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Skorohod and Stratonovich integration in the plane
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Abstract

This article gives an account on various aspects of stochastic calculus in the plane.
Specifically, our aim is 3-fold: (i) Derive a pathwise change of variable formula for
a path z : [0, 1]2 — R satisfying some Holder regularity conditions with a Holder
exponent greater than 1/3. (ii) Get some Skorohod change of variable formulas for a
large class of Gaussian processes defined on [0, 1]2. (iii) Compare the bidimensional
integrals obtained with those two methods, computing explicit correction terms
whenever possible. As a byproduct, we also give explicit forms of corrections in the
respective change of variable formulas.
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1 Introduction

Stochastic calculus for processes indexed by the plane (or higher order objects) is
notoriously a cumbersome topic. In order to get an idea of this fact, let us start from
the simplest situation of a smooth function z indexed by [0, 1]? and a regular function
¢ € C?(R). Then some elementary computations show that

[00(@)] 1 sast1 12 = /

[31732] X [tl 7t2]

4,0(1)(.%%1)) d’“’xu?v + / ‘P(Q)(xu;v) dul’u;udvxu;m
[s1,52]%[t1,t2]
(1.1)

forall 0 < s; < sy <1landO0 <t; <ty <1, where we have set [§y]s, s,:t,+, for the planar
increment of y in the rectangle [s1, s2] X [t1, t2], namely

[6y]8182;t1t2 = Ysosta — Ysista — Ysasty + Ysyjtq- (12)

This simple formula already exhibits the extra term f w(z)(xuw) dyx d,x with respect to
integration in R, and the mixed differential term d,x d,x is one of the main source of
complications when one tries to extend (1.1) to more complex situations.
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Skorohod and Stratonovich in the plane

Moving to stochastic calculus in the plane, generalizations of (1.1) to a random
process x obviously starts with change of variables formulas involving the Brownian
sheet or martingales indexed by the plane. Relevant references include [3, 13, 19], and
some common features of the formulas produced in these articles are the following:

e Higher order derivatives of f showing up.

* Mixed differentials involving partial derivatives of x and quadratic variation type
elements.

* Huge number of terms in the formula due to boundary effects.

This non compact form of stochastic calculus in the plane has certainly been an obstacle
to its development, and we shall go back to this problem later on.

Some recent advances in generalized stochastic calculus have also paved the way
to change of variables formulas in the plane beyond the martingale case. One has to
distinguish two type of contributions in this direction:

(a) Skorohod type formulas for the fractional Brownian sheet (abbreviated as fBs in the
sequel) with Hurst parameters greater than 1/2 have been obtained in [17] thanks to a
combination of differential calculus in the plane and stochastic analysis tools inspired
by [1]. A subsequent generalization to Hurst parameters smaller than 1/2 is available
in [18], invoking the notion of extended divergence introduced in [12]. Notice however
that the extended divergence leads to a rather weak notion of integral, and might not be
necessary when the Hurst parameters of the fBs are greater than 1/4.

(b) The article [4] focuses on pathwise methods for stochastic calculus in the plane,
and builds an analog of the rough paths theory for functions indexed by the plane.
In particular, generalizations of (1.1) with Stratonovich type integrals are given for
functions with Holder regularity greater than 1/3. The construction is deterministic and
general, and only requires the existence of a stack of iterated integrals of = called rough
path, denoted by X. One can show in particular that X exists when x is a fBs.

The current article is a contribution to these recent advances on generalized stochas-
tic calculus in the plane. Namely, we focus on 3 different problems: (i) A complete
exposition of the Stratonovich type change of variables formula obtained through rough
paths techniques. (ii) Generalization of [17] to a fairly general Gaussian process z. (iii)
Comparison of Stratonovich and Skorohod formulas, analogously to the 1 dimensional
situation handled in [10]. Before we further comment on these contributions, we now
describe our main results more specifically.

1.1 Some general notation

Before we can turn to the description of our main results, we introduce some general
notation concerning differential calculus in the plane. Let us mention first that we shall
separate as much as possible the first and the second direction of integration, which
will be respectively be denoted by direction 1 and direction 2. Thus the evaluation
of a function f : [0,1]?* — R will be denoted by fs,...,.t,...t,- We also set djsz for the
differential d,,x and d;x d2x for the differential d,x d,x. In fact, since the differential
element d; x dyx is essential for our purposes, we further shorten it into djs.

Another notation which will be used extensively throughout the paper is the following:
we set y = ¢(z), and for all j > 1 we write 3’ for the function ¢U)(z). With those first
shorthands, equation (1.1) for a smooth function z : [0,1]> — R can be written as

(5y://y1 dlgx—l—//deiQx. (1.3)
1J2 1J2

EJP 20 (2015), paper 39. ejp.ejpecp.org
Page 2/39


http://dx.doi.org/10.1214/EJP.v20-3041
http://ejp.ejpecp.org/

Skorohod and Stratonovich in the plane

This kind of compact notation is of course useful when cumbersome computations come
into the picture.

Let us anticipate a little on the notation for planar increments which will be introduced
at Section 3.1: we denote by P;,; the set of R-valued functions involving %k variables
in direction 1 and [ variables in direction 2, satisfying some vanishing conditions on
diagonals. We mostly deal with spaces of the form P, > and introduce some Holder norms.
Namely, if f € P22(V), we set

_ |f8182;751t2‘ .
||fH’Yl§V2 = sup { |52 — 51|’Yl t2 — t1|,y2 3 817827t17t2 € [07 1] 5
and we denote by P;,”*(V) the space of increments in P, »(V') whose || - ||,;~, norm is

finite.

1.2 Stratonovich type formula in the Young case

We assume here that  : [0,1]> — R is a path such that the rectangular increments
6z of x satisfy oz € PJ4"* with 71,72 > 1/2, which corresponds to the case where
integration with respect to x can be handled by Young techniques in the plane. Our
change of variable formula in this situation relies on the definition of 2 increments
x1iZ2 xbi? ¢ Py defined as follows (see also Definition 4.2 for further information):

xmz//dux, and xm://dlxdgx,
1J2 1.J2

where the integrals can be understood in the Young sense.
With these notations in hand, the change of variables formula can be read as:
Theorem 1.1. Let z : [0,1]> — R be a path such that z € 79111’”2 with 1,72 > 1/2 (see

equation (3.2) for the definition of this space). Then the planar increments (see Section
3.1 for the definition of planar increment)

zlz//y1 diox, and z2://y2diéa:, (1.4)
1J2 1J2

are well defined in the 2d-Young sense. Moreover:

(i) Both z! and 22 can be decomposed as:

=ylxb2 4+ pl. and 22 :yQXi;Q—i—pQ, (1.5)

where p', p? can be decomposed as p’ = p’'l + P2+ pi12, with pit € PG, pi? € PYL*
and p»'? € 7?22:51’2"’2.

(ii) Provided x is a smooth path, the increments z' and 2> are defined as Riemann-Stieljes
integrals.

(iii) If =™ is a sequence of smooth functions such that the related increments x"?1?2, xmili2
converge respectively to x'? and x12 ip 7?;_’12’72, then 21", %™ also converge respectively

to 2! and 2%. Specifically, there exist p > 1 and c,, > 0 such that fori = 1,2 we have

”Zz o Zi,n

‘71,% <cp [ JFN’Wyz () JFN’Wyz (zn)]pNM,’yz (x —2™)

with ¢, = 2?21 SUP|4|<||«||. ¥(*) and where the norm N is introduced in equation (3.2).

(iv) Some Riemann sums convergences hold true: if W}L and wa are 2 partitions of
[s1, 2] X [t1,t2] whose mesh goes to 0 as n — oo, then

: Z 1 1;2 1 : Z 2 1;2 2
nh_)rI;C Yoiim) Xovoiprsmymipn = Psisastitar and nh—{r;o Yoiim; Xoioivrimimion = Zsisaitata
T T
(1.6)
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(v) The change of variables formula (1.3) still holds true when integrals are understood
in the Young sense.

Observe that this theorem is not new and can be easily recovered from consider-
ations contained in [7, 15]. However, we express it here in terms which allow easy
generalizations to Skorohod type integrals and to rough situations as well.

Remark 1.2. Let us remark that the statement of this Theorem still holds true when we
take a general y’ € P}?* (instead of y* = ¢’ (x)).

1.3 Stratonovich type formula in the rough case

Consider now a function x whose rectangular increments dx only satisfy dz € 77;’12’72
with 71,92 > 1/3. The definition of 21,22 as in (1.4) and the equivalent of formula (1.1)
require now a huge additional effort. In particular, the correct definition relies on the
introduction of a collection of iterated integrals of x (called rough path above x and
denoted by X by analogy with the 1-d case) that we proceed to describe, following [4].

The reader will soon observe that the definition of X involves a whole zoology of
objects which are somehow tedious to describe. In this article we shall index those
objects by the directions of integration, trying to separate as much as possible direction
1 and direction 2 as we already did for the first order integrals x'i? and x'i?. Moreover,
when one tries to define iterated integrals in the plane, the following extra facts have to
be taken into account:

(i) The differentials with respect to = can be in one direction only (diz or d.x) or
bidirectional. This reflects into some indices 0 when we don’t integrate in a given
direction, and 1 or 2 otherwise. Furthermore, as already mentioned, our bidirectional
differentials can be either of type dizx or dix dyx = djs2. We keep our convention of
indices 1;2 for differentials of the type di»z and 1;2 for differentials of the type disx.
As an example of these conventions, we define x11:02 ¢ P22 in the following way for a
smooth function z:

~ N N N S2 tg o2
11;02 __ : 11;02 _
X = /dlx/digx, thatis Xy 5,041, —/ / (/ dlxal;h) A1 Zoyir doTiy;r, -
1 2 s1 Jiy s1

(ii) We manipulate objects which are either iterated integrals or products of iterated
integrals. We indicate that one starts a new integral in one specific direction and gets
a product of increments by placing a new f sign, and this is translated by a - in the
indices of x. For instance, modifying our previous example, we define x' 102 € P5 , in
the following way for a smooth function z:

A A A A S2 sz rta
1102 _ . 1-1;02 .
X _/dlx//diﬁxv that is X31(‘1283;t1t2 _/ dlxal;tl/ / d1$02;71d21302;7'1-
1 1J2 s1 s2 Jty

Notice that those breaks in integration can occur at different steps in each direction 1
or 2. The resulting overlapping integrals are an important source of technical troubles
in the pathwise computations of [4].

With these preliminary considerations in mind, our assumptions on the function z are
of the following form:

Hypothesis 1.3. The function x is such that dx € PJ;"* with 71,7, > 1/3. Moreover,
the following rough path X can be constructed out of x:

In the table above, all increments belong to P53, so that a regularity («, /) means
that the increment lyes into P;’f. Furthermore, the stack X is a geometric rough path,
insofar as there exists a regularization z™ of x such that lim,,_, ||z — 2"||,,,,, = 0 and
such that all the integrals in X", constructed out of x™ in the Lebesgue-Stieljes sense,
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Increment | Interpretation | Regularity || Increment | Interpretation | Regularity
x12 [, [, dioz (715 72) x'? Ji Jodis (71, 72)
x 1102 fl dlez diox (271,72) Xl%;O? f1 dlez dis® (271,72)
x0122 f2 dax f1 dgx (71,272) XO%;QQ f2 dox fl disx (71, 272)
x 11522 [, [5 diszdiox (271, 272) x11:22 [, [5 diszdisz (271, 272)
x1122 [; [o diszdisz | (271,272) x11i22 [i [y diszdisz | (271,272)

; . , : : 2 2
converge with respect to their natural respective norms in P57, Py 472, PJL“" or

7?22}1’2”2. Note that the natural Hélder norm of a rough path is denoted by N in the
sequel.

Remark 1.4. As we shall see at Section 4.3, Hypothesis 1.3 is not completely sufficient
in order to settle a satisfying integration theory with respect to z. In fact the rough path
X should also include higher order increments like x!!'1:922 or x"11:222 (and other extra
terms). We have only stated Hypothesis 1.3 here in order to keep our exposition into
some reasonable bounds.

Now we can state the Stratonovich integration theorem of [4], which mimics Theorem
1.1:

Theorem 1.5. Let z : [0,1]> — R be a path such that dx € Py%;"* with v1,7, > 1/3 and
assume the further rough path Hypothesis 1.3. Consider a function ¢ € C’g(]R). Then
the increments z' and 22 given by (1.4) are well defined as continuous functions of the
rough path X. Moreover:

(i) The increment z' can be decomposed as:
2=yl xl2 21002 4201522 4 21122 3 1102, 1 (1.7)
and the increment z? admits a decomposition of the form

2 2 12 3 11;02 3 01;22 3 11;22 4 11;22 2
Z=ytxt Yy Tyt Tyt Ty x0T 40,

where p!, p? are sums of increments with triple regularity (3v;,3Y:) in at least one
direction.

(ii) If =™ is a sequence of smooth functions such that the related rough path X" converges
to X, then 2", 2%™ (defined in the Lebesgue-Stieljes sense) also converge respectively
to z! and z2. Furthermore, there exist two constants p > 1 and ¢ = ¢, such that for
1 = 1,2 we have:

I = 2"y e < € 14+ N(X) + N (XN (X - X7),

with ¢, = chZl SUD | <||z|| ' (k) for a universal constant c.

