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Abstract

In this paper, we pursue the study of second order BSDEs with jumps (2BSDE]s for
short) started in our accompanying paper [9]. We prove existence of these equations
by a direct method, thus providing complete wellposedness for 2BSDE]s. These
equations are natural candidates for the probabilistic interpretation of some fully
non-linear partial integro-differential equations, which is the point of the second part
of this work. We prove a non-linear Feynman-Kac formula and show that solutions to
2BSDE]s provide viscosity solutions of the associated PIDEs.
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1 Introduction

Following the seminal paper [13] by Pardoux and Peng, a lot of attention has been
given to BSDEs and their applications, not only in stochastic control, but also in theo-
retical economics, stochastic differential games and financial mathematics. We will say
that (Y, Z,U) is a solution of the BSDE with jumps (BSDE] for short) with generator g
and terminal condition ¢ if for all ¢ € [0, T], we have,

T T T
Y, = g + / gs(Ytsa st Us)ds - / stBs - / / Us(x)(u - l/)(dl‘, ds), P —a.s.
t t t  JRI\{0}
(1.1)

Tang and Li [19] were the first to prove existence and uniqueness of a solution for
(1.1) in the case where g is Lipschitz in (y, z,u). In the continuous framework, Soner,
Touzi and Zhang [16] generalized standard BSDEs to the second order case. Their key
idea in the definition of the second order BSDEs (2BSDEs in the sequel) is that the

*Part of this work was carried out while all the authors were working at CMAP, Ecole Polytechnique, whose
financial support is kindly acknowledged. The third author is supported by NUS Grant R-146-000-179-133.

TLaboratoire SAF, Université Lyon I, France. E-mail: nabil.kazi-tani@univ-1lyonl.fr

*CEREMADE, Université Paris-Dauphine, France. E-mail: possamai@ceremade.dauphine. fr

SDepartment of Mathematics, National University of Singapore, Singapore. E-mail: matzc@nus.edu.sg


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v20-3569
mailto:nabil.kazi-tani@univ-lyon1.fr
mailto:possamai@ceremade.dauphine.fr
mailto:matzc@nus.edu.sg

Second order BSDEs with jumps: existence and PIDEs

equation has to hold P-almost surely, for every PP in a class of non-dominated probability
measures. Furthermore, they proved a uniqueness result using a representation of the
2BSDEs as essential supremum of standard BSDEs.

In our accompanying paper [9], we gave a formulation of 2BSDE]Js and provided a
uniqueness result for the solution. An important issue in [9] was to exhibit a good family
of probability measures allowing to define properly a 2BSDE] object. These measures
were obtained as solutions to martingale problems, in the strong sense, formulated
on the Skorohod space of cadlag trajectories. A crucial property was then to have a
martingale representation property and the Blumenthal 0-1 law under each measure
in our set. We refer to Section A.2 for precise definitions and results. Our family
of probability measures being defined, we obtained the following representation: a
solution to a 2BSDE], if it exists, can be written as an essential supremum of solutions of
standard BSDEs, where the supremum is taken over the family of probability measures
we introduced. This representation then allowed us to prove the uniqueness result.

Our aim in this paper is to pursue the study undertaken in [9]. Here we highlight the
main contributions of the current paper. Once we have a uniqueness result, it is natural
to construct a solution by a direct approach: this is the first contribution. Inspired by the
representation obtained in Theorem 4.1 of [9], we construct a solution by using the tool of
regular conditional probability distributions. This gives a complete wellposedness theory
for 2BSDE]Js. We emphasize that such an approach relies on the usual tools of stochastic
control, in particular on the dynamic programming principle. As it is well known (see for
instance [5]), such a principle cannot hold if the corresponding family of controls does
not satisfy particular stability properties. Since here our controls are actually measures,
we have to verify that the family constructed in [9] does satisfy these requirements. This
is our second contribution, which is of a more technical flavor. Our third contribution is to
establish a connection with fully non-linear partial integro-differential equations (PIDEs
for short). Indeed, Soner, Touzi and Zhang proved in [16] that Markovian 2BSDEs, are
connected in the continuous case to a class of parabolic fully non-linear PDEs. Also, we
know that solutions to standard Markovian BSDE]Js provide viscosity solutions to some
parabolic partial integro-differential equations whose non-local operator is given by a
quantity similar to (v, v) defined in (3.2) (see [2] for more details). Then in the Markovian
case, 2BSDE]s are the natural candidates for the probabilistic interpretation of fully
non-linear PIDEs. This intuition has been highlighted during the revision of this paper,
since, in two beautiful articles, Neufeld and Nutz [10, 11] have constructed so-called
non-linear Lévy processes, and showed that they provided probabilistic representations
for viscosity solutions to a certain class of fully non-linear PIDEs. These objects are
related to 2BSDE]Js in the sense that they roughly correspond to the case of generator
equal to 0. However, the method they used for their construction (which is actually an
extension of Nutz and van Handel [12] to the Skorohod space of cadlag functions) allows
them to not assume any strong pathwise regularity, unlike in our approach. Nonetheless,
we insist on the fact that an extension of their method to the case of a non-zero generator
is far from trivial, as it would require to study measurability of fully non-linear (and not
only sub-linear) stochastic kernels, making our approach still relevant for this problem.

The rest of the paper is organized as follows. In Section 2, in order to introduce our
readers to the theory, we provide several definitions and results on the set of probability
measures on the Skorohod space DD that we will work with. This section is a summary of
the results from [9] and is here mainly for ease of reference. In Section 3, we introduce
the generator of our 2BSDE]Js and the assumptions under which we work, we recall from
[9] the natural spaces and norms for the solution of a 2ZBSDE], and give its formulation.
Section 4 is devoted to the proof of our existence result. Finally, in Section 5, we study
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the links between solutions to some fully-nonlinear PIDEs and 2BSDE]s. The Appendix is
dedicated to the proof of some important technical results needed throughout the paper.

2 Preliminaries on probability measures

2.1 The stochastic basis

Let © := D([0, 7], R?) be the space of cadlag paths defined on [0, 7] with values in R?
and such that w(0) = 0, equipped with the Skorohod topology, so that it is a complete,
separable metric space (see [4] for instance). We denote by B the canonical process,
IF := {F:}o<t<r the filtration generated by B, F+ := {F," }o<;<r the right limit of F and

for any P, F, := F;" vV NF(F;") where
NE(G) = {@ € ), there exists © € G such that © C © and P(0) = 0}.

We then define as in [16] a local martingale measure P as a probability measure such
that B is a IP-local martingale. We then associate to the jumps of B a counting measure
pp, which is a random measure on R* x F equipped with its Borel o-field B(R") x B(E)
(where E := R%{0}), defined pathwise by

pe(A,[0,1]) = Y Liap.eay, Vt >0, VA € B(E). (2.1)
0<s<t

We recall that (see for instance Theorem 1.4.18 in [6]) under any local martingale
measure P, we can decompose B uniquely into the sum of a continuous local martingale,
denoted by B¥¢, and a purely discontinuous local martingale, denoted by B*¢. Then, we
define Py as the set of all local martingale measures PP, such that P-a.s., the quadratic
variation of B¢ is absolutely continuous with respect to the Lebesgue measure dt and
its density takes values in S;O, which is the space of all d x d real valued positive definite
matrices, and the compensator A\’ (dz, dt) of the jump measure pp exists under P and
can be decomposed as follows, for some F-predictable random measure v* on E

NP (dz, dt) = vF (dx)dt.

We will denote by ﬁl};(dw, dt) the corresponding compensated measure, and for sim-
plicity, we will call v* the compensator of the jump measure associated to B. Finally,
as shown in [9], it is possible, using results of Bichteler [3] to give a pathwise defini-
tion of the density (with respect to the Lebesgue measure) of the continuous part of
[B, B], which we denote by a. More precisely, since the quadratic variation process
{[B, B¢, t > 0} can be defined pathwise and has finite variation, we can define its
continuous part [B, B]¢ (by subtracting the sum of the jumps) and the corresponding

density
~ T [BvB]f_[B’ka
a; := lim
el0 )

€

Notice that since for any local martingale measure P, [B, B]® = (B¥¢), P — a.s., then
@ coincides with the density of quadratic variation of B¥¢, P — a.s. Therefore a takes
values in 877, dt x dP — a.e.

2.2 Martingale problems and probability measures

In this section, we recall the families of probability measures introduced in [9]. Let
N Dbe the set of F-predictable random measures v on B(E) satisfying

t t
/ / (1A |2 vs(w, dz)ds < +oo and / / |z| vs(w, dx)ds < 400, forallw € Q,
0o JE 0 Jlz|>1

(2.2)
and let D be the set of F-predictable processes « taking values in $7° with fOT |y (w)|dt <
+00, for all w € (). We define a martingale problem as follows
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Definition 2.1. For IF-stopping times 11 < 7, for (a,v) € D x N and for a probability
measure Py on F,,, we say that PP is a solution of the martingale problem (Py, 71, T2, a, V)
if P = Py on F,, and the canonical process B on [y, T3] is a semimartingale under P with

characteristics
(f/ /:z:1|x‘>1us(dx)ds,/ agds, Vs(dx)ds).
T1 E T1

We say that the martingale problem associated to (a,r) has a unique solution if,
for every stopping times 7, 75 and for every probability measure IP;, the martingale
problem (Py, 71,72, o, ) has a unique solution. Let now Ay be the set of (o, ) € D x N,
such that there exists a solution to the martingale problem (IP°, 0, +oco, o, ), where P°
is such that P°(B; = 0) = 1. We also denote by Ay the set of (a,v) € Ay such that
there exists a unique solution to the martingale problem (IP°, 0, +-00, @, 7). We denote P2
this unique solution and set Py := {P?%, (a,v) € Aw }. Our main interest in this paper
will be a particular sub-class of Py, which can be defined as follows. First, we define
Adet := {14, F), F € N and F is deterministic}, and we let Aqet be the separable class
of coefficients generated by Aqe; (to avoid unnecessary technicalities, we will refrain
from giving the precise definition here, and we refer instead the reader to Definition A.2
in [9] for more details). We emphasize that we have .,Zdet C Aw thanks to Proposition
A.1in [9] and a measure in A can be random and time-dependent. For simplicity, we let
V designate the measure F' € A such that (I, F) € szet. Moreover, we will still denote
Py, := ]Piﬁi, for any F' € V.

Next, we introduce the following set R of IF-predictable functions S : E —— R such
that for Lebesgue almost every s € [0, T

|Bs] (w,x) < C(1Alz|), Fs(w,dz) — a.e., for every w € Q,

and such that for every w € Q,  — f;(w, ) is strictly monotone on the support of the
law of AB; under Py . Next, for each F' € V and for each («, §) € D x R, we define

—1
Py’ = Py (X2)

where
¢ t
Xt(Ma ::/ a;/2dBlP°>F’C+/ /ﬁs(:c)<u3(d:v,ds) —Fs(dx)ds), Py r — a.s. (2.3)
0 0o JE

Finally, we let Pg := J {]P(;JB , (o, 8) € D x RF}, and recall the following result

Fey
from [9]

Lemma 2.2. Every probability measure in Pg satisfies the predictable martingale rep-
resentation property and the Blumenthal 0 — 1 law.

