposition 2.21]). The
maximal compact subgroup of T'(A) is denoted by

A) = HIP(@p)
p

Definition 7.4. The class number of T is h(T) := [T1(A) : T¢(A)T(K)].

By [Onol, Formula (3.9.1°)] for a K-isogeny 7 : T — T" of tori T, T" defined
over K, one has

Ly T (1,x77) - wp (T (Oy)) ”
) Tl;[Lp1XTp) (p(@)). 20)

We shall need the following

Lemma 7.5. Let H, be an affine, smooth and connected group scheme defined
over Op. Then H'((0p), H,(O3")) =

Proof. As O, is Henselian, we have H'((0,), H,(O}")) = H'((0y), Hy(kj)) (see
Remark 3.11(a) in [Mill, Chapter III, §3]). The group on the right hand side is
trivial by Lang’s Theorem (see [Lan| and [Ser2, Chapter VI, Proposition 5]). W

Remark 7.6. As Gi° is quasi-split, simply connected and almost simple, its
maximal torus 7,¢ is a quasi-trivial torus (i.e. a Weil tori). Thus not only
Hl(gp,GSC(KS)) = 1 (which is due to Harder as mentioned above), but also
H! (gp7Tb°(K5)) =1 as well as H'(g, G*(K?®)) =1 and H'(g, T*°(K*®)) = 1

Lemma 7.7. The map wy, : Hom(X*(T5%)8,Z) — Hom(X*(T)%,Z) is injective.
One has

SC \Vi A 0
b (@) M) _ | coker(mio)| T1,(T (?) 79(0,)]

WT) — te(G)- D] [T(Fy): TO(F,)]
Proof. Since G is of non-compact type, the exact sequence of K-groups

s

1 F—-G°=G—1

induces the exactness over the adelic ring A

1 F(A) = G*(A) ™ G(4) % coker(my) < ] H' (gp, Fp (K3))
p
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where g, = Gal(f(é/f(p) — see [PR, § 8.2] and 3) in the proof of Thm. 3.2. in
[Tha] for the function field case. According to [PR, Proposition 8.8], one has

hoo(G) = [Ya(G(A)) : Ya(G(Ax)G(K))].

Denote GO(As) = Goo(Koo) X H;#OOQS(@;,). Define the finite set S := {p |
p ramified}. If S = 0, then G°(A) = G(A) (see Remark 3.1). Otherwise, by the
Borel density theorem (e.g. in the guise of [CM, Thm. 2.4, Prop. 2.8]), G(O{scus) is
Zariski-dense in [ cq\(ooy Gp-  This implies the equality G(Ax)G(K) =
G°(As)G(K), and so

hoo(G) = [a(G(A)) : Ya(G°(Axc)G(K))]. (21)

Since F' is central in G*¢, it is embedded in T°¢. The corresponding exact sequence
of K-groups of multiplicative type

153 F>T°5 T 51

induces by g-cohomology the exact sequences over K (see Remark 7.6):

1 - F(K) = G<(K) 5 G(K) 2 H (g, F(K*)) — 1
1 - F(K) = T(K) 5 T(K) 2% H'(g, F(K*)) — 1

showing that 0x (G(K)) = dr (T(K)). At any p, as G*,, is connected, by Lemma
7.5 and Remark 7.6 one has

COker[G—scp(ép) - Qg(@p)} = COker[LSCp(@p) = T3(0p)] = H1(<Jp>,Ep(@;h))7
coker[G3°(K,) — Gy (K,)] = coker[T5(Ky) — Tp(Kp)] = H (gp, Fp(K})).

Thus together with [G, (O,) : Qg((’jp)] = [T, (Oy) : Ig(@p)] (see Remark 7.1), we
may infer that

Ya(G(A)) = coker[G*(A) — G(A)] = coker[T*(A) — T(A)] = ¥a(T(A)).

