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PARTIAL SUMS OF THE MOBIUS FUNCTION IN ARITHMETIC
PROGRESSIONS ASSUMING GRH

KARIN HALUPCZOK, BENJAMIN SUGER

Abstract: We consider Mertens’ function in arithmetic progression,

M(xz,q,a) := Z m(n).

n<x
n=a mod ¢

Assuming the generalized Riemann hypothesis (GRH), we show that the bound

M(z,9,0) <c Vaexp ((logz)*/° (log log z)1%/5+¢)

holds uniform for all ¢ < exp (1052 L(log x)3/5(log log 13)11/5J), ged(a,q) = 1 and all € > 0. The

implicit constant is depending only on e. For the proof, a former method of K. Soundararajan
is extended to L-series.
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1. Introduction

Mertens’ function is defined by

M(z) = Zu(n)

n<x

It is well known that M (x) = o(x/?*¢) is equivalent to Riemann’s hypothesis.

When assuming Riemann’s hypothesis for {, one can give even sharper bounds
for M(x), see [3], [8], [4], [7], [5]:

In [4], H. Maier and H. L. Montgomery proved the bound

M(z) < 2% exp (c(log z)39/61> for a ¢ > 0.
In [7], K. Soundararajan improved the bound by showing
M(z) < z'/?exp ((log )12 (log log :c)14) .
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In [5], A. de Roton und M. Balazard refine the result of K. Soundararajan and
show

M(z) <. Vxexp ((log x)l/Q(log log x)5/2+s),

which is the best bound up to date.
In this paper we generalize the method of K. Soundararajan to provide a bound
for Mertens’ function in arithmetic progression,

M(z,q,a)i= 3. pln).

nzr
n=a mod q

1/24¢

Note that the trivial bound is < x/g, so bounds smaller than x are nontrivial

if ¢ < xl/?E,

We adapt the method of K. Soundararajan resp. the modification of A. de
Roton and M. Balazard in such a way, that it remains applicable for Dirichlet
L-series. We obtain the following nontrivial upper bound assuming Riemann’s
hypothesis for all Dirichlet L-series L(s,x) with x mod ¢ and all moduli ¢ in
question (GRH for short):

Theorem 1. Assuming GRH, the bound
M(x,q,a) < /xexp ((log 2)3/5 (log log x)16/5+5)

holds uniform for all ¢ < exp (logQ [(log x)%/%(log log x)ll/f’J), ged(a,q) =1 and
all € > 0 with an implicit constant depending only on €.

With this theorem, we extend the results of [7] resp. [5] to a Siegel-Walfisz-type
result. The obtained bound is weaker than the one of [7] resp. [5], but still sharper
than the one of [4].

The method we use is as follows. We expand the Mébius sum M (z, ¢, a) using
Dirichlet characters,

M(z,q,a (LZ a) 3" x(m)u(n)

n<x

—Z Az, x,q) + O(log z),

using Perron’s formula with integrals

1 /1+1/(108§93)+i2K 8 VngJ

(0. %) 2mi 141/ (log ) —i2K L(s,x)s > log 2
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With this, bounds for L(s, x) are needed. Considering the principal character xg

mod ¢, the formula
1
L(s, x0) = ((s) g (1 - 1;)

shows that already the sharper bound of [7]/[5] applies (see the proof of Lemma 3).
So the main work is to consider nonprincipal characters.

Like in [7]/[5], the main steps are then some propositions aiming to bound
L(s,x) to obtain an upper estimate for A(x,q,x). They are given in Sections 7
and 8 and are resulting from the propositions in the former Sections 2 and 4, 5, 6.

Most of these propositions are stated for primitive characters. If necessary,
results for nonprimitive characters y # xg are derived by reduction to a primitive
character that induces y.

The main idea in [7], namely the concept of V-typical ordinates, is extended
to a version which allows one to work also with L-series. We give the adapted
definition in Section 3.

As one important step, we show in Section 4 that there are actually V-typical
ordinates, see Proposition 8.

In Section 5, it is shown that short intervals containing an unusual number of
ordinates of nontrivial L-zeros mod ¢ do not appear too often, even uniformly for
all ¢ up to the given bound (Proposition 9), so the V-untypical ordinates are small
in number (Proposition 10). In the case of ¢, this has been the breakthrough in
Soundararajan’s paper [7].

The resulting bound and the range for ¢ in Theorem 1 is then obtained by
optimizing the bounds for A(z,q,x) in Section 9. The elementary Proposition 20
plays an intrinsic role for this.

A remark on notations used in this paper: We mark all Propositions that
assume the generalized Riemann hypothesis by the symbol (GRH). We stress that
all implicit constants are absolute unless otherwise indicated.

2. List of tools

In this section, we give a collection of the tools used in the proof.
The first proposition gives an approximation of the characteristic function of
a given interval:

Proposition 1. Let h > 0, A > 1. Let 1_p, ) be the characteristic function of
the interval [—h, h].

There are even, entire functions Fy and F_ depending on h and A, being real
on the real axis and such that the following properties hold:

LVueR: F_(u) <1_pp(u) < Fy(u),
2. [ |Fi(u) — 1_pp(u)|du = 1/A and Fy(0) =2h £ 1/A,

3. Fﬂ:A is realvalued and even, and we have Fy(z) = 0 for all || > A and
|zFy (z)] < 2 for all z € R,
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4. for z € C with |z| > max{2h, 1} we have

exp(27|Sz|A)

SN NE

The proof uses Beurling’s Approximation of the signum function

s@my:{?”Liig

. 2
Let K(z) := (%) and H(z) = K(z)(zoo sen(n) %), then it can be

n=—o00 (z—n)?2

shown that the functions
Fi(z) = %(H(A(z + )+ K(A(z + b)) + H(A(h — 2)) + K(A(h — 2)))

have the properties asserted in Proposition 1. This can be seen as in [6] and [9],
see also [5], we just give the proof of part 4. in more detail:

For this, let z = = + iy with z,y € R and |z| > max{2h,1}. Since F1 are
even, consider only nonnegative z. Using sin(z) < el¥®) and J(A(z + b)) =
—S(A(h—2)) = AS(z), we get the desired bound for K(A(z+h))+ K(A(h—2))
since [z £ h| = |2][1 £ %’ > 2| (1 - %) > 12

