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ESTIMATES OF THE APPROXIMATION ERROR FOR
ABSTRACT SAMPLING TYPE OPERATORS IN ORLICZ SPACES

CARLO BARDARO & ILARIA MANTELLINI

Abstract: We get some inequalities concerning the modular distance Ig [Tf — f] for bounded
functions f : G — R. Here G is a locally compact Hausdorff topological space provided with
a regular and o-finite measure g, Ig is the modular functional generating the Orlicz spaces
L?(G) and T is a nonlinear integral operator of the form

(Tf)(s) = /H K (s,t, (8))dur (1),

where H is a closed subset of G endowed with another regular and o-finite measure pg. As
a consequence we obtain a convergence theorem for a net of such operators. Some applications
to discrete operators are given.
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1. Introduction

In [7] we consider a net of nonlinear integral operators of type

(Twf)(s) = /H Ko (s.t, f(1)dpa(t), w>0, s€G,

w

where G is a Hausdorff locally compact topological space provided with a regular
and o-finite measure pe and (Hy)wso is a family of nonempty closed subspaces
of G such that Uw>0 H, =G and p, isaregular and o-finite measure on H,,.

The main result of [7] states a global modular convergence theorem in an
Orlicz space L?(G) for the family of operators (Ty,)w>0 and various applications
to sampling type series and other kinds of discrete operators are discussed.

The method used in [7] is based on a modular density theorem which states
that C.(G) = L¥(G), being C.(G) the subspace of all the continuous functions

with compact support (see [3]). This approach did not give explicitely an estimate
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of the error of modular approximation I£[T,, f — f], because we did not involve a
modulus of continuity. Here I is the modular functional generating the Orlicz
space L¥(G) defined by

12(f] = /G o(1F(5))dpc(s),

for fe LY(G), being L°(G) the space of all ji-measurable function defined on G.

Here we consider some kinds of moduli of continuity in Orlicz spaces and we
get some inequalities which give bounds for the error I5[T,,f — f] in terms of
these moduli. The complexity of these estimates has the advantage to be applied
to convergence theorems with a direct approach without using density results and
without boundedness assumptions on the family (pw)w>0 as used in [7].

We furnish various applications to a wide range of integral operators, from
Urysohn type operators to discrete operators, both in linear and nonlinear case.

In particular, in nonlinear frame we give explicit results for Mellin type
operators ([11], [9]) and in linear case we give detailed applications for generalized
sampling operators ([19], [13], [14]) and Szdsz-Mirak’jan operator ([1]).

2. Preliminaries

Let G be alocally compact Hausdorff topological space provided with its family of
Borel sets B. Let pug be aregular and o-finite measure defined on B. Moreover let
H C G be a nonempty closed (measurable) subset of G, and let ppy be another
regular and o-finite measure on the Borel o-algebra generated by the family
{AN H : A open subset of G}. We will assume that the topology of G is
uniformizable, i.e. there is a uniform structure U C G x G which generates the
topology of G (see [20]). For every U € U, we put Us = {t € G : (s,t) € U}.
By local compactness, we assume that for every s € G, the base {Us : U € U}
contains compact sets.

By LY(G) we denote the vector space of all real-valued p¢-measurable func-
tions f : G — R provided with equality a.e., by C(G) the subspace of all
uniformly continuous and bounded functions and by C.(G) the subspace of all
continuous functions with compact support.

Let ¥ be the class of all functions ¢ : Rf — R{ such that the function
¥ is continuous and non decreasing, with ¢ (0) =0, ¥(u) >0 for u > 0.

For a given ¢ € ¥, let K, be the class of all functions K : G x H xR — R,
such that
K.1) K(-,-,u) is globally measurable on Gx H for every v € R and K(s,t,0) =0,

for every (s,t) € G x H.

K.2) K is (L,)-Lipschitz i.e. there is a function L : G x H — R{, globally
measurable on G x H, such that

|K(87t7u) - K(S,t71))| < L(Svt)¢(|u - U|)

for every s€ G, t € H, u,v € R.
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Now for K € X, we take into consideration the following nonlinear integral
operator T of the form

@M@aémwﬂmwmm

s € G, f € DomT, where DomT is the subset of L°(G) on which Tf is well
defined as a pg-measurable function of s € G. In [6], it is proved that L*(G) is
contained in DomT.
Let @ be the class of all functions ¢ : Rar — Rar such that
i) ¢ is continuous, non decreasing,
i) ¢(0) =0, p(u) >0 for u>0 and lim, 4. ¢(u) = +oo.
Moreover we denote by ® the subspace of ® whose elements are convex
functions.
Now, for ¢ € &, we define the functional

@mzéwmmmmg

for every f € L°(G).
As it is well known, I£ is a modular on L°(G) and the subspace

L?(G) = {f € L°(G) : I&[\f] < 400 for some A > 0}

is the Orlicz space generated by ¢, (see [17]).

We point out that if ¢ € &), then 17 is a convex modular.

Given p, n € ® and ¢ € ¥ we will say that the triple (p,,n) is properly
directed if for every A > 0 there exists C €]0,1] satisfying

P(Cxp(u)) < n(Au), (1)

for every u € R{, (see [9]).
Moreover, given n € ®, we will denote by I}, the modular

mm=memwmw

for any f € X(H), the space of all real valued pg-measurable functions on H.

