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Abstract: In this paper, the first part of a larger work, we prove the spectral decomposition of
oo
/ [C(o+it)*gt)dt (3 <o <1 fixed),
— 00

where g(t) is a suitable weight function of fast decay. This is used to obtain estimates and omega
results for the function
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0

the error term in the asymptotic formula for the fourth moment of |((o + it)].
Keywords: Fourth moment of the Riemann zeta-function, spectral decomposition, Hecke series,
hypergeometric function, omega results.

1. Introduction

Power moments of the Riemann zeta-function ((s) are one of the central objects in
the theory of ((s), with many important applications. Although the main interest
is in the moments on the “critical line” Res = %, the moments when s lies in
the “critical strip” % < Res < 1, or “oftf” the critical line, are also of great
interest. There exist extensive results on the second and fourth moments on the
critical line, the only ones that so far can be treated unconditionally, and where
asymptotic formulas have been obtained. A comprehensive review on mean square

results for ((s) is given by Matsumoto [Ma], where further references may be
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found. Some of the relevant works on the fourth moment of |((3 + it)| are [I1],
[12], [I4]- (18], [IM1]- [IM3], [ILTM], [Mo2]- [Mo6], where also the interested reader
may find further references. The aim of this paper is to treat the fourth moment
off the critical line. The only works that seem to have explicitly dealt with this
subject are [16], [K1] and [K2]. Thus it appears that the time is ripe for an extensive
account of this subject, which we hope that the present work will provide.

The main object of our study is the weighted integral

Lgio,T) = /Do ¢ (o +it)* 1¢(r + it) Pg(t) dt, (1.1)

—00

where o, T are given constants satisfying
$<o<T (0#£1, T#1). (1.2)

The basic assumption on the weight g is: The even function g(t) takes real values
on the real axis, and there exists a large positive constant A such that g(t) is
regular and g(t) = O((|t| +1)=4) in the horizontal strip [Im#| < A.

We shall obtain the spectral decomposition of L(g;o,7) (see Section 3) by
the method used by the second author in the case of L(g; £, 1) (see [Mo2], [Mo6]).
This decomposition, which is in fact an exact identity, will contain, among other
things, the function

s©- [ Tgmeia (EcR), (13)

— 00

namely the Fourier transform of g. Note that, since g is even,

@ [ " gt dt = / " () cos(er) dt = g (6), (1.4)

—00 —00

where g, is the cosine Fourier transform of g. The function L(g;o,7) is, with an
appropriate choice of the weight g, the local object which after the integration over
a suitable parameter contained in g will lead to the asymptotic evaluation of the
global object

T
/0 |C(o + it)[2|¢(7 + it) | dt, (1.5)

provided that (1.2) holds. A good choice of g will entail rapid decay of g., which
will facilitate handling of the quantities that will appear in the spectral decompo-
sition.

It is clear that (1.5) is not interesting when o > 1,7 > 1, in which case the
zeta-values in question are represented by absolutely convergent series which may
be readily integrated termwise. The special cases of interest of (1.1) and (1.5) are
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a) o =7 = 3. This is the classical case of the fourth moment of {(s) on the
critical line, and probably the most important case. The explicit formula by the
second author [Mo2], and is extensively discussed in [I2] and [Mo6].

b) 4 < o =7 < 1. This is the case of the fourth moment of ((s) off the
critical line. As already mentioned, this is discussed by the first author in [I6]
and by A. Kacénas [K1], [K2]. The formula for the fourth moment reads (when
3 <o <1 is fixed)

¢'(20)., T ( T )2‘4" 42— 20) (16)

C(do) T3\ ((4—4o)
+T2—20(a0(0.)+a1(0-)10gT+a,2(0)10g2T)+E2(T70')a

T
/ G0+ )[4 dt =
0

where E,(T, o) is the error term, and the a;(co)’s are constants which may be
explicitly evaluated. When o — % +0 the function E5(T,0) tends to Ea(T, 1) =

E5(T), the error term in the asymptotic formula for fOT 1¢(5 + it)[* dt.

In [I6] only a sketch of the spectral decomposition of the fourth moment off
the critical line, due to the second author, was given. Here we are going to give a
rigorous proof of the spectral decomposition in question and to recover and extend
the results given in [I6]. The works of Ka¢énas contain an explicit evaluation of
the main term in the asymptotic formulas for the fourth moment off the critical
line, but the estimates for the error term are weaker than those given in [I6].
We also remark that the cases a) and b) have their analogues (mean squares) for
automorphic L—functions (see [Mo3], [Mo7]). The fourth moment of ((s) off the
critical line has its analogue in the mean square off the critical line. In this case,
which is less difficult to deal with than the present case, the formula reads

(2—20)

T
/ Co + it)2dt = C(20)T + (2m)271 & 2% L B(T,0) (1.7)
0 2 — 20

(A <o<1),

where E4(T,0) in (1.7) represents the error term, and the notational analogy be-
tween E1(T,0) and E2(T, o) is obvious. As we already mentioned, [Ma] represents

a comprehensive survey of results on E;1(T,0).
11
272
in the literature before, may be thought of as a “hybrid mean value”.

d) 0 = 1,7 > 1. This case is an extension of ¢). When 7 is large, it is of
interest because then L(g; 3,7) is bounded by of

c) o= < 1 < 1. This case, which does not seeem to have been treated

/OC ¢ (& +it)|? g(t) dt,

— 00

and provides the mean (at least theoretically) to estimate ((3 + it) pointwise,
which is a fundamental problem in the theory of {(s).
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In this paper, which is Part I of the whole work, we shall treat the case b)
above. To avoid excessive length, the cases c¢) and d) will be treated in Part II.
The plan of the present paper is as follows. The formulation of the spectral de-
composition of L(g;7,7), when % < 7 < 1, will be given in Section 2. Although
the proof has many analogies with the proof of the second author for the case of
L(g; %, %), there are also many detours, and the complete, rigorous proof is given
in Section 3. In the result a; H?(3)H,() and a;H;(3)H?(r) (in Part II) appear,
and the asymptotic evaluation of sums of these quantities over x; < K is carried
out in Section 4. The detailed asymptotic evaluation of the function A, appearing
in the spectral decomposition of L(g;7,7) with the Gaussian weight function, is
contained in Section 5. The explicit formulas for L(g; 7, 7) and its integral are pre-
sented in Section 6. They are necessary in order to obtain results on the error term
E5(T, o), which is done in Section 7 and Section 8. The notation used throughout
the paper is, whenever possible, standard. We have used the letter 7 occasionally
where one would commonly used o (as in the notation for E5(7,0)). This was
done to avoid possible confusion with the real part of the complex variable s,
especially in Section 3.

2. Spectral decomposition of the fourth moment — notation and results

In this section we introduce the necessary notation for the spectral decomposition
of L(g;7,7), the weighted fourth moment off the critical line. We also present
Theorem 1, which will give the desired decomposition, but postpone the proof
for Section 3. The notation used throughout is standard, to be found e.g., in the
second author’s monograph [Mo6], and for this reason we shall be relatively brief.

Let {\; = /@'?4—%} U {0} be the discrete spectrum of the hyperbolic Laplacian

AN AN
A= —y? — | + =
() ()
acting over the Hilbert space composed of all I'-automorphic functions which are
square integrable with respect to the hyperbolic measure, where

I = SL(2, Z)/{+1,~1}.

Let {t;} be a maximal orthonormal system in this space such that Ay; = \;1);
for each j > 1 and T'(n)y; = t;(n)y; for each integer n € N, where

(T(n)f)(2) = % Z zd:f(az;—b>

ad=n b=1
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is the Hecke operator. We shall further assume that ¢,;(—2) = €;9;(z) with the
parity sign €; = £1. We then define (s = ¢ + it will denote a complex variable)

Hji(s) = th(n)n_s (0 > 1), (2.1)

which denotes the Hecke series associated with ,(z), and which can be continued
analytically to an entire function. As usual we put

a; = |pj(1)[*(cosh ;) ™1, (2.2)
where p;(1) is the first Fourier coefficient of 1;(z). The holomorphic counterparts
ok, and

Hji(s) =Y tjx(mn™  (Res>1)

n=1

of (2.2) and (2.1), respectively, are defined in [Mo6, Chapter 3]; as to ¥(2k) in
(2.7) below see Section 2.2 there. Now we can formulate

Theorem 1. Let % < 7 < 1 be fixed, and let g satisfy the basic assumption.
Then we have (cf. (1.1))

L(g;7,7) = {Zr 4+ Za+ Zc + Zn } (1, 9), (2.3)

where

Z’T‘(T7g) = M(pT;g) (24)

/

—871C (27 — 1)?Re { (cE — %(27 — 1)) g(( —1)i) + %ig’((T - 1)@')} ;

with the function M being defined by (3.65), (3.88), and (3.92) according as

% <T< %, T= %, and % < 1 < 1, respectively. Further we have

Za(r,9) = Y _ o HJ(3)H; (27 — ) A5 7, 9), (2.5)
j=1
1[5 + i)' 1C(2r — § +ir)]?
= — A N 2
2(rg) = 5 [ S (ri7,9)dr, (26)
oo V(2k)
Zn(r,9) =Y > ajonH} o (3) Hjor(2r — HA((3 - 2k)is7,9) . (27)
k=1 j=1
Here cg = —T"(1) is Euler’s constant, and
oo . 1
Mring) = [ W+9) 7 (1og (1 ¥ y)) (28)
0

1 7 F(l +i7”)2 ) 1
Re qy 27" (1 2 Fl3 $4ir;1+2ir;—=) 5 d
Re {y ’ ( + sinh(m")) L(1+2ir)" \? ton g LA y Y

with the hypergeometric function F'.
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The above spectral decomposition is analogous to the spectral decomposi-
tion of the function L(g; 3, 3), given as [Mo6, Theorem 4.2]. It is in fact an exact
identity, relating the original object (weighted integral of the fourth moment) to
various objects from spectral theory, hence the terminology “spectral decomposi-
tion”. The notation is also analogous to the one used in [Mo6, Theorem 4.2], as
much as possible. The notation M (p,;g) refers to the “main term”, since suita-
ble integration of this term will lead to the main term for the fourth moment of
|¢(o +it)| itself (see (1.6)). Likewise, the notation Z,, 24, Z.,Zp refers to “resi-
dual”, “discrete”, “continuous” and “holomorphic” parts, respectively. As we just
mentioned, the term M (p;;g), contained in Z,, will eventually contribute to the
main term, while the remaining terms will contribute to the error terms. Of these,
the most difficult (major) contribution, like in the case of L(g; %, %), will come
from Zg4.

An important feature of the above formula is the appearance of the oscil-
latory integral A(r;7,g) which containins the hypergeometic function. We recall
here that, for |z| < 1, one defines the hypergeometric function

F(a, By7;2) = WA (2.9)

_ Sala+1) ... (a+k—1)BB+1)...(8+k—1)
_1+Z Yy +1) .. (y+ k= 1k &

Analytic continuation and other properties of F(«,(;v;2) are treated e.g., by
N.N. Lebedev [L].

3. Proof of the spectral decomposition for the fourth moment

This section contains the proof of Theorem 1; we assume throughout that % <7<
1 is fixed, and that the basic assumption on g holds. Our argument is a reworking
of [Mo6, Chapter 4]; thus we could mention specific changes only. However, that
would make the later part of our discussion hard to comprehend, since as has been
mentioned above there are many sensitive detours peculiar to our new situation
that begins in fact at (3.7) below.