To estimate H(A(z + h)) + H(A(h — z)) we use the identities

2 0o
1
,L = E ———5, converging on every compact subset of C\ Z,
sin(7z) L (z=n)
(1)

oo

1 1
Z Y P— = converging absolutely for z € C\ —Np. (2)

Consider H(A(z + h)) and H(A(h — z)) separately. By (1), we have

_ (sin(rA(z + h)) & sgn(n) 2
H(A(”h))_( T ) (Z (A(z+h)n)2+A(z+h)>

n=—oo

- (sin(ﬂ'AfTZ + h))>2

1 2
( 22 z+h )2 _(A(z+h))2+A(z+h)>’

nl

and (2) gives for the negative of the last term in large brackets the expression
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> 1 1
> ((A(z+h)+n)2 + (A(z+h)+n+1)2>

n=0
o

2
_Z(A(z+h)+n)(A(z+h)+n+1)

n=0

[e%s) 1 1 2
:Z((A(z+h)+n) B (A(z+h)+n+1))

1
- ,;) (A(z+h)+n)2(A(z+h)+n+1)2

< i 1
AETA TR X GG T TR T IAE T TR

1 1 1
= < < .
(Al +h+1y))* A+ Az

Analogously, we get

 [sin(zA(h = Sgn 2
Ha( ) = (TAC DY ( ) mz*mh—z))

=—1+ (bln(ﬂA(z—h)))z

™

1 - 1 2
x ((A(z—h))2 D R Tar A(z—h))'

If R(z) > h, the treatment of the last term in large brackets is as before.
So let R(z) < h. Due to |z| > 2h, we have |y| = |S(z)| > h, so z € R and
|S(2)] = |R(2)]. Again (2) gives for the last term in large brackets the expression

8M

ZB NCEDE n)2(i(z “h)+n+ 1)
< 2 TG m T+ B N ETEE:
*g;hu NI E Ty Y ey
e 2 @&y AR TTIE < Ao < A

Summing up we obtain

~
627rA|\r(z)|

(Afz])?
and the desired bound for |z| > max{2h,1}. |

H(A(z + h)) + HA(h — 2)) <
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We will make use of the following explicit formula for the functions F}..

Proposition 2. (GRH) Let x be a primitive character mod q. Let t > 0, A > 1
h >0, and Fy the functions from Proposition 1. Then we have

;o1
> Fely-1)= iFﬂ:(O)log +—/Fi u—t)@)%rr <2+Z2“+a> du
(n) o logn
%Z at ( i),

p=3z+ivy
Here the sum on the left hand side runs through all zeros of L(s,x) in the strip
0 < o < 1 with relevant multiplicity, and where we have set

a:=a(y):= {1’ i (1) = —1. 3)

The proof can be established in the same way as Theorem 5.12, p. 108, in
the book [2] of Iwaniec and Kowalski. It uses the Mellin transform, the explicit
formula for %(5, x) and the residue theorem, where one has to take care of the
trivial zero of L(s, x) at s =0 if x(—1) = 1.

An estimate of the integral in Proposition 2 gives the next proposition:

Proposition 3. Lett > 25, A > 1, 0 < h < /t, Fy as in Proposition 1,
x a character mod q. Then it holds that

I (1 a+it 1 t
Fi(u—tR— (= =(2h+ = )log= 1
/ L (u t)?RF (4+ 5 )du (h >0g2+0( ),

where a is defined in (3).

The proof can be obtained as in [1]. It uses Stirling’s formula and the properties
of Fy from Proposition 1 after splitting the integral at ¢t — 41/t and ¢ + 4v/%.

We make also use of the following result of Maier and Montgomery in [4]
concerning moments of Dirichlet polynomials:

Proposition 4. Consider a Dirichlet polynomial P(s) = 3 ya(p)p~°. For
T >3 and o € R let 51,....,sp € C with 1 < |X(s; —s;)] < T fori # j, and
Rs; > a for1 <i < R.

Then, for every positive integer k with N* < T, it holds that

> IP(se)|* < T(logT)Qk!( S |a(p)|2p—2a)’€_

r=1 p<N

Our result relies further on the estimate in the following proposition.
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Proposition 5. Let T > 6633, (loglogT)2 <V g el n = ﬁ and

loglog T’
— 2V
k= i)

Then we have
v

2
k (log(kloglog T) — 21 <-—Vieg———
(log(kloglogT) og(nV)) 5V %% {oglog T

4 2
+ =VloglogV + =V.
3’ 8B T3
The proof is completely analogous to the elementary proof in [5], there Propo-
sition 14 on page 11 and 12.
Now using Proposition 2, we can give an upper and lower bound for the number
of zeros in a certain region around ordinate t.

Proposition 6. (GRH) Lett > 25, A > 2,0 < h < v/t and x be a primitive
character mod q. Then

log x(p log . (logp
- = F_ log A
27TA 7r Z < 2 +0(log A)

+2t
p<e2A p2

ho gt
<N(t+h,x)—N(t—h,X)—;10g‘L

27
and L ;
qt
N(t+h,x)— (t—hX)—;l o
log(qt) 1 x(p)log(p) 5 (logp
< _Z 5P) o log A).
oA W% ;A e 1t o + O(log A)
pes"

Proof. We only show the upper bound, the lower bound estimate can be done in
a complete analogous way.

We use the functions of Proposition 1 and the results from Propositions 2 and 3,
we see analogously to [5] (there Proposition 15 from page 12 on):

1 qt
N(t+h,x)—N(t—h 2h — log
(t 4+ hx) ~ N(E ) < (+A) %
% ﬁ' (logn).
nLe2™A n2+lt 2
Here
1 A . /1 1 P 1
Ip 3O <n1)X.(tn)F+ ( ogn) lp ogp xt (ng>
m n<eana nztt p<62"'A p2+" 2T
logp x(p I3 log p
+ §R Z 1+2zt Fy +0(1)
p<Le™ T
1 logp x(p) o (logp
= ;8‘% Z l-H‘t( )F+ 5 + O(log A),
p<627‘\'A p2

and this finishes the proof. [ ]
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3. V-typical ordinates

The method of Soundararajan in [7] relies on the notion of V-typical ordinates.
We modify this definition for our purposes and define V(5 , o)-typical ordinates as
follows.

