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Quenched large deviations for multiscale
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Abstract

We consider multiple time scales systems of stochastic differential equations with small noise in
random environments. We prove a quenched large deviations principle with explicit characterization
of the action functional. The random medium is assumed to be stationary and ergodic. In the course
of the proof we also prove related quenched ergodic theorems for controlled diffusion processes in
random environments that are of independent interest. The proof relies entirely on probabilistic
arguments, allowing to obtain detailed information on how the rare event occurs. We derive a
control, equivalently a change of measure, that leads to the large deviations lower bound. This
information on the change of measure can motivate the design of asymptotically efficient Monte
Carlo importance sampling schemes for multiscale systems in random environments.
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1 Introduction

Let 0 < ¢,0 < 1 and consider the process (X¢,Y¢) = {(Xf,Y),t € [0,T]} taking values in the
space R™ x R?~™ that satisfies the system of stochastic differential equation (SDE’s)

€
AX; = |Sh(YE ) + e (XE VS| di + Veo (XE Y)W,
€ 1 € € € € \/E € €
Ve = 5 [SF 0 (XY )] d+ S [ (V) AW+ (V) dB), ()
X5 = o, Y5 =10

where 6 = §(e) | 0 such that /6 1 oo as € | 0. Here, (W;, B;) is a 2k—dimensional standard Wiener
process. We assume that for each fixed « € R™, b(-,v), c(z,-,7v),0(z,-,7), f(-,7), g9(z,+,7), 71 (-,7) and
79(+,y) are stationary and ergodic random fields. We denote by v € T" the element of the related
probability space. If we want to emphasize the dependence on the initial point and on the random
medium, we shall write (Xf’(mmyo)”, Ye’(””O’yD)”) for the solution to (1.1).

The system (1.1) can be interpreted as a small-noise perturbation of dynamical systems with
multiple scales. The slow component is X and the fast component is Y. We study the regime where
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the homogenization parameter goes faster to zero than the strength of the noise does. The goal
of this paper is to obtain the quenched large deviations principle associated to the component X,
that is associated with the slow motion. The case of large deviations for such systems in periodic
media for all possible interactions between e and §, i.e., /6 — 0,¢ € (0,00) or co, was studied in
[33], see also [1, 6, 11]. In [33] (see also [7]), it was assumed that the coefficients are periodic
with respect to the y—variable and based on the derived large deviations principle, asymptotically
efficient importance sampling Monte Carlo methods for estimating rare event probabilities were
obtained. In the current paper, we focus on quenched (i.e. almost sure with respect to the random
environment) large deviations for the case ¢/ 1 oo and the situation is more complex when compared
to the periodic case since the coefficients are now random fields themselves and the fast motion
does not take values in a compact space.

We treat the large deviations problem via the lens of the weak convergence framework, [5],
using entirely probabilistic arguments. This framework transforms the large deviations problem to
convergence of a stochastic control problem. The current work is certainly related to the literature
in random homogenization, see [15, 16, 17, 18, 20, 22, 23, 24, 25, 26, 27, 29]. Our work is most
closely related to [16, 20], where stochastic homogenization for Hamilton-Jacobi-Bellman (HJB)
equations was studied. The authors in [16, 20] consider the case § = ¢ with the fast motion being
Y = X/§ and with the coefficients b = f = 0 in a general Hamiltonian setting. In both papers the
authors briefly discuss large deviations for diffusions (i.e., when the Hamiltonian is quadratic) and
the action functional is given as the Legendre-Fenchel transform of the effective Hamiltonian and
the case studied there is 6 = €. Moreover, in [19, 36] the large deviations principle for systems like
(1.1) is considered in the case ¢ = § with the coefficients b = f = 0. In [19, 36] the coefficients are
deterministic (i.e., not random fields as in our case) and stability type conditions for the fast process
Y are assumed in order to guarantee ergodicity. Lastly, related annealed homogenization results (i.e.
on average and not almost sure with respect to the medium) for uncontrolled multiscale diffusions
asin (1.1) in the case e =1, | 0 and Y = X/ have been recently obtained in [29]. Under different
assumptions on the structure of the coefficients, the opposite case to ours where ¢/§ | 0 has been
partially considered in [6, 11, 32, 33].

In contrast to most of the aforementioned literature, in this paper, we study the case ¢/ 1 co and
we use entirely probabilistic arguments. Because ¢/0 1 oo, we also need to consider the additional
effect of the macroscopic problem (i.e., what is called cell problem in the periodic homogenization
literature) due to the highly oscillating term fOT b (Y, ) dt. We use entirely probabilistic arguments
and because the homogenization parameter goes faster to zero that the strength of the noise does,
we are able to derive an explicit characterization of the quenched large deviations principle and
detailed information on the change of measure leading to its proof, Theorem 3.5. Due to the presence
of the highly oscillatory term % fOT b(YF,~v)dt, the change of measure in question depends on the
macroscopic problem and we determine this dependence explicitly. Additionally, in the course of
the proof, we obtain quenched (i.e., almost sure with respect to the random environment) ergodic
theorems for uncontrolled and controlled random diffusion processes that may be of independent
interest, Theorem 3.3 and Appendix A. It is of interest to note that for the purposes of proving
the Laplace principle, which is equivalent to the large deviations principle, one can constrain the
variational problem associated with the stochastic control representation of exponential functionals
to a class of L? controls with specific dependence on d, ¢, Lemma 5.1.