Let first

g(s,A) = /Ooo Y (1 +y) g (log(1+y)) dy (3.1)

oo+ A —it—s
= F(S)/oo+m F(?()\_tit) )g(t) dt,

where ¢g* is defined by (1.3). We begin with the analogue of [Mo6, Lemma 4.1],
namely
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Lemma 1. The function g(s,\)/T'(s) continues holomorphically to the domain

1
|Re s| < §A, [Re Al < (3.2)

C,o\»—t

and there we have
g(s, A) < |s| 724, (3.3)

when s tends to infinity while A\ remains bounded.

Let now D, and D_ be the domains of C* where all four variables have
real parts larger than and less than one, respectively. We set, for (u,v,w, z) € D4,

J(u,v,w, z;9) = /_00 Clu+iit)C(v +it)C(w — it)((z — it)g(t) dt. (3.4)

Moving the path upwards appropriately, we see that J is a meromorphic function
over the domain

B = {(u,v,w,2) € C* : |ul, |vl, [w], |2] < B}, (3.5)
where B = cA with 0 < ¢ < 1 is supposed to be sufficiently large. Then, taking

(u,v,w,z) in D_ N B, we get the following meromorphic continuation of J to
D_NAB:

I(u,v,w, 25 9) = /Oo C(u+at)C(v +it)¢(w — it)C(z — it)g(t) di (3.6)
2m (0 — u+ D¢+ w — D¢+ 2 — Dg((u— 1)3)
+2rl(u—v+1){(v+w—1){(v+2z—1)g((v— 1))
F2m((z — w+ ¢+ w — 1)¢(o +w — Dg((1 — w))
+2n¢(w—z+ 1){(u+ 2z —1){(v+ 2z — 1)g((1 — 2)i)
Lemma 2. The function § is regular at the point p, := (7,7,7,7), and we have
L(g;T,7) = 3(pr; 9) (3.7)
—8m¢(27 — 1)°Re { (CE - %(27’ — 1)> g((r = 1)i) + %ig’((T - 1)2)} ,
where cg = —I"(1) is Euler’s constant.

Proof. On the right side of (3.6) the integral is obviously regular throughout
D_ N B. To see the regularity at p, of the sum of other terms, we need only to
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replace the factors ((v —u+1), ((u—v+1), {(z—w+1) and {(w—z+ 1) by
their Laurent expansions. For example, its value at p, is

4m¢(2r = 1)%en{g((r — 1)i) +g((1 = 7)i)} (3.8)
~or [ 2w+ w = 1)¢ 2~ gl 1)0)]

Pr

— o otut 2 = ¢+ 2~ Dg((1 - Y]

— 4r{((2r — D — (27 — 1)¢'(27 — DHg((r — i) + g((1 - 7)i)}
T 2n¢(2r — 1)%i{g' (7 — 1)i) - ¢'((1 - 7)0)}.

Next, in D4 we have

J(u,v,w,2;9) = Z E77"m ™" n"*g* (log(mn)/(kl)) (3.9)

k,l,m,n=1

= Ho(u,v,w,z;g) + Hl(u7v7waz;g) + Hl(w7z7ﬂvﬁ;g)7

where gy and J; correspond to the parts with kI = mn and kl < mn, respectively.
We have

Jo(u,v,w,2z;9) = g"(0)¢(u+w)(u+2){(v+w)(v+2)/C(u+v+w—+z), (3.10)

and

N Ouo(M)ow_(m +n)

N 5 s 11
J1(u,v,w,2;9) omi 2o " /(Q)Q(S,w)(m/n) ds, (3.11)

where f(c) --+ ds denotes integration over the line Res = ¢, and o,(n) = Zd‘n d*.
One may deal with this double sum in two ways: either by using the Ramanujan
expansion of the function o,,_.(m+n), or by embedding J; in values of a Poincaré
series on I'\PSLsy(R). Here the first method is employed, and we shall follow
[Mo6, Chapter 4]. As to the second method, see [BM]. It should be remarked that
the latter dispenses with the spectral theory of sums of Kloosterman sums that
plays a predominant réle in the former. Also it should be added in this context
that Theorem 1 above could be formulated solely in terms of the I'-automorphic
representations of PSLy(R).

Lemma 3. The function J;(u,v,w, z;g) can be continued meromorphically to the
domain

& :={(u,v,w,2) € B:Re(u+w) < B, Re(v+w)<iB, (3.12)
Re(u+v+w+ z) > 3B},
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and in £ we have the decomposition

31(u7v7w72) = HQ(U,’U,’U},Z') + 33_(U7’U,’LU,Z) + gg(u,v7w7z)' (313>
Here
32(u7vaw7'z;g) = g(u—l—w—l)g(v—«—z) (u+w—1) (314)
xCz—w+1)(v—u+1)/C(v+z—u—w+2),
+ 50+ w—1)C(u+ 2)C (v +w — 1)
xCz—w+DC(u—v+1)/C(ut+z—v—w+2)
and
05 (u,0,w, 7 g) = 2(2m)" (2 — w + 1) (3.15)
x 3 mpturee et () K (m, s, v, w, 2 ),
m,n=1
where
Ki(m,n;u,v,w il S(m,£n; )¢ (g\/mn'u v, W Z'g>
7 ) ) ) ’ : l l ) 3 3 ) )

. . b7
with S(a,b;c) = 321 <o (ne)=1,nn=1(mod c) €XP (2mi (222 a Kloosterman sum,
and

1 1 x\ utvtwtz—1-2s 316
prlai v zig) = 5o [ (3) (3.16)

xT(s+1l—u—w)(s+1—v—w)g(s,w)ds,
x)u+v+w+z7172s

P-(T;uU, v, w,z;9) ‘= 27i 2

(B)
XxD(s+1—u—wl(s+1—v—w)g(s,w)ds.

cos(m(w + 2(u+v) — s)) (3.17)

The Kloosterman—Spectral sum formula of N.V. Kuznetsov (see [Mo6]) yields,
with the standard notation from the spectral theory of the Fourier coefficients of
modular cusp forms, that

Koy (m, 3 w,v,w, 73 ) ZO‘J n)(o1) " (kjiu,v,w,259)  (3.18)
1 = 0-2’”‘( )UQi'r( ) +
2z : ' o
* ™ /_oo (mn)™|¢(1 +2ir)|2((p+) (ryu,v,w,z;g)dr

oo (k)

+23° 5 agatir(m)tiam) (@) (3 = k)isu,v,w, 2 9),

k=1 j5=1
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where

(p) T (ru,v,w, 25 g) (3.19)
i dx

= m/{) (Jair(x) — J—Zir(x))%p-&-(x;uavvwaz§9)7a

and J,(z) is the Bessel function of the first kind in standard notation (see [L]).
Also,

K_(m,niu,v,w,2.9) == Y ejast; (m)t; (n)(p-) " (kjiu,0,w,239) (3.20)
j=1

1 > ir ir N
/ 920 00)2ir ()0, )= (0,0, 21 g) d,

T r ) Gan) T+ 2P

where

> d
(o) (riu v, z39) = 2eosh(mr) [ (i, 2:9) Kanr(0) 7, (321)
0

and K, (x) is the Bessel function of imaginary argument (or Macdonald’s func-
tion).

Now, in order to facilitate later discussion, we introduce three functions ®,
and Z of five complex variables:

P4 (& u,v,w, 2 9) == —i(2m)“ 772 cos(3m(u — v)) (3.22)
x/ sin(3m(u+ v+ w+ z — 2s))
xT(3(u+v+w+z-1)+E—s)MFutv+w+z—1)—E—s)
xD(s+1—u—wl(s+1—v—w)g(s,w)ds;

B (6 o z59) = 10" P eos(n) [ conlalw Hut )= s) (329
xT(3(u+v+w+z-1)+E—s)M(Flutv+w+z—1)—E—s)
xD(s+1—u—wl(s+1—v—w)g(s,w)ds;

1 T (E+gutv+w+z—1)—s)
21 J_ooi T (€4 2B —u—v—w—2)+53)
XxD(s+1—u—wl(s+1—v—w)g(s,w)ds.

(3.24)

E(&u,v,w,239) =

Note that the path in (3.22) is such that the poles of the first two gamma-factors
and those of the other three factors in the integrand are separated to the right and
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the left, respectively, by the path, and &, u, v, w, z are assumed to be such that the
path can be drawn. The path in (3.23) is chosen in just the same way. On the other
hand the path in (3.24) separates the poles of I' (+ 2(u+v+w+z—1) —3s)
and those of T(s+1—u—w)I'(s+1—v —w)g(s,w) to the left and the right of
the path, respectively.

Lemma 4. We have

(2m)¥ =% cos (37 (u — v))

Dy (&u,v,w,259) = — Tsin(né) (3.25)
X {3(67 u,v,w, z; g) - E(_ga u,v,w, z; g)} 5
@_ (€ w00, 29) = %{ sin(r(3(z — w) + =G w,v,w,59) (326)

- SiIl(’/T(%(Z - w) - 5))5(75;11’3”3 w, ng)}7

provided the left sides are well-defined. Also, for real r and (u,v,w,z) € £ (see
(3.12)),

(2m) TR (i u, v, w0, 23 ), (3.27)
2m)' T TED_(ir; u, v, w, 25 g); (3.28)

()T (rsu,v,w, 23 9) =
(p=) " (r;u,v,w,2;9) =

SIS

and, for integral k > 1 and (u,v,w,z) € &,

(¢+)+(l(% _k);u7v7w7z;g) (329)
= %(—l)kw COS(%’/T(U —v)E(k — %; U, v, W, ; g).
The last three formulas are consequences of Mellin transforms of J- and K -
Bessel functions.
Next, we insert the spectral expansions (3.18) and (3.20) into (3.15) and
exchange the order of sums and integrals. The absolute convergence that we have
to check is obvious as far as the double summation over the variables m,n is

concerned, since we have (u,v,w,z) € £ and
l+6 l+5
ti(n) <ni™®  tjp(n) <Kni’, (3.30)

where the implicit constant depends only on §, an arbitrary fixed positive constant.
The bounds in (3.30) are not the best ones known, but they are sufficient for our
purpose. Thus the issue is reduced to bounding (¢+)*; and Lemma 4 renders it
in terms of the function Z. We then have, uniformly for any fixed compact subset

of £,

E(ir;u,v,w,z;g) < |H*%A7 E(k - %;u,v,w,z;g) < kiiAa (331)
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as real r and positive integral k tend to infinity. Hence, on noting (see [Mo6])

that
(k)

Yo <K, > <k, (3.32)
K<k;<2K j=1

we are now able to exchange freely the order of sums and integrals in question, as
long as we work inside £.
Before stating our new expressions for 3;5 we put

SGuv,w,2) =C(Gutv+w+z-1)+CGu+v+w+z-1)—&) (3.33)
) (Bt z—v—w+ 1)+ Otz —v—wt1)— &)
xCvtz—u—w+1)+ (v +z-u—w+1)-¢).