Definition 1 (V(sy,q)-typical). Let ¢ € N and x a character mod q. If x is
nonprincipal, let it be induced by x1 mod q1, let T > e and 0 < § < 1. Let

log T
1% [1 log T 2,7].
€ |(loglog ) loglogT

An ordinate t € [T, 21 is called V{5, q)-typical of order T, if the following
properties hold:

x1(n)A(n) log (£

i) v >l;‘ ‘<2v ith & = TV

(i) vo >3 — no+itlogn logx e i

(ii) Yt € (t—=1,t4+1): N{t'+h,x)—=N{t'—h,x) < (14+0)V withh = ———— onV
log(q1T)

and [t' — bt + B C [t —1,t + 1],

%4

i) VE € (t—1,t41) N(t +hox) = Nt —h,y) <V withh = — 4

() V€ (6= Lt-41) N(E+h) =N o) < V withh = T

and [t' —h,t' +h] C [t —1,t+1].

If at least one of the three properties does not hold, we call t a Vs y q)-untypical

ordinate of order T.
In what follows, the meaning of x, ¢ and 9§ is often clear from the context, then

we will write simply V-typical instead of V(s , 4)-typical of order T'.

4. V such that all t € [T, 2T] are V-typical

Proposition 7. Let t be sufficiently large and let 0 < h < V/t, let x be a primitive
character mod q. Then

h qt
N(t—i—h,x)—N(t—h,X)—Wlog%_’

log(qt) (1 (1)> log(qt) loglog log(gt)

S Yloglog(q) T \21° (log log(qt))2

t — 0.
5 for 0

Proof. As in [5], we estimate the sum of Proposition 6 as follows:

éRZ 1ogpx E (lo;p) < > f<<ew (4)

+zt
p<Le2mA p2 p<Le2mA
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1 Lo log(qgt)

Now set A =
o e log log(gt)”

By estimate (4), we obtain

N+ h,x)—N(t—h,x) —flog—‘

log(qt)
log(qt) +0 loglog(qt)
2(loglog(gt) — logloglog(qt)) loglog(gqt) — logloglog(qt)
_ log(qt) Z <10g loglog(qt)> +O( log(qt) 2)
2loglog(qt) £\ loglog(gt) (loglog(qt))
_ log(qt) log(gt) log log log(qt)
2loglog(qt) 2(log log(qt))?

(140(1))

with an o(1)-term not depending on ¢, more precise, it is O((logloglogt)~!). M

Proposition 8. Let x be a character mod q, q1 be the conductor ofgx and
0 < & < 1. Further let T be sufficiently large, at least T > max{q?, e }, and

let V' be such that
3 logloglog T < loglog T <

4 loglogT logT
holds. Then all ordinates t € [T, 2T] are V -typical of order T.

As a consequence of this proposition, we conclude that V-typical ordinates
exist.

Proof. We have to verify properties (i), (ii) and (iii) from Definition 1.

Ad (i): Let f(u) := 2<Z< A\(fmff)lg(z), > 2. Then (see [5], page 16):

N
Z flogn < logu’

2<n<u

and from this we obtain

Aln)xa(n), = [ f(u) VT
ng; Vnlogn IOgﬁ_/l u du < logz’

4loglog T

Since z = Tv < T 3teet < (logT)?, we have

x1(m)A(n) log () vV logT
notitlogn logx < (log )2 < (loglogT)2 o(V).

nLx

Ad (ii): Lett' € t—1,t+ 1] and h = log(ﬂT‘fT). Since h = bger‘fT) <7V <
logT < /T, we can apply Proposition 7 on the primitive character y; mod ¢
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that induces x. We obtain, using ¢ < T, that

N(t/+hux) _N(t/ _h7X)
h, qt log(q:1t’ 1 log(q1t’) log log log(q:t’
ch ) ( (1)) )

S 7% 9 T loglog(qit) T \2 O (loglog(0:1))?

< h o T | log(2¢T) N (1 0(1)> log(2¢T) logloglog T
T 2loglogT 2 (loglog T')?
log T3/2 1 log T3/ loglog log T
SOV 2loglogT +(§ +O(1)) (loglog T)?
_ 3logT <§ (1)>logT10gloglogT
4loglogT 4 (loglogT)?
3logT log T'log loglog T’
= 4loglog T (loglog T')?
<(1+0)V

Ad (iii): Let t' € [t — 1,t+ 1] and h = then

V.
log V' log(q1T)’

N(t+h,x)—N(t—h,x)
B 01 log(g1t")
2 2loglog(q1t’)
1 log(g1t') log log log(q1t')
" (5 - 0(1)) (log log(q1'))?
N |4 3logT
“logV o 4loglogT

3 log T'log loglog T’
+ (5 +o(1)

<

X

by Prop. 7

analogously to (ii)

4 (loglog T')?
3logT 3 log T'log loglog T
_ og +<7+0(1)> og T'loglog log
4loglogT 4 (loglogT)?
< 3logT log T'logloglogT <V -
4loglogT (loglog T')?

5. The number of V-untypical, well separated ordinates

Proposition 9. Let x # xo be a character mod q and q; be the conductor of x.
Further let

1. T be large, at least T > ¢2,
2. 0<h<VT,
logT
. (loglogT)? <V < —2—,
3. (loglogT) loglogT'
4. T<ti <tyg<---<tp<2T and t,41 —t, 21 for 1 <r <R,

h t
5. N(trﬁ’h,x)*N(tr*h,X)**logq; >V +0(1) for1<r<R.
s m
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Then
2 %4 4

Proof. If qg; = q, then x is primitive. If ¢; < ¢, then x is induced by a primitive
character xy; mod ¢1, and we have
N(taX) = N(t7X1)

Therefore we can apply the results from Proposition 6 for x; and ¢;. By the

estimate from Proposition 6 we obtain

h t,
V+0(1) < Nty + hoxa) = Nitr = hoy) =~ log

< los(2dT) Z x(p)logp (logp> +0(logd), A2

S
Ltit,.
27 A <err p2 7 27

If we define a(p) := MF (k’gp) we have:

a(p) log(24T')
E >
p<e2™d pztitr >V - 2rA +O(log &)+ O(1),

where |a(p)| < 4 holds by Proposition 1.