Here with L"(H), for n € ®, we denote the space of all functions f €
L°(G) such that the restriction fig is an element of the Orlicz space generated
by the modular I7},.

If H is a discrete set, for example H =N or H = Z, we will denote by
¢?(H) the corresponding Orlicz space, called the sequence Orlicz space.

By using the modular I, with ¢ € :137 we define the Luxemburg norm in
L¥(G) in the following way (see [17])

f

u

11

Analogously we define the norm || f||, # when the base space is H.

o, =inf{u >0:I5[=] <1}
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The following inequality was proved in [8]

Theorem 1. Let 1) € U, ¢ € ® and n € ® be functions satisfying property (1)
and K € Xy. Let us assume, furtherly, that there exists a constant D > 0 such
that

/ L(s,t)dug(t) < D and /L(s,t)dug(s) <D
H G

for every s € G and t € H respectively. Then for every f € DomT and for
every A > (0 there exists a > 0 such that

1G[aT f] < TEA]-

In particular, Tf € L¥(G) whenever f € L"(H).

3. Estimates for the modular error of approximation in L*®(G)

3.1. Estimates in terms of pointwise modulus of continuity. Let K € X,
for a fixed 1 € ¥. We shall apply the following notations for every s € G and
feL’a)

Y

R(fs) = \ [ Kt F)an(®) - 55

R,(s) := sup

w<lul<n

)

/ K(s,t,u)dug(t) —u
H

for every n € NT and

R(s) = itelg R, (s).

For every s € G and U € U, let Us; be a neighbourhood of s € G. We put

wy(f,Us) = sup ([ f(t) = f(s)]),

teUs

and for any compact subset B C G

wy(f,B,U) = sggwn(ﬁ Us)

for f € LY(@).

We need the following definition: we will say that the family (L(-,t))icm sa-
tisfies property (%) if for every compact C C G and for every € > 0 there exists
a compact subset B C G such that

/ L(s, t)dpc(s) <
G\B

for every t € HNC.
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We prove the following theorem

Theorem 2. Let us suppose that the assumptions of Theorem 1 hold and the
family (L(-,t))ien satisfies property (x). Let f € L>°(G)NLYT™(G)NL"(H) be
fixed. Let C C G be an arbitrary nonempty compact subset. Then for every
e, A>0and U € U, thereexist « >0 and a compact subset B C G, depending
only on C and e, such that

IEa(Tf = )] € genM, B, U)i(B)

N2Af o)
+ T/B [/H\US L(s,t)duH(t)] dpc(s)

=
2D

Ak%é¢@aRUJ»WW@)

1 3 1
+ IEPAf]+'§H§PAfXHvﬂ4—ngpAfXGvﬂ'FZIgManGuﬂ

2
Proof. Let A > 0 be fixed and let @ > 0 be such that 4aD < C). We have
(1)) - £6)
< [ 2600150 - SNt +| [ Kot ) dun(v) - 116)].
H H

Thus by convexity of ¢,
1ialrf = 1< 5 [ ¢ (20 [ 08150 - F6Ddun(t)) o)

1
- 2
+2/th<oz

Now we consider J;. We fix, arbitrarily, a compact subset C' C G and € > 0.
Let B be the compact subset in the assumption (). Then we have

Ji( [+ \B><P(2a [ 2s.00156) = 16 D)) ducs)

= Ji + J7.

/H K(s,t, () (t) — £(s)

) dug(s) = Ji + Jo.

Using Jensen inequality and (1), we obtain

1 1
g o] s - sehaunts)) duo

1
v/ <4a [, K 00050 - f<s>|>duH<t>> duc (s
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1
< E/B (/HOUS n(Alf(t) — f(s)|)L(s,t)dMH(t)) duc(s)
1
*1D < JARCEOR f<s>|>L<s,t>duH<t>> duc(s)

N2 fls)
< qwy(Af, B, U)pa(B) + T/B (/H\US L(Sat)dMH(t)> duc(s).

Now we evaluate JZ. Using the same arguments as before and property (x), we
have

, 1
7 <55 [ L 9010 = F) e i )] (o)

1

S D Jes { /H ”(QAIf(t))L(s,t)duH(t)] dpc(s)
1

T G\B [/H n(2A|f(3)|)L(3at)dMH(t)} dpc(s)

1
<3p n2ALf(t)]) VG\B L(&t)duc(S)] dpg (t)

HnC

tos [ m@Nf@D [ /| y L(&t)duc(é’)] durn ()

H\C

1
+21;Bmmm@mmm@>

<55 [ MONFODdn® 55 [ A0t

l\DM— @‘

/ n2Af())dc (s).
G\B

We consider now Jo. We have

/ K (s, £())dusr () — f(s)

(L) el

=Jy +J3.