Partial motivation for this work comes from chemical physics, molecular dynamics and climate
modeling, e.g., [35, 8, 30, 37], where one is often interested in simplified models that preserve the
large deviation properties of the system in the case where § < ¢, i.e., in the case where § is orders
of magnitude smaller than e. Other related models where the regime of interest is ¢/ 1 oo have
been considered in [1, 6, 7, 10, 11, 13, 33]. When rare events are of interest, then large deviations
theory comes into play. As mentioned before, we are able to derive an explicit characterization of the
quenched large deviations principle, Theorem 3.5. The explicit form of the derived large deviations
action functional and of the control achieving the large deviations bound give useful information
which can be used to design provably efficient importance sampling schemes for estimation of related
rare event probabilities. In the case of a periodic fast motion, the design of large deviations inspired



efficient Monte Carlo importance sampling schemes was investigated in [7, 8, 33]. The paper [7]
also includes importance sampling numerical simulations in the case of diffusion moving in a random
multiscale environment in dimension one. In the present paper, we focus on rigorously developing
the large deviations theory and the design of asymptotically efficient importance sampling schemes
in random environments is addressed in [34].

The rest of the paper is organized as follows. In Section 2 we set-up notation, state our assump-
tions and review known results from the literature on random homogenization that will be useful for
our purposes. In Section 3 we state our main results. Sections 4, 5 and 6 contain the proofs of the
main results of the paper, i.e., quenched homogenization results for pairs of controlled diffusions and
occupation measures in random environments and the large deviations principle with the explicit
characterization of the action functional. The Appendix A contains the proofs of the necessary
quenched ergodic theorems for controlled diffusion processes in random environments.

2 Assumptions, notation and review of useful known results

In this section we setup notation and pose the main assumptions of the paper. In this section, and
for the convenience of the reader, we also review well known results from the literature on random
homogenization that will be useful for our purposes. The content of this section is classical.

We start by describing the properties of the random medium. Let (I', G, v) be the probability space
of the random medium and as in [14], a group of measure-preserving transformations {7,y € R4}
acting ergodically on I'.

Definition 2.1. We assume that the following hold.

i. 7, preserves the measure, namely Yy € R~™ and VA € G we have v(1,A) = v(A).
ii. The action of {7, : y € R""™} is ergodic, that is if A = 7,A for every y € R? then v(A) =0 or 1.
iii. For every measurable function f on (I',G,v), the function (y,v) — f(r,7) is measurable on
(R x I, B(R™) ® G).

For ¢ € L*(T") (i.e., a square integrable function in I'), we define the operator T,¢(7) = &(1,7). It
is known, e.g. [22], that T}, forms a strongly continuous group of unitary maps in L?(T"). Moreover, if
the limit exists, the infinitesimal generator D; of T}, in the direction ¢ is defined by
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5 (2.1)

Do = lhli%
and is a closed and densely defined generator.
Next, for ¢ € L*(I), we define ¢(y,7) = qg(ryy). This definition guarantees that ¢ will be a
stationary and ergodic random field on R¢~™. Similarly, for a measurable function d~> R xT'— R™
we consider the (locally) stationary random field (z,y) — gfb(:c, TyY) = ¢(x,y,7).
We follow this procedure to define the random fields b, ¢, o, f, g, 71, 72 that play the role of the
coefficients of (1.1), which then guarantees that they are ergodic and stationary random fields.
In particular, we start with L2(T) functions b(y),é(z,7),5(z,7), f(7), §(z,7), 71(7), 72(v) and we

define the coefficients of (1.1) via the relations b(y,v) = b(7y7),c(z,y,7) = é(x,7y7),0(z,y,7) =

oz, 7y7), f(y,7) = f(ry7), 9(x,9,7) = §(x,7y7), 71 (y, ) = T1(7yy) and 72(y, v) = 72(77)-
The main assumption for the coefficients of (1.1) is as follows.

Condition 2.2. i The functions b(y,7),c(z,y,7),0(x,y,7), f(¥,7),9(x,¥,7),71(y,7) and 72(y,7)
are C*(R?~™) iny and C*(R™) in = with all partial derivatives continuous and globally bounded

inx and y.
ii. For every fixed v € T, the diffusion matrices oo’ and m17{ + 7974 are uniformly nondegenerate.

It is known that under Condition 2.2, there exists a filtered probability space (2, F, §:,P) such
that for every given initial point (zg,yo) € R™ x R?~™, for every v € I" and for every ¢,§ > 0 there
exists a strong Markov process (Xf, Y5, t > 0) satisfying (1.1). However, if we define a probability
measure P = v ® P on the product space I' x €2, then when considered on the probability space
TxQ¢gaF,P),{(X;,YF),t >0} is not a Markov process.



From the previous discussion it is easy to see that the periodic case is a special case of the
previous setup. Indeed, we can consider the periodic case with period 1, I" to be the unit torus and v
to be Lebesgue measure on I'. For every v € I, the shift operators 7,7 = (y + ) mod 1 and we have
#(y,7) = é(y + ) for a periodic function ¢ with period 1.

For every v € I', we define next the operator

L7 = f(y, )V, +tr [(7y, N @,7) + 72y, 775 (4,7)) Vy Vi

and we let Y, to be the corresponding Markov process. It follows from [26, 24, 22], that we can
associate the canonical process on I' defined by the environment -, which is a Markov process on I'
with continuous transition probability densities with respect to d-dimensional Lebesgue measure,
e.g., [22]. In particular, we let

Yt = TYt’Y’}/ (22)
Y0 = TyoY

Definition 2.3. We denote the infinitesimal generator of the Markov process 7, by

L= f(y)D - +tr [(A (M (1) + R=2(7)7 (7)) D*]

where D was defined in (2.1).

Following [24], we assume the following condition on the structure of the operator defined in
Definition 2.3. This condition allows to have a closed form for the unique ergodic invariant measure
for the environment process {%}@0, Proposition 2.6.