3 Preliminaries on 2BSDE]s

3.1 The Non-linear Generator

In this subsection we will introduce the function which will serve as the generator of
our 2BSDE]. Let us define the following spaces for p > 1

ir.— {9 . E R st. 0 € LP(v), for every v € N}.

We then consider a map H;(w,y, z,u,7,7) : [0,T] x @ x R x R% x L2 x Dy x Dy — R,
where D; ¢ R%*? is a given subset containing 0 and D, C L' is the domain of H in 7.

EJP 20 (2015), paper 65. ejp.ejpecp.org
Page 4/31


http://dx.doi.org/10.1214/EJP.v20-3569
http://ejp.ejpecp.org/

Second order BSDEs with jumps: existence and PIDEs

Define the following conjugate of H with respect to v and v, for a € Sjo and v € N, by

Fi(w,y, z,u,a,v) := sup {}Tr(a’y) —|—/ o(e)v(de) — Hy (w,y,z,u,’y,f))}. (3.1)
{~,5}€D1x D> E

In the remainder of this paper, we formulate the needed hypothesis for the generator
directly on the function F, and the BSDEs we consider also include the case where F'
does not take the form (3.1). Nonetheless, this particular form allows to retrieve easily
the framework of the standard BSDEs or of the G-stochastic analysis on the one hand
(see sections 3.4 and 3.5 in [9]), and to establish the link with the associated PDEs
on the other hand. In the latter cases, H is evaluated at o(-) = Av(:), where A is the
following non local operator, defined for any C? function v on R¢ with bounded gradient
and Hessian, and y € R by:

(Av)(y,e) :=v(e+y) —v(y) —e.(Vv)(y), fore € E. (3.2)

The assumptions on v ensure that (Av)(y,-) is an element of L'. The operator A
applied to v will only appear again in Section 5, when we explore the links between
2BSDE]s and solutions to fully-nonlinear PIDEs. For the time being, we only want to insist
on the fact that this particular non local form comes from the intuition that the 2BSDE]s
is an essential supremum of standard BSDE]s. Indeed, solutions to Markovian BSDE]s
provide viscosity solutions to some parabolic partial integro-differential equations with
similar non-local operators (see [2] for more details).

We define next FF(y, z,u) := Fy(y, z,u,d, vF) and F}° := EF(0,0,0).We also denote
by Dp,(y,z,u) the domain of F in (a,v) for a fixed (f,w,y, z,u). As in [16] we fix a constant
# € (1,2] and restrict the probability measures in Pj; C P ;

Definition 3.1. P}, consists of all P € Pg such that

(i) EP[/OT/E m%}’(dx)dt] < +00.

(i) a¥ < @ < a®, dt x dP — as for some a¥,a* € $3°, and IE]PKfOT ‘ﬁtlp’o‘ dt)
+00.

We now state our main assumptions on the function F'

3o

| <

Assumption 3.2. (i) The domain D, . .) is independent of (w,y,z,u) and can be
written in the form of D}, x D7,.

(ii) For fixed (y, z,u,a € Dy, ,v € D},), F is F-progressively measurable.
(iii) The following uniform Lipschitz-type property holds. For all (y,v/, z,2’, u, t, a,v,w)

).

,a,v), there exist two processes v and 4’ such that

‘Ft(wayvzauaa7y) - Ft(way/azlauaa7y)| < C( |y - y/| + ‘a1/2 (Z - Z/)

(iv) For all (t,w,y, z,u', u?

/ 512 (@)l (@)r(d) < Fi(w,y, 7 u'ya,0) — Fy(w,y, 2,0 a,v) < / 51202y () d),
E E

where 652y ;= u! —u? and ¢; (1 A |z]) < (z) < co(1A|z]) with =1 +6 < ¢; <0, ¢ >0,
and ¢ (1A |z|) < vp(x) < (1A |z]) with =1+ < | <0, ¢4 >0, for some § > 0.
(v) F is uniformly continuous in w for the Skorohod topology, that is to say that there
exists some modulus of continuity p such that for all (¢,w,w’, y, 2, u, a, v)
|Ft(w7 Y, z,u,a, V) - Ft(wlv Y,z,u,a, V)' S p(dS(W_/\t,w_//\t)),
where dg is the Skorohod metric and where w r¢(s) := w(s A t).
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3.2 The Spaces and Norms

We now define as in [16], the spaces and norms which will be needed for the formula-
tion of the 2BSDE]s.

For p > 1, L%;" denotes the space of all Fp-measurable scalar r.v. £ with
][ == sup EP[M < foo.
" PePy
H%" denotes the space of all F™-predictable R¢-valued processes Z with
T £
1Z |2 = sup EP [(/ |a§/22t|2dt) ] < +00.
H PePy 0

D% denotes the space of all F*-progressively measurable R-valued processes Y
with

Pi; — ¢.s. cadlag paths, and [|Y||})s.« :== sup E]P{ sup |Yt|p} < 400.
H PePy 0<t<T

JB" denotes the space of all F*-predictable functions U with

||U||JPN = sup ]E]P / / |U; (2 da:)dt)é} < +00.

For each ¢ € Ly;", P € P} and t € [0, 7] denote

EF# P[] .= esssup® EF [€], P — a.s., where P (¢, P) := {IP’ Py :P =Pon fj}.
P’ ePL (t+,P)

Then we define for each p > x,

K K 73 P
LB = {5 e LY": ||§||]L,;I,N < —l—oo} where ||§||§;I,{,n = ]Psug) EF [esssup ( " ]) }
ey

0<t<T

Next, we denote by UC,(2) the collection of all bounded and uniformly continuous
maps ¢ :  — R with respect to the Skorohod topology, and we let £7" denote the
closure of UC,({2) under the norm ”'”EZ’”' for every 1 < x < p.

For a given probability measure P € P4, the spaces L?(P), D?(P), H?(P) and J?(PP)
correspond to the above spaces when the set of probability measures is reduced to the
singleton {P}. Finally, H (P) (resp. J} .(P)) denotes the space of all IF"-predictable

loc

R?-valued processes Z (resp. functions U) with
T
/ ‘A1/2Zt‘ dt < 400, P—a.s., resp / / Uy ())* vF (d)dt < +o0, ]P—as)
0

3.3 Formulation
We shall consider the following 2BSDE], which must hold for 0 < ¢ < T and Pj;-q.s.

T T T
Yt:§+/ EF(Y;,ZS,Ug)dS—/ stBf’vcf/ /Ug(x)ﬁ]g(dx,dsHKﬁ—KF. (3.3)
t t t E

Definition 3.3. We say (Y, Z,U) € ]Di’,"C X ]Hif X Jff is a solution to the 2BSDE] (3.3) if
Yr = ¢, Py-q.s., and for all P € P%, the process K¥ defined by

KPP =Y, -V, - /F‘P y;,Zs,U)ds+/ZdBﬂ’c // )5 (de,ds),  (3.4)
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is predictable, has non-decreasing paths, P — a.s. , and satisfies the minimum condition

KP = essinf® EP [KH 0<t<T, P—as, VP e PL. (3.5)
P’ ePy (t+,P)

If the family {K¥ P € P%} can be aggregated into a universal process K, we call
(Y, Z,U, K) a solution of the 2BSDE] (3.3).

Following [16], in addition to Assumption 3.2, we will always assume

Assumption 3.4. (i) Py is not empty.
(ii) The process F satisfies the following integrability condition

i’ T 2
¢%% .= sup EP [esssupﬁ’ (]EfH’]P[/ |Ff’°\”ds})“} < 400 (3.6)
PePy, 0<t<T 0

We recall the uniqueness result proved in [9].

Theorem 3.5. Let Assumptions 3.2 and 3.4 hold. Assume & € ]L?L}N and that (Y,Z,U) is a
solution to the 2BSDE]J (3.3). Then, forany P € Pj; and0 <t <t; <T,

Vi, = esssup’ yp (t2,Y:,), P —a.s, (3.7)
P’ ePy (t],P)

where, for any P € Pf;, F+-stopping time 7, and F," -measurable r.v. ¢ € L.?(P), we denote
by (yF, 2%, ul) := (yF(7,6), 2P (1,€),uP (1,€)) the solution to the following standard BSDE]
on0<t<r

et / FP(yP, 2P ul)ds — / 2PABPe / / WP ()i (d, ds), P — a5, (3.8)
t t t E

4 A direct existence argument

The aim of this section is to prove the following result, which is our first main theorem.

Theorem 4.1. Let £ € Ei}“. Under Assumptions 3.2 and 3.4, there exists a unique
solution (Y, Z,U) € D%" x H%" x J%" of the 2BSDEJ (3.3).

In the article [16], the main tool to prove existence of a solution is the so-called
regular conditional probability distributions (r.c.p.d. in the sequel) of Stroock and
Varadhan [18], see Definition 4.1 below. Indeed, these tools allow to give a pathwise
construction for conditional expectations. Since, at least when the generator is null, the
y component of the solution of a BSDE can be written as a conditional expectation, the
r.c.p.d. allows us to construct solutions of BSDEs pathwise. Earlier in the paper, we have
identified a candidate solution to the 2BSDE] as an essential supremum of solutions of
classical BSDE]s (see (3.7)). However, those BSDEJs are written under mutually singular
probability measures. Hence, being able to construct them pathwise allows us to avoid
the problems related to negligible-sets. In this section we will generalize the approach
of [16] to the jump case.

4.1 Notations

For the convenience of the reader, we recall below some of the notations introduced
in [16]. Remember that we are working in the Skorohod space 2 = D([0, T, R?) endowed
with the Skorohod metric, denoted dg, which makes it a complete and separable space.

e For 0 < ¢t < T, we denote by Q! := {w € D([t,T],R%)} the shifted canonical space
of cadlag paths on [¢,7] which are null at ¢, B' the shifted canonical process. F' is
the filtration generated by Bf. For any local martingale measure PP on (2, B(Q!)), we
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let B*F:¢, be the continuous local martingale part of B* and B*"¢ its discontinuous
martingale part. We again associate to the jumps of B! a counting measure upg:, and we
restrict ourselves to the set ?;v of local martingale measures P such that the quadratic
variation of B®"¢ is absolutely continuous with respect to the Lebesgue measure dt and
its density takes values in Sjo (using Bichteler integration theory [3], we can once more
define this density pathwise and we denote it by @), and such that the compensator
MoP (dx, ds) of the jump measure up: exists under P and can be decomposed as follows,
for some IF*-predictable random measure v** on E.

NP (da, ds) = vEP (dx)ds.