Let . a ) log(qT)

n) log(q1
= d A=—r"r>"7
K log V a 21V

Then we have
exp(2mA) = (qT)% i since q < VT,

hence
log A < loglog T < VV.

We obtain
log(2¢T") B V'log(2¢T)
3ra~ +HOllog A) + 0(1) =V — = o O (\Fv)

nv log 2 1
> — vV > —nV.
T 149 (1+77)10glogT+O< V)/an

V-

So we have

1
>§nV for 1<r<R.

Z a(p)
p%-m'tr

pge%rA

Let £k € N with k < { (iin) . Then we can apply Proposition 4 with N =
147

(1) since (qT)FF < THS" < T for 2 < T.
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Raising to the 2k-th power and summing over all» =1, ..., R, applying Propo-
sition 4 for « = 1 and N = {((JT)HT"J7 we obtain analogously to [5] (page 15):

2k

< T(log T)*(Ckloglog T)"

with an absolute constant C' > 0. So we have by now

kloglogT)k

R < T(log T)2(4C)k( v

Now set k = LS(%Kn)J’ and we obtain by Proposition 5:

1 k 4
(M) < exp(— ng _V + =VloglogV + ;V)

n2V?2 37 %% loglogT = 3
With
(log T)?(4C)* = exp(O(V)), see [5],
we get the assertion with an absolute O-constant. |

Proposition 10. (GRH) Let x be a character mod q with conductor q1. Further
let T be large, let
logT
2(loglogT)? <V < —=——,
(loglog T) loglogT
and let T <11 <ty <--- <tp < 2T be V-untypical ordinates with t,41 —t, > 1
forall1 <r < R. Then

2 4
- + “VieglogV + O(V))

R<T —=Vleg ———
< eXp( 3 OgloglogT 3

with an O-constant independent of q and x.

Proof. Iftisa V-untypical ordinate, then at least one of the criteria of Definition 1
is false. For each criterion that is hurt, we give estimates for the corresponding
number R;, Rs and R of such well-separated ordinates being counted in the
Proposition.

If criterion (i) is false for ¢,., then there exists a o, > = such that

1
2

3 A(n)xi(n) log = oy

nortitr Jogn log x
e g g

note here that z = T'v.
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The size of the sum over n = p® with a > 2 is

A(n)xi(n) log
Z (n)x1(n) log \Z Z

—  nortitrlogn logx
n=p* Lz p<VT P éz
a>2 az3

< loglogz < loglogT < VV.

M\Q‘ =

’EM—*

So if we count the ordinates ¢, with

x1(p) log 3
portitr log

pP<T

where again x = T%, we get an upper bound for R;.
Now we apply Proposition 4 of Maier and Montgomery, we obtain

k
log2 z
RV <Y < T(log T)?k! (Z 2 ) ,

<R pgzplog x

2k
x1(p) log%
par-i-itr 10g$

pP<ZT
where z* < T holds for every k < V.

Now
>

p<T

As in [5], we obtain with k = |V |:

CkloglogT\* V
2( RO 95 L A\ _ v
Ry < T(logT) ( ) ) fTexp( Vlog1 o +O(V)).

log? %

1
<Z < loglogz < loglogT.

2
plog” x <n

Now let (ii) be false, i.e. for t, there exists a ¢, with |¢t, —¢,| < 1 and

N(t;—l—msiv,x)—]\f(t'r—msiv,x) > (1+9)V.

log(q1T) log(nT)
With /
_ oV qt,
we obtain
oV moV oV qit!
Nt + T ) - N(t - - 1 r) > 1).
(tr + log(qlT)’X) (tT log(qlT)’X) log(¢:1T) og( 2 ) V+0Q)

Now we can apply Proposition 9, if the ¢, have a sufficiently large distance
from another. So instead of the sequence t!. being induced from ¢, for 1 < r < Ra,
consider the three subsequences t5 ., , with £ € {1,2,3}, 0 < s < {RQS*ZJ, they
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have the property t3(s+1)+e t:/ls-s-é 1. We can apply Proposition 9 on any of the
three subsequences and obtain

RE;J + 1) + 2 <« Texp ( — %Vlog (@) + ngoglogV—i—O(V)).

For R3 we obtain, analogously as in [5], the same bound with a similar calcu-
lation. |

<

6. Logarithmic derivative of L(s,x)

In this section, we consider only primitive characters.

Proposition 11. Let x be a primitive character mod q, T be sufficiently large,
1 <0 <2, T<t<2T and L(o +it,x) # 0. Then

/

L 1
%f(a +it,x) = F(o +it,x) — 3 log(¢T) + O(1),

and the sum runs through all nontrivial zeros of

where F(s,x) = Z?R

L(s,x)- ’

Proof. We use the formula

L 1 g 1TV [(s+a 1 1
- — Clogd 2T B -
7 (8:x) = —5 log — 2F( 5 >+ (x)+§p( +p>

s—p
that holds for primitive characters, where RB(x) = —Zﬂ?(%) and the sum runs

P
through all nontrivial zeros p of L(s, x). By Stirling’s formula we obtain

L 1 1.1 it
R (0 +it ) = —5 log L — SR (“;”) + RB(Y)

+Z (rfﬂt +;1>>

:—§logq—510g|a+it+a\+F(a+it,x)
+O(lo +it +a|™) +O0(1)
1
=Flo+it,x) — = log(qT) +0(1). |

Proposition 12. Let x be a primitive chamcter mod q. Let x > 1, and consider
z € C that is not a pole of & "(2,x). Then
x(n)A(n) x r 'y
A (£) Lo~ (2 e
; ——log ( 7 (20 logz— () (2:%)

TP—Z —2n—a—=z

_zp:(p—z)2 _g(z—i—Qn—f—a)Q'
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Proof. Since

/

L 1 1
f(s,x) < log(g|s) for Rs < —5 and |s+m| > 1 for all m e N,

the proof works analogously to [5], where the term coming from the pole at s =1
is removed and the sum over the trivial zeros has been adjusted. |

Estimating the last sum analogously to [5], we obtain:

Proposition 13. Let x be a primitive character mod q, T > 1 and 1 < z < T.
Let z€ C, Rz >0, T < 3z < 2T, and let z be not a pole of Lf(z,x),
Then

/ /

S iy (2) e~ (5 0 - T

n<T 14

7. Lower bound for log |L(s, x)|

With the aid of V-typical ordinates, we estimate log L(s, x) from below.