In particular, over A, due to Corollary 3.3 Galois cohomology yields an exact
sequence

1= F(Ay) = G*(As) B G% (As)

D HY (900, Foo(K2)) % ] H'(0p), Ep(O52) = 1
pF#oo

and similarly for the tori, showing that ¥4 (G°(As) = ¥4 (T°(As)). These coker-
nel equalities enable us to express hoo(G) as given in (21) via T, namely

hoo(G) = [Ya(T(A)) : ¥a(T" (Aso)T(K))]- (22)
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Applying the Snake Lemma on its two middle rows, we get the exactness of the
diagram

1 — F(A) — (T*)(A) — TL(A) —2 s (T (A)) = 1
1 —> F(A) —— T*(4) ™ T(A) —2 > g (T(A) — 1
i degpsc deg
0 — Hom(X™*(T"°)%,Z) i Hom(X*(T')%, Z) — coker(m),) — 0

coker(degpsc) T coker(degr) D 0

(note that the elements in ker(my) are units, and so belong to T*(A)) from which
we see that:

[ (T(A)) : Ya(T (A))] = | coker(my)|/|D). (23)

Furthermore, from the following exact diagram

L= F(A)— (T*)° (£)T“’( ) > OfA )‘>¢A((TC)E\(A)T(K)) — 1
1> F( (T)1(A) TUA) — P g (THA) —— = 1

T

1 —— CUT™) ———— CUT®) = Yu(TH(A)) /P ((T*)*(A)T(K)) ~1
with (T¢)°(A) := I, Ig((’)p) one can see that

hT) h(T°)/h(T*) [Va(TH(A)) - pa((T)°(A)T(K))]
h(Tse)  [T(A)T(K) : (T¢)°(A)T(K)] [Te(A)T(K) = (T°)(A)T(K)]

Using the Third and Second Isomorphism Theorems one has
TC(A)T(K)/(TC)O(A)T(K) = TC(A)T(K)/T(K)/(TC)O(A)T(K)/T(K)
= T(A)/T(F,) /(T)°(4)/T(F,)
whence

[1,[T,(0p) : Ty (Op)]
[T(Fq) O (Fq)]

[T9(A)T(K) « (T)*(A)T(K)] = (25)
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Similarly,

TO(A)T(K) /(T (AT (K) = T (Aoo)T(K) /T(K) / (T*) (&) (K) /T (K)

= T (o) T (Fy) / (T%) /T (F,) (26)
> T%(Aco)/(T°)°(A).
In order to compute the cardinality of the latter ratio image under v, we may use
cohomology again. Fix a separable closure K s of Koo containing the maximal un-

ramlﬁed extension K un of K with absolute Ga101s group goo and inertia subgroup

= Gal(K 5/ K un) The spectral sequence then induces the exact sequence (see
[SerS, 1.2.6(b)])

0 = H' ({000, Foo (K2) ™ H' (goc, Fuo (K3,))
8 HY (g, Foo (K3,))7 — H2({000), Foo(K2)) = 0
which shows that
|H (g0, Foo (K2.))]
|H'((000), F oo (O2h))] (27)

s oo (6.2
= |H" (Ino, Foo(K2.))7~| "2 1.0(G).

[Va(T%(Aco)) : ¥a((T9)°(A))] =

All together, we finally get

R(T™) (22),20).25) [Ya(T(A)) : Ya(T°(Aco)T(K))]
h(T) [wA(Tl( ) = Ya((T9)°(A)T(K))]
LT 5(0p) : TH(Op)]

[T(F ) O(F,)]

[Ya(T(A)) : Ya(T(A))]

— [Wa(TO(Ace)T(K)) : a((T)°(A)T(K))]
LT o(Op) : Tp(Oy)]

[T(Fq) : TO(Fy)]
(o [a(T(A)) : du (T
[Va(TO(As))  a((T
Hp[
G

(4)] LI, (Op) : TH(Op)]
PEN [T TOE,)]

(23),(27) | coker ()]
- Dl

The following proposition now is an immediate consequence of the Main The-
orem, Lemma 7.7.

