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LINEAR INDEPENDENCE OF VALUES OF A CERTAIN
GENERALIZATION OF THE EXPONENTIAL FUNCTION II

Rolf Wallisser

Abstract: The arithmetical nature of values at rational points of the hypergeometric series

QGR(x) :=
∞∑

n=0

R(1)R(2) · · ·R(n)

Q(1)Q(2) · · ·Q(n)
xn

is studied. R and Q are polynomials with integer coefficients. Using deep results on higher
congruences going essentially back to Frobenius, Dedekind, Nagell and Schinzel a measure of
Q-linear independence of such values is given.

In contrast to former investigations no preseribed factorisations of the polynomials Q and R
are necessary. Here, however, congruences to those primes p are used for which Q mod p splits
completely into a product of linear factors. To get the measure the fact is used that these primes
have a Dirichlet–density.

In six applications results, proven in some particular cases by different techniques by Carl-
son [2], Inkeri [15], Ivankov [17, 18], Popken [26] and Bundschuh–Wallisser [1] are derived.

Keywords: irrationality, Q-linear independence.

1. Introduction

In [31] we used a “divisibility” method to prove a result on Q-linear independence
of values for a hypergeometric function of the form

GQ(x) :=

∞∑
n=0

xn

Q(1)Q(2) · · ·Q(n)
,

Q ∈ Z[x] a nonconstant polynomial of degree q with integer coefficients and with-
out zeros at the positive integers.

In [32] we added a measure for the Q-linear independence.
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In the present paper the general hypergeometric series

RGQ(x) :=
∞∑

n=0

R(1)R(2) · · ·R(n)
Q(1)Q(2) · · ·Q(n)

xn

is considered; R and Q are polynomials in Z[x] of degree r and q respectively, with
r < q and the property R(n) ·Q(n) ̸= 0 for n = 1, 2, 3, . . . It is proved:

Theorem 1. Let κR and κQ be the numbers of irreducible components in the
factorization over Q of R and Q respectively. Assume κQ > κR. Let α1, . . . , αh be
any distinct non–zero rational numbers. Then the following measure of Q-linear
independence holds: For any ε > 0 there exists an integer H0(ε) such that for any
non–zero vector(

s0, s
(0)
1 , . . . , s

(0)
h , . . . , s

(q−1)
1 , . . . , s

(q−1)
h

)
∈ Zhq+1 \−→0

of height H := max
{
s0, max

16j6h
06ν6q−1

|s(ν)j |
}
> H0(ε), we have

∣∣∣s0 + h∑
j=1

q−1∑
ν=0

s
(ν)
j RG

(ν)
Q (αj)

∣∣∣ > H
−
(
(hq+1) q−r

κQ−κR
−1
)
−ε
.

For an illustration of this theorem we give some applications.

Theorem 2. For a constant polynomial R(x) different from zero, Theorem 1
contains all results which are mentioned in ([31], [32]).

Theorem 3 (compare Inkeri [15] and Li–Markov [16]). Let w2 be a rational
number different from zero. Then cosw is irrational. In addition holds: For all
pairs (s0, s

0
1) ∈ Z2\−→0 with height H = max

{
|s0|, |s01|

}
and for all real numbers

ε > 0 there is a H0(ε) such that for H > H0(ε) we have |s0+s(0)1 cosw| > H−2−ε.

Hint for the proof: Use the hypergeometric series

cos
√
z =

∞∑
n=0

(−1)nzn

(2n)!
=

∞∑
n=0

1

n!

(−z
2

)n
= xG1

(−z
2

)
.

Theorem 4 (compare Ivankov [17]). Let R(x) and Q(x) be polynomials of the
form

R(x) = (x+ a1)(x+ a2) . . . (x+ ar)

Q(x) = (x+ b1)(x+ b2) . . . (x+ bq), q > r.

