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Abstract

The order O, (o) of a permutation o of n objects is the smallest integer k¥ > 1 such
that the k-th iterate of o gives the identity. A remarkable result about the order
of a uniformly chosen permutation is due to Erdés and Turdan who proved in 1965
that log O,, satisfies a central limit theorem. We extend this result to the so-called
generalized Ewens measure in a previous paper. In this paper, we establish a local limit
theorem as well as, under some extra moment condition, a precise large deviations
estimate. These properties are new even for the uniform measure. Furthermore, we
provide precise large deviations estimates for random permutations with polynomial
cycle weights.
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1 Introduction

Denote by G,, the symmetric group, that is the group of permutations on n objects.
For a permutation o € &,, the order O,, = O,,(0) is defined as the smallest integer &k such
that the k-th iterate of o is the identity. Landau [14] proved in 1909 that the maximum of
the order of all 0 € G,, satisfies, for n — oo, the asymptotic

max (log O,,) ~ y/nlog(n).

ce6,

On the other hand, O, (0) can be computed as the least common multiple of the cycle
length of . Thus, if ¢ is a permutation that consists of only one cycle of length n, then
log(On(0)) = log(n) and (n — 1)! of all n! permutations share this property. Considering
these two extremal types of behavior, the famous result of Erdos and Turan [8] seems
even more remarkable: they showed in in 1965 that a uniformly chosen permutation
satisfies, as n — oo, the central limit theorem

_ 1 2
logOn — 5108 () ¢, \rg 1), (1.1)

11og®(n)
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The order of large random permutations with cycle weights

This result was extended to the Ewens measure and to A-permutations, see for instance
[2] and [24].

In this paper we study the random variable log O,, with respect to a weighted measure.
We present large deviations estimates and a local limit theorem for log O,, which are, to
our knowledge, new even for the uniform measure. We also give precise expressions for
the expected value of log O,,, which extends results from Zacharovas [25].

The literature on non-uniform permutations has grown quickly in recent years, partic-
ularly due to its relevance in mathematical biology and theoretical physics. In this paper,
we focus on random permutations with cycle weights as introduced in the recent works
of Betz et. al [3] and Ercolani and Ueltschi [7]. In their model, each cycle of length m is
assigned and individual weight 6,,, > 0. We denote by C,,, = C,,,(0) the number of cycles
of length m in the decomposition of the permutation ¢ as a product of disjoint cycles.
The functions C7, (s, ... are random variables on &,, and we will call them cycle counts.
Then the weighted measure is defined as follows:

Definition 1.1. Let © = (0,,,),,~, be given, with 6,,, > 0 for every m > 1. We then define
foroc e G, B

n

R pp—— R

h,n!
m=1

with h,, = h,,(©) a normalization constant and hy := 1. If n is clear from the context, we
will just write Pg instead of g .

Notice that special cases of this measure are the uniform measure (#,, = 1) and the
Ewens measure (0,, = 0). Many properties of permutations considered with respect
to this weighted measure have been examined for different classes of parameters, see
for instance [3, 7, 11, 15, 16, 17, 18, 19]. Recently, we studied the order of weighted
permutations for polynomial parameters 6,, = m?, v > 0, see [22]. We proved that the
cycle counts of the cycles of length smaller than a typical cycle in this model can be
decoupled into independent Poisson random variables. Using this approximation, we
extended the Erdos-Turan law (1.1) to this setting as well as a functional version of it.

In this paper, several properties of log O,, are considered for two classes of parameters
© = (0m),,>,- Section 3 is devoted to generalized Ewens parameters (see Definition 3.2
for precise assumptions) and in Section 4 polynomial parameters 6,, = m” with v > 0
are studied. In particular, we extend in Section 3 the Erdos-Turdn law to the generalized
Ewens measure. For ,,, = m”, this has already been done in [22].

See the respective preliminary Sections 3.1 and 4.1 for a short overview of the
available result for these parameters.

The challenging point when studying this measure is that due to a lack of compatibility
between the different dimensions the Feller coupling is not available for the measure Pg.
Therefore, new approaches are needed. The crucial feature of Pg is that it is invariant on
conjugacy classes. Using generating series and complex analysis methods, a variety of
natural properties of weighted random permutations were recently obtained by several
authors. The starting point of the study is the relation

o0 o0
0
hat" = exp(go(t)) with ge(t) = ygm (1.2)
> (96(1)) =3
where h,, is defined in Definition 1.1 and (1.2) is considered as formal power series in ¢.
Depending on the structure of the 6,,, different methods are required to investigate the
asymptotic behavior of h,, and other quantities of interest. It will turn out that for the
generalized Ewens parameters the singularity analysis is the right method to choose (see
Section 3.1) while for polynomial parameters it is saddle point analysis (see Section 4.1).

EJP 20 (2015), paper 126. ejp.ejpecp.org
Page 2/34


http://dx.doi.org/10.1214/EJP.v20-4331
http://ejp.ejpecp.org/

The order of large random permutations with cycle weights

2 Generalities

We require in this paper some basic facts about the symmetric group &,,, partitions,
and generating functions. Since we need precisely the same definitions, notations and
tools as in our paper [22], we refer the reader to Section 2.1 and Section 2.2 in [22]
(and the references therein). Here, we introduce an important approximation log Y, of
the random variable log O,, and we discuss some number theoretic sums which we will
encounter frequently throughout the paper.

2.1 The approximation random variable logV,,

Recall that the order O, (o) of a permutation o € &,, is the smallest integer & such
that the k-th iterate of o gives the identity. Assume that ¢ decomposes into disjoint
cycles o = o7 - - - o4y and denote by ); the length of cycle ¢;. Then O,,(c) can be computed
as the least common multiple of the cycle length:

On<0') = lcm()\l, )\27 . )\g)

A common approach to investigate the asymptotic behavior of log O,, is to introduce the
random variable

n n
Y, =[] m“", thatis logV, = > log(m)Cp, (2.1)
m=1

m=1

where the C,, denote the cycle counts. The basic strategy is to establish results for
logY,, and then to show that log O,, and logY,, are relatively close in a certain sense. To
give explicit expressions for O,, and Y,, involving the C,, let us introduce

Dy = Z CpLijmy and D, =min{l, Dyx}. (2.2)
m=1
Now let pq, pa, ... be the prime numbers and g, ; be the multiplicity of a prime number

p; in the number m. Then

n
Ch _ qm,1, Gm,2 Cm
m = T (o™ pg™2 - pirn )

1 m=1

C1-q1,i+C2-q2,i++Chn-qn,i n_ D
D; ’ = Hp i=1"npl | (23)

1 p<n

=

Y, =

=8

K2

where Hp <, denotes the product over all prime numbers that are less or equal n. The

last equality can be understood as follows: First, notice that D,; = 0 for k£ > n. Next, let

p be fixed and define m = p9i - @ where a and p are coprime (meaning that their least

common divisor is 1). Then C,, appears exactly once in the sum D,,,; if j < ¢, ; but it

does not appear if j > g, ;. Thus, C,, appears ¢, ; times in the sum E;’Zl Dypi.
Analogously, we have

O = [[ p>o=2 Pt (2.4)

p<n

To simplify the logarithm of the expressions (2.3) and (2.4), we introduce the von
Mangoldt function A, which is defined as

(2.5)

log(p) if n = p* for some prime p and k > 1,
A(n) =

0 otherwise.
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Consequently,
logY, = > A(k)Dpp  and  logOn = > A(k)Dj. (2.6)
k<n k<n
Now define
A, =logY, —logO,, = Z A(k)(Dng — D). (2.7)
k<n

In order to prove properties of log O,, they are first established for log Y;, and then one
needs to show that A,, is approximately small enough to transfer the result to log O,,,
see for example Lemma 3.6 and Lemma 4.2. A natural question at this point is: Why is
logY,, a good approximation of log O,,? Comparing the expressions for log Y;, and log O,
in (2.6), we immediately see that log O,, is well approximated by log Y,, if most D,,;, are
only 0 or 1. This is fulfilled if the cycle counts C, are typically 0 or 1 and the occurring
cycles lengths are typically relatively prime. This is for instance the case for the Ewens
measure as E[C,,] — ¢¥/m as n — oo and cycles of order n are dominating the picture
(and since most large numbers are relative prime).

An important tool to study logV,, is its moment generating function. By using a
randomized version of the measure Pg, one can show

o0 o0 0m
> hnBelexp(slog Y;,)]t" = exp (Z ml_stm> : (2.8)

n=0 m=1

see Lemma 2.7 and equation (2.6) in [22].