Then we have

Lemma 5. In the domain £ we have

3;(uavaw72§g) = H;C(u,v,w,z;g) + H;d(uvvvwvz;g) + E;h(uvvaw7'z;g)v (334)

where
+ . I i S(é’; u’ ,U’w7z) . .
33,c(uvvvwazag) T in /(O) C(l + 25)((1 — 25) <I>+(£,u,v,w,z,g) dfa (335)
H;‘d(u v, W, z; g)
—Zaj Gu+tv+w+z—-1)Hj(zu+z—v—w+1)) (3.36)

X Hj(%(v—i—z —u—w+1))Py(ikj;u,v,w, 25 g),

th(u,v,w, z;q9) == (2m)V ™% cos(%(u —)) (3.37)
oo (k)
X Z Z(—l)kajkajyk(%(u +vtw+z—1))Hp(Au+z—v—w+1))
k=6 j=1
X Hjp(3(v+z—u—w+1)ZEk - 3u,v,w,29).
Also
35 (u,v,w,2;9) = 33 (u,v,w,2;9) + 33 4(u, v, w0, 2; g), (3.38)
where

_ . L i S(g;uavawaz) . .
R o e v SLEGETRTETENCED

d3.q4(u,v,w, 25 g)
—Zejaj Gu+v+w+z—1)H;G(u+z—v—w+1)) (3.40)

X Hj(%(v—%z —u—w+1)®_(ikj;u,v,w, 2 9).
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Our next task is to show that the above spectral expansions of 3?; can be
continued to the domain B, whereby we shall finish our meromorphic continuation
of J;. The domain B is obviously symmetric and wide enough to have a joint do-
main with D, where the decomposition (3.9) was introduced. Hence (3.9) should
hold throughout B, and we shall obtain a spectral decomposition of L4(g;7,7),
as asserted.

By virtue of Lemma 4, our problem is equivalent to studying the analytic
properties of the function = . In fact, it is meromorphic in a fairly wide domain in
C5, as given by

Lemma 6. The function Z(&;u,v,w, z;g) is meromorphic in the domain
B={¢:Re¢>—LtA} x B (3.41)

and regular in B\ N, where N is the set of points (£, u,v,w, z) such that at least
one of

4+ iurvtw+z—1), E+3ut+z—v—w+1), (3.42)
E+iv+z—u—w+1)

is equal to a non-positive integer. Moreover, if |£| tends to infinity in any fixed
vertical or horizontal strips while satisfying Re & > —%A, then uniformly in B we
have
1
2(& u,v,w,2;.9) < €T (3.43)
In passing, we record that we have also (this is [Mo6, Lemma 4.8] with

vy=2+1)

Lemma 7. If (§,u,v,w,z) is such that the path in (3.24) can be drawn in a
vertical strip contained in the half plane Res > 0, then we have

=& v, w, 79) (3.44)
I'(a)T 0o &+ (utvtw+tz—3)
- ngg) —1—(% /0 ’ (1+y)w 9" (log(1 +y))F(a, ;2§ + 1; —y) dy,

where F' (see (2.9)) is the hypergeometric function, and

a=E(+3iutz—v-—w+l1), B=E(+ivt+z—u—w+l). (3.45)

An immediate consequence of Lemma 6 is that 33i7d and Hih are mero-
morphic inside B. Thus, we shall consider 33%6. To this end we assume first that
(u,v,w, z) is in &; and put

33.c(u,v,w,2;9) = 35 (w,v,w, 2, 9) + T5..(u, v, w, 2; ). (3.46)



146  Aleksandar Ivié¢ & Yoichi Motohashi

We have, by (3.25)—(3.26),
S(&u,v,w, 2)
(0) sin(r&)¢(1 + 2£)¢(1 — 2¢)
X {COS(%W(U —v)) — sin(w(% z—w)+&))}E(& u,v,w, z; g) dE.

3s.c(u,v,w, 23 9) = i(2m)" 571 (3.47)

Applying the functional equation for ((s) to {(1 —2¢), we obtain from (3.47)
33.c(u,v,w, 25 9) (3.48)
= 2i(2m)v =72 /(O)(27r)25{cos(%7r(u —v)) —sin(r(3(z —w) + &)}
x S(&u,v,w, 2)0(1 = 20){C(26)C(1 + 26)} ' E (G u, v, w, 25 9) dE.
We then choose @ which is to satisfy the condition
3B<Q< 14, ((s)#0 for Ims==+Q. (3.49)

We divide the range of integration in (3.48) into two parts according as [£| >
@ and |¢| < @, and denote the corresponding parts of Js . by Hglg and Hgfg,
respectively. We observe that if Re{ = 0, [Im&| > @, then S(&wu,v,w,z) is
regular and O(|¢|°F) uniformly in B with an absolute constant ¢. Then, Lemma 7

implies that the integrand in the part J élz is regular and of fast decay with respect

to & uniformly in B. Hence Hglz is regular in B. As to 3;(3?2, we move the path to
L which is the result of connecting the points —Qi, [Q]+ % —-Qi, [Q]+ % + Q1,
@i with straight lines. The singularities of the integrand which we encounter in
this procedure are all poles, and located at

futv+w+2-3), Fut+tz—v-—w-1), Fv+z—u—w-1); (3.50)

3o (Impl <Q); 3n (2<n<(Q]); (3.51)

where p is a complex zero of ((s); note our choice of @. The first three come
from S(& u,v,w,z), and the others from I'(1 — 2£)((2¢)~!, since we have here
(u,v,w,z) € £ and so the E-factor is regular for Re& > 0. We may suppose,
for an obvious reason, that the poles given in (3.50) are all simple, and do not
coincide with any of those given in (3.51). Then we have

Js.c(u,0,w, 2;9) = F_(u,0,w, 2 g) + Uu, 0,0, 25 9) + J52 (u, 0,0, 2;9). (3.52)

Here F_ and U are the contributions of residues at the poles given in (3.50) and
(3.51), respectively; and Hé’QC) is the same as (3.48) but with the path L, which
is the sum of the path Ly and the half lines (—ioco, —Qi], [Q%,i00). By virtue
of Lemma 7, the terms F_ and U are meromorphic over B, and Hgf’?c) is regular
there.
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Summing up, we have

Lemma 8. The function J1(u,v,w,z;g) (see (3.11)) continues meromorphically
to the domain B. Thus the decomposition (3.9) holds throughout B.

It remains for us only to specialize (3.9) by setting (u,v,w,z) = p,. This
amounts to studying the local behaviour, near p,, of the various components of
J1 which have been introduced in the above discussion. As a consequence we shall
obtain the explicit formula for L4(g;7,7) furnished by Theorem 1. Namely we
have the decomposition, over B,

Hl(uv v, w, z; g) = {32 + 33,0 + H;,:d + H;d + g;,:h}(uv v, W, z; g)a (353)

where Hgt,d is regular at p,. To see this we observe that when (u,v,w,z) is near
p- the point (ir,u,v,w, z), with an arbitrary real r, is not in the set A/ defined

t (3.42); thus by (3.25)—(3.26) the functions ®4 (ir;u,v,w,z) are also regular
at p, for any real r. Hence 33% 4 are regular at p,. Similarly one can see that 3; h
is regular at p,. That is, we may set (u,v,w,z) = p, in the series expansions
(3.36), (3.37) and (3.40) without any modification, and find that

{H;d"'ggd +H;h}(p‘r§g) (3.54)
= Z%Hz DH;(2r — 1){®4 + @_}(irjipri9)
oo V(2k)
+Z Z ok H7 01 (3) Hj 2k (2T — $)E(2k — 35 pr59),
k=1 j=1

where we have used the fact that H;(3) =0 if ¢; = —1, and Hj,(3) =0 if k is
odd. Note also that by (3.25)—(3.26) we have, for real r,

{4 + @_}(ir;pr;g) = i (1 + mh%) E(ir;pr; 9) (3.55)

1 7
“(1- —2 ) =(=iriprsg).
Jr4( sinh(ﬂr)) (=iriprig)

On the other hand, Lemma 7 gives

D( +ir)? /OO r_ 3 pir
2(ir;prig) = ————— T2 1+vy) "g"(log(1 + 3.56
(ir;pr; 9) T2 ), Y (I+y) "9 (log(1+y))  (3.56)
x F(% +ir, 3 +ir;1 + 2ir; —y) dy.
Hence
. 1 7‘—— T %
(@40 Yrprg) = 5 [T+ T o1+ ) (357)
0
. i D(3 +ir)? . _ _
R ““(1 ) F(L4ir L 4ir1+2irm—y) b dy.
X e{y +sinh(7rr) (1 + 2ir) (5 +ir, 5 +ir; 14 2ir; —y) o dy
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Further, we observe that (3.56) holds with ir replaced by k — % ; and thus (3.57)
gives, for any integer k > 1,

{®, +®_}(2k — 5;pr;9) = E(2k — 55075 9)- (3.58)

Now, we consider J3 . in an immediate neighbourhood of p;. Let us assume
first that
! <7< 5 (3.59)
—<T< = .
2 4

This is much similar to the case 7 = %, which is treated in [Mo6]. We return to
(3.52), and move the contour in H:(ﬁ) back to the imaginary axis, while keeping
(u, v, w, z) close to p,. The poles which we encounter in this process are those given
in (3.51) and 3(3 —u — v —w — z), which is in fact to the right of the imaginary
axis. Other poles of S(&;u,v,w, z) are either on the left of the imaginary axis or
cancelled by the zeros of the factor cos(3m(u —v)) — sin(7(5(z — w) + £)), and
moreover Lemma 7 implies that Z(&; u, v, w, z; g) is regular for Re (§) > —1. We
denote by F (u,v,w,z;g) the contribution of the pole %(3 —u—v—w-—2z). Then
we have

I (u,0,w, 2;9) = Fy (uy 0,0, 2;.9) — Ulu,v,w, 2 9) + 85 o (u, 0,0, 23 9), (3.60)

where J3 . has the same expression as the right side of (3.48) but with different
(u,v,w,z). Hence, by (3.52),

J3.c(u,v,w,2;9) = {Fy + F_}(u,v,w,2;9) + 33 (u,v,w, 2; 9), (3.61)

when (u,v,w, z) is close to p,. Here we should note that 33,6 is regular at p;,
and

oL KG )R — 5 +it)|?
33,c(p7ag) = 7/—00 : |<(1+2it)‘22

{®4 +@_}(it;pr;g)dt. (3.62)

This ends the local study of the decomposition (3.53) in the vicinity of p,, pro-
vided that (3.59) holds.
Now, if (u,v,w, z) is close to p,, then we have
3w, v,w,2;:9) = M(u,v,w,2;.9) + 33 (v, 0,w, 23 9) + 33 (W, 2,6, 01 9)  (3.63)
+ {3?:d + H;)_,d + 3;h}(ua v, w, z; g) + {3?:d + ngd + 3;h}(wa §7ﬂa E; g) )

where

M(uavawvz;g) = 80(uvv7waz;g) + HQ(U,U,’IU,Z;Q) +32(@7§7ﬂ76; g) (364)
+{F + F_Hu, 0w, 259) +{Fy + F_}HW, 2,4, 7; g).
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It should be stressed that all terms in (3.63) are regular at p,. That the function
M is regular at p, is due to the fact that all terms in (3.63) except for M have
already been proved to be regular at p-.

It remains for us to express M (p-;g) in terms of g. We have

12

M(u,v,w,z;9) = ZMj(u,v,w,z;g) (3.65)
3=0
with
Mej(u,v,w, 2;9) = Mj(w,z,w,v39) (1< <6). (3.66)

Here (recall that g is given by (3.1))

Mo (u, v, w, 2 9) = " (0)¢(u + w)¢(u+ 2)¢(v + w) (3.67)
x v+ 2){C(u+v+w+2)}7

Mi(u,v,w,2;9) = glv+w—1w)(u+2)¢(v+w-—1) (3.68)
xCz—w+1D)C(u—v+D){¢(lu+z—v—w+2)}!