(iii) The change of variables formula (1.3) still holds true when integrals are understood
in the rough path sense.

Obviously, Theorem 1.5 would be of little interest if we could not apply it to processes
of interest. To this regard, our guiding example will be the fractional Brownian sheet
(fBs in the sequel). Let us recall that this is a centered Gaussian process z defined on
[0, 1]%, with a covariance function R;, s, .t,t, = E[Zs,:t, Ts,:1,] defined by

1
RS182;t1t2 = 1 (|51‘271 + |52|271 _ |51 _ 52|271) (‘tl‘Qw + |t2|2'y2 _ |t1 _ t2|2"/2) , (1.8)

where the Hurst parameters ~;, 2 lye into (0,1). Many possible representations are
available for the fBs, among which we will appeal to the so-called harmonizable represen-
tation (see relation (6.1) below for further details). This allows a natural approximation
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of x by a sequence of smooth processes z™ thanks to a cutoff in frequency, and we recall
the following convergence result established in [4]:

Proposition 1.6. Let « a fBs with Hurst parameters v; > 1/3, for j = 1,2. Define
the regularization =™ of x given by a frequency cutoff on B(0,n) in the harmonizable
representation of x. Then:

(i) The family of iterated integral X" defined in Hypothesis 1.3 associated to x™ fulfills
the relation lim,, ,,— o EN?(X™ — X")] = 0 for all p > 1, where the norm N is alluded
to at Hypothesis 1.3. The limit object X is called rough sheet associated to x.

(ii) Theorem 1.5 applies to the fBs .

As the reader might imagine, Theorem 1.5 can also be applied to a wide range of
Gaussian and non Gaussian processes. We focus here on fBs for sake of simplicity.

1.4 Skorohod integration

One of the main issue alluded to in this article is a comparison between Stratonovich
and Skorohod type change of variable formulas when x is a Gaussian process exhibiting
some Holder regularity in the plane. Towards this aim, our global strategy is to use our
Theorems 1.1 and 1.5 and compute corrections between Stratonovich and Skorohod type
integrals.

We first focus on the Young case, assuming the same regularity conditions as in
Section 1.2. We are then able to handle the case of a fairly general centered Gaussian
process x whose covariance function R satisfies a factorization property of the form

]E[x31§t1‘r52§t2} = R8182;t1t2 = RilszRfltz’ (19)
for two covariance functions R', R? on [0, 1] and such that R!, R? € C'¥a7([0, 1]?) (which

ensures that x is (y1,y2)-Ho6lder continuous with 771,72 > 1/2). Notice in particular that
the fBs covariance function (1.8) satisfies condition (1.9).

The standard growth assumptions on f in order to get a Skorohod formula for f(z)
should also be met. They will feature prominently in the sequel, and we proceed to recall
them now:

Definition 1.7. Let k ¢ IN, we will say that a function f € C*(R) satisfies the growth
condition (GC) if there exist positive constants c and A such that
1

4 max; te(o0,1] (RLR?) an l_lrroljaﬁ)‘fk fP O] < ce or all £ ( )

With these notations in hand, and denoting quite informally the Skorohod differentials
by d° (see Section 5.1.1 for further explanations), we can summarize our results in the
following:

Theorem 1.8. Assume z is a centered Gaussian process on [0, 1])? with a covariance
function satisfying (1.9), and such that the paths of x are Holder continuous with
exponent greater than 1/2 in each direction (see (3.2) again for a precise definition).
Consider a function ¢ € C*(R) satisfying condition (GC). Then the increments

zl’°://y1d<{2x, and 22’02//y2d<{g$» (1.11)
1J2 1J2

are well defined in the Skorohod sense of Malliavin calculus. Moreover:

(i) Some Riemann convergences hold true: if 7} and 2 are 2 partitions of [s1, s3] X [t1, t2]
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whose mesh goes to 0 as n — oo, then

. Z 1 1;2 _ 10
nli)ngo in;Tj 0X0i0i+1§7j7j+1 - Z8132;t1t2 (112)
T
lim 2 ob oy = 220 (1.13)
o Yo7 255t it 1bsisipast; = s1s23t1ta)? :
ml w2
n’ n

where ¢ stands for the Wick product in the left hand side of the relations above, and
where the convergence holds in both a.s and L?(2) sense.

(ii) The change of variables formula for y = f(x) becomes

1 1
S =20+ 220+ 5 [ [t diBLdaBE g [ [ R R o,
’ ' ’ 2 )12 2J)1)27" ’
1 1
5 | [otem R den, v [ v BR QR QR a1s)
1J2 172

(iii) Explicit corrections between z', 2> and z'°, z%°

(5.15) and (5.22)).

Finally, let us move to the Skorohod change of variable in the rough situation. For
simplicity of exposition, we have restricted our analysis to the fractional Brownian sheet,
mainly because our computations heavily hinges on the explicit regular approximation
sequence z" given by the harmonizable representation of fBs (similarly to the construc-
tion of the rough path above z). The Skorohod change of variable (consistent with the
formulas obtained in [18]) and Skorohod-Stratonovich comparison we obtain in this case
are summarized as follows:

can be computed (see relations

Theorem 1.9. Assume z is a fractional Brownian sheet on [0,1]?, with v; > 1/3 for
j = 1,2. Then the increments z'°, 2> of equation (1.4) are well defined in the Skorohod
sense of Malliavin calculus. Moreover:

(i) Both z%° and 2%° can be seen as respective limits of z™° and z™%°, computed as in
Theorem 1.8 for the regularized process x".

(ii) For all f € CG(]R), the change of variables formula (1.14) still holds, and can be read
as:

SYsit = 270 + 2%° 4 2170 //yiu w227 dudo + v, / / ygw w2 @Sy du
1J2 1J2

+V1//yiw u?n—ly?r dgmu;vdu+’yl’yg//y3w w2 dudy.  (1.15)
1J2 1J2

(iii) Explicit corrections between z', z? and z'°, 2> can be computed (see relations
(6.17) and (6.25)).

1.5 Further comments

As the reader might have noticed, our paper gives a rather complete picture of
pathwise Stratonovich and It6-Skorohod integration for processes indexed by the plane.
In order to put our strategy for the It0 case into perspective, notice that 2 types of
methodologies are usually available for changes of variables in case of a Gaussian
process z:

(a) Define a divergence type operator §° for z and proceed by integration by parts on
expressions like E[0 f(z) G], where G is a smooth functional of x. This is the strategy
invoked e.g. in [1, 10].
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(b) Base the calculations on the pathwise change of variables formula of type (1.1). This
formula is generally related to some converging Riemann sums like in Theorem 1.1, and
one can compute corrections between Wick and ordinary products in relation (1.6). This
is the method implicitly adopted in [17] and we also resort to this second strategy here,
which allows to derive our Skorohod formula and its comparison with the Stratonovich
formula at the same time.

Unfortunately, the Wick corrections strategy does not work for the rough case, even in
the explicit situation of a fractional Brownian sheet. This mainly stems from the fact
that convenient Riemann sums related to formula (1.1) are not available (so far) in the
case of Theorem 1.5. This drawback led us to change our strategy again, and proceed by
regularization. Indeed, as mentioned before, one can come up with an explicit regular
approximation z” of x. For this regularization, we can apply Theorem 1.8 and get some
Ito-Stratonovich corrections. Invoking the fact that §° is a closable operator, we can
then take limits in our operations as n — oco. This allows to compare the changes of
variables formulas (1.1) and (1.15), but the interpretation in terms of Riemann-Wick
sums is obviously lost in this case. Notice that an approximation procedure (expressed in
terms of the extended divergence operator) is also at the heart of [18] for irregular fBs.

Finally, let us say a few words about possible extensions of our work:

e Generalizations of Skorohod’s change of variable to a Gaussian process without the
factorization hypothesis (1.9) on the covariance function of z are certainly possible.
However, at a technical level, one should be aware of the fact that the analysis of mixed
terms like [, [, ys.,R2 diR;, dSx.,, would require tools of Young integration in dimension
4. These techniques have been used e.g in [6], and the elaboration we need would
certainly be cumbersome. We have thus sticked to the factorized case for R for sake of
readability.

e As mentioned before, our strategy for the Skorohod formula in the rough case relies
heavily on a suitable regularization of x. Instead of treating the explicit fBs example,
we could have stated some general approximation assumptions satisfied in the fBs case.
Once again, we have chosen to specialize our study here for sake of clarity. The general
case might be handled in a subsequent paper, and we also hope to design a strategy
based on Riemann-Wick sums in the next future.

Here is how our article is structured: We recall some basic notation of algebraic
integration in dimension 1 at Section 2, and extend it to integration in the plane at
Section 3. The Stratonovich change of variable formula is recalled at Section 4.1 for the
Young case and at Section 4.3 in the rough situation. We then move to Skorohod type
formulas at Sections 5 and 6, respectively for the regular and rough cases.

2 Algebraic integration in dimension 1

We recall here the minimal amount of notation concerning algebraic integration
theory in R, in order to prepare the ground for further developments in the plane. We
refer to [8, 9] for a more detailed introduction.

2.1 Increments

The extended pathwise integration we will deal with is based on the notion of
increments, together with an elementary operator § acting on them. The algebraic
structure they generate is described in [8, 9], but here we present directly the definitions
of interest for us, for sake of conciseness. First of all, for a vector space V and an
integer k > 1 we denote by Ci(V) the set of functions g : [0,1]* — V such that g;,...,, =0
whenever ¢; = t; ;1 for some ¢ < k — 1. Such a function will be called a (k — 1)-increment,
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and we set C, (V) = Ug>1C,(V'). We can now define the announced elementary operator
donCr(V):
k+1
5:Ch(V) = Cor1(V), 09 tti = D (=D g, s (2.1)
i=1
where #; means that this particular argument is omitted. A fundamental property of J,
which is easily verified, is that §6 = 0, where 60 is considered as an operator from Cy (V)
to Cr12(V). We denote ZCi (V) = Cr(V) NKerd and BC,(V) = Cx (V) N ImS.

Some simple examples of actions of §, which will be the ones we will really use
throughout the paper, are obtained by letting g € C; and h € Cs. Then, for any s,u,t €
[0, 1], we have

5gst = gt — Gs; and 5hsut = hst - hsu - hut- (2.2)

Furthermore, it is easily checked that ZCj.1(V) = BC, (V) for any k > 1. In particular,
the following basic property holds:

Lemma 2.1. Let k > 1 and h € ZC41(V). Then there exists a (non unique) f € Cr(V)
such thath =§f.

Lemma 2.1 can be rephrased as follows: any element i € C3(V) such that éh = 0
can be written as h = Jf for some (non unique) f € C;(V). Thus we get a heuristic
interpretation of d|¢,(y): it measures how much a given 1-increment is far from being an
exact increment of a function, i.e., a finite difference.

Notice that our future discussions will mainly rely on k-increments with k& < 2, for
which we will make some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

£l = sup

sitefoa] [t —s|*’

and Cy(V) ={f € Co(V); [|fllu < o0} (2.3)
Obviously, the usual Holder spaces C{' (V) will be determined in the following way: for a
continuous function g € C;(V'), we simply set

g1l = 116912 (2.4)

and we will say that g € C{'(V) iff ||g||, is finite. Notice that || - ||, is only a semi-norm on
C1(V). For h € C3(V) set in the same way

|hsut|
1Ally,p = sup
e s,u,te[0,1] |u_8h|t_u|p

inf {Z 1Pillpeppis h =Y hi, 0< p; < u} ,

where the last infimum is taken over all sequences {h; € C3(V')} such that h =, h; and
for all choices of the numbers p; € (0, z). Then | - ||, is easily seen to be a norm on C3(V),
and we set

(2.5)

i

C3 (V) = {h € C3(V); [|hll,, < oo}
Eventually, let C37(V) = U,>1C4(V), and notice that the same kind of norms can be

considered on the spaces ZC3(V), leading to the definition of some spaces ZC4 (V) and
ZC3t (V).

With these notations in mind the following proposition is a basic result, which belongs
to the core of our approach to pathwise integration. Its proof may be found in a simple
form in [9].
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Proposition 2.2 (The A-map). There exists a unique linear map A : ZC3" (V) — C37 (V)
such that

A =Tdgevy, and  AJ=Idgis .

In other words, for any h € C;* (V) such that §h = 0 there exists a unique g = A(h) €
Cy*(V) such that §g = h. Furthermore, for any y > 1, the map A is continuous from
ZCK(V) to C§ (V) and we have

1 "
ARl < g Il b e ZCHY). (2.6)

Let us mention at this point a first link between the structures we have introduced so
far and the problem of integration of irregular functions.

Corollary 2.3. For any 1-increment g € Co(V) such that §g € C3", set ¢ = (Id — Ad)g.
Then there exists a unique f € C;1(V), defined up to constants, such that ¢ = f and

IIs¢|—0

n—1
5fst = hm E gti tiy1
| =0

where the limit is over any partition Il;; = {tg = s,...,t, =t} of [s,t], whose mesh tends
to zero. Thus, the 1-increment ¢ f is the indefinite integral of the 1-increment g.