) dpc(s)

Note that

7= [ eCaR(s)dno(s).
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while

1
J2 < —
274D Jon

1
N 4/G\B (40l £(s)))dpc(s)

[ / so<4aDw(f<s>))L(s,wduH(t)} A (s)

<

/ (40l () ) dpc(s).
G\B

A~ =

/ W) dpa(s) +
G\B

B~

Since by monotonicity of 7 we have n(A|f(s)|]) < n(2A|f(s)|), the theorem is
completely proved. [ |

In particular, given a function f satisfying the assumptions of Theorem 2,
we can choose a suitable compact set C' such that the following corollary holds

Corollary 1. Let us suppose that the assumptions of Theorem 1 hold and the
family (L(-,t))ien satisfies property (x). Let f € L®°(G)NLYT(G)NL"(H) be
fixed. Let A > 0 be such that I}, 2\ f]+IL[2\f] < +oco. Then for every ¢ > 0 and
U €U there exists « > 0 and a compact subset B C G such that

IE[(Tf = f)]

1 N(2A[| f[[o)
< g B U)pa(B) + T/B [/H\Us L(S’f)duH(t)] duc(s)

+%/Bg0(2ozR(f, s))dpg(s) +e.

Proof. Let A > 0 be fixed as in the assumptions and let « > 0 be such that
4aD < Cy and I5[4af] < +o0o. We can assume that I}[2\f] is positive. Let
€ >0 be fixed. There exists a compact C'= C. such that

1
5121 2Afxmc] <

Wl ™

Now, using property (*) there exists a compact B = B. C G such that

2D¢e
/G M 0dio(s) < g

for every t € H N C. We can choose B in such a way that

3 1
zlg[QAfXG\B] + 115[4anG\B] <

wW| M

The assertion comes from Theorem 2. [ ]
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Now we can obtain a similar inequality in terms of R, (s) for n € N.

Corollary 2. Under the assumptions of Theorem 2, for a given compact subset
C C G we have that for every ¢, A >0 and U € U there exists a« > 0 and a
compact subset B C G, depending only on C' and € such that

TE[a(TS — )] < gonM, B D)ug(B)

N(2A[f[ o)
+ T/B l/H\US L(s,t)duH(t)] duc(s)

€ 1 3 1
+ ﬁfﬁr[”\f] + §IE[2AfXH\C] + Zlg[QAfXG\B] + Zlg[4anG\B]

+ e BC) + () + 5 [ eCaRu(9)dna(s),

4 n n
for sufficiently large n € N.

Proof. Using the same methods and notations of the proof of Theorem 2, we have
only to estimate the term

=y ([ ,) (e

=Jy+J5.

/H K(s,t, £())dpr(t) — £(5)

) duc(s)

We estimate now Ji. Since f € L°(G) there exists an integer 7 such that
|f(s)] <7 for every s € G. For n >, we put A, ={s € G:0<|f(s)| < 1}
and we obtain

1
J212/B<p(2a

=;éw(%QLK@JJQMM@»me—f@uM@)

1
— 2
+2/Bap(a

=Jyt+ Jy

© <2a

o (1 [ IRt S, (Dldun) ) (s
®

/ K(s,t, £())dus(t) — £(5)
H

) duc(s)

) duc(s)

/H K(s,t, f(s)xena, (8)dum(t) — f(s)xa\a, (5) ) dpg(s)

We have

/H K(s,t, f(5)xa, () dun (t) — f(s)xa, (s)

) duc(s)

(4alf(s)xa, (s)))dpa(s)
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< 1/ <4a/ L(s,t)qp(l)duH(t)> dug(s)Jri/BsO(%)dﬂG(s)

< L( / (DU L (1)) duc(s) + 1o c(E)
< 10(aDB(Nc(B) + 1ol )nc(B)
< 71Cma(B) + 1o ua(B)
= LneBC) + (0]
Moreover
Jy? = %/ng (2a /HK(S,t,f(S)XG\An(S))dﬂH(t) — f(8)xc\a,(s) ) dpc(s)
<5 [ el2aR.()duc(s).
Finally J3 is estimated exactly as in Theorem 2. [ |
Remarks.

1.1. Under the assumptions of Theorem 2, if R(s) < +oo for every s € G, then
the inequality given in this theorem becomes

1G[(Tf = )l < zwy (M, B, U)pa(B)

5 1 1
+ @IIZ [2Af] + 5—7177{ 2Afxm\el + 1E[2A fxenB] + ng [4afxa\B]

1
+5 [ p2aR(E)duc(s).
B
In the same way the inequality expressed in Corollary 1, becomes

IEa(Tf = f)] < qwy(Af, B,U)pa(B)

N2l flls0)
+ T/B [/H\US L(s,t)duH(t)] dpc(s)

+3 /B o(20R(s))duc(s) + ¢
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1.2. Let us observe that if f € C(G) we can choose U € U such that
wy(Af, B,U)pa(B) < 4e. Thus by Corollary 1, we get

IE[a(Tf = f)] < ”(22”5”@/3 VH\U‘ L(s,t)duH(t)] dpc(s)
+ %/BsO(%zR(f, s))dpc(s) + 2¢

1.3. The inequality in Theorem 2 (see also Corollary 1) represents a non local
version of a similar result given in [6] for subsets of finite measure.

3.2. Estimates in terms of a norm modulus of continuity. Let o, v € d be
two complementary functions in the sense of Young (see [18]).

