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A UNIFORM VERSION OF STIRLING’S FORMULA

Jerzy Kaczorowski, Alberto Perelli

Abstract: A uniform version of Stirling’s formula, suitable for future applications, is obtained.
Keywords: Euler’s Γ function, Stirling’s formula.

With applications in mind, in this paper we prove the following uniform version
of Stirling’s formula for the Euler Γ function. Let Bn(z) and Bn be the n-th
Bernoulli polynomial and the n-th Bernoulli number, respectively.

Theorem. Let N > 1 be an integer, B > 1 and let z, s ∈ C satisfy

<(z + s) > 0, |s| 6 3
5
|z|, N 6 2B|z|.

Then

log Γ(z + s) =
(

z + s− 1
2

)
log z − z +

1
2

log 2π

+
N∑

j=1

(−1)j+1Bj+1(s)
j(j + 1)

1
zj

+ O

(
1

|z|N+1

(
(N +

|s|2
N2

)|s|N + BNN !
))

.

Remarks.
1. Taking s = 0 we get a uniform version of the classical Stirling formula for

log Γ(z) in the range <z > 0 and |z| > N
2B , with remainder term

O(BNN !/|z|N+1).
2. Using Γ(z)Γ(1− z) = π/ sin z we can replace <z > 0 by | arg z| 6 π − δ with
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a positive δ. In this case the remainder term has the form

O

(
BNN !
|z|N+1

+
1− sgn<z

2
e−2π|z| sin δ

)
.

We start the proof of the Theorem with the following formula, see (5) on p. 21
of Bateman’s project [1]. Let z, s be as in the Theorem and fix δ, λ such that

0 < δ < π/4, 0 < λ < 2π, λ cos δ > 5. (1)

Moreover, choose |β| 6 π/2− δ such that | arg(z + s) + β| 6 δ. Then

log Γ(z + s) =
(

z + s− 1
2

)
log(z + s)− z− s+

1
2

log 2π +
∫ ∞eiβ

0

λ(w)e−w(z+s)dw,

where
λ(w) =

1
w

(
1

ew − 1
− 1

w
+

1
2

)
.

Hence

log Γ(z + s) =
(

z + s− 1
2

)
log z − z +

1
2

log 2π + A(z, s) + B(z, s) + C(z, s) (2)

with

A(z, s) =
(

z + s− 1
2

)
log(1 +

s

z
)− s

B(z, s) =
∫ λeiβ

0

λ(w)e−w(z+s)dw

C(z, s) =
∫ ∞eiβ

λeiβ

λ(w)e−w(z+s)dw.

We need several lemmas.

Lemma 1. Under the assumptions of the Theorem we have

A(z, s) =
N∑

j=1

Wj(s)
zj

+ O

(
1
N

(
1 +

|s|
N

) |s|N+1

|z|N+1

)
,

where

Wj(s) = (−1)j
j+1
2 − s

j(j + 1)
sj .

Proof. Clearly

A(z, s) =
(

z + s− 1
2

) ∞∑

j=1

(−1)j+1

j

sj

zj
− s =

∞∑

j=1

Wj(s)
zj

.
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Writing θ0 = |s|/|z| we have 0 < θ0 6 θ 6 3/5, hence

∞∑

j=N+1

|Wj(s)|
|z|j ¿

∞∑

j=N+1

θj
0

j
+ |s|

∞∑

j=N+1

θj
0

j(j + 1)
¿ θN+1

0

N
+
|s|
N2

θN+1
0

¿ |s|
N2

θN+1
0

(
N

|s| + 1
)
¿ 1

N

(
1 +

|s|
N

) |s|N+1

|z|N+1
,

and the lemma follows. ¥

Lemma 2. For B > 1 and AB > k > 0 we have
∫ ∞

A

xke−xdx 6 (k + 1)(AB)ke−A.

Proof. We argue by induction. For k = 0 both sides are equal to e−A. For k > 0
we integrate by parts and use the inductive hypothesis (recalling the condition
on A) thus obtaining

∫ ∞

A

xk+1e−xdx = Ak+1e−A + (k + 1)
∫ ∞

A

xke−xdx

6 Ak+1e−A + (k + 1)2(AB)ke−A 6 (k + 2)(AB)k+1e−A,

and the lemma follows. ¥

Lemma 3. For |w| < 2π we have

λ(w) =
∞∑

k=0

αkwk, αk =
Bk+2

(k + 2)!
.

Proof. This follows from the power series expansion of 1
ew−1 and from the values

of B0 and B1, see (1), (3) and (4) on p. 35–36 of Bateman’s project [1]. ¥

Lemma 4. For k > 0 we have

|αk| 6 1
12(2π)k

.

