Functiones et Approximatio
42.1 (2010), 51-58

JACKSON ¢g-MAHLER MEASURES

Mik1r HIRANO, NOBUSHIGE KUROKAWA

Abstract: In this note, we define a g-analogue of the Mahler measures by using the Jackson
integral which we call the Jackson q-Mahler measures. Especially we study their classical limit
for polynomials of one variable.
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1. Introduction

For a polynomial f(z1,--- ,z,) € Clxy, - ,x,], the (logarithmic) Mahler measure
m(f) of f defined by

1 1
)= [ [ gl ey,
0 0
1 1
= Re/ / 1ng(627”’01,... ,62”9")d01~~d0n,
0 0

was introduced by Mahler in order to study transcendental numbers [10]. Besides
the original motivation, this measure has remarkable relations to special values
of zeta functions and topological entropies of dynamical systems (¢f. Boyd [1],
Deninger [2], and Lind-Schmidt-Ward [9]).

In general, evaluating the Mahler measures is a challenging problem and re-
quires various ideas. As an approach to obtain explicit formulas, one of the authors
constructed in his paper [5] its g-analogue by the g-logarithm functions. See also
the references [8] and [3] for the g-Mahler measures of this direction.

In this note, we consider another g-analogue of Mahler measures via the Jackson
integral

/O g()dgt =(1=q) > g(d)d™". 0<q<l

Jj=1
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(This definition of the Jackson integral is slightly different from that in the text-
book [4]): For f(zi1, - ,zn) € Clz1, - ,2,] and ¢ = (g1, ,¢n) € (0,1)™\ Sy,
we define the Jackson q-Mahler measure of f by
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0 0
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where the exceptional set Sy of the parameters is defined by

St = {q e 0,)"

]”((327”"1{1 ,o e 7@2”‘13%") =0 for some (j1, - ,jn) € (Zso)" } )

Remark that the Jackson g-Mahler measure is completely different from the pre-
vious g-analogue.

Our first concern for the Jackson g-Mahler measures is their classical limits
g — (1,---,1). By the definition, the classical limit of the Jackson integral gives

the Riemann integral
1

1
fim [ g(t)d,t = / g(t)dt,
q—1 0 0

if g(t) is continuous in the closed interval [0, 1]. However, if not, the above equation
is not trivial. Thus, our first problem is whether the equation
lim ma(f) =m(f),
q— (L, ,1),q¢Sy () ()
holds or not.

In this note, we consider the Jackson g-Mahler measures for the polynomials
of one variable and prove the above mentioned equation holds:

Theorem 1. Let f € Clz]|. Then we have
i mA(f) = m(f).

q—1,9¢5Sy
Here Sy is the exceptional set of the parameters for f.

The non-trivial parts of this theorem are evaluations of the Jackson g-Mahler
measures and their classical limits for the polynomial x — « of degree one with
|a] = 1. These are expressed by infinite series including the zeta value at even
integers and can be evaluated by using the double sine function Ss(x).

The authors thank Matilde Lalin and Hiroyuki Ochiai for valuable comments.

2. Evaluation of m?(x — &)

For a € C with |a| = 1, the integrand log [e2™* — | of the Jackson g-Mahler
measure m?(x — «) is not continuous in the closed interval [0, 1]. In this section,
we compute md(x — «) in order to get its classical limit.
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First, we consider the case of & = 1. Remark that the integrand log |e?* — 1|
is continuous in (0,1) and tends to —oco when 6 — 0 and 1. By the definition, we
have

1 1
mi(z—1)= / log ™0 — 1|d,0 = / log |2 sin(7#)|d40
0 0

1
= log2+/ log | sin(78)|d,6.
0

Using an evaluation of the Jackson integral of the logarithmic sine function in the
paper [6], we have the following proposition.

Proposition 1. For 0 < g < 1, we have

9(z — 1) = log(2
mi(x —1) =log(2m) + > Zk2k+

n

—4q

Here [n], =

and ((s) is the Riemann zeta function.

Here, the difference between this proposition and Theorem 1 in [6] is caused
by the definition of the Jackson integral.

Next, we consider the case of & = €2™% with 0 < §y < 1. Then the exceptional
set for f(z) = — « is given by

S0 = {0F | me 20},
In the following discussion, we assume ¢ &€ Sp,. Let
M = M(q) = max{m € Zso|¢™ > 0p}.
Then we have the inequality ¢™*! < 6y < ¢, and

lim M _g,. 1
q—1,9¢Sg, e 0 ( )

Similarly to the case of m4(z — 1), we have

1 1
mi(z —a) = /0 log [e?™0 — &2 |q.0 = log 2 + /0 log | sin(w (6 — 6y))|dq0

=log2+ (1—q) Y _log|sin(m(¢’ — 6p))| - ¢’
j=1

In the right hand side, we remark that the sign-change inside the absolute value
symbol occurs once around j = M. The infinite product expression of the sine
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function and the Taylor expansion of the logarithmic function lead the formula

log(sin(nz)) = log(rz) +§:1og (1 - ) log(mz) ii% (f;)k (2)

n=1 n=1k=1

<(2k) 2k

= log(mzx) — PR

NE

el
Il
—

which is valid for 0 < < 1. By using this formula, m?(x — «) can be expressed
as the sum of log(27) and