For any function f € L*(G), U € U and a compact subset B C G, we
define the norm modulus of continuity by

Wryon(f, B, U) = sup In(1f () = fF($)Dxv. ()lly.m-

We have the following

Theorem 3. Let the assumptions of Theorem 2 be satisfied and furtherly L(s,-) €
L7, .(H). Let U € Wand ||L(:,-)xv, (:)lo.tr € L},.(G). Let C C G be an arbitrary
nonempty compact subset. Then for every €, A > 0 there exist « > 0 and a
compact subset B C G, depending only on C and ¢, such that

TEI(TS = 1)) < 5oy B0 [ 265,00, 0)

N2l f|l)
+ T/B l/}—[\Us L(sj)d,uH(t)} dpc(s)

€ 1 3 1
+ EIIZ[”\JC] + ilg[ZAfXH\C] + ng[2AfXG\B] + ZIgMO‘fXG\B]

+%/Bap(2aR(f73))dMG(5)'

U,Hd,U/G(S)

Proof. Let A > 0 be fixed and let C, be the constant in (1). Then, as in
Theorem 2, for any « > 0 such that 2aD < C) we have

1ia(ts = N < 5 [ | [ 26000070 - 56 (1) dce)

1
— 2
+2/Gg0<a

=Ji + Js.

/H K(s,t, £())du(t) — £(5)

) dpc(s)
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As to concerns J; we have

n<ss ( [+f \B> [ 2000 = S (0| o) = 7 + 7,

In order to evaluate Ji, for U € U we write

/H L(s, O (t) — £(5))dus () = / Ls. (AL F(8) — F(s))dun(t)

+ / L(s. (L F(8) — F(s))dun(t)
H\U,

=I5 +1
Using Proposition 1 in [18], we have

L < 2‘7}7077()‘](” B, U)HL(S’ ')XUS(')

|O’,H

for every s € B. As to Iy we have

I < 12 fll) / L(s. t)dpura (1)

H\U,
Thus
Woon(Af, B, U
7t < S OLBL s Ol ()
B
2 f |l so
S [ s, tdun (1) duc(s)
2D B |JH\U,
The terms J12 and Jy can be estimated exactly as in Theorem 2. [ ]

Remark 2. As in Corollary 2, under the same assumptions of Theorem 3, we can
obtain an analogous estimates in terms of R, (s), for n € N in the following way

TE10(T = )] € FrenM. B0) [ (5,01 0)

N2A[f{s0)
+ T/B [/H\US L(s,t)d,uH(t)] dpc(s)

€ 1 3 1
+ @IIZP)‘JC] + 51}7{[2)\fXH\C] + ng[QAfXG\B] + Zlg[4anG\B]
1 A 4o

+ e BIE) + o]+ 5 [ pl2aRy(9)dna(s)

J,Hd/u'G(s)
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3.3. Applications to convergence. For every w > 0, let H,, be a nonempty
closed subset of G with Uy,soHy = G. Let pup, be a regular and o-finite
measure on the o-algebra B(H,,) of the Borel sets of H,,. In the following we put
P = HH,,-

Let 2 = (¢w)w>0 C ¥ be a family of functions such that the net (¢, (©))w>0
is bounded for every u > 0.

Let us denote by Xz the class of all the family of functions K = (K, )ws0
such that for every w > 0 we have K, € Ky,,. Let us denote by L = (Ly)ws>0 C
L the corresponding class of functions such that the Lipschitz condition holds for
any w >0 i e.

|Kw(sat7u) - Kw(S,t,U)| < Lw(SDt),(/)UJ(‘u - ’U|)

for every s € G, t € Hy, u,v € R and w > 0.
For a given K = (K)w>0 € KXz we will study the approximation properties
of the family of operators T = (T\)w>0 given by

(Tuf)(s) = /H Ko(s,t, f(O)d(t), s€G

where f € DomT = NysoDomT,; here DomT, is the set of all functions
f € L°%G) for which T, is well defined as a pg-measurable function of s € G.
In the following we will assume that the triple (¢, %.,,n) is properly directed
for every w > 0.
We will say that the family K is singular if the following conditions hold
1) There is a constant D > 0 such that, for every w >0, s € G, t € H,,, we
have

/ Ly (s, t)dpy(t) < D, / Ly (s, t)dpg(s) < D.
H, G

2) For every s € G and for every U € U we have

lim Ly (s,t)dpq, () = 0.
W=t S, \U,

3) For every s € G and u € R we have

lim Ky(s,t,u)dp,(t) = u.

w——+00 o
w

We will say that the family K is uniformly singular if conditions 2) and 3)
are replaced by the following ones
2)’ For every U € U we have

lim Ly (s,t)dpq,(t) =0
w——+00 H,\U,

uniformly with respect to s € G.
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3)’ We have
lim Ky (s, t,u)duy (t) = u,

w— 400 H

uniformly with respect to s € G and v € C, where C' is any compact subset of

R\ {0}.

In the following we will write

Ru(f.s) = ' [ Kot S6)nat) - 51|

For nonlinear integral operators of convolution type a stronger concept of
singularity was given in [16] and [9].

Moreover the inequalities in 1) can be satisfied only for sufficiently large
w > 0.

Using the previous notations, we will say that the family (L, (-,%))tem, w>0
satisfies property (xx) if for every compact C C G and for every € > 0 there
exists a compact subset B C G such that

/ Ly(s,t)duc(s) < e,
G\B

for every t € H, NC and sufficiently large w > 0.

We will say that a function f € L"(H, ), uniformly with respect to w > 0, for
a fixed n € ®, if there exist two constants A\, M > 0 such that II’?I A]<M for
sufficiently large w > 0, depending only on f.