Ms(u,v,w, 2;9) = g(u +w—1Lw)(v+ 2) (u+w—1) (3.69)

X ((z—wH+ D¢ —u+D{{(v+2—u—w+2)}7,
Ms(u,v,w,z;9) = ( m)"“"*{cos(3m(u — v)) + cos(m(z —w + 3 (u—v)))} (3.70)
X C(u+ 7 — 1)C(0 + w)C(z —w)(o — u+ 1)
x {cos(3m(u+z—v—w))(2—u—2z+v+w)}"
X E(%(quzfvfwf1);u,v,w,z;g),
My(u,v,w,z;9) = (2m)" *{cos(3m(u — v)) + cos(m(z — w + (v —u)))} (3.71)
X (o + 2 — D¢+ w)¢(z —w)(u—v+1)
x {cos(3m(v+z—u—w))((2-—v—z+u+tw)}!
X E(%(v—&—z—u—w— 1);u,v,w, z; 9),
Ms(u,v,w, z;9) = —(2m)" " *{cos(37(u — v)) — cos(m(z + (u+v)))}  (3.72)
XCut+z—1)C2-—v—w)(v+2z—-1)(2—u—w)
x {cos(3m(u+v+w+2))((d—u—v—w—2z)}""
X E(%(u+v+w+z73);u,v,w,z;g),
Me(u,v,w, z;9) = (2m)" " *{cos(3m(u — v)) + cos(m(w + 3 (u+v)))} (3.73)
XCu+z—1DC2—-v—w)(v+2z—-1)¢(2—u—w)
x {cos(3m(u+v+w+2))(d—u—v—w—2z)}""
X E(—%(u—kv—l—w—l—z—3);u,v,w,z;g).

Among these, My is equal to Jo; M7 and My come from Jy; and M; (3 <
j < 6) are the contributions of residues of the integral in (3.48) at the poles
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= 1(utz—v—w-1), 3(v+z—u—w-1), 3(utv+w+z-3), $(3—u—v-—w—2z),
respectively. They can be singular at p, individually, but the singular parts should
cancel each other out if they are brought into (3.64), for M is regular at p,. More
precisely, put (u,v,w,z) = pr + (a1, as2,a3,a4)0 with a small complex §, and
expand each term into a Laurent series in §; then the sum of the constant terms is
equal to M (p-), regardless of the choice of the vector (ai,as,as,as). We choose it
in such a way that it is real and no singularities of any of the M; (0 < j < 12) are
encountered when [d| tends to 0. This is possible, for the exceptional ay,as,as, a4
satisfy a finite number of linear relations. Thus we shall assume hereafter that
d # 0 is small and the vector (a1, as,as,as) is chosen accordingly; and we denote
(a1,a9,as3,a4)d either by (8) or by (01,0d2,03,d4). Also we denote the constant
term of M; by M.
First, we have trivially

M = My(pr;9) =

g*(0). (3.74)

Invoking (3.1), we have

My(pr + (8):9) = T(27 — 1+ 05 + 03)C(27 + 61 + 64)C(27 — 1+ 62+ 65)  (3.75)
X C(8y — 83 4+ 1)C(01 — 82 + D{C(2+ 61 — 69 — 05 + 04)}

X /Oo F(F1<; igfi ;f)it) g(t) dt.

— 00

This implies that the singularity of M; at p; is of order two. Hence the constant
term of M (p, + (6);g) is a linear combination of the first three coefficients of the
power series in § for the last integral. Thus

. [T TA—-7—it)
Mi = / et (3.76)

— 00

T/ T/ ” ”
X <d0 +d1?(1 —T—it)?(T—it) +d2?(1 —T —it) +d3F(T—it)> g(t) dt

where the constants d; depend on 7 and the vector (ai,as,as,a4). Clearly M,
can be treated in just the same way, and MJ has the same form as (3.76).

The terms M; (3 < j < 6) are not so simple; and our computation of them
depends on a classical formula of Barnes (see e.g., [WW]). By the definition (3.24)
we have, for the Z-factor in M3,

EG(u+z—v—w—1);u,0,w,2;9) (3.77)
1 100
= — Nu+z—1=9T(s+1—u—w)j(s,w)ds,

2'/TZ — oo
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where the path separates the poles of I'(u + z — 1 — s) and those of the other
two factors to the right and the left, respectively; that we can draw such a path is
assured by our choice of (ay,as,as,as). Inserting (3.1) in this we get an absolutely
convergent double integral, hence it follows that

o t
EG(utz—v—w—1)u,0,w,z2; ):/ F(i}(—)lt) (3.78)
1 100
X 5 Fs)I'(s+1—u—wl(u+z—1—9)T'(w—it—s)dsdt.
™ —100

The path of the inner integral is the same as in (3.1); and obviously we may
suppose that it separates the poles of the first two I'-factors from those of the
other two. Hence we have, again by the Barnes formula,

E(%(U‘FZ—’U—IU—1);u,v,w7z,’;g) (379)

:I‘(u—l—z—1)1"(,2—10)/oo L —u—it)

oo D(z—1t) 9(t) dt.

This implies that Mz has a singularity of order two at p,; thus M3 admits an
expression of the same form as (3.76). Obviously the same argument applies to
My.

The Z-factor of Mz can be computed in much the same way, and we have

ES(u+v+w+z—3)u,0,w,2;9) (3.80)

(1 —u—it)[(1—v— it)
IN(w — it)T'(z — it)

=T(u+z-1)T'(v+z— 1)/ g(t)dt.

—0o0
This implies that M;5 is regular at p,, and

(T(27 — 1)¢(27 — 1)¢(2 — 27))?
(4 —4r7)

© (D(1—1—it)\”
_ t)dt
<[ (s oo
A rearrangement gives

/oo <M>2g(t) dt (3.82)

e (T —it)

Mz = Ms(pr; g) = (1 — sec(27m)) (3.81)

- # /OO ID(1 — 7+ it)[*(1 — cos(2rm) cosh(2xt))g(t) dt.

—0o0
As to Mg, this also is regular at p,, since the Z-factor is regular there
because of Lemma 7. We have

(€27 — 1)¢(2 — 27))?

Mg = Ms(pr; 9) = (1 + sec(277)) -4

E(2 - 27;pr39) (3.83)
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with

2(3 — 27;pr39) (3.84)

L g [(s+1—27)T(1 —it —s) 5
C 2 ) T(r —it) </((,O) sin(ms)['(3 — 47 + ) d ) dt,

where 27 — 1 < g¢g < 7. We have
L(j+1-27)2
— [(j+3-4r)0( +1—7+1t)

/(UO)'”:_sm (1 —1it))
—1

(G+1—7—it)? /
+sm (t —it) jz::Orj+31—T)_Zt)F(J+1)+ o)

Mz

(3.85)

ZW

where 27 — 1+ N < oy < 7+ N. This ends the discussion under the assumption
that (3.59) holds.
Next, let

T=7

There is an essential difference between this case and (3.59), which we just discus-
sed. This is due to the fact that the singularities +1(u+ v+ w + z — 3) of the
integrand in (3.47) approach the origin as (u,v,w, z) tends to ps. That is, they
cannot be treated as well-separated.

While keeping (u, v, w, z) close to ps, we move the contour in ggci) to the
imaginary axis but with a small outward indent around the origin. The poles which
we encounter in this process are those given in (3.51) and +1(u+v+w+2z—3).
Other poles of S(&;u,v,w,z) are either close to —% or cancelled by the zeros of
the factor cos(3m(u —v)) —sin(m(3(z — w) + 5)) and moreover Lemma 7 implies
that Z(&;u,v,w, z; g) is regular for Re (§) > —7. We have

352 (u,v,w, 21 9) (3.86)
= (F-l- - F_)(U,’U,’U},Z;g) - U(uavaw,z;g) + 3;,0(u7v3w72;g)7

where F are as before, and Hgyc has the same expression as the right side of
(3.47) but with the indented contour and a different (u,v,w, z). By (3.52),

3376(7.11,’0,’[072;9) = F+(U,U,U),Z;g) + 3;_’6(714,’[1,11),2;9),

when (u,v,w, z) is close to ps. Here we should note that J3 . is regular at ps,
and

1% [¢(3 +it)]*¢(L +at))?
3§,c(pg;g)=;/_ C(QTCEBLE;)?” {4 +@_}(itipasg)dt,  (3.87)
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because this integrand is continuous. This ends the local study of the decomposi-
tion (3.53) in a small neighbourhood of ps .

Now, if (u,v,w,z) is close to P, then the counterpart of (3.63)—(3.64)
holds, and it remains for us to express M(p%;g) in terms of g, but with the new

M . We have
12

M(u,v,w,z;9) = Z M;(u,v,w,z; g) (3.88)

7=0
j#5,11

where M; are the same as in (3.65)—(3.73). The terms My and M;; are missing,
because the shift of the contour cancels the contribution of the pole at 3 (u + v +
w + z — 3) out, as we have seen above.

The computation of M} is the same as before. It should perhaps be remarked
that

* 2 —
Mg = Mg(pg; 9) = —=C'(3)E (0; pg;g) - (3.89)

We have
= (0; Pg;g>

=i |0 ( [, e pre—i—sra ds)dt (3.90)

Finally, let

Z <7<l (3.91)

Then the pole %(3 —u—v—w-—z) is on the left of the imaginary axis; and the
contribution of the pole %(u—&—v—f—w—l—z —3) is cancelled out by moving the contour
to the imaginary axis. That is, we have

12
M(u,v,w,z;9) = Z M;(u,v,w, z; g) (3.92)
i=0
j7$5?6,11,12

This ends our discussion and completes the proof of Theorem 1.

4. Sums of spectral values

Note that (2.6) of Theorem 1 contains the quantities aij(%)Hj(a) (c=2r-13)

with a given % < 0 < 1, while in Part II of this work we shall encounter sums
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containing Oszj(%)HJZ(U). For the omega-results relating to moments we shall
need the non-vanishing of

> a;H;(3)H;(o), = > aH;(5)H} (o) (4.1)

I{]‘ =K K,J =K

for infinitely many s and a given % < 0 < 1. The non-vanishing of L 1 (k) was used
(see [I2], [I5], [I7], [IM1], [Mo4], [Mo6]) for omega results on the fourth moment of
|¢(3 +it)|. The non-vanishing of L, (x) and N, (k) that we need is a corollary of
the following

Theorem 2. For fixed T such that % <7< 1 and K — oo, we have

Sy Hy () HA(T) = (14 o(1))m 2 + L)¢(2r) K2 (4.2)
ki SK
and
> o HE(3)H;(7) = (1+ o(1))27 A + 1) K? log K. (4.3)
K SK

For L% (k) not only that non-vanishing is known, but a sharper asymptotic
formula for the sum in question, namely

> oHH(E) = K2Ps(log K) + O(K* *10g”/* K), (4.4)
K <K

proved by the first author [Iv9], where Ps(z) is a suitable cubic polynomial. One
could also employ similar methods to obtain a sharpening of (4.2) and (4.3), but
this will not be done here, since it is not needed in the sequel. It is known (see
Katok—Sarnak [KS]) that H;(1) > 0; it follows trivially from the functional equ-
ation for H;(s) that H;(3 ) =0 1f g; = —1. Our formula (4.3) supports the
conjecture that Hj(o) >0 for 0 < o < 1, but this remains an open problem.

