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ON THE FOUR-DIMENSIONAL DIVISOR PROBLEM OF (a,b,c,c)
TYPE

X1A0DONG CAO, WENGUANG ZHAI

Abstract: In this paper we study the four-dimensional divisor problem of (a, b, ¢, ¢) type, where
1 < a < b < care fixed integers. Our theorems improve some classical results. As an application,
we study the error term of the summatory function of the exponential totient function.

Keywords: divisor function, exponential divisor, error term, exponential sum.

1. Introduction and main results

Let a1 < as < ag < aq be fixed positive integers. Without the loss of generality,
we suppose (a1,as,a3,a4) = 1. The divisor function d(ai,as,as,as;n) denotes
the number of ways n can be written as a product ny'ng?ns*ng*(n; € N,j =
1,2,3,4). The four-dimensional divisor problem is to study the properties of the
error function

4 4 s
x
A(ay,az,as,aq4;7) 1= g d(ay,as,a3,a4;n) — E Res HC(als)?. (1.1)
.Sf(lj l_l

n<x j=1

For the history and classical results about A(ai,as,as,aq;x), see for example,
M. Vogts (28], E. Kritzel [14, 15, 16], A. Ivi¢ [10, 11] and a recent survey article
of A. Ivi¢, E. Kritzel, M. Kiihleitner and W.G. Nowak [12].

The study of the four-dimensional divisor problem is very important in the an-
alytic number theory. For example, the case (a1, a2, as,a4) = (1,1,1,1) is the well-
known Piltz divisor problem of dimension 4, the case (a1, a9, as,a4) = (1,2,3,4)
is closely related to the number of finite abelian groups, the case (a1, as,as,a4) =
(1,1,2,2) is closely related to the number of direct factors of finite abelian groups,
etc.
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The aim of this paper is to study the four-dimensional divisor problem for the
case (ai,az,as3,a4) = (a,b,c,c), where a,b, c are fixed positive integers such that
a<b<cand (a,b,c)=1. Let

A(CL, b7 ) C,f) = Zd(avba GG n)7 (12)
n<

H(ab,c,c:7) = Reg C(as)C(b9)%(e5) - + Res Clas)(bs)C(es) S (13)
+ Res C(as)((bs)C?(c5)

if @ # b, otherwise an appropriate limit approach should be taken in the above
sum.

From A. Ivi¢ [11] we have
Aa,b,c,c;x) = (mmax (2<a1+b>’a+i+c)) ) (1.4)
One may conjecture that

A(a7 b, c,c; x) =0 (mmax (2(a1+b) ’ a+i+c)+6) . (15)

Now we introduce some notations for later use. Let d(n) denote the Dirichlet
divisor function. Let > 1 be real and £ = logz, {t} denotes the fractional part of
t,(t) =t—[t]—1/2, e(t) = exp(2mit). ¢ is a fixed positive constant, not necessarily
the same in all occurrences. m ~ M means that cM < m < CM for some
constants 0 < ¢ < C. d(a,b;n) = Zmlfmg:n 1 and A(a,b;2) = 5. . d(a,b;n).
Let A(a,b;x) denote the error term of the asymmetric two-dimensional divisor
problem,

n<e

A(a,byx) == Z 1-¢ (2) zw — (%) zh = A(a,b;z) — H(a,b;x), (1.6)

manb<x

if a # b. If a = b, then an appropriate limit approach should be taken in the
above sum. Hence H(1,1;z) = xzlogx + (2v — 1)x, where 7 is Euler’s constant.
For convenience, we also use notations A(x) and A(x) to denote A(1,1;x) and
A(1,1; ), respectively. Kritzel [14] gives a series of classical results about the
upper bound of A(a,b;z). Recently, the authors [31] studies the mean square of
A(a,b;x) and obtains its asymptotic formula.