Remark 3. Let G = R and, for w > 0, H, = 1Z. Let us consider the

w
measures g the Lebesgue measure and p,, = %uc, being p. the counting
measure. In this instance, we have

mod-1 3 i,
Hu w w
k=—o0
Note that the above series is a generalized Riemann sum of the generalized integral
“+oo
| s s

— 00

So, for example, using the caracterization given in [15], every function f such
that no Af is of bounded coarse varition (see [15]) is uniformly in L"(H,).

In the following we put

Won(f: B, U) = sup [In(|f(-) = f(s))xv, ()l A, -
seB
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In what follows we denote by Y,o,(H,) the subclass of all the functions f €
L>(G) for which there exists A > 0 such that

[}ienlllﬁ;”on()\f7B7U) =0
for every compact subset B C G, uniformly with respect to sufficiently large
w > 0. In the previous formula we have taken the limit with respect to the filter
of sets given by U. Thus by Theorem 3, we deduce a modular convergence theorem
for the class of operators (Ti,)w>0-

Theorem 4. Let ¢ € &J, n e P == (Yu)wso C ¥ be such that the triple
(¢,w,m) is properly directed for every w > 0 and o, 7 € ® be two comple-
mentary functions in the sense of Young. Let K = (K )ws0 € Xz be singular. As-
sume furtherly that L,(s,-) € LY .(Hy,) and (Ly(-,t))ien, w>0 Satisfies property
(#*). Let us assume that for a given U € U, ||Lu (3, )xv,, (llom, € Liy(G), uni-
formly with respect to w > 0. Let f € Yoo, (Hy) LYY (G)NL"(H,,) uniformly
with respect to w > 0. Then there exists a > 0 such that

lim IZ[a(Twf — f)] =0.

w——+00

Proof. We will use the notations of Theorem 3 and its estimate in terms of
R, (f,s). Let A >0 be such that
TER2Af1+ I [2Af]+ IEM] < P < 400,

for an absolute constant P > 0 and sufficiently large w > 0. Let € > 0 be fixed
and let C C G be a compact subset such that

1

51175,” 2Afxm,\c] <e,
for sufficiently large w > 0. By property (#x) let B be a compact subset of
G such that

/ L (s, )dpc(s) < e,
G\B
for every t € H, N C' and sufficiently large w > 0. We can choose B in such a
way that
3 1
ng;[QAfXG\B] + ng[)\fXG\B} <e.
Now by the singularity assumptions, we have

lim Ry(f,s)=0

w—+00

for every s € G and so, since Ry (f,$) < Yu(||fllc)D + || flloc by the property
of the family = and the Lebesgue dominated convergence Theorem, we have

lim [ (ARu(f,$))dua(s) = 0.

w——+00 B
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Moreover, by assumptions 1) and 2) of singularity and again the Lebesgue The-
orem,

lim / Ly(s,t)dpy(t) | dug(s) =0,
w——+00 B Hw\Us

where U € U is fixed. Finally, by assumptions there is a constant P’ > 0 such
that

/B 1L, ) x0, ot diics () < P’

for every w > 0. Now since f € Tyo,(H,) we can choose U € U in such a way
that

P/

ng’on()\f,B, U)<e

for sufficiently large w > 0. Thus, choosing o > 0 such that 4o < A and
2aD < C), applying Theorem 3 with H = H,,, upug = p, L = L,, and
T =1T,, we obtain the assertion. [ |

In the same way we can obtain a convergence theorem using the pointwise
modulus of continuity, according to Theorem 2.

Theorem 5. Let us suppose that the assumptions of Theorem 1 hold and the
family (L (-, 1t))tem, w>0 satisfies property (s%). Let K = (Ky)ws0 € Xz be
singular. Assume that the triple (¢,vw,n) Iis properly directed for every w >
0. Let f e C(G)NL¥*"(G)N L"(H,) uniformly with respect to w > 0. Then

there exists o« > 0 such that

lim IZ[a(Twf — f)] =0.

w—+00

4. Applications to Urysohn operators

Here we assume H = G endowed with the same measure p. Thus our integral
operator is given now by

T = [ Kt 1 0)uc(0), s <G.

In this instance property (%) for the family (L(,t))ice takes the form: for every
compact C' C G and for every € > 0 there exists a compact subset B C G such
that B D C' and

/ L(s,t)dug(s) < e
G\B
for every t € C. The results in Section 3 hold in this particular case with obviuos

changes. In this frame we can obtain also estimates without the boundedness
assumption on function f. Indeed we have the following result.
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Theorem 6. Let us suppose that the assumptions of Theorem 1 hold and the
family (L(-,t))iec satisfies property (x). Furtherly assume that L(s,-) € L7 (G).
Let U € W and ||L(:, )xv,,(oc € Li,(G). Let f € DomTﬂL”*”(G) N
L*"(G) be fixed. Let C C G be an arbitrary nonempty compact subset. Then
for every €, A > 0 there exist « > 0 and a compact subset B C GG, depending
only on C and e, such that

TE[a(TS ~ )] < 5o (M, BU) / ILGs, (s)

1
+5p | NI [ /G . L(SJ)duc(S)] dpic (1)

+ 55 [ nCAS@) [ /| . L(s,wdmt)] dpa(s) + 5 IL[2M]]

+ I Xo\c] + BT xa sl + 5 [ el2aR(fs)duc(s)

Proof. Let A >0 and a >0 as in the proof of Theorem 3. We have

i0(r] = N1 < 55 || [ 26s0010) = £6) Do) duce)

1
- 2
+QL¢(a

Using the same notations of Theorem 3, we can estimate the term J; in the
following way

/G K(s,t, £())dpa(t) — £(5)

) dug(s) =Ji + Jo.