2.2 Number theoretic sums

We recall the asymptotic behavior of some averages over multiplicative functions
involving the von Mangoldt function A, which will be particularly useful to study the
difference of log O,, and logY,,, see (2.7). Let us begin with the Chebyshev function v,
which is defined as

P(x) = Z A(k) = Z log(p). (2.9)

k<z ka
By definition, the prime number theorem is equivalent to
Y(x) = z(1+4 o(1)) as r — oo. (2.10)

A more precise explicit formula which was proved by Mangoldt is given by

P 1
W() :x_z% ~ log(2r) —  log(1 — = ~2), (2.11)

p

where the sum is taken over the zeros of the Riemann zeta function (see [23, Section
11.4.3]). Then the Riemann hypothesis is equivalent to

Y(z) = x4+ O0(x/*T¢)  forall e > 0, (2.12)

see [23, Section I1.4, Corollary 3.1]. The relation of ¢(n) and the least common multiple
of the numbers 1,2, ...,n is given by

lem(1,2,...,n) = exp(¢(n)).
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Furthermore, by [1, Theorem 4.9],

Z# = log(x) + O(1) asz — 0o (2.13)

k<z

holds, and by (2.10) this can be generalized for 0 # a # 1 to

Zy: A(R)E™" = zy: A(k) /y at™tdt 4y Zy: A(K)
k=a k=x k k=x
= a/y Z AR dt +y~*(y — 2 + o(y))
T k=g
= RO ) (1 o(1), 2.10)

Finally, recall also the Euler-Maclaurin formula

b b
Zﬂ@=£f@w+/@—MﬁhmwﬂW%MM (2.15)

b
m=1 0

3 The generalized Ewens measure

The first class of parameters © = (6,,,),>1 of interest are the so-called generalized
Ewens parameters. Roughly speaking, this class comprises all types of parameters such
that the generating series go as defined in (1.2) exhibits logarithmic singularities. To
make this notion precise, we consider © = (6,,),,>1 such that go belongs to the set
F(r,¥, K), see Definition 3.2 below. This class of parameters was recently studied by
several authors. The case 6,, — ¥ (which corresponds to F(1,4, K)) was studied for
example in [3], where results on the length of a typical cycle and the expected value
of the total number of cycles are obtained. In [19] a central limit theorem and Poisson
approximation estimates for the total number of cycle are proved for the general case
F(r,9, K). These results where complemented in [18], where the behavior of large cycles
was studied and a functional central limit theorem for the cycle counts was obtained.

In all these works it turns out that the behavior of weighted random permutations
with parameters corresponding to F(r, ¢, K) (almost) coincides with that of permutations
considered with respect to the Ewens measure with parameter ¢. It it thus natural to
expect that the Erdos-Turan law as stated in (1.1) should also be valid for parameters of
the class F(r, 9, K). This is indeed true, as we will show in Theorem 3.8. Furthermore,
we will present results about the order of weighted random permutations that are even
new for the Ewens measure, such as a local limit theorem (see Section 3.3) and large
deviations estimates (see Section 3.4).

3.1 Preliminaries

To determine the framework of this section the following preliminary definition is
needed.

Definition 3.1. Let 0 <r < R and 0 < ¢ < 5 be given. We then define

Ao =Ag(r,R,¢) ={z€C;|z| <R,z #r,|arg(z — )| > ¢}. (3.1)
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Figure 1: Illustration of Ag

Let us now introduce the generalized Ewens measure. Rather than defining conditions
for the parameters © = (6,,),>1 directly, we impose them on the generating series ge.
We require that gg is analytic in a Ag-domain and that it admits logarithmic growth at
its dominant singularity.

Definition 3.2. Let r,¥ > 0 and K € R be given. We write F(r,9, K) for the set of all
functions g satisfying

(1) g is holomorphic in Ao(r, R, ¢) for some R >r and 0 < ¢ < T,

(2)

g(t) =log (l—lt/r) +K+O0O(t—r)ast—r. (3.2)

Notice that 6,, = 9 leads to go(t) = —dlog(l —t) € F(1,9,0) and thus the Ewens

measure is covered by the family F(r,, K). More generally, functions of the form
go(t) = —9log(1—1t)+ f(t) with f holomorphic for |{| < 1+ € are contained in F (1,4, f(1)).
In particular, the case 6,, # ¢ for only finitely many k is included in F(1, 49, .).
Remark 3.3. The justification for the name generalized Ewens measure relies on the
following observation. Theorem VI.3 and VI.4 in [10] implies that if go(t) is defined as
in (1.2) and the parameters 6,, are such that geo belongs to F(r, 9, K), then there exists
some ¢, such that

1 oo
O™ =0 + € With |6, = O () and thus lom] ¢ . (3.3)
m oo m

Remark 3.4. Note that the sequences 0i, 0, ..., 0, and 6ir, 6212, ..., 0,r™ define
for » > 0 the same probability measure on &,,. One thus can rescale each element
in F(r,9¥, K) to obtain one in F(1,¥, K) without changing the measure. However, we
prefer to work with F(r, ¥, K) as the asymptotic statistics of some objects depend on
the radius of convergence r while other do not. For instance, it was shown in [19] that
the asymptotic behaviour of the cycle counts C,, depends on r while the asymptotic
behaviour to the total number of cycles Ky, does not depend on r.

With these assumptions on the generating series at hand, we can compute the
asymptotic behavior of h,,.

Corollary 3.5 ([18], Corollary 3.4). Let go(t) in F(r,9, K) be given, then

ety (o (2)
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The starting point of our study of the properties of log O,, is the closeness of log O,
and log Y,,. Recall A,, defined in (2.7).

Lemma 3.6. Let (6,,)m>1 be such that go € F(r,9,K). Then, as n — oo, the following
asymptotic holds for every constant k:

Po [A,, > log(n)(loglog(n))"] = O((log log(n))lf"‘).

The analogue result for the Ewens measure was proved in [4]. In Section 3.6 we will
present a much more precise expression for Eg [A,]. For the proof of Lemma 3.6 the
following proposition is required.

Proposition 3.7. Suppose that go belongs to F(r,d, K). Then

(1) Ee [Dni] = O (10g]§n) +n~? ]1{k|n}> )

2
2) Eo [Dui(Das = 1) = 0 (5 172 141y ).
Furthermore, the error terms are uniform in k forl <k <n.

Proof of Lemma 3.6. Notice that A,, defined in (2.7) can be estimated as
Ap =Y Ak)(Dnr — D) =t > A(k) Ay
k=1 k=1

with
Ank S an and Ank S an(an - 1)

Thus

Fo [Au] = 3" A(K) Eo[Au
k=1

[log(n)] n
< Y AR EoDurl+ Y. A(k)Ee[Duk(Dnk — 1)].
k=1 k=[log(n)]

Then Proposition 3.7 together with (2.13) and (2.14) gives

[Log(n)] n
Eo [An]:O(log(n) > @Hogz(n) > A,i?)

k=1 k=[log(n)]
= O(log(n) loglog(n)). (3.4)

Now Chebychev’s inequality implies for n — oo

Po [A,, > log(n)(loglog(n))®] < Eo[A,]

~ log(n)(loglog(n))* = O((IOglog(n)) —fc)

and this completes the proof of the lemma. O

Proof of Proposition 3.7 . We begin with (1) Lemma 2.5 in [22] and (2.2) yield

= - Om hp—m
Eeo [an] = Z Ee [Cm] ]l{k\m} = Z E ]l{k|m} ﬁ

m=1 m=1
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We have to distinguish the cases ¥ > 1 and ¥ < 1, see (3.3). If ¥ > 1, then it follows with
with Corollary 3.5 and (3.3) that 6,,/,,_,/h, is bounded and thus

n n/k
Ee [Dpi) = O (Z ;l]l{klm}> -0 %Zl -0 <logk§n)> .

m=1 j=1 J

If 9 < 1, we have to be more careful. We get again with (3.3) and Corollary 3.5

n—1
1 mA\ 9—1 _
Eg [Dni] = O (Z — Likimy (1 - ;) +n7 ]l{k|n}> ;
m=1
where
n—1 n/2 n—1
1 my 91 ]l{k\m} 1 m\9—1
> o (1-7) =0 | X D 3 (12 7)
m=1 m=1 m>n/2

~0 <1°gk(") + % /n(;:/k (1 — ’jj)m da;)
:O<logk(n) +;) O(logk(n)).

This completes the proof of (1). Furthermore,

< Z Cnm ]l{k|m}) ( Z Cm 1{M”’L} _1>

m=1

E@ [an (an - 1

= e Z ConCrm Lkfm s kjmry — Z Cm Lik)m)
m=1

m,m’/=1

=Eg Z CrnCrur ]l{k\m klm’} + Z Cm ]l{k|m}
m,m’=1
m#m/ A
n n 2
em em’ hn—'rn—m’ em hn 2m
= — 1 . N — — .
Zﬂ P LI +mZ:1 <m> {klm} —5 =
n;;ém'
A similar argument as for Eg [D,,] gives the upper bound in (2). O

With Lemma 3.6 at hand, one can directly deduce the Erdés-Turan law as it was
stated in (1.1) for uniform random permutations.

Theorem 3.8. Suppose that go(t) belongs to F(r,9, K), then
log O,, — log (n)
£1og’(n)

where N (0, 1) denotes a standard Gaussian random variable.