Proof. By Lemma 3 we have that αk = 0 for odd k’s, see (17) on p. 38 of
Bateman’s project [1]. If k = 2m then by (22) on p. 38 of Bateman’s project [1]

α2m = (−1)m+1 2ζ(2m + 2)
(2π)2m+2

where ζ(s) is the Riemann zeta function. Hence

(2π)k|αk| 6 ζ(2)
2π2

=
1
12

,

and the result follows. ¥
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Lemma 5. Under the assumptions of the Theorem we have

B(z, s) =
N−1∑

k=0

αkk!
(z + s)k+1

+ O

(
N !

2N |z|N+1

)
.

Proof. Since 0 < λ < 2π, by Lemmas 3 and 4 for |w| 6 λ we have

λ(w) =
N−1∑

k=0

αkwk + O

( ∞∑

k=N

|w|k
(2π)k

)
=

N−1∑

k=0

αkwk + O

( |w|N
(2π)N

)
.

Hence, writing ζ = z + s and recalling (1) and the definition of the Γ function,
using Cauchy’s theorem we obtain

B(z, s) =
N−1∑

k=0

αk

∫ λeiβ

0

wke−ζwdw + O

(∫ λeiβ

0

( |w|
2π

)N

e−|ζ||w| cos δdw

)

=
N−1∑

k=0

αk
Γ(k + 1)

ζk+1
+ O

(∣∣∣∣∣
∫ ∞eiβ

λeiβ

wke−ζwdw

∣∣∣∣∣

)

+ O

(∫ λ

0

( x

2π

)N

e−x|ζ| cos δdx

)

=
N−1∑

k=0

αk

(
k!

ζk+1
+ rk(ζ)

)
+ RN (ζ),

say. Concerning rk(ζ) we have

rk(ζ) ¿ 1
(|ζ| cos δ)k+1

∫ ∞

λ|ζ| cos δ

xke−xdx,

and recalling (1) and the assumptions of the Theorem we get

Bλ|ζ| cos δ > B
2
5
λ|z| cos δ > 2B|z| > N > k.

Hence we can apply Lemma 2 thus obtaining

rk(ζ) ¿ (k + 1)(λB|ζ| cos δ)ke−λ|ζ| cos δ

(|ζ| cos δ)k+1
=

(k + 1)(λB)k

|ζ| cos δ
e−λ|ζ| cos δ.

Therefore, recalling the power series expansion of ex, the assumptions of the The-
orem and (1)

N−1∑

k=0

αkrk(ζ) ¿ λ

N−1∑

k=0

(
λB

2π

)k

(k + 1)
e−λ|ζ| cos δ

λ|ζ| cos δ
¿ BNe−λ|ζ| cos δ

λ|ζ| cos δ

¿ BNN !
(λ|ζ| cos δ)N+1

6 BNN !
(2|z|)N+1

6 BNN !
2N |z|N+1

.

(3)
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Concerning RN (ζ) we have

RN (ζ) ¿ 1
(2π)N

1
(|ζ| cos δ)N+1

∫ λ|ζ| cos δ

0

xNe−xdx

¿ 1
(λ|ζ| cos δ)N+1

∫ ∞

0

xNe−xdx ¿ N !
(λ|ζ| cos δ)N+1

.

Hence arguing as above we get

RN (ζ) ¿ N !
2N |z|N+1

,

and the lemma follows. ¥

Lemma 6. For |w| < 1 and integers m > 1, k > 0 we have

Sm,k(w) :=
∞∑

l=m

(
k + l

l

)
wl =

k∑

l=0

(
k + m

l

)
wk+m−l

(1− w)k−l+1
.

Proof. We have

Sm,k(w) =
∞∑

l=m

(k + l) · · · (l + 1)
k!

wl =
1
k!

dk

dwk

( ∞∑

l=m

wk+l

)
=

1
k!

dk

dwk

(
wk+m

1− w

)

=
1
k!

k∑

l=0

(
k

l

)
dl

dwl
wk+m dk−l

dwk−l

(
1

1− w

)

=
1
k!

k∑

l=0

(
k

l

)
(k + m)!

(k + m− l)!
wk+m−l(k − l)!

1
(1− w)k−l+1

=
1
k!

k∑

l=0

(
k + m

l

)
wk+m−l

(1− w)k−l+1

and the result follows. ¥

Lemma 7. For 1 6 N 6 3
2x− 1 and x > 0 we have

ΦN (x) :=
N∑

m=1

xm

m!
6 (2x)N

N !
.

Proof. By induction on N . For N = 1 the inequality is trivial. For N > 1 we
have

ΦN+1(x) = ΦN (x) +
xN+1

(N + 1)!
6 (2x)N

N !
+

xN+1

(N + 1)!

=
(2x)N+1

(N + 1)!

(
N + 1

2x
+

1
2N+1

)
6 (2x)N+1

(N + 1)!

since N+1
2x 6 3/4 and 1

2N+1 6 1/4. ¥
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Lemma 8. Under the assumptions of the Theorem we have

B(z, s) =
N−1∑

k=0

Uk(s)
zk+1

+ O

(
N |s|N + BNN !

|z|N+1

)

for certain polynomials Uk ∈ C[s].

