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A NOTE ON DENSITY MODULO 1 OF CERTAIN SETS OF SUMS

Roman Urban

Abstract: Let a1 > a2 > 1 and b1 > b2 > 1 be two distinct pairs of multiplicatively independent
integers. If b1 > a1 and a2 > b2 or b1 < a1 and a2 < b2 then we prove that for every ξ1, ξ2, with
at least one ξi irrational, there exists q ∈ N such that for any sequence of real numbers rm the
set of sums

{am
1 an

2 qξ1 + bm
1 bn

2 qξ2 + rm : m, n ∈ N},
is dense modulo 1. The sets with algebraic numbers ai, bi are also considered.
Keywords: Density modulo 1, topological dynamics, multiplicatively independent algebraic
numbers.

1. Introduction and main results

In 1967 Furstenberg proved the following

Theorem 1.1 (Furstenberg, [2]). If p, q > 1 are multiplicatively independent
integers (i.e., log p/ log q is irrational) then for every irrational ξ the set

{pmqnξ : m,n ∈ N} (1.1)

is dense modulo 1.

The following two theorems proved by Kra in [3] generalize Furstenberg’s the-
orem.

Theorem 1.2 ([3, Theorem 1.2]). Suppose that the pairs pi, qi ∈ N are multi-
plicatively independent with 1 < pi < qi for i = 1, . . . , k, k ∈ N, (pi, qi) 6= (pj , qj)
for i 6= j, and p1 6 p2 6 . . . 6 pk. Then for distinct ξ1, . . . , ξk ∈ [0, 1] with at least
one ξi 6∈ Q the set {

k∑

i=1

pm
i qn

i ξi : m,n ∈ N
}

is dense modulo 1.
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Theorem 1.3 ([3, Corollary 2.2]). Let p, q > 1 be multiplicatively independent
integers and let rm be any sequence of real numbers. Then for any irrational ξ,

{pnqmξ + rm : n,m ∈ N}
is dense modulo 1.

For some generalizations of Theorem 1.2 and Theorem 1.3 to the case of alge-
braic numbers see [5, 6] and [7], respectively.

The aim of this note is to prove the following result, which can be considered
as a kind of a mixture of Theorem 1.2 and Theorem 1.3.

Theorem 1.4. Let a1 > a2 > 1 and b1 > b2 > 1 be two pairs of multiplicatively
independent integers. Suppose that

a1 < b1 and a2 > b2. (1.2)

Then, for any real numbers ξ1, ξ2 with at least one ξi irrational, there exists q ∈ N
such that for any sequence of real numbers rm, the set

{am
1 an

2 qξ1 + bm
1 bn

2 qξ2 + rm : m,n ∈ N} (1.3)

is dense modulo 1.

Remark 1.1. It is clear that we can consider sets of the form (1.3) with not
necessarily all of ai, bi positive. In fact, using squares of the original parameters
we have a subset of (1.3).

In the proof of Theorem 1.4 we use topological dynamics methods from [3]
extended to our setting.

It is a natural question to ask what happens if we replace integers ai, bi by
algebraic numbers. It turns out that using results from [5] and [6] we can extend
Theorem 1.4 to the case of algebraic integers and algebraic numbers of degree 2,
respectively.

Theorem 1.5. Let λ1, µ1 and λ2, µ2 be two distinct pairs of multiplicatively in-
dependent real algebraic integers of degree 2. Assume that
(i) |λi|, |µ1| > 1, i = 1, 2, and the absolute values of their conjugates, λ̃i, µ̃i are

also greater than 1.
(ii) µi = gi(λi), for some gi ∈ Z[x], i = 1, 2.
(iii) In each pair λi, µi there is at least one element with the property that for

every n ∈ N, its n-th power is irrational.
(iv) There exist k, l, k′, l′ ∈ N such that

min{|λ2|k|µ2|l, |λ̃2|k|µ̃2|l} > max{|λ1|k|µ1|l, |λ̃1|k|µ̃1|l}
and

min{|λ1|k
′ |µ1|l

′
, |λ̃1|k

′ |µ̃1|l
′} > max{|λ2|k

′ |µ2|l
′
, |λ̃2|k

′ |µ̃2|l
′}.
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Then for any real numbers ξ1, ξ2 with at least one ξi 6= 0, there exists a natural
number q such that for any real sequence rm the set

{λn
1µm

1 qξ1 + λn
2µm

2 qξ2 + rm : n,m ∈ N}
is dense modulo 1.

In order to prove Theorem 1.5 we generalize the proof of Theorem 1.4 to higher
dimension. Namely, the idea of the proof is to construct, using the companion
matrices associated with λi’s, an appropriate semigroup M of endomorphisms of
the 4-dimensional torus T4 = R2/Z2×R2/Z2. Then we have to chose a point α in
T4 such that in the coordinates of the orbit Mα we can recognize the expression
we are interested in.

