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ANALYTIC CONTINUATION OF MULTIPLE ZETA-FUNCTIONS
AND THE ASYMPTOTIC BEHAVIOR AT NON-POSITIVE
INTEGERS

ToMOKAZU ONOZUKA

Abstract: We give a result on the asymptotic behavior of multiple zeta-functions near non-
positive integers. By using that result, we evaluate limit values of multiple zeta-functions at
non-positive integers.
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1. Introduction

The Euler-Zagier multiple zeta function (4(s1,- - ,sq) is defined by

oo o0

1

1, 8q) = 1.1

Cd( 1 d) Z Z m‘il(mlerg)S?~'~(m1+~~+md)sd ( )
m1_1 md_l

where s; (i = 1,---,d) are complex variables. Matsumoto [6] proved that the

series (1.1) is absolutely convergent in

{(517... ,sd)ECd | R(sg(d—k+1) >k, (k=1,-- ,d)}

where s4(n) = sp+8Spy1+--+s4 (n=1,---,d). Akiyama, Egami and Tanigawa
[1] and Zhao [10] proved the meromorphic continuation to the whole space inde-
pendently. Akiyama, Egami and Tanigawa used the Euler-Maclaurin summation
formula and Zhao used generalized functions to prove the analytic continuation.
Later, Matsumoto [7] also proved the analytic continuation using Mellin-Barnes
integral formula.

The function (4(s1,- -, sq) has singularities on
Sq =1,
Sd—1+ 84 =2,1,0,-2, _47 ) (12)
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where Z; is the set of integers less than or equal to j; Zy; is defined similarly.

Therefore (=71, ,—rq) € Z%O lies on the set of singularities. Moreover, it is an
indeterminacy of (4(s1,- -, Sq4). For example, Sasaki [8] proved that
3
lim lim hm C3(s1, 52,83) = —=, (1.3)
834)0 SQHO 314) 8
1
slllg()slglglOslglg C3(81782,S3) —1. (14)

Since (0,0,0) is an indeterminacy of (5(s1, s2,s3), (1.3) and (1.4) give different
values.
Akiyama, Egami and Tanigawa [1] defined the regular values by

Ca(=r1,-,—=rqg):= lm -+ lim {4(s1,---,84),
S1—>—T1 Sq——"Tqd

and Akiyama and Tanigawa [2] considered the reverse and central values given by

CB(=ry, - —rq) = Sdl—iy—lrd“.sll—i»n—lrl Ca(s1,--+ , 84),
Cdc(_/rlv"' ,—Td) = lim Cd(_rl +e,-0, g +€)7
e—0

respectively. Further, Sasaki [8] generalized the regular and reverse values. He
defined multiple zeta values for coordinatewise limits by

i iq

Ca(=r1, - y—=rqg):= lim --- lim C(4(s1, -+ ,8q),
ij=d ij=1
Sj*)*’l’j Sjg)frj

where {i1, - ,iq} = {1, -+ ,d}. He obtained all multiple zeta values of depth 3 for
coordinatewise limits. In addition, he treated the multiple zeta values of depth 4 for
coodinatewise limits in [9]. On the other hand, Kamano [4] considered the regular,
reverse and central values of the multiple Hurwitz zeta functions. Komori [5]
considered more general multiple zeta functions, and he obtained multiple zeta
values at non-positive integers given by

Ca(—r) = lim lim Ca(z1,- 5 2d)s
Fw=l(@) 7 T Tw= @) Fw—l) T w1l
Ca(=r) = Ca(— 7“1, ooy —=rg) = lim 4(—r1 + 861, -, —ra+ 04),
4] 04 6—0
where —r = (—rq,--- ,—rq) € Z%O, w € &g and = (01,---,04) € CL To

obtain these values by Komori’s method, we need to compute generalized multiple
Bernoulli numbers.