Condition 2.4. We can write the operator L in the following generalized divergence form

where B; = mf; — 32, D; ((i—lﬁT + 727, m) and aal; = (717 + 77}, . We assume that 1i(7)
is bounded from below and from above with probability 1, that there exist smooth d; j(v) such that
Bj = >_; Djd; ; with |d; j| < M for some M < oo almost surely and

d
div 8 = 0 in distribution, j.e.,/ Z Bj('y)qu;(y)y(dv) =0, VoeH!,
ri4

where the Sobolev space H' = H!(v) is the Hilbert space equipped with the inner product

d
(f,91 =D _(Dif, Dig).

i=1

Example 2.5. A trivial example that satisfies Condition 2.4 is the gradient case. Let () :~—DQ(7)
and 71(y) = V2D = constant and 7»(v) = 0. Then, we have that m(y) = exp[-Q(y)/D] and 3; = 0 for

all 1 < j <d. Moreover, if m = 1 and d; ; are constants then the operator is of divergence form.
Next, we recall some classical results from random homogenization.

Proposition 2.6 ([24] and Theorem 2.1 in [22]). Assume Conditions 2.2 and 2.4. Define a measure

on (I',G) by

m(y)

m(dy) = W”(Cﬁ)

Then 7 is the unique ergodic invariant measure for the environment process {; }¢>o.



We will denote by E¥ and by E™ the expectation operator with respect to the measures v and 7
respectively. We remark here that since /m is bounded from above and from below, H!(v) and H! ()
are equivalent. We also need to introduce the macroscopic problem, known as cell problem in the
periodic homogenization literature or corrector in the homogenization literature in general. This
is needed in order to address the situation b # 0. For every p > 0, we consider the solution to the
auxiliary problem on I'.

PXp = LX, =D. (2:3)

Let us review some well known facts related to the solution to this auxiliary problem, e.g., see
[22, 15]. By Lax-Milgram lemma, equation (2.3) has a unique weak solution in the abstract Sobolev
space H'. Moreover, letting R ,h(7) = I e~P'E,h(v;)dt, for every h € L*(T'), we have

Xo() = Ryb(-),
As in [24, 26], there is a constant K that is independent of p such that
T 2 T ~ 2
PET X, ()" + ET[DX, ()" < K

By Proposition 2.6 in [22] we then get that Y, has an 7' strong limit, i.e., there exists a xo € H'(7)
such that
lim || x,(-) — Xo(:)||; =0
plﬁ)l 1Xp() = Xo ()l
and that
lim pE™ [,(-)]* = 0.
lim pE” [Xo ()]
This implies that Dy, € L?(r) and that it has a L?(r) strong limit, i.e., there exists a £ € L?(n)
such that )
=0
L2

lim HD % — ’

210 Xp §

In addition, since b is bounded under Condition 2.2, X, is also bounded. This follows because the
resolvent operator R, corresponding to the operator pI — L is associated to a L>(I") contraction

semigroup, see Section 2.2 of [22].
Moreover, as in Proposition 3.2. of [24], we have that for almost all vy € T’

dxo(y/0,7) — 0, as 0] 0, as. y € V.

3 Main results

In this section we present the statement of the main results of the paper. In preparation for
stating the large deviations theorem, we first recall the concept of a Laplace principle.

Definition 3.1. Let {X¢, ¢ > 0} be a family of random variables taking values in a Polish space S

and let I be a rate function on S. We say that {X¢, e > 0} satisfies the Laplace principle with rate
function [ if for every bounded and continuous function h: § — R

. h(X°€) .
161%1 —elnE {exp{—EH = ;Ielg [I(x) + h(z)]. (3.1)

If the level sets of the rate function (equivalently action functional) are compact, then the Laplace
principle is equivalent to the corresponding large deviations principle with the same rate function
(Theorems 2.2.1 and 2.2.3 in [5]).

In order to establish the quenched Laplace principle, we make use of the representation the-
orem for functionals of the form E {e*%h(x w)] in terms of a stochastic control problem. Such
representations were first derived in [4].

Let A be the set of all §;—progressively measurable n-dimensional processes u = {u(s),0 < s < T}
satisfying

T
E/ lu(s) |2 ds < oo,
0



In the present case, let Z(-) = (W(:), B()) and n = 2k. Then, for the given v € I" we have the
representation

—elnEy, 4 {exp {—h(fE)H = ig&E%’yo E /OT |:HU»1(5)H2 + Hw(s)\ﬂ ds + h()‘(ﬁ)} (3.2)

where the pair (X¢,Y*) is the unique strong solution to

ax; = [gb V) + o (X6 VE09) + 0 (X6 V) ()] dt + Veo (X7, 75, 7) aws,
aVi = [SF(A) 40 (K6 V0w + (V) wne) + 72 (V5 7) walt)] di

P () Wt (Vi) dB) . 33)
XS = o, Yoezyo

This representation implies that in order to derive the Laplace principle for { X}, it is enough to
study the limit of the right hand side of the variational representation (3.2). The first step in doing so
is to consider the weak limit of the slow motion X¢ of the controlled couple (3.3).

Fix v € T" and let us define for notational convenience Z = R* and Y = R4, Due to the involved
controls, it is convenient to introduce the following occupation measure. Let A = A(e) [ 0as e ] 0
that will be chosen later on and is used to exploit a time-scale separation. Let Ay, As, B, © be Borel
sets of Z, Z,T',[0,T] respectively. Let u§ € A;,i = 1,2 and let (X¢,Y*) solve (3.3) with u¢ in place of
u;. We associate with (X¢,Y¢) and u$ a family of occupation measures P<47 defined by

1

t+A
POAT(A, % Ay x B x ©) :/ Z/ Ly (5 (5)) L, (w5 ()15 (7 ds} dt,
(C] t

assuming that u(t) = 0 for i = 1,2 if ¢ > T. Next, we introduce the notion of a viable pair, see also
[6]. Such a notion will allow us to characterize the limiting behavior of the pair (X7, P“4:7).