Proposition 7.8. |D| = | coker(7);) = 1.
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Proof. Following [Ono3] by the proof of Theorem 6.1 in [BD], one has

(G) = T(G*) - TT((TT)) | coker(Fxc)|. (25)

Applying the functor Hom(—, Z) on the sequence:

0 — X*(T)® =5 X*(T°°)% — M := coker(7g) — 0 (29)
gives rise to the exact sequence
0 — 0 = Hom(M, Z) — Hom(X*(T*)9,7Z)
i Hom(X*(T)9, Z) — Ext! (M, Z) = Hom(M,Q/Z) — 0
which shows that coker(rm};) is the Pontryagin dual of coker(7x). As both groups

are finite, they therefore have the same cardinality. Hence from formula (28) we
get

7(G) = 7(G*) - | coker(my, )| - TZ(TI;E) |
D 7(G%) - | coker(x},)| - JE(TIQZ) ' qu(Tﬂ) [T 2o(txm,) - p(Z5(O)
p
Bt 32] s | coker(rl.)| - h}ér’T 2) ‘ wuf(TT)) [11Z.(0)) : T2(5y)]

W) T1IT(0) : T5(0p)]
h(T%)  [T(Fq): TO(Fy)]

T(G*) - hoo(G) - e (G) - D)
= 7(G*) - 7(G) - D).

Er(G) - | coker(m)| -

K}

7

This implies |D| = ﬁ = 1, according to the Weil conjecture. |

Remark 7.9. Any isogenous K-tori 75 and T' with T"¢ quasi-trivial can be real-
ized as maximal tori of semisimple and quasi-split groups G5 and G, respectively,
with G®¢ simply connected. E.g., given the isogeny m : T — T, then each factor
Ry, (G2 in T* is a maximal torus of the quasi-split and simply connected group
G* = Rp/k(SLgy1), and T is a maximal torus of G = G*/ker(n), cf. Exam-
ples 7.16 — 7.18 below. Hence we may generalize Proposition 7.8 to the statement
that for any isogeny 7°¢ — T, the induced map coker(degss.) — coker(degy) is
surjective.

Quite naturally, our Main Theorem reproduces the following well-known facts.
Recall that in this section we assume the validity of the Weil Conjecture.
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Corollary 7.10. If G is K-split and Oy is a UFD, then hoo(G) = 1 and
7(G) = teo(G) = |F|.

Proof. If G is K-split, then 7°° and T" are K-split thus having connected reduction
everywhere and h(T) = h(T®¢). Furthermore, | coker(r;)| = |F| = |Fx| = too(G)
whence by Lemma 7.7 hoo(G) = 1. Hence according to the Main Theorem 1, we
get 7(G) = too(G) = [Foo| = [ F|. u

Example 7.11. (Type As) Let G = PGL3 with G*¢ = SL3 defined over the
rational function field K = F,(z). Since G is split, by removing one point co we
get that hoo(G) = 1 (Cor. 7.10). Let T, be the diagonal maximal torus in G
and let T5¢ = 77 1(T) in G55. We have the following Z-lattices:

3 3
* SC 1 1
X (T ):P: <€1—3;€i,€1+52—3;€2’>7
X*(T) = Q = <81 — &92,E — 63>
where ¢; is the projection of the i-entry in the diagonal matrix and:

X*(T;oc) = Pv = <612 = )\1 — )\2, €23 = )\2 — )\3> embedded in:
1g 2 &
— OV — . I — .
Xi(To) =Q" = </\1 —5;21 Ais A1+ Ag 3 ;:1 )\Z>

where for any t € KX, \;(t) is the diagonal matrix with ¢ in the i-th entry and 1
everywhere else. The fundamental alcove associated to the root basis A = {ay9 :=
€1 — €2, Qa3 1= €9 — €3} with highest root ay3 := €1 — £3 is bounded by the walls

Hyy0,Hapy0 and Hy 1. Its special vertices are:
€12 + 2es3 2e12 + €23
0’ 'r - 3 ) y = 3

of types denoted by filled circle, empty circle and filled rectangle, respectively in
Figure 4.12. Then: z,y,x —y € X.(Tw) — X«(T) and therefore 7(PGL3) =
too(PGL3) = 3.