N(O 1),

Proof. Given Lemma 3.6, it suffices to show the required asymptotic holds for logY,,. In
a beautiful proof, DeLaurentis and Pittel [4] deduce this for the uniform measure from a
functional version of the central limit theorem for the cycle counts. The analogue result
for the generalized Ewens measure was proved in [18, Theorem 5.5]. The rest of the
proof is completely similar to the proof in [4]. O
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3.2 The truncated order

To establish further properties of the order of weighted permutations, it turns out to
be convenient to introduce truncated versions of log Y, and log O,, in order to simplify
computations:

O, = lem{m < by; C,, #0}  with b, := n/log?(n) (3.5)
and similarly

n

V= [[ mO.

m=1

The advantage of the truncated variables is that less analytic assumptions on the se-
quence of parameters (6,,),>1 are required and that many computations are simpler;
see also Remark 3.11. Nonetheless, 17,1 and 6n share many important properties with Y,
and O,,. Similarly to (2.6) we have

b

logV, = A(k)Dnr with Dy = Co Ly (3.6)
k<n m=1

log Oy = > A(k)Dj;,  with D}y :=min{1, Dy }. (3.7)
k<n

Our basic strategy is as follows. We will establish properties of log f’n and transfer
them to log O,, and finally to log O,,. For the first transfer, define

ﬁn = log }N’n —log 5n
and notice that 0 < ﬁn < A,. Thus, Lemma 3.6 yields
Po [ﬁn > log(n)(loglog(n))"‘} = O((loglog(n))' ). (3.8)

For the second transfer, notice that

log O,, — log 5n <logY, —log }77, = Z log(m) Cy, = O(log(n) loglog(n)).
m=b,+1

In order to study log }an, we need its moment generating function.
Lemma 3.9. Let go(t) be as in (1.2) and s € C, then

m

bn
mEﬂmm=;wﬂ@)mm%W%mmww

~ by,
@ el g oo s+ (e e )|

n m=1
where the functions on the right-hand sides are considered as formal power series in t.

Proof. Equation (1) follows from (2) by differentiating once with respect to s and substi-
tuting s = 0. We thus only have to prove (2). For this, let ¢ € IN be fixed and consider

Yl =111 m&m . We now apply the so called cycle index theorem with the formulation
in Lemma 2.3 in [22] with a,,, = e*!°8(™)¢, . for m < ¢ and a,, = 6,,, for m > c.
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We then have as formal power series

ihntnE@ |:€s logYTf:| _

HM8

H slog(m) 0 Cm H acrn

n=0 ﬂ m=1 m=c+1
Orm, — 0
_ slog(m) O
( ey mt)
m=c+1

slog(m) Gm m

=exp | go(t) + Z( — 1)t :
m=1

Now identify the coefficients of t” on both sides and obtain

Eo [eslong} — hi[tn] lexp <g@(t) + (Z(eslog(m) _ 1)i;”tm>>] .

m=1

Equation (2) now follows by substituting ¢ = b,,. O

The previous lemma yields
Lemma 3.10. If go belongs to F(r,v¥, K), then

b
e _ . log(m) m —1
Eo [log Yn] = mg:l - O™ + O (log™" (n)) .

Furthermore we get for s € C

m=1

b
 log Y = ¢ log(m) 0
E STog(n) | — ( Tog(n) — 1) Zmem ) (1 4+ 0 (log2
@{e ] exp(i e T >( + O (log™*(n)))
and the error term is uniform in s for s bounded.

Proof. We use Lemma 3.9 and get with Cauchy’s integral formula

~ 1 ~ dt
h,Eeo {1og Yn] = M[qu (t) exp (go(t)) ol

log Y 1 dt
hnEo [eé 1og<n)] =5 / exp( (s, t)) exp (go(t)) prEs)

where 7 is a simple closed curve around 0 and

) i log(m) 2 m £) 3 (" — 1) O .
—_— O B = og(n - _—
g(m)——t", e(s, e m
m=1
By assumption, gg is analytic in a domain Ay = A(r, R, ¢); see Definition 3.1. We choose

for both integrals the curve v as in Figure 2(a), such that ~ is contained in the Aj-domain.
More precisely, we choose the radius of the big circle v, as R’ := r(1 + b, ) with b, as in
(3.5), the radius of the small circle as 1/n and the angle of the line segments independent
of n. Notice that ¢;(¢) and €(s, t) are for given n polynomials and we thus do not require
any further analytic assumptions to use this curve. First, consider the integral over the
big circle v4 and show that its contribution is negligible.
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@ y=mUrUyiUyn (b) v =y U Uns © 7" =2Ury urg

Figure 2: The curves used in the proof of Lemma 3.10.

We get with (3.3) and for ¢ € [—m, 7]

I o~ log(m) L _iym
[a(Re?)|=0( > == (1+b,")

=0 (bz” M (1 10 (mb—l))>
=0 (Z W) = O(log*(bn)) = O(log”(n)).

s log(m)
We have used that m < b, and thus mlog(1 +b,') = #2(1 + o(1)). Since (e =t — 1) is

bounded for s bounded, we can apply for €(s, t) similar estimates as for ¢; and get

b
. 1
e(s, R'e)| = — (1+6,1)" | =00 = O(logn).
|e(s,Re )| O <mz_:1m( +0b, ) ) O(log(by,)) = O(logn)
Furthermore, we have on the Ag-domain
1 )
90 (0] < Do 1| +00) = laa(Re')] < Dlog(b,) + O

Finally,

(R)™™ =r""(1+n "log’(n)) " =r"exp ( —log’(n) + O(log*(n)/n))
=O(r "exp(— logz(n))).

Combining these three estimates yields

% [M q1(t) exp (go(t)) % = O(r~"n"” exp(—log®(n))).

Since h,, ~ efn?-1 (F(ﬁ)r")fl (see Corollary 3.5), we can neglect the integral over 7,
with respect to the scale of the problem. Let us consider the remaining parts of the
curve. The computations of the integrals over 1, v» and 3 are completely similar to the
computations in the proof of Theorem VI.3 in [10]. We thus give only a short overview.
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We start with §; and write t = 7(1 + wn ") with w = O(log*(n)) and obtain

(e ) = 30 g (1 Yy Oy ()

m=1 m=1

B on log(m)e "m0 w o 1
— Z m mT + Emzﬂ Og(m)

m=1

1o (m) w
=Y By 0 . (3.9)
m log(n)

m=1

We now use the asymptotic behavior of gg(t¢) at r in (3.2) to get

1 ~ dt
— t £)) ——
2 Y1Uy2Uys ql( )eXP (96( )) tntl
nﬁ—l K _ rw 9w
_27ri7""e /y/ « (T + 7) (mw)™"e™ (1 + Ow/n)) dw
n’t g < log(m) , ., 9 —w —1
=5 m® mz::l - Ot [Y,(—w) e “dw+ O (log™'(n)) |, (3.10)

where +' is the bounded curve in Figure 2(b). We have used for the estimate of the
reminder that Re(e~") is decreasing exponentially fast as Re(w) — co. Furthermore,
we can replace with the same observation and a simple contour argument the bounded
curve 7/ with the infinite Hankel contour ~” as in Figure 2(c). Notice that

1

1
- _ -9 _—w
o |, W) d

e w=—-:, (3.11)
" ING))

where 9 € C is arbitrary (details can be found for instance in [10, Section B.3]). Combin-
ing (3.11) with (3.10) and Corollary 3.5 completes the proof of the first assertion. The
argument for the second is very similar. One only has to replace (3.9) by

bn

lo (m) 0m
(s r+ —) = (¢ STostn) — 1)—=r"+0 (?) .
m log?(n)

O

Remark 3.11. Instead of the truncated sequence log Y, one may consider the generating
functions for log Y,, which are given by

o [logV,] = —[t"][q:(t) exp (go(t))] ,

1
T
i[t"] [exp(e(s, t) + go(t))]

E@ [eslogYn] _ ;

3

with

8

Orm,
(Z log(m tm> and e(s,t) Z slog(m) _ 1)—¢™.

m
m=1

To use the same contour as in the proof of Lemma 3.10, analytic extensions of ¢; (t) and
e(s,t) to some Ap-domain plus the asymptotic behavior at r are required. However, for
all probabilistic question we consider here, except the precise expected value of log O,
in Section 3.6, it is enough to know the behavior of the truncated variables log Y, since
they are transferable to logY,,.
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Remark 3.12. Recall, we know from (3.3) that

O™ =9+ O(m™1).
Then the Euler Summation formula (2.15) yields
b b
< log(m) “\ log(m) VN
Opr™ =19 — 1) = =1 b, 1), 3.12
D O™ =0 D = 1 0(1) = 5 log?(ba) + O(1) (3.12)

m=1 m=1
b’Vl

Om _ olog(bn) log(k)
Z ET ]l{k\m} = ﬁT + 0] <kj .

m=1

With this assumption, we get a nice expression for the moment generating function
of logY,,.

Corollary 3.13. If go € F(r,9, K) then

Eo [esi?‘éfﬁ} = exp (log(bn) (Z - é - 1) +0 <10gs(n))> (1+0m™).