In the present paper, we prove two theorems. Theorem 1 gives the meromorphic
continuation of the multiple zeta function to the whole space. The meromorphic
continuation was already proved. Proof of Theorem 1 is similar to the proof of
meromorphic continuation in [10]. In [10], Zhao used the theory of generalized
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functions [3] to prove the meromorphic continuation. On the other hand, to prove
Theorem 1, we do not use the theory of generalized functions but integration by
parts. In Theorem 2, we prove asymptotic behavior near the non-positive integers.
w
Until now, we have been able to get only 2 kinds of the limit values, {(—r) and
Ci(=7). Using Theorem 2, we can compute not only C(—wfr‘), Ci(=7) but also
0 0
various different types of limit values. In fact, by Theorem 2, we can compute, for
example,

1
. 2 _
lim G3(e%,e,6) = —3- (1.5)

This limit value is not contained in the above 2 kinds of values, however by The-
orem 2, we can compute this value.

Acknowledgment. The author would like to express his thanks to Professor Ko-
hji Matsumoto and Professor Takuya Okamoto for valuable advice and comments.

2. Main theorems

In this section, we state two theorems.

Let By, be the mth Bernoulli number, and B(z,y) be the beta function. For
(my,--- ,md)eZ‘éO, (p1,--+ ,pd)€E Zéo and (g1, ,e4) € C4, let my(n), pa(n) and
ga(n) be my +Mmpy1 + -+ Ma, Po+ Pu1 + -+ pg and €, +Engr + o0 e
respectively. In addition, Pochhammer symbol (a),, is defined by (a), := I'(a +
n)/T'(a). In this paper, symmetric group & is defined by {o|o : {2,---,d} —
{2,---,d}, o is a bijective function}.

Theorem 1. For d > 2 and ny,--- ,ng € Zxo, Ca(s1,- -+ ,5q4) can be continued
meromorphically to

{(81,"- ,8d) € c?

R(sa(j)) >d—j—ng, (G=1,---,d),
R(sj—1) >—-n;—1, (j=2,---,d) }7 (2.1)

and Cq(s1,- -+ ,S4) can be represented by

ol ) 1 i Z B,, - B, 1
d\$1," " 58d) = oy o
! T(s1) - Tlsa) & 2y Piloopal sa(l) —d+k

[e'e] Gd(l)
: F d 2.2
Ty T(sa) /1 o — 1 Lva(z1)da1, (2.2)
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where

No(2) Mo (m)

F(e)= Y Z > )DIEEEDS

(ag,,aq) M=1 0 (2)<--<o(m) ko@)=0  ko(m)=0
o(m+1)<---<o(d)

m 1)ua<j>+kau)+1

[IED 0 (og) + i 4 <2

Jj=2
d
na( )+1
x H DT (uo(g) + 1)%(])“
j=m+1
ZloD e+l
Lo (j)
j= m+1
[ dFe) dFetm)  dPo(m+1)+1
>< e e
ko (2) ko (m) Ng(m+1)+1
dzgloy 250 ATgtn’)
dno@+1
X @l Jal@r, - xa) | o, 0 =1 dTo(mir) - - dZo(a),
o(d) .

1
Lo(m)=73

d
Pa(T1, , Ta) 1= H(l_xj)vJ
j=2

oo
D S B A

k=n1+1pi+--+pa=Fk p pd

P1,---,pa 20
d Tits ot
. o Tatg -ty
Yala1,--- s 2a) = H(l - xj)vj eritzt; _ 1"
j=2
Here, the summation Z(a2 o ag) TUNS all combinations of a;j = 0 or 1 (j =

2,---,d), and Y 5@2)<..com) Tuns all o € & satisfying o(2) < --- < o(m)
o(m+1)<--<o(d)
and o(m+1) < --- < o(d), and u;, v; and t; are defined by

- {sd<j)—d+j—2
’LLj =
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The function (4(s1,- - ,Sa) has possible singularities on

{(31,"' ) (Cd | Sd( )€Z<d j+1, Sj EZ<O (j =1, d)}

Remark. In Theorem 1, we prove meromorphic continuation of multiple zeta-
functions. This result is not new. However our proof is different from the proofs
in the previous work, and the expression (2.2) is new. This expression plays an
important role in the proof of Theorem 2.