Example 7.12. (Type By = (C3) Consider the special unitary group of the
quadratic form f(Z) = z125 + 2om4 + 23, G = SU(f) = SO5 with G = Spin,
defined over K = F,(z). Over K, let Too = {diag(t, ¢/, 1,¢'71,t71)} C G and
T =771 Tw) C G55. We have:

X*(TSC) =P= <61,;(€1 —|—€2)>7 X*(T) =Q= <Oé =1 —¢€9,0= €2> .

and:

X*(T;g) = Pv = <)\1 — )\2,2)\2> embedded in: X*(TOO) = Qv = <)\1,)\1 + )\2) .
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Figure 4.13. Affine apartment of type B2

The fundamental alcove associated to the basis: A = {« := €3, 5 :=¢; — 3} with
highest root: v := 2a+ 8 = €1 + €2 is bounded by the walls H, o, Hg,o and H ;.
Its vertices are

1
o, x:)\la Y= 5()\1+/\2)

of types denoted by filled circle, empty circle and filled rectangle respectively in
Figure 4.13 among which only o, x are special as the isotropic group of y is not
maximal (lying on the intersection of only two walls out of three possible). Since:
r—o=1a=X € X, (T)— X.(T°°) we get that (G is split again): 7(SO5) =
too(S05) = 2.

Remark 7.13. We have assumed in this section that 6?00} is a UFD. Otherwise,
hoo(G) does not need to be 1, though G splits over K. For example, let G = PGL,,
defined over K = F,(C) where C is an elliptic curve (g = 1). Let oo be a Fg-
rational point and let G be an affine, smooth, flat, connected and of finite type
model of G defined over Spec (9{00} as was constructed above. Let G£,, be a similar
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construction for GL,, and G,, for G,,. According to Nisnevich’s exact sequence
(see [Nis, 3.5.2] and also [Gon, Thm. 3.4]), since the Shafarevich-Tate group w.r.t.
S = {oo} is trivial in this split case, we have:

CIOO(G) = Hélt(o{oo}v Q)
The exact sequence of smooth Oy,.}-groups
1—-G,—6GL,—G—1

gives rise by flat cohomology to the following exact sequence
Pic (C*) & HY (0o, GL0) > HE(Ofoey, G) = H2 (0o}, Grn)

on which H (Ofuo},GLy) classifies the rank n vector bundles defined over caf =
C — {c0}. Every rank-n vector bundle over a Dedekind domain is a direct sum
(’)Z;fl @ L, where [£] € Pic (C*) and Ogar is the trivial line bundle. As 9 : [£] +
nL we have:

im(6) & H} (Ofo0y, GLn)/ ker(0)
= H}, (0100}, GL5)/ im(9) 2 Pic (C*)[n] := Pic (C*)/nPic (C*).

Moreover, as C* is smooth, one has (see [Mill, Prop. 2.15]): HZ(O(cc}, Gm) =
Br(Ofs}), classifying Azumaya Ojy-algebras (see [Mill, § 2]). At each prime
p: Br(Ofee}) € Br((Ofsey)p) € Br(0,). As O, is complete, the latter group is
isomorphic to Br(ky) (see [AG, Thm. 6.5]). But k, is a finite field, thus Br(k,)
is trivial as well as HZ (O}, Gr) and 6 is surjective. We get that heo(G) =
IClee (G)| = |H&(Ofoo1,G)| = |Pic (C*)[n]|. In order to compute this group,
we obtain the following isomorphism: Since {oo} is an irreducible subset of co-

dimension 1 in C, the restriction of C' to C* gives rise to an exact sequence (see
[Hart, Cha.Il, Prop.6.5(c)|):

0 — Z — Pic (C) — Pic (C*) - 0

on which the first map 1 — 1 - {oo} is injective because the degree of a curve’s
divisor is well defined. As we assumed oo is F4-rational, this sequence splits as
abelian groups. Moreover, the embedding of the identity component of Pic (C)
yields another exact sequence:

0 — Pic °(C) — Pic (C) = Z =0

in which the right term is the Néron-Severi group. It also splits as abelian groups
and so we get an isomorphism of summands Pic °(C) = Pic (C*!). Together with
another isomorphism of abelian groups: C(F,) = Pic °(C); P + [P] — [0c] we may
deduce that:

C(F,) = Pic (C*).