Proposition 14 (GRH). Let x be a nonprincipal character mod q induced by x1
mod q1. Let T be sufficiently large and T <t < 2T.
Then for all % <o<2and2<x<T it holds that

A(n)xi(n) log %)
n°titlogn logx

log |L(o +it, x)| > %(Z

nLx

zz° F(o+it,x) log g
—(1 0] ,
( + (o’—%)]ogaj) log = ( loglogq)

where F is the function from Proposition 11.

Proof. At first, let x be primitive. By integrating equation (5) from z = o + it
to z = 2 + it, we obtain analogously to [5]:

. A(n)x(n) log
o8 Lo +it ) 2 R(Y i o)

n<
(14 If )F(oﬂtx)
(0 —3)logx log z

+0(1).

Now let x mod ¢ be not primitive and induced by the primitive character x;
mod ¢;.
Then we have

L(s,x) = L(s,x1) H (1 - M (p)) (6)

pS
plg
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We obtain with equation (6):

log’L(s,x)’ =log|L(s, x1)| + Y log|1 -

pla
s Al ogsy (), ot yFlotit)
- n°titlogn logx (0 — %) log = log x

v

pS

n<zx

1—

x(p)
+0(1) + Zlog pr

plg
2logq
1 1 logq
<Y =5 Y 55 < \/ : (7)
plq P/ Jj=1 pjl'/2 log log q

From equation (6) we see further that

For the last sum we get

Zlog'l ~ x(p)

pS
plg

F(Sax) = F(Saxl)a
so we get the stated bound. |

Now we would like to give an estimate for L(s, x) in the interval R(s) € (1,2).
1%

For this, we split the interval at % + oe7 and give a bound for each part. This is

done in the next two propositions.

Proposition 15 (GRH). Let x be a nonprincipal character mod q, and further
let T be sufficiently large, at least T > q, let V € [(loglogT)?, logigT] and let
t € [T,2T) be Vs, q-typical of order T.

Then it holds for 5 + og < 0 <2, that

log |L(o +it, x)| = f5.4(V,0 + i),

loglog q

where f5,:Rx C— R, f5,(V,0+it) =0 (% 4 [ doeg )

Proof. In Proposition 14 we set z = Tv. Then?2 < z < T, and since %—FlogT <o,
we have

1 7
pheo ep(-ViED)
(0 —YHlogz Vlez - ST
2 &) log T

Applying now Proposition 14, we obtain:

) |4 . log q )
log |L tx)| = —2V-—2——F t, of /——| = Vv, t),
og |L(0 + it, )| g7 F it + (,/loglogq> Joa(Vio +it)

since t is V-typical.
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We aim to majorize F(o +it, x) independent from ¢ and . As in [5], we divide
the region of the zero-ordinates in two parts as follows.

. . and 27 (n+1)5V 1 T
(1) with 225 < |t =] < et for 0<n < N = | BEa |

(i) vy with { : |y —¢t| > %}, where ¢; denotes the conductor of x mod gq.

Consider the set of v from (i):

1 B (- 3)
S

. l s
~ from (i) o+t - 2 vy ~ from (i)

since t is V-typical, (ii),

< 2(1+5)v§: (7= 3)

AN T 2
n—o(0 — %)2 + (lc?g(qf‘;“))

1 log(qlT))

<
\4V(a— % + 40V

N
since for a,c € Rp and N € N we have }_ W < é‘f* 5=, see [5] Prop. 6, and
n=0

we continue with

log(aiT) _ 510g(qT)
s O 5

For the sum over « with (ii) we work with the known formula

1
pe%%x)l_’_(t_%(p))z < log(q(2 + [t])) (8)

<Adlog(q1T) +

holding for primitive characters mod g. Since N (x) = N (x1) if x mod ¢ is induced
by x1 mod ¢; < ¢, we can use this formula also in the case of a nonprimitive
character mod gq.

ForOSU—%ggand [t —~l >%wehave

o— 8
2

(0 —3) +2(t—7)2<1+(t—7)2’ )

therefore we can estimate the sum over v with (ii) using (9) and (8) as follows:

1 o—1
D ) RO D e vm

1
[t—vI>3 lt—v|>% 2
8 8
= Z t—~)2 Z 1 t— < 2
S TP S 2 T (-50)
< log(qt).
Now consider g(z) := %, we see that g(z) is monotonously decreasing for

x> 1, and so for z > ¢ we have g(z) < g(q) = 2.
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We resume the two results for the regions (i) and (ii) as follows

Vv _ log(¢)V _V .
2——F t < T,
gT T <oy < sinee g
which gives the asserted bound for f54(V, o + it)

Proposition 16 (GRH). Let x be a character mod q, let T be sufficiently large
log T
V € [(loglog T)?, ;2% 07

|
| and t € [T, 2T] be V-typical (of order T')
Then we have for all % <o <oy

_ 1
_§—|—

logT"
gg — 1
log |L(o +it, x)| = log|L(oo +it, x)| — V' log :

N[

(1+6)VloglogV+O<

log ¢ )
52 loglogq/
Proof. Consider at first a primitive character y mod ¢, i.e. g1 = q. We work as
in [5], p. 8, and get:

(00— D)2+ (t -
log |L(og + it, x)| — log |L(0 + it, x)] Zl 0 (t=)7

+ (t=7)2
In order to estimate the sum, we divide the set of - in three subsets such that
we can make use of the fact that ¢ is a V-typical ordinate

The division of the v is as follows.
(a) v with |t =] <

longog( )

(b) v with (277(571 + logV)l 20T S [t — v <
(0<n<N =[5 1),

(¢) v with {v : |t — J

T %4
(27‘(’5(7’1 + 1) + logV)log(qT)
v =z}
Since o < 09, we have

(00 — %)2—5-@ (00 — %)2
T N s
For the v from (a) we use property (iii) from the definition of V-typical and
obtain
1 (00— 3)* + (t =)
5 2. o :

12
o—3) +(
[t—I< e vy MU

—)?