2.2 Products of increments

For notational sake, let us specialize now to the case V = R, and just write C; for
C/(R). The usual product of two increments considered on (C., §) is obtained by gluing
one variable in each increment (see e.g [8, 9]1):

Definition 2.4. For g € C,, and h € C,;,, we denote by gh the element of C,,,,—1 defined
by
(M)t = Gtrretn it otonins Ty ey tmgm—1 € [0,1]. (2.7)

However, another product (defined without gluing of variables) turns out to be useful
for further computations in the plane. This product is called splitting and is defined
below:

Definition 2.5. For g € C,, and h € C,,, we denote by S(g,h) the element of C,, ® C,,
defined by

[S(gv h)]t17~~~7tm+n = gtl ,,,,, t'n,ht'n,+1 ..... trmd4n) tlv oo 7tm+n S [07 1] (28)

Notice that S(g, h) can also be considered as an increment in C,,.,, except that it is not
required to vanish when t,, = t,41.

We now recall some elementary properties concerning products of increments:

Proposition 2.6. Let g € C; and h € C». Then gh € Cy and
0(gh) = —dgh+ gdh. (2.9)
Furthermore, if both g and h are elements of C', then gh € C' and

d(gh) = dgh + gbh
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2.3 Iterated integrals as increments

Iterated integrals of smooth functions on [0,1] are obviously particular cases of
elements of Cy, which will be of interest for us. A typical example of this kind of object is
given as follows: consider f/ € Cf° for j =1,...,nand 0 < 51 < s, < 1. Forn > 1, we
denote by S, (s1, s2) the simplex

Sn(Sl,SQ) = {(01,...,0'n) € [O, 1}”; S1 <01 < <op< 82} (2.10)

h;;;;”z/ drl ---dfy :/ / ) / dfy, - df? . (2.11)
Sn(slw"?) S1 S1 S1

We now introduce some notation for iterated integrals which is much too complicated
for integration in dimension 1, but turns out to be useful for integration in the plane.
Indeed, we can alternatively denote the increment hlom defined at (2.11) by

and we set

hl,,..,n = [dw",d](flv"wfn)» or hl""’n - /dfldfn’ (2.12)

n times

where the integration on the n-dimensional simplex is implicit in both cases. We shall
also need a small variant of these conventions: we set

d,...,Id, d,....d](f', ..., f") zfl-..ff/dfj“-..df“, (2.13)
N —— N——

j times n—j times

where all the products are understood as products of increments as in Definition 2.4.

3 Algebraic integration in the plane
Before going on with the two dimensional integration, let us label some notations for
further use:

Notation 3.1. We write X <,; . Y if there exist a constant ¢ depending on a,b, ...
such that the quantities X,Y satisfy X < c¢Y. For a partition {(s;,t;); ;} of a rectangle
A = [s1, 82] X [t1,t2], A;; denotes the rectangle [s;, sit1] X [tj,tj4+1].

section is devoted to recall the elements of algebraic integration necessary to define
an integral of the form f[o,1]2 f(z) dz for a Hoélder function z in the plane with Holder
exponent greater than 1/3. This requires a tensorization of the algebraic structures
defined in the previous section, plus some extra tools that we proceed to introduce.

3.1 Planar increments

We consider here increments of a variable s (also called direction 1) and a variable ¢
(also called direction 2), with (s,t) € [0, 1]?. For a vector space V, we set

Pri(V) = {f e C(]o, 1]’C x [0, 1]1; V)i for-spitr-t, = 0 whenever s; = s; 41 ort; = tj+1} )

In the particular case V = R, we simply set Py ;(R) = Py;.

Some partial difference operators ¢; and d, with respect to the first and second
direction can be defined as in the previous section. Namely, for f € Py (V) we set

k+1
ki
51 : PkJ(V) - Pk+1,l(v)7 51931"‘5k+1'~,t1“'tl = Z(_l) ngl“'r§'i“'3k+1§tl"'tl7 (31)
=1
EJP 20 (2015), paper 39. ejp.ejpecp.org
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and we define J; similarly. The planar increment ¢ is then obtained as § = §; 5. Notice
that for f € P, ; we have

(;fslsz;tltg = fSQ;t2 - fsz;tl - fsl;tQ +f51;t17

which is the usual rectangular increment of a function f defined on [0, 1]? and is consistent
with formula (1.2). Let us label the following notation for further use:

Notation 3.2. For j = 1,2, we set Z;Pi; = Pi; Nker(d;) and B Py, = Pr, NIm(d;). We
also write ZPy,; for Py, Nker(d) and BPy; for Py, NIm(d).

As in the 1-d case, the Holder regularity of planar increments is an essential feature
of our generalized integration theory. On Ps2(V) and Ps3(V), it is measured by a
tensorization of the Holder norms defined at (2.3) and (2.5). Namely, if f € P2 2(V), we
set

f‘ so;t1t
||fH'Yl§’Y2 = Sup{|82 —|81g|1’;12t; 2_t1|,Y2 ) 51a827t17t2 S [07 1] )

and we denote by P;,"*(V) the space of increments in P, »(V') whose || - ||,; -, norm is
finite. Along the same lines, we say that h € 73"“’7"‘(‘/) if there exist k1, ko, p1, p2 such
that k; +p; =5, = 1,2, and

|h513253't1t2t3| o0
S ; : t1,t2,t3 € |0,1] p < oo0.
up{Sz — s1]F1|s5 — so|Pr|ta — t1]F2|ts — ta|P2 18285, b1, b, s € [0, 1

Similar norms, omitted here for sake of conciseness, can be defined on P; 3(V) and
P32(V).

As in the 1-dimensional case, the regularities in P;; are measured in a slightly
different way. Namely, we say that f € P{f ’15 if the following norm is finite:

Nag(f) = 1 fllass + 1 fllass + 1 fllg.2 + 1 flloo> (3.2)
where

02 fs;
and |[[fllg2= sup M (3.3)

(s,t1,t2)€[0,1]2 |t2 — t1|ﬂ

‘51fs152 t|

[flla = sup o

(s1,82,t)€[0,1]2 x[0,1] |s2 — s1

For Holder continuous increments with regularity greater than 1, one gets the

following inversion properties, which are a direct consequence of the one dimensional
Proposition 2.2:

Proposition 3.3. Let v;,72 > 1. Then:

(1) There exist two unique maps A, : Bi P37 — P37 and Ay : BoPJy" — PJy7 such
that 6;A; = Id.These maps satisfy the bound [|A; (R )HW1 o ¢y, lIhly, 4, forj = 1 2.

(2) There exists a unique map A : BPJ;"* — PJ;"* such that A = 1d. This map satisfies
the bound ”A( )||'Yl7'Y2 < C'Yla’Y2Hh||'Ylv’Y2’

We do not include the proof of this proposition for sake of conciseness. Let us
just mention that (as the reader might imagine) we have A = A;A,. It should also
be observed that some 2-dimensional Riemann sums are related to the sewing map A,
echoing Corollary 2.3:

Proposition 3.4. Let g € P, satisfying the following assumptions:
o19 € P37, 029 € Pys*, 59 € P3y%,

for +1,72 > 1, where x denotes any kind of Hélder regularity. Then there exists f € P11
such that

0f = [1d = A16y] [Id — Agdo) g, and  lim D" Goiorirmr = 0fsrsmitata:

|w]—0
0, TjET
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where 7 designates a family of rectangular partitions of [s1, s3] X [t1,t2] whose mesh goes
to 0.

3.2 Products of planar increments

This section is a parallel of Section 2.2, and we mainly deal here with a state space
V = R. We describe the different conventions on products of 2-d increments which will
be used in the sequel, starting from the equivalent of Definition 2.4:

Definition 3.5. For g € P,, », and h € Py, m,, we denote by gh the element lying in the
space Pp, +m,—1,n,+m.—1 defined by

(gh)sl,.“.snlerl,1;t1,...,tn2+m2,1 - gsl,...snl ;tl,...,tnz h5n1 ,...sn1+m1,1;tn2 ,...,tn2+m2,1 .

We now define the equivalent of splitting for increments in P:
Definition 3.6. Let g € P,,, , and h € Py, m,. Then:
e The partial splitting S (g, h) is the element of Cy,, 4 m,—1(Cpy ® Cpn, ) defined by

[Sl (gv h)]sl,...s,,1+,,,1 15ty tmg—1 = Gs1,..8n 3t tng hsnl+lav--sn1+m1 lngseosbng+mo—1°

e The partial splitting S2(g, h) is the element of Cy,, 41, —1(Cpn, ® Cpy,) defined by

[82 (97 h)]sl ;“-Snl+nzlfl§t17'~

.,tn2+'m2 - gsly~~-sn1 ;t17~--7tn1 hsnl 7---Sn1+m1—1;tn2+1~,---;tn2+m2 .

e The splitting S(g, h) is the element of C,,; ® Cp,, (Cpnpy, ® Cpn,) defined by

[Sl (97 h)]81,~-5n1+m1;t17---,tn2+m2 = Gs1,8n 5t tny hsn1+l;-~-5n1+1n1:,t'n.2+17-~~1t71.2+7n.2'

We close this section by introducing a last product of increments which is labeled for
further computations.

Definition 3.7. Let g € Py; and h € Py 5. Then g o h is the increment in P, » defined by
[g © h]8182;t1t2 = Gsys25t1 h81;t1t2'

3.3 Iterated integrals as increments in the plane

The relationship between iterated integrals and increments in the plane is crucial for
us. Generally speaking, an iterated integral is given as follows: consider f/ € Prg for
j=1,...,nand (s1, s2), (t1,t2) € S, where we recall relation (2.10) defining simplexes.
Then we set

1,....n _
hslsz;tl,tz -

/ d12f;1§‘fl o 'dlzf:n;‘rn (3.4)
Sn(81,82)XSn (t1,t2)

S2 to On—1 Tn—1 o2 T2 L
n
[ [ et
s1 t1 s1 t1 S1 t1

where we recall from Section 1.1 that dy2f7., stands for 92, fJ

o;T*

Expression (3.4) is obviously cumbersome, and it could in particular become clearer
by separating the s, o from the ¢, 7 variables. This is where the conventions introduced
in equation (2.12) turn out to be useful. Namely, one can simply tensorize (2.12) in order
to write the increment A'~" defined at (3.4) as

b = dy, ... di] @ [da, ..., do) (fY ... ™), or hlv---v"://d12f1-~-d12f", (3.5)
1J2

and notice that we will mainly use the second convention throughout the paper. This
notation proves to be particularly convenient when one is faced with partial integrations
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(as introduced in (2.13)) in both directions 1 and 2. In order to illustrate this point, let
us consider the simple example

_ 12y _ 1 2 ‘
g =[di,di] @ [Id,d2] (f", f7) /1d1f /2d12f (3.6)

Let us now describe the algorithm which allows to go from expression (3.6) to an integral
like (3.4). It can be summarized as follows:

* For direction 1, count the number of iterated integrals starting from the left hand
side (in our example this number is 2). Then interpret these integrals as integrals
on the simplex in direction 1 and write the 1-variables.

* Do the same for direction 2. In our example, there is only one integral in this
direction, so that variable 2 is frozen in the first differential d, f'.

Applying this algorithm, the reader can easily check that g defined at (3.6) can be written

as
to
— 1 °2
Gsys2;5t1ta *\/ dlfal;tl/ d12fa'2;7'1'
51<01<02<82 t1

For sake of conciseness, we omit generalizations of this simple example.

4 Planar integration

Before going into the computational details, let us describe the general strategy we
shall follow in order to obtain our It6-Stratonovich type change of variable formulae in
case of non smooth functions z. Indeed, we start from a smooth approximation z” to our
path x and we introduce a useful notation for the remainder of the computations:

Notation 4.1. We shall drop the index n of approximations in ", which means that x
will stand for a generic smooth path defined on [0, 1]?. For a smooth function ¢ : R — R,
we also write y for the path o(z) and for all j > 1 we set 3’ = o) (x).

With these notations in hand, for a smooth sheet z and f € C? it is well known that
formula (1.1) holds true. Recall that we have written this relation under the following
form, compatible with our convention (3.5):

5y://y1 d12x+//y2 dis. (4.1)
1J2 1J2

We shall see that this formula still holds true in the limit for z, except that the integrals
involved in the right hand side of (4.1) have to be interpreted in a sense which goes
beyond the Riemann-Stieltjes case. Our main task will thus be to obtain a definition of
[; [y diox and [ [, y* disx involving iterated integrals of = and increments of y (or 3’
for j > 1) only. Though this task might overlap with some aspects of [4], we present it
here because it is short enough and allows us to introduce part of our formalism.

Let us introduce what will be later interpreted as the first order elements of the
planar rough path above z:

Notation 4.2. Let x € P/'};"* with y1,72 > 1/2. We set

Xl;2 = (SJZ, and XL’2 = [Id — A161][Id — A252] (51.13 52%) .

Notice that for smooth functions we also have

xwz//dux, and xié://dlxdﬂ-
1J2 1J2

We are now ready to express the integrals in (4.1) in terms of the planar sewing map
(Ai)i=1,2 and A = A; A, and the increments introduced in Notation 4.2.
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4.1 Change of variables formula: the Young case

The following theorem gives the analog of relation (4.1) in the Young case, and is a
way to recast Theorem 1.1. Notice that some extensions of these results are contained
in [4].

