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A NOTE ON DENSITY MODULO 1 OF CERTAIN SETS OF SUMS
RoMAN URBAN

Abstract: Let a1 > a2 > 1 and by > b2 > 1 be two distinct pairs of multiplicatively independent
integers. If by > a1 and ag > bz or b; < a1 and a2 < by then we prove that for every &1, &2, with
at least one ¢; irrational, there exists ¢ € N such that for any sequence of real numbers 7., the
set of sums

{aT" a3 qé1 +b7"b5 g€2 + m : m,n € N},
is dense modulo 1. The sets with algebraic numbers a;, b; are also considered.

Keywords: Density modulo 1, topological dynamics, multiplicatively independent algebraic
numbers.

1. Introduction and main results

In 1967 Furstenberg proved the following

Theorem 1.1 (Furstenberg, [2]). If p,q > 1 are multiplicatively independent
integers (i.e., logp/logq is irrational) then for every irrational £ the set

{p"q"¢ : m,n € N} (1.1)
18 dense modulo 1.

The following two theorems proved by Kra in [3] generalize Furstenberg’s the-
orem.

Theorem 1.2 (|3, Theorem 1.2]). Suppose that the pairs p;,q; € N are multi-
plicatively independent with 1 < p; < q; fori=1,...,k, k € N, (p;, ) # (pj,q;)
fori#j, and p1 < pa <...< p. Then for distinct &1, ..., & € [0, 1] with at least
one & & Q the set

k
Zp;"q?& :m,n €N
i=1
ts dense modulo 1.
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Theorem 1.3 (|3, Corollary 2.2]). Let p,q > 1 be multiplicatively independent
integers and let r,, be any sequence of real numbers. Then for any irrational &,

{p"q" ¢+ 1y :m,m € N}
18 dense modulo 1.

For some generalizations of Theorem 1.2 and Theorem 1.3 to the case of alge-
braic numbers see [5, 6] and [7], respectively.

The aim of this note is to prove the following result, which can be considered
as a kind of a mixture of Theorem 1.2 and Theorem 1.3.

Theorem 1.4. Let a1 > as > 1 and by > by > 1 be two pairs of multiplicatively
independent integers. Suppose that

a1 < by and as > bo. (12)

Then, for any real numbers &1, Ea with at least one &; irrational, there exists g € N
such that for any sequence of real numbers r.,, the set

{al"azq&1 + 07"b3 ¢ + 1y = mym € N} (1.3)
is dense modulo 1.

Remark 1.1. Tt is clear that we can consider sets of the form (1.3) with not
necessarily all of a;, b; positive. In fact, using squares of the original parameters
we have a subset of (1.3).

In the proof of Theorem 1.4 we use topological dynamics methods from [3]
extended to our setting.

It is a natural question to ask what happens if we replace integers a;, b; by
algebraic numbers. It turns out that using results from [5] and [6] we can extend
Theorem 1.4 to the case of algebraic integers and algebraic numbers of degree 2,
respectively.

Theorem 1.5. Let A, u1 and Ao, po be two distinct pairs of multiplicatively in-
dependent real algebraic integers of degree 2. Assume that

(i) |\il, Jpa| > 1, 1 = 1,2, and the absolute values of their conjugates, \;, fi; are
also greater than 1.
(i) pi = gi(Ni), for some g; € Z[z], i =1,2.
(iii) In each pair A, p; there is at least one element with the property that for

every n € N, its n-th power is irrational.
(iv) There exist k, 1, k'l € N such that

min{|Az|*|a|'s [A2|*|fi'} > maxc{|As[* |l [ A [*| ]}
and

min{|Ag|* [ AP "} > max{[Ae ¥ pa|", Aol 2] )
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Then for any real numbers &1,& with at least one & # 0, there exists a natural
number q such that for any real sequence r,, the set

{ATul" g€ + Ao p qla + 14 : mym € N}
is dense modulo 1.

In order to prove Theorem 1.5 we generalize the proof of Theorem 1.4 to higher
dimension. Namely, the idea of the proof is to construct, using the companion
matrices associated with \;’s, an appropriate semigroup M of endomorphisms of
the 4-dimensional torus T* = R?/Z? x R?/Z2. Then we have to chose a point « in
T* such that in the coordinates of the orbit M« we can recognize the expression
we are interested in.