Proof. Corollary 3.13 follows immediately from Lemma 3.10, (3.3) and a simple applica-
tion of the Euler summation formula (2.15). O

3.3 A local limit theorem for log O,

In this section we prove that, given the characteristic function of log fﬁl in Lemma 3.10,
the local behavior of the rescaled order of a permutation is well-controlled. To this aim,
define

~ log Y, — glogQ(n)
yn = 4/3
log™”(n)

We will show that jivn satisfies the so-called mod-Gaussian convergence; this notion was
introduced in 2011 by Jacod et al. [12]. It has interesting applications when typically a
sequence of random variables X,, does not converge in distribution, meaning that the
sequence of characteristic functions does not converge pointwise to a limit characteristic
function, but nevertheless, the characteristic functions decay precisely like those of a
suitable Gaussian G,,. Specifically, the convergence

E[eith]—lE[eitXn] N w@)

holds locally uniformly for ¢ € R, where the limiting function ¢ is continuous on R
with ¢(0) = 1. More generally, mod-¢ convergence with respect to other laws ¢ may
be defined analogously. In a series of papers [5, 9, 13], properties and implications of
this convergence were studied. Here, we will apply Theorem 5 in [5] to show that the
mod-Gaussian convergence of the sequence J~)n implies a local limit theorem for

_ log O,, — glog2 (n)

O, :
log*/*(n)

(3.13)

We will prove

Theorem 3.14. Suppose that go € F(r,¥,K). For any bounded Borel subset B C R
with boundary of Lebesgue measure zero

. m(B)
lim 0, Pg [0, € B] = 5
L on Po =

where m(B) denotes the Lebesgue measure of B and o,, = \/glogl/ﬁ(n).
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To prove this, let us first show that )7n is indeed mod-Gaussian convergent in
Lemma 3.15. Subsequently, we present in Lemma 3.16 that ), satisfies the required
local behavior. Finally, the result has to be transferred to O,,.

Lemma 3.15. Under the assumptions of Theorem 3.14, the sequence Y, is mod-N(0,02)
convergent with o2 = ¥ log"/*(n) and limiting function given by (z) = ¢* ?/18,

Proof. Take the generating function in Lemma 3.10 and expand the exponential term to
get

2
(log(n) + O(log log(n)) + Eg ( log(n) + O(log log(n))

|

log ¥y,
Eeo {es Tog n ] = exp (s
3

+ yg(log(n) + O(loglog(n)) + O(s* 108;(”))) (1+0(n);

we used (3.12) and similar estimates for the higher order terms. Since s € C we may
write s = ¢t with ¢t € R and get

i log ¥ v e t2 LAY it? 19 log log(n)
1054/3 = 't — —_—— —_— _—
Eeo {e } exp (zt210g3( ) 1 3(n) + a0 4+O(log1/3(n)))

and this gives the result. O

As a direct consequence, we get a local limit theorem for 37n

Lemma 3.16. Under the assumptions of Theorem 3.14 the following holds for any
bounded Borel subset B C R with boundary of Lebesgue measure zero:

Jim ouPo [ e B =72,

where m(B) denotes the Lebesgue measure of B and o, is defined as in Lemma 3.15.

Proof. Apply Theorem 5 in [5] with ¢(t) = e=t*/2 and A,t = o,t. We need to verify that
condition H3 holds, that is we have to show the uniform integrability of the sequence

fnk *EO[ ]]1|w <k

for all k > 0. Set ¢ := t/0,, and recall that Lemma 3.15 implies

s logl
Eeo [e”y”] :exp(—t o2+ 1% it” 4+ O(t ( Oglc/)g((:;))))

(1 log log(n) ))’

9 g
_ 424 2"
= exp ( t + + Ot g logl/g(n)

18 03
Thus
Ee [¢™]] = exp (— 2 + o(1))
which implies the uniform integrability. O

Proof of Theorem 3.14. It remains to transfer the result from )7n to

~ log O,, — glogz(n)
Op = 4/3
log™”(n)
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and subsequently to O,, defined as in Theorem 3.14. To this aim, notice that for every
€ > 0 there exist Jordan-measurable sets (meaning that they are bounded with boundary
of Lebesgue measure zero) B C B C B¢ such that

m(B°\B) <e and m(B\B.) <e.

To see this, notice that 0B is bounded (since B is bounded) and that it is also closed
(complement of the interior and the exterior, both open sets), thus 0B is compact. Cover
OB with open rectangles whose total volume does not exceed ¢. Since 0B is compact, U
can be chosen to be a finite union of open rectangles. Then define

B.:=B\U and B :=BUU

to get the required sets (they are indeed Jordan-measurable since 9(B \ U) C 9B U U
and 9(BUU) C 9B UQJU). This gives

Pe {5,1 € B} <Po [ﬁn e BG} n O(IP@ [1og Y, —log O, > 610g4/3(n)} )
and
Po {(5 c B} > Po {321 c Be} + 0(1P9 {log Y, —log Op > elog/ 3(11)} )
Thus, we have to show
onPo [1og Y, —log O, > elog?/ 3(11)} 0. (3.14)
This is true since
Po {1og Y, —log O, > 610g4/3(n)} < Po [1og Y, —1log O, > elog4/3(n)}

and then (3.4) and Markov’s inequality yield the required asymptotic. Now (3.14) implies

~ _ Be B
lim UnIPG |:On S B:| < lim O'nIP@ |:yn S BF:| = m( ) < m( ) + 6.
n—0o0

0o Var T Wer
With the same argument for the reversed inequality, we get that for all e > 0,
m(\%ﬂﬁ < lm 0,Pe {6,1 c B] < m(%je.
Let € tend to zero to obtain
m(B)

lim o, Po [(5n c B} _

n—oo Vor
With the same argument, the result is transferred from 5,, to O, assuming that
onPg {log O,, — log 0,, > elog4/3(n)} -0
is satisfied. To see this, notice that
Po |log O,, — log O,, > elog4/3(n)} < Pg [1og Y, —logY, > elog4/3(n)}
holds as well as

Ee |logY,, —log ?n} = O( log(n) log log(n)).
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3.4 Large deviations estimates for log O,

This section is devoted to two large deviations estimates for log O,,. To our knowledge,
these results are new even for the uniform measure. The first estimate is established by
a classical large deviations approach. We will show in Theorem 3.18 (under an additional
moment condition) that for any Borel set B

. 1 log O,, ) .
lim su log P €B|=—inf F(z 3.15
n—)oop log(n) & @(logQ(n) z€B (=) ( )

where

F(z) = supl[te — x(t)]
teR
is the so-called Fenchel-Legendre transform of x(t) := % This result was stated by
O’Connell [20] for the uniform measure. However, we believe his proof of Lemma 2 is
incorrect and we don’t see an easy way to fix it. Here, we give a detailed proof based on
an extra moment condition and even present a refined result, namely a precise large
deviations estimate; see Theorem 3.20.
Moment condition Assume that gg belongs to F(r, ¥, K). Define

Anpmy =Y AE)(Dur — D),
k=B (n)

where S(n) = exp(log”(n)) for some = < 1. Then the moment condition is satisfied if
there exists an ny € IN and a sequence (k,,)men such that for all n > n( the following
holds:

|Eo [(Ansn)"]| < km(log(n) loglog(n))™) (3.16)

with k,, = O(e“™) for some a > 0 with « independent of n and m.

Remark 3.17. We are strongly convinced that the moment condition is satisfied for
all members of F(p,d, K) , however we are so far not able to prove it, not even for
the uniform measure. The condition is clearly satisfied for m = 1 and for m = 2 and
the computations for these cases can be found for instance in the Appendix in [21].
Furthermore, we have been able to show that

Eo [(An,gn))"] = Om((log(n) loglog(n))™),

but we couldn’t very the upper bound for k,,. However, this computations are very
technical and we thus don’t state them here.

With the moment generating function of log Y, /log(n) stated in Corollary 3.13 at
hand, a simple application of the Gartner-Ellis Theorem yields an estimate as in (3.15)
for log 37" Then, using the moment condition (3.16), we show by exponential equivalence
that this estimate can be transferred to log O,, and then to log O,,. More precisely, we
will prove the following

Theorem 3.18. Let go belong to F(r,9, K) and assume that the moment condition
(3.16) holds. Then the sequence log O,,/ log2(n) satisfies a large deviations principle with
rate log(n) and rate function given by the Fenchel-Legendre transform of x(t) = %H

Proof. Let us first check that log Y;,/ log?(n) satisfies the required large deviations prin-
ciple. By the Gartner-Ellis Theorem, it suffices to check

1
lim ——

logIE
n—oo log(n) og Le

log )N/n )

P (t log(n) =x(®)
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and this follows immediately from Corollary 3.13. Proving exponential equivalence,
Lemma 3.19 transfers this result from logY to log O,, and then to log O,,. O

Lemma 3.19. Under the assumptions of Theorem 3.18 the following holds for any ¢ > 0:

(1) limsup,,_, m logPg [log Y, — log O, > clogQ(n)} = —00,

(2) limsup,,_, . m log Po [log 0,, —log O, > clogZ(n)} = —00.