Proof of Theorem 2. Because H; (%) = 0 when ¢; = —1, we may start by
treating the sum

Z (€jOéjHj(%)Hj()\)) . Hj(T), (45)
I{ng
with the aim of taking later A =1 or A =7 in (4.5).
Let h(r) be an even, entire function such that h(+1i) = 0 and h(r) <
exp(—c|r|?) (¢ > 0) in any fixed horizontal strip, and

oo

H(u,v; fih) =Y o Hy(w)H(0)t;(h(r;) — (f = 1). (4.6)

j=1
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Transformation formulas for the sums appearing in (4.6) were established by the
second author [Mol] and then in [Mo6] (see eq. (3.3.6) there, also (3.3.8) and
(3.3.9) are important). The formulas in question transform the quantity (4.6) from
spectral theory into a sum of various quantities from classical analytic number
theory. We set

B fih) = H(3 X fih). (4.7)

According to the formulas displayed on p. 117 of [Mo6], we have

H(u,v; f;h) = 2(mi) " (2m/ )2 D Cols(;s)) 01u—o(f)C(1 —u+v) (4.8)

~H(2my/f)PY bl —v) T1—uo ()L — v+ u)

‘cos(mv)

27T u+tv—4 Z mY UU u )Ul—u—v(m =+ f)\I/+(u,U; m/f7 h)

8(2m)utv—4 Z m Loy (M) u_o(m — f)O_(u,v;m/f;h)
m#f
+8(2m) T gy W (F)C(u v — 1)U (u,v; 15 h)
—doau-1) () T Clu+v = 1)¢(v = u+ Dh(i(u - 1)) /¢(3 — 2u)
— 4001 () 7C(u+ v = 1)¢(u— v+ Dh(i(v = 1))/¢(3 — 2v)

1 [ o2ir(f)C(u+ ir)(u — ir){(v +ir)((v — ir)
/. FICCT + 2ir)? nrr

Here
Uy (u,v;x;h) = —/ NMl—u—s)'l—v—ys) (4.9)
(8) X
x cos(m(s + £ (u+v))) COZ((?S) 25 ds
and
U_(u,v;2; h) = cos(3m(u—v)) (4.10)
his)
I'l—u—s)I'l—v—s z®ds,
% /(5) ( )T )COS(WS)
where

h(s) = /Imr_—C rh(r)m dr (Res > —C), (4.11)

with any large C > 0. This is proved if u # v, which can be dropped by an
obvious convention; and 1+ 3 < Re (u), Re (v) < 1 with —2 < 3 <0.
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If

1
5 <A< 1, (412)

then we have

lim R {%[2(“ b 1_“)al,u,v(f)g(1—u+v) (4.13)

(u0)— (% cos(mu)

+ (2my/f)?=D ))01uv(f)g(1_”+“)}

cos(
= ﬁ((/\ + %)(h) (%)U%—A(f)ffé
+ (2m)* A Ysec(mA)C(3 — M1 = Nay_y (/)
where the fact h (3) =0 has been used (see (3.3.15) of [Mo6€]), and that

“ )hjr(l {o20u—1) (N T Clu+v = 1)¢(v — u+ Dh(i(u—1))/¢(3 — 2u) (4.14)

¥ az<v,1><f>f1—v<<u o= ¢ — v+ DAG( — 1)/¢(3 - 20)}
= 0= DA+ Dh(=i)o () f

CA=9)C(E=N, -
32\ h(i(A = 1))o2a—1) (f).f A

Note that the right sides of both (4.13) and (4.14) have removable singularities
at A= 1.1t is found that if (4.12) holds, then

+

HN; f;h) = ZJ—( (A f3h). (4.15)
Here
Hi(A; f3h) = % x the right side of (4.13), (4.16)
Ha(X; fih) = 8(2m) 72 Ym0y g (m)oy_y(m+ [)¥T(\im/f3h), (4.17)
m=1

X > (m+ ) 2o (m+ los \(m)8- (A 1+m/fih), (4.18)

m=1
Ha(N; £ ) = 8(2m) Z m~ 20’/\ s(m)oy _\(f —m)¥~(Asm/fih), (4.19)
Hs (s £;h) = 8(2m) 2 f 20y (F)C(A— 1)U (A 15 ), (4.20)
He(A; f;h) = —4 X the right side of (4.14), (4.21)

0 fit) == [ <G wggf:);"” o ()R dr, (422)



The fourth moment off the critical line 157

where
T (A h) = 7/ N SR GIGRE (S L e
©) COS TS )
U~ (z;h) = cos(3m(2 — /\))/ LA —s)F1—A—5) hls) x®ds (4.24)
(©) COS TS

with —2 < 8 < 1 — X\. If we consider the limit as A tends to %, then from

2
(4.15)—(4.24) we obtain the assertion of Lemma 3.8 of [Mo6].
We have - r
(m%§:2[7rMﬂ?@+%ﬂm, (4.25)
wn I(1— A+ i)
- e — A +ir
1-X)= ————=dr. 4.2
h(1— ) [mrh(r) o (4.26)
Also,
Ut (\ash) = ,i. rh(r)sinhr (4.27)
T J_oo

X / L(2 = s)I(1 — A= s)['(s + ir)[(s — ir) cos{m(s + 3(A + 3))}z° dsdr,
(8)

with 0 < 8 < 1 — X. Evaluating the inner integral, we have, for any x > 0,

v h) = —omi | h(r) L4
U (N\;z; h) = 2m/oocosh7rr cos(ir — 5 (A +3)) (4.28)

INCEETS) N D Y ,
(3 + )L ZT)F(%—}—Z’T,l—)\+i7“;1+2i7“;—1/w)x_”dr.

I'(1 4 2ir)
Then, by Gauss’ integral representation for F (see e.g., [L] or [WW]),
e ) — e -3 AN
Ut (\z;h)=—2mi | {y(1—y)} 1+ - (4.29)
0
y /OO rh(r)COSW (ir—2 A+ 3)TA=A+ir) (y(1—y)\" drdy
o cosh 7r I‘(% +ir) T4y ’

which corresponds to (3.3.41) of [Mo6].
In what concerns ¥~ for x > 1 we obtain in a similar fashion

T (A a3 h) = 2micos(ha(L — A) /jo (% (4.30)
(L +ir)D(1 — X +ir)

T(1 + 2ir

) F(& +ir,1 — XA +ir; 1+ 2ir; 1/z)z ™" dr
] 1 1 y\ A1
= 2icos(hn(h =) [ w -y (1-2)

v /oo Ph(r)T(L — ir)D(1 = A+ ir) (M) dr dy,

—00



158  Aleksandar Ivié¢ & Yoichi Motohashi

which corresponds to (3.3.43) of [Mo6]. Also,

2
W (A1) = mcos(5m

(4.31)

X /00 rh(r) tanh(7mr)T(1 — A+ ir)T(1 — X —ir) dr.

— 00

When 0 < 2 < 1, we argue as on p. 121 of [Mo6], to deduce that

U (a3 h) = cos(br(L — A) /OOO {/z rh(r) (Hyy> dr} (4.32)

s s—lr(% 78)]?(1 7)‘78)
X {/(5) Tyl +1) (1 — 2s) cos(ms) ds} dy,

with =3 <B<1-X, B#—3.
We shall now derive an approximate functional equation for H;(7). The

expression (4.5) implies in particular that we may restrict ourselves to the case
€; = +1. Let us assume that

lkj — K| < GlogK, (logK)?<G<K™  (5>0). (4.33)

Take a large C' > 0 and consider the integral

=3 1, Hj(w+7)K"“T(w/p) dw (p=Clog K). (4.34)
Tl J (3)
We have
R= " t;(f)f " exp(—(f/K)") + O(e™). (4.35)
8K

Shifting the path of integration in (4.34) to Rew = —%u and recalling the func-
tional equation for H;(s) (see (3.24) of [Mo6]), we obtain

+Zt VTR (FK), (4.36)

where

1

Rj(%“) P = m

(4.37)

X / (An?2)"T(1 — 7 —w + ik, )I(1 — 7 — w — ik;j)
(-21)

x { cosh(mrk;) — cos(m(w + 7)) }T(w/p) dw



The fourth moment off the critical line 159

By Stirling’s formula for the gamma-function the above integrand is

1 —T
< (4r22) 3 (Jw + irg|[w — ik |) 2T T exp(—mlw]/(2p)) (4.38)

and thus
R;(z) =0 (K1—2T(4w2xK-2)—%H) : (4.39)

where the implied constant is absolute. This allows us to truncate the last sum
over f at f = [3K] with an error which is < K~¢ for any fixed C' > 0. Hence
we have proved

Lemma 10. For { < 7 < 1 fixed and uniformly for all r; satisfying (4.33) and
g5 = 1,

Hy(r)= Y t;(£)f " exp(—(f/K)") (4.40)
f<BK
- N HHFRV(FK) + O 39),
f<3K

where C' > 0 is any given constant and
1
(2m)20 =" iy
—pin?
X / (Ar?2)“T(1 — 7 — w +ik;)D(1 — 7 — w — i)

RV (z) : = (4.41)

_#71_1'#2

x { cosh(mk;) — cos(m(w + 7)) }T'(w/A) dw.

Stirling’s formula gives, for any N > 1 and for the values of w relevant in
(4.41),

logT'(1—7—w+ik;) = (3 —7—w+irj)log(l — 7 — w + ik;) (4.42)
2N
+7— 14w =ik + Llog(2m) + Y by(1— 7 —win;) " + O(K V%),
v=1

where b, ’s are absolute constants, and the implied constant depends only on V.
Therefore

logT'(1— 7 —w+ikj) = (3 =7 —w+ir;){ log(k;) + Smi} (4.43)
2N
—ikj + 3 log(2m) + Zpy(w)/ij_” + O(K 2N (log K )12N+6)

v=1
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with certain polynomials p, of degree < v+ 1 with constant coefficients. Adding
to this the corresponding formula for I'(1 — 7 — w — ik;), we have

log{F(l—T—w—i-mj)I‘(l—T—w—i/ij)} (4.44)
= (1 —27 —2w)log(k;) — 7k,
N
+ log(2m) + sz,, _2” + O(K N (log K)'2NV+6),
v=1

This implies readily that the integrand of (4.41) can be replaced by

il (4nk; 2a) {1+qu 72+ O(K ) fr(w/), (4.45)

where ¢, (w) are polynomials of degree < 3v with constant coefficients, and the

O-constant depends only on N. Then we expand each Iijl 2202V into a power

series in (1—(r;/K)?) = O(K~°log K) and truncate it at the power Ny = [2N/4].
Rearranging the result of truncation we see that the integrand of (4.41) can be
written as

T (AP K2 2) " {Q(w, 1 — (k;/K)?) + O(K M)} T (w/N), (4.46)

where
Ny
y) =Y uy(w)y”, ug(w) =1+ Z g (w) K. (4.47)
v=0

Inserting (4.47) into (4.41) and restoring the range of integration to the whole

line Rew = —p~ !, we get, uniformly for f < 3K,

1-27 N1

RO = (2) L ORI (/K + O, (1)

Here Ny = [2N/¢] and

1
2mip

U,(x) = /( 71)(47r2K72z)wuu(w)F(w/,u) dw, (4.49)

where u,(w) is a polynomial of degree < 2Ny, whose coefficients are independent
of k; and bounded by a constant depending only on ¢, 7, and N. Hence, if ¢; =1,
we have, for any N > 1 and pu = C'log K with a sufficiently large C > 0,