Using Theorem 1, we can obtain the following Theorem 2.

Theorem 2. Suppose that e; #0, cq(j) #0 (j=1,---,d), |e1| + -+ +|ea| < 3
and |egfeq(j)| < 1 as (g1, ,eq) = (0,---,0) (j=1,---,d, k=4,---,d). Then
form; € Zxo (j=1,---,d), we have

Ca(—mi 41, -+, —mg +€q)

_ (_1)mdmd! % Z Bpl o de

... |
p1t-+pa=d+M P bd
P1,---,Pd 20

d
X H h(=ma(j) —d+j+pa(j) = 1,—maq(j — 1) —d+j + pa(j) — 1)

[£a ()] =ma() —d+jt+pati)—1
- + O(e,
[Ed(] - 1)} ma(j—1)—d+j+pa(s)— Z J

_ (_1)mdmd! Z Bpl "'B;Dd

l.o..p,!
p1+-+pa=d+M P Pd
P1,--,Pd 20
—mq(j)—d+j+pa(j)<2 OT
—mg(j—1)—d+j+pa(j) =22 (2<Vj<d)

d d
—ma(j)—d+j+pa(j)—1
X + > O(g)
JE[Q a(j — 1 ] ma(i—1)—d+i+pa(i)—1 ; ’
as (€1, ,eq4) = (0,---,0), where

M :=mq+ -+ myq,

la],, = {a(n -1 (n>
TEDM Tt (ng

hom ) = {0 (m>1>n),

1 (otherwise).

In Theorem 2, ¢; (j = 1,--- ,d) should satisfy |ex/eq(j)| < 1 (j =1, -+ ,d, k=
J,+++,d). Let us think about this condition. If |e;/e4(j)| = oo, then e4(j) tends
to 0 rapidly. By (1.2), s; +--- 4+ sq = —M is a singular locus. Therefore, when
lex/ea(f)| — oo, the point (—my +¢1,- -+, —mg+e4) approximates asymptotically
to the singular locus. Hence, |ex/e4(j)| < 1 means geometrically that (—m; +
€1,-++,—mqg + €4) does not approximate asymptotically to the singular locus.
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3. Examples

By Theorem 2, we can compute various multiple zeta values at non-positive inte-
gers. Let us see some examples.
In the case d = 2, we have

2

1 1 €2
- 4. Oz
Cale1,€2) 3 + 12 =+ +j§:1 (g5),

Ga(er, —1+e2) = —|—ZO £5),

1 1 €9
—1 —1 = 4 . E O(gy).
Gl-lten-l+e)=g0+ o5 —— +j (5)

In the case d = 3, we have

3
1 1 €3 1 €g + 2e3 Z
Glevene) = =7 =55 e2t+ez 24 ertertes +j=1 )
17 1 €3 I —ep+3e3 E:

_1 9 ) = - T TAd O
Gl b enenss) = 0 "1 e 720 e testes =)
19 1 £ -

2
- _1 y B pr— - O
Galen, —1+en,e3) = —o0 + o €1+éz+e3 +j§::1 &)

3
3 1 462 + 363
3 €2y -1 =~ = O
Glenen —1tes) = =35 = 0 i o + o +]Z::1 (&)-
Note that the example (1.5) comes from the first example of the above, taking
g1 =c?and ey =3 =¢.
In the case d = 4, we have

1 1 &4 1 €3+ 2¢e4
44(6175%63754) + 36 €3+€4 + 48 52+€3+54
1 19e5 4 33e3 4 52¢4

Jr% €1+éextez+ey

1 64(52 + €3 +€4
4+ — O &
144 (83 + 84)(81 + &9+ €3+ 54 Z j
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4. Lemmas

To prove Theorem 1 and Theorem 2, in this section, we prove several lemmas. In
this section, suppose that R(s;) > 1 (k=1,---,d).