Proof. We will prove stronger versions of (1) and (2) in Lemma 3.22 and Lemma 3.21
below. O

The result of Theorem 3.18 can be even refined:

Theorem 3.20. Let O,, be as in (3.13) and 02 = glogl/g(n). Then, under the assump-
tions of Theorem 3.18, for any x > 0 the following holds:

o [On > 207] = SPETT ) ()

V2mo2x?
To prove this result, we proceed as follows: from the mod-Gaussian convergence of 3771
stated in Lemma 3.15 we deduce a precise large deviations estimate for ),. Then, using

the moment condition (3.16) we prove exponential equivalence similar to Lemma 3.19 to
transfer the estimate to O,,.

Proof of Theorem 3.20. First, combine Lemma 3.15 with Theorem 3.2 in [9] to get the
same precise deviations estimate for ), (take t, = o2, F(z) = 22/2 = n(z) and ¢(z)
as in Lemma 3.15). Lemma 3.22 below transfers the result to (5n and subsequently
Lemma 3.21 transfers the result to O,,. O

Lemma 3.21. Under the assumptions of Theorem 3.20 the following holds for any ¢ > 0:

lim — log Pg [log O,, — log 6n > clog4/3(n)} = —00.

n— oo O'n

Proof. We have
log O,, — log 6n <logV, — log )7”

and thus the assertion is proved if we can show

1 ~
lim —————IlogPg (logV, —logY, > clog4/3(n)} = —o0.

Define

n

D(n,b) :=logY, —logV, = Z log(m) C,
m=b,+1

and notice that
Po |logY, —logY, > clog® 3(n)} <Pe [T(bn,n) > clog!/ 3(n)]

where

T(by,m) = Z Crn.

m=b,+1
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Thus it suffices to show

1
lim ——— log P [T bn,n) > clo 1/3n} = —o0.
i oy lomPe [T, > clog! )

With Markov’s inequality we get

1 1 log Eg [esT(bn:n)
— log Po (eST(b”’n) > esclog /d(n)) < —sc+ 0g e Eeg } (3.17)
log!/3(n) log/*(n)
The generating function of T'(b,,, n) is given by
log B [e*7 ] = 9(e* — 1)log(n) + (K — Lu, () (" ~ 1) + (1)
where
br_ g bn 4
Ly, (r) = n; Tt = ﬁmz::l — +0(1) = Vlog(bn) + O(1),
see [18, Theorem 4.3] with A4,, = {1, ...,b,}. Thus
5logl
(3.17) < —sc + 0(#?("))
log'/*(n)
and choose s = loglog log(n) to get the result. O

Lemma 3.22. Under the assumptions of Theorem 3.20 the following holds for any ¢ > 0:

1 ~ ~
lim — logPe {1og Y, —logO, > c10g4/3(n)} = —00.
an

n—oo

Proof. We use (3.6) and (3.7) an get for 3(n) € IN (determined later)

B(n) bn
logYn —10gOp = > A(k)(Dpx = Djy) + > A(R)(Duk — D)

m=1 m=8(n)+1
By bu L

< A(K)Dyy + Z A(k)(Dnk — Dyy)
m=1 m=p(n)+1
B(n) bn - -

< Z log(m) Cy, + Z A(k)(Dnr — Dry)
m=1 m=p(n)+1

We thus have

B(n)
Pe [log Y —log O, > Clog4/3(”)] <Po | ) log(m)Crn > glog‘” 5(n)
m=1

+Pe A(k)(ﬁnk — N:Lk) > glog4/3(n)
k=B(n)

Notice that for any sequences (ap)nen and (by)neny with ap,b, € (0,00) and any
g(n) — oo

. log(an + bn) . log(ay) . log(by,)
limsup ————— = max 4 limsup , lim sup .
EJP 20 (2015), paper 126. ejp.ejpecp.org
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We want to find the biggest 8(n) such that

B(n)

1 4/3
WlogIP@ Zlog )Co > = log (n)| - —o0 (3.18)

m=1

is satisfied. Subsequently, by means of the moment condition (3.16) we show

logPo | Y A(k)(Du — D) > glog4/3(n) — —00. (3.19)

o
log"/*(n) k=B(n)

We start with (3.18). For any s > 0, Markov’s inequality yields

1 C, 4/3
T() log Po Z log(m) C, > B log™*(n)

log™/°(n
r B(n)
= W logPg |[exp (smz_llog(m) ) > exp ( 5 og?3(n ))
sc _ 1 )
< - 5 log(n) + M logEe |exp (smz_llog(m) Cm> . (3.20)

The asymptotic behaviour of the moment generating function in (3.20) can be computed
in exactly the same way as the moment generating function of log f’n in Lemma 3.10.
Indeed, only minor modifications are required and we thus omit the computation. This
then gives for s, (n) with slog 8(n) = o(1)

B(n) B(n)
O
Eo CXp(leog(m)C’m) —exp | Y (€7 — )2 | (14 o(1)).

m=1 m=1 m
Using that 6,,r™ =9 + O(m™!) (see (3.3)) gives

B(n) slog(m) __

1/3 Z € +o(1).

log Eo |e Eﬁ(m log(m) Cm} _
log —1

1
log"/*(n)

Now set s := loglog(n)/log(n), then for all 5(n) = exp(o(logn/loglogn)),

9 B(n) eslog(m) _ 1 log ]()g('n,) Aln) log m)
9 o oslostn) -
log™/°(n) 5= m log™*(n) 2y ™
o (log log(n) 10g2(5(”))>
log"/?(n)

Thus, set 5(n) := exp(1/log(n)) to obtain

(3.20) = —cloaloaln) | O(loglog(n))
2 10g1/3(n)

and therefore assertion (3.18) is proved. So let us consider (3.19). Again, for s > 0, and
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with the notation from the moment condition (3.16),

1 C 4/3
—————logPg |A ~log?/
1Og1/3 (n) oglre |: n,B(n) > 2 0g (n)i|

sc 1.04/3
————1logPg {eSA”ﬂ(") > e o8 (")]
log"/?(n)

sc
< — Zlog(n) + ———log Eg [e*2n8m] |
2 g( ) logl/g(n) g (€] [ ]

Thus, we set again s := loglog(n)/log(n). Define the event

log*/*(n)
A=4A < ——2~ 0
{ B = Tog log(n)}
Then for s = loglog(n)/log(n)

Bo e8] = Bo [e2040) 1 (43] + Bo [+ 110

S elog1/3(n) +E@ [eSAﬂ»B(n) ]l{AL}:I
We will show that

1

—— logEg [e*2n8m 1 400 ] = O(1 (3.21)
logl/g(n) g o[ {A }] (1)

holds. Cauchy’s inequality yields

E@ I:eSAn,ﬁ(n) ]l{AC}] < IP@ [AC]2 E@ I:eQSA"’B(n)]

g(n) m
< IP@ [Ac] Z E@ [(QSA”ﬁ(n)) }

m/!

m=0
oo

N Z Eo [(25An, 5(n)™]

m! ’

m=g(n)+1
where g(n) is a function to be determined in a moment. By the moment condition (3.16)
and by Stirling’s formula we have for s = loglog(n)/log(n)

oo

Z Eo [(23%;7ﬁ(n))m] - i ke (25)™ (log(n) loglog(n))™

m!
m=g(n)+1

m=g(n)+1

- i Ky, 2™ (log log(n))zm 0 i (2¢* (loglog(n))?)™

m!

m!
m=g(n)+1 m=g(n)+1
oo

= O( Z exp (m log(2¢* (loglog(n))?) — mlog(m))).

m=g(n)+1
Consequently, for g(n) = (loglog(n))3, this sum satisfies (3.21). On the other hand, by
Markov’s inequality

P [A°] = Pg

log*/®(n) loglog(n)
Ay pny > < ——Eo A, gn)] -
500 TogTog(n) | = Tog"(m) o [Anp0m]
Notice that

an: - D:Lk; S an - D:Lk S an(an - 1)
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and recall that 5(n) = exp(y/log(n)). Furthermore, recall (2.14) and Proposition 3.7.
Then

Eo [Ans(m)] Z A(k (D k—1)]—o<1og2(n) > A;?)

k=pB(n) k=pB(n)

)l

This implies

o [Ac] — O<10g2/3(n) loglog(n) e~ 10g(n)>.

We thus get with the moment condition (3.16) and s = loglog(n)/log(n)

(log log(n))® (log log(n))® 2m
c E@ (QSAn,B n )m c km 2m log lOg(n)
o [4°] ZO [ e L < poa Zo (m! )
(loglog(n))® 2m
. (2e*)™ (log log(n))
= O(]P@ (4] Z:O s

=0 “] (log log(n))* - [(Qea)m(loglog(n))gm}

( m=log log(n)>
O(]P@ ] (log log(n))? exp (2(10g log(n))? log log log(n)))
(

=0 log2/3 )(log log(n exp( Vlog(n) + 2(loglog(n))? logloglog(n))>.