In the next result we do not need to assume that a;, b; are algebraic integers.

Theorem 1.6. Let A\, 1 and Ao, po be two distinct pairs of multiplicatively in-
dependent algebraic numbers of degree 2. Assume that

(i) [Nl 1] > 1, i = 1,2, and the absolute values of their conjugates, \;, fi; are
also greater than 1.
(i) i = gs(A), for some gi € Qfe], i =1,2.
(iii) At least one element in each pair \;, p; has all non-negative powers irrational.

Let S = {00, p1,p2,...,Ds}, where fork =1,...,s, pp = 2 are the primes appearing
in the denominators of coefficients of g1, g2 € Q[z], and the minimal polynomials
Py, Py, € Q[z] of A1 and \q, respectively.

Assume further that

(iv) there exist k, 1, k')l € N such that
min(min{ Azl |palf, [Aolpl2ly}) > max(masx{| Ayl fp, [Mlplal,})
peS peS
and
min (min{ | Ay [ [} (A |F |a]h ) > max(max{|Xo|f |pall, [Xel¥ [f2lh}),
peS peS
where | - |, is the p-adic norm, whereas | - |oo stands for the usual absolute
value, and
min{l)‘i‘pv ‘:ui|p’ |5‘i|p’ |/1%|;D =12, pe S} > 1.

Then for any pair of real numbers &1, &, with at least one & non-zero, there exists
a natural number q such that for any sequence of real numbers r,, the set

AT g€ + N5 py'q€a + 1 i mym € N}
is dense modulo 1.

We shall omit the proof of Theorem 1.6 as it goes along the lines of the proof of
Theorem 1.5. The difference is that instead of the dynamical system on T? x T2 one
would have to consider a similar system on the product of appropriate solenoids
as in [6].
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2. Proof of Theorem 1.4

Let T? = R?/Z? be the 2-dimensional torus. Consider a semigroup S = (s1, s2) C
End(T?) of toral endomorphisms generated by the following two matrices:

_ al O _ ag O
7 0 b)) 2T o0 b))
Let £ = (&1,&) + Z% € T? and denote by F the closure of the orbit of the point ¢
under the action of the semigroup S :

F = S¢.
Clearly, F is closed and S-invariant subset of T2.
Lemma 2.1. The set F is infinite.

Proof. By the assumption one of &;’s is irrational. Suppose that & (&2, resp.)
is irrational. Then, by Theorem 1.1, for every x € T (y € T, resp.) there are
subsequences ny and my C N such that ai*a5™"& — x (b]*by" & — y, resp.) as
k — oo. Since T is compact it follows that there exists y € T (x € T, resp.) such

that (z,y) € F. Hence F' is infinite. |

By [3, Corollary 3.2] it follows that F' contains a non-isolated rational point
r=p/q, g €N, p € Z*. Define
F' = gF.

Then (0,0) € F’, and we have the following.

Lemma 2.2. The set F' contains at least one of the following sets

T1 =T x {O},

Proof. It follows from [3, Lemma 3.4] since (1.2) implies that the condition (3)
of [3, Lemma 3.4] can not hold. |

Proof of Theorem 1.4. We extend the proof of [3, Lemma 2.1] to our setting.
Consider the set
O = {skq¢ : k € N}.

We consider the space Cpz of all closed subsets of T2 with the Hausdorff metric
dg, defined as

dpy(A,B) = max{rmneai( d(x, B), max d(xz, A)},

where d(x, B) = minyep d(z,y) is the distance of z from the set B. The space
(Cr2,dp) is a compact metric space.



A note on density modulo 1 of certain sets of sums 33

Let
G :={sb0 :1 € N} C Cr.

Since the set O is sj-invariant, it follows that every element (set) G € G is also
sp1-invariant. Define,
T=|JGcT.
Geg

By definition F' C 7. Hence, by Lemma 2.2, 7 contains at least one of the sets
T1,T5. Assume that
T, CT.