1 (o0 — l)2

<= S 1
2 T2 %012
[t— ’Y‘\lugvmg(qT)

_ 1
<VloggO 2

We use the fact that (

1
2
—3)°+(t=)? s _ . .
D= 8 decreasing in |t — 7|. With this, we
estimate the set of v in (b) using property (ii) in the definition of V-typical. For
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the v with (c¢) we use the general zero estimate for L(s, ) and obtain in the same

way as in [5]:
_ 1\2 t — 2
(00— 3)"+(t=1) <2(1+0)VioglogV + 0O <;)

1

- log

27@;@) (0 =3+ (=)

e (00— 1)+ (£ = 7)°
1 op—35) "+ (-7 Vv
2 Z log 122 5 < ’
2\77t|>l (0 =3)2+(t—-"7) loglog T
Z32

This gives the assertion for primitive characters.
Now if x is not primitive mod ¢ and induced by the primitive character xi

mod ¢, we use equation (7) and obtain
log q )

log |L(o + it, x)| = log |L(o + it, x1)| + O(
log log q

_1
073 914 6)VioglogV

> log |L(oo +it, x1)| — V'log 2
o _ 1
2

1% log q
+O(52) +O( loglogq)

_1
=log|L(cg +it, x))| + —V log 073 2(146)VioglogV
o —

1% log q
+O<572+ \/ loglogq)' -

At the end of this section we combine the results from propositions 8, 15 and
16. With these, we obtain a lower bound for the whole stripe R(s) € (3,2).

1
2

Proposition 17 (GRH). Let x be a character mod q, |t| be sufficiently large, at

least |t| > ¢, and % <o<2. Then

, log [¢]
log |L(o +it, x)| = — 0
o H8201> =g iog 1] ' 7 — 1)

1 log|t|logloglog |¢|
log log |¢| '

Proof. As in [5], we choose
log || 1
V=280 ando=-
log log |¢| an 2’

note that then O (5% + 10{;{%&) =0(V).
By now, we gave estimates for L(s, x) in a region for sufficiently large (s).
We also need an estimate for L(s, x) in the remaining region, which we give in the

next Proposition.
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Proposition 18 (GRH). Let x be large, ¢ > 0. Further let To(x) = Tp =
2L(1°g“)3/5(1°gl°g$)cj, and o = %—!— L_ " Then there exists a C' > 0, such that for

logz

all |t] < To, ¢ < VTo and a nonprincipal character x mod q we have
|L(o +it, x)| > Ty 188,

Proof. At first, let x be a primitive character mod ¢, and g < +/1Iy. By the
explicit formula for the logarithmic derivation of L we obtain

2+4it . 2+it .
/ (s +it,x)ds = / ( > s, T Olloa(a2+ IS(S)I)))>dS7
. . eN
o AN P
hence
log L(2 + it, x) — log L(o +it, x) = Z log(2 +it — p)
PEN (X)
=S (p)I<1
— Y log(o+it — p) + O(log(q(2 + [¢]))).
PEN(X)
=S (p)l<1

Considering the real parts, it follows that

3
g Lo it = Y tow[3+ile— 3(0))
PEN ()
lt-S(p)I<1
1
log ———— 4+ O(L 2+ t]))).
+ ) o8 [y T Ollosa(2 +1¢0)))
PEN(X)
=S (p)I<1

To give an estimate of the first sum, we have

3 5
Sil- ()| < 5 for -3 <1

hence
3
zjl%h+w—%wﬂ<mmm
[t—S(p)I<1
and to give an estimate of the second sum, we have
-1

lo+it —p|~! = < logz,

+i(t - S(p))

log

hence

1
Z log [P— < log(qt) loglog x.
syl ool



Partial sums of the Md&bius function in arithmetic progressions assuming GRH 81

Therefore we obtain

log |L(o +it, x)| ™" < log(qt)loglog x.
If we note that t < Ty and ¢ < /Ty, we obtain

log |L(o +it, x)| ™" < log Ty loglog .

This gives the assertion for primitive characters.
Now let x be a nonprimitive character mod ¢ and induced by y; mod ¢;. We
conclude:

log |L(c + it, x)| ! = log |L(c + it, x1)| " — Zlog‘l B Xlsf)’

plq
. _ log Ty
—log |L( + it xa)l "+ Oy o 0 )
og|L(o +it,x1)|"" + O loglog Ty
1
< logTylogl 1+0
0810708 ng( + (\/logTologlogTologlogx))
< log Ty log log x. |

8. Majorant of ’:BzL(Z, X)_1|

In this section we give a majorant of |mZL(z, X)_1| for certain z. It is a consequence
of Propositions 15 and 16.
Proposition 19 (GRH). Let x be a character mod q. Further let t be sufficiently
log (/2 .
large (at leastt > q), x > t, V' € [(log log t)?, %] , V=V t be V'-typical
of order T".
Then for V' < (Rz — 3)logz <V, [Sz] =t, we have

#*L(z,) |

1 1
< Vzexp (Vlog 1?)?; +2(1+4)VieglogV + O(V(S_2 +4/ logolgofgfo))'

Proof. By taking notion of the changed error term, everything remains as in [5],
see Proposition 22 there. |

9. Upper bound for M (x,q,a)

We need some preliminaries for the proof of the theorem.
For a character x mod ¢, let

14 L 42K

log =

1 log x
A = —d here K :=
(@.x9) 278 / L(s,x)s * where [logQ] ’

h )
1+710g ——i2K
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and by Perron’s formula we have:
M(x,q,a) = Zx (,X,q) + O(log z). (10)
X(Q)

We aim to give a good upper bound for A(z, x, q).
Further we assume w.l.o.g., that & > ¢2, as otherwise we can estimate trivially.
Now we give some definitions being valid during this section.

Definition 2.

1
= L?)i;} , K= {(logx)?’m(loglog CU)CJ ,
Tk::2k for Kk <k<K, S0 QZSTHQT;C.

For k with k < k < K and for n € NN [Ty, 2T), we define the integer V,, to be the

smallest integer in the interval {(log log Ty)? + log T},

’ log log T},

}, such that all points in
[n,n+1] are V,,-typical ordinates of order Ty,. The existence of these V,, is obtained
by Proposition 8.