Altogether, we proved (3.21) and thus (3.19) holds. The proof is complete. O

3.5 Expected value of the logarithm of a truncated order

Recall the definition of the trlincated order 5n in (3.5) . We will compute a precise
asymptotic expansion for Eg[log O,,] .

Theorem 3.23. Suppose that go € F(r,9, K). Then

- log(m log®(n) bn g
e {logOn} Z = Z A(k) exp (— Z T::rm]lwm})

m=1 m=1
logz(n) by 0

- > Ak) <Z ﬁrmn{m} 1) +0(1). (3.22)
k=1 m=1

Before we prove this theorem, we point out the following direct consequence.
Corollary 3.24. Suppose that go € F(r,¥, K). Then

Eo [log 64 = v 10g2(bn) + 9 log(by) (log(¥log(by)) — 1)

+Zr )(91og(b,))” + O ((loglog(n))?) ,

where ) , indicates the sum over the non-trivial zeros p of Riemann zeta function.
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Assuming the Riemann hypothesis to be true, that is all the non-trivial zeros of the
zeta function have the form ¢ = 1/2 +it, any sum }_, ¢ with z > 0 can be estimated
as O(v/z). This leads to the implication (1) = (2) in the following Corollary. Moreover,
similar as for the Chebychev function (2.12), we notice that the reverse implication is
also true: if there would exist a zero of the zeta function of the form ¢ = 1/2 4 6 + it with
4 > 0, then we can deduce a contradiction for e = §/2. For more details we refer to the
proof of (2.12) in [23, Section I1.4, Corollary 3.1].

Corollary 3.25. Suppose that go € F(r,9,K). Then the following statements are
equivalent

(1) The Riemann hypothesis is true.
(2) We have foralle >0

— 2 1og2(ba) + ?log(by) (log(¥log(by)) — 1) + O ((1og(bn))1/2+e) _

Eo {1og 6,1} .

Let us now deduce Corollary 3.24 from Theorem 3.23.

Proof of Corollary 3.24. Recall the estimates in Remark 3.12. Then

log?(n)
) [log 6n] v — log?( Z Ak ( (o | + ﬂloglibn)>

log

+0 Z Ak logk

Since A(k) < log(k), the sum over the error term is of order

log®(n) log®(n) . 9
> A(K)O (k)gk(k))zo > % = O ((loglog(n))?)

k=1 k=1

and thus can be neglected with respect to the scale of the problem. Now consider the
sum

log?(n) 9
> A(k)(e™™ — 14 ay)  with oy, = 7 log(bn)-
Since e — 1 + 2 = O(z?) as z — 0, (2.14) yields

log?(n)

> AR L) =
k=

NE

A(E)(e ™™ — 1+ x1) + O(1).

>
Il

1

Recall that the Mellin transform of the function e~* is I'(s) for Re(s) > 0. Then the
inverse Mellin transform gives
1 ct+ioo

—l4z=— L(s)x™"ds (3.23)

2mi c—100

for —2 < ¢ < —1. Details about the Mellin transform can be found for instance in [6], but
here we will only need (3.23). Then

S _ 1 c+ioco s 0 .
ZA(k)(e Tk — 1+ ap) = 5 /p_ioo I'(s) (91log(bn)) ZA(k)kz ds.
k=1 g k=1
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We need to justify the change of the order of summation and integration. Notice that on
the line of integration

1910g SiA 1910g CiA k)k¢ < oo
k=1 k=1

holds and thus the change of order is valid by dominated convergence. Denote by Zp
the sum over all prime numbers. It then follows by the definition of the von Mangoldt
function A, see (2.5), that we have for Re(s) < —1

D AR = log(p) Y_p"* =) log(p)y fsps = _%I((:S))’
k=1 P p

where ((s) denotes the Riemann zeta function. The last equality can easily be deduced
form the Euler product formula of {(s). Therefore,

o] o 7 1 c+1i00 s C/(fs)
;A(k)(e — 1) = - (s) (0 log(by)) &) ds.

Apply now the residue theorem to shift the line of integration to 1/2 + iy with y € R,
which gives a double pole at s = —1 and simple pole at s = 0 and at the zeros of the zeta
function. This yields

> AE) (e = 14 x3) = Ylog(by) (1 — log(¥ log(bn) Zr )(9log(bn))”
k=1

1og<2w>4-c>(aog<,»>*%)-
This completes the proof. O

It remains to prove Theorem 3.23. Recall that log O, = log Y, — A, and that Eg [log }N’n]
was computed in Lemma 3.10. Unfortunately, the estimate given in (3.8) is not strong
enough to deduce Theorem 3.23, so that we need to compute Eg [ﬁn] more precisely. We
need to study the behavior of an and an, which are defined in (3.6) and (3.7).

Lemma 3.26. For k € IN and u € C the following holds:

(1) Bo [uP] = 1" exp (g0(0) + (u — Do (0)]

(@) Bo [Du] = 2 ["] Go.x(6) x (g0 (1))

n

(3) Pa[Diy = 0] = 1 ["]fexp (g0(t) - Gou(t)].

where
Ligimy t". (3.24)

Proof. Equation (1) follows with a similar computation as in the proof of Lemma 3.9 and
we thus omit it. Assertion (2) then follows from (1) by differentiation with respect to u
and substituting « = 0 and (3) by substituting v = 0 in (1). O

The previous lemma implies
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Lemma 3.27. Let go(t) € F(r,¥, K). We then have for2 <k <mn

br

1) Ee {f)nk} -3 %’”rmn{k‘m} —I—O(%),

b
~, n gm m bn
) Po {an - 0} — exp (; Ly 1{k|m,}> + o(%).
Proof. For b, < k < n we have ﬁnk = Efm = 0 and thus equation (1) and (2) are valid.
We thus only have to consider 2 < k < b,. The proof is very similar to the proof of
Lemma 3.10, including the contour of integration. One only has to replace ¢ (t) by go x (%)
and to use

b,
w ~ O wb
9 1 7) - ‘m ]1 m O ( . )
9e,k( + m§:1 m?“ {klm} TO{
for w = O(log?(n)). All other computations are identical and we thus omit them. O

Proof of Theorem 3.23. Lemma 3.10 gives us the behavior of Eg|log Y,]. It is thus
enough to compute the expected value of A,, = logV,, —log O,,. Equations (3.6) and (3.7)
yield

[ } ZA E@[ i — D } (3.25)

Denote « := |log®(n) | and consider the two sets S; == {1 < k < a} and Sy = {a < k < n}.
We split the sum according to the two sets and show first that the second sum is negligible.
Indeed, by Proposition 3.7 and (2.14),

ZA Ee{ wk — D} }

(ZA JEo [Du(D k—1>}>

kES> k€S,
—0 (Z A(k)Ee [Dng(Dni — 1)])
keSs
— O(log2(n) > Aéf)) =0(1).
keSs

It is thus sufficient to consider the sum over the set S;. Lemma 3.27 then yields for
k < log®(n)

Eo |:an — ~:zk] = ko |:ﬁnk:| —1+Pg [ﬁ:k = 0:|

brn
=exp (— Z O T"L]l{k|m}> -1+ Z O Tm]l{klm} +O< k)

m=1 =

Since A(k) < log(k), the sum over the error term is of order

Z o) o (M) o (mm)

keSS,

Altogether, we proved that

log?(n) , b 0
|: :| Z A ( 1o m]l{k\m} 1+ Z ,r:zrm]l{k:m}> —+ 0(1)

m=1

Using the definition of A,, and Lemma 3.10 completes the proof. O
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3.6 Expected value of logO,,

We provide in this section a precise expansion of the expected value of log O,, which
has in particular an interpretation in terms of the Riemann hypothesis. In this section
we require additional assumptions on the function ge, namely that go € LF(r, ), which
will be defined in Definition 3.31. For this class of functions we will prove the following

Theorem 3.28. Suppose that go € LF(r,¥). Then
Ee [log O, = Eg [log Y;,] — ?1og(n) (1 — log(d log(n)))
+ Z I'(—p)(¥1og(n))” + O ((loglog(n))?) . (3.26)

This statement yields as an immediate consequence

Corollary 3.29. Suppose that go € LF(r,d). Then following statements are equivalent
(1) The Riemann hypothesis is true.

(2) We have foralle >0

o [l0g O,] = Eg [log Y;,] — 9 log(n) (1 — log(#log(n))) + O (log(n))***.

Equation (3.26) was proven by Zacharovas in [25] for the uniform measure on &,, and
in [26] on the subgroup 6( = {0 = 7*|r € 6,,}. Zacharovas also noted the implication
(1) = (2) of Corollary 3.29, but not the important opposite implication.

Recall that the crucial point in the proof of Theorem 3.23 was the expansmn of
Eo[A,] as in (3.25) and the expected values of D, and D*k for k < log*(n). We thus
start by studying Eg [D,x]| and Eg [D};,].