Theorem 4.3. Let z € 7?71’72 (where 7?71’72 is defined by (3.2)) with v;,v2 > 1/2 and
¢ € C*(R). With our notations 4.2 and 4.1 in mind, define two increments z', 2? as

= [Id — A161][Id — Agba)(y' x52), and 22 = [Id — A161][Id — Aada](y2 x12).  (4.2)

Then items (i)-(v) of Theorem 1.1 hold true. Furthermore, for j = 1,2 the following
bound is satisfied: |27y, < cpNoy 7 () (1 + Ny 1, (2)).-

Proof. We first introduce a formalism which will feature prominently in the sequel of the
paper.

Step 1: Setting for our computations. Let us write the first step of our expansion in
a usual integration language: for s, s2,t1,t2 € [0,1] and a continuously differentiable

function x we have
So to
1 _ 1
Zslsz;tltz - / / yal;ﬁ d12x01;71’
S1 t1

where we have written d22,, ., instead of d,,2,,.r,. Then according to the elementary
identity yo,;r, = ¥Ysyit, + 02Ya,.1,,, We obtain

S2 2 sz rla
1 _ 1 1
Zslsz;tltg - / yol;tl/ d12$01;7—1 +/ / 62y0'1‘,t1T1 d12x0'1;T1'
s1 t1 S1 31

Going on with this procedure, we end up with a decomposition of the form

ED) to
1 .1 1
Zslsg;tltz - ysl;t16x5152§t1t2 +/ 61y5101;t1/t d12x01§7'1
S1 1

ta S2 S2 2]
1 1
+ / 52ysl;t1‘rl / deIUl;"'l + / / 5yslr71;t17'1 de‘TUl;Tl' (43)
t1 s1 s1 Jt1

Since further calculations with all explicit indices are cumbersome, we shall now show
how to translate the above computations with the formalism of Section 3.3: we simply

write
2t //yl d12$:/yl/alux-i-//dzy1 diox
y5m+/d1y /d12x+/d2y /d12x+//d12y diox 4.4)

— 152 4 1102 01;22 1122
= y +a +a

which is obviously a shorter expression than (4.3). From now on, we shall carry on our
computations with this simplified formalism.

Step 2: Analysis of the integrals. Consider the term a!'1i02

definition (3.1) of §; we have:

S3 t2
11;02 11302 11;02 11,02 1 1 i
51a51;283;t1t2 - a51;3§t1t2 - a51;2;t1t2 - a‘3253;t1t2 - / (y52;t1 - ysl;tl) / dul“ﬂ’

S2 t1

above. According to the

. 5 1;2
- 1y3132;t1 stss;t1t2’

which is shortened into the relation §;a''%? = §;y' x!2. From this expression it is easily
seen that §;a'102 73??}1;"’2, and since 2v; > 1 one can resort to Proposition 3.3 in order
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to get the relation a'i%2 = A;(§;y x%?). Proceeding in the same way for a°i?? and a!!:?2
we end up with
a11;02 — A1(61y1 XI;Z), a01;22 _ A2(52y1 X1;2)7 a11;22 _ A(6y1 X1;2)7 (45)

where we observe that ¢ € C*(R) is the minimal assumption in order to have dy' € Py}
(we impose however the condition ¢ € C*(R) in order to have dy? € 73771 72 as well).
Furthermore, according to relation (2.9) we have d§; (yx!?) = —§;y* x12, do(y! x12) =
—8yt x1? and §(y! x1?) = dy' x2, so that (4.5) can be expressed as

a11;02 _ 7A151 (yl X1;2)’ a01;22 _ 7A252(y1 X1;2)’ a11;22 _ A(S(yl X1;2).

Plugging these relations into (4.4) we get

Zl - //yl d12.13 = [Id — A161][Id — A252](y1 )(1;2)7
1J2

for smooth functions z, which corresponds to claim (ii) in Theorem 1.1. Item (i)-(iii)-(v)
are now a matter of straightforward limiting procedures on smooth sheets, and the
assertions concerning z2 are obtained exactly in the same way. Item (iv) is an easy
consequence of Proposition 3.4 and expression (4.2).

O

4.2 Riemann sums decompositions

This section is meant as a preparation for Skorohod type computations. Indeed,
change of variables in the Skorohod setting involve some mixed integrals with dz dR
terms, for which a suitable representation is required. It will also be convenient for us to
express the integral fl f2 y? dyxdoz in different ways, so that we first recall a proposition
borrowed from [4]:

Proposition 4.4. let = € P/y" with 71,72 > 1/2. Set y = o(x) for ¢ € C*(R) and

22V = f1 fzydlxdgx, understood in the Young sense. Then the following series of
identities hold true:

2V = [Id— A161][Id — Aads](yx12) = [Id — A161][Id — Aods)(y 612 622)
= [Id — A151][Id — A252](y 52$ (511) = [Id — A161][Id — A252](y 511‘ 9 (521‘),

where we recall that the notation o has been introduced at Definition 3.7.

The following proposition gives different ways to express the increment z2¥ as limit
of Riemann sums.

Proposition 4.5. Let 0 < 51 < s3 < 1,0 < t; < t2 < 1 and denote by m; = (s;); and
7o = (t;) some partitions of the intervals [si, ss| and [t1,1t;] respectively. Then under
the assumptions of Proposition 4.4 we have that f:f fttlz yst d12xs; can be written as
limit of Riemann sums of the form lim|7r1 |,|7m2|—0 Zi,j Ysist 51:‘glsi+1;tjtj+“ and recalling that
22V = || [,y dizdyx we also have:

2y _
== | Il\lfrrnlﬁozysl t; 01T 55,115t 52x51+1 ititi+1
1 2

= E ys1 t; 521.81 st t]+151$5 Si+13tj4+1 = E ysl t; §1xs Sit+13t; (SQxSI stitign

|‘ﬂ'1‘ |71'2‘—>0 ‘771| ‘Trgl—)O

Finally we shall need an extension of the last three propositions to integrals with
mixed driving noises:
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Proposition 4.6. Let f € P/"*,g € P{}"* and h € P”Bl P2 such thatv;+p; > 1, Bi+v; > 1
and B; + p; > 1 fori=1,2. Set

/ / fdigdah = 1d — Ay81][1d — Aa3](f 819 5ah).
Then we also have
//fdlgdgh = [Id — A151][Id — AQ(SQKf 529 51}1) = [Id — Al(SlHId — Ag(gg](f 519 o 52]1)
1J2

Moreover, taking up the notations of Proposition 4.5 we have the following Reimann-sum
representation of our integrals:

/ / Jsit d1gsidahsy = Ihm Zfal t;019s:55415t;02 s st 8540

= lim E f517t]6lgé 6z+17t162héutﬁj+1 = hm E félvtj62g511t]t]+16 h'iSH»l;thrl'

|r|—0

In addition, as a consequence of the continuity of the sewing maps we have also the
following continuity estimate:

/fdlgdzh
12

Proof. Let a' = f81gd02h, a®> = fdagd1h and a® = f d1g o d2h. Then by a simple computa-
tion we have that

5ra’ —61f 019 8sh — f 619 0h € Py TeneiA R
Srat —82f 519 62h — [ 6g5yh € PRy ISR

S N’Yl,’yz(f)Nﬁlﬁz(h)NPth(g)'
p1,82

and
da' = 6f 819 0sh + 011 0g0ah + 0af S1g0h + fogdh € Py ot minetBepata)

This means that al satisﬁes the assumptions of Proposition 3.3, and the same is readily
checked for a? and a®. Thus the increments [Id — A16;1][Id — A2d2](a?) are well defined for
j=1,2,3. Weset [Ild — A (51][Id Asdo)(a') = [, [, f digdah since both objects coincide
for smooth functions f,g,h

We now identify the increments [Id — A16;][Id — A2d2](a’) by analyzing their Riemann
sums. Indeed, a straightforward application of Proposition 3.4 yields the following limits:

[1d — A16i][Id — Aado](a') = Jm Z Foiit;019s:50 0055 02Ps 1585540
[1d — A181][Id — Agdo](a®) = ‘}rllfo Z Fsiit;029s 5585054001 Psisi 0500
[Id — A161][Id — Agds](a®) = ‘}rllgl Z Fsiit;01Gs;si1:t;02Rs 050, -

We now prove that the 3 increments coincide by showing that the differences between
Riemann sums vanish when the mesh of the partitions go to zero. Indeed, if we call 7o
the partition in direction 2, observe for instance that

lim Z(al - a3)8isi+1;t]‘t]‘+1 = hm Zf51 sty 6195 Sit+1;tj 5h’8 Si+13titit1

|72 |—0 i 2| =0 <

= Z/ fs t5195l Sit1;t d251h5,él+1,

(4.6)
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Now if we remark that | fttf fsit019s,s0s15t Athsispyist] S (Sig1 — ;)P TP, we easily obtain
that lim |, o limjr, 50 2, (@' = @®)s;s,,10056,,, = 0. The same relation holds true for
a® — a® by symmetry, which ends our proof.

O

4.3 Change of variable formula: the rough case

In this section, we consider a path x € P} with 71,7 > 1/3 and we wish to
establish the change of variables formula for y = ¢(z) (with ¢ € C§(R)) announced in
Theorem 1.5. In such a general context, the integration theory with respect to x relies
on the existence of a rough path X sitting above x. Now recall that the first elements of
X have been introduced at Hypothesis 1.3. However, as mentioned in Remark 1.4, the
rough path still has to be completed and we proceed to its description here.

Let us first introduce another indexing convention for the elements of the rough path
X, similarly to what is done at Section 1.3:

(iii) (Following (ii) at Section 1.3) In the rough case, some overlapping integrals in
directions 1 and 2 difficult the regularity analysis of certain increments. This induces
some splitting operations on iterated integrals, leading to some split elements of the
rough path X. We indicate this splitting procedure by a ® in indices of x. An example of
this operation is given by the increment x''292 € Cy(Cy ® Co):

1292 S22 o2 to ta

11;2® _

X51g2;t1t2t3t4 - / / </ d12‘r01§71) (/ d12x02§72) .
s1 S1 t1 ts

With this additional notation in mind, the complete description of X is given below:

Hypothesis 4.7. The function x is such that dx € P);"* with y1,72 > 1/3, and fulfills
Hypothesis 1.3. In addition, the stack X of iterated integrals related to x is required to
contain the elements in the table below, where we let the reader guess the natural Holder
regularities related to each increment. As in Hypothesis 1.3, the iterated integrals above

Table 1: Further elements of X

Increment Interpretation Increment Interpretation
XlL22 fl f2 dlgl‘digl‘ x1®1;22 fl f2 diax ®1 fl diax
111022 [ diz [, diow [, diow < 111222 [; |5 disxdipx [ diga
«11;02 f1 dyz f2 disa x11®1;222 f1 fg diozdioz @1 fl dio
x! o2 f1 dyx fz dip @1 f1 dipx x 1222 f1 fz dyox fz dizz [) diox

are assumed to be limits along approximations of x by smooth functions. Furthermore,
the rough path X should also contain all the elements x obtained by symmetrizing the
increments of Table 1 with respect to 1 <+ 2, as well as those for which we change the last
indices 1;2 by 1;2. In total, we have to assume the existence of 26 additional increments.

With the additional notation introduced above, the following theorem is one of the
main contents of [4]:

Theorem 4.8. Theorem 1.5 holds true under Hypothesis 4.7.

5 Skorohod’s calculus in the Young case

This section is devoted to relate the Young type integration theory introduced at
Section 4 and the Skorohod integral in the plane handled in [17]. Specifically, we shall
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first generalize the Skorohod change of variables formula given in [17] for a fractional
Brownian sheet with Hurst parameter greater than 1/2 to a fairly general Gaussian
process. We shall then compare this formula with Theorem 1.1 item (v).

5.1 Malliavin calculus framework

We consider in this section a centered Gaussian process {zs.; (s,t) € [0,1]?} defined
on a complete probability space (2, F,P), with covariance function E[zs, ., Zs,:1,] =
Ry, s5:t,t,- We now briefly define the basic elements of Malliavin calculus with respect to
x and then specify a little the setting under which we shall work.

5.1.1 Malliavin calculus with respect to x

We first relate a Hilbert space H to our process z, defined as the closure of the
linear space generated by the functions {1y 4xo,,(s,t) € [0, 1]} with respect to
the semi define positive form (1jgs,1x[0,t,]5 Lj0,s2]x[0,t2]) = FRsisnititn- Then the map
I @ 1j0,s)x[0,q) — 7Ts;t can be extended to an isometry between H and the first chaos
generated by {z.; (s, t) € [0,1]?}.