Now it is easy to find an elliptic curve C' for which h(G) = |C(Fg)[n]| > 1.
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Applying flat cohomolopgy on Kummer’s exact sequence of Oy.-schemes:

"

gives rise to the exact sequence of groups of Oy)-points:
(O1oe))* ™5 (O1oe))* = HE(Opocy 1) = Pic (C) =5 Pic (C™)
which in light of the proof of Lemma 5.2 can we rewritten as
1= FY/(F)™ = Hi(Ofoo}, bin) — Pic (C*)[n] — 0.

We deduce that Hg (O{oc}, ftn) is an extension of Fy/(FX)™ by Pic (C*)[n] and
o

[Het (Ogocy ttn)| = [Fo /(F)"] - [Pic (C*)[n]| = |H' (Fq, pn)| - [Pic (C*)[n].

Consequently,
: |Hi (Ofooys i)l [He(Ofooys fin)l . s
Joo(G) = = = |Pic (C*)[n]| = hoo (G
S P H ] OO = ()
and finally:
too(G)  —0c
7(G) = hoo(G) - = =|F» |=|F|=n.
(@) (G) (@) | | = |F]|

Corollary 7.14. If G is adjoint (not necessarily split) and @?OO} is a UFD, then
hoo(G) = 1 and 7(G) = t(G) = \l/*—’\g|, where F = Hom(F'(K*®), Gy k=) and
g := Gal(K*/K).

Proof. According to Ono’s formula (3.9.11”) in [Onol], considering the isogeny of
class groups of 7°° and T', there exists a finite set of primes S for which

WT) g(as) /(fJ(a?}))

(1) \Ilpes a(ao,) q(aw)
where for any isogeny «, g(a) stands for | coker(«)|/| ker(«)| and (see notation in
Section 4):

TA(A) = TY(A) N Ts, Ts(K)=T(A(S) NT(K),

ab = (TE)HA) = TI(A), oy :=TE(K) = Ts(K), aw =W (T*) — W(T).

As G*° is simply-connected and G is adjoint, both quasi-split, their maximal tori
T%¢ and T are quasi-trivial and their integral models are connected everywhere (see
Remark 2.1). In this case, the quantities g() related to o and a3 are equal to
the ones obtained in the split case on which the class group of each G,, is the class
group of K (see Formulas (3.1.7) and (3.1.8) in [Onol]), thus equal to 1. Also by
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Lemma 3.4 one may deduce that ¢(ap,) = 1 at each p and by Lemma 7.3 (recall

6?00} is a UFD), this can be deduced also for ayp . Hence T°¢ and T share the
same class number and so by Lemma 7.7, Proposition 7.8 and our Main Theorem
T(G) = hoo(G) - too(G) = | coker(m);)| (see in the proof of 7.8). But as T is quasi-
trivial, X*(T) = @, Indgz} (Z) where H; are some finite subgroups of g, thus
by Shapiro’s lemma H'(g, X*(T)) = @ H*(H;,Z) = 0. Consequently, the exact
sequence of character groups (considered as g-modules):

0— X*(T) = X*(T*) - F - 0
gives rise by g-cohomology to the exact sequence:

0— X*(T)° LN X*(T%)® — F% — H' (g, X*(T)) =0

from which we can see that 7(G) = |coker(m);)| = |coker(7Tg)| = |F8|. This
also shows by Ono’s formula [Ono3, Main Theorem| (see Cor. 7.15 below) that
1" (F) = 1. [ ]

More generally, our Main Theorem leads us to the following more general result
obtained by Ono in 1965 (see Main Theorem in [Ono3|). It was designed for groups
over number fields and has been generalized by Behrend and Dhillon at 2009 to
the function field case in [BD, Theorem 6.1].

Corollary 7.15 (Ono’s formula). One has

|Fo|
7(G) = —5 =
@ LI (F)|

where the denominator is the first Shafarevitch—Tate group assigned to F.