NS 2D/ [/ nALF(t) = f(s )|)duc(t)} dpc(s)
), [/G\Us Ho OO ® = f<s>|>duc<t>] )
=J+J7.

Concerning Ji{ we have

=5 / [ £ 70 = £t dic )

“35 / Lis. N (2) — £(5))duc(®)] diuc (s

Us
w (e} )\ 7B7U
< 2l B.0) J 1200, Ol ()

1
T30 Jos | /U L(s, /A f(t) = f(s)dnc(t) | duc (s)-
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Now we have

1
2D Jon UU L(s,t)n(Alf(t) — f(5)|)dua(t)] duc(s)

1
S0 Jos [ / L(s,t)n@w(tn)dugaﬂ duc(s)

1
i 2D G\B {/Us L(S’t)n(Mf(s)Dd/‘G(t)} dpg(s) = Ay + As.

Concerning A; we have
1
A< o [ ) [ / L(s,wduG(s)] dug (1)
€] G\B

1
= ELUQ)\V(”D [/G\B L(Svt)dﬂG(S)] dpg(t)
1
+55 e n2ALf(#)]) VG\B L(57t)dﬂG($)] dpic (t)
S %12[2)\1‘] + %Ig:[?)\fXG\c}

For As, taking into account that B O C, we have

—_

1
Ay < 5—’2[2)0")(0\3] < 512;[2)\fXG\c]~

As to JZ, noting that xe\u. (t) = xa\v,(s) for every (s,t) € G x G, we have
1
E/G [/C;\US L(s, t)n(Alf(t) — f(S)I)duG(t)] dpc(s)
< $/GH(2)\|f(t)|) [L\Ut L(S,t)duG(S)] dug(t)

1
+3p | 1N [ L L<s7t>duc<t>] dua(s).

The remainder J, is exactly as in Theorem 3 and so summing up the previous
inequalities we obtain the assertion. [ |

For what concerns the convergence for a family of Urysohn operators (T3, )w>0
let us consider H, = G for every w > 0 and p, = pg. The notion of
singularity for the kernel K = (K, )wso € Xz is easily obtained substituting
H, =G, py = pc forevery w >0 and analogously for the uniform singularity.
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Thus, under the assumptions of Theorem 4 with T'=T,,, L = L,, we can
obtain a modular convergence theorem for bounded but not necessarily continuous
functions. At the same time we can obtain an analogous convergence theorem for
continuous functions using the pointwise modulus of continuity, as in Section 3.3.

For not necessarily bounded functions we can obtain a convergence theorem
directly by Theorem 6 modifying property 2) of singularity assuming

For every s € G and for every U € U we have

lim Ly(s,t)dpc(t) =0, lim L(s,t)dpc(s) =0,
w—+00 G\U, w—+400 G\Uy;

uniformly with respect to s,t € G respectively.
Example. (Nonlinear Mellin-type convolution operator) Let G = H = Rt be

dt _
provided with the measure ug = — being dt the Lebesgue measure. Let K :

R* — R be a measurable function in L!'(R") such that

+oo d
K% =1.
0 z

Moreover let I': R — R be a function satisfying a Lipschitz condition of type
IP(u) = T()] < ¢(ju—vl),

for every u,v € R. Here ¢ € ¥ is a fixed function. We define now
K(s,t,u) = K(ts )T'(u),

(5,t) €RT xR* and u € R. Clearly, the kernel K satisfies the (L,1))-Lipschitz
condition with L(s,t) = |K(ts~!)|. The corresponding operator has the form

oo dt

(Tf)(s) = (M[)(s) = ; K(ts™T(f(1) 7

In [4] it is proved that Dom M contains every Orlicz spaces. Note that the as-
sumptions of Theorem 1 are satisfied taking D = ||K||;. We prove now that the
function L(s,t) satisfies property (x). In order to do that, since K € L' for a
given € > 0 there exist 6 >0 and P >0 such that

—, dt e
K(it)|— < =
GRS

for every measurable set A such that pg(A) < d and

+oo
[ mo <

P

N ™
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Let C = [b, M] with b> 0 andlet B = [a, N] such that % <4 and 2 > P. So
for t € [b, M] we have

B T R
[y B et = [ RsHIT [

N
t/N dz oo dz
- [ R@Z [ RIS
M/N 4 o g
</ |K<z>|i+/ )L <.
0 z b/a Z

As a consequence of Theorem 6, assuming that

R(s) = R =sup|T'(u) — u| < +o0,
u#0

we have the following

Corollary 3. Let us assume that K € L, (RT). Let f € L*T(RT)NL°"(RT) be

fixed. Let § > 1 be fixed and let C = [b, M]. Then for every e, A > 0 there
exist &« >0 and a compact set B = [a, N] such that

1 _ _

IZ fa(Mf - f)] < WwvonO‘ﬁBaé)(N — a)[[Kx)1/5,5(llo0.r+
1 — dt 15

+ =TI 2)\f/ K@t)|— + ——=—1I!,[2\f

T P Lo O gy, e P

v(2aR)

2

5 1
+ e A e\ pan] + I S Xeyja,n] + (N —a),

Proof. Using the notation of Theorem 6, putting Uy =]s/d, sd[, we have

/B 1L (s, Ixw, o o () = [Bxgusslloss (N — ).