Lemma 1. Let I; be an interval on R and f(z1, -+ ,xq) be of class C* on I; X
[0, %] X -+ [0, %] C R%. Then for all (ag,--- ,aq), v1 € I and every k =2,--- ,d,
we have

/§~~/§ qu»” flxy, - xq)dxy - - drg

0 0 s 7 ) )

k m 1ua(k;j)+1
= % e+ 07 (3)

m=1 o(k;2)<--<o(k;m) j=2
o(km+1)<--<o(k;k)

k
X { ‘ (_1)(ua(k;j) + 1)71

1 1 k d
? ? Uo (ki) +1 u;
></O /0 H acg(k;j’) H z;’ (4.1)

j=m+1 j=k+1

d d
|:dxa(k;m+1) o dxg(k;k) f(xl’ e 7xd):| To(ki2)=%

. Co_1
Lo(k;m)=73

AT g (kim+1) ** AT g (ki) AT 11 -+ ATy,

where o(k;) is an element of the group given by
Sk ={o(k;) | o(k;): {2, ,k} = {2,-- ,k}, o(k;) is a bijective function}.

Proof. In the case of k = 2, using integration by parts with respect to zo on the
left-hand side of (4.1), we have

1 1 d
o [ (T ) s e
0 0 =2
/ H xla o 7xd)]x2:% dl‘g"'dl‘d

= (upg +1)7" (;)WH/O 11

d
0
(w4 1) 1/ / w1 H [8:3 (z1, aq)| das - dzq.
0

0 is3

[N

<.
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The first term on the right-hand side of (4.2) is the term corresponding to m = 2
of (4.1), and the second term is the term corresponding to m =1 of (4.1).

Suppose that Lemma 1 holds for £ — 1. Using integration by parts with respect
to zj on the right-hand side of (4.1), we have

1) d d
1)1 z e e .
(Uk " ) { <2> l:dxa(k—l;m-i-l) dma(k—l;k—l) f(xl’ 7md):| Folk—12)=1

1
To(k—1;m)=— 3

H 9 d d
— xuk+1|: .’I;,"',"E :|:E 7ldx .
/0 b 89% dmo(k—l;m-{-l) dxa(/c—l;k:—l) f( ! d) oot g
Ia(kfll;'m):%
(4.3)
The first term of (4.3) is the term corresponding to k = o(k;m) of (4.1), and the
second term of (4.3) is the term corresponding to k = o(k; k) of (4.1). |
Lemma 2. Let f(x1,--- ,24) be as in Lemma 1. Then for all (as, -+ ,aq), ©1 € I3,
we have
1 1/ d
2 2 ws
[ T .
0 0o \jos

N (2) No(m)

d

D RED VD S »

m=1 g(2)<--<o(m) ky2)=0  kg(m)y=0
o(m+1)<---<o(d)

i . 1\ %o thog +1
o(J) uo. () + 1)k0(j)+1 §

J:2

na H+1 . —1
) (ug(J) + l)na(j)Jrl
]:m-i—l

Ug () FNe()+1
T {.7) (4)
o(f)
0 j= m+1

X
h

dke@) dFo(m)  dPo(m+1)+1
ko(2) o d:E Ko (m) dx Ng(m+1)+1

0(2) o(m) U(m+1)
dnd(d)-&-l
X - W ( Ty, ,l’d) z0(2):% deo-(m+1) s d.’ro-(d), (44)
o(d) .

1
To(m)=73

where na, -+ ,ng € Zxo, o are as in Theorem 1.
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Proof. Induction on ng + - -+ + ng.
In the case ny = --- =ng =0, (4.4) is valid by Lemma 1.