We will denote by ﬁ%]f(d:c, ds) the corresponding compensated measure. Let A" be
the set of [Ft-predictable random measures v on B(FE) satisfying

T T
/ / (1A |z|*)vs (@, dz)ds < 400 and / / |z| vs (@, dx)ds < 400, V& € QF, (4.1)
t E t |z|>1

and let D! be the set of F!-predictable processes « taking values in $;° with ftT | (@) |ds
< 400, for every @ € Qf. Exactly as in Section 2, we can define semimartingale
problems and the corresponding probability measures. Define then AY, := {(I4, F), F €
N and F is deterministic}, let Xget be the separable class of coefficients generated
by Aget, let V! designate the measures F' € N* such that (I, F) € thet and denote,
for any F € V', by P r the unique solution to the martingale problem associated to
the couple (I, F). Next, we define exactly as in Section 2 a set R%. of IF!-predictable
functions 3 : E — R, and we define for each F € V' and for each («, 3) € D' x R,
P .= P, p o (X*F)~1. Finally, we let

Ps = | {Pjﬁﬁ, (a, B) € D! xn;},
Feyt

and we emphasize that this set enjoys the same properties as Pg. We next define
important operations on the shifted spaces and their paths.

eFor0 < s <t <Tandw e QF we define the shifted path w' € Qf by w! :=
wy —wy, Vr €t T).

eFor0<s<t<Tandw € Q% & € O we define the concatenation path w ®; w € Q°
by

(wRrw)(r) := er[s,t) (r) + (we + @r)l[t,T] (r), Vr € [s,T).

e For 0 < s <t < T and a Fj-measurable random variable £ on 2°, for each
w € Q°, we define the shifted Ft-measurable random variable £“ on Q! by % (@) :=
f(w @ @), V& € Q. Similarly, for an F$-progressively measurable process X on [s, T]
and (t,w) € [s,T] x Q%, we can define the shifted process {X** r € [t,T]}, which is
IFt-progressively measurable.

e For a [F-stopping time 7, we use the same simplification as [16]

W, Oi=w ®T(OJ) &VJ’ gT,w — 57’(0.)),0.17 XTw — X'r(w),w'
e We define the "shifted" generator by
FUoP(@,y, 2,u) o= Fu(w @ &,y, 2,u,84(@), v} ¥ (@), V(s,@) € [t,T] x Q.

Then note that since F' is assumed to be uniformly continuous in w for the Skorohod
topology, then so is F**. Notice that it implies that for any P € 5;, the following holds
for some w if it holds for all w € Q2

2

E’P[(/tT ’ﬁ;’“’P(O,O,O)‘HdS) } < +oo.
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e We also extend Definition 3.1 in the shifted spaces
Definition 4.2. P!}" consists of all P := P}™" ¢ P such that

(i) a¥ <@’ <@", ds x dP — a.s. for some a¥,a" € $° and

T
E]P[/ / |.”L"2V§’]P(dl’)d8} < +o0.
t JE

(ii) The following integrability condition holds
T, L
EPK/ |[F2(0,0,0)|" ds) "] < +oo, forallwe 0.
t

e Finally, we define the r.c.p.d.. For given w € 2, I-stopping time 7 and P € Pg,
the r.c.p.d. of P is a probability measure P¥ on Fr such that for every bounded Fr-
measurable random variable &

EF [¢)(w) = EF7 [¢], for P-a.e. w.

Besides, P¥ naturally induces a probability measure P™“ on ]-"}(“) such that the
P7-distribution of B™“) is equal to the P¥-distribution of {Bt — By, t € [r(w), T]}.
Besides, we have 7 [¢] = EP™ [¢7+].

t,w tw

We now prove that there exists a relation between (a*, (uIP) ) and (a’, 5",

Proposition 4.3. Let P € P}; and 7 be an F-stopping time. Then, for P-a.e. w € {1, we

have for ds x dP™-a.e. (s,@) € [t(w),T] x Q)
ar (@) = al@ (@), and (VX)) (@, A) = vI P (@, A) for every A € B(E).

This result is important, since it implies that for P-a.e. w € 2 and for ds x dP** —
a.e. (s,w) € [t,T] x QF

Fs (w ®t wayvzauvas(w ®t (,Nu),z/f(w ®t [,T})) = FS (W ®t @’y727u’ai(w)7yz,ﬂ>t’“ (CJ))a

which justifies the choice we made for the "shifted" generator.

Proof. The proof of the equality for @ is the same as in Lemma 4.1 of [17], so we omit it.
Now, for s > 7 and for any A € B(E), we know by the Doob-Meyer decomposition that
there exist a P-local martingale M and a P™“-martingale N such that

ui([0,s],A) = M; —I—/ vE(A)dr, P — a.s.,
0

- ([T(w), s], A) = Ng + / VTT(W)’]PMJ(A)dr7 P™ —a.s.

Then, we can rewrite the first equation above for P-a.e. w € 2 and for P™“-a.e.
0e Q@

pp(w @, @,[0,8), A) = MT¥ (@) + / VBT (5, A)dr. (4.2)
0
Now, by definition of the measures pp and pp-(), we have
/’[/B((’u Sr wa [07 8]7 A) = HUB (Wa [Oa T]7 A) + 1B (a7 [7—7 8}7 A)

Hence, we obtain from (4.2) that for P-a.e. w € Q and for P™“-a.e. @ € Q™)

up(w,[0,7], A) — /OT l/f(w,A)dT + Ny(w) — M]* (@)

- / ) (VE’J»W (@, A) — T @OF (5, A))dr.
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On the left-hand side above, the terms which are F,-measurable are constants in
Q") and using the same arguments as in Step 1 of the proof of Lemma A.3, we can show
that M7“ is a P"*“-local martingale for IP-a.e. w € ). This means that the left-hand side is
a P™“-local martingale while the right-hand side is a predictable finite variation process.
By the martingale representation property which still holds in the shifted canonical
spaces, we deduce that for P-a.e. w € 2 and for ds x dP"“-a.e. (s,@) € [r(w),T] x Q™«)

/ (VJF»W(JJ, A) — vT @R (g, A))dr ~0.

4.2 Existence when ¢ is in UCy(Q?)

When ¢ is in UCy(2), we know that there exists a modulus of continuity function p
for ¢ and F in w. Then, forany 0 <t < s < T, (y,z,u) E RxR? x L? and w,w’ € Q, & €
Qt P e P,

£(@) - €' @)| < p(dslw,w),
‘ﬁst’“”]P (C),y,z,u) — ﬁ;""l’lp ((Z,yﬂ,u)‘ < p(dg’t(w,w')),

where dg¢(w,w') := ds(w.At,w'r;), ds being the Skorohod distance. We then define for
allw e Q

P |etw|? ! t,w, P 2 12
A(w) :== sup Ay(w) ;== sup sup (E [|£ | +/ |Fo<(0,0,0)] dsD . (4.3)
¢

0<s<t 0<s<t ]Pe'p;i"'

Now since Ft“P is also uniformly continuous in w for the Skorohod topology, it is
easily verified that A(w) < oo for some w €  iff it holds for all w € Q. Moreover, when
A is finite, it is uniformly continuous in w for the Skorohod topology and is therefore
Fr-measurable. Now, by Assumption 3.4, we have A;(w) < oo for all (¢,w) € [0,T] x Q.
To prove existence, we define the following value process V; pathwise

Vi(w) == sup VP (T, g), for all (t,w) € [0,T] x Q, (4.4)
PePy”

where, for any (t;,w) € [0,T] x Q, P € Pi*" ty € [t;,T], and any F;,-measurable
n € L2(P), we denote V. " (t2, 1) := y,. ", where (yP11 2P:tiw oPt1.) is the solution
of the following BSDE]J on the shifted space Q'* under P in [t;, t2]

to ta
Piti,w _ ,t1,w oti,w, Py, Piti,w JPiti,w  Pit,w P,t1,w jpt1,P,c
Ys =7 + / F’r (yr ) Zp y Uy )d’l" - / 2 dBr

S

to ’
- / / ul e (2) i, (de, dr), (4.5)
s E

where as usual 7%, (dz, ds) := ppn (dz,ds) — viF (dz)ds. In view of the Blumenthal 0 — 1
law, yf " i constant for any given (t,w) and P € P;}”, and therefore the value process
V is well defined. Let us now show that V' inherits some properties from ¢ and F'.

Lemma 4.4. Let Assumptions 3.2 and 3.4 hold and consider some ¢ in UCy(f2). Then for
all (t,w) € [0,T] x Q we have |V;(w)| < CA4(w). Moreover, for all (t,w,w') € [0,T] x Q?,
[Vi(w) — Vi(w")] < Cp(ds¢(w,w’)). Consequently, V; is F;-measurable for every t € [0,T].
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Proof. (i) For each (t,w) € [0,7] x Q and P € P};", let a be some positive constant which

will be fixed later and let n € (0,1). Since F is uniformly Lipschitz in (y, z) and satisfies

Assumption 3.2(iv), we have by applying Itd’s formula to e |y]P’t7‘“’

9 2
y)]:p7t)w‘ +/ s (az)l/QZlP’t’w’ d8+/ /eas|u]§,t7w(m>’2y§7lp(dx)d8
t ¢ e
/ / yErtre WPt (i +’u1th I)f)ﬁ%(dw,(ﬁ?)
< aT‘gtw’ / as
_|-’r]/ 6 1/2 ]th’ d8+77/ / as|u]th | l/t]P(d.r)dS
t

T
_2/ eozs lth ]thdBt]Pc / / as 2y]th ]Sth _’_‘u]th x)|2)ﬁgt(d£ﬂ,d8)
t

eat

2 202 T
FtP (0,0, 0)‘ ds+(1+20+——a)/ e [yPte)? ds
t

Choose 77 = 1/2 and « large, By taking expectation we obtain |y; " “" < ClA (W)
The result follows.

(ii) The proof is the same as above, except that one has to use uniform continuity in
w of £4* and F*. Indeed, let « be some positive constant which will be fixed later and

,12
Ptw _ ,Pitw ’
s

Ys . Since F' is uniformly Lipschitz

let n € (0,1). Apply It6’s formula to e

and 2ab < % +nb?, we can deduce

2 T
P,t,w P,t,w’ as
Y'Yy + e
t

at

2
R e‘”<u]§ff’“—ufW’)Q(z)uz’P(dm))ds

ﬁst,w,IP( P,t,w Z]P,t,w U]P,t,w) Ftw ]P( P,t,w Z]P,t,w U]P’t’w)rds

T
as
S/e s ’“s » s s ’ s » Vs
t

+77/ s ( )1/2( ]th_ lPtoJ ds+7)/ /
2 2 T
(2C+C’2+£]—a)/

/ / as ]thinth)( Pitw Ith)Jr(uf’t’w—uf’t’w/)2)($)ﬁ]§t(d1’7d8)

‘ 2

, 2
P @) = ul e (@) vEP (da)ds

Tlys Y =y

P t,w ]th‘ ds

_2/ (y]Pitw y]Pitw )( Efw _ lew )dB?;]P,c_i_e(xT gt,w _st,w/
t

Now choose 1 = 1/2 and « such that ¢ := a — 2C — C? — % > 0. We obtain the desired
result by taking expectation and using the uniform continuity in w of £ and F. ]

The next proposition is a dynamic programming property verified by the value
process, which will be crucial when proving that V provides a solution to the 2BSDE]
with generator F' and terminal condition £&. The result and its proof are intimately
connected to Proposition 4.7 in [17] and use the same type of arguments.

Proposition 4.5. Under Assumptions 3.2, 3.4 and for { € UCy(Q2), we have for all
0<t; <ty <T and forallw e )

Vi (w) = sup Vi (ts, ViHY).
PePit "

Remark 4.6. Let us emphasize here that all the regularity in w we assumed so far is
because it is a sufficient condition in order to obtain the measurability and the dynamic
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programming property for (4.4). It is however clear that such assumptions are too
restrictive and we hope to be able to weaken them in a future work. In fact, in a
recent paper, Nutz and van Handel [12] showed the required regularity and dynamic
programming for conditional non-linear expectations (corresponding roughly to 2BSDEs
with a generator equal to 0) for terminal conditions which were only upper semi-analytic.
An extension of their result to our framework would allow us to get rid of our regularity
assumptions, and therefore of the limitations induced by the continuity with respect to
the Skorohod topology. Indeed, even for fairly regular functions f, f(B;) is continuous
for the Skorohod distance only for almost every ¢ € [0, 7.