Starting from the space #, a Malliavin calculus with respect to = can now be devel-
opped in the usual way (see [10, 14] for further details). Namely, we first define a set of
smooth functionals of = by

S = {f(Il(wl)v .. 7-[1('(/}71)); n e INaf S Cl(;)o(]Rn%wla cee 7wn € H}
and for F' = f(I1(¢1),...,11(¢n)) € S we define

DF =Y 0if(Li(¢1), .- 1 () ¥

i=1

Then D is a closable operator from L”(Q?) into L?(2, ). Therefore we can extend D to
the closure of smooth functionals under the norm

I1F ], = (B[FP] + B[| DF|[Z,))»

The iteration of the operator D is defined in such a way that for a smooth random
variable F' € S the iterated derivative D*F is a random variable with values in #®*. The
domain D*? of D* is the completion of the family of smooth random variables F € S
with respect to the semi-norm :

=

k
1Ellep = | BIFP]+ Y END Ffs,]

j=1

Similarly, for a given Hilbert space V we can define the space D*?(V) of V-valued
random variables, and D> (V) = N, ,>1D?.

Consider now the adjoint §° of D. The domain of this operator is defined as the set of
u € L*(Q,H) such that E[|[{(DF,u)y|] < ||F| 1.2, and for this kind of process §°(u) (called
Skorohod integral of u) is the unique element of L?(Q2) such that

E[5°(u)F] = B[(DF,u)], for FeD"“2
Note that E[6°(u)] = 0 and

E[16°(u)[?] < Bl|lull7] + Bl Dullfez] = lulbnsgy)- (5.1)
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The following divergence type property of §° will be useful in the sequel:
§°(Fu) = F6°(u) — (Du, F)yy, (5.2)

and we also recall the following compatibility of §° with limiting procedures:

Lemma 5.1. let u,, be a sequence of elements in Dom($°), which converges to u in
L?(Q2,H). We further assume that §°(u,) converges in L?({2) to some random variable
F € L*(Q). Then u € Dom(5§°) and §°(u) = F.

5.1.2 Wick products

Some of our results below will be expressed in terms of Rieman-Wick sums. We give a
brief account on these objects, mainly borrowed from [10, 11].

Among functionals F' of x such that F' € D*°, the set of multiple integrals plays a
special role. In order to introduce it in the context of a general process = indexed by the
plane, consider an orthonormal basis {e,; n > 1} of H and let ® denote the symmetric
tensor product. Then

fa= D foinen @ ®eiys fiy, €R (5.3)

finite

is an element of H®" satisfying the relation:

fnllZon = D v il (5.4)

finite
Moreover, H®" is the completion of the set of elements like (5.3) with respect to the
norm (5.4).

For an element f, € HE™, the multiple It0 integral of order n is well-defined. First,
any element of the form given by (5.3) can be rewritten as

Fa= ) Fpegn€ - @, (5.5)

finite

where the ji, ..., j, are different and k; + - - - + k,;, = n. Then, if f,, € HO™ is given under
the form (5.5), define its multiple integral as:

Ln(fa) = D Fiv oo g Hi (I(e5,)) -+ Hy, (I (e5,,)), (5.6)
finite
where Hj denotes the k-th normalized Hermite polynomial given by

2 d (—1)K! |
Hy(x) = (—1)keT - = : k—2j
b(@) = (1) gxe 2 5o
J<k/2

It holds that the multiple integrals of different order are orthogonal and that
E [[In(fa)?] = 0! | fall3,6.-

This last isometric property allows to extend the multiple integral for a general f,, € HEn
by L?(Q) convergence. Finally, one can define the integral of f,, € H®" by putting
I.(fn) = In(fn)7 where fn € H®" denotes the symmetrized version of f,. Moreover,
the chaos expansion theorem states that any square integrable random variable F' €
L?(Q,G,P), where G is the o- field generated by =, can be written as

F =Y IL(fn) with E[F]=> nl|full%e. - (5.7)
n=0 n=0
EJP 20 (2015), paper 39. ejp.ejpecp.org

Page 20/39


http://dx.doi.org/10.1214/EJP.v20-3041
http://ejp.ejpecp.org/

Skorohod and Stratonovich in the plane

With these notations in mind, one way to introduce Wick products on a Wiener space
is to impose the relation

In(fn) <& Im(gm) = n+m(fn®gm) (5.8)

for any f, € HO" and Jm € H®m, where the multiple integrals I,(f,) and I,,(g.) are
defined by (5.6). If F = >."* I,,(f,) and G = 322 | I,,(gm), we define F o G by

n=1
N; Ny
FoG=Y > TInim(fn®gm).
n=1m=1

By a limit argument, we can then extend the Wick product to more general random
variables (see [11] for further details). In this paper, we will take the limits in the LQ(Q)
topology.

Some corrections between ordinary and Wick products will be computed below. A
simple example occurs for products of f(z) by a Gaussian increment. Indeed, for a
smooth function f and g1, g2 € H, it is shown in [11] that

f(I(g1)) © Ii(g2) = f(I1(91)) Ii (g2) — f' (11 (91)) (91, 92) - (5.9

We now state a result which is proven in [10, Proposition 4.1].
Proposition 5.2. Let F € D¥? and g € H®*. Then

1. F o Ii(g) is well defined in L*(92).
2. Fg € Dom §°F.
3. Foly(g) = 5°F(Fg).

5.1.3 Further assumptions and preliminary results

In order to simplify our computations, let us introduce some additional assumptions on
the covariance R:

Hypothesis 5.3. The covariance R of our centered Gaussian process x belongs to the
space C'2([0,1]*), and satisfies a factorization property of the form

_ _ 1 2
]E[x51§t1‘r52§t2} - R8182;t1t2 - Rslsthltg’

for two covariance functions R', R? on [0,1]. In addition, setting R = R:  fora € [0,1]
and i = 1,2, we assume that a — R! is differentiable and we suppose that
|2R., — R

aa

i (5.10)

ib\ﬁ\a—b

for all a,b € [0,1], with +; > 1. Finally we suppose that (R?)" = d,R’, € L>([0,1]).

The first consequence of our Hypothesis 5.3 is that the regularity of x corresponds to
the Young type regularity of Section 4. Indeed, it is readily checked that relation (5.10)
yields

E [(5378132;151752)2} 5 |S - S/l’y1 |t - tll’yz'

Since z is Gaussian, an easy application of Kolmogorov’s criterion ensures that
. n 1 V2 1
GP(X17(X2’ with = = _ > —, = — — > —, 5.11
x 11 M=o -a>g5 m=go-a>7 ( )
for arbitrarily small €;, €5 > 0. This enables us to appeal to Young’s integration theory in
order to define integrals of the form [, [, ¢(x) dis.
Let us quote two lemmas concerning Holder norms in the plane which will feature in

our comparison between Stratonovich and Skorohod integrations. The first one deals
with the composition of a Holder process with a nonlinearity f:
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Lemma 5.4. Let ¢ € C%(R), 61,02 > 0 and a rectangle A C [0,1]%. Then on A we have
that

161yllo,,
and
I5ylles.00 < (5 llosa + 1y*lloia) 19 loy 60 (1 + 1626, 62),
where || - ||o.a stands for the supremum norm on A and 3y’ still denotes o) (z).

Next we also need an integral semi-norm dominating Holder’s norms in the plane.
This is given by the following Garsia type result:

Lemma 5.5. Letp > 1, 01,0, > 0 and y € P;,1. The following relation holds true: there
exists a constant M = My, g, > 1 such that

|5yu1u27111112‘
H(5y||91 9, < MP oyt Ttz — [P 2]y — oy P72 duy dugdvidvs. (5.12)

We now turn to a consequence of our additional Hypothesis 5.3 on embedding
properties of the Hilbert space H defined above:

Lemma 5.6. Under Hypothesis 5.3, we have | f|l3 < || f oo | Rl 1-var[o,1)4-

Proof. Consider a step function f =}, a;;1a,; related to a partition (A;;);; of [0, 1)%.
We have

ty tr
||f||7-c = Z awalkRs sth ity = Z awakl/ / / / d12R5152d123t1t2

i,5,0,k i,7,k,1

= ‘/[01 fsl,h fsz,t2d12Ri152d12Rt1t2 = Hf” ”RH%-var;[O,l]“' (5.13)

The general case now easily follows by density of the step functions in .
O

Let us now recall that we work under the usual assumptions for Skorohod type
change of variables formulae given at Definition 1.7 and referred to as (GC) condition
in the sequel. Notice that max; ;c(o,1](RER7) = max se(0,1] E[|@s;|*]. Thus condition (GC)
implies that

E[ sup |<p(x3;t)\r} < oo, forall r>1. (5.14)
s,t€[0,1]

We now state an approximation result in H which proves to be useful in order to get
our It6 type formula.

Proposition 5.7. Let x be a centered Gaussian process on [0, 1] satisfying Hypothesis 5.3
and ¢ € C'(R) such that the growth condition (GC) is fulfilled for f and f(!). Consider a
rectangle A = [s1, s3] X [t1,t2] and m = (s;);, m2 = (¢;),; two respective dissections of the
intervals [s1, s2| and [t1,t2]. Then

2

lim H 1 — 1 —0,
|71],|m2| =0 b-ta ij&t Big H
where we have used Notation 3.1 for the rectangles A, ;.
Proof. Observe first that
Ysiela(s,t) Z Ysist; s,t) = Z(yS;t — Ysit;)1a,, (s, 1)
1,
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from which the following estimation is easily obtained:

max
(s,t)eA [s1—s2|<|m1],[t1—t2|<|m2|

|<y8;t - ySi;tj>1Ai,j (S7t)| < ( sSup |y;;t |w81;t1 - xsz;fal) 1Az‘.j'

Hence if we take expectations in this last estimation and resort to Holder’s inequality,
we obtain that

2

E Hy.lA—E Ysists 1y,
.. o0
1,3

S ]El/2

oo

. 1 4 1/2 4
sup ‘ys;t| E / |: , max , |xs;t - Is’;t’| :| H E ].AU.
(s,t)eA [s—s'|<|m],[t—t/|<|m2] v

Now the r.h.s of this inequality goes to zero when the mesh of the partitions 7y, 7o goes
to zero by continuity properties of = (see (5.11)). Our claim thus easily stems from the
embedding (5.13).

O

5.2 Ito-Skorohod type formula

We now turn to one of the main aim of this article, namely the proof of a Skorohod
type change of variable formula for a general Gaussian process z defined on [0, 1]?, under
our assumptions 5.3. Our starting point is the relation between z' and its Skorohod
equivalent.

Proposition 5.8. Assume x is a centered Gaussian process on [0, 1]> with a covariance
function satisfying (1.9). Consider a function ¢ € C’z(]R) satisfying condition (GC) and a
rectangle A = [s1, s3] X [t1,t2]. Then we have that y!1o € Dom(5°), and if we define the
increment z'° = §°(y'1,) the following relation holds true:

S2 to
1,0 o 1 2 1 2
25182;t1t2 - Zslsg;tltz - 1/ /t ys;t lesdQRU (515)
S1 1

where 2! is given by Theorem 4.3 and the second integral in the right hand side of (5.15)
is of Riemann-Stietjes type. Moreover, relation (1.12) holds true in the LQ(Q) and almost
sure sense.

Remark 5.9. We have expressed all our assumptions so far in terms of Holder type
regularities, and this is why we stick to this kind of hypothesis on R here. However,
generalizations to p-var type assumptions are easily conceivable, and in particular
relation (5.15) is certainly verified as soon as R € C!7¥([0, 1]4).

Proof of Proposition 5.8. Consider a sequence of partitions 7,, = (7}, 72) whose mesh

go to 0 as n — oco. The generic elements of 7, will be denoted by (s;,t;). Owing to
formula (5.2), we have that

E o (1 _ E 1 E 2
5 (ysi;tj ]-Aij) - ysi;tg 6msisi+1;tjtj+1 - ysi;tjE[zs,,;tj 5I‘97,(9i+1;tjtj+1] (516)
Tn Tn Tn
_ E 1 E 2 1 1 2 2 — gpn n
- ysi;tj(sxsisi+1;tjtj+1 - ys,i;tj (Rsrisri+1 - quysi)(RtjtJ;Fl - Rtjtj) = Al - A2 .
Tn Tn

We now treat those two terms separately.
Step 1: Estimation of A} . Recall that A} is defined by

n_ 2 1 1 2 2
Ay = E Ysist; (Rsiﬂsi - Rsisi)(Rthtj - Rtjtj)-
Tn
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In order to treat this term, first remark that for £ = 1,2 we have

1
k k _ k k k
RSiS,H,l - RS,;S,; - 5(R51+1Si+1 - RSiSi) + psisi+17

where pf . = 5(2RE, . — RE, —RE . ). Injecting this relation in the definition of
the term A% and recalling that we have set R¥ = R , we obtain
2 1 1y(p2 2
AEL = 1/4Zysi;tj (Rsi+1 - Rsi)(Rthrl - Rtj)
s

+1/2 Zygi;tj |:(Rt2j+l - R?j)piisiJA + (R}%i+1 - R;i)p?jt]url + p;isi+1p§jtj+1
Tn
= Ay + A%+ A+ Asy.

We will now show that
L[t 2 1 2 -
lim A}, = 4/31 /t y2,d1Rid>R?, and 7}5202;43]. =0, (5.17)
=

where the limits are understood in the almost sure and L? sense.