Lemma 1. Let x > 2,¢ > 1, ¢ € N and 1 < ¢ < 2%/2. Further let x be
a nonprincipal character mod q and 6 € (0,1]. Then

Az, x, q)
NG

< exp ((1og2)* (log log )" %) + B(x, x. ).

where

Tr—1
1 lo [
B(z,x,q) = Z — exp (V log (oix) +2(1426)V,loglogV,, + D logolgozx>
n=T,

with an absolute constant D > 0.
Proof. We choose the following path of integration S(z,,q), we describe it for
the upper half plane (z) > 0, it passes out analogously in the lower half plane.

1 1+ 1
log:EQ logz

1
1. A vertical segment [ + iTH] .

[\

. 1 Vi 1 Va .
. Further vertical segments |- + +in, = + +i(n+1)|.
2 logx 2 logx

w

1 1 1
. A horizontal segment |= + —— + T}, = Vr, i1 | .
2  logx 2  logx

. Additional horizontal segments for T, < n < Tk — 2, namely

W

Va ,
+; +i(n+ 1)] :

1yt +i(n+1 )1+
2 logx un 2 lo
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1 Vo, 1
5. The last horizontal segment |- + M St T T, 14+ —— +iTk]|.
2 log log

xS
——ds].
/ L(s,0)s

S(z,x,q)

Hence
1

|A(z, x,q)| = o

We consider just the first segment more accurate, the others can be estimated
analogously to [5]:

Ad 1.:
Ty
1 s 1 1 1 -1 dt
S / xids <7x%+lo;;m /‘L(*ﬁ-i"-it,){)‘ -
27 L(s,x)s 27 2 logx /1 42
S(z,x,q) —Tx 4
[S(2)I< T
11 '
gi\/imax L(f—i-i—i-it,x /
27 )< T 2 logx + 2
T\ i
1 1 .
< vz max L(f—l———i—zt,x /
t<T:1 \2  logx /1442
< 2V max (1 4t — it )j_ log T,
NES log X & Ln
< Vx (logT,) T8l by Prop. 18
< VETO T with Oy = O + 1.
Ad 2.:
3+ ety Ti(nt1)
1 s 1
— s < — max ZL(z,x)*l‘ as |s| = |n|
2 L(s,x)s 27N se{i+ Yo tit;
%""1;:;”1 +in t€[n,n+1]}

1 lo
< =Vzexp (V log( 08T ) +2(1 4 8)V,, loglog V,,
n logn

+0(5 + gtegz))

where D > 0 is an absolute constant, see Proposition 19.
Ad 38.:

2 + logN +ZT

:I/,S
/ L(&x)sdS

1 1
3t 1ogz Tk

1

o < VT3 by Prop. 17.
™

K
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Ad 4.: Here we use Proposition 19 for n with T,, <n < Tx — 2:

V41
Tog =

I+ +i(n+1)

xS

L(s,x)s
4 s +i(n+1)

< %\/Eexp (Vn log (%) +2(1+9)V,loglogV;, + D(% + ”7102)50;))

1 log x
1 Vi o (8T
* n+ 1\/5exp ( n+1708 log(n+1)

D05+ | ogtess))

Ad 5.: We obtain using Proposition 15:

ds

) +2(1 + 6)V,41 loglog Vi

1+r§ —+iTx

1 / x®

— ——ds
21 L(s,x)s
R

<s V. [ ]

The following proposition is similar to Proposition 23 in [5], the modification
here is necessary, but the proof works analogously.

Proposition 20. Let A,C > 0 and let A > 4C* + 1, then for V > e3¢/2 it holds

that
2 3 \3C/2
AV—§V10gV+CV10glogV<63‘4/2(5/1) .

Lemma 2. Under the conditions of Lemma 1 we have
B(x,x,q) <s exp ((log 2)3/5 (log log x)13/2*36/2+86).
Proof. We define for k < k < K:

B(Tx,x,x,q) := Z 1 exp (Vn log (loﬂ) + 2(1 4+ 26)V, loglog Vn),

logn
Ty, <n<2Ty,

log x
B <K B(Th, z, x, (D,/i)
(z,x,9) nax (Tk; x, X, q) exp Toglog
log
1 B Ta s X (D 7);
< ngng}ixl( (i 2, 4) exp \/ loglog x

so it remains to estimate B(Ty, x, X, q)-

then
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To simplify the notation, we write now Ty = T', a(T) := (loglog T)?, b(T) :=
b and V(V,T) := {n€N; T <n <2T,V, =V},
We sort the summands corresponding to the values of the V,,:

B(T,z,x,q) = Z Z — exp (Vlo (i ) +2(1 4 26)V loglog V)
T<n<2T
a(T)<V<b(T) =V
< % S exp (V log (lOgT> +2(1 +26)V log log V) card V(V, T).

VeN
a(T)<V<H(T)
(11)

Now we split the sum over V. For V' < 2a(T') 4+ 1 we use the trivial estimate
card{ne N; T<n<2T,V,=V}<T. (12)

Then we estimate the corresponding sum for this part:

% Z exp (Vlog (11 ST) +2(1 4 2§)V loglog V) card V(V, T)

<
a(T)<V <2a(T)+
= exp (O((log log x)g)) (13)
Now consider V' € N with 2a(T) +1 <V < b(T), we split

VV,T)={n=0mod 2; n e V(V,T)}U{n=1mod 2; n e V(V,T)}
= Vo(V,T)le(‘/,T)

Consider a number n € V(V,T) for a fixed V with 2a(T) +1 < V < b(T). Since
V,, = V is the smallest integer such that all ¢ € [n,n + 1] are V,,-typical of order
T, there exists at least one t,, € [n,n + 1] being (V,, — 1)-untypical of order T.

So choose for any n € V(V,T) a t,, € [n,n + 1] being (V — 1)-untypical. This
assignment gives a bijection between V(V,T) and the set

UV, T) :={tp; n € VV,T),tn € [n,n+ 1] and ¢, is (V — 1)-untypical}

of (V — 1)-untypical ordinates. Hence the cardinalities of both sets are equal, and
in U(V,T) all elements are (V — 1)-untypical of order T.
Further we define for i € {0,1} the set

UV, T) :={t, eU(V,T); n eV, (V,T)}.