Theorem 6.8 of Krétzel [14] is an important theorem for the many-dimensional
divisor problems. We first prove the following Theorem 1, which is a refined version
of this theorem in our case.
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Theorem 1. Suppose a,b and c are fixed positive integers such that1 < a < b < c,

1 <y <z are two large real numbers, 0 < a(a,b) < 1/c is a real number such that
the estimate A(a,b;x) < (@) holds, then

Aa,b,c,c;x) = Z d(a,b;m)A ((:l)i) + Z d(n)A (a,b; %) (1.7)

1
sy n<($)¢

131
416¢c
+0 (xiyi"‘(al*“ log x + x~deya e 4 yo@d) (;) log™ 33) .

Using the bounds A(t) < $131/416 1g26947/8520 ¢ (06 Huxley [9]) and A(a, b; x)
< (@) in Theorem 1 directly, we get immediately the following Corollary 1.1.

Corollary 1.1. Under the conditions of Theorem 1, we have

416—13lac(a,b)

A(a,b, ¢, c;x) < xTarimoet-aatam (log2)*. (1.8)

Remark 1. When we use Theorem 6.8 of Krétzel [14] to estimate A(a, b, ¢, c; x),
we encounter some four-dimensional exponential sums, however if we use Theo-
rem 1, we only need to estimate some three-dimensional exponential sums, which
is much easier to handle. When the differences between the numbers a,b, ¢ are
comparatively large, the upper bound results obtained through Theorem 6.8 of
Kritzel [14] are usually weak. In this paper, we shall get the following Theorem 2
through Theorem 1 with the help of an approach due to Heath-Brown [7]. We
note that Theorem 2 can not be covered by Krétzel’s results in [14, 16].

Theorem 2. Suppose a,b,c are fized positive integers such that 1 < a < b and
a+b<c<2a+b),0<alab) <1/cis areal number such that the estimate
Ala, b;z) < @Y holds. If the condition

ala,b) > To 3625;61 1§(ba )2 (1.9)
is true, then
A(a,b, ¢, c;z) < gf@bote (1.10)
where
0(a,b, ) = 3 —3a(a,b)(a+b) (1.11)

3¢+ 2a — c(ba + 3b)a(a, b))’

Remark 2. When dealing with exponential sums in the proof of Theorem 2, the
main approach is due to Heath-Brown [7]. It is not difficult to improve Theorem 2
by using more precise estimates of the exponential sums(see for example, [1], [6],
(8], 18], [23], [30]).
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Corollary 1.2. Suppose 1 < a<b, a+b<c<2(a+b), and define

15(a+b) .
5902 529ab—dactisoc Y 1la > 8b and
113a®+255ab+142b  , - 29(a+d)
88a+107b S 9
21a+12b . 11
9(a,b, c) = { 3Aa7F28abract12be if 2a2b> Fa and
» 112a°+270ab+152b> < ¢ < Llatidb
77a+124b S 0
9a+3b .
BarToabizaciare W 4a=0>2a ‘”2“1 ,
37a“+95ab+54b <c< 39a+27b
22a+47b S 21 -
Then
A(a,b,c,c;x) < g¥@be)re, (1.12)

From Corollary 1.2 we get immediately that
A(1,3,5,5;2) < 2'8/95+¢ (1.13)

which will be used to prove the following Theorem 3.

Subbarao[24] introduced the definition of exponential convolution, which is
closely related to the exponential divisors of natural numbers. Let n > 1 be an
integer of canonical form n = p{*---p% . An integer d is called an exponential
divisor of n if d = pi*---pbr satisfies bjla;(1 < j < r), denoted by d|.n. For
convenience let 1|.1. The exponential convolution is an analogue of the classical
Dirichlet convolution, which is studied by several authors, see for example, [5, 13,
19, 20, 21, 22, 29]. The exponential totient function ¢(¢)(n) denotes the number of
divisors d of n such that d and n are exponentially coprime, namely, they don’t have
common exponential divisors. The function ¢(¢)(n) was studied in J. Sandor[21],
Toth[25, 26, 27], Pétermann[20]. Toth[25] proved that