Suppose that (4.4) holds for (na,---,ng), and let us prove (4.4) for (ng,---,
ng+1,--+ ,ng). The right-hand side of (4.4) is divided into two terms,

Ne(2) No(m) Ne(2) Mo (m)

SRS SRS SR SIS SND DRI ST S

m=1 ¢(2)<---<o(m) ko(2)=0 ko(m)=0 =1 o(2)<--<o(m) ko(2)=0 ko(m)=0
oc(m+1)<---<o(d) oc(m+1)<--<o(d)

ke{o(2),-,0(m)} ke{oc(m+1), - ,0(d)}
(4.5)
The first term of (4.5) has no integral of zy, and the second term of (4.5) has an
integral of xp. Using integration by parts with respect to z; on the second term
of (4.5), we have

1 Up+ng+2
(ug + ng + 2)1{ (2>

dFe dFetm)  dPo(m+1)+1 dno@+1 )
PRI DR xl ... xd —l
ko (2) Ko (m) Ng(m+1)+1 Ng(a)+1 ’ ’ ZTo(2)=3
dZ,(0)  ATo(m) Tomi1) 2z, (a)
:Ea('n;):%
CEk:%
1
,/2 x2k+nk+2[ dtew dfeem dtemivtt
ko (2) kg (m) Ng(m+1)+1
0 d;vg@ dgco_(m) dsca(mﬂ)
dnet2 dno@t+l
% A"+ T2? T M@yl flxr,--- s 2a) To(2)=3 dxk . (4.6)
Lk d o(d
(d) .
To(m)=5
Using (4.5) and (4.6), we find (4.4) for (ng, -+ ,np+1,-- ,nq). [ |
Lemma 3. ¢q (1, ,xq) is C*° on [0,1] x [0, 3] x --- x [0, 1] C R%.

Proof. Since (1—x;)% (j =2,---,d) are C*® on [0,1] x [0, 3] x -+ x [0, 3], what
we have to prove is that

o0
3 3 By, Bpy koni—1ypa@) | ypa(@)
prlpal ! 2 d
k=ni+1pi+--+ps=k

is C* on [0,1] x [0, 1] x -+ x [0, 3]. Clearly, we have

o0
B. ..-B
S EarBugge. g

... |
k=ni+1pi+-+pa=k p1 Pa
T BpyBog  kypal(2)  pald)
_ Hj:l oFita T 7 Zk:o p1+-+pa=k il py] (L‘th td 4 7
= ni+1 . ( . )

L1
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We prove that the right-hand side of (4.7) is C°°. The numerator of the right-
hand side is C'*°, so the right-hand side is C*° except for x1 = 0. We can find that
x1 = 0 is a removable singularity by observing the left-hand side of (4.7). Hence,
a1, - ,24) is O on [0,1] x [0,1] x -+ x [0, L]. |

) )2

In Lemma 4 and Lemma 5, we use

o 0%

% =
aq aq
0z Oz

where a = (g, 9, ,aq) € Z‘éo

Lemma 4. Let a = (0,a0, -+ ,q) € Zéo. Then we have

d xltg -t
P’ H Tito .- ZHfm J $17t2,"'7tj)
j=2 etz t] o 1 m j=2 €x1t2 - 1)a2+ et

where Y is a finite summation, fn, ; is a polynomial which degree of e is

less than or equal to o + - -+ + «;.

Proof. Induction on |a| =a; + -+ + aqg.
When |a| = 0, Lemma 4 is trivial.