Definition 3.2. Define the function in L*(T)

Mz, 7,21, 22) = &(z,7) +EMF(e,7) + 6 (2,7) 21 +E(7) (Fa(7)21 + Ta(7)22)

where 5 is the L? limit of Dx, as p | 0 that is defined in Section 2. Consider the operator L defined in
Definition 2.3. We say that a pair (¢,P) € C ([0,T]; R™) x P (Z x Z xT" x [0,T)) is viable with respect
to (\, L) and we write (¢, P) € V, if the following hold.

e The function v is absolutely continuous and P is square integrable in the sense that

/ |2|*P(dz1dzodrydt) < oo
ZxZxI'x[0,T]

e Forallt € [0,T], P(Z x ZxT x[0,t]) = t. Thus, P can be decomposed as P(dz dzodydt) =
P, (dz1dzsdy)dt such that Py(Z x Z x T) = 1.
e Forallt e [0,T), (¢, P) satisfy the ODE

t
Py = Xg +/ [/ As,7, 21, 22)Ps(dz1dzadyy) | ds. (3.4)
0 ZxZxT

and for a given P, there is a unique well defined v satisfying (3.4).
e Fora.e.te[0,T],

/ Lf(7)Py(dz1dzady) = 0 (3.5)
ZxZxTI

for all f € D(L).



For notational convenience later on, let us also define

)‘P(ma v, 21, Z2) = &(ZL’, ’7) + D)Zp(/y)g(la ’Y) + &(xa ’Y)Zl + DS(P(P)/) (’7—1 (P)/)Zl + 7~—2(’}/)’22)
Now, that we have defined the notion of a viable pair we are ready to present the law of large
numbers results for controlled pairs (X7, P“4:7),

Theorem 3.3. Assume Conditions 2.2 and 2.4. Fix the initial point (zo,yo) € R™ x ) and consider a
family {u = (u§, u§),e > 0} of controls (that may depend on v) in A satisfying a.s. with respect to
~ €T, the bound A.11 and

T
supE / [ ()12 + a5 ()]12] ds < oo (3.6)
e>0 0

Then the family {(X¢7,P9%7) e > 0} is tight almost surely with respect to v € T'. Given any
subsequence of {(X¢,P“?),e¢ > 0}, there exists a subsubsequence that converges in distribution
with limit (X, P) almost surely with respect to v € I'. With probability 1, the limit point (X,P) € V,
according to Definition 3.2.

Next, we are ready to state the quenched Laplace principle for {X¢€, e > 0}.

Theorem 3.4. Let {(X,Y*),e > 0} be, for fixed v € T, the unique strong solution to (1.1) and
assume that ¢/6 1 co. We assume that Conditions 2.2 and 2.4 hold. Define

. 1 ) )
S = mf */ z =+ ||z P dZ dZ d dt s (37)
(¢) (¢.P)eV [2 2% ZxYx[0.T] [H 1"+ = } (dz1dzady )]

with the convention that the infimum over the empty set is co. Then, we have
i. The level sets of S are compact. In particular, for each s < oo, the set
@, ={p € C([0,T|;R™) : S(¢) < s}

is a compact subset of C([0, T]; R™).
ii. For every bounded and continuous function h mapping C([0,T]; R™) into R

h(X*

€l0 € 1 R™),po=x0
almost surely with respect toy € T'.
In other words, under the imposed assumptions, {X¢",e¢ > 0} satisfies the quenched large
deviations principle with action functional S.

Actually, it turns out that in this case we can compute the quenched action functional in closed
form.

Theorem 3.5. Let {(X“7, YY), e > 0} be, for fixed v € T, the unique strong solution to (1.1).
Under Conditions 2.2 and 2.4, { X7, e > 0} satisfies, almost surely with respect to v € T', the large
deviations principle with rate function

S(¢) = {% Jo (8() = r((s))Ta 1 (6(5))(d(s) — r(6(s)))ds  if ¢ € AC([0,T};R™) and ¢(0) = g

+00 otherwise.
where -
(@) =l B (oo, ) + DX, ()(2 )] = E7le(w, ) + €y, )
pd0
@) = T E™ [(5(2,) + DY, (A ()G, ) + DY (AT + (DX ()70)) (D7)



Notice that the coefficients r(z) and ¢(x) that enter into the action functional are those obtained
if we had first taken to (1.1) 6 | 0 with ¢ fixed and then consider the large deviations for the
homogenized system. This is in accordance to intuition since in the case ¢/ 1 oo, § goes to zero
faster than e. This implies that homogenization should occur first as it indeed does and then large
deviations start playing a role.

4 Proof of Theorem 3.3

In this section we prove Theorem 3.3. Tightness is established in Subsection 4.1, whereas the
identification of the limit point is done in Subsection 4.2.

4.1 Tightness of the controlled pair {(X*?,P“%7) ¢, A > 0}.

In this section we prove that the family { (X7, P“?7), e > 0}, is almost surely tight with respect to
~v € T where A = A(e) | 0. The following proposition takes care of tightness and uniform integrability
of {P“A7 ¢ > 0}.