> 69 (n) = Cra + Coa'/? + O(!/779), (1.14)

n<e

where C, Cy are computable constants. The estimate O(z/5%%) was improved to
O(x'/%) in Pétermann|20], which is the best result up to date.
In this paper we prove the following

Theorem 3.
(i) The asymptotic formula
Z ¢ (n) = Crz+ Cox/3 + Dyx/%log x4 Doz'/® + O(21¥/°°+¢) (1.15)
ne
holds, where Dy, Dy are computable constants.

(if) We have

3" ¢ (n) = Crz + Coa'/? + D1z /P loga + Doz'/® + Q (m1/8> . (1.16)
n<e
Remark 3. The asymptotic formula (1.15) is a substantial improvement to the

formula (1.14). Numerically we have §2 = 0.18947... < 1.
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2. The proof of Theorem 1 and Corollary 1.1

Lemma 2.1. Let x > 1 and A(a,b;x) be defined by (1.6). We let
E(a,b;x,s) = Ala,b;z)z™° — s/ Ala,b;t)t=57 1 dt (2.1)

(1) Ifa <b, Aa,b;z) < Y such that afa,b) < 7. then

b a
Z d(a,b;n)n 1(:_( a)sxifs + ffbb)sx%fs + ((as)¢(bs) + E(a,b;x, s)

n<T
(2.2)
holds for s > a(a,b). For s = % or s = 5 we take the limiting values.
(ii) If A(z) <  such that o < %, then

Z d(n)nfs _ (loga:1+_2;y -1 _ (1 _55>2> pl—s +<2(5) +E(1, l;x,s)

n<r
(2.3)
holds for s > a. For s =1 we take the limiting value.

Proof. By partial summation formula and (1.6), we obtain

3y M = A(a,byz)a~" + s/ A(a, by t)t—=" 1 dt (2.4)
n 1
n<x
_ H(a,b;x) —|— A(a,b;x) n 5/ (H(a,b;t) —|— Al(a,b;t)) it
xrs 1 té+1
) ) et b (3)
1—as 1—bs 1—as 1—bs
+s / Ala,b;t)t= 51 dt + A(a, by )z~ *
1
- s/ Ala,b;t)t=* 1 dt.
Clearly

E(a,b;x,s) < x®@b=s, (2.5)

Suppose that s > 1, we have from (2.4) and the condition a(a,b) < when

T — 0

b?

asC (g) bsC

Clas)C(bs) = ——* 1_bs

/ Ala,b;t)t=51dt.

By analytic continuation this equation also holds for Rs > a(a,b). Now we sub-
stitute this into (2.4), and this completes the proof of (2.2). The proof of (2.3) is
similar to that of (2.2), we omit the details. |
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Lemma 2.2. Let x > 1 and A(a,b;x) be defined by (1.6). Let
Ei(a,b;z,s) := Ala,b;x)z™ % logx — / Ala,b;t)(slogt — 1)t~ 1dt  (2.6)

Ifa <b, Ala,b;z) < 2@ such that a(a,b) < %, then

s b log z a 1
Zd(a,b;n)n logn = ¢ (a> (1—as - (l—as)Q)xa (2.7)

e (%) (110—ng T —bbs)2) zs ™
= (C(as)¢(bs))" + En(a, b, 5)

holds for s > a(a,b). For s = % ors= % we take the limiting values.

Proof. Similar to the proof of (2.4) we have

t9+1

_ b log x a 1,
C<a> <1—a5 B (1—a5)2>xa

a log x b 1
+<(5) (1—bs (1- 8)2>x

ac (b
a C(as)) a (bb)) + A(a,b;x)z™%logx

(slogt —1)
/ Ala, b;t) T dt

ZMlognzA( /A , b5 %) SlOgt_l)dt (2.8)
"

nr

+

- / Aa,b;t)(slogt — 1)t~ dt.