Suppose that Lemma 4 is valid for (0, aa, - - - , aq). Differentiating with respect
to xy, we have

d
a 8a H .’Eth z : Il f 612 val,th”atj)
81‘]9 eritz tJ — 1 61}]€ 6T1t2 _ 1)0‘2+"‘+a]’+1
=2 =2

k—1 st
=> (11 fg (€20 tg, - 1)
— i (eﬂfltZ"'tj o 1)042+-.4+o¢_7>+1

d
« 2 11 S (€552 g tg, - ) (4.8)
(eTrtztj — 1)a2+ taj+l AT

Using the product rule to (4.8), we find

8 Hfmj( IIQ j7x17t27"'7tj)

Oxi, (emit2ty — 1)a2+“'+aj+1
Jj=k
d d Foerrts
= Hfmd(eajlz J7w17t27"'7tj)
- : : Tito-t; _ 1)\Q2+ta;+1
1=k | j=Fk (e i—1)
J#l

a m ajltzmtl» at y 7t
X — Fmle 7 +2.__+ Hl) . (4.9)
(‘)xk (e“’lt?'”t’ o 1)a2 ay
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Using the quotient rule to (4.9), we get

0 S (€120 3y by e 1)

oxy (6:E1t2~~tl _ 1)042+--<+al+1

(emitati _ 1)%]%,1 —(1+ o+ Dato - tp_itpyr - tifma
(ezitzti — ])aztFaut2 )

(4.10)

==

where the choice of + depends on aj. In the numerator of (4.10), the degree of
e®1t2 "t jg less than or equal to o + --- + a; + 1. Hence, Lemma 4 is valid for
(0,0&2,"'7ak+1,"'7ad). n

Lemma 5. For each o = (0, p, - - -

[0,00) x [0,4] x -+ x [0, 3].

saq) € >07 0%y (xy,- -+ ,24) is bounded on

Proof. By the Leibniz rule, we have

0%a (21, -+, 2a)l

. d
o 5 (5)o (110 s (1 22

Bear = e
By Lemma 4, -B (H?:Q Tity -ty (et — 1)) is bounded on [0, c0) x
[0,2] x --+ x [0, ]. Hence what we have to prove is that oB H?ZQ(l — ;)| is
bounded on [0,00) x [0,4] x -+ x [0, 1]. We find
P~y | =T] |02 (1 —a)
j=2 j=2

where 8 = (81, , Ba). |
a#0,b#0. Then for each m,n € Z, we have

Lemma 6. Let |al,|b| < 1,
( (m— 1)‘ +O + O(b)) (

(@) 3 nzm>1),
(b)nt =40(a (n>=21>m),
(—1>m+“<( r+0(@)+00b) (1>n>m)

as a,b— 0.
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Proof. In the case n > m > 1, we have

=5 (Gam67m1)

=i {(v- o) (G om)}
(

Z((ZL 11)) +O(a)+0(b)).

In the case n > 1 > m, we have

((Z))" —ala+1)-(a+n—1)b-1)--(b+m) < a.
In the case 1 > n > m, we have
(a)n

(=)™ (=m)t+ 0®)} {(=1)"(=n)!"" + O(a)}
= (—1)m+"—(_’:>! +0(a) + O(b).

(=n)!
|
5. Proof of Theorem 1
In this section, we prove Theorem 1.
By [[10], p1279, (7)], we have
F( ) Sd Cd(sla ’Sd)
s 5 Xy
L e e
(5.1)

The right-hand side of (5.1) is divided into two terms,

I A T e Y AR

First we consider the first term of (5.2). By z/(e* —1) = > °_ (B /m!)z™ (|z| <
27), we see that the first term is

/ / H sa(j)—d+i— 2H 1—z;)%1" 1H<Z --xj)k>dx1~-~dmd.

k=0
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Further we divide the summation in (5.3) as

Hi%(““'xﬂ')k:i Z Bp1:::Bﬁdxzfxgd(z)_._xgd(d)

|
J=1k=0 k=0p1+-tpa=k P17 Pd

n1

_ Z Z By, -+ By, 2k Pa(2) o pa(d)

- looop,l “172 d
k=0 prt-tpak P17 Pd:

- B. ...B
+ Z Z Hl"fzgd@) . I’Zd(d)_ (5.4)
k=ni+1pi+--+pa=k 1 d*
The contribution of the first term of (5.4) is
d

zl: Z Bp1 ...de 1 HB(Sd(j)—d+j+pd(j)_1’Sj_l)' (5.5)

o _
F0pt Tpamk P PE sa(1) d+kj:2

This is the first term of (2.2). Changing the order of integration of the second
term of (5.4), we have

! (1)—d+ ! ! d (j)—d+j—2 —
Sd ni sdald J 85— 1
/(El / / IleJ (].—l'j)Jl
0 0 0 j=2

o0
Bp, - Bpy k—ni—1_pa(2) pa(d)

k=ni+1pi+---+pa=k pr-

(5.6)

Dividing the integral into f01/2 and f11/2 for xo, -+, x4, we have

)

ag+1 ag+1
2

/01.../()1—@2 /.

=2 a4
2,0 ,04) 2 2

where the notation Z(az’“_ ad) is defined in the statement of Theorem 1. Changing
variables, we find that (5.6) is

1 1 1 d
/ xid(l)—dwn{ 3 /2 /2 [z @ —a;)v
0 0 0 \js

(a2, ,aq)

m'pa!

> B. ---B
S D D D e S SR dmz...dm}dwl.
k=ni+1pi+-+pa=k

By Lemma 2, Lemma 3 and the definition of ¢, (z1, - ,x4), we find that the
above is

1
/ 23 D= E () day. (5.7)
0
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By (5.5) and (5.7), we see that the first term of (5.2) is
d

ZI: 3 By, -+ By, 1 1 B(saG) = d+ 5 + pa(i) — 1,55-1)

l... | —
k=0pi+---+pa=Fk 2 ba: Sd(l) d+k Jj=2

1
+ / 2O~ (e (5.8)
0

Next, we consider the second term of (5.2). Similarly to the deformation of
(5.6), we have

oo msd(l)_d
1
/1 er1 — ] Z /0

(a2, ,aq)

N|=

1 d
2 - Xty -ty
/ Hx;”(lf;z:j)%mdx?..dxd dry.
0 s

Using Lemma 2, we find that the above is

o0 Sd(l)*d
/1 6111 1 Fwa(.Tl)diEl. (59)

By (5.8) and (5.9), we obtain (2.2).
Now let us consider when (2.2) is holomorphic. The first term is holomorphic
when

Sd(l)#d7d_la 7d_n17
Sd(j)#d—j-f—l,d—j,d—j—].,"’ (]:237d)7
5j7é0’71772a"' (]:]-avdil)

By Lemma 3, the second term is holomorphic when

Sd(j)#d—jﬂ-].,d—],,d—]—‘rl—'ﬂj (j:277d)7
Sj#07717"'77nj (]:27 adi]-)a
R(sj—1) > —ny—1 (=2, ,d).

By Lemma 5, the third term is holomorphic when
Sd(])#d_.]+lzd_]7ad_]+1_n] (J:277d)7
Sj#o,—l,'“,—Nj (jZQ,-- ,d—l),
%(Sj—l) >-—-n;—1 (] =2, ’d)

Hence, we obtain Theorem 1.
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6. Proof of Theorem 2

In this section, we prove Theorem 2. If d = 1, (1(s1) is Riemann zeta function.
Hence, Theorem 2 is clear. So we prove Theorem 2 in the case d > 1. Suppose
that m;, ¢; (j =1,---,d) and M are defined in the statement of Theorem 2. We
use (2.2) with s; =—mj+¢; (j=1---,d)andny =---=ng=M +d.