Lemma 4.1. Assume Conditions 2.2 and 2.4. Let {u®",e > 0,7 € I'} be a family of controls in A such
that Conditions A.10 and A.11 of Lemma A.6 hold. The following hold

i. For everyn > 0, there is a set N,, (the same N, identified in Lemma A.6) with 7(N,)) > 1 —1n
such that for every v € N,, and for every bounded sequence A € ’Hf’" (i.e. a sequence that
satisfies Condition A.2), the family {Pe’A”Y, e > 0} is tight as € | 0.

ii. The family {P2" e > 0} is uniformly integrable, in the sense that

lim sup E [lz1]] + || 22]l] P& (dz1d 21 dAdt) = O

M—=00 e>0,5€T /{(zl,Z1>eZQ:[|Z1|+|zzHzM}xrx[m

Proof. (i). Let us first prove the first part of the Lemma. It is clear that we can write

PSA7Y(A; x Ay x B x Q) = / P27 (Ay x Ay x B)dt
e

where

1

t+A
P{27(Ay x A x B) = Z/ La, (uy7 (5))1a, (u37 (5)) 1 (ﬁ?ﬂ) ds] dt,
t

Let us denote by Pi:f”(Al x Ay) and by Pg’,f’V(B) the first and second marginals of P (A4, x
As X B) respectively. Namely,

P8 (Ar x Ag) = PPAT(Ay x Ay X T), and P57 (B) = Py*7(2 x 2 x B)

It is clear that tightness of {P““7 ¢ > 0} is a consequence of tightness of {Pi’f”, ¢ > 0} and of

(P57, € > 0}.
Let us first consider tightness of {Pi:f’”, e > 0}. For this purpose, we claim that the function

g(r) = / (12412 + 2] r(drdzadt), € P(Z x 2 % [0,7))
ZxZx[0,T]

is a tightness function, i.e., it is bounded from below and its level sets Ry = {r € P(R?* x [0,7]) :
g(r) < k} are relatively compact for each k£ < oo. Notice that the second marginal of every
r € P(Z x Z x [0,T)) is the Lebesgue measure.

Chebyshev’s inequality implies

g(r) _ K
sup 7 ({(z1,22) € Z X Z: [||z1|| + ||z2]|]] > M} x [0,T]) < sup < .
sup v ({21, laall + Nl > 22} x 0.7 < sup G50 < 7

Hence, Ry is tight and thus relatively compact as a subset of P.



Since g is a tightness function, by Theorem A.3.17 of [5] tightness of {Pif’”, e > 0} will follow if
we prove that

sup |E [g(Pi:tA” ® Leb[o’T])} < 00,
e€(0,1]

where Lebj, 7 denotes Lebesgue measure in [0, 7]. However, by (3.6)
&Ay _ 2 2| peAy
sup B [g(Py27 © Lebyyrp)| = sup E / / (221 + l1212] P55 (dzld@)dzs]
e€(0,1] ' e€(0,1]

= s B [ [ [l + usco?] ase
e€(0,1]

< 00,

uniformly in v € T', which concludes the tightness proof for {Pif’”, e > 0}.
Let us now consider tightness of {PE Ay ,€ > 0}. For this purpose we notice that for every v € T’
and every ¢ € L*(T') N L'(r) we have

[oemssra@n =1 [ o(ma)as= % [ o as

Let us fix » > 0. Then, by Lemma A.6 we know that there exists NV,, C I" with 7(N,)) > 1 — 7 such
that for every bounded sequence A € ’H{v" we have

lim sup sup E
el0 yeN, 0<t<T

t+A
A qs(r:,wds&‘o
t

or equivalently

lim sup sup
el0 yeN,, 0<t<T

/F P(7) Py (d7) — ¢’ =0 (4.1)

Now, as a probability measure in a Polish space 7 is itself tight. So, there exists a compact subset of
I', say K, such that
m(Ky,) >1—n/2.

Therefore, using (4.1) and the latter bound, we get that for ¢ sufficiently small, say ¢ < ¢y(7) and
for every v € N,, and t € [0, 7], we have
inf E [PC’A’"’ K ] >1-
c€(Ore0(m) 2t ( n) Z n
which implies that, uniformly in v € N,, the measure valued random variables {Pg’)f”(-),e €

(0,€e0(n))} are tight.
(ii). Uniform integrability of the family {P“7,¢ > 0} follows by

E (22l + =21} Pe’A(dzld@dﬁdt)]

/{(zl,w)erz:uzu+|z2||1>M}xrx[o,T]

2 ~

—]E/ [||zl|2+||zz|2}PE’A(dzldz2d7dt)]
ZxZxI'x[0,T]

Tl t+A 5

~a B [ e« ] s

M

T 1 t+A 9 9

sup E/ K/ (I (I + s ()]12] dst < oo.
e>0vel Jo t

IN

and the fact that

This concludes the proof of the lemma. O



Lemma 4.2. Assume Conditions 2.2 and 2.4. Let {u®",e > 0,y € I'} be a family of controls in A as
in Lemma 4.1. Moreover, fixn > 0, and consider the set N, with W(Nn) > 1—n from Lemma A.6.
Then, for every v € N,, the family { X7, e > 0} is relatively compact as € | 0.

Proof. 1t suffices to prove that for every n > 0

sup  ||X5Y - X[ > 0| =0
t1,t2<T,|t1—t2|<6O

lim lim sup P
010 €l0

Recalling the auxiliary problem (2.3) and the discussion succeeding it, we apply It0 formula (see
also [24]), to rewrite X" — X" as

to
)_(51’7—)_(52’7 = / )\()_(;’7,26’7,u1(8),u2(s)) ds
ty
0 [XO( 7) = xo (Y, )]
to
++/e (04 &m) (X, Y dW + Ve | &ma (YET) dB,
t] tl

— B?’Y _,’_B;’Y —I—B;”Y

where B;"” is the i" line of the right hand side of the last display.