Lemma 3.30. For k € IN and u € C the following holds:

(1) e [1P*] = 7="[exp (g0 (1) + (u — go.x (1)),

n

(2) Eo [Dut] = 1" (g0 4(t) exp (g (1)),

ha,
(3) Po Dy = 0] = 5-¢"lexp (g0 (t) ~ ge.u(t)
where
go.i( Z E’" k)t (3.27)
Proof. The proof is very similar to the proof of Lemma 3.26. O

Equation (3.3) implies that that there exists constants ¢, C > 0 such that c6,,r"™ <
¥ < C 0, r™ for m large if go € F(r, 9, K). Thus ge  has radius of convergence r for
all k. If we would like to use a similar argument as in Lemma 3.27, we require further
assumptions on the function gg. To get a vague intuition, let us have a look at the Ewens
measure, meaning that 6,, = ¢ for all m € IN. For this model,

go(t) = 0log <1 _1t/r> and gex(t) = %bg <1—(1t/r)k) -

Clearly, each ge x(t) can be extended beyond its disk of convergence and its singularities
are k-th roots of unity. These observations motivate the following definition.
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Definition 3.31. Let r,v > 0 be given. We write LF(r,d) for the set of all functions
go(t) =37 %mtm such that there exists R > r and 0 < ¢ < 7§ so that the following

m=1
conditions are satisfied for all k € IN:

(1) ge.k is holomorphic in Ag ,(r, R, ¢) = ﬂfn_:lo e%Ao(r, R, ¢) (see Figure 3) with
ge.k as in (3.27).

(2) We have

) 1

with O(-) uniform in k and K}, = O(1/k).

We require for the the proof of Theorem 3.28 the asymptotic behavior of Eg [D,x]
and Eg [D;,] for go € LF(r,¥). We have
Lemma 3.32. Suppose that go € LF(r,9), then the following holds uniformly in k for
9
2<k<nit? ;

0 B0 = Do (2) 0+ ),

@ 0= () gy (oG )

k
Proof. The proof is very similar to the proof of Lemma 3.10. We combine Theorem 3.30
and Cauchy’s integral formula to obtain

1 dt
hnEe [Dnk] = / gex(t)exp(ge(t)) 1y
8l

2mi

. 1 dt
hnBe (D] = 517 [ exp (g0(t) ~ 0.u(0) 7irr-
vy

By assumption, ge  is holomorphic in some domain Ay (7, R, ¢) (see Definition 3.31).
Following the idea in [10, Section VI.3], we choose the curve ~ as in Figure 3, such that
v is contained in Ag (7, R, ¢).

Figure 3: Illustration of the curve « in proof of Lemma 3.32 with k = 3.

More precisely, we choose the radius of the big circle 4 = 40U - U4 ,—1 as
R’ :=r(1 +0b,') with b, as in (3.5), the radii of the small circles as 1/n and the angles of
the lines segments all equal and independent of n.
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Let us first show that the integral over the big circle 4 can be neglected. Since
kb, = o(n), we get

lge,x(t)] < ¥log ’1(1t/1")"
The estimates on t~"~! and ge(t) are the same as in the proof of Lemma 3.10. Combining
all three, one immediately realizes that the integral over v, is negligible.
It remains to compute the behavior along the curves around the points r - eI % for
0 < j < k. We have to distinguish the cases 1 < j < k and j = 0. For j = 0 use the
variable substitution ¢ = r(1 4 w/n) with w = O(log?(n)). This maps the curve around
r to the bounded curve 4 in Figure 2(b). Furthermore, on this curve the following
expansions hold:

+0(1) = [go(R'e™)| < dlog(kb,) + O(L).

go(t) = dlog(n) — ¢log(—w) + K + O(w/n),

gok(t) = %(log(n/k) — log(fw)) + Ky, + O(w/n),
" =7l (1 £ O(w/n)).

This implies

1 / dt
P exp (9o (t) — gok(t) o7
2mi Y1,0U72,0U73,0 et

n19(1—%)—1€K—Kk

_ //(—w)—ﬂﬂ—%k—wa + O(w/n)) dw.

 —
rrkY % 2mi

As in the proof of Lemma 3.10, one can replace the bounded curve +' by the Hankel
contour v in Figure 2(c). Using again (3.11) and Corollary 3.5 shows that the integral
over this part gives the main term in Equation (2) of Lemma 3.32. The argument for (1)
is similar.

We now proceed to 1 < 5 < k — 1. We use here the variable substitution ¢t =
r - el (1 +w/n). The curve v; = y1; U7z, U7z, is also mapped to +/, but here the
expansions along «/ are given by

go(t) = ¥log (1 - e”}«”) + O(w—k) +0(1),

n

gox(t) = %(log(n/k‘) — log(—w)) + Ki + O(w/n),

2mij

7l = e TR e (1 4 O(w/n)).

Insert this into the Cauchy integral and summing over j from 1 to k — 1 gives the error
terms in (1) and (2). O

We are now prepared to prove the main result of this section.

Proof of Theorem 3.28 . The argument is very similar to the one of proof of the Theo-
rem 3.23 and Corollary 3.24 . We thus give here only a short overview. Recall that

Ee [log ;] — Ee [log Oy = Ee [An] = Y " A(k)Ee [Dnk — Dyl -
k=1

Denote a = |log?(n)| and consider the two sets S} = {1 < k < a} and Sy = {a < k < n}.
As in the proof of Theorem 3.23, we can show that the sum over the second set is
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negligible. It is thus sufficient to consider only the sum over S;. Lemma 3.32 yields for
k < log*(n)
Ee [Dnr — Dyi] = Ee [Dni] — 1+ Pe [Dy, = 0]
9 n\—*¥ 1 kO log(k)
= Ylog(n) — 1 (f) 1 -
kog(n) + A <+O<k+ nﬁ>>+0( 3 >

1
= %log(n) 14 etlem) 4o ( ogk(k>> .

This is now (almost) the same expression as in the proof of Corollary 3.24. The remaining
computations are the same and thus we omit them. O

4 Parameters with polynomial growth: 6,, = m”,~v > 0

Now we turn our attention to a different class of parameters, namely polynomial
parameters 6,, = m” with v > 0. Only few results are known for these parameters.
Er(I:olani and Ueltschi [7] show that for this model, a txpical cycle has length of order
nTH and that the total number of cycles has order nT™. Recently, we proved in [22]
that the cycle counts of the small cycles of length of order o(nﬁ) can be approximated
by independent Poisson random variables. Using this result, we proved the Erdés-Turan
law for this setting, see [22, Theorem 4.3].

In this section we will prove large deviations estimates for log O,,. The method we
are applying to get our results is the saddle-point method. We will not repeat all details
about this method here and refer the reader to Section 2.3 and Section 4.1 in [22].

4.1 Preliminaries

As in Section 3, our basic strategy is to establish results for the approximating random
variable logV,, = " _, log(m)C,, and then to show that A,, := logV,, — log O,, is small
enough to transfer the result to log O,,. Recall (2.8), then for parameters 6,,, = m” the

generating series of log Y,, can the be written as

oo oo 1
Z hnJEelexp(slogY,)]t" = exp (Z Wt’”) =:exp(go(t, s)). (4.1)

n=0 m=1

As we consider s fixed for the moment, we may write go(t) instead of jo(t,s). The
function gg is known to be the polylogarithm Li, with parameter o« = 1 — s —~. Its radius
of convergence is 1 and as ¢ — 1 it satisfies the following asymptotics for « ¢ {1,2,...}

(-1

g!

Lia(t) ~ (1 = a)(=log(t))* ™ + Y €(a — j)(~log(t))’. (4.2)

j=0
For v > 0, that is a < 1, this implies
go(t) =T(1 — a)(—1log(t))* ' +¢(a) + Ot — 1)

and an appropriate method to investigate the behavior of gg is the saddle-point method.
In [22, Lemma 4.1] we show that g is log-admissible (see Definition 2.8 in [22]). This
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gives us the asymptotic behavior of h,,:

24y
ho = (22T(24+7)) " * (Ll; 7)) T

exp (n+ (m )T 4 P(li(z)MD (1+0(1)) 4.3)

and an expression for the generating function of log Y,,:
Theorem 4.1 ([22], Theorem 4.5). Let go be as in (4.1) with v > 0. Then we have

Eeolexp(slogYs,)]
:<\/ V2,5 n%(ﬁ_ﬁ)) exp <’~)’1,s n!m T — 1 nl_“l") (1+0(1))
with

. Ay +T(v+s) . (LT 4y 4 s) T

1 3 2,s 9
T(1 45+ s) "5 1+~ +8)T(1+7)T

where the error bounds are uniform in s for bounded s.

Similarly to Lemma 3.6, we need an estimate for the closeness of log O,, and log Y,,.
This is given by the following

Lemma 4.2 ([22], Lemma 4.6). For 0,, = m” with 0 < v < 1 the following holds as
n — oo:

Po (A, > log(n)loglog(n)) — 0.