(The proof for T5 contained in 7 is the same.)
There exists t; € T} such that the orbit {s}t; : n € N} is dense in T =T, i.e.,

{sTt1:n € N} =T1. (2.2)

Clearly, t; € G for some G € G. By definition of G, there is a sequence {n;} C N
such that
G= liin s5" 0, (2.3)

and the limit is taken in the Hausdorff metric dg. Since t; € G and G is
si-invariant, we get G D {s7t; : n € N}. Hence, by (2.2),

GOTi. (2.4)

From (2.3) and (2.4) it follows that for every € > 0 there is an | € N such that
sLO is e-dense in Tj.
Let v; = (0,7;) + Z? € T?. Since

sh0 + vy (2.5)

is a translate of an e-dense set in 77, it is also e-dense in T7. Now, taking the sum
of the first and the second coordinate of the set (2.5), we get 2e-dense subset of
the 1-dimensional torus

(850 + v))1 + (850 + )2 C T.

Comparing the above set with expression (1.3) the theorem follows. |

3. Proof of Theorem 1.5

Let v > 1 be a real algebraic integer of degree 2 with minimal (monic) polynomial
P, € Z[z], P,(z) = 22 + c1x + co. A companion matriz of P, or v is the matrix of

the form
o, = .
—Cp —C1

We associate with \;, the companion matrices o; = o, and with p; we associate
matrices 7; = ¢;(0;). For i = 1,2, we denote by X; = (o;,7;) the semigroups
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generated by o; and ;. We put M, = ("01 002) and M, = (Tol g) Let M =
(M, M) be the semigroup of endomorphisms of T? x T? generated by the matrices
M, and M.,.

Consider the orbit M« of the point & = (aq, ae) under the action of M. Taking
as a1 and ap the common eigenvectors of the semigroups 31 and Yo, respectively,
ar = &1(1, A1) and az = (1, Ag), we get

Ma = {(\Tui"€, AT a6, A 1 o, Ny T s €) : mym € N

Let
Xo=Mao .

It is clear that the set X, is closed and M-invariant.

Definition 1 ([1]). We say that the semigroup ¥ of continuous endomorphisms
of a d-dimensional torus T? has the ID-property (or simply that % is an ID-
semigroup) if the only infinite closed ¥ -invariant subset of T¢ is T? itself.

Lemma 3.1. The set X, is infinite.

Proof. It follows from [1, Theorem 2.1] that the semigroup ¥; = (oq,71) is an
ID-semigroup. Therefore, since « is not a rational point the orbit 3; 4 is dense in
T?. Hence, we obtain that for every x € T? there exist sequences {ny} and {my},

tending to infinity, such that o7*7"*a; — x, as k — oo. Since T? is compact,
we can assume, choosing a subsequence, that o3*7)"* g — y, for some y € T2.

Therefore, for every x € T? there exists y € T? so that (x,y) € X,. ]

Theorem 3.2 ([5, Proposition 5.7]). With the assumptions of Theorem 1.5 if
(0,0) € X,, then one of the following holds:

(1) The point (0,0) is isolated in X,.
(2) The set X,, contains the whole T? x {0} or {0} x T2.

Remark 3.1. Actually, instead of X, we may take in Theorem 3.2 an arbitrary
closed, infinite, M,- and M, -invariant subset of T? x T? containing (0,0). The
proof remains the same.

~ By [5, Lemma 4.3] X,, contains a rational point p/q, p € 72 and q € N. Let
Xo = ¢Xo. Then X, contains zero and by Remark 3.1 contains either 77 :=
T? x {0} or Ty := {0} x T2.

Proof of Theorem 1.5. We proceed as in the proof of Theorem 1.4. Instead of
T x T we consider T? x T?2. Instead of matrices s1,ss we consider M, M,. To
prove the existence of t; € 77 = T? x {0} such that {M2t; : n € N} = T} we use
the fact that the restriction of M, to the 2-dimensional sub-torus T} is oy, and
o1 is a hyperbolic toral endomorphism (i.e., without eigenvalues of absolute value
1). Hence, o1 is ergodic and the existence of t; follows (see [4, Proposition 2.6,
p. 104]). |
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