First we treat the term B5”. It suffices to discuss one of the two stochastic integrals, let’s say the
first one. In particular, by It6 isometry, Lemma A.6, we have, that there is a set V,, with 7(N,)) > 1—17
such that for every v € N,,

[ 6@y +n0)

t1

lim —0

2
: _/ B [H( (e, 465 0)| ] s

el0 ¢

as € | 0. In a similar fashion we can also treat the stochastic integral with respect to the Brownian

motion B. Hence, for every v € N,

i

?=0

limE || BS?
el0
Next, we treat B"". Lemma A.6 and the uniform bound (A.10), implies that for every v € N,

lim  mB|BEE0* =0
|t2 t1|—>0 €l0

Similarly, one can show that lim o E || By” || = 0. Therefore, tightness of {X7, ¢ > 0} follows for
v E Ny O

4.2 Identification of the limit points.

In this section we prove that any weak limit point of the tight sequence {(X*?,P“%:7) ¢ > 0} is
a viable pair, i.e., it satisfies Definition 3.2. Let (X, P) be an accumulation point (in distribution)
of (X7,P“~7) as ¢, A | 0. Due to the Skorokhod representation, we may assume that there is a
probability space, where this convergence holds with probability 1. The constraint (3.6) and Fatou’s
lemma guarantee that with probability 1,

/ (12017 + lz211"] Pldzrdzsda) <
ZxZxI'x[0,T]

Moreover, since P92 (Z x Z x T' x [0,t]) = t forevery ¢ € [0, 7] and using the fact that P (Z x Z x " x [0, 1])
is continuous as a function of ¢ € [0,7] and that P (Z x Z x ' x {t}) = 0we obtain P (Z x Z x " x [0,t]) =
t and that P can be decomposed as P(dzdzodydt) = Py(dzdzady)dt with Py(Z x Z x T') = 1.

10



Let us next prove that ()_( , 15) satisfy (3.4). We will use the martingale problem. In particular, let ¢
be a smooth bounded function, ¢ € C>(R™) compactly supported, {; };1,:1 be a family of bounded,
smooth and compactly supported functions and forr € P(Z x Z xI' x [0,T]), t € [0,T] define

(r, %), = / Zi(#1, 22,7, 8)r(dz1dzedyds)
ZxZxI'x|[0,t]

Then, in order to show (3.4), it is enough to show that forany 0 < t; <t < - - <t,, <t <t+r <T,
the following limit holds almost surely with respecttoyeI'ase | 0

E{¢ (X7, (P97, 2))n,i <m,j < q) [#(X;7) — o(XF7)

t+r ~ B o
f/ [lim/ )\p(X':”Y,"}/,Zl,ZQ)PS(d21dZQd’y):| ng(X;’”)ds]} —0 (4.2)
t ZxZxI

p—0

Let us define

LoBrg(z) = / S (11,7, 21, 22) P57 (dor dzad) V()
ZxZxT

where

1 s+A
Pid(dndady) = [ 1 (i 0) 1 (05(0)1 (r5;7) db

Then, weak convergence of the pair (X7, P“?7) and uniform integrability of P©*+7 as indicated
by Lemma 4.1, shows that almost surely with respect to v € I

t+r t+r ~ _ _
E [ EZ’A’qu(X;’”’)ds —/ {lim/ A (X7, 7, Zl,ZQ)PS(d21dZQd"Y):| V(;S(X;’"’)ds} —0
t t ZxZxT

p—0

as e ] 0and p = p(e) | 0. Hence, in order to prove (4.2), it is sufficient to prove that almost surely
with respecttoy € I’

t+r
E {c (X7, (P2, )i < moj < ) {d)(Xffr) — ot - [ az’A’Pas(X;ﬂ)ds} } =0
t

Recall the auxiliary problem (2.3) and consider a function ¢ € C?(R™) with compact support.
Let us write x, = (X1,p,--->Xm,p) for the components of the vector solution to (2.3), and consider

we,p(% Y, 7) = Xf,p(ya 7)8z3¢(x) for l € {13 s 7m}' Set wp(xv Y, PY) = (¢1,p7 e 7wm,p)' Itis easy to see
that ¢, (z, v) satisfies the resolvent equation

p/(/;f,p(xv ) - E&Z,p(xv ) = hf(xa ) (4.3)
where we have defined hy(z,-) = by(-)9,,¢(x). By Itd formula and making use of (4.3), we obtain

11



t+r

E {c (XE7, (P27 ), i < m,j < ) [qs(X;fT) B - ﬁ:v%()?mds] }

t+r

t

t+r
:E{“’”)M A (X757 70 (5, 0(0) V(X s — A%(X;ﬂ)ds}}

t4r m
+6E{<(-~-)/ Z((c+aui( Outhe,p + €5 tr[ wp])()??%“)}ds
t =1
t+r m _ B
+EE{C()/ Ztr‘ [JTlTDadeAP] (XSE’A/,Y;’W)}(ZS
t

{=1

+ €2l {g () /tw tr [oo” (V) V2 (X57)] } ds
+ ng {C () /tm Xp (Y7) V¢(X§’”)d5}

- 5ZE 6+ (e (REP T3) =, (X07,727)))

where EB;"” is the i™ line on the right hand side of (4.4). We want to show that each of those terms
goes to zero almost surely with respect to vy € I
Condition 2.2 and the bound (3.6) give us that

E|By"|+E|BS"| -0, aselO0

Due to the boundedness and compact support of functions ¢ and ¢, we also get that almost surely
inyel
E|[By"| —0, asel0
ot