For t,, # tm with t,,t, € Up(V,T) we have |t, —tm| 1: If wlo.g. n < m,
then t,, —t, > m—(n+1) > 1lsince t, € [n,n+1], t,, € [mym+1] and n =m
mod 2. So the sets Uy, (V, T') are sets of well distanced (V' — 1)-untypical ordinates
in the sense of Proposition 10.
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Since card V(V,T) = cardU(V,T) = cardUp(V,T) + cardU;(V,T), we can
estimate the cardinality measure of the set V(U, T') using Proposition 10, we obtain

card V(V, T) <<Texp<_ %(V— 1)log( V-1 )

loglogT

+ %(V — 1) loglog(V — 1) + O(V)) (14)

<5 Texp(— ngog (@) + (% +5)V10glogV).

This leads to the following result:

B(T,z,x,q) < exp (O((loglogz)*))

1 log x
—exp (V1 ( )
+ Z T xp ( o8 log T
VeN
2a(T)+1<V <b(T)

+2(1 + 26)V log log v) card V(V,T) by (11) and (13)
<5 exp (O((log log 33)3))

+ Z exp (V log (log T (l?ogg I;g T)2/3 )

VeN
2a(T)+1<V <b(T)
) egv (E +55)VloglogV) (15)
3 3
< exp (O((log log x)3))

B N

VeN
2a(T)+1<V <b(T)

_ %Vlogv + (% + 55)V10g log V), (16)

where in (15) the implicit constant in the estimate depends on ¢ since we used
equation (14).

In order to majorize the last sum (16), we use Proposition 20 with the following
parameters:

1
and C:= —O + 5.

A= log <logx loglogT) :

logT

(Then A > 4C* + 1 and V > €3¢/2 hold if x is large enough.)
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We obtain
1 loglog T 2 10
Z exp (V log (M) — =ViogV + (* + 55)V10g log V)
o= logT 3 3
2a(T)+1<V <b(T)
logT loglogT\3/2 /3 loglog T\ \ 5+159/2
T (AT (G (g T ),
loglogTeXp(( 08T logT PIRGANG logT (17)
Since
loglogT _ log log T < loglog T} logrlogx < (logx)_3/5,
logT log Ty, log T}, (log x)3/5(log log z)°
we have
loglog T\ 3/2 3/2
(log x%) < ((10gm)2/5(log10gx)176) = (log x)*/°(log log x)*/?73¢/2,
)

and as ¢ > 1, we obtain further

log log T'\ \ 5+155/2
(% log (logx%)) < (loglog z)°F199/2,

Using these estimates, we continue the estimation of (17) with
< exp <log log z + (log z)*/? (log 10g$)3/2—3c/2+5+156/2>
— exp ((log )35 (log log ) 13/2-3¢/24156/2 | 16g10g I)
<5 exp ((1Og 2)*/3(log log x)13/2—30/2+86).

Now we resume everything including the term exp (D log’lgo zw) again, we

obtain

. ] 1
B(x,x,0) <5 exp ((log 2)*/(log log ) /2 ~3/2557 ) exp (D 4 1) | =2 — ).
log log x

and using the estimate

log x
log log x

< (log 2)¥/5(log log &) 13/2~3¢/2+85 (1 +log(2)~ /1 (log log x)3c/2>

(log x)3/° (log log ) 13/273¢/2+8 (D 4+ 1)

3
5

13/2—3c¢/2+486
)

< (log z)5 (loglog x)

we obtain finally

B(z, x,q) <5 exp ((log 2)/%(loglog z:)'3/2 =3¢/ 2*“) : =
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Now we still have to consider the principal character mod ¢, for this we use
the result of the zeta-function.

Lemma 3. Let ¢ € N, z > q > 1, then we have for the principal character xo
mod q the estimate

Az, x0,9) <5 Vzexp ((10g 2)Y/2(log log $)5/2+45).

Proof. Due to the formula
1
Lo xo) = O (1- %),
plg

we use the estimate for the zeta-integral. So we estimate the product
‘ I[1,,(1 —pfs)’l‘ for o > 1.

For this, consider the logarithm of the product and include the series expansion
of the logarithm:

St (1 )| =[S - v S = (S

plg plqkeN
ZZ k/2 :Z 1/2 + Z Zkak/z
p\quN plq p\q plg k>2
2logq
< Z 1/2+ Z +0(1
i p<q

1
< ﬂ—l—loglogq—FO(l)
loglog q
- _ log q
L ! texp | Dy e
[L(s,x0)| " < [¢(s)] eXp( loglogQ>

for an absolute constant D > 0.

log q
loglog q

We conclude

is monotonic increasing in ¢, we have for = > ¢

- _ log z
L(s,x0) ™" < ¢(5) " exp (Dﬂloglgog:c>'

logz
loglog =

Since

Now the additional term does not disturb the magnitude of the ex-
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ponent in the final result, since we have

< / ’((2)_1$—’dzexp D _losw
z loglog x

S(z,x,9)

1
<s Vzexp | (logz)/?(loglog z)®/*+4 + D 08T
loglog x

< Vrexp ((log )12 (log log x)5/2+45) ,

127
L(z,x0) ljdz

S(z,x,9)

where we have set ¢ = 2 + 3§ in the estimate at the end of the paper of [5]. W

Proof of Theorem 1. Let ¢ > 2, since for ¢ = 2 there is only the principal
character and we can use then the sharper result from Lemma 3.

We use equation (10), Lemma 1 and Lemma 2 and set ¢ = 15—1 + 1—565, together
with Lemma 3 we obtain

(0.0 < [ Sxmntn)]| = —5 3 |4t x.0)] + Oz )

x(q) n<= x(q)

1
#(a) x(a) ‘ ‘

X7#X0

1
= W|A($7X07Q)| +

<5 VT exp ((1og )2 (loglog x)5/2+45)

b
¢(q)
i 90(2(]) 1\/Eexp ((log x)3/5(log logm)16/5+166/5)

< Vxexp ((log 2)3/5 (log log x)16/5+166/5) .

Since ¢ € (0,1] can be chosen arbitrary, we get the assertion with the choice
6= e |
16
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