Hi(r)= Y t;(f)f " exp(—(f/K)") (4.50)

f<BK
K\ 12 M 1 |
B <7r) DD NSO = (5 /K)?) + O(K 3 + K736
v=0 f<3K

with the implied constant depending only on ¢, 7, C, and N.
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We shall evaluate asymptotically, as K — oo,
CNT K, G) ==Y a;H;(3)H;(\H,;()ho(k;), (4.51)
j=1
where % < A, 7 < 1 initially, and the weight function will be

ho(r) = (7«2 N i) {exp (— (’”‘GK>2> T exp (- <7"+GK)2> } (4.52)

provided that (4.33) holds. From (4.50) we obtain

C\ T K,G) = Z T exp(=(f/K))H(X; f; ho) (4.53)
f<BK
K 1-27 N
- <W> D 2 FTTIUMFE)H i) + o(1),
v=0 f<3K

where H is defined by (4.7), and
hy(r) = ho(r)(1 = (r/K)?)". (4.54)

To evaluate FH(A; f;h,), we use (4.15). The contributions of (4.17), (4.18),
(4.20) and (4.21) are negligible, which can be confirmed in much the same way as
on pp. 128-129 of [Mo6]. Then, corresponding to (3.4.25) there, we have (d(n) =
oo(n) is the number of divisors of n)

HO fihy) = Fa (s fih) + O (d()(G + KK (G/K)" (log K)°) . (4.55)
+0 [ FPEAGT3(G/K) log K Y m™20, 1 (m)ay_\(f —m)
m< f

with some constant ¢ > 0, provided that
K20 <« G < K'79. (4.56)

Note that (4.55) holds with A = % , too, and that the estimation of the error terms
is not the best that our argument can attain. Also, we should remark that

(X fih) < K°G(G/K)"(log K)oy _\()f 7, (4.57)

uniformly for + <A <1 and for all f>1.In fact, when 1 + (log K)~! < A <1,
this follows from (4.16), (4.25), (4.26), and otherwise one may use the Taylor
expansion at A = %
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Inserting (4.55) in (4.53) we obtain
e\ 7 K,G)

= 3 96N o) <fTexp(—(f/K)")— (%) Tf”Uo<fK>> (458)

f<3K

+ 0 (K*"G(log K)°)
[es} K 1-27

= 3900 fih) (J” exp(~(1/8") - (%) f”Uo(fK)>

f=1

+ 0 (K*7G(log K)°),

provided that % <A 7<1 and
Kith « G <K', (4.59)

The extension of the summation to f > 3K can be performed in view of (4.49)
with an appropriate shift of the contour to the left.
This means that we have

D (N fiho) fT exp(—(f/K)") (4.60)
f=1
oGO+ D) ()
X /(3)((11)—1—7’—1— 5)C(w+ A+ 7)K*T (M) dw
7r%(QW)W*US@C(M)g(g — Nho(1 =)
X /(3)((w+7+ 5)¢(w+1—-X+7)K"T (M) dw.
Also,
D H (N fiho) ST U(FK) (4.61)
f=1
= g+ Bl (3
2w — 7 —w)(4r? Yuo(w ) dw
<, 3= = w10 () a
- %(2@2@—1)%0(“)4(3 — Nho(1 = A)

9 /( | S =7 =2 = 7 )4 K )T (%) aw
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Before specialising the above formula, note that
(4.62)

(ho)' (L) = 2im? K3G + O(KG®).

We then put A =7, 3 < 7 < 1. Then the right side of (4.60) is asymptotically
(4.63)

2 + 1e@n) K9G,

equal to
T2
and that of (4.61) to
1_
— 2+ DEPG(Ar K Tug(L — nr(2=2). (4.64)
T2 1%
(4.65)

Inserting these expressions into (4.60) we find that

€(r, 7 K, G) = (1+ o(1))— (A + 1)¢(2r) K*G,

which leads to (4.2). Namely, similarly as in [Iv9, eq. (7.10)-(7.11)], we note that

we have
2K,
C(r,m; K,G)dK
Ko
2Ko
_ ZajHj(%)H;(T)/ (k2 + D exp(—(s; — K)*G2)dK + O(1)
i>1 Ko
=/7G Z o Hj(3)H; ()57 + o( K G).
Ko<r;<2Kg
On the other hand, from the main term on the right-hand side of (4.65) we obtain
2Ky
K°GdK

232 (7 + 3)¢(27) K,
Gr=3/2C3(r + 1)¢(2r)(2K0)* — KJ).

1

=2

Here we take G = Ké_s say, then we replace Ko by K¢2~¢ and sum over ¢ > 1,
(4.66)

2 _

and finally replace Ky by K to obtain
HZ(T)I{J- = (%7F2C2(T + %)C(27) + 0(1)) K*

1

Z a;Hj(3)

J
Kj gK
as K — 0o. The desired formula (4.2) follows then by partial summation from

(4.66).
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To prove (4.3), set A = 3, 3 < 7 < 1. This case is treated in Section 3.3
of [Mo6], and we could appeal to Lemma 3.8 therein. But it is the same as to
use (4.60) and (4.61) with this specialisation. Thus, the right side of (4.60) with

A= % is equal to

i, 0 () - (o0 2) 100 )

% (2 <w Y4 ;) KUT <Z) dw, (4.67)

and that of (4.61) to

i ] f (3) oS (o)) 30 (3)

« 2 (2 e w> (472 K )P g (w)T (Z’) dw, (4.68)
where cg is the Euler constant, the ug is specialized accordingly, and
(ho)"(1) = 8im? K*Glog K + O(KG®log K). (4.69)
Hence we have

4
C(3,mK,G)=(1+0(1)—(Ar+ 3)K*Glog K,
T2
which implies (4.3) by the procedure used in the previous case. This completes the
proof of Theorem 2.

5. The asymptotics of the A-function

We shall apply now Theorem 1 with a specific (Gaussian) exponential weight
function, namely

0= s o (- (551) Jrew (- (F51) )} o

which is a standard one, either in this or in a slightly changed form (without the
factor 1/(2y/7G)). Obviously this choice of g satisfies the basic assumption in
Section 1.

The crucial thing needed in the estimation of F5 (T, o) and related quantities
is the function A(r;7,g), defined by (2.8), and we proceed in this section to give
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its asymptotic evaluation. The main formula is (5.14), but we have found it more
expedient to leave it in this form than to formulate a concrete theorem or lemma
which would provide the needed asymptotic evaluation. The form that will be
given in the sequel is sharper and more complete than the one that can be found
in [Mo6, Chapter 5]. We suppose that the parameters r, G satisfy

1<r <TG log®T, T°<G<T'E, (5.2)

which are the relevant ranges for our investigations. The case r < 0 is completely
analogous, and the range for r not covered by (5.2) is treated in [Mo6], where it is
shown that the contribution is negligible. In the case of the weight function (5.1)
(without the factor 1/(24/7G)) we shall have

ge(z) = 2¢/mGe™ 7% cos(aT). (5.3)

However, to keep in tune with the notation of [Mo6], we omit 2,/7G in subsequent
calculations. Moreover, the exponential factor in (5.3) shows that the contribution
of y > G~ llogT in (3.57) is negligible, so that by changing y to 1/y it is sufficient
to start with the evaluation of the integral

G tlogT
I :=/ Y32 (14 y) T cos(Tlog(1 + ) exp(—5GZ log(1 +y))  (5.4)
0

x Re { irFQ(% +ir)

1 .1 . .
mF(§ +ZT, 5 +Z7", 1 +27/f', —y)} dy,

where 7 > % (1 # 1) is a given constant, and of course I depends on T,r,G and
7. There are several ways to evaluate I asymptotically, but the simplest procedure
seems to use the following quadratic transformation formula (see [L, eq. (9.6.12)]),
which is valid if |arg(l — 2)| < 7, 26 # —1,—-3,-5,... :
141 z) 2

(5.5)

R

— 2
xF(a,aﬁ+;;ﬁ+é;<1+ %z) )

Then the relevant part of I becomes

G tlogT
/ Y>3 (14 y) 77 cos(Tlog(1 + y)) exp(—3G?log”(1+y))  (5.6)
0

e Re L PG ) (1 VTEy
YT 20r) 2

2
1- Tty
< F (L 4ir, L1 4ir (Y dy.
1+v14+y
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We recall (2.9), and insert it in (5.6) with o = § +ir, 3= 4,7 =1+r,

B (1—\/1+y
1+/14y

since 0 <y < G~ 1logT in (5.6). Note that, for k> 1,

< i = (i) (o(3)

uniformly in k, with an appropriate choice of branch. Therefore the main contri-

2
) <G 2log’T =0(1) (T — o0),

(% +iT)k
(1—%—2'7“)]c

bution to I will come from the constant term (i.e., unity) in the series expansion
(2.9), while the remaining terms will be of a similar nature, only of a lower order
of magnitude. The series can be truncated in such a way that the tails will make
a negligible contribution; this procedure will be repeatedly used without further
explicit mention in subsequent calculations. For example, we develop into series

-1
the terms (1 + y)~ 7 and <1+7 V21+y) , noting that the main contribution will
again come from the constant term unity. Now we use Stirling’s formula for the
gamma-function in the form (t >t >0, 0< o< 1)

I'(s) = V27773 exp (—dmt +itlogt —it + imi(o — 1)) - (1+ 05 (t71)), (5.7)

with the understanding that the O—term in (5.7) admits an asymptotic expansion
in terms of negative powers of t. Therefore we have

(1 +ir) L ; - 1
N2 v —1/2 —2irlog2—;mi | =
(14 2ir) v ¢ ’ (1+O(r)>

for the gamma-factors in (5.6), where the O-term admits an asymptotic expansion.
In this way the problem is reduced to the evaluation of the integral

G llogT

Vrr— /2 y?"73/2 cos(T'log(1 + y)) exp(—iGQ log’(1+y))  (5.8)
0

< 141
x Re {y" exp <—2ir log 2 — 2irlog (4—2—1-y> — im')} dy

G llogT
= \/7?7“‘1/2/ y*7 %% cos(T'log(1 + y)) exp(—1G* log® (1 + )
0

14+ 4/1
X €OS (7“ logy — rlog4 — 2rlog (W) — }lﬂ) dy,

But as
cosavcos 3 = L[cos(a + B) + cos(a — B)],
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we have in fact to consider

. G llogT . .
Vareiriont [T 2002 (- E G2 og? 1L+ y))e =00 A7y, (5.9)
0

with
14+ 4/1
Fi(y;r,T) :=rlogy — 2rlog (4—24-y> + T'log(1l +y), (5.10)
so that
OF e (y;r,T) v T n T
dy Ty l4y+VIFy 14y

Note that in our range for y, which is 0 < y < G~'logT, the derivative of F is
positive, so there will be no saddle point. Hence we shall discuss in detail only the
more difficult case of F_ (henceforth denoted by F), which has a saddle point

Yo, the root of
T T

T
y 1+y+/I+y 14y

This is equivalent to T2y? — r?y — r2 = 0, giving

y0=;< 1+;+£>7 (5.11)
so that yo ~r/T as T — co. Then
F(yo) = rlogyo — 2rlog <1+\/21+7y0> — Tlog(1 + yo).
Using (5.11) a calculation gives
rlogyy = rlog% + % +0 (;Z) ,
e () o().