By choosing p = p(¢) = <, we also have that almost surely iny € T

E|By"|+E|Bg"| —0, asel0

Let us next consider B;”7. We have
t+r _ _ _ t+r
BBy =B {cCo | [0 (K570 i e (o) Vo s = [ gsdeoxzas |
tt+r ) ) ) t
—B{cl [ [0 (0T 0 () (s
/t+r 1 / . ey Se ] }
(X7, Y7, v, us (), us(0)) Vo(X$7)dbds
t+r 1
t+r 1 A B _ _
S R SR ARNHORAT) v¢<x:ﬂ>d9ds] }
t S
t+r _ _ _
FE{cC | [ (T (9, 05(0) VoK s
t

t+r 1 A B B )
- /t Al M (Xé”,Y;”,%UE(H),ug(e))w(Xofﬁ)deds}}

= EB{] + EB{}
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Let us first treat EB;’]
EBy] =
t+r 1 A e Sen . E -
=Eq¢(-) A A (X7, Yy 7, us (), u5(9)) Vo(Xg™)dods—
t s
t+r 1 A B N B
SR [ AR i 0),05(6) V(X dbds
t s
t+r 1 s+A - _ —
=K C ( ne ) / Z )\P (X;7’Y7 T}_’;"Y’Ya Ui (0>7 ’U,S (9)) v¢(X;’Y)d9dS_
t s

t+r q A B _
- /t K i )\P (Xs;ya TY;"Y’Y> u1(9)7 U’Z(e)) V(ZS(XSN)deS
—0, aselO,

by continuity of 5\p on the first argument, stationarity and the uniform integrability obtained in
Lemma 4.1.
Next we treat EB{’j. We have

A
E|B3] < Co {E/ [ Ap (X7, Y57, 7,0 (), uh(s)) VH(XET)| ds
0

#8 [ (R0, 727 3,086, 08(6) VK2 ds}
where () is a finite constant. Choose A | 0 such that A/ % 1 oo. Then, we have
E/OA X (X7, Y57y, ui(s), ui(s)) VO(XST)| ds
< B [ 1o (K57, 55713) + D (F57,2)  (R57,757,)) V(K5 s

A
- E/ [ (o (X7, Y57, 7) wis) + Dxp (V7 7) [ (V) i (s) + o (V7 7) i (s)]) Vo(XeT)] ds
A/
<AS IE/

52
+VA /
a8 - ; A ]

+va / H( Y(52/ )s ’7) T2 (Y(isg/e)sf'y)) V¢H dSE/O llus (s)]|* ds
52 A/‘L
(. e
SN A E/ H( ( (52/6)377-}/:5;/ )sfy> + D% (Ty(is’;/e)s’y> g (X(52/e)s’7-y<65;/ );y)) ng' o
< ( 5210 V52, ) % ( ReEy 7) n <TY<6527/ )s )>

82 oy 2
+ VA iE/O (DXp (TY(;;/ o ’7) T2 (Ty(;;/ . )) Vo

2
— 0, aSG,Ai(),A/%Too,

ds

(¢ (K520 Y o0) + DX (Y57,0007) 9 (X2 Vi 0007) ) VOXGE)

a2

_ _ _ 2 A
(o (K530 Y5007) + D30 (Y52 007) 1 (V,0007) ) V|| dsE / s ()1 ds

A/5 2 A
VA ]E / dsE / g (3)]12 ds
0

A
ask [ fus) | ds
0
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by Lemma A.6, Condition 2.2 and the uniform bound (3.6). Hence, we obtain that almost surely
with respect to v € T,

E|B73| = 0.

This concludes the proof of (3.4).~Next, we treat (3.5). Consider é S LQ(F) stationary, ergodic
random field on R, Let ¢(y,7) = ¢(7,7) and assume that ¢(-,7) € CZ(R?~™). Define the formal
operators

g(z);;/,'y,zl,zQ ¢(ya 7) = [g(:v, Y, P)/) + 71 (y> ’Y)Zl + 72 (y7 ’7)22] D¢(y7 7)
and .
€ €
Gaghon a0 7) = 53 L70(7) + 5627 2, 2000 7)

Following the customary notation we write G% %zmzé(w) = [g(x,v) + T1(7)z1 + T2(7)22] Do(7) and
analogously for g;;;m&(y).
For each fixed v € T', the process

‘Zwte’7 = ¢(Y6ﬁ YEW / g;{??, Y ul (s),ul (s)¢(}7;ﬁ)ds
‘[/ (Dp(YS), (YO )dW,) / (Do(YE), m2(YE)dBs)

is an §;—martingale. Set h(e) = % and write

h(e) My — h(e) [6(Y;"7) — o(Y5 )]

t 1 s+A 1 _
- Ley e B 1en ey
/0 A / 9w s s 0 (Yo )0 | ds / X7 707 g (g (P (Vs 7 ) B8

__5/t1
- € OA

g 5 7 pe
S AU S 6 S A
X ZxT'x[0,t]

t 1 s+A _
—/0 K/ LYG(Y,",~v)d0ds (4.5)

The boundedness of ¢ and of its derivatives imply that almost surely iny € I'

+ h(e)

s+A
0, €, 0, €,
/s (9% 5o s 0105005 ™) = G5 50wt 00 0F ) de] *

E ||h(e)M” 1 + [h(e) [(7,7) = o] || 50, aselo

Moreover, we have almost surely in y € I’

t 1 s+A le N 1e .
/0 A / GR35 i @505 )0 ds*/ ORE 70 sy PV )

t+A
: h / ‘g;(?;y Y ug(s)ug( 5)¢(Y€77>‘ ds + h( / ‘g;(?’wy Y& us(s),us( s)(b(Ye”y)‘ ds

_ 5 B
: E/o |L‘¢(Y:ﬁ)| ds+ EEW/U ‘ggé;wy;,wﬁ(8),%(3)(;5(){:’7)‘ ds

t+A B 5 t+A o _
+1E/t |Lo(Y)] ds + gE7[ ’gign?:w,u;<s>,u;(s)¢(ysm)‘ds

D P
1+-E [luc(s)||” ds
€ 0

— 0, aselO,

<AC
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due to (3.6) and A = A(e) | 0. The constant Cy depends on the upper bound of the coefficients and
on 3,T.