The proof is almost the same as the proof in [17], with minor modifications due to
the introduction of jumps. We therefore omit it. Now we are facing the problem of the
regularity in ¢ of V. Indeed, if we want to obtain a solution to the 2BSDE], then it has to
be at least cadlag, P}, — ¢.s. To this end, we define now for all (¢, w), the F*-progressively
measurable process

Viti= lim V. (4.6)
reQN(t,T],rlt
Lemma 4.7. Under the conditions of the previous proposition, V* is cadlag, P}, — g.s.
and the lim in (4.6) is a true limit.

The proof is relegated to the appendix. We follow now Remark 4.9 in [17], and for a
fixed P € Py, we introduce the following reflected BSDE with jumps (RBSDE] for short)
and with lower obstacle V+

T
:§+/ F;P(Y;P,Zf,Uf)ds—/ ZPd B’PC—/ /U]P P (dw,ds) + K¥ — KF
t t
~ T ~ ~
YP>VF 0<t<T, P—as. and/ (Y}i—v;i)dl(fzo, P—a.s.,
0

where we emphasize that the process KP is predictable.

Remark 4.8. Existence and uniqueness of the above RBSDE] under our Assumptions,
with the restriction of a non-random compensator, have been proved by Hamadene and
Ouknine [7]. However, their proofs can be easily generalized to our context.

Let us argue by contradiction and suppose that Y'P is not equal P — a.s. to V*. We
can assume without loss of generality that Y, > VO+, P — a.s. Fix now some ¢ > 0 and
define the following stopping time

€= inf{t >0, VP < Vf—ke}.

YP is strictly above the obstacle before 7¢, and KF is identically equal to 0 in [0, 7°].
Hence, we have

€

}Z]P:?TIPE—&—/ ﬁf(iP,Zf,ﬁ;P)ds—/ ZPdBre — / /U]P P (dx,ds), P — a.s.
t t

Let us now define the following BSDE]J on [0, 7¢], P — a.s.

€

y;“]P:VTt-i-/ FP(yfP 2P, j’P)ds—/ zHPdBPe — / / PP ()% (dx, ds).
t t

1 As mentioned in the introduction, the results of [12] have actually been extended very recently to a jump
setting in [10, 11]. The authors do manage, in the case of a null generator, to construct what is actually a
solution to the corresponding 2BSDE], without any regularity assumptions on the terminal condition.
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By the standard a priori estimates already used in this paper, we obtain that

YE <y P+ CVi—YE| <yl® +Ce,

by definition of 7°. Following the arguments in Step 1 of the proof of Theorem 4.5 in [17],
we can show that y"" < V;" which in turn implies Y’ < V" + Ce, hence a contradiction
by arbitrariness of . Therefore, we have obtained the following decomposition, P — a.s.

T T T
Vo= [ BP0 ZEONds— [ ZRapte- [ [ OF @) + RE - KT
t t t E

Finally, since V+ and B are cadlag, we can use the result of Karandikar [8] to give a
pathwise definition of [B, V']. We then have, P — a.s., for all P € P},

d[Y, Bl¢ = d(Y"<, B®¢), = ZPd(B¥, B*¢), = ZFd[B, B¢ = @, Z} dt,
A[Y, Bl; = Uf (AB:)ABy,

so that we can define aggregators Z and U for the the families {Z]P, P € Py}, and
{U®, P eP).

We next prove the representation (3.7) for V and V1, and that, as shown in Proposition
4.11 of [17], we actually have V = V*, Py — ¢.s., which shows that in the case of a
terminal condition in UC(f2), the solution of the 2BSDE] is actually FF-progressively
measurable.

Proposition 4.9. Assume that £ € UCy(Q)) and that Assumptions 3.2 and 3.4 hold. Then
we have

Vi = esssupt YF (T,¢) and V;t = esssup® YF (T,¢), P —a.s., VP € Py.
P'ePy (t,P) P’ €Py (t+,P)

Besides, we also have for allt, V, = V;*, P, — q.s.

Proof. The proof for the representations is the same as the proof of proposition 4.10 in
[17], since we also have a stability result for BSDE]Js under our assumptions. For the
equality between V and VT, we also refer to the proof of Proposition 4.11 in [17]. a

Finally, we have to check that the minimum condition (3.5) holds. Fix IP in Pj; and
P e Py (tT,P). Then, proceeding exactly as in Step 2 of the proof of Theorem 4.1 in [9],
but introducing the process 7’ of Assumption 3.2(iv) instead of v, we can similarly obtain

’ ’ T rs! ! ’ 7! ! !
V=l S| [ aRY | =B [ e 0 (RE -RY)] @)
t ==

where M P’ is defined as M P’ but with +' instead of v. Now let us prove that for any
n>1

EP {(tgniTM;P/)7 | < +o0. P~ s (4.8)

First we have

a® —exp ([ (= 5l i +nas 2an <+ [ @ o)

[T @ +i(AaB))e a8,

t<r<s
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Define, then AY = E(fts near 2dBP *C) and C¥ = 5([; [ (@)1 (da, dr)). No-
tice that both these processes are strictly positive martingales, since n and +' are
bounded and we have assumed that 4’ is strictly greater than —1. We have

M® = exp ( / )\Tdr)Af oF.
t
Since the process ) is bounded, we have

(,dnt, M) s o e AT ) =0 s {(aT )7 )"

Using the Doob inequality for the submartingale (4,C) ™!, we obtain
(0 A A G
’ ’ ’ ’ 1/2
< C(BY |(cF)"|BF [(4F)™]) " < +oo,
where we used the fact that since 7 is bounded, the continuous stochastic exponential
AP has negative moments of any order, and where the same result holds for the purely

discontinuous stochastic exponential C]P/ by Lemma A.4 in [9]. Then, we have for any
p>1

P~ ~ ’ s INL/p s ~ , o\ —1/p
o[58 ]~ [ 0" (88 ) g, )
t<s< t<s<

’ ~ ! ~ N\ 2 pT;l / 1/[)
SC( esssup’ EF [(K¥ —Kf’) D (Vf—yf) , P—a.s.,
P’ ePL (t+,P)

where we used (4.8). Arguing as in Step (iii) of the proof of Theorem 3.5, the above
inequality along with Proposition 4.9 shows that we have

essinf” E]P/ [IZ’? — IZ'F,] =0, P—-a.s,
P’ ePy (t+,P)

that is to say that the minimum condition 3.5 is satisfied. Finally, when the terminal

condition is in 62“, it suffices to approximate it by a sequence (&,),>0 C UCp(12), and to

pass to the limit using the a priori estimates obtained in [9]. The proof is similar to step

(ii) of the proof of Theorem 4.6 in [16], we therefore omit it. O

5 Fully non-linear PIDEs
5.1 Markovian 2BSDE]s

In this section, we specialize our discussion on 2BSDE]Js by considering the so-
called Markovian case for which the generator F' and the function H have a specified
deterministic form

Ht(w7yazauar}/>v) = h(t,Bt(W),y,Z,’U,,’)/,U), Ft(W,y7Z,U7aaV) = f(t,Bt(w),y,z,u,a,l/),

for some function f : [0,7] x R¢ x R x R? x L? x $;° x A" — R and some function
h:[0,T] x R x R x R? x L? x Dy x Dy. We also denote by Dj(; ., . the domain of f in
(a,v) for a fixed (t,z,y, z,u). Moreover, we also need to define Markovian counterparts
of the set V of predictable compensators, and of the sets R of predictable functions.
More precisely, we let V™ be the set of measures in N which does not depend on ¢ and
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w (i.e. the Lévy measures in ), and for any F' € V™, let R’ to be the set of functions
B : E — E which verify |8| (z) < C(1 A |z|), F(dz) — a.e. and such that z — S(x) is
strictly monotone on the support of F'. Finally, we let U™ to be the set of measures
F := Fo(B)"! for some F € V™ and some f € RE.

We can now define the Legendre-Fenchel transform of the generator f as follows

h(t,z,y, z,u,y,v) = sup {lTr(a'y) + / (Av)(z, e)v(de) — f(t,x,y,z,ma,l/)},
E

(a,v)€S;Oxpm

for any (¢, ,y, z,u,v,v) € [0,T] x R? x R x R? x L? x CZ(E), where C2(E) denotes the
set of functions from E to E which are C? with a bounded gradient and Hessian, which
we endow with the topology of uniform convergence on compact sets, and where the
non-local operator A is defined in (3.2).

For simplicity, we abuse notations and let Pj := Py, as well as P, := Py’ for any
t € [0,T]. Assumptions 3.2 and 3.4 now take the following (stronger) form
Assumption 5.1. (i) P} is not empty and the domain Dy ;... is independent of
(x,y, z,u) and can be written in the form of D}t X D?fr

(ii) The following uniform Lipschitz-type property holds. For all (y,v/, z, 2/, u, t, a, v, x)

).

(iii) The map t — f(¢,x,y, z,u, a,v) has left-limits and is uniformly continuous from
the right, uniformly in (a,v) € D}(t) X D]%(t).

(iv) For all (¢, ,y, z,u',u?, a,v), there exist two functions v and 7’ such that

o,y 2 a,0) = ft o,y 2 uaw)] < Cly =yl + a2 (2 - 2)

/ 51’2U($)7£($)V(d$) < f(t,a:,y,z,ul,a,v) - f(t’xay7zau2va/a V) < / 51’2u(x)’yt(x)l/(dx),
E E

where 652y := u! —u? and ¢1 (1 A |z]) < 3(z) < ca(1A|z]) with =1 +6 < ¢ <0, ¢ >0,
and ¢j (1A |z]) < vi(z) < A1 A |z]) with =1+ 6 < ¢} <0, ¢ > 0, for some ¢ > 0.

(v) F is uniformly continuous in z, that is to say that there exists some modulus of
continuity p such that for all (¢, z,2',y, 2, u, a,v)

\f(t,x,y,z,u,a,y)—f(t,x’,y,z,u,a,l/)| §P<|x*$/‘)

Remark 5.2. Notice that since R¢ is a convex space, it is always possible to choose the
modulus p to be both concave and with linear growth.

We consider a given Borel-measurable function ¢ : R* — R. The rest of this section
will be devoted to relationships existing between the following 2BSDE], P;} — q.s.,

T T T
Y; = g(Br) —/ f(s,BS,YS, Zs, Us,as,VlP)ds —/ stBl,P’“— / /E Us(x)ﬁ]};(dx,ds)
t ¢ t

+ KY - KP (5.1)
and the following fully non-linear PIDE

—dwu(t, ) = h(t,z, u(t,z), Du(t, z), Ku(t, z,-), D?*u(t, ), u(t,z +-)), (t,z) € [0,T) x R
u(T,z) = g(z), € RY,
(5.2)
where y — Kv(t,z,y) is defined by Kv(t, z,y) :=v(t,x + y) — v(t ™, x).
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5.2 Smooth solutions of (5.2) and Feynman-Kac formula

We start by showing that a smooth solution to (5.2) provides a solution to the 2BSDE]
(5.1). As was already showed in [16], and unlike what happens for classical Markovian
BSDE]Js, the proof is not a simple application of Itd6’s formula. Indeed, verifying the
minimal condition (3.5) creates unavoidable technical difficulties.