Proof. Applying Galois g-cohomology to the sequence of groups of characters
0— X*(T) 5 X*(T*) - F -0
where F := Hom(F @k K*, Gy, k<) yields the relation

r(TK)| = —|ﬁ9|
| coker (7 )| (g, X)) (30)

The following formula for the Tamagawa number of a torus is taken from [Ono2,
Main Theorem], [Oes, Corollary 3.3]

(@, X(T)]

(T T
0 L (T)|

(31)
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Together with [IIT"(T)| = |III' (F)| ([Ono3, p. 102]), we conclude

7(G) Z (G%) - 7(T) - | coker(7xc)|

G
|H (g, X*(T))|

C_E -
LI (F)|

In the following examples, we refer to a construction which was demonstrated
by Ono over number fields, in [Ono2, Example 6.3]. Our ground field is K = F(t)
with odd characteristic and oo is chosen to correspond to the pole of t. At each
example we consider another extension L of K. We denote g = Gal(L/K). The
group G*¢ = Ry (SLy) is the universal cover of the semisimple and quasi-split

K-group G = G*°/F where F := RS/)K(MH) = ker[Rr i (kn) — pn]. Let S be
the diagonal K-split maximal torus in G. Then T = Cent(S) is a maximal torus

B (@) (1)

@)ooy

of G and is isomorphic as a g-module to the K-torus G,, x R(Ll/)K(Gm) where the
right hand factor is the norm torus, namely the kernel of the norm map (see [San,
Example 5.6])

N
RY) () =ker | R i (Gm) =5 G| -

Its preimage in G*° is the Weil torus T°¢ = Ry (G, 1), fitting into the exact
sequence
™

1 F T —T-1.

Over any O,, the norm torus is Spec Ou [a, b]/(a® —pb? —1). Tts reduction provides
at each place p, e, connected components, where e, stands for the ramification
index there (see [Bit, Example 3.3]), i.e. [T, (Op) : Ig (Op)] = €p. In this construc-
tion | coker(Tx)| =1 .

Example 7.16. We start by L = F,2(t) obtained by extending the field of con-
stants of K. Since the extension is quadratic, Fie = p2 is Koo—split whence
too(G) = |Fxo| = |Foo| = 2. Moreover, as L/K is imaginary and totally unramified
we have h(T)/h(T5°) = 2 (see [Mor, Example 1]). Thus by Lemma 7.7, hoo (G) = 1
whence according to our Main Theorem 7(G) = hoo(G) - too(G) = 2.

Example 7.17. Now let L = K(v/d) where d is a product of m distinct finite
primes p;. As before, Fiu = p2 and t(G) = 2. Recall that the norm torus is the
only factor in 7% and T which might have a disconnected reduction. This time,
since each p;, as well as oo, ramifies in L with e, = 2 we have

H[Ip(@p) : Ig((’)p)] — gm+1
p

while:

[T(Fy) : TOGFq)] =|{z eFy: 2 = 1} = {£1} =2
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Moreover, as h(T*¢)/h(T) = 2™~ (see [Mor, Example 1]) and coker(w},) = 1,
by Lemma 7.7 we get hoo(G) = 1. All together, we see by the Main Theorem
that 7(G) remains equal to 2, independently of m. Both this result and the one
of the previous example agree with Ono’s formula 7.15; indeed, as L/K is cyclic,

HIY(F) =1 and 7(G) = |F%| = |F| = 2.

Example 7.18. Let L = K(Ay) be the f-cyclotomic extension where f is an
irreducible polynomial of degree d. Then g is cyclic of order n = ¢% — 1. We still
have h(T)/h(T%¢) = 1 (|[Mor, Example 2|). The only places which ramify in L are
oo with e = ¢ — 1 and (f) which is totally ramified (see [Hay, Theorem 3.2]).
Therefore [Z(Oo)((')(oo)) : I?Oo) (O(Oo))] =q— 1 and [I(f)(O(f)) : I?f)(O(f))] = n.
On the units group, since ¢ — 1|n we have

[T(Fq) : TO(Fg)] = {z € Fy 2" =1} = [Fy| =q — 1.
Moreover, too(G) = \fo\ogoc| = |un| = n and as before coker(Tx) = 1. So by
Lemma 7.7, we get

B [1,[T,(0p) : T3(Oy)] _(g=1)-n
hee(@) = (G Ty PE)  n D)

Thus by our Main Theorem we conclude that 7(G) =t (G) = n. Indeed, as L/ K
is cyclic, ml(F) =1 and 7(G) = |F?| = |un| = n, which agrees again with Ono’s
formula 7.15.
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