The first term on the right hand side of (4.5) goes to zero in probability, almost surely with respect
to v € I', due to continuous dependence of gg;;zh@(ﬁ(y, 7) on x € R™, tightness of X7, stationarity
and d/¢ | 0.

The second term on the right hand side of (4.5) also goes to zero in probability, almost surely
with respect to v € T', due to continuous dependence of gg;;,%@(é(y,y) on x € R™, tightness of
(X7, PA7), uniform integrability of P<?+7 (Lemma 4.1) and the fact that § /¢ | 0.

Lastly, we consider the third term on the right hand side of (4.5). We have

t 1 s+A N t 1 s+A .
/ Z/ £’Y¢(§/0€’77’7)d9d82/ Z/ Lo(Tyeny)dbds
0 s 0 s
t
[ [ gétpesaazaris
0o Jzxr

Due to weak convergence of (X7, Pe’AW), the last term converges, almost surely with respect to
peTlto fg Sz 2w L(7)P(dz1dzadyds). Hence, since the rest of the terms converge to 0, as € | 0,
we obtain in probability, almost surely in v € T’

¢
/ / Lo()P(dz1dzodyds) =0
0 JZxZxI
for almost all ¢ € [0, T, which together with continuity in ¢ € [0, 7] conclude the proof of (3.5).

5 Compactness of level sets and quenched lower and upper bounds

Compactness of level sets of the rate function is standard and will not be repeated here (e.g.,
Subsection 4.2. of [6] or [12]).

Let us now prove the quenched lower bound. First we remark that we can restrict attention to
controls that satisfy Conditions A.10 and A.11, which are required in order for Lemma A.6 to be true.
For this purpose we have the following lemma, whose proof is deferred to the end of this section.

Lemma 5.1. Let ()_(j‘*, 17;*7) be the strong solution to (3.3) and assume Conditions 2.2 and 2.4. Then,
the infimum of the representation in (3.2) can be taken over all controls that satisfy Conditions A.10
and A.11.

Based on Lemma 5.1, we can restrict attention to controls satisfying Conditions A.10 and A.11.
Given such controls, we construct the controlled pair ()_( ©7, P“47) based on such a family of controls.
Then, Theorem 3.3 implies tightness of the pair {(X*7,P“*7), ¢, A > 0}. Let us denote by (X,P) € V
an accumulation point of the controlled pair in distribution, almost surely with respect to v € T'.
Then, by Fatou’s lemma we conclude the proof of the lower bound. Indeed

lim inf —elog I {e*%h“‘)] > lim inf E
el0 el0

;/OT [”“iV(S)IF + ||u§7(s)\|2} ds + h(XE:W)]

> liminf E
el0

1T _
5 / / (0] + 1227] P2 (d21dzpdrds) + h(Xﬁﬂ)]
0 ZxZxI

> inf

1 ) )
- 9 z1||” + ||z P(dzi1dzodvyds) + h
13 /Z oo (1201 + l122]1°] P(dz1dzadyds) + h(@)

which concludes the proof of the Laplace principle lower bound.
It remains to prove the quenched upper bound for the Laplace principle. To do so, we fix a
bounded and continuous function 4 : C ([0, T]; R™) — R, and we show that

limsup —elog | [e~eMX9) | < inf S(p)+h
nsup —clog E | | e o, (S60) +R())
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The idea is to fix a nearly optimizer of the right hand side of the last display and construct the
control which attains the given upper bound. Fix > 0 and consider ¢ € C ([0, T]; R™) with ¢y = x¢
such that

SW)+h() < inf  {S(¢) +h(d)}+n < o0

$€C([0,T;R™)

Boundedness of h implies that S(¢) < co which means that ¢ is absolutely continuous. Since the
local rate function L°(z,v), defined in (6.2), is continuous and bounded as a function of (z,v) € R™,
standard mollification arguments (Lemmas 6.5.3 and 6.5.5 in [5]) allow to assume that 1/) is piecewise
constant. Next, we define the elements of L?(T")

i p(tw,7) = (5(2,7) + DX (N ()T ¢ (@) (W — r(2))
and .
i p(t,2,7) = (DX (MF(1)" a7 (@) (e — ()
and the associated stationary fields u1 , (¢, x,y,7) = @1,,(t, z, 7y) and ug ,(t, z,y,v) = U2 ,(t, z, 7y7).

We recall that Y, satisfies the auxiliary problem in (2.3). Let us consider now the solution (le7 Yf) of
(3.3) with the control u(t) = (u1(t), u2(t)) being

U?M’Y = (ULP <t7 Xte7 }_/tsa,)/) >y U2,p (t’XtE’ }_/;‘/677)) :

Then, replacing C(fﬂ, Y, 7) by C(ta x,Y, P)/) = C(Cﬂ, Y, ’Y)+O-(y, 7)“17P(t7 z,y, 7)1 and g(ac, Y, 7) by g(ta x,Y, ’Y) =

9@, y