Theorem 5.3. Let Assumption 5.1 hold and assume in addition that h is continuous
(where continuity with respect to its fifth and seventh argument are to be understood
w.r:it. the topology of uniform convergence on compact sets), that D} = D}(t) and
D} = ch(t) are actually independent of t, that D} is bounded from above and away from
0, that ch is such that

sup / <|x|2 1)<t + || 1|w‘21)1/(dx) < +00, (5.3)
UED?QQ}M’ E

and that g is bounded. Let u € CY2([0,T),R?) be a classical solution of (5.2) with

bounded gradient and Hessian, such that in addition {(u, Du, Ku)(t, B;-), t € [0,T]} €

]fo X IH%,“ X JI%’[“. Then, (Y, Z,U) is the unique solution of (5.1), where

t
Y; :=u(t, By), Z; := Du(t, B;-), Uy(-) := Ku(t, By, -), Ty := D*u(t, B,-), K} ::/ kP ds,
0

N 1
i bt B Yo 20, Un Tt B ) = 3@l - [ (A0)(Be- ) (do)
E
+ f(t> Bt7 }/tu Zt7 Ut7at7 VF)

Remark 5.4. The condition (5.3) above seems difficult to avoid with our approach here,
and basically demands uniform moments for the small and large jumps of the canonical
process over the whole uncertainty set. Moreover, we would like to point out that
this condition also appears in the recent work [11], when the authors look at viscosity
solution to PIDE (5.2) when f = 0.

Proof. A simple application of It6’s formula shows that (Y, Z, U) does satisfy the equation
(3.3). Since in addition Yr = g(Br) € IL?}” (because g is bounded), it only remains to
verify that for any P € P/’ and for any ¢ € [0, 7]

’ T ’
ess inf® Ef [/ kY ds] =0, P—-a.s.
P’ ePj(t+,P) t

Towards this goal, we follow the proof of Theorem 5.3 in [16] and we adapt it to our
jump framework. Let us outline the proof for the sake of clarity. The main idea is, as is
common in stochastic control problems, to find an e-optimal control in the definition of
h, which means here both a volatility process and a jump measure. The main difficulty
after that is to be able to find a probability measure in P}’ such that the characteristics
of the canonical process B under this measure coincide with the e-optimal controls. We
emphasize that even though it may be possible to find such a measure in the larger set
Pw (and even in this case it may prove impossible, see Remark 2.3 in [16]), it is not
clear at all that this measure will be in Pg, and thus in Pr.

We now start the proof. By a classical measurable selection argument, for any ¢ > 0,
we can find a predictable process a° taking values in D} and a predictable random
measure v°, taking values in DJ% N Y™ (i.e. there exist (F*, %) € V™ x Ry such that
Ve = F¢ o (8%)~1) with

N 1
bt B Yi 20, Un Dt B +9) < 3TlaiT + [ (Au)(By- o))
E
— f(t,Bt, Y;g, Zt, Ut, af, I/tg) + €.
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Fix now some P := IP%’ﬁ € P}, and some ¢ € [0,7]. We will now show that we can find
some (af, b%, F©) such that ]P%i’bs € Py (t*,P) and for s € [¢,T]

af b

s =a%, vs ™ =15 dsx dIP%Z’bE —a.e.
For notational simplicity, let us define for s > r > ¢

R 1
X7 1= hls, By Y 2o, U Tayuls, Boe +1)) — 5 TrlaiTy] ~ / (Au)(B,_, )< (dx)
E

+ f(sz&}/sts)Us,aE VE).

TYUT

We next define a sequence of [F-stopping times. Let
7S :zinf{sZt7 X! >20r X! 225}/\T
T :inf{s > 78, X > QsoerL > 25} AT, n>0.

Notice that since by definition X < ¢ for any s > ¢, we always have 7, > 7., for any
n > 0, and 7§ > t. Besides, since B,Y, Z,U,I',u are all cadlag, it is a classical result that
the 7% are indeed IF-stopping times. Next, for any w € (2, the maps ¢ — iL(t, Ty Yy 2, Uy Y, V)
and t — f(t,z,y,2,u,a,v) are respectively uniformly continuous from the right (see
[1], Appendix 2.8 for more details) and uniformly continuous from the right uniformly
in (a,v) € D} x D7 (since they are cadlag on the compact [0, T]). Moreover, since we
assumed that D} was bounded from above and away from 0, that

sup /((1/\|x|2)+|:r\1|1.‘21)1/(dx)<+oo,
veDINY™ JE

and that Du and D?u were bounded, we can deduce that for any w, the function
1
h(s, B~ (w), Ys(w), Zs(w), Us(w), Ts(w), u(s, B~ (w) +)) = 5 Tr[al’s (w)]
~ [ (A (B @) 0w(do) + £, Buli) Vo), 2. V). 0.0),
E

is uniformly continuous from the right in s, uniformly in (a,v). This implies that the 7¢
cannot accumulate and that it is possible to find some (¢, w) > 0, independent of n, such
that 7, (w) > 7 (w) 4+ 6(e,w). In particular, this also implies that there exists some finite
N € N such that 7;, = T for any n > N. Let us now define for s > 7

—+oo +oo
~g . __ 5 e . 5
ag = E areLoepre re )y Fo o= Filo<s<re + Lo>re E Flelgepre e
n=0

n+1 +1)’

n=0
5; = Z ﬂiSISE[T;,TiJrl)'
n=0
Consider next the following SDE on [7§, T
1/2 P, ze,c ~ ~
dZ, = (C@(Z.)) dBroFe _|_/ Bs(Z.,x) (,uB(dx,ds) —Ff(das)ds), Py g —a.s. (5.4)
E

It is proved in Lemma A.1 that the above SDE has a unique strong solution Z¢ on [7§, T
such that ZZ. = 0. Define then

Oéf = Oztlogtg.ré + 11527—5&8(Z_8), b?(l‘) = ﬂt(l')logtg-,—g + 1t27—§ﬁ8(2_871‘).
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It is immediate to verify that o € D, Feecvandb® € R 7 (see the proof of Lemma A.3 in
[9] for similar arguments). We can therefore define the probability measure IP;b c Py,
which by definition, coincides with P on F;+ (since 7§ > t). Using (2.6) and (2.7) in [9],
we then deduce that

a®,5¢ e Qe € 1€
Qs =as, vs ™ =viP, ]P‘;;E’b —a.s.on [75,T).
This implies that, IP;';EE’bE —a.s,
. 1 P bt
h(s, By, Ve, Z3,Us, Ty u(s, By +9)) < 5 Tela,T] —|—/(Au)(BSf,x)V5 = (da)
E

Pt
— [(5Bo.Yes 20, Uy, Gy ©° ) e, forace. s € [, 7).
Finally, since € > 0 is arbitrary, we end the proof by noticing
af b

Lo T, vt (T pa
essinf® EY [/ kY ds} < 2e(T —t) + EF 7 {/ ke £° ds] < 4e(T —t).
P’ ePp(tt,P) t e

0

5.3 2BSDE]Js and viscosity solutions to fully non-linear PIDEs

5.3.1 Time-space regularity of Markovian solutions to 2BSDE]s

In this section, we specialize the notations of Section 4.2 to the Markovian frame-
work and obtain additional regularity results. For simplicity, let us denote BY?* :=
x+ B, forall (¢,s,7) € [0,T] x [t,T] x R%, and for any (t,z) € [0, 7] x R?, any [F*-stopping
time 7, any P € P;"', and r.v. ) € L?(PP) which is F!-measurable, we let

(6, ZPtir Py o (PP (), 2P (7, ) UP (7))

be the unique solution to the following BSDE]
y]P,t,:v =1 =+ /T f(T Bt,z‘ yIP,t,a; Z]P,t,:v uIP,t,;c ’a\t Vt’]P>d7" _ /T ZIP,t,;cht,]P,c

—/ /Uf’t’w(e)ﬁgt(de,dr), P—a.s., s€ltr]. (5.5)
s E
Then, exactly as the process V defined in (4.4), we consider the value function

u(t,z) == sup YEHT (T, g(B;-"f)), (t,z) € [0,T] x RY,
PeP;"”
which is indeed deterministic due to the Blumenthal 0 — 1 law, which holds true for any
Pep,”.
Before stating the next result, we need to consider in addition the following assump-
tion.

Assumption 5.5. The map © — ¢(x) has linear growth and

A(t,z) = sup (EPHg(B;I) +/tT’f(s,Bg’I,o,o,o,ag,ygvP)H)i, (5.6)

Pep; "

2
is such that sup ]E]P[ sup (A(s,Bg’w)) ] < +oo, for any (t,x) € [0,T] x R4.
]pep;;N t<s<T
We refer to Remark 5.8 in [16] for sufficient conditions ensuring that Assumption 5.5
holds true. The next result generalizes Theorem 5.9 and Proposition 5.10 of [16].
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Proposition 5.6. We have the following results

(1) Let Assumptions 5.1 and 5.5 hold, and assume that g is uniformly continuous.
Then the 2BSDE] (5.1) has a unique solution (Y, Z,U) € D}" x Hy* x J%". Moreover, we
have the identity Y; = u(t, B;) and the function u is uniformly continuous in x, uniformly
in t, and right-continuous in t.

(#4) Let Assumptions 5.1 and 5.5 hold, and assume that g is lower semi-continuous.
Then u is lower semicontinuous in (t, x), from the right int, i.e., for any (t,z) € [0, T] x R?
and any sequence (t,,, T,)n>0 Such that (t,,z,) nI)oo (t,z) and t, >t, foralln > 0, we
have lim u(t,,z,) > u(t, ).

n—r—+4oo

In order to prove this Proposition, we will need the following weak dynamic program-
ming property, in the spirit of the work by Bouchard and Touzi [5]. It is very closely
related to the proof of the dynamic programming property of Proposition 4.5, with the
additional difficulty that less regularity is assumed on g. Moreover, its proof is very close
to the proofs of Proposition 5.14 and Lemmas 6.2 and 6.4 in [16]. Hence, we will only
sketch some parts of its proof, which is relegated to the appendix.

Lemma 5.7. Under assumptions 5.1 and 5.5, for any family of IF'-stopping times
{rP. P eP;"}:

u(t,z) < sup VP " (7%, X)), forall (t,z) € [0,T] x R? (5.7)
Pep; "

and for any ]—"jp -measurable r.v. X such that X > u(7", Bif), P-a.s. Moreover, when the
function g is lower semi-continuous,

u(t,z) = sup YT (T“’,U(T“’,ij)» for all (t,z) € [0,T] x RY, (5.8)
Pep; "

Proof. [of Proposition 5.6.] Proposition 5.6 (i) can be proved exactly as in [16], using
Theorem 4.1, Lemmas 4.4 and 4.7 and Proposition 4.9. For (ii), we follow [16]. We start
by introducing the functional

J(P,t, ) := EP {t)]tp(t,x)}, (P,t,2) € Pl x [0,T] x RY,

where y¥ (¢, ) is the first component of the solution to the BSDE]J under P with terminal
condition g(x + By — B;) and generator f(s,z + Bs — By, y, z,u, a,v). The first step of the
proof is to show the following identity
u(t,x) = sup J(P,¢,x). (5.9
PEPy

First, by (A.6), we have for any P € P and for P — a.e. w €

of (t.0) (@) = V" (T g(BY) ) < ult,a).