Proof. From the expansion for |w| < 1

1
(1 + w)k+1

=
∞∑

l=0

(−k − 1
l

)
wl

and the identity (−k − 1
l

)
=

(
k + l

l

)
(−1)l,

by Lemma 5 we obtain (using the notation of Lemma 6)

B(z, s) =
N−1∑

k=0

αkk!
zk+1

(
N−k−1∑

l=0

(−k − 1
l

) (s

z

)l
)

+
N−1∑

k=0

αkk!
zk+1

SN−k,k

(
−s

z

)
+ O

(
BNN !

2N |z|N+1

)

=
N−1∑

k=0

Uk(s)
zk+1

+ RN (z, s) + O

(
BNN !

2N |z|N+1

)
,

say, with Uk ∈ C[s]. Observing that
(
N
l

)
= N ···(N−l+1)

l! 6 N l

l! , using the notation
of Lemma 7 and writing θ0 = |s|/|z|, by Lemma 6 with w = θ0 we get

RN (z, s) ¿ 1
|z|

N−1∑

k=0

|αk|k!
|z|k

∞∑

l=N−k

(
k + l

l

)
θl
0

¿ 1
|z|

N−1∑

k=0

k!
(2π|z|)k

k∑

l=0

(
N

l

)
θN−l
0

(1− θ0)k−l+1

¿ θN
0

|z|
N−1∑

k=0

k!
(2π|z|(1− θ0))k

k∑

l=0

1
l!

(
N(1− θ0)

θ0

)l

=
θN
0

|z|
N−1∑

k=0

k!
(2π|z|(1− θ0))k

(
Φk

(
N(1− θ0)

θ0

)
+ 1

)
.

But k + 1 6 3
2

N(1−θ0)
θ0

since θ0 6 3/5 and k 6 N − 1, hence by Lemma 7 we have

Φk

(
N(1− θ0)

θ0

)
+ 1 ¿ 1

k!

(
2N(1− θ0)

θ0

)k
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and therefore we obtain

RN (z, s) ¿ θN
0

|z|
N−1∑

k=0

k!
(2π|z|(1− θ0))k

1
k!

(
2N(1− θ0)

θ0

)k

¿ θN
0

|z|
N−1∑

k=0

(
N

π|s|
)k

.

Now we consider two cases. If N/(π|s|) 6 1 + 1/N then

RN (z, s) ¿ θN
0

|z|N = N
|s|N
|z|N+1

,

while if N/(π|s|) > 1 + 1/N then

RN (z, s) ¿ θN
0

|z|

(
N

π|s|
)N

− 1
(

N
π|s|

)
− 1

6 θN
0

|z|N
(

N

π|s|
)N

=
N

|z|N+1

NN

πN
¿ N !
|z|N+1

,

and the lemma follows. ¥

Lemma 9. Under the assumptions of the Theorem we have

C(z, s) ¿ N !
2N |z|N+1

.

Proof. Since λ(w) is bounded on the path of integration, writing ζ = z + s we
have

C(z, s) ¿
∫ ∞

λ

e−|ζ|x cos δdx =
1

|ζ| cos δ
e−|ζ|λ cos δ ¿ 1

|ζ|λ cos δ
e−|ζ|λ cos δ,

and the lemma follows arguing as in (3). ¥

Now we are ready for the proof of the Theorem. From (2) and Lemmas 1, 8
and 9 we have

log Γ(z + s) =
(

z + s− 1
2

)
log z − z +

1
2

log 2π +
N∑

j=1

Pj(s)
zj

+ EN (z, s) (4)

where Pj(s) = Wj(s) + Uj−1(s) are polynomials and, considering separately the
cases |s| 6 N and |s| > N , EN (z, s) satisfies

EN (z, s) ¿ 1
|z|N+1

((
N +

|s|2
N2

)
|s|N + BNN !

)
. (5)

Comparing (4) and (5) with the classical Stirling formula, see (12) on p.48 of
Bateman’s project [1], by the uniqueness of the asymptotic expansion we have

Pj(s) =
(−1)j+1Bj+1(s)

j(j + 1)

and the Theorem is proved.



96 Jerzy Kaczorowski, Alberto Perelli

References

[1] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcen-
dental Functions, vol. I, McGraw-Hill, 1953.

Addresses: Jerzy Kaczorowski: Faculty of Mathematics and Computer Science, Adam Mick-
iewicz University, 61-614 Poznań, Poland;
Alberto Perelli: Dipartimento di Matematica, Università di Genova, via Dodecaneso 35,
16146 Genova, Italy.

E-mail: kjerzy@amu.edu.pl, perelli@dima.unige.it
Received: 26 May 2010