TB 7,4
—TlOg(l +y0) = —r+ W + 0] (T3> s

and the O-terms admit an asymptotic expansion in powers of r/T". Therefore we
obtain

r

F(yo) — rlogd =rlog (4eT

N
)+chro1*j + On(rNTIT—N) (5.12)
j=3
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for any given integer N > 3 and some effectively computable real constants

Cj (63 = —1/48). As
Flgo)~ = (=) (513)

it follows that the dominant contribution to I is a multiple of

T3727027= % oxp {~1G?log?(1 + yo) + iF(yo) — irlog4} (5.14)
_ T%72TT2T7%
N
X exp{—}lG2 log?(1 + yo) + irlog (&) +1 chrol—j + ON(TN+1T—N)}.
7j=3

This is understood in the following sense: the remaining terms in the evaluation of
I are either negligible, or similar in nature to (5.14) (meaning that the oscillating
exponential factor is the same, which is crucial), only of the lower order of magni-
tude than (5.14). We shall show now briefly show how the saddle point method
does indeed lead to this assertion.

To see this we turn back to the integral in (5.9). We use the techniques which
were used in establishing (7.1.30) and (7.1.31) of [Mo6]. With yo as in (5.11) we
have that the relevant integral is equal to

&o
woe ™[ (e @ de (g =12, (5.15)
—&o

plus as error term which is <, exp(—7¢). This error term is negligible if
r > (logT)¢® (5.16)

with C(e) (> 0) sufficiently large. The functions appearing in (5.15) are (£ is the
variable of integration)

fo(€) = y* 32 exp(—1G?log? (1 +y)), y:=yo+yole ™4, (5.17)

f&):=F_(&r,T) =rlogy — 2rlog (H;HJ) —Tlog(1+y),

where we assume that (5.1) and (5.16) hold. This enables us to replace fo(§) with

yo” " exp(—1G? log? (1 + yo)),

on expanding fo(§) into its Taylor series at yo. Likewise, since F'(yo) =0,

F(&) = Flyo + yole ™/*) = F(yo) + 315 (—=F" (yo)) + G(& 7, T, o),
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say, where G can be expanded into Taylor series and
G(&r,T,y0) < yp&aryy® = r /2,

After this the ensuing integrals are evaluated by using the formula (proved by
induction on k)

provided that
k=0,1,2, ... ,¢>0,Z9>0, Zgyc>1. (5.19)

In our case

e—=1/2 = - €
0o=Tr /,:0\/5/\7",

[1]

c=—y5F" (yo) > 0,

so that (5.19) is satisfied. Collecting all the estimates, we see that the major
contribution to I is indeed furnished by (5.14).
In the case when the integral in (5.9) has no saddle point, i.e., the case of

—1/2

F+, we turn the segment of integration by the angle r , say, to obtain that

the contribution of the integral is in this case negligible.
In the case when (5.16) fails, more precisely when

Il < (log 7)),
we apply the technique of [Mo6, Lemma 5.2], to see that the integral in question
in the above range is < T%_zT, which is sufficiently sharp for our purposes.
6. The weighted fourth moment when % <o< %

With the use of Theorem 1 and the asymptotics of Section 5 we can derive the
explicit formula for the fundamental function

1 o0
B(T7,G) = / IC(7 + it +T)|*e~ /D Qi 6.1)
— 00
(% <r< 3T <G K Tlff) :

This formula, as in the case when 7 =1/2 (see [I12], [Mo6]), can be integrated over
T. It will then lead to explicit results on the function F5(T,0), the error term
in the asymptotic formula for fOT |C(o 4 it)[*dt. Our result on I(T,0) and its
integral is given by
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Theorem 3. If I,(T,0,G) is given by (6.1), + < o < 3, T3+ <G < T,
Yo = (k;/T)(\/1+ (k;/4T)2 + k;/(2T')), then we have

I(T,0,G) ~ O(1) (6.2)

ST Y e - et
k; <TG 1logT

X sin </~@j log f—jT + 03H?T*2).
e

We also have, for Yy = (k;/V)(\/1+ (k;/4V)2 + k;/(2V)), and V/3+s < G <
Vi=e (D >0),

o),V (V)<<2—2> (63

1%
/12(T70§G)dTN C(40) 3— 40\ 21 ((4 —4o)

+ V2727 (ag(0) + a1(0) log V + az(0) log” V) +
+ VI S O PH (L) H, (20 — L)em 1678 14T0)

L J
k;SVG~1llogT
X €OS (lij log(%) + 63/<;§?V_2> +0(G) +O0(VY310gP” V)

with suitable constants C (o), Ci(0), and a;j(c), which may be explicitly evaluated.
The meaning of the symbol ~ is that besides the spectral sums in (6.2)-(6.3) a
finite number of other sums are to appear, each of which is similar in nature to
the the corresponding sum above, but of a lower order of magnitude.

Proof of Theorem 3. The meaning of the symbol ~ was already explained
after (5.14). Each of the omitted sums is either negligibly small, or similar in
structure to the ones appearing above, namely it has the same oscillatory factors
as the corresponding sums above. When estimated, their contribution will be (by
a power of T' or V') smaller than the contribution of the sums in (6.2) and (6.3).
To prove Theorem 3, we use (2.3)-(2.8) of Theorem 1. The derivation of (6.2)
is similar to the proof of Theorem 5.2 of [I2] or Theorem 5.1 of [Mo6], starting
from the spectral decomposition of L£(g;7,7) when 7 = 1/2. Thus we shall be
relatively brief, noting that the sum in (6.2) comes from the discrete spectral part
(2.5) and (5.14). We shall need (5.14) with 7 =0, 1 < o < 1. The weight function
g will be (5.1), hence
ge(x) = em1G7’ cos(zT). (6.4)

In view of the expressions for M, (£ = 0,...,6) (see (3.74)—(3.89)) of the main
term (cf. Z,.(7,g) in (2.4)) will be O(1), as will also be the contribution of Z, (7, g)
in (2.7). The contribution of Z.(7,g), given by the integral in (2.6), is estimated
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by the use of (5.14). It will be O(1) plus the term which is

TG 'logT

<log’T / (5 + )¢ (20 — H)PTY272 (|r| + 1)*7 732 dr
—TG1llogT

< (TG71)2+207%T%720 lOgC T

— T1/4G1/4—2U IOgCT < 1

for G > T3 since o > % . Here we used the trivial bound 1/|¢(% +it)| < log [¢],
coupled with the Cauchy- Schwarz inequality for integrals and the bounds (see [I1])

T T
/ IC(3 +it)|®dt < T3/%10g” T, / IK(r+it)*dt < T (3 <7<1).
0 1

To prove (6.3), we integrate first the spectral decomposition of Theorem 1
from V to 2V, eventually replacing V' by V277 and summing over j € N. When

—27—1ir

we apply (5.14) and integrate, we essentially have to integrate T3 over T,
which accounts for the increase in order of T'/k; in (6.3), and one can check that
integration will transform the sine into cosine. Here care should be exerted when
one computes the main term on the right-hand side of (6.3). This is given (cf.
M(p-;g)) by eqs.(3.74)—(3.89). In the evaluation we make repeatedly use of the

formula (see [I2, Section 5.1])

(k) (s)
I'(s)

k
:Zb]k Yog? s +c_1ps V. Fens T+ O] (6.5)
7=0

for any fixed integers k > 1,7 > 0, where each b, (~ bj « for a suitable constant
b; ) has an asymptotic expansion in non-positive powers of s. It transpires that
one encounters integrals of the type

log" (L +iT + it)e" /9" at (6.6)
7=l

= ﬁ/ log" (3 +iT + iuG)e™™ du

log T R
/ log" (% + 4T + iuG)e ™ du + OA(T~4),
f log T

for any fixed A > 0. For |u| <logT one has the power series expansion

log" (3 +iT + iuG) = log" (iT)

uG 1 1 fuG 1\
+Z<>10gZT <T+2ZT_2(T+22T) +>

k
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which is inserted in (6.6). The evaluation is completed by applying (5.18). The
main term in (6.3) is the same one as in (6.2) (with V replacing T'), and the
constant standing in front of the term 7374 was first explicitly evaluated by
Ka¢énas [K1], [K2]. The contributions of Z,(7,¢) and Z.(,g) will be absorbed
by the error terms after integration. This ends our discussion of Theorem 3.

Next, we consider E(T, ) by using (3.88)—(3.90). We obtain, with suitable
constants A;, which may be explicitly evaluated,

T 403
/0 € +at)|*dt = Cg((;))T (6.7)

+TY?(Ag + Ay log T + Aglog? T) + Ex(T, 3)

with
BEy(T,3) < TY?1og” T. (6.8)

Note that the bound (6.8) for the error term is, by a log-factor, larger than the
order of the second main term in (6.7). Indeed, it is very plausible that the bound
(6.8) is far from the truth and that we have

Ey(T,0) <. T??727% (<o <?) (6.9)

and
Ey(T,0) <. T° (3<o<). (6.10)

Here and later ¢ denotes arbitrarily small, positive constants, not necessarily the
same ones at each occurrence, and f <. g means that the < —constant depends
on ¢. Also note that C will denote a generic positive constant.

The conjectures (6.9)-(6.10) were made in [I6]. They are very strong, since
they imply that ((3 +it) <. [t|'/®+° and ((0 +it) <. [t|* for o > 3. They are
the analogues of the conjectures for the true order of the error term FE;(T,0) in
(1.5) (see [Ma]). What seems possible to prove at present for the range 2 < o < 1
is (cf. [I6, Th. 2])

¢*(20)
((40)

which is far from the conjectured bound (6.10). In view of (6.11) there seems to be
no point in further estimation of F5(T, o) when % < o < 1, since the bounds that
seem obtainable from the spectral decomposition are weaker than (6.11). When
o =1 we have (see [I3])

T+ O(T?" % log® T), (6.11)

T
/ |C(o +it)[*dt =
0

¢*(2)
¢(4)
so that this case is covered, too (¢*(2)/¢(4) = n%/72).

T
/ IC(1 +it)|*dt = T + O(log* T),
1
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7. The fourth moment when % <o< %

We have prepared the groundwork for the results on Eo(T,0), the error term for
the fourth moment off the critical line (see (1.6)), in the previous sections. Now
we can proceed with the statement of our results.

Teorem 4. If o is a fixed number such that 1 < o < 3, and E»(T,0) is defined
by (1.6), then with suitable constants a;(o) we have

r i, CY20) T [T\ " ¢42-20)
/0 (o +it)|* dt = C(40)T+340(27T) e (7.1)

+ TZ—ZU(GO(U) + (Ll(O') logT + QQ(U) 10g2 T) + E2(T7 U)a

where with some C >0
BEy(T,0) < T 10T (L <o < 3). (7.2)

Moreover, .
Ey(T,0) = Qu(T27%)  (b<o<d) (7.3)

More precisely, there exist constants A = A(o) > 1 and B = B(o) > 0 such that,
for T = Ty(o), every interval [T, AT| contains points t1 = t1(o) and ty = ta(0)
such that

20 20

Es(t1,0) > Bt %, Ey(t1,0) < —Bt:~ L<o<3)  (14)
Remarks. Asusual, f(z)=Q4(g(z)) means that we have limsup,_, . f(x)/g(z) >
0 and liminf, , f(x)/g(z) < 0 for a given g(x) > 0(z > x0). Note that
3—40 > 2/(1+40) for 1 < o < 1£¥2 and that 2 — 20 > 2/(1 + 40) for
o < %. Thus our bound for the error term Eo(T,0) is already larger than the
second main term in (1.6) unless % <o < 1+T‘/§, but the bound in question is
probably much too large (recall the conjectural bounds (6.9)—(6.10) for the order

of Ey(T, o).