Assuming that s > 1, we have, as © — o

/ a¢ (2 (slogt
—(C(as)C(bS))Z(l_(as)> 1_b5 / ALY g )

By analytic continuation (2.9) also holds for Rs > a(a,b). Substituting (2.9) into
(2.8) completes the proof of Lemma 2.2. |
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Lemma 2.3. Leta < b <cand 1 <y < x. If Ala,b;z) < 2% such that
ala,b) < %, then

A(a,b,c,c;x) = Z d(a,b;m)A <<;)i> + Z d(n)A (a,b; %) (2.10)

1
msy n<(3)%

® (ogx — logt
/ (Ogm o8 4 27) Ala,byt)t~ el dt
C y C

-5 (b) x%/ CA@ETE N dt
a’\a (2)e

- %g (%) ot (;i A 571 dt — Ala, by)A ((ﬂ) .

1
XTe

Yy
Proof. By (1.2) and Dirichlet’s splitting argument we write

A(a,b,c,c;x) = Z d(a,b;m)d(n) = Sy + Sy — S3, (2.11)
mnc<x
where
S = Z d(a,b;m) Z d(n), Sy = Z d(n) Z d(a,b;m),
m<y nez/m nez/y m<z/ne
S3 = Z d(a,b;m) Z d(n).
m<y ne<sz/y

By (1.6), (2.2) of Lemma 2.1 and Lemma 2.2 we get

Si =" d(a,b;m) { <1°§” F(2y—1) - logcm> ; +A <(;)>} (2.12)

msy

log 1 d(a,b;m)  x* d(a,b;m)logm
= +(27_1)>x(‘ T - 1
T\
+ d(a,b;m)A( — >
)y (5
o logfc 1 C(%) 1_1 C(%) 1_1 a b
—( p + (2 _1)>x° 1_%ya C+1_%y” C"‘C(E)C p
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By (1.6) and (2.3) of Lemma 2.1 we obtain
1

So= 3 dn) {( (Z) 2 +¢ (%) ﬁ + (ab; ;)} (2.13)
n<(2)e

%10g§+2771 ac AN
1-£ (c—a)? Yy

From (1.6) we also have

Sz = {C (Z) YT+ (%) y? + Aa, b y)} (2.14)

{2 ()
Combining (2.11)~(2.14), (2.1) and (2.6) we get

A(a,b,qc;x):C(Z) ¢? (2) zw —|—C(Z) ¢2 (g zb (2.15)

o0

c a 1 _c_ . T %
_BC(5>W) ot A(t)t—e 1dt—A(a,b,y)A<<y) )

Finally, Lemma 2.3 follows from (1.1)—(1.3) and (2.15) at once.
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Proof of Theorem 1. Applying Lemma 5.7 of Krétzel [14] (or Theorem 3 of
Cao [3]) and integrating by parts we have

=

/1 —logt 1
xe / (ogxog + 27) Ala, b;t)t_%_l dt < zey e logz. (2.16)
Y c

Similarly, we also have

oo
T BN e R (2.17)
(2)¢
and
1 o c 1 1
xb At dt < p-aeysTac

()¢

»P‘,_.

(2.18)

M. N. Huxley[9] showed that A(1,1;z) < aite(logz)¥520 . Now combining
Lemma 2.3, (2.16)—(2.18) finishes the proof of Theorem 1. |

The proof of Corollary 1.1. By Theorem 1 and the estimate A(l,1;z) <
2316 (log )4, then applying partial summation formula and (1.6) we have

A(a,b,c,¢;x)a” < L* ; d(a, b;m) (<;)>g + Y ( )a<a b)
sy n<(2 e

(2.19)

131

< xmy%7%£4 + zg%yo‘(aﬁb)*%ﬁ.