In the next result we do not need to assume that ai, bi are algebraic integers.

Theorem 1.6. Let λ1, µ1 and λ2, µ2 be two distinct pairs of multiplicatively in-
dependent algebraic numbers of degree 2. Assume that
(i) |λi|, |µ1| > 1, i = 1, 2, and the absolute values of their conjugates, λ̃i, µ̃i are

also greater than 1.
(ii) µi = gi(λi), for some gi ∈ Q[x], i = 1, 2.
(iii) At least one element in each pair λi, µi has all non-negative powers irrational.
Let S = {∞, p1, p2, . . . , ps}, where for k = 1, . . . , s, pk > 2 are the primes appearing
in the denominators of coefficients of g1, g2 ∈ Q[x], and the minimal polynomials
Pλ1 , Pλ2 ∈ Q[x] of λ1 and λ2, respectively.

Assume further that
(iv) there exist k, l, k′, l′ ∈ N such that

min
p∈S

(min{|λ2|kp|µ2|lp, |λ̃2|kp|µ̃2|lp}) > max
p∈S

(max{|λ1|kp|µ1|lp, |λ̃1|kp|µ̃1|lp})

and

min
p∈S

(min{|λ1|k
′

p |µ1|l
′

p , |λ̃1|k
′

p |µ̃1|l
′

p }) > max
p∈S

(max{|λ2|k
′

p |µ2|l
′

p , |λ̃2|k
′

p |µ̃2|l
′

p }),

where | · |p is the p-adic norm, whereas | · |∞ stands for the usual absolute
value, and

min{|λi|p, |µi|p, |λ̃i|p, |µ̃i|p : i = 1, 2, p ∈ S} > 1.

Then for any pair of real numbers ξ1, ξ2, with at least one ξi non-zero, there exists
a natural number q such that for any sequence of real numbers rm the set

{λn
1µm

1 qξ1 + λn
2µm

2 qξ2 + rm : n,m ∈ N}
is dense modulo 1.

We shall omit the proof of Theorem 1.6 as it goes along the lines of the proof of
Theorem 1.5. The difference is that instead of the dynamical system on T2×T2 one
would have to consider a similar system on the product of appropriate solenoids
as in [6].
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2. Proof of Theorem 1.4

Let T2 = R2/Z2 be the 2-dimensional torus. Consider a semigroup S = 〈s1, s2〉 ⊂
End(T2) of toral endomorphisms generated by the following two matrices:

s1 =
(

a1 0
0 b1

)
, s2 =

(
a2 0
0 b2

)
.

Let ξ = (ξ1, ξ2) + Z2 ∈ T2 and denote by F the closure of the orbit of the point ξ
under the action of the semigroup S :

F = Sξ.

Clearly, F is closed and S-invariant subset of T2.

Lemma 2.1. The set F is infinite.

Proof. By the assumption one of ξi’s is irrational. Suppose that ξ1 (ξ2, resp.)
is irrational. Then, by Theorem 1.1, for every x ∈ T (y ∈ T, resp.) there are
subsequences nk and mk ⊂ N such that ank

1 amk
2 ξ1 → x (bnk

1 bmk
2 ξ2 → y, resp.) as

k → ∞. Since T is compact it follows that there exists y ∈ T (x ∈ T, resp.) such
that (x, y) ∈ F. Hence F is infinite. ¥

By [3, Corollary 3.2] it follows that F contains a non-isolated rational point
r = p/q, q ∈ N, p ∈ Z2. Define

F ′ = qF.

Then (0, 0) ∈ F ′, and we have the following.

Lemma 2.2. The set F ′ contains at least one of the following sets

T1 = T× {0},
T2 = {0} × T.

(2.1)

Proof. It follows from [3, Lemma 3.4] since (1.2) implies that the condition (3)
of [3, Lemma 3.4] can not hold. ¥

Proof of Theorem 1.4. We extend the proof of [3, Lemma 2.1] to our setting.
Consider the set

O = {sk
1qξ : k ∈ N}.

We consider the space CT2 of all closed subsets of T2 with the Hausdorff metric
dH , defined as

dH(A,B) = max{max
x∈A

d(x,B),max
x∈B

d(x,A)},

where d(x,B) = miny∈B d(x, y) is the distance of x from the set B. The space
(CT2 , dH) is a compact metric space.
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Let
G := {sl

2O : l ∈ N} ⊂ CT2 .

Since the set O is s1-invariant, it follows that every element (set) G ∈ G is also
s1-invariant. Define,

T =
⋃

G∈G
G ⊂ T2.

By definition F ′ ⊂ T . Hence, by Lemma 2.2, T contains at least one of the sets
T1, T2. Assume that

T1 ⊂ T .