Remark 4.3. Notice that that Lemma 4.2 is wrong for v > 1, see [22, Remark 4.5].

4.2 Large deviations estimates for log O,

From the moment generating function of log Y, given in Theorem 4.1 we can deduce
a classical large deviations result for log O,,. We will show that for any Borel set B

log O,
lim n~ T log Po (fg € B) = — inf x*(z)
n— o0 ni+y log(n) zeB

holds, where

X" (x) = sup[te — x(t)]
teR

is the so-called Fenchel-Legendre transform of x(¢) given by

(1+9)T(v)

t
D(1+7)77 (e —1). (4.4)

x(t) =

In other words, we will show the following

Theorem 4.4. Let o be defined asin (4.1) with 0 < v < 1. The sequence log On/nﬁ log(n)
satisfies a large deviations principle with rate n™ and rate function given by the convex
dual of x(t) defined in (4.4).

Proof. Let us first check that log Y;, /n T log(n) satisfies this large deviations estimate.
By the Gartner-Ellis theorem it suffices to prove

. L logV,\|
nlgréon 7 log Eg l:eXp (t log(n))] = x(¢). (4.5)
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In view of Theorem 4.1 we have to show that for t* = ¢/ log(n)

nli_}rrgo n"TH <117t* n'” TR — 1,0 nl”l”> =x(t)
holds with

5 A+y+ )T +1)
1,t = T
D1+ +t) T

This is true since I'(y + ) = T'(y) + O(z) as ¢ — 0 and therefore

F1e = 1,0 + O(log ™' (n)), (4.6)
s k
n! TR =l (1 T Z (1 +tv)2kk! + O(bg*l(”)))
k=1

= nT (ew +O( log_l(n))). (4.7)

Similar the proof of Theorem 3.18, it remains to show that logY, /n 7 log(n) and
log O,,/n™7 log(n) are exponentially equivalent with rate n™~. This is subject of the
following lemma. O

Lemma 4.5. Let go be as in (4.1) with 0 < v < 1, then for any ¢ > 0 the following holds:

limsupn_ﬁ logPo [log Y, —logO, > enT log(n)] = —00.

n—oo

Proof. We will prove a stronger version of this asymptotic in Lemma 4.8. O

The statement of Theorem 4.4 can be refined. Recall the notion of mod-¢ convergence
which was briefly explained in Section 3.3. Here, we prove mod-Poisson convergence for
logY,,, appropriately rescaled, in terms of moment generating functions. We deduce the
following precise deviations estimate for log O,,:

Theorem 4.6. Let o be as in (4.1) with 0 < v < 1. Define

(14 7)%log O,, — A log(n)

0, = -
+/ log(n)

and
An == 71,0077 (14 O(log ™1 (n))),

where 7, o is as in Theorem 4.1. Then for any x > 0 the following asymptotic holds:

1/3 12 :1:3
XA T T (14 o)),
a:)\}/G\/QW

Po [(’)n > CC)\}/‘?] =

Proof. Let us first check that

(1+7)*logVs,
Yn =
log(n)

satisfies the required precise deviations estimate. Indeed, ), is mod-Poisson convergent
with parameter \,, and limiting function ¢(t) = €/?, that is

,}LH;O e—)\n(et_l)Ee [ety"] _ et/Q.

EJP 20 (2015), paper 126. ejp.ejpecp.org
Page 30/34


http://dx.doi.org/10.1214/EJP.v20-4331
http://ejp.ejpecp.org/

The order of large random permutations with cycle weights

This follows directly from the moment generating function of logY,, together with
(4.6) and (4.7). Notice that this convergence is surprising since the rescaling by log(n)
in ), is relatively insignificant compared to the order of log Y,, which is Nt log(n). This
statement suggests that log Y,, is indeed close to a Poisson random variable. However,
the rescaling is too small to deduce a Poisson behavior of log O,,.

Remark 4.7. We have computed the moment generating function of logY,, in Theo-
rem 4.1 only for s reel. However, we require for the mod-Poisson convergence of ),
above and the mod-Gaussian convergence below that Theorem 4.1 is also valid for
complex values of s for s in a small neighbourhood of 0. This is indeed true and can be
proven complete similarly to Theorem 4.1. One only has to verify that the asymptotic
behaviour of Li, in (4.2) is also valid for complex «. This can be proven with precisely
the same argumentation as for reel «, see for instance [10, Section VI.8.].

Now, similarly to the proof of Theorem 3.20, we want to apply Theorem 3.2 in [9] in
order to deduce the large deviations result. This theorem requires mod-¢ convergence
where the reference law is lattice distributed. Hence, we cannot work directly with the
mod-Poisson convergence. However, notice that mod-Poisson convergence with growing
parameters implies mod-Gaussian convergence:

35 yn_/\n
yn =
A

is mod-N\ (0, A %) convergent with limiting function ®(t) = et’/6. Now apply Theorem

3.2 in [9] with 3, = AY/®, F(z) = 2/2 = n(x) and h(z) = z to obtain that ), satisfies the

required estimate.
It remains to transfer the estimate to O,, as defined in Theorem 4.6. Clearly,

Po [0 2 2A?| < Po [V = ani/?].
For the reverse direction, let g be a positive function such that g(n) = o(/\}/ %). Then
Pe [jn > a:)\}/?’ —|—g(n)} <Pe [On > m)\}/?’} +Pg [An > g(n))\}/?’ log(n)}
holds and we also have
Po [37” > x/\}/3 + g(n)} =Pg [)N/n > x)\i/g] (1 + 0(1)).
Finally, to complete the proof we need to find an appropriate g(n) = 0()\71/ 3) such that

lim A2 1og Po [A, > g(n)AY/? log(n)| = —cc.

n—oo

The following lemma proves that this holds for g(n) = 03T /+/1log(n). O

Lemma 4.8. Let go be asin (4.1) with 0 < v < 1, then for any ¢ > 0 the following holds:

lim n~ 30 log Pg [log Y, —logO,, > cn 30 log(n)} = —o0.

n—oo

Proof. The proof is very similar to the proof of Lemma 4.2. Recall (2.6) and notice that
log O, = ¢(n) — R(n)

where

n n

Y(n) =Y A(k) and R(n)=> A(k)1(p,,—o}-
k

1 k=1
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Recall that ¢ is the so-called Chebyshev function as defined in 2.9 which satisfies the
asymptotic 2.10. First, we want to find the smallest b such that
n” 3 log Pe [log Y, — (b)) > gnmzlv) log(n)} — —00 (4.8)

and afterwards we show

n - E{ee=y logPe

R = 3 60> §ut V)| . 49

k=b+1

Theorem 4.1 implies a central limit theorem for log Y,, with mean G(n) = O(nﬁ log(n))
and variance F(n) = O(n™7 log?(n)), see Lemma 4.4 in [22]. This tells us that that for

_ %nﬁ log(n) + ¥(b) — G(n)

we getas n — oo

Peo [logYn — (b)) > gnﬁ log(n)} = (1 - %(1 + erf (%)))(1 +0(1)).

Here, erf denotes the error function which satisfies the asymptotic
erf(z) =1+ O(xilefzrz) as x — oo.
Thus set b = nT7 log(n)a(n) for some function o — oo so that
T = O(nﬁ a(n))

where the error term has a positive sign. This implies

n” 3T logPo [log Y, —¢(b) > gnsﬂzlv) \ /log(n)} = O(n_ﬁ log (x_le_IQ)).

which converges indeed to —oco and hence (4.8) holds. So let us now prove (4.9). Notice
that

n

R(n) = Y A(k) < R() <

k=b+1

B

A(k) 1{Ck:0} = S(b)

~
Il

1

and therefore
n” 50 log Po [S(b) > %nﬂlﬁw) \/log(n)] — —00

implies (4.9). Via saddle point analysis we get

Fo |:esS(b):| = exp (kZ:lOg (1+ (exMk) _ 1)6—/&71#‘)) (14 o(1)).

We proceed as in the proof of Lemma 4.6 in [22]. For any s > 0 Markov’s inequality
yields

L c 2
n~ 30+ logPg [S(b) > 5713(1*”) IOg(n)}

b
_ 5 st — sy sA(k) _ 1),k " 1rk
< 5 n 30+ log(n) +n 30+ Z(e 1)@
k=1
=— %nﬁ Vi1og(n) + O (n~ 50 (e818() _ 1)),
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For the last equality notice that for b = o(nﬁ) (here we need the assumption v < 1),
there is a constant ¢ > 0 such that

b b
Zexp ( — tkkvfl) < ZGXP ( _ -l eXp(—bn_ﬁ))
k=1 k=1

b
< / exp ( — cm'yfl)da:
1

1 1
=0(M (7= (=)
1—7 1—v
=0(1).
Now set s = log™*/%(n) to get
n~ 30 log Pg S(b) > gn?’(lzzv) 1og(n)} = —gnwﬁﬂ + O(niﬁelogl/z("))

The proof is complete. O
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