This implies, that J(P,¢,x) < u(t,z). The other inequality can be proved exactly as in
the proof of Proposition 5.10 in [16]. Then, it is clearly sufficient to show that the map
(t,z) — J(P,t, x) is lower semi-continuous, from the right in ¢, for any P € Py.

Consider thus some (t,z) € [0,T] x R?, some P € P; and a sequence (t,, T, )n>0 Such
that (¢,,z,) — (t,z) and ¢, > t for any n > 0. Consider the following lim

&y =inf g(zr + Br — By,), f""IP(s, y,z,u) := inf f(s,xp + Bs — By,, Y, 2, U, as, Z/E))
k>n k>n

= . —P .
€:= lim &, f := lim fF,
n—-+oo n——+o00
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and let (J™, Z™,U™) denote the solution to the BSDE]J under P with terminal condition
¢, and generator f™F. Since g and the modulus of uniform continuity of f have linear
growth in z (remember Remark (5.2)), since f is uniformly Lipschitz continuous, and
since under any of the measure considered the canonical process B is a square-integrable
martingale (see Definition 3.1), it can be checked directly that this BSDE] has a unique
solution, and by stability for BSDE] that nETooE]P [Vr] = EF[);], where ) denotes the

- —P
first component of the solution of the BSDE]J with terminal condition £ and generator f .
Since g is lower semi-continuous, f is uniformly continuous in x, B is cadlag and t¢,, > ¢
for any n > 0, we deduce that

¢ > g(x + Br — B;),and 7]P(s,y,z,u) = f(s,x + Bs — Bt,y,z,u,as,vf).

Hence, lim J(P,t,,z,) > lim EF[Yr] = EF[Yy] > EF[yF(t,2)] = J(P,t,z), which
n—-+o00 n—100
ends the proof.

5.3.2 Viscosity solution of PIDE (5.2)

Definition 5.8. (i) A bounded lower-semicontinuous function v is called a viscosity super-
solu-tion of the PIDE (5.2) if v(T,-) > g(-) and if for every function ¢ € C3([0,T) x R?)
(i.e. the space of functions from [0,T) x R¢ which are thrice continuously differentiable
with bounded derivatives) such that
0 = v(to,z0) — ¢(to, x0) = (t,@e%?)md(” -9t z),
we have

_atv(t07 .’130) - il(t(), Lo, w(tO; 370)3 D(p(to, xO)a ’C(p(t(% Zo, ')7 DQ()O(th 'rO)a Sp(t07 Zo + )) > 0.

(7i) A bounded upper-semicontinuous function v is called a viscosity sub-solution of the
PIDE (5.2) if v(T,-) < g(-) and if for every function ¢ € C3([0,T) x R?) such that
0= t ) - t B = - ta )
v(to, zo) — ¢(to, To) (t’m)éﬁ)‘c’%xm(v o)t x)
we have

—dyv(to, To) — h(to, xo, p(to, 20), Dp(to, z0), Kp(to, zo, -), D*p(to, o), ¢ (to, To + -)) < 0.

(7i1) A continuous function v is a viscosity solution of (5.2) if it is both a viscosity sub and
supersolution.

This section is devoted to the proof of the following result, which generalizes to the
case of 2BSDE]s Proposition 5.4 of [11], which considers the case f = 0. The arguments
are classical, as soon as one has at disposition a dynamic programming principle. We
however give a detailed proof, since the presence of the non-linearity f complicates the
estimates.

Theorem 5.9. Let Assumption 5.1 hold and assume in addition that h is continuous, that
t — f(t,z,y, z,a,v) is uniformly continuous from the right, uniformly in all the other
variables, that D} := Djlc(t) and D} := ch(t) are actually independent of t, that D} is
bounded from above and away from 0, that DJ% is such that

sup / (|95|2 + || 1|a:\21)l/(d9€) < +o00.
veD2ngm JE

and that g is uniformly continuous and bounded. Then, u is a viscosity solution of the
PIDE (5.2).

EJP 20 (2015), paper 65. ejp.ejpecp.org
Page 20/31


http://dx.doi.org/10.1214/EJP.v20-3569
http://ejp.ejpecp.org/

Second order BSDEs with jumps: existence and PIDEs

Remark 5.10. We would to point out two differences with [11]. First, the set of test
functions that we consider is not the same, since we assume more regularity. However,
as is well-known in viscosity theory, this is actually without loss of generality by simple
density arguments. Then, the integrability assumptions on the jumps of the canonical
process under the measures considered is not the same. Indeed, we assume a uniform
control for the second moment of both the small and large jumps, while [11] only does it
for the small jumps. This seems unavoidable in our setting since we want the canonical
process to be square-integrable under every measures, and we want to have a uniform
control on its norm. Nonetheless, the added assumption allows us to get rid of the
assumption of [11] on the limit as € goes to 0 of the first order moment of small jumps
(see their condition (5.2)). We will however need the latter one for the comparison result
of Theorem 5.13 below.

Before proving this theorem, we will need the following lemmas, which notably insure
that the function u is jointly continuous, which is needed if we want to prove that it is a
(continuous) viscosity solution of the PIDE (5.2).

Lemma 5.11. Let the assumptions of Theorem (5.9) hold. Then, for some constant
C > 0, we have that for any (t,t') € [0,T]?

/2 ’
B! }SC(t—t’), sup EP[sup B!

]PGP;L/’K t' <s<t

]gc\/m.

sup IEIP[ sup
]PGPZ/,K t/ <s<t

Proof. We only treat the first term, the second one can be treated similarly. First, by
BDG inequality, we have for any P € PZ "* and for some constant C' > 0 which may vary
from line to line

/12
]EIP{ sup |B! ] < CIEIP{ / / |z vt P (da) ds} <C(t-t),
1/ <s<t
where we have used the fact that D} is bounded and that sup | = |x\ ) is finite.

yeDirmm
a

Lemma 5.12. Let the assumptions of Theorem (5.9) hold. Then, the map t — u(t, z) is
uniformly continuous, and if p denotes the modulus of continuity in x of g and f, we have
for some C' > 0

lu(t, z) — u(t',z)] <c( (C\/tft’)i (1+|z)) \tft’|>, (t,t',z) € [0,T]2 x R
Proof. By (5.9), we have

fult z) = u(t',2)| < sup EF|[of (t,2) = of (¢, )] | + sup EP| [of (¢',2) —F(¢', ) |.
PePs PePr

For the first term on the right-hand side, we have by classical linearization arguments
for Lipschitz BSDE]Js, following the same line as Step 2 of the proof of Theorem 4.1 in [9]
that

sup P97 (t,2) =07 ()| | < C sup BF| sup || p(1B: — e )]

where M is a process such that sup IE]P[ sup \M8|p} < 400, for any p > 1. Using twice
repr  lo<s<T
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Cauchy-Schwarz inequality and that p has linear growth, we deduce that for any P

EP[ |9 (t,2) = o (¢, 2)] | <BP[ sup M1 O (14+BF[ swp |B,P])
0<s<T 0<s<T

< B [o( 1B - Bl )] .
=

where we used in the last line the fact the supremum of M has moments of any order,
Lemma 5.11 and Jensen’s inequality (remember that p is concave). We have, assuming
w.l.o.g. that ¢t < ' and denoting by (3*(#/,z),u” (¢, z)) the last components of the BSDE]
associated to y* (', z)

sup EF [ [oF (¢',2) = o (¢ )] |
PePy

f(57x + Bs — Bt/7U]P(t/,I),ﬁp(tl,x)7ulp(t/7x)aasa V;P) ‘ d$:|

T
< C\/t’—t<1+ 2| + sup E“’[/ |f(s,o,o,o,o,as,uf)|2ds]
0

PePy
2 2
+ ;;1}3;{ 1Bl ) + 05 lpaey + 155 ¢ 2) ey + 145 ) g2 )
<O+ |2V —t,

where we used the fact that f is uniformly continuous in z, uniformly Lipschitz in (y, z, u)

and that g is bounded and f is sufficiently integrable. Hence the desired result. O
We can now proceed to the

Proof. [Proof of Theorem 5.9]. Viscosity super-solution: First of all, by Proposition 5.6

and Lemma 5.12, we know that the map (¢, z) — u(t, z) is continuous. Let us now prove

the viscosity super-solution property. Let ¢ € C3([0,T) x R?) and (¢, z0) € [0,T) x R?

be such that

0 = u(to, o) — ¢(to, x0) = min  (u—p)(t,z).
(t,z)€[0,T)x R4
Fix some nn > 0 s.t. t{g + 71 < T. By (5.8) with the constant family of stopping times

to +n, we have

¢(to, x0) = ulto,z0) > sup Yp o (to + 1, ¢(to + 1, Bfﬁfﬁ))v (5.10)

PepPo "
where we used the comparison theorem for BSDE]Js in the last inequality. For
simplicity, we denote by (y©-to:zo¢ ;Pilo.zo.e g P.to.20.¢) the solution to the BSDE] as-
sociated to )}g’to’xo (to + n,p(to + n,Bfgf;;)) We also define for any (P,w,s,a,v) €
P X Q x [to, to + 1) ¥ D} x (D} Ny™)

L1070 p(w, 5, a,v) = @4(s, Bl (w))
1
+ §Tr[aD2<p(s,B§°*z°(w)} —l—/E(AQ)(Bz",’x"(w),e)V(de)
— (5B (). (s, B =), Di(s, B (@), Kep(s, B2 (). ) a,v).

Let us then define

5yg’~,t0,$0,90 .= yfytml‘oﬁﬂ — (s, Bioﬂ'o)’ 625’,%7%07% — leatowoﬂﬂ — Dy(s, Bioﬂ‘o%
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5uf,to,wow(,) = uf;tn,l’m@(,) _ /Cga(s, Bzo,xo’ ,)’

and finally
P,to,z0,¢ . to,zo , IPto,zo, P,to,x0, P,to,z0, 5to ,,P,to
6fs <p'_f<57Bs 7ys @728 W’us Lpaas 7Vs
to,To to,T to,To to,To ~to P.,to
_f(SaBs 790(“9’35 0>,D(‘D(S,BSO )7’C@(57B57 7')7a5 y Vs .

By a simple application of It6’s formula under IP, we deduce that

P to+n P to+n P
Sy 0,Z0,¢ __ / Etoyrow(s’aiovys ,to)ds _ / Sf 10,%0,¢ ] g

to
to to

to+n to+n

— / Szl toroeq(ployel / / Sult0:20:2 (¢) (uBtO (de,ds) — vFto (de)ds).
tO to E

Using the same arguments that lead us to (4.7), and in particular using the Lipschitz

properties of f, we can define a positive cadlag process M’, whose supremum has finite
moments of any order such that

to+n

P,to,xo, P / to,xo ~to , P,to to,To ~to , P,to

5yt() > E Ms L 90(5’ ag™y Vg ) - L @(to’ Qg5 Vg )
to

» s 1 ¥s

+ Llomop(tg, ate U]P’to))ds].