Let R(n) ·Q(n) ̸= 0 for all n ∈ N and let a1, . . . , ar, b1, . . . , bq be rational numbers
with the property ai − bj ̸∈ {0,±1, ±2, . . .} for all pairs (i, j), i ∈ {1, . . . , r}, j ∈
{1, . . . , q}. Then we have, with the notations in Theorem 1,∣∣∣s0 + h∑

j=1

q−1∑
ν=0

s
(ν)
j RG

(ν)
Q (αj)

∣∣∣ > H−qh−γ(ln lnH)−1

,

γ is a real number dependent only on R,Q and α1, . . . , αh.
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Theorem 5 (see Theorem 1 in Ivankov [18]). For R(x) = x2, Q(x) =
(x2 + 1)(x2 − 2) (x2 − 3)(x2 − 6) we have: For any ε > 0 there exists H0(ε)

such that for H > H0(ε) with H := max
{
|s0|, |s1|, . . . , |s8|

}
∈ Z9\−→0 the following

estimation holds: ∣∣∣s0 + 8∑
j=1

sj RG
(j−1)
Q (1)

∣∣∣ > H−26−ε.

Remark. Without any change in the proof of Theorem 1 in [32] we can get, using
a result on polynomial congruences which I owe to Schinzel (see Section 4), the
following

Theorem 6. Let R and Q be polynomials with integer coefficients. R should not
be of the first degree and R should be irreducible over the splitting field of Q. As in
Theorem 1 let κQ > κR and let α1, . . . , αh be distinct nonzero rational numbers.
Then the same estimation as in Theorem 1 is valid for the hypergeometric series
RGQ(x).

An explicit application of this Theorem is for example: Let R(x) = x2 +x+1,
Q(x) = (x + 1)(x2 + 1). Here we have κQ = 2, κR = 1. With α ∈ Q\{0} we get
from Theorem 6∣∣∣s0 + 2∑

ν=0

s
(ν)
j RG

(ν)
Q (α)

∣∣∣ > H−3−ε, H > H0(ε).

Remark. From the approximation–theorem of Dirichlet follows that the exponent
3 + ε is best possible.

Proof of Theorem 1. To prove Theorem 1, we follow the lines of [31] or [32].
Some changes are necessary because of the application of Hadamard’s multiplica-
tion of power series. But the essential idea is again to use "divisibility properties”
of the coefficients of the approximation polynomial. This method was applied at
several places in Niven’s [24] monograph on irrational numbers. To avoid repeti-
tions we give, aside Section 5 on divisibility propeties, only a sketch how the nine
Sections of [32] have to be renewed. �

Acknowledgments. I thank Peter Bundschuh for reading a former manuscript
of the paper and for helpful suggestions.

2. New or renewed sections compared to [31] or [32].

2.1. On Hadamard’s multiplication (∗)

We use the definitions

iP
N
m (z) := am,iz

m + am+1,i, z
m+1 + . . .+ aN,i z

N ∈ CN
m[z], i = 1, 2

1P
N
m (z) ∗ 2P

N
m (z) := am,1 · am,2z

m + · · ·+ aN,1 · aN,2 z
N
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For polynomials f, P ∈ CN
m[z] and a general polynomial Q ∈ C[z] we can show

with δ := z d
dz the relations

f(z) ∗
(
Q(δ) ◦ P (z)

)
= Q(δ) ◦

(
f(z) ∗ P (z)

)
1

z

(
f(z) ∗

(
Q(δ) ◦ P (z)

))
=

1

z
f(z) ∗ 1

z

(
Q(δ) ◦ P (z)

)
,

and for the νth–derivative we have(
f(z) ∗ P (z)

)(ν)
= f(z)(ν) ∗ P (z)[ν] = f(z)[ν] ∗ P (z)(ν);

P (z)[ν] := pν + pν+1 · z + . . .+ pN · zN−ν .

2.2. The approximation polynomials Pµ(z)

They are defined by

Pµ(z) :=

m∑
n=µ

γnkn−µ z
n−µ, 0 6 µ 6 m;

γn are special complex numbers which are defined later, R,Q ∈ Z[z], degR = r <
q = degQ.

kn :=
R(1) · · ·R(n)
Q(1) · · ·Q(n)

, n ∈ N, k0 := 1,

R(n)Q(n) ̸= 0, n ∈ N.