Theorem 5. Let FEo(T,0) be given by (1.6). If o is a fized number such that
1 <o <2, then for suitable C = C(0) >0 we have

T
/ | By (t,0)[* dt < T?log® T. (7.5)
0
We also have, for any constant A > 1,

T
/0 |Ba(t, )| dt > THHAG-20). (7.6)
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Note that when o = 3, (7.5) reduces to
T
/ E2(t)dt < T?1og® T, (7.7)
0

where E5(T) = E5(T, 1) is the error term in the formula for the fourth moment
of [¢(3 +it)|. The bound (7.7) is the sharpest one known (see [IM2], [Mo6]) and
essentially best possible, since we have (see [I7])

/ ' E2(t)dt > T2 (7.8)
0

The lower bound in (7.6), when A = 2, 0 = 1, reduces to (7.7). Note that the

conjecture (6.9) would furnish the upper bound
T
/0 |Ba(t, 0) | dt <. THHAG-20)te, (7.9)

which is (up to ‘e’) the same as the lower bound (7.6). The upper bound in
(7.5), on the other hand, is much weaker than (6.9). This reflects, in general, the
situation with Eo(T,0): as ¢ increases from % to %, the quality of the bounds
(either pointwise or in the mean square sense) decreases. The same phenomenon
also occurs with bounds for the mean square of ((s) off the critical line (see [Ma]).

Finally we remark that, by Holder’s inequality for integrals, (7.5) implies the
mean square bound

T
/ E2(t,0)dt < T2 10 T, (7.10)
0

which may be compared to (7.7).

8. Proof of the bounds when % <o< %

In this section we shall prove Theorem 4 and Theorem 5, formulated in the prece-
ding section. First we prove (7.1)-(7.2). We rewrite (6.3) of Theorem 3 as

/T I(t,0;G)dt = M(T,0) + S(T,0;G) + R(T, 0;G), (8.1)
0

say, where the main term is
¢*(20) T [T\ " ¢42-20)
M(T,o) := T — D —— 2
To) = Tt 3= \an C(4—40) (82)
+ T2 % (ag(0) + a1 (o) log T + as(o) log? T),

S(T,0;G) := C(o)T272° Z aj/iia_wzH]Z(%)

j=1

x Hj(20 — %)e_iG2 log*(14Y0) (g (nj log(;—jT) + c;m?T_Q) (8.3)
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is the spectral part, and the rest (error term) is
R(T,0;G) := O(G) + O(T 3 10g” T). (8.4)
We suppose that 7'/37¢ < G = G(T) < T'~¢ and put first in (8.1)
Ty=T—-GlogT, Tob =2T + GlogT.

Then

/T2 G)dt = ¢ (o + du)|* | " (t—u)?/G?
Iy(t,o;G)dt —/ ((o+iu e Y dt | du
T 2( ) oo ( ) VTG 1,

2T Y
e~ (=W /G gt | du.

> C(a+iu)|4<

T

2T+Glog T

VTG /TGlog T

But for T' < u < 2T we have, by the change of variable ¢t — u = G,
1 2T+GlogT 1 (2T+u)/Glog T

—(t—u)?/G? _ = —v
e dt = e ¥ dv
VTG Jr_GlogT VT Jr—u)/G-10g T

1 00 5 00 R —logT 5
:—/ e " dv+0(/ e " dv)—i—O / e " dv
ﬁ —oo log T —0o0

=1+0(e ¢’ T),

since t —u < 0, 2T — u > 0. Therefore, by (8.1) and the mean value theorem, we
obtain

/2T|§(a+it)|4dt < /T2 I(t,0;G)dt + O(1) (8.5)

T Ty

=M(2T,0) — M(T,o) + O(G)
+S2T +GlogT,0;,G) — S(T — GlogT,0;G)
+ R(2T + GlogT,0;,G) — R(T — GlogT,0;G).

A lower bound of a similar type for the first integral in (8.5) follows by the same
procedure if we take

Ty =T+ GlogT, To =2T — GlogT.

Putting together the bounds we obtain the following lemma, which is the analogue
of [I12, Lemma 5.1] or [IM3, Lemma 3].
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Lemma 11. With the notation introduced in (8.1) —(8.2) and, for T*/3%t¢ < G <
T1=¢ we have
E»(2T, o) — Bs(T, o) (8.6)
< |S2T + GlogT,o;G)| + |S(2T — GlogT, 0;G)|
+|S(T +GlogT,o;G)| + |S(T — Glog T, 0; G)|
+ O(G) +O(T 3 10g” T).
To return to the proof of (7.1)-(7.2), note that the S-sums can be truncated

at TG~1log T with a negligible error. We estimate the exponential factors trivially,
and then use the Cauchy-Schwarz inequality and the bound (4.2). Thus we have

|S(2T + GlogT,0;G)| +|S(2T — Glog T, 0; G)|

+ ST+ GlogT,o;G)| + |S(T — GlogT,0;G)|
< T%*%(TG*1 log T)2"*% log® T
<TG 2 10g" ! T

This gives, by Lemma 11,
E5(2T,0) — Es(T,0) < (TG*™% + G+ TY3)10g® T < T 1og® T (8.7)

with the choice
G = T,

From (8.7) the bound (7.2) easily follows. Note that an explicit value C = C(0)
in Theorem 4 can also be worked out without trouble.

To prove the omega result (7.3) we argue similarly as in the case of the proof
of the omega-result (see [I7], [Mo4], [Mo6])

By(T) = Qu(T'/?). (8:8)
Instead of the (modified) Mellin transform
Zs(8) := /100 I¢(3 + ix) [z dx (Res > 1) (8.9)
used for the proof of (8.8), we need to use the function
Zo(s,7) = /IOOC(T+i:E)|4dea: (1 <7<1, Res>1).

The spectral decomposition of Z5(s, ) is effected much in the same way as was the
spectral decomposition of Z5(s) (see [Mo4], [Mo6]). The major difference relevant
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for the omega results is that, in the case of Z(s) the simple poles are located
at s = % + ik;, while in the case of Z5(s,7) the simple poles are located at
s =3/2 — 27 £ ik;. Hence, instead of (8.8), we obtain the omega result (7.3). In
the course of the proof one needs the non-vanishing of L, (k) for infinitely many
(see (4.1)), which follows from (4.3) of Theorem 2. The function Z5(s,7) admits
meromorphic continuation over C where, unless s lies in a neighborhood of its
pole, it is of polynomial growth in |s| for a fixed o. This follows analogously as in
[Mo6] and [IJM]. The crucial result is analogue of Lemma 2 of [I7], which in this
case will imply that

[e'e] t
/ / Es(u,0)du-e /T dt (8.10)
0 0

~ T3 2Re > a;H}(3)H;(20 — })Ri6(k5) ¢ (T — o0),

j=1

where R ,(k;) <. exp(—(i7 — ¢)r;). From (8.10) we obtain (7.4) with the aid
of ( [I7], Lemma 3). With (7.4) at our disposal, we prove easily (7.3). Let ¢; be as
in (7.4). Then

t 1/a

AT < [ Byt 0)d ! @ (a=1)/a
1 2(t,0)dt < | By (t,0)|*dt t)
0 0

for @ > 1 by Hélder’s inequality, and for a = 1 it is trivial. In view of T' < t; < BT
we obtain

e . BT
Aei+a(3-20) gA“ti* (3—20) </ |E2(t,0')|adt</ |Es(t,0)|® dt.
0 0

Changing T to T'/B we obtain (7.3).

It remains to prove (7.5) of Theorem 5. We shall follow the proof of [Mo6,
Theorem 5.3], making the necessary modifications. We wish to obtain an upper
bound for R, the number of well-spaced points {¢,} (r = 1,...,R) for which
Es(tr,0) 2V > 0 (the case when FEs(t,,0) < —V is analogously treated, so we
may consider only the former case), where

T<t < <tp<2T, top1—t,>Vieg ¢ 1T, (8.11)
Tis logc2 TV T 10gc3 T,

for suitable C; > 0. We put

U=2"% ({=1,....,L), G=Vleg 1T, 27t =<7Urth/B)
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which gives

Mh

By(ty) = > > {E2(2' ", 0) — B2(27 ", 0)} + O(T"/ 47 10g” T)

{=1r=1

by (7.2). Therefore we obtain

L
V<Y Y B2 0) — Ba(27,0) ], (8.12)

(=1r=1

N

and we now apply Lemma 11. We may truncate each sum over ; so that x; <
TG~ 'logT, and also expand into Taylor series the factor

exp (203I€ (U £ GlogT)?)

and higher power exponentials coming from (5.14), noting that the main contribu-
tion will come from the constant term, namely unity. This is important, since this
procedure allows us to relax the condition G' > V1/3+¢ in (6.3) in such a way that
G and U lie in a permissible range. Instead of W (K, ¢; z) (cf. [Mo6, eq. (7.2.19)])
we have (7(r,¢) = 2“4+ Glog T, Rez = 1/logT') now

R
WK z)= Y ogH(3)|H;Q20 — 3)[w57 " Y w(r s 2ot
K<r;<2K r=1
R
<K N g HE (D) H (20 — D] D r(r, 02
K<k;<2K r=1

To the sum over x; we apply the Cauchy-Schwarz inequality, noting that for o > %

Y olHi(5)H;(20 — P

K<r;<2K
1/2
< Z aJH4(%) Z CYjH;l(2U -3)
K<r;<2K K<r;j<2K
< K?log® K,

since both sums above are bounded by K?2log” K. For the sum with H 4( ) this
is [Mo6, Theorem 3.4], and the other sum is treated analogously. This yields

W2(K, t;2) < K* log® K Z osz2 (3) ‘Z T(r, E § 20+, |” . (8.13)
K<k <2K
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With (8.13) we obtain, on applying [Mo6, eq. (5.6.3)] (this is a variant of the
spectral large sieve), the uniform bound

W2(K,l; 2) < K og® K(K + TV Y)RT3 747274,
With the aid of (8.12) this yields, similarly as in [Mo6, Chapter 5]

RV < max K7¥(K2H1 4 P12y =12 205 R 3/2727 100
K<LTG tlogT

< RY2TV2 29 10gC T.

Therefore we obtain
R« TV 14 10g“ T, (8.14)

which easily leads to (7.2). The part where |Ey(t,0)| < TV 39 1og® T is trivial,
so we may restrict integration to the set S, where |Ey(t, o) > T'/(47) log® T'.
Consider the subset Sy of S, where V < |Ex(t,0)| < 2V,t € SN [3T,T]. We
divide the interval [%T7 T] into subintervals of length V' log® T, allowing the end
subintervals to be possibly shorter. Then the number R = Ry of those subintervals
(considering separately subintervals with even and odd indices) which contain a
point from Sy is bounded by (8.14). Hence we have

/ |Ey(t,0)[* dt < Ry Vlog® TV* < T?10g° T,
Sy
and since there are O(logT) choices for V', we have

T

/1 |Es(t,0)[* dt < T?1og® T.
iT
2

Replacing T by 7277 and summing the above bounds over j € N we obtain (7.5).
The proof of Theorem 5 is complete.
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