By (5.10), the Lh.s. above is non-positive for every P € P;*". Fix some (a, v) € D} X (D]% N
2™) and consider P(a, v) under which @' and vF(¢*)-% are equal to a and v respectively?.
We deduce that

to+mn
gy, a,) [ B LS

to
to+n
< EF@Y) [ sup MS’/ |LP"0 0 (s, a,v) — L% p(ty, a, l/)‘ ds] (5.11)
to<s<T to

We estimate the right-hand side of (5.11). We have, since ¢ € C3([0,7) x RY) and with
Lemma (5.11)

to+n
EP(G’V){ sup Mé/ |<Pt(573§°’m°>*‘Pt(to’%)'d‘s]

to<s<T to
< 0(772 +/t:o+n (]E]P(a’”) LoggT(Mt,)le/z (EP(“’”) [|B§O|QD1/2dS> < (P +n?2).
(5.12)

Similarly, we obtain that

]E]P(a,u)|: M fotn 1 D2 towon] 1 2 < 2 3/2
sup M, 2Tr aD*p(s, B.™0) 2Tr aDp(tog, xo)||ds| < C(n* 4+ n°/%).

to<s<T to

(5.13)

We also have

to+n
EXe | sup 27 [ [ (g BT @) ewtde) — [ (Ae)lan,epvlde)|as]
to<s<T to E ) E
<C sup {/ |e\2y(de)}(n2+ng/2). (5.14)
VED?, nym E
2Notice that since a and v are deterministic, such a measure does exist and is in 73;"10’“.
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Finally, we have, using that f is uniformly continuous in (¢, ), and uniformly Lipschitz in
(Y, 2, u)

to+n
E]P(a’”)[ sup M;/ ‘f , Blo:®o (s, Blo0) Dy(s, BLw0) Kp(s, B ), a,v)
to<s<T to

— f(to, 0, (to, o), D(to, o), Ke(to, zo, ), a, v ‘ds}

to+n
< C’/ / EF@ ”) sup M!|Kyp(s, B e) — Ko(to, zo, e)\} (LA le])v(de)ds+
to

tg<s§T

250Jr77
C’/ p(s —tg) + EF(@v) [ sup M;p(|B§0|)} + |s — to] + EF (@) [ sup MS’|B§°|DdS

to<s<T to<s<T

(5.15)

Since p is concave, by Jensen’s inequality, the first term on the right-side verifies

to+mn
/ (p(s = to) + B | sup MIp(IBL))| +1s — to] + EP@)| sup_M|BL| )ds

to to<s<T to<s<T

to+n
E]P(a’”)[ sup M;p(\Bﬁo\ﬂds)

to<s<T

< C(np(n)+n2 + 1P/ +/

to

Then, we have by Cauchy-Schwarz inequality and since p is concave and has linear
growth

P sup 2lp(1BY )] < O(BR )| sup_ arpt])! (14 EF@ 1))

to<s<T to<s<T

(e lo(at)]) e (e o)

Since p'/? is also concave, we obtain by Jensen’s inequality that

to+mn
[ (ot = to)+ BP0 [ sup 2ip(B D] + b5 ] + EF) [ sup g )
to to<s<T to<s<T
< C(np(n) +n7 02 npl/z(\/ﬁ))
For the second term, we have similarly

to+n
/ E]P(a’”)[ sup M. |ICg0 , Blo:®o ey — Kop(tg, zo, )| | (1 A |e|)v(de)ds
to

to<s<T

< s {/E<|em|e|2>u< )b + 1),

VED?O%’"

so that (5.15) becomes

to+n
IEIP(G’”)[ sup M;/
to

to<s<T

Fs, B (s, B0), Dp(s, B ™), Kep(s, B, ), a,v)

— f(to, zo, ¥(to, zo), De(to, o), Ke(to, zo, ), a, u)‘ds}

< Clupn) +np'*(vn) + 17 +1°/%). (5.16)
Hence, using (5.12), (5.13), (5.14) and (5.16) in (5.11), we obtain

to+n
LR 000 4, a,v) / EP (@) 0] ds

S
to

<C s { [ (el + ePpwiae) {1+ o(1)).

uED?ﬁ‘B’"
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Dividing both sides by 7, letting 1 go to 0 and using the fact that M’ is cadlag, we deduce
that

E]P(a,z/) |:Mt{0:|E]P(a’y)’to’zosﬁ(to,a, I/) < 07

which is the desired result since M’ is positive.

Viscosity sub-solution: Sub-solution property can be treated similarly, we only
detail the steps which differ. Let ¢ € C3([0,T) x R?) and (tg,z0) € [0,T) x R? be such
that

0 = u(to, zo) — p(to, zo) = (m)eﬂ[}f%xm(u —o)(t, ).

Fix n > 0 s.t. to +7n < T. By (5.8) with the constant family of stopping times ¢g + 7,

we know that

¢(to, x0) = ul(to,zo) < sup Yo (to +n, (o +n, BISL?)), (5.17)
PePi0"

where we used the comparison theorem for BSDE]Js in the last inequality. By the same
arguments that we used before, and in particular using the Lipschitz properties of f as
Step 2 of the proof of Theorem 4.1 in [9], we can define a positive cadlag process M,
whose supremum has finite moments of any order such that

to+mn

P,to,z0,p P to,x ~t Pt

Yty <E [/ ML p(s, a0, v, “)ds}
to

to+n

<EF| M, (L1005, L0, vE 1) = L1950 p(tg, 310, 1E0) ) ds]
t

0

+ sup LP%00p(tg, a, V)nIEIP[ sup MS].
(a,l/)ESiOXQ]m to<s<T

Taking supremum on both sides of the above equation and by (5.17), we can finish
the proof exactly as in the proof of the super-solution property, letting n go to 0 and
using the positivity of M. a

Of course the above Theorem has to be complemented with a comparison result. We
give below one possible set of assumptions under which such a result holds.

Theorem 5.13. Let Assumption 5.1 hold and assume in addition that f does not depend
on (t,z,y,u), that D} is bounded from above and away from 0, that ch is such that

sup / (\6\2 + |e|1‘e‘>1)u(de) < 400, and lim sup / le|?v(de) = 0.
veDiny™ JE - F=0uep2ngm Jie|<n

Then comparison holds for the PIDE (5.2), which therefore admits at most one solution.

Proof. Define

h¥(z,v,v,w) = sup{ }Tr[cw] + / (v(z+e) —v(x) —e- Vw(z))v(de)

(a,v) le|>k

+ Aw(z, e)v(de) — f(z,cuu)}.

lel<n

Then it can be checked exactly as in [11] that h (resp. h") satisfies conditions C1-C3
(resp. C4-C9) in Section 5.2 in [11]. We can therefore apply Lemma 5.6 in [11] to obtain
the desired result. O
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A Appendix
A.1 Technical proofs

Proof. [Proof of Lemma 4.7] It suffices to follow the proof of Lemma 4.8 in [17] and to
use the downcrossing inequality for positive fF-supermartingale with jumps proved in
[14]. a

Lemma A.1. The SDE (5.4) with initial condition Zo = 0 has a unique solution on |75, T].

Proof. The proof follows the line of the proof of Example 4.5 in [15], and we provide it
for comprehensiveness. For simplicity, we only prove the result for 7§ = 0. This does not
pertain any loss of generality, since the general result can proved similarly by working
on shifted spaces instead. We proceed by induction and let Z%¢ be the solution of the
SDE

750 — t(aE(ze’O))l/QdB’POf“% BE (250 x)( (dz,ds) — FS(dz)ds), Py s — a.s
t A o\Z. s 5 o\&. UB ) s T 0,Fe *o

Since af and /35 are actually Fy-measurable, they are deterministic and thus Z°° is
indeed well-defined. Let then 7§ := 0 and 7§ := 7{(Z%°). By Lemma 9.4 in [15], 7{ is still
an IF-stopping time. We pursue the construction by setting Z; 1= Z; O fort e [0,7f] as
well as, fort > 77, IPOJ;E — a.s.

~E
1

t 1/2 . -
Zi' =750+ / (ai(Z,E’l)) dBy 7 1 /E 6T(Z?’1,m)(u3(dm,ds)fFf(dx)ds)

Using the fact that af and g7 are F,, -measurable, we can then argue as in [15] to obtain
that a5 (Z51) = a5(Z°Y) and B§(Z5!, x) = B5(Z°°, x). Therefore Z=! is also well defined.
By repeating the procedure for n > 2, and since we know that there exists NV € IN such
that 7, =T for n > N, after a finite number of steps we have constructed the unique
strong solution Z¢ to the SDE on [0,7). Since it is cadlag, we extend it at time T by
setting Z% := ltlT%} Z;, which finishes the construction. O

A.2 The measures P}’

Lemma A.2. Let 7 be an IF-stopping time. Letw € Q, s > 7(w) and H be a .7-'57(“’)-
measurable random variable. There exists a Fs-measurable random variable H , such
that H = H™.

Proof. The result means that for all & € Q™) H(&) = H™*(@) = H(w @r(w) w). We set
for all wy € Q, H(w) := H(w]“). Using the fact that for s > r(w), (w () @)TW)(s) =
w(T(w)) + @(s) — w(r(w)) — @(r(w)) = &(s), we have that H satisfies the desired equality
by construction. Indeed H™ (%) = H[(w ®(w) @)7@)] = H(w). Notice now that for any
weQ H:Q— [7(w), T] is (Borel) measurable as a composition of measurable mappings.
Finally, let us prove that H is F,-measurable. Since H is F™(“)-measurable, there exists
some measurable function ¢ such that for any & € Q™)

H@) = ¢(BZ(”)(G;), rw) <t < s)

Therefore, we have for any w* € Q, H(w') = qﬁ(Bt(wl) — B (w), T(w) <t < s), which

clearly implies that H is indeed Fs-measurable. a
Lemma A.3. Let P € Pg and 7 be an F-stopping time. Then, P™% ¢ fg(“) for P —
a.e.w € .
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Proof. Step 1: Let us first prove that

(Po)F)T’w = ]PT(UJ)’FT,LA)’ ]P07F-a.s. on Q, (Al)

where (P )™ denotes the probability measure on Q7, constructed from the regular
conditional probability distribution (r.c.p.d.) of Py r for the stopping time 7 evaluated at
w, and P, () pr.« is the unique solution of the martingale problem (P, 7(w), T, Iq, F7%),
where P! is such that P}(BI = 0) =

We recall that thanks to Remark 2.2 in [9], it is enough to show that outside a Py -
negligible set, the shifted processes M7, J”, Q" (which are defined in this Remark) are
(IPy,r)™“-local martingales. In order to show this, for any w in , and any ¢ > s > 7(w),

take any F, “)_measurable random variable H. By Lemma A.2, there exists a f,-
measurable random variable H such that H = H™%. Then, following the definitions in
Subsection 4.1, we have

ABZ’M(J}) = ABt(w XRr &v)) = A(w X, a)(t) = Awtl{tg.,.} + A(:)tl{t>7.},
and fort > 7, Bi(w ®; @) = (w ®, 0)(t) = w; + W = B, (w) + B (). From this we obtain

M7 (@) = Bi(w ®; @) = Y 1|aB, (ws,3)>1ABu(w - &)

u<t

//x1|m|>1F (w®; w,dx) du

= B (@) + By(w Z]-|Awu\>1Awu_ Z 1iaBr(@)>1AB, (W)

u<lT r<u<t
/ / 21|51 Fy(w, dx) du —|—/ / 21y 51 Fy (@0, dr) du
= M] (@) + M, (w), Yw e Q.
Localizing if necessary, we can now compute
EFor)"™ [HM | = B [HMP = My ()]
— E(Po,r)™* :ﬁr,wM;,w} _ EPo,r) {gf,w} M, (w)
= EPor [ﬁjw_s](w) — EFPor[H|(w) M, (w), for Py p-a.e. w

e[

= E®or HMST} ,for Py p-a.e. w, (A.2)

where we use the fact that M is a Py p-local martingale. Since H is arbitrary, we
have that M7 is a (IPg,r)"“-local martingale for Py p-a.e. w. The processes J” and Q7
can be treated analogously.