Indeed, it is easily understood that the terms A%,, A3, A5, are remainder terms:
according to Hypothesis 5.3 we have that [p’;| < |a — b|??, and we get the following
inequality for A%,:

A, S |m| Tt sup [yl Z(3i+1 —5;) |R?j+1 - R?]-|
(s,t)eA ’

Tn

IN

2
Mt sup ] (s - o) [ ldaRE,
(s,t)EA t1

This relation, plus the condition (GC) on f, obviously entails that lim,,_,., A%, = 0 in the
almost sure and L?(2) sense. The case of A}, A%, follow exactly along the same lines.
We now focus on the term A%, : observe that

S2 to
a; —1/4 / / Y2 di Ridy Ry
S1 t1

S2 tz
< swp [yl ; H%Fﬂmﬂ/ /\%%Wﬁﬂ
S1 t1

st nax
(s,)ea T Is=s[<Sm [t—t[<|m2

Invoking the same estimates as before for the Holder norm of = and condition (GC) on f,
the proof of our assertion (5.17) is now completed.

Step 2: Estimation of AT. LetussetY" =3} yii;tj 1a,, and Y = y'1. Then one can
recast (5.16) into §°(Y™) = A} — A%. Furthermore, we know that A} converges almost
surely to z! as stated in Theorem 4.3. In order to show that A7 also converges in L2,
we proceed as follows: (i) We show that Y™ converges to Y in ]])1’2(7-[). According to
standard results of Malliavin calculus (see also (5.1)), this yields the L? convergence
of §°(Y™) to 6°(Y). (ii) Since we have also shown the convergence of A% in L?, the
convergence of A7 in L? is then easily obtained from the relation §°(Y") = A} — A%,

We are thus reduced to the convergence of Y" to Y in D'2(#), which is obtained
similarly to what is done in Proposition 5.7. Indeed, the convergence of Y" towards Y
is obtained exactly as in the latter proposition. In addition, the derivative of Y™ can be
explicitly computed as:

DU?TYZ;lt = Z ygi;tj 1[0,Si] x[0,t;] (Oa T)lAij (Sa t)

Tn
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The convergence of this derivative to
DU;TYs;t = yitl[o,s] x[0,t] (Ua T)lA(57 t)

is then established again along the same lines as for Proposition 5.7.

Step 3: Conclusion. Let us summarize the results obtained in the last two steps:
plugging relation (5.17) into the definition of A% and recalling the limiting behavior of
AT established at Step 2, we have obtained that

S2 to 1 S2 ta
5°(y11A)ZHILI&Z‘sQ(yii;tlew):/81 /t y;;td12xs;t—4/51 /t Y2 diRyda RS .

where the convergence is understood in both a.s and L?(Q2) sense. This finishes our
proof of relation (5.15).

As far as expression (1.12) with Wick-Riemann sums is concerned, recall that we
have proved that

5°(yt1A) =  lim St 1A ).
(y. A) ‘ﬂ.1|7|ﬂ—2|—>0; (ysl,t_7 A”)

Now invoke Proposition 5.2 for £ = 1 in order to state that
50(y;i;t_7~1Aij) = y;i;tj <& 50(1A7‘,j) = y;i;tj o 5x57:57:+1;t_7‘t_7‘+1,
which ends the proof.
O

Proposition 5.8 gives a meaning to the increment z"° and compares them to the
corresponding Stratonovich increment z!. In order to compare change of variables
formulae, we still have to define Skorohod integrals of the form 2%°, which is what we
proceed to do now.

To this aim, let us start by some formal considerations: it is easily conceived that

s t s t u v
/ / yi;ud§xuwd<2>$u;v = / / / / yi;vdi)zxwvd%xuv’ = 50’2(N(y2)) (5.18)
0 0 0 0 0 0

where, similarly to [17], we set

N (W) wusw’ = Yuyw Ljo,5]x[0,0] (U ) Ljo,u)x[0,6 (1, 0),

where we integrate firstly in (v/,v) and then in (u,v’), and where the notation §°2
specifies that we perform double integrals in the Skorohod sense. Our objective in what
follows is to give a rigorous meaning to equation (5.18).

Lemma 5.10. Take up the notation of Proposition 5.8, and consider f € C3(R) satisfying
condition (GC). For a sequence of partitions (m,),>1 whose mesh goes to 0 define

Tn

Utror = Zyi;tj 10,8, %[t t504] (U5 0) Ly 5] x[0,,] (U, V). (5.19)
%7

Then a™ converges to N(y?) in L?(Q, H®?) as n goes to infinity.

Proof. First notice that the tensor norm of an element K € #®?2 can be bounded as:

1 1 2 1
||K||7-l®2 = / Ka1al13b1b/1Kaza/2§b2b/2d12Ra1a'1d12Ra2a’2d12Rb1b’1d12Rb2b’2
[0,1]®

< /[O " | Kayayouby Kaay oty | 1d12 R, o1 [[d12 R, o | di2 Ry ||dia Ry | (5.20)

1 2
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Furthermore, a simple computation shows that

oo = N wruwnr =) {yi;tj - yﬂ [Lj0,u)x(t,t5041 (5 ) L sy 51500 x (0,00 (15 01)]

Tn

+ Z yg,;;t]‘ [(1[0,si]><[0,tj](u/, U/) - 1[0,u]><[0,'l)] (U/, UI)) 1[si,si+1]><[tj,tj+1](u7 U)] 9

Tn

and thus,

< ( sup |y2;b| sup |37a2;b2 - xaﬂbl‘

(a,b)€[0,s]x[0,t] laz—aq|<|m1],|ba—b1|<|m2|

+max(Ls, 5, ] (1) + L, () sup Iyibl)' (5.21)
v (a,b)€[0,s]x[0,t]

T 2
auzlu;v'u’ - N(y )u’u;vv’

Our claims are now easily derived: on the one hand the right hand side of (5.21) con-
verges to zero when n — oo if u’ # s; and v’ # t; for all 4, j. Then using inequality (5.20)
and dominated convergence we obtain that ¢™ converges a.s to N(y) in H®2. On the
other hand, in order to obtain the convergence in L?(2, ®?) it suffices to use the fact
that f satisfies condition (GC) and apply once again dominated convergence.

O

Now we are able to define our mixed integral in the Skorohod sense and connect it to
the equivalent integral in the Young theory:

Proposition 5.11. Assume x is a centered Gaussian process on [0, 1]?> with a covariance
function satisfying (1.9). Consider a function ¢ € C*(R) satisfying condition (GC) and
a rectangle A = [sq, s2] X [t1,t2]. Then we have that N(y) € Dom(§%?), and if we define
2%° = §*2(N(y)) the following relation holds:

2,0 2 1 o2 2 2 1 2 1 o2 2 3 1 2
25;32;t1t2 = Zslsg;tltg - 1/ / yu;'uleu dQRv - 5/ / yu;vRu dQRv dlfru;v
s1 Jty s1 Jity
1 ° t2 2 1 1 ° b2 4 1 p2 1 2
_ 5/ / Y3 B2 dy RE oy + 1/ / yt RLR2 dyRLdyR2, (5.22)
s1 t1 S1 t1

where [ :12 Y. R, daRY dywy, and [ :12 y3.,R2d R, dyx,,, are defined according to
Proposition 4.6. Moreover, relation (1.13) holds true in the L?(Q2) and almost sure sense.

Proof. Like for Proposition 5.8, our strategy is as follows: consider a sequence w,, =
(ml,72) whose mesh go to 0 as n — oo and set a” = o™ defined by (5.19). We have
seen at Lemma 5.10 that lim, ,,, a” = N(y) in L?*(Q, H®?). We shall now study the
convergence of §°(a™) by means of Wick-Stratonovich corrections. Then we will conclude

by invoking Proposition 5.1.

Step 1: Wick-Stratonovich corrections. According to relation (5.8) and Proposition 5.2
for kK = 2 we obtain

©,2 _ ©,2(, 2
69%(a") = Z‘S (ysi:,tjl[Oas'i]X[tj7tj+1] ® 1[51=S'i+1]><[07tj])
T
2
= ) k4, 000ty 001 Tas it (5.23)
T
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We now use Theorem 4.10 in [11] in order to get that 50’2(11") can be decomposed as:

2
E y57 6293%* jiti+1 © 015, iSit13t; E :y%tg s tjt +1 Rta‘ti)élxsi‘”*“tﬂ

- Z ys“tj SquL+1 R;i,si>52xsi§tjtj+l (5.24)
+ Zysl Ry R? (Ry,,,, — Ry )R, . —R:,)=Bi - By~ Bj+ Bl

Tn

Like in the proof of Proposition 5.8, we treat those 4 terms separately.

Step 2: Estimation of BY, ..., B}. The term B} can be decomposed as

_ E 2 E 1 2
- ysi;tj 61x8i8i+1;tj52w8i;tjtj+1 ysl, S Sl+1 R )(Rt jti+a - Rt]‘t]‘)'

Tn

Moreover, the second term in the r.h.s is the same as A} in the proof of Proposition 5.8,
while the convergence for ) yi;tj 01%s;5,415t;02%s,:t,¢,,, follows exactly along the same
lines as A7 in the same proof. We thus leave to the patient reader the task of showing

that
S2 to 1 82 to
lim B{l:/ / v2, dlxs;tdzxs;t—f/ / y2, di R do R, (5.25)
n—oo S1 t1 ’ 4 S1 t1 i

and we concentrate now on the other terms in (5.24).

n __ 3 1 2 2 —
The term By = > g, R, (Rf ., — Ri,1,)01%s,5,,,;t; can be decomposed as By =
BY, + BY,, with

1 .
n o __ § 3 1 2 2
B21 - 5 ysi;tj RGq( tiv1 R )61Ig Sit15t50 B22 - : :ygz g7ptjtj+1alxs7'si+1;tj’

Tn Tn

where we recall that we have set pf’, . = 5(2Rf, ., — Rf, — R}

)fork=1,2.
It is now easily seen that the almost sure and L? convergence of B} are obtained
with the same kind of considerations as for A% in the proof of Proposition 5.8. We get

that

j+1ti+1

1 S t
lim Bg = 5/ / yi,vRi d2R12) dl‘ru;vv
0 JO

and BY, B} are also handled in the same way.

Step 3: Conclusion. Thanks to Step 1 and Step 2, we have obtained that 6°(a™) converges
to the right hand side of relation (5.22) as n — oo, in both almost sure and L? senses. As
mentioned before, this limiting behavior plus the convergence of a™ to N(y) established at
Lemma 5.10 yield relation (5.22) by a direct application of Proposition 5.1. Furthermore,
relation (1.13) is also a direct consequence of relation (5.23).

O

Notice that our formula (5.22) involves some mixed integrals of the form:

s t
3 2 1
/ / yu;vR11 leud2‘ru§’l”
0 0

which are defined as Young type integrals. The following proposition, whose proof is
similar to Propositions 5.8 and 5.11 and is left to the reader for sake of conciseness,
gives a meaning to the analogue integrals in the Skorohod setting.
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Proposition 5.12. Let f € C*(R) be a function satisfying condition (GC). Then for every
fixed u € [0, s| we have thatv — y5 ., RS € Dom(5*") where §°* is the divergence operator

associated to the process (¥u;)vejo,¢). We can thus define [ fg Yo, Ridi R} dS 0 by :

S t
/0 /O Yoo Ro di R, dSwy;, ::|lim 8 (Y2, Lty e, B, (Rs,,, — RY)

w|—0
Tn

where the convergence holds in both L?(Q) and almost sure senses. In addition, we have
the following identity:

s t s t 1 s t
[ [ raR e, = [ [ iR aR b, -5 [ [ vt BB R daR2,
o Jo 7 o Jo 2Jo Jo "

Finally, the integral [ [ y3.,Rid2R2d{x.;, is defined similarly,

Remark 5.13. We have defined all the integrals we needed in order to prove our
Skorohod change of variable formula (1.14). Indeed, the proof of formula (1.14) is now
easily deduced by injecting the identities of Propositions 5.8, 5.11 and 5.12 in the
Stratonovich type formula (1.3).

6 Skorohod’s calculus in the rough case

Our goal in this section is to extend the formulae given in Propositions 5.8 and 5.11 to
rougher situations, namely for Gaussian processes in the plane with Holder regularities
smaller than 1/2. This is however a harder task than in the Young case, and this is why
we introduce 2 simplifications in our considerations:

(1) Instead of dealing with a general centered Gaussian process whose covariance admits
the factorization property of Hypothesis 5.3, we handle here the case of a fractional
Brownian sheet (7,)(s,)c[0,1)2 With Hurst parameters 1,72 € (1/3,1/2].

(2) The definition of our Skorohod integrals with respect to z is obtained in the following
way: we first regularize x as a smooth process z™. For this process we can still use the
formulae of Propositions 5.8 and 5.11 like in the Young case. We shall then perform
a limiting procedure on these formulae (this is where the specification of a concrete
approximation is important), which will give our Stratonovich-Skorohod corrections.
Notice however that the interpretation in terms of Riemann-Wick sums will be lost with
this strategy.

As in the previous section, we start our considerations by specifying the Malliavin
framework in which we are working.

6.1 Further Malliavin calculus tools

Recall that the covariance function of our fractional Brownian sheet z is given by
(1.8). We can thus consider a Hilbert space H” related to x exactly as in Section 5.1,
where we now stress the dependence in x of ‘H” in order to differentiate it from the
Hilbert space related to white noise. In particular we denote by I{ the isometry between
‘H?* and the first chaos generated by =.