First, we estimate the second term and the third term. When (g1, -+ ,e4) —
(0,---,0), these terms are bounded except (uq(;) + 1);(!1(],)Jrl and (uy(;) + 1),:01(1)+1.
Hence, we have

Sd(l)fd

1 oo d
sq(1)—d+n o _ 2 : -1
/O xld 1F@a (xl)dml +/1 7(3%1 1 Fwa (.’El)dl'l = ( )O jlle
az,aq =

where
w*:{wu><%—0)

€j—1 (a]- =1).
On the other hand, using I'(2)I'(1 — z) = 7/ sin(nz), we can estimate
m < Sln(ﬂ'Sl) R Sll’l(ﬂ'sd)
< sin(mey) - - - sin(mweq)
K ey €&q.

Then, we have

! L osa(h—dm R
Tls) T(s0) F,, (x1)d T B (ey)d
lwnmnw<ﬁxl O A

d
= Z 0] Hijﬂ_l €d

(a1, ,aq) j=2
d .
= E 0 L ey
( U £a(j)
al""’ad) ]—2
aj:O

Since e /eq(j) < 1(j =1,--- ,d, k=73,---,d), we obtain

Sd(l)—d

1 ! sq(1)—d+ny > Ty
T TG0 (/0 x] o (T1)dy +/1 ] wa (21)dz1

=Y 0(g). (6.1)

J=1
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Next, we estimate the first term of (2.2). First, we estimate the factors con-
taining gamma funcions and beta functions as

11 B(sa(G) = d+ i + pa(i) — 1,5;-1)

1 ﬁ T(s4(j) — d +j + pa(j) — 1)

D(sa) ;5 TsaG = 1) —d+ 7 +pa(j) = 1)
d
_ £a0))mati) ~d+j +pai) 1
_ H . (6.2)
(€a)-m ) 525 (€0 = D)magi=1)~dtj+pat) -1

By Lemma 6, we have

1

sin(meq(1))
(€a)—maL(€a(1))

(=17t + 0(e) (P - 2y )
(71)mdmd!€d(1) + O(z’:‘d(l)z) + O(&d(l)z’fd)

d
H (5d(]))md(J) d+j+pa(j)—1
(e 1))md(J—1)—d+J+pd(J)—1

d
:H<h( ma(j) —d+3j+pa(j) —1,—ma(j —1) —d+j+pa(j) — 1)

lea(d)]=ma()—dtj+pali)—1
[ea(d — D] -maG—1)—dtjtpai)—1

+Z {0 (gd G-1° (')) +0(eali — 1)) —i—O(ad(j))},

hence, we find (6.2) is

(5] T(s0) HB sa(j) —d+j +pa(j) — 1,8j-1)

= (—1)mdmd'5d(1) X

XH( —d+j+pa(j) —1,—ma(j —1) —d+j+pa(j) — 1)

ead)]-ma(r)-dts4s6 ) . Z 0(e2(1 (63

[Ed(j_l)] ma(j—1)—d+j+pa(j
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Using (6.3), we can estimate the first term of (2.2),

ni Bpl...de 1 vma |
> 2 ol pa! Sﬂl)—d%—k{( 1)™*mgleq(1)

k=0 p1+---+pa=k

xH< e pali) — L —mal— 1) — d -+ + pai) — 1)

) d
[6@(])]—md(j)—d+j+pd<ﬂ'>—1 ) + ZO(sd(j)é‘d(l))}-

[ea(f — D] —ma(—1)—d+i+pa(i)—1

Using
1 . 0(1) (k<n1=M—|—d)
(1) —d+k  )eq)™t (k=ny=M+d),
we have
(—1)mdmd! Z Bpl "'de

... |
prtotpa=din P17 P

xHh —ma(j) = d+j+pa() = 1,—ma(j — 1) = d + j + pa(j) = 1)

[Ed(])}—md(ﬂ) d+j+pa(j)—1
X : + ) Of(g (6.4)
[5d(.] - 1)] —mg(j—1)—d+j+pa(j)—1 Z j

From (6.1) and (6.4), we obtain Theorem 2.
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