We have the desired result, and conclude that (A.1) holds true. We can now deduce
that for any (o, 8) € D X Rp

]P}(fﬂ’aw’ﬁw € fg(“’), Py r-a.s. on . (A.3)

Indeed, if (o, 3) € D x Rp, then (a™, f7¢) € D7) x R7(*)

(- DECause for Po p—a.e. w
and for Lebesgue almost every s € [7(w), T

T
/( : lag(@)|ds < 00, (Po, )™ — a.s. (and thus P, () pre —a.s.),

187w, ) < C(1 Alx|), F7*(W,dx) — a.e., for P () pre — a.e. @,
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r +— B (w, ) is strictly monotone for F"“(w, dx) — a.e. x, for P () pre — a.e. &.

Step 2: We define 7 := 70 X8, a™% 1= oT6as@) Frw .= FTlas@) apd fTv =
7Ce5(@) where (, s is a measurable map such that B = ¢, s(X*?), Py r-a.s. We refer
to Lemma 2.2 in [17] (which can be proved similarly in our setting) for the existence of
Ca,3- Moreover, 7 is an FF-stopping time and we have 7 =70 (., P ’5 — a.s. by definition.

Using (A.3), we deduce IPT(“)’ = Pg , P%’.as. on Q.
Step 3: We show that

a,B a,B
EYF [6(Bunrs s Buane )0 (Bus oo B, )| = B [6(Buunrs s Buonr )]

forevery 0 < t; < --- < t, < T, every continuous and bounded functions ¢ and ¢ and
where

T(w) aTw BTHw

¥r(w) = EVF0 [0t), (). w(t) + B, - owlt) + B ),

for t := 7(w) € [tg,tr+1). Recall that ]P%(ffl’aw’ﬁw is defined by IP;(:’ia BT

1
Py e © (X‘f BT w) . For simplicity, we denote P := P We then have

T(w),Fme"
Yr(w) = BP [ (w(tn, sttt + [ (a0 ) Parpe
/ . / [ B,m(d:mds) —FI ’C‘”’(w)(dx)ds>, L w(t)

/ / B w) ,uBT(w)(da: ds) — Fles@ (dx)ds)

- " (a7 2e) P P

Denote P := Pz p7.w. Then, Vw € Q, if t := T(w) = T(Xavﬁ(w)) € [tr, thy1],

e (X7 (@)) =B [0 (X7 @), X0 @), X0 [ (7)o Pe
t
« [ 57 (o ) FD (s X5
+ /ttn (az,w)lﬂd(Bj(M))n?c N /tfn /E 5j’w(x)(u3;(w>(dm7ds)—Fj“(dx)ds))}. (A.4)

We remark that for every w € Q, a,(w) = as(w Q) wT@)) = ol (w™@), and
similar relations hold for both F' and §. By definition, the (Py r)"“-distribution of
BT is equal to the (P r)¢-distribution of (B. — Bz(,)). Therefore since by (A.1),
(Po,r)™ = Px(,) prw, Por-a.s. on, (A.4) then becomes

4 a a a st 0.F)%,c
0 (X20)) = B [ (X0 @), X @) XP )+ [ alf BB
t
tht1 tn P w
+/ /ﬁs(:c)(,uB(dac,ds)—Fs(dx)ds),...,Xta’B(w)—&-/ al/2(B)d(BFor)7 )
t

/ / Bu() (u (de, ds) — F.(dr)ds) )]

_ EIPOVF |:w (Xfiﬁ, . Xf; 57 X(X?/B . ’Xto;ﬁ> |]—"7~_:| (w)’ IPO,F'a‘S‘ on ().

th+1?
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Then we have

a,B
B85 (BB o] = 0 [ 8 o)

= BP0 Xyl X J B [0 (X5, XiB,Xaﬁ X2 7

AT Lo AT brgr2tn s
o,B
= E]PF |:¢(Bt1/\7'7"'aBtn/\T)w<Bt17""Bt”)i|'

~T,w,ﬁr,w

Step 4: Now we prove that P™* = P%

Frw , P-a.s. on (). By definition of the
conditional expectation,

Gr(w) = B [(wltr), .o wte), wlt) + B, . ow() + BY )|, P -as,

where t := 7(w) € [tx, trs1], and where the P%”-null set can depend on (ty,...,t,) and v,
but we can choose a common null set by standard approximation arguments. Then by a

, W FT,w

e B o
density argument we obtain EF"" [5] = EP 7w [n], for P F’ﬁ -a.e. w, for every bounded
and ]-";(“)-measurable random variable 1. This implies P7™* = ]P;::’B ", P-a.s. on Q.

And from the Step 1 we deduce that P™* € fg(“’). 0

Lemma A.4. Let P € Pj and ¢ > 0. By separability of (1, there exists a partition
(E})i>1 C F; such that ds+(w,w’) < € for any i and any w,w’ € E}. Now for each i, fix a
©; € E} and let Pi be an e—optimizer of V;(@;). We have P" € P%,, where P" := P"¢ is
defined by

P"(E) := EP [zn: EF: {12&“} 1Eti] + P(ENE}), where B} := | J E}, (A.5)

i=1 i>n

Proof. Since by definition, P} € P};" and P € P};, we have Pi = ]Pfﬁ and P = P%”, for
FieVt, (of, ") € D! x RY, and (F,a,3) € VX D x Rp, i =1,...,n. Next we define for
p=a, F,

P = 0slpop(s) + 1p7(s Z%le B + s En(XaB)

Now following the arguments in the proof of step 3 of Lemma A.3, we can prove that for
any 0 < t1 < --- <t =1t <tpy1 < t, and any continuous and bounded functions ¢ and 1),

«,B at, gt
EFF {qb(Btl,.. ,By,) ZIE]P { (Bi,....,B,,B, + B ,Bt+Bfn)]1Ez}

IREERE
B
= E]PF |:¢(Bt17 .. .,Btk)'l/)(Btl»' . )Btn):| .

This implies that P" = IP%B € Ps. And since all the probability measures P? satisfy the
requirements of Definition 4.2, we have P" € Pj. O

A.3 A weak dynamic programming principle

Proof. [of Lemma 5.7.] The proof follows closely the steps of Proposition 5.14 and
Lemma 6.2 and 6.4 in [16]. Let us first fix P and X and denote 7 = 7F for simplicity. By
the a priori estimates and recalling definition 5.6, we have |u(¢,z)| < CA(t,z) and then
we can assume w.l.o.g that | X| < CA(r, BL®), P-a.s. Then by assumption 5.5, X is in
I.?(P) and hence yf’”(n X) is well defined. Now, thanks to the paper of Tang and Li
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[19], we know that the solution of BSDE]Js on the Wiener-Poisson space with Lipschitz
generator can be constructed via Picard iteration. Thus, it means that at each step of
the iteration, the solution can be formulated as a conditional expectation under P. By
the properties of the r.p.c.d. and Proposition 4.3, this entails that

yP(w) = YPHT €, for P — ace. w € Q. (A.6)

Hence, by (A.6), yip’t’“’ (T,Q(Béﬁx» = yiP’t’z (7, yfTYW’T(W)’Bw(w) (T,Q(B;(w)ﬁi’w(w)))). By
Lemma A.3, P € P;""“), for P-a.e. w € 2'. Next by definition of u and X,

YETT ) B w) (T, g(B;W)’B'%’”“’))) < u(T(w), Bﬁ’m(w)) < X(w), for P-a.e. we Q.

Finally, the comparison theorem for standard BSDE]s implies that JJF hE (T7 g(BtTw)) <

yf’ i (T, X ), and taking the supremum over P yields inequality 5.7.

Let us now prove equality (5.8) when we know in addition that g lower semi-continuous.
By Proposition 5.6, u is lower semi-continuous in the variables (¢,z), from the right
in ¢, and therefore v is measurable and u(r, BL%) is F,-measurable. This implies that
inequality 5.7 holds for the particular choice X = u(r, BL®). We now prove the reverse
inequality. The first step is to show that

VP (1, 0(B;7)) < u(s, @), (A7)

for any s < T and fixed t € (s,7T] and for any continuous real-valued function ¢ such
that —A(t,-) < ¢(-) < A(t,-). Following step 2 of the proof of Theorem 3.5 in [5],
for any ¢ > 0, we can find sequences (z;,7;);>1 C R? x (0,7] and P; € P,'f’t such
that ygp"’t’(T,g(Bél')) > ¢() — eon B(x;,r;), where B(z;,r;) denote the open balls
centered at z; with radius r;, which form a countable cover of RY. From this we
can build a partition (4;);>1 of R defined by A4; := B(x;,7;)\ Uj<; B(zj,r;) and a
partition of 2 defined by E* := {B;”" € A;}, i > 1, and E" := U;»,E’, n > 1. Then
Q= (U,E)UE" and lim,_, ;. P(E") = 0. Exactly as in (A.5), we define

P(E) := EP [Z EF’ {1'};} 1E] +P(ENE™), forall E € Fi.
i=1
It follows from Lemma A.4 and the definition of P™ that P™ coincide with P on F;,
P™ € P;"" and (P")** = P?, for P-a.e. win E;, 1 < i < n. Then we have, for P-a.e. w in

P", s,z s, T ]Pi,t,Bf’w w t,B:’z w S,
Vi (Tag(BT ))(W) =), ( )(T79(BT ( ))) > ¢(By " (w)) — e
We use now the comparison theorem for BSDEs:
u(s, @) = V0o (6, 5T, g(B57)) )
> VP (6, 6(B)7) = €)1 g + V" (T, g(BF )1 5,

Since € was arbitrary, we can use the stability results for BSDEs to conclude that
inequality (A.7) holds true. The rest of the proof is exactly the same as the end of the
proof of Lemma 6.4 in [16]: we use the lower semi-continuity of u(t, -) to approximate it by
an increasing sequence of continuous functions and we use inequality (A.7) to prove the
desired inequality for constant stopping times. Then we have the inequality for stopping
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times taking finitely many values by a simple backward induction and for stopping
times taking countably many values by a limiting argument. Finally we approximate an
arbitrary stopping time by a decreasing sequence of stopping times taking countably
many values, and then we only need the function u to be lower semi-continuous in (¢, x)
from the right in ¢, to proceed exactly as in [16]. a
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