Indeed note that, for v > 0,
s8 -1 )
K K
[ U(| (ts >|>dt:/ U( <z>|)dz.
s/8 u t 1/6 u z

This implies that the Luxemburg norm of L(s,-)xy,(.) is independent of s and
it coincides with ||FX]1/5’5[||07R+. Moreover, taking U; =|t/d,td],

t/5 - +o0 s
/ L(s,t)du(s) = / R(ts) % 4 / R(ts )%
G\Ut 0 t S

s 5

too dz /8 __ dz
- / B Z ¢ / B~
5 z 0 z
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and analogously for

/ L(s,t)duc(t).
aG\U,

The remainder follows directly by Theorem 6. [ ]

Remark 4. If we assume that the function K is bounded then clearly the as-
sumption K € L¢ (RT) is automatically satisfied. For example, for a fixed

n € N, we can take the kernel
F(t) = ’I’LtnX]O’l[(t) te R+,

which generates the linear or nonlinear moment operators ([21], [2], [4], [9]).

As a consequence of the general theory developed above, it can be obtained
a modular convergence theorem for a sequence of Mellin type operators

+oo
(M) = [ Rlts )G

where the functions K, and I',, satisfy the following assumptions
a) for every n € N,

+oo d
Kn(2)Z =1

0 z

and
[Knlli <D,
b) for every 6 > 1,
— d
lim |Kn(u)\—u =0,

n—+00 Jr+\[1/6,5] U

c) the family of functions (K,) is uniformly integrable in R*.
d) for every n € N we have

T () = T (0)] < ¢ (Ju — o)

where = = (¢ )neny C U, for every u,v € R,
e) for every u € R
RETOO T (u) = u.
It is easy to show that the above assumptions imply all the conditions used
to obtain the convergence theorem. For general Mellin convolution operators in
linear case see [11].
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5. Application to linear case

Now we study the particular case of a linear operator of the form
5= [ Rls.05(0dun(0), s€6.
H
Here K(s,t) satisfies the following assumptions

/ R(s,0)dps(t) =1, seG

and
[ 1R s.0ldues) < 0. [ 1Rs.0ldun(t) < D.
G H

for every t € H and s € G respectively. In this case we can take ¥(u) = u, u >0
and L(s,t) = |K(s,t)|. Thus, putting n = ¢, we obtain the following corollary
with respect to pointwise modulus of continuity.

Corollary 4. Let us suppose that the family (|[K(-,t)|)ien satisfies property (x).
Let f € L*(G)NL¥(G)NL?(H) be fixed. Let C C G be an arbitrary nonempty
compact subset. Then for every € > 0 and U € U, there exist a > 0 and a
compact subset B C G, depending only on C' and ¢, such that

IE[(Tf = )] S wp(aDf, B,U)pc(B)

¢(2aD|| f|o0) T

1
+ EFO [2aDf] + 2147 [2aD fxm\c] + 515[204DfXG\B]-

Proof. By the linearity of the operator, for every s € G we have

(TF)(s / R (s, )I1£(t) — £(5)|dpuze (t)
thus

ia(ts - N < 5 [ | [ elanifo) - FODIR G 0ldun o) ducte

(/ /G\B> [/ (aD|f(t) - <s>|>|f?<s7t>|duH(t>}dﬂc@

=Ji + Jo.

Following analogous reasonings as in the proof of Theorem 2, for a given U € U, we
have

Ji Swg(aDf, B, U)uc(B) + %/
B

D dpc(s).

/ R (s, 0) dpuna (1)
H\U,
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Given € > 0 and an arbitrary compact subset C' C G, let B C G be the compact
subset in the assumption (x). Then

1 ~
5 < [ | DL DR s Ol )] ot
1

35 Jus [ / so<2aD|f<s>|>|f?<s,t>|duH<t>] dne(s)

€ 1 1
< EIfI[QOZDﬂ + 51}3[2@DfXH\C] + 512[204DfXG\B]~

So the assertion follows. ]
Using the same arguments of Corollary 1, we get the following

Corollary 5. Under the assumptions of Corollary 1, let o« > 0 be such that
I 2aD f] + IZ[2aD f] < 400, then for every € >0 and U € U, there exists a
compact subset B C G such that

IE[(Tf = f)] S wo(aDf, B,U)uc(B)

p(2aD]f )
+ 22l |

/ K (s, t)|dﬂH(t)] dpc(s) +e.
H\U,

Note that, analogously to Remark 1.2, we can get an estimate in case of
functions in C(G).

For what concerns the use of the norm modulus of continuity, under the
assumptions of Theorem 3, we get the following modular estimate in linear case

Corollary 6. Let the assumptions of Theorem 2 be satisfied and furtherly
|K(s,)| € LY (H). Let U € U and assume that HK(H')XU<:)||0,H € Ll (G).