Essential is the relation

Q(δ)Pµ(z) = γµQ(0) +R(δ) z Pµ+1(z), 0 6 µ 6 m− 1. (2.1)

2.3. Connection of Pµ(z) with the “starting polynomial” P0(z)

R̂µ(z) :=

m∑
n=µ+1

R(n− µ) zn−µ

If γn = 0 for n = 0, . . . , p − 2 (p 6 m, p a special prime number, see Sections 4
and 5), then we get from (2.1)

Q(δ)Pµ(z) = R(δ) z Pµ+1(z), 0 6 µ 6 p− 2. (2.2)

Define

R̂−1
µ (z) :=

m∑
n=µ+1

1

R(n− µ)
zn−µ.
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By iteration follows from (2.2)

Ψν−1(z) ∗
(1
z
Q(δ)

)ν
P0(z) = Pν(z), 0 6 ν 6 p− 1,

Ψν−1(z) :=
1

zν
R̂−1

0 (z) ∗ · · · ∗ 1
z
R̂−1

ν−1(z).

With Lemma 2 in [31] or [32, (22)] we conclude: For 1 6 µ 6 p− 1 holds

Pµ(z) = Pµ−1(z) ∗ P̂µ(z), (2.3)

P̂µ(z) :=

µ·q∑
ν=0

αν,µ z
ν−µ P

(ν)
0 (z), αν,µ ∈ C.

2.4. Two theorems on polynomial congruences

Lemma 4.1. Let Q and R be two non constant polynomials with integer coef-
ficients. Then there exist infinitely many primes p of positive Dirichlet–density
which split Q and R completely.

Remark. For the notations in Lemma 4.1 see Section 4 in [32] or see for the
definitions and proofs the paper of Gerst and Brillhart [8] (especially Section 5).
A good introduction to this section is Hasse [11]. Similar results are in Nagell
[21],[22] or in Fjellstedt [6].

Lemma 4.2. Let the polynomial R of Lemma 4.1 not be of first degree and let
R be irreducibel over the splitting field of Q. Then there exist infinitely many
primes of positive Dirichlet–density such that Q factors modulo p into a product
of linear factors and the congruence R(x) ≡ 0 (mod p) has no solution.

Proof. Schinzel [27]. �

Remark. For the algebraic theory of Dirichlet–densitiy compare [23], chap. VII,
§13.

2.5. Some divisibility properties of the values Pµ(αj) (see 2. in [32]) in
case of special starting polynomials P0(z)

Let p be a prime statisfying Lemma 4.1. With such primes p we consider two kinds
of approximation polynomials P0(z):

α) P0(z) := zp−1
h∑

j=1

(z − αj)
p·q

β) P0(z) := zp(z − αj0)
(p−1)q+ν0

h∏
j=1
j ̸=j0

(z − αj)
p·q,

0 6 ν0 < q, 1 6 j0 6 h.

(2.4)



84 Rolf Wallisser

Let R∗ be defined by

R∗ := R(1)R(2) · · ·R(m), (2.5)

where m is the degree of P0(z), namely

α) m = h p · q + p− 1 = p(hq + 1)− 1

β) m = h p · q + p− q + ν0
(2.6)

For the divisibility properties we investigate the polynomials

R∗Pµ(z) =
m∑

n=µ

R∗γnkn−µ z
n−µ, 0 6 µ 6 m. (2.7)

As in Remark iii) of [31], we can show that the rational numbers αj (1 6 j 6 h)
can be chosen to be integers. From (2.4) and the Taylor–development at zero of
P (z) (see the beginning of Section 2) we can conclude that the coefficients γn kn
are rational integers.

We have to look for the exponent γ of the prime number p with the divisi-
bility property pγ |R∗Pµ(αj). From the Taylor development at zero of P0(z) =
m∑

n=0
γn kn z

n follows in case

α) Pµ(0) = P
(µ)
0 (0) = γµ = 0 for µ < p− 1

β) Pµ(0) = P
(µ)
0 (0) = γµ = 0 for µ < p.