285a 416—131ac(a,b)
Taking Y= x285a+4160(;7aa(a,b)) , we obtain A(G, b,c,c; Z‘) & x285a+4al6e(i—aa(a,b)) L4

and this completes the proof of Corollary 1.1. [ |

3. The proof of Theorem 2

In the proof of Theorem 2 we will use the following lemmas. (3.1) in Lemma 3.1
is well-known, (3.2) is Theorem 5.1 in [14]. Lemma 3.2 is Lemma 4 of Cao [4]
(also see (2.1) in Wu [30], Heath-Brown’s method), Lemma 3.3 is Lemma 10 in [4]
(Process B, then Heath-Brown’s method).

Lemma 3.1. Let e > 0 and A(a,b;x) be defined by (1.6). Then for1 <Y <z

Alz) = j;r ; T(n%)cos(éhr\/iff)JrO( zﬁY*%ﬂf) (3.1)

and

o=

s == 52 o((5))+o(()

natbLle

) +0(1). (3.2)



260 Xiaodong Cao, Wenguang Zhai

Lemma 3.2. Let z > 2, «, (8,7 be given real numbers with a(a — 1)Bvy # 0,
la(m)| < 1, |b(n1,n2)| < 1. Suppose G = mMaNiBN;, (k, \) is an exponent pair
and

T(M,Ny,No) = > 3 > a(m)b(ng, na)e(zm®nyn]). (3.3)

m~M ni~N1 no~No
Then

S
T(M, Ny, No) L2 < (GEMYAR (N No)2H7) 7535 L MEN{N,  (3.4)
+ M(NyN,)? + G~ 2 MN,Ns.

Lemma 3.3. Let u,v,w be positive numbers. Suppose x > 2, la(m)| < 1, G =
1

(M’;TN“ ) v and

TMN) =Y Y a(m)zp((mfnv)’l”). (3.5)

me~ M n~N
munvtw Ly

Then

I
T(M,N)L™S <« (GMRM>HAANIFR) 5525 L G5 M3 NS (3.6)
+MN? + G ZMN.

Lemma 3.4. Let u >0, v > 0 and max(u,v) < ¢, define

Ty (@ N M) = S dn) Y w((mfn)) (3.7)

N<n<2N m~M
mutvneLe

() Ifu>v and MN > 29, then

Oa‘w

v

2 Ty (3 N, M) < (a:H“*“)eN*C“*“) 47 N (3.8)
(ii) Ifu <w, then

2 Ty (23 N, M) < e Ni(1-55) 4 pmmm NI . (3.9)
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Proof. By Lemma 3.3 with (u,v,w) = (¢, u,v), we get

1
1tk 3F2r
& T (@ N, M) < ((MW) ' Nz*“"M””) (3.10)
X % 2 1 1 X _%
(o) VRS e+ () v

2v—ctvAt(v—c)r (v—u)(1+k) 2v—c v—u

14k c
& gvErze) N v(3+2r) M vGFzR) 4 inN 30 [ 3o
+ NM? + g2 Niaw ppitas,

If u > v, taking (k,\) = (3, 1), then applying MN > 2% and N°M""" < z it
follows from (3.10) that

x 1 8v x 3v
—eT N, M A1
z (uav)(x’ ’ ) < (Nc—u—v (MN)u—v) + (Nc—u—v(NM)u—v) (3 )

1
+ Nl_m (NcMu-‘r’U) 2(u+tv)

u+42v

+ m*ﬁ_]\[l*ﬂufiv) (NcMu+v) Zv(uto)

pl—(u=v)0 v pl—(u—v)f 5 Sk 1—5e
<\ Femom ) Ty ) FEETINTEEEL

Since % > %, then the second term in the above expression is less than the first
term, hence (3.8) holds.
If u < v, similar to the proof of (3.11) we also have