(The proof for T2 contained in T is the same.)
There exists t1 ∈ T1 such that the orbit {sn

1 t1 : n ∈ N} is dense in T = T1, i.e.,

{sn
1 t1 : n ∈ N} = T1. (2.2)

Clearly, t1 ∈ G for some G ∈ G. By definition of G, there is a sequence {nk} ⊂ N
such that

G = lim
k

snk
2 O, (2.3)

and the limit is taken in the Hausdorff metric dH . Since t1 ∈ G and G is
s1-invariant, we get G ⊃ {sn

1 t1 : n ∈ N}. Hence, by (2.2),

G ⊃ T1. (2.4)

From (2.3) and (2.4) it follows that for every ε > 0 there is an l ∈ N such that
sl
2O is ε-dense in T1.

Let vl = (0, rl) + Z2 ∈ T2. Since

sl
2O + vl (2.5)

is a translate of an ε-dense set in T1, it is also ε-dense in T1. Now, taking the sum
of the first and the second coordinate of the set (2.5), we get 2ε-dense subset of
the 1-dimensional torus

(sl
2O + vl)1 + (sl

2O + vl)2 ⊂ T.

Comparing the above set with expression (1.3) the theorem follows. ¥

3. Proof of Theorem 1.5

Let ν > 1 be a real algebraic integer of degree 2 with minimal (monic) polynomial
Pν ∈ Z[x], Pν(x) = x2 + c1x + c0. A companion matrix of Pν or ν is the matrix of
the form

σν =
(

0 1
−c0 −c1

)
.

We associate with λi, the companion matrices σi = σλi and with µi we associate
matrices τi = gi(σi). For i = 1, 2, we denote by Σi = 〈σi, τi〉 the semigroups
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generated by σi and τi. We put Mσ =
(

σ1 0
0 σ2

)
and Mτ =

(
τ1 0
0 τ2

)
. Let M =

〈Mσ,Mτ 〉 be the semigroup of endomorphisms of T2×T2 generated by the matrices
Mσ and Mτ .

Consider the orbit Mα of the point α = (α1, α2) under the action of M. Taking
as α1 and α2 the common eigenvectors of the semigroups Σ1 and Σ2, respectively,
α1 = ξ1(1, λ1) and α2 = ξ2(1, λ2), we get

Mα = {(λn
1µm

1 ξ1, λ
n+1
1 µm

1 ξ1, λ
n
2µm

2 ξ2, λ
n+1
2 µm

2 ξ2) : n,m ∈ N}.

Let
Xα = Mα .

It is clear that the set Xα is closed and M -invariant.

Definition 1 ([1]). We say that the semigroup Σ of continuous endomorphisms
of a d-dimensional torus Td has the ID-property (or simply that Σ is an ID-
semigroup) if the only infinite closed Σ-invariant subset of Td is Td itself.

Lemma 3.1. The set Xα is infinite.

Proof. It follows from [1, Theorem 2.1] that the semigroup Σ1 = 〈σ1, τ1〉 is an
ID-semigroup. Therefore, since α1 is not a rational point the orbit Σ1α1 is dense in
T2. Hence, we obtain that for every x ∈ T2 there exist sequences {nk} and {mk},
tending to infinity, such that σnk

1 τmk
1 α1 → x, as k → ∞. Since T2 is compact,

we can assume, choosing a subsequence, that σnk
2 τmk

2 α2 → y, for some y ∈ T2.
Therefore, for every x ∈ T2 there exists y ∈ T2 so that (x, y) ∈ Xα. ¥

Theorem 3.2 ([5, Proposition 5.7]). With the assumptions of Theorem 1.5 if
(0, 0) ∈ Xα then one of the following holds:

(1) The point (0, 0) is isolated in Xα.
(2) The set Xα contains the whole T2 × {0} or {0} × T2.

Remark 3.1. Actually, instead of Xα we may take in Theorem 3.2 an arbitrary
closed, infinite, Mσ- and Mτ -invariant subset of T2 × T2 containing (0, 0). The
proof remains the same.

By [5, Lemma 4.3] Xα contains a rational point p/q, p ∈ Z2 and q ∈ N. Let
X̃α = qXα. Then X̃α contains zero and by Remark 3.1 contains either T1 :=
T2 × {0} or T2 := {0} × T2.

Proof of Theorem 1.5. We proceed as in the proof of Theorem 1.4. Instead of
T × T we consider T2 × T2. Instead of matrices s1, s2 we consider Mσ,Mτ . To
prove the existence of t1 ∈ T1 = T2 × {0} such that {Mn

σ t1 : n ∈ N} = T1 we use
the fact that the restriction of Mσ to the 2-dimensional sub-torus T1 is σ1, and
σ1 is a hyperbolic toral endomorphism (i.e., without eigenvalues of absolute value
1). Hence, σ1 is ergodic and the existence of t1 follows (see [4, Proposition 2.6,
p. 104]). ¥
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