1—q{§logq—90 71+§ log(6p —¢”) - ¢’ "
Jj=1 j=M+1
)2k gi 1
E (¢’ —6o) }
k

k=1 j=1
Since the equation

. 2] e 170 k
log(¢” = 6p) = jlogg + log (1_ qg) :jlogq—Z% <0> :

J
k=1 a4

holds when 1 < j < M, we have

M

M M e} k
loe(a? —8,) -’ =1lo igd—1 % —k+1)j-1
; g(q’ —6o) - q gq;Jq kz:: P

=1

1—MgM(1—q)—

~ s (1-9)*
—90-1°ng—§:6§< e )
qlogg =k \¢"—q ¢""(¢" —q)

Similarly, we have

Z log( 90—(] = log 6 Z qJ 1 Z Z q(k+1)] 1

j=M+1 j=M+1 ] =M+1
M (M+1)k+M

q — 1 g
G0 2 1 4%

=logb -
Together with the identity

1
(1—g¢q Z ¢ —6p) 2k gi—1 / (x — 00)2kdqx,
j=1 0

we have the following proposition.
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Proposition 2. Let 0 < 6y < 1. For each 0 < ¢ < 1 with g & Sp,, we have

. 1 1
mq(x—ez’”e“)zlog(27r)+ﬂ—quong—ﬂ-qM
1—g¢q 1—q
(1 — q)fplog g™ Z il ()k qM
qloggq 1] k=2 k qlk —1]q
>~ q qMJrl)k M
+ log 8y —
¢ o8t ;k( 0 ) Tk+1]
L C(2k) 1
ESE YO
k=1 0

3. Classical limit of m9(xz — «)

In this section, we compute the classical limit ¢ — 1 of the Jackson ¢-Mahler
measure m?(x — ) with || = 1.
First, we discuss the case of a = 1. From Proposition 1, we have

o % 2"
hni mi(z —1) = hm {log(27r) + i g4 Z [éi;k-)}- 1] }
f q

k=
¢(2k
£ k(2k+ 1) 2k;+ 1)

oo

=log(2m) — 1 —
The infinite series in the right hand side is equal to log(27) — 1, which is evaluated
in the paper [6]. Thus we have the following assertion.
Proposition 3. We have
lim mf(z — 1) = 0.

q—1

For a = €>™% with 0 < 6y < 1, the classical limit of the Jackson ¢-Mahler
measure m?(x — ) is given as

lim  mi(r —a) =log(2m) — 1+ (1 — 6y)log(1l — ) + by log by

q—1,9¢€S5e,
> 2k)
(1 — )2+ ¢( g2k+1
{Zk%—i—l 0) +};k(2k+1)0 ’

from Proposition 2 together with the fact (1) and the identity

S =

k=2 k=1

9k+1

°° k
2?0 1—90)10g90+00
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Now we evaluate the sum of two infinite series in the right hand side by using the
double sine function:

log Sa(x) :C—l—i{nlog (1—%) —nlog (1—&-*) —|—2x}
n=1
RPN EOIO IR CH I
n=1 k=1 k=1
:x_2k§;1 2<k(2f)lxzk+1

From this and the equation (2), we obtain the following expression for |z| < 1.

— <2 2 2k+1 o~ C(2k 22k ¢(2k) 22+
=2
;k2k+1 kz=:1 2k ZZkJrl ®)
x (log(2mx) —log S1(x)) + log S2(x) — =

z(log(2m) — 1) + zlog x + log (S1(z) " *Sa(x)) ,

where Si(x) = 2sin(nz). Since the double sine function satisfies the equali-

ties (cf. [7])

S(l+az) = -S(x)Si(x),  Sa-z)=S(z)7",
the identity Sa(1 — z) = Sa(2)~1S;1(z) holds and thus we have

—  ¢(2 22k - 2k+1
z:lk2k+1 Zk2k+1 -
=log(2r) — 14+ zlogx + (1 — x)log(1l — x)
+10g (81(2)*Sa(2)S1(1 - 0) "I, (1~ )
=log(2m) — 1+ zlogx + (1 — x)log(1 — x), |z] < 1.
Applying this for x = 6y, we obtain the following assertion.

Proposition 4. Let 0 < 0y < 1. Then we have

lim  mi(x — e2™%) = 0.
q—1,9¢Se,
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4. Proof of theorem

In this section, we consider the classical limit of the Jackson g-Mahler measure
mi(f) for any polynomial f € C[z].
It follows from the definition that

mi(fg) =m?(f) +mg),  f,g€Clz], ¢ZSrUS,.

Therefore, if f(z) =a H;-Lzl(x — o) with a # 0, then we have

mq(f):10g|a|+2mq(x—ozj), q & Sy.

j=1
For a € C with |a| # 1, the equation

lim m?(x — @) = m(z — ),

qg—1

holds trivially, since the function log | — a| is continuous in [0, 1]. In the case
of |a| = 1, the classical limit of m?(x — «) and m(x — o) with are also coincide;
both of them are zero by propositions in the previous section and Jensen’s formula.
Thus, we have

lim  m9(f) = m(f).

q—1,q9¢Sy

for arbitrary f € C[x] and the proof of theorem is complete.
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