3
2 T (23 N, M) < (:ENZU(l’Tiv) (NeMU+Y) +) (3.12)
v—u %
+ (xNQ’U(l—ﬁ) (NcMu-s-v)m) "
+N1_2(u72rv) (NcMu—i-v)m
b NI (VM) R
<z Ni(-55) 4 gsar N3(1-75)

1 c
+ g2ty Nl_ 2(u+tv) |

Since % > %, and this completes the proof of (3.9). |
Lemma 3.5. Leta <b<c, M < 7 and define
N
Staw (@ M) == S dla,b;m)A ((m) ) : (3.13)
M<m<2M

If M < %xaic, then

TS (1 M) < w3e M 6ac 4 gac M e (3.14)
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Proof. From (3.1) and (1.6), we have for any 1 <Y < (%)

Stap (@ M) <z | > d(a’bim) > ), <2 <"m:”>2> (3.15)

ic
mn~M mae nlY

x %""5 _1 c
+ Z d(a,b,m)((m> Y 2+x>
M<m<2M
(n)
£ X (s

(m1m2 )ie n<y
1
a

<<xﬁ Z

m‘llmgNM

1 1
+pzetEMaT Y "2 4 Mua®.

By Lemma 3.2 with (o, 8,7) = (3, — %, —£), we have

2c’  2c
1
- 1 7(n) ner \ 2°
7* Z a biz 36<2< a b) ) (316)
mq~Mq,mg~Ms (m1m2)4“ onN A m{ms,
m‘fmSNM
1
N¢ b1 242k
< M_%CN_% << MI) N1+)\+H,(M1M2)2+m> + N%M]_MQ
Neg\ e
FN(Mi M)+ ( M”) NMlMg}

dct2(c—a)r—a 1

< 221
<<x4c(lh+m)N4(l+n)M Tac(1tr) +N—%MQ 1 _|_N M2a Zc x_fch ,

Q=

here we use My My < (M{Mb)s < M.
Now we choose Y = z3c M3 3¢ and (k,\) = (3,3). Note that if M < xa+L

1
then 1 < Y < (4M) C. By a simple splitting argument, M3a < zicMa~ic and
xiMsa 3 < 3 M5, Lemma 3.5 follows from (3.15) and (3.16) at once. W

4a(a+b)(1—ca)
Proof of Theorem 2. We choose y = x@at2-o)Bet2a—cGat3b)a)  and let N* =
3—(5a+3b)a
x3etza—cGatzva  where § = 0(a, b, c) and a = a(a,b) are defined by Theorem 2.
It is easy to verify that if a(a,b) > %’ then M < § < %x +
Applying a splitting argument and Lemma 3.5, we get

x~F Z d(a,b;m)A <(Txn)l> < w3y Poac” 4 opieyaie, (3.17)

m<y

9c—4a—2b
c(23a+25b)—18(a+b

By the condition «(a,b) > j7; one can check

pieya i < 207, (3.18)
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Similarly, by the conditions a+b < ¢ < 2(a+b) and a(a, b) > c(QSaESgbél)oi_lngaqu)z’
3c—2b

¢(9a+7b)—6(a+b)? and

we may also check that both a(a,b) >

1 5c—2a

xFey sae & x¥tE (3.19)

hold.
From (3.17)—(3.19) we obtain

3 da,bim)A ((:l)) < ¥+, (3.20)

m<y
Now we write

Tapy(z; N) := Z d(n)A (a,b; %) . (3.21)

N<n<2N

1
For 1 < N <« (%) “, combining Theorem 1 and (3.20), an estimate

Tiapy(z; N) < 277¢ (3.22)

would suffice to complete the proof Theorem 2.
Now we consider two cases.
Casei. If 1 < N < N*, by the condition A(a,b;z) < 2*(®?) we easily check

a(a,b)

Tap)(z;N) < Z d(n) (%) < g(@b) Ni-alableloe g« 20+2 (3.23)