(2.8)

Using (2.3) and the definition of the starting polynomials in (2.4) we get

P (ρ)
µ (αj) = 0 for µ 6 p− 1,

1 6 j 6 h
j ̸= j0

0 6 ρ < q

 (2.9)

P (ρ)
µ (αj0) = 0 for

{
0 6 µ < p− 1, 0 < ρ < q

µ = p− 1, ρ < ν0
(2.10)

P
(ν0)
p−1 (αj0) =

1

R(ν0 + 1) · · ·R(ν0 + p− 1)
P̂

(ν0)
p−1 (αj0) ̸= 0, (2.11)

(see (2.3)).
The prime number p is chosen in such a way that the polynomials Q and R

split completely modulo p. Then we have

Q(x) ≡ Q̄(x) = (x− ᾱ1)
r1(x− ᾱ2)

r2 · · · (x− ᾱt)
rt(modp) (2.12)

with integers ᾱi, 0 6 ᾱi < p, and natural numbers

ri, 1 6 i 6 t, r1 + r2 + · · ·+ rt = q = degQ.
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For a product of the form

Q̄(n− µ+ 1) · · · Q̄(n) =

µ−1∏
h=0

(n− h− ᾱ1)
r1 · · · (n− h− ᾱt)

rt (2.13)

with n > µ > p the set {n− (µ− 1), . . . , n} contains at least one complete system
of residues modulo p. Therefore, in such a set, there is at least one integer ℓi with
(n − µ − 1) 6 ℓi 6 n and the property ℓi − αi ≡ 0(modp). That’s why we have

pri
∣∣ µ−1∏
h=0

(n− h− ᾱi)
ri and it follows

pq
∣∣Q(n− µ+ 1) · · ·Q(n), µ > p. (2.14)

For the polynomial R we get in the same way with r = degR :

pr
∣∣R(n− µ+ 1) · · ·R(n). (2.15)

We can derive for such a prime p from (2.5)

p[
m
p ]r
∣∣R∗ (2.16)

and from (2.6) in case α) for δ1 ∈ N with pδ1 |R∗

δ1 =
[
hqr + r − r

p

]
. (2.17)

For p≫ r follows δ1 = hqr + r − 1.
To find the exponent δ2 with

pδ2
∣∣R∗ Pµ(αj), 0 6 µ 6 m, 1 6 j 6 h, (2.18)

we have to estimate δ3 ∈ N with

pδ3
∣∣R∗γn kn−µ for m > n > µ > p. (2.19)

It is

R∗γn kn−µ = R∗γn kn
kn−µ

kn
(2.20)

= γn knR(1) · · ·R(n− µ)Q(n− µ+ 1) · · ·Q(n)R(n+ 1) · · ·R(m).

From (2.6)α) , (2.14) and (2.15) we get for δ3 in (2.19), as µ > p,[
hqr − r

p
+ q
]
6 δ3 (2.21)

and from this we conclude with (2.7) for p≫ r

phqr+q−1
∥∥R∗Pµ(αj), 1 6 j 6 h, µ > p, (aκ∥b := aκ|b but aκ+1 - b). (2.22)
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In the same way we can show with (2.20)

phqr+q−1
∥∥R∗Pµ(0), µ > p− 1. (2.23)

In case β we have to use the relations (2.4)β), (2.6)β), (2.20), ([32],(32)) and ([32],
(49)). We get

pδ4
∣∣R∗Pµ(0) with δ4 = [hqr + q], or (for p≫) (2.24)

phqr+q∥P ∗(0). (2.25)

Further

phqr+q−1
∥∥R∗P

(ν0)
p−1 (αj0) (2.26)

phqr+q
∣∣R∗P (ρ)

µ (αj), j ̸= j0, 1 6 j 6 h, µ > p, ρ < q. (2.27)

phqr+q
∣∣R∗P

(ρ)
p−1(αj0), ν0 < ρ < q. (2.28)

2.6. A further application of the method of Hilbert–Perron–Skolem
(vgl. ([29], page 93))

In [31] or ([32], 2.) we use the polynomial P ∗,

P ∗(x) :=
m∑

µ=0

Pµ(x), (2.29)

to show that the linear form

Λ := s0 +
h∑

j=1

q−1∑
ν=0

s
(ν)
j RG

(ν)
Q (αj) (2.30)

can be approximated by

Λ∗ := s0P
∗(0) +

h∑
j=1

q−1∑
ν=0

s
(ν)
j P ∗(ν)(αj). (2.31)