Let C' C G be an arbitrary nonempty compact subset. Then for every ¢ > 0 there
exist « > 0 and a compact subset B C G, depending only on C' and ¢, such that

20~ 00 (D f, B,U ~
- ‘P( Df )/B”K(S")XUs(')”Ude.uG(S)

¢(2aD|| f| o) 7
T T/B [/H\US K(s,t)duH(t)] dpc(s)

5 1 1

IE(Tf = )] <

As before, by inequalities given in Corollaries 4 and 6, it is possible to get
modular convergence results both in continuous and discontinuous case, using the
moduli of continuity w, and Wyo,.
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6. Applications to discrete operators

In this section we give some applications to sampling type operator and Szész-
-Mirak’jan operator.

6.1. Generalized sampling series. Let us take G = R provided with the
Lebesgue measure and H = Z provided with the counting measure.

Let us consider the generalized sampling series of a function f € L>*(R) de-
fined by

+oo
(SH)(s)= Y. K(s=k)f(k), sER,
k=—o0
(see [19] [13], [14]), where K : R — R is a function satisfying the following
properties:
for every s € R

+0o +oo
Y K(s—k)=1, Y |K(s—k)|<D
k=—o0 k=—o00
and
—+o00
| 1K) <D,
for an absolute constant D > 0.
Let us remark that in this case the kernel

K(s,k)=K(s—k)
satisfies all the assumptions of Corollary 4 (see [7]). We obtain the following

Corollary 7. Let f € L®(R)NL¥(R)N¥¢¥(Z) and M >0 be fixed. Then for
every €,0 > 0 there exist « >0 and N >0 such that

N
I£[a(Sf — f)] < 2Nwy(aDf,N,5) + W/N > K (s—k)lds

T |s—k|>6
+ 55 io (2aDIf (k) + > ¢(2aD|f(k)|) +1/ (2aD|f(s)|)ds
2D k::—oo(p 2 |k|>MSD 2 |s|>N 4 .

Proof. The proof follows by Corollary 4 putting C' = [-M,M], U = {(s,k) €
Rx Z: |s—k|<d}, B=[-N,N]. [ |

More generally, let w > 0 be fixed, G = R provided with the Lebesgue
measure and H,, = %Z provided with the measure p,, = %uc being p. the
counting measure. We take into consideration the sampling series

+oo k
(Swf)(s)= > K(ws—k)f(=), s€R,

w
k=—o0

where f € L*(R) and K satisfies the above assumptions.
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Let us remark that in this case the kernel

R(s o) = wk(u(s — o)

satisfies all the previous assumptions. We obtain the following

Corollary 8. Let f € L®(R) N L#(R) N £#(Z) and M >0 be fived. Then for
every €,0 > 0 there exist « >0 and N >0 such that

I2[o(Swf — f)] < 2Nw,(aDf, N, 8) + 2O‘D”f”°°/ 3 K (ws — k)lds

|ws k|>wd

e Z aDlf(E)) + o 3 eanir))

|k|>Mw

1
+s /|N p(20D) f(s) )ds

Remark 5. Note that under the above assumptions on the function K the family

of kernels L .
Ku(s,—) = wK(w(s — —
(5, 2) = w(w(s = )
satisfies the singularity assumptions and property (#x) used in the general the-
ory (see [7]). Then we can obtain convergence results for the family of sampling

operators (Sy)wso0-

6.2. Szdsz-Mirak’jan operator. Let us take G = R} endowed with the
Lebesgue measure and, for every n € N, H, = %N = {%, k=0,1,...} endowed
with the measure u, = %uc. We take into consideration the Szasz-Mirak’jan
operator given by (see [1], [7])

Zf e S )k $€R+
s 0 -

In this case, for every n € N, the kernel is given by

~ ~ ns)*
K(s,t) = K(s, %) = nefm%.

We will prove that the kernek K satisfies all the above assumptions. To begin

with, note that
~ k = (ns)F
K(s, 2)dp, (k) = —ns ) g
/Hn (s, —)dpn (k) kE:Oe o

sk no [T . (ns)
/G|K(s, E)|d,ug(s)—g/0 e y ds = 1.

So we can obtain the following

Moreover
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Corollary 9. Let f € L>(Ry) N LY(RF) N £#( Z) and M >0 be fixed. Then

w

for every €,6 > 0 there exist « >0 and N >0 such that

N
IZ a(Snf = )] < Nwg(af, N, ) + ¢ (20 flc) / S e g

(ns)*
k!

s—E|>s

€ = +oo
g 2 Rl + 5 3 elaalf G+ [ elzal s

|k|>Mn

Proof. The proof follows by Corollary 4 putting C = [0, M], U = {(s,%) €

+
Ry x

Nels— £ <6}, B=[0,N]. [ ]

n

~ k ~ Kk
As shown in [7], the family of functions K, (s, —) = K(s,—) satisfies pro-
n n

perty (xx) and the singularity assumptions so it is possible to obtain convergence
theorems.

Let us remark that in the frame of discrete operators it is meaningful to

obtain modular convergence theorem for continuous functions, as a consequence of
Corollaries 7, 8 and 9. Indeed the use of the norm modulus of continuity, introduced
in Section 2, is not suitable here because it is strictly connected with continuity.
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