N<n<2N

ol

Caseii. If N* < N <« ( ) from (3.2) we have

Tl (@ N) == Y dn) Y ((mfn)> (3.24)
N<n<2N moa+b <
- % a3 w((E) ) row
N<n<2N ma+ <G

= =T (@ N) = T2, (25 N) + O(N),

Applying a splitting argument and (3.8) in Lemma 3.4 with (u,v) = (b, a), we
get

xl—(b—a)@ Si 1 101 c
_ET((a)b)(w N) < (]\/’*(Cab)> + 7@ (zy =)0 E) 420 (3.25)

1 1
< :1;0 + x%yiz+2(a+b) — 2I0.

Here if MN < 2%, we use a trivial estimate.
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. . e 1 1
Similarly, from (3.9) with (u,v) = (a,b) and the condition a(a,b) < ¢ < 15,
we also have

e @)
Lo

Finally, from (3.24)—(3.26), (3.22) holds in this case. This completes the proof
of Theorem 2. |

(2:N) < 2T N*10-35) 4 o756 (py~1) e mmm) « 2%, (3.26)

Proof of Corollary 1.2. From Theorem 5.12 of Krétzel [14], we have

o TaTD) logZz, if 1la>8b,
Aa,byx) < o T7a+Tas logZz, if 2a>b> %a, (3.27)
=

21 2 .
x39a+27 log” x, if 4a > b > 2a
By (3.27), the condition «a(a,b) > 6(23af§gb4)‘i_1§?a+b)2 of Theorem 2 is equivalent
to
113a°+255ab+142b%
C 2 W, if 11(1 8b
¢ > 1120-£270ab41520" 7‘;?11)1121’4121521’ , if 2a>b> Ya, (3.28)
2 2

C>W, if 4a>b>2a

Now Corollary 1.2 follows from (3,27), (3.28) and Theorem 2 at once. |

4. The proof of Theorem 3

The exponential totient function ¢(¢) (n) is multiplicative and for each prime power
p® one has ¢(®)(p*) = ¢(a), where ¢ is the Euler function. Hence for R®s > 1, by
Euler product we get

> T (1+ > ) @y

n=1 V4
Applying the product representation of Riemann zeta-function
¢(s) = H(l +p S Eap L) = H(l —p ) L Rs > 1, (4.2)
P P
we have for s > 1

C(s)¢(3)¢*(55)CH(Ts) = [T = p7) (A —p72) (L —p ™) 21— p7 ™)

p
Let

Fator (2 71+§:¢@ (4.4)

m=1

=142422+23+224 +42° + 220+ 627 + 428 +62°

4210 4 Z qr(m)z

m=11
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By a simple calculation one get for |z| < 1

(1—2)1 =21 =221 =20 =1—2— 234 2% =225 4220 — 427
+62% —229 + 5210 4 422,

foor ()1 —2)(1 —2%)(1 = 2°)2(1 — ") =1 — 32% — 428 + 427

o0
— 9210 4 E cmz™,
m=11
and

(4254224 ) (4224204 ) = 1435 4428 46212 4

From the above two relations, we easily obtain for |z| < 1
P (2)(1 = 2)(1 = 22)(1 = 27)2(1 = 2T)A(1 = 26)73(1 = 25)

=1+442°+ > Cpnz™. (45)

m=10

From (4.1)—(4.5) we get that

D) (s) = i 99(n) _ C(S)<(3S)<2(5S)C4(7S)V(s), Rs > 1, (4.6)

n? (?(65)C*(8s)

n=1

where V() is absolutely convergent for s > §.

Now the asymptotic formula (1.15) follows from (4.6) and (1.13) via the well-
known convolution method.

The Q-estimate (1.16) follows from Theorem 2 of Kiileitner and Nowak [17]
(or by Balasubramanian, Ramachandra and Subbarao’s method in [2]). This com-
pletes the proof of Theorem 3.
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