It is essential to show that Λ∗ is not zero. The proof follows in Section 7. Then
we give a lower estimation of Λ∗ and use

|P ∗(0) · Λ| > 1

2
|Λ∗| > 0 (2.32)

to estimate the form in question Λ. To get a measure for Q-linear independence
of the number 1 and the values RG

(ν)
Q (αj), j = 1, . . . , h, we have to estimate the

absolute values of P ∗(0) and Λ∗.
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2.7. The approximation–form Λ∗ is different from zero

We have by definition

Λ∗ := s0P
∗(0) +

h∑
j=1

q−1∑
ν=0

s
(ν)
j P ∗(ν)(αj).

α) This case is defined by

p - s0, p|s(ν)j , 1 6 j 6 h, 0 6 ν < q. (2.33)

From (2.33) and the divisibility properties in Section 5 we get for κ = h q r+q

pκ
∣∣(R∗Λ∗ − s0R∗P ∗(0)

)
and pκ - s0R∗P ∗(0),

therefore Λ∗ ̸= 0.
β) In this case we have (see the choice of p ∈ P in ([32],(26)β))

p - s(ν0)
j0

, p|s(ν)j , (1 6 j 6 h, ν0 < ν < q),

p|s(ν0)
j , j0 < j < h.

(2.34)

For all other coefficients s(ν)j no assumption concerning the "p–divisibility"
is made. With (2.34), (2.8)–(2.10) and (2.24)–(2.28) we get

phqr+q
∣∣∣(R∗Λ∗ − s(ν0)

j0
R∗P ∗(ν0)(αj0)

)
phqr+q - s(ν0)

j0
R∗P ∗(ν0)(αj0).

These two relations lead again to Λ∗ ̸= 0.

2.8. A lower estimate for Λ∗

Let t be a prime number and let

µR,t :=
∣∣{x ∈ Z, 0 6 x < t, R(x) ≡ 0 mod t

}∣∣ and similarly µQ,t.

According to Nagell [21] we have the estimates:∑
t6x

µR,t
log t

t
= κR log x+O(1)

and analogus for R replaced by Q.
With

B̃p :=
∏
t∈P

t(µQ,t−µR,t)[
p
t ]

we can prove as in [32, 7.]

B̃p|P (0) and B̃p|Pµ(αj), (0 6 µ 6 m, 1 6 j 6 h),

and we get,

log |Λ∗| > (κQ − κR)p log p+O(p).
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2.9. Estimates of the remainder terms ∆(ν)(αj)

∆(x) := P ∗(x)− P ∗(0)RGQ(x).

As in [32, 8.] we can get the relations∣∣∆(ν)(αj)
∣∣ 6 cp3, 0 6 ν 6 q − 1, 1 6 j 6 h,

where c3 is a constant independent of p.

2.10. Proof of Theorem 1

The key is the relation between the original form

Λ := s0 +

h∑
j−1

q−1∑
ν=0

s
(ν)
j RG

(ν)
Q (αj)

and the approximation–form Λ∗:

Λ∗ := s0 P
∗(0) +

h∑
j−1

q−1∑
ν=0

s
(ν)
j P ∗(ν)(αj)

Λ and Λ∗ are connected by

Λ∗ = P ∗(0)Λ +

p−1∑
ν=0

h∑
j=1

s
(ν)
j ∆(ν)(αj).

Using the estimates in Sections 8 and 9 we have, with H := max
ν,j

(
|s(ν)j |

)
,

∣∣P ∗(0)Λ
∣∣ > |Λ∗| −

q−1∑
ν=0

h∑
j−1

∣∣s(ν)j ∆(ν)(αj)
∣∣

> exp
(
(κQ − κR)p log p+O(p)

)
−H exp(p c4).

This leads to the estimate in Theorem 1 in the same way as in ([32], 9.).
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