However, the Malliavin structure related to the harmonizable representation of = will
also play a prominent role in the sequel. Namely, it is well known (see e.g. [16]) that for
s,t € [0,1], « can be represented as

Ts;t = Cyy iy W(Qs;t) = Cyy,72 /1;2 Qs;t(£777) W(d§7d77)7 (61)
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where c,, ,, is a normalization constant whose exact value is irrelevant for our computa-
tions, W is the Fourier transform of the white noise on R?, and Qs+ is a kernel defined
by

et —1 e —1

QS;t(§777) = WT% W (6.2)

This induces us to consider the canonical Hilbert space related to W, that is HV =
L?(R?). The relations between Malliavin calculus with respect to W and x are then
summarized in the next lemma:

Lemma 6.1. Denote by D-k-p (resp. ]DW”“’) the Sobolev spaces related to x (resp. W),
and recall the notation L2 = DV-12(L%(R)) borrowed from [14]. For ¢ : [0,1]> — R, set

Ko6m) = [ 604 0:0Quae.n) dod, ©3)
0,1
where we recall that () is defined by (6.2). Then the following holds true:

(i) We can represent the space ‘H” as the closure of the set of step functions under the
norm |||l = [ Kol p2(r2)-

(i) We have D*12(}*) = K~1(IL2), where we recall that L2 = DW:12(L3(R)). In
addition, for any smooth function F' and any H”-valued square integrable random
variable u the following identity holds:
<u7 DxF>H'L = <Ku7 DWF>L2(]R2).
(iii) As far as divergence operators are concerned, the relation is
Dom(5%°) = K~'Dom(sW=°), and 6"°(u) = 6" (Ku).

Proof. Let ¢ = Zi)j Gi,jL(s; s001]%[t;,t,41] D€ @ step function. We have that:

If(gb) = Z ¢i7j5x5i5i+l§tjtj+l = Z ¢i7jW(5Q3i5i+ltjtj+l)
i,5 ,J

(6.4)
=W Z (bifj(sQSiSiJrl;tjthrl = W(K¢)7
2]
which easily yields our first claim (i).
Let now F be a smooth functional of x of the form F' = f(xs,.4,,...,%s,:,). Then
B, DF)pe] =B > Of @atns s Tontn) (0 Lol
l RN )
et (6.5)
= E{ Z ONf(Tsytysee s syt ) (Ku, Kl[o,sl]x[o,tl]>L2(]R)} )
le{1,...,n}

and since K1y 4)x[0,s,] = @s,,¢, We end up with

El(w, D" Fe] = B[(Ku, Y 0fW(Qutr)s s W(Qayt,) Qo) 22w |

le{l,...,n}

I
=
B
RS
S
=
!
S
E

which gives our assertion (ii) by density of smooth functionals. Relation (iii) is easily
derived from (ii) by duality.
O
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Notice that the preceding result can be extended to second order derivatives thanks
to a simple tensorization trick. We label here the result for further use:

Lemma 6.2. Under the conditions of Lemma 6.1, set

[K®26) (6162 mmn) = /

[ ]4 ¢5152;t1t2 asthl;tl (flv nl)aStQSQ;tQ (527 772) dsldSZdtldt2~ (66)
0,1

Then for any smooth functional F and any (H*)®?-valued square integrable random
variable u we have:

(u, D**Fpe = (K®%u, D>V F) 12 gay.

6.2 Embedding results

Similarly to [2], we now give an embedding result for the space H* which proves to
be useful for further computations.

Lemma 6.3. Let 71,72 € (0, %] Then the following inequality is satisfied:

Siig,oytits |2
2 < ‘ s182;t1t2 ds1dt dsodt
s [ ([ et st ) st
1 v s
+ /]R2 7|32 T </0 [Tyt — Usy st dt> dsidss (6.7)

1 ! 2
+ | —— Ugp, — Ugip, |~ ds | dtidts + Ut |2 dsdt,
/1112 |te — t1]27272 (/o [ty = s ) e /[0.,1]2| st

where we have set st = us;¢1[0,1]2(5, ).

Proof. In this proof we only consider the case 71,72 < 1/2. Indeed, if vy = 1/2 orvo = 1/2
then our process z is simply a Brownian motion in the first or in the second direction,
and this situation is handled by L? norms.

For 1,72 < 1/2, definitions (6.2) and (6.3) entail:

2

e = [ 6Pl | [ et masar| ded,

A2

from which one deduces that # is isometric to H'/2~7 @ H/2~", where H'/?~" stands
for the Sobolev space W'/2~71:2, Now we use the fact that 1/2 — ; € (0,1/2), and recall
that the norm defined by

_ 2
12/27“/1(¢) :/ ‘QSSI ¢82| d31d32+/ |¢s‘2d8
R R

2 |52 — 51‘2_271

is equivalent to the usual norm in H'/2-7, This yields (6.7) by tensorization.

The following embedding result is easily deduced from Lemma 6.3.

Corollary 6.4. Let 71,7, € (0,1/2) and u € P;'y"™* such that 0 < § — o; < ;. Then we
have the following embedding:

HUH'H SNal,az(uL (6.8)

where we recall thatj\/a,g is defined by (3.2).
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6.3 Strategy and preliminary results

The strategy we shall develop in order to extend Proposition 5.8 (and also Proposi-
tion 5.11) to the rough case is based on a regularization of x. Specifically, for a strictly
positive integer n, set

x?;t = C%,’Yz / Qs;t(£7 77) W(d§> dn), (69)
[€],Inl<n

where we recall that  and @ are respectively defined by (6.1) and (6.2). For fixed n, it is
readily checked that ™ is a regular Gaussian process. Its covariance function is given
by R? = RL" R}, where

s1s2;t1ta T S182

in waf _ 1 efibﬁ -1 )
R =, / ( |§|)2(7,+1 )dg, for i=1,2, (6.10)
1€1<n ‘

and hence R" is a regular function which satisfies Hypothesis 5.3. One can thus apply
Proposition 5.8 and obtains the following Skorohod-Stratonovich comparison:

n z™ n n n 1 n n
Zslis;?tltz =90 70(y~ 711A) = / ys;’tlduxs;t - Z/ yst d R1 da R2 (6.11)
A

for ¢ € C°(R) satisfying condition (GC), and where we set again A = [sq, s3] X [tits]. Our
goal is now to take limits in equation (6.11).

A first observation in this direction is that equation (6.11) involves Skorohod integrals
with respect to ™. The fact that a different integral has to be defined for each n is
somehow clumsy, and this is why we have decided to express all integrals with respect
to W in the remainder of our computations. Namely, the same computations as for
equations (6.4) and (6.5) entail that 5m"’°(y") = 6W°(K"y™), where K" is the operator
defined by

K0 = L) [ o 0:0UQunlE ) (6.12)

s

With this representation in hand, our limiting procedure can be decomposed as follows:

e Take L? limits in the right hand side of equation (6.11) by means of rough paths
techniques.
e Show that K"y" converges in L?(Q, L?(R)) to Ky.
Thanks to the closability of 6"+, this will show the convergence of 520 (y" 19 1)2) to
d%°(y1,1)2) and our Skorohod-Stratonovich correction formula will be obtained in this
way.

We now state and prove 3 useful lemmas for our future computations. The first one
deals with convergence of covariance functions:

Lemma 6.5. For: =1, 2, set R’ = u2Y. Then for all € > 0 we have

i R = Ry, =0,

where R*" is defined by (6.10).

¢ 2
Proof. We recall that c,, f]R | 5\2mil d¢ = a®i. Then an elementary computation shows

that

(R = )] =

cos(a&) — cos(bg)
“ /§>n ‘€|2%+1 dé-

e la— b / € ede,
2| >n

which gives ||R™" — R*||oy,—¢ Svie fl&lzn |€|~17¢d¢, and this finishes the proof.
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Our second preliminary result ensures that £™ is an accurate approximation of x:

Proposition 6.6. Let p > 1 and 0 < ¢ < min(y1,72). Then we have the following
convergence:

nh_{I;OIE [Hxn - 'THgl*ﬁ,’Yz*E} = O'
In addition, there exists A > 0 such that

sup E [e“upuvwe[o,lﬁ ‘“J?;t|2] < +00. (6.13)
nelN

Proof. The definitions (6.1) of x, (6.9) of 2™ plus formula (6.2) for @ allow to write, for
alln > 1:

|6252:L’ _ ezslx|2|ezt2y _ eztly‘Z

E[[0(x" — )5, 501t 2] :/ dxdy
e joly|2n [Pyt (6.14)

5“/1772 |31 - 31|2(V1_6/2)|t2 — t1|2(72—6/2)In

where we have set [, = f\ml ly|>n % (this quantity is obviously finite). Hence by

Gaussian hypercontractivity and Lemma 5.5 we obtain

E[|5x5152§t1t2 |2]p/2

n __ p <
E[fll2" = @[5, —c 7, —c] Spivae /[0’1]4 |sg — 81| (1 =OP+2|ty — t,|(r2—c)p+2 dtadsadtyds

~

< (In)p/2 / \ |82 — 81|p6/272|t2 — t1|p6/271dt2d82dt1d51 S (In)p/Q
[0,1]

p

Since lim, o I, = 0, we thus get lim,,_, Ef[|z" — 2|} _. ., _.

claim.

| = 0, which is our first

We now focus on the exponential integrability of supx™. Notice that for a fixed n
one can easily get those exponential estimates thanks to Fernique’s lemma. However,
we claim some uniformity in n here, and we thus come back to uniform estimates of

moments in order to prove (6.13). Let then r = max(|5-— ], [5;=]) + 1 and remark

that [|2"||co < ||2"|c.c. We thus use a decomposition of the form E[e*"P(=.nelo.112 “'”?=*‘2] =
I™(\) + I*™(\), where

|
—

=N RIS
') =Y SE(a"2], and "N =)

n |12l
> TEl" ]

l=r

I
o

We now bound those 2 terms separately: one the one hand, it is readily checked that

I'"(\) $ max sup E[||z" %] < +o0,
i=0,...,r nelN '

for ¢ < min(y1,72). On the other hand, the bound on /?"()\) is obtained invoking

Lemma 5.5 again. Indeed, starting from expression (5.12) and introducing a standard

Gaussian random variable N, it is easily seen that

E[|6x %)

si182t1t1

d81 dSthl dtg

E[Ja" |21) < Car EIV [

0,12x[0,1]2 |52 — s1[2F2 [ty — 1y [HleF2

with N is a Gaussian random variable A/(0,1). Now we have

N 0 |6152:n _ 6251x|2|ezt2y _ 6zt1y|2
g Elrhnf] <

2 5 e — 12| — 1]?
< ls2 = a1 t2 =07 /]Rz [P [y2ra

difdy 5 |82 — 81‘2’Yl|t2 — t1|2’72.
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Furthermore, according to Lemma 5.5, the constant C; . . can be taken of the form M!
for a given M > 1. Thus:
sup B[||2"||2] $ M'E [N1],
nelN
from which the relation I 2’"(>\) < o0 is easily obtained. This finishes the proof of (6.13).
O

With classical considerations concerning compositions of Holder functions with non
linearities, we finally get the following result which is labelled for further use. Its proof
is omitted for sake of conciseness.

Lemma 6.7. Let p1, p2 € (0,1), z', 2% two increments lying in P{/*?, and f € C3(R) sat-
isfying condition (GC). Then we have (The square below has been dropped as suggested
by the referee):

Nphpz (f(xl) - f(xz)) 5 Cwl,wZ Np17p2 (Il - 3:2) [1 +Npl7p2 (xl) +Np1,pz (xQ)] (615)

where we recall that Nal’az) has been defined at equation (6.8). In the relation above
we have also set c,1 42 = exp(B(sup( yepo,1]2 |75:¢]* + SUD (5 1)e(0,1)2 [22,4|°)), where 6 is the
constant featuring in condition (GC).

6.4 Ito-Skorohod type formula
We now turn to the limiting procedure in equation (6.11), beginning with the term
involving covariances only:

Proposition 6.8. Let f € C5(R) be a function satisfying condition (GC) with a small
enough parameter A > 0 defined as in Lemma 6.7, so that the random variable c;1 ;2
(also defined in Lemma 6.7) satisfies E[cfc1 a:2] < o0. Consider z", the regularized version
of x defined by (6.9). Then the following éonvergence:

lim Y, diREM Ao RY™ = 199 / Yo s2 212 st (6.16)
notee Sl [0,1]2

holds in L*(9).

Proof. The integrals involved in (6.16) are all of Young type. Owing to Proposition 4.6,
we thus have:

/ ygtle;x"ngtZ” = [(Id — A161)(Id — Apdy)] (y" 61 RV 6 R%™).
[0,1)2

By continuity of the sewing maps A and A;, the desired convergence will thus stem from
the relations lim,_,o A"™ = 0 and lim,,_,o A®>™ = 0, where for ¢ > 0 we set:

2
AL = Z |16;R*"™ = 6; R’ (|2, and  A*™ = Noy—cpp—e(y" — 1)
i=1
Now the relation lim, o A" = 0 is obviously a direct consequence of Lemma 6.5.

As far as A%” is concerned, we start from relation (6.15) and apply Hélder’s inequality.
This yields

E[(N"/l—Gﬂz—E(yn - y))z]
S E1/4[(Cx1,m2)8] EI/Q[”CEn - QUHZL ] E1/4[(1 + Ny —eyo—e(@™) + Npy o (x)>8]

Y1—€7Y2—€

Then according to Proposition 6.6 we see that the r.h.s of this last equation vanishes
when n goes to infinity, which proves our claim.
O
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We now compute the correction terms in z!, that is the equivalent of Proposition 5.8.

Proposition 6.9. Let x be a fBs with Hurst parameters 7,,v2 > 1/3. Consider a function
¢ € C3(R) satisfying condition (GC) and a rectangle A = [s1, s3] X [t1,t2]. Then we
have that y! 1o € Dom(5°), and if we define the increment 2° = 6°(y! 1) the following
relation holds true:

Lo o 2 2y1-1,2v2—1
Rsisaitita — Psisajtits ’71’72/ YsitS 13 detv (6.17)
A

where z' is the rough integral given by Theorem 1.5.

Proof. Let us start from the corrections for the regularized process z", for which we can
appeal to Proposition 5.8. We obtain relation (6.11), written here again for convenience:

1
2, =070y 1) = /A yoi diorly — 5 /A yody RV dy R (6.18)

Now putting together Proposition 6.8 and the continuity of the rough path integral, we
get convergence of the r.h.s of (6.18) in probability. Thus one can write:

lim 6" (y") :/ yi;tdmxs;t—%%/ Yo T2 dtds,
A A

n—-+oo

where the integral with respect to «x is interpreted in the sense of Theorem 1.5.

Let us further analyze the convergence of 5I"’°(y"): recall that this quantity can be
written as 6" °(K"y"), where K" is defined by (6.12) or specifically as

n,n Zgzn n wW$uTInv
(K y )(5777) = |§|ﬂ/1+1/2|n|72+1/2 </A yuv65 + n dud’l}> 1(|5|7|n|§n) (619)

Hence, owing to closability of the operator 5W’°, the proof of (6.17) is reduced to show
that K"y™! converges in L?(Q; L?(A)) to Ky'. Now expression (6.19) easily entails that

[[E" ™ = Ky|| oy < ™" =yl

4 / j¢[12 12
[El,In|>n

and we shall bound the 2 terms on the r.h.s of this inequality.

2

d€dn,

/ yiwelg"“m’ dudv
A

Indeed, on the one hand we consider 71,7, > 1/4 and € > 0 small enough. This gives

2
/ j¢[1=2m 12 dedy
(€)oo >

E

/ yiwelguﬂm’ dudv
A

n— +oo

ST B [V ey W)?] — 0

On the other hand, Corollary 6.4 asserts that ||y — y"||x S Ny, —ero—e(y™ — y), and the
r.h.s of this relation vanishes as n — oo thanks to Proposition 6.6. This concludes our
proof.

O

In order to complete our comparison between It6 and Stratonovich formulae, we
still have to compare the Skorohod type increment 22° and the rough integral z2. As
a previous step, let us give an intermediate result concerning some mixed integrals in
R, x:
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Proposition 6.10. Let » € C%(R) satisfying condition (GC) for a small enough parameter
A as in Proposition 6.8, and recall that for the fractional Brownian sheet x we have
R!, = u®i fori = 1,2. Then the integral

/le1 diz doR? = [(Id — A161)(Id — Agds)] <y1R151x52R2 + ;y2R1(51x)252R2) (6.20)

is well defined a.s, in the sense of Proposition 3.4. Moreover the following convergence
takes place in L*(Q):

lim / Yo RY"dyal dy R2™ = / yL  RLdy ., dyR2. (6.21)
Rl

n—-+oo A

Finally, the same kind of result is still verified when one interchanges directions 1 and 2
in relation (6.20).

Proof. Let us first check that the integral in (6.20) is well-defined in the sense of
Proposition 4.6. To this aim, set A = y'R'6262R? + $y>R'(6,2)?62 R*. Then a simple
application of Proposition 2.6 yields §; A = z §, R2, with

1
= (y251x — 61y1) RSz — 5(51 (y*RY)(612)? — y' 0, R 6,

It is thus easily seen that §;1 A € 733?772176’272 for an arbitrary small ¢, thanks to the fact

that = € PJ\ 7"  and d,1y' — y*d1x € 7322:{1_6’72 almost surely. It is worth noting at this
point that this regularity property is not valid without the term 1/2y?R*(§;2)?d2 R? in
equation (6.20). Also observe that with the same kind of considerations we also have
that §,A € P3y°* ¢

Let us now compute dA: we have
0A = —d92 62R2 = — (Al + AQ) (52R2,
where
A =gRYx, with g¢=dy' — doy?612 — y?0x,

and where setting (012 01 02)s, 501615 = 01T s, 50t, 0T s, 555141, Similarly to Definition 3.7, we
have

1 1
Ay = 6oy 61 R 610 — {61y" — 2612} R oz — §6y2((51x)2 — 5(51y2{6$ o1 612 + 012 01 dx}.

The reader can now easily check that A, € 77372176’7276. In order to check the regularity
of A;, observe that g is of the form g = J3h, with

R 1 2
hslsg;t = (512/5152;,5 - ysl;t)(slxszsz;t

1 1
- </ d99/ d0'y? (.4 —|—09’51x5152;t)> (6125, 69:t) > (6.22)
0 0

Computing d»h with formula (6.22), one obtains that A" = §,hR'61x € 732372176’7276.

Let us summarize our last considerations: we have seen that both A; and A, lye
into 7?23}1_5’72_6, and recalling that 4 = —(A4; + A2)52R?, we obtain 04 € Pg’}}_e’?’"’z_e.
We have also checked that ;4 € 735’72176’272 and 5, A € 7322731’37276. Gathering all this
information, we have checked the assumptions of Proposition 3.4 for the increment A,
which justifies expression (6.20).
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Now we focus on the convergence formula (6.21). We start by observing that for all
n > 1 the following representation holds true:

/ Yy RY M dya” do R%™ = [(Id — A161)(Id — Agdy)]A™
A

with A" = y™IRL G, R2™ 4 1/2y™ 1 RV (5,2™)2%0, R*™. Hence, owing to the continuity
of the planar sewing-maps (A;);=1,2 and A, our claim (6.21) is reduced to prove that
the sequences ||A™ — Ay, —e2y5—e; |01 (A" — A)ll371 —e,2y5—e [|02(A™ — A)|l4; —e,3y,— and
[6(A™ — A)l|34,—¢,37.—c converge in L?*(Q) and almost surely to 0. Furthermore, it is
readily checked that those convergences all stem from the relations

5
T [| R = Rl|ay, — + Z;Nm-w_e(y”’i =y +(012")* = (812)°||l2,—e1 = 0 (6.23)
and
lim (|02 (h = h") [l —cp0—e = 0, with A" = Siy™t — Y™ 2", (6.24)
n—

where the limits take place in some LP(Q2) with a sufficiently large p, and where we recall
that & is defined by (6.22). We now turn to the proof of those two relations.

To begin with, note that the convergence (6.23) easily stems from Lemma 6.5 for the
terms R, Proposition 6.6 for the terms z and Lemma 6.7 for the terms y. In order to
prove (6.24), we invoke again the integral representation (6.22) for both 4™ and h. Then
some elementary considerations (omitted here for sake of conciseness) allow to reduce
the problem to the following relation:

3
LP(Q) — lim (E[Nm—em—e(x" — )]+ ) BN L, (" - yi)”]) = 0.

n—oo "
=0

This last relation is a direct consequence of Proposition 6.6 and composition with non
linearities, whenever ¢ satisfies the growth condition (GC) with a small parameter A > 0
chosen as in Proposition 6.8. The proof is now finished.

O

We can now state our result concerning the It6-Stratonovich correction for the mixed
stochastic integral [ ydizdsa:

Theorem 6.11. Let x be a fBs with Hurst parameters ~1,72 > 1/3. Consider a function
¢ € C8(R) satisfying condition (GC) and a rectangle A = [s1, s3] X [t1,t2]. Then we have
that N(y?) € Dom(5%?), and if we define the Skorohod integral z>° as §>%(N(y?)), the
following particular case of relation (5.22) holds:

2,0 .2 2 2y1—1,2y2—1 3 271,,2v2—1
Z8132;t1t2 - zslszgtltz - ,71’72/ yu;vu v dudv — 72 A yu;vu v dvdl‘ru;’u
A

_’71/ yi;vu271_1v272dUd2xu;v+'71’Y2/ yi;vu471—1v472—1dud’u. (6.25)
A A

Proof. We follow the same strategy as for Theorem 6.9: apply first Proposition 5.11 for
the regularized process 2", which yields:

/A yr2dsan, d3an, = /A yr2dyat dyrl, — 1/4 /A y3d, Rimdy B2
1 1
~3 /A YL R Ay RY" 1 2y — 3 /A Y3 R2"d Ry a2,

+1/4 / YlaRUM RSy R da R (6.26)
A
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Now our preliminary results allow to take limits in relation (6.26). Indeed, owing to
Propositions 6.8 and 6.10 plus the continuity of the rough increment 22 given at Theorem
1.5, we obtain the convergence in probability for the four first terms in the r.h.s of
equation (6.26). Moreover the last term also converges in L2(Q), thanks to the same
arguments as in the proof of the Proposition 6.8. We thus get the convergence of the r.h.s
of equation (6.26) to the r.h.s of equation (6.25), and also the fact that 2% converges in
Lz(Q). Like in the proof of Theorem 6.9, the proof of (6.25) is thus reduced to show the
L? convergence of the integrand defining z2°.

However, mimicking again the proof of Theorem 6.9, it is easily seen that
1 1 n i
| [ it = 50 (V) = 602 (KNG,
where we recall that K®?2 is defined by (6.6) and

[K™ 2] (1223 9192) = L(jos | Jwal.fun el <n} [K 0] (@122; y192)-

It thus remains to show that K™®?(N(y™?)) converges to K®2?(N(y?) in L?(Q, L?>(R*)).
Towards this aim, we introduce the further notation u(£,n) = y2,(e*¢ — 1)(e" — 1),

uly(€m) = Yo (e = 1)(e"" — 1) and

W(&1,&o3n1,m2) = /us;t(fl,771)€ZS£2+Zt"2d8dt
A

a" (&1, 825m,m2) = /U?;t(fl,771)€ZS£2+Zt"2dsdt.
A

Then note that

I(E™)#2(N (")) = K2 (N @)|[F2me) < 17+ 15+ 13,

where
B B U d&idm
mo— / </ 2N |12 (s, €011 2d£2d772>
' [€1],Im1=n ]R2| ‘ | ‘ | ( )l ‘€1|2V1+1‘7]1|2’Y2+1
B —22 | d§rdm
= / / ‘£2|1 2”{1|172|1 272 |“(£17f2§7117772)|2 ded’]]Q
i R < 2], Im2|2n €127 272
and

w

I3 = / (/ &' a0 (&, €251, m2) — ﬁ"(§1,§2;771,772)|2d§2d772>
R2 \JR2

dfldnl
|§1|271+1 |771 |2’Y2+1 '

In order to bound those 3 terms, observe that

Nvlfe,vzfe(u(gan)) S Nmfem/zfe(y)(l + |€|’}11_6 + |77|’Y2_E + ‘5|71_€|77|V2_6)

and thus Corollary 6.4 entails that

2 1 n—+o00
B SB[y merne(?)’] [ i pdedn "0,
' Wriem=c(s) el nizn €[]+
and )
n —c n—-+o0o
ElIf] S 0 B [V ()] "25% 0.
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As far as I3 is concerned, we remark that

N —ema—e(ul€n) = u™(€,m) SNy —epame (W —y™ )L+ [+ 27 + €~ In27)

and then we can conclude along the same lines as in Theorem 6.11 that [E[I7] vanishes
as n goes to infinity. This finishes the proof.
O

The last step in order to go from Theorem 6.11 to Theorem 1.9 is to convert
Stratonovich into Skorohod type integrals in the right hand side of relation (6.25).
To this aim, let us first recall the following one-parameter result:

Proposition 6.12. Let B a fractional brownian motion with hurst parameters 1/2 > v >
1/3 then we have that u — (B, )u?" € Dom(5>F) and we have that

/ QO(Bu)’U,?YdOBU = / @(Bqt)uzvdBu - 7/ @l(Bu)Uzlvildu
[0,1] [0,1] 0.1]

Proof. Use exactly the same arguments of the Proposition (6.9) for the one parameters
setting. O

Now the Corollary below is the key to the conversion of Theorem 6.11 into Theo-
rem 1.9:

Corollary 6.13. Fory; > 1/3 and ¢ € C%(R) then for every v € [0,1] u — y3. u*" €
Dom(6%*+) and the following formula hold true

/yg;UUQ’YlUQ’YZ_ldTqu;UdU:/yg;vu2710272_1d1xu;vd21}—’yl/ yﬁ;vu471_1v4w2_1dUdv
A é A

Proof. we recall that z,, , (law) v"2 B, with B is a fBm with hurst parameter v; and then it

suffice to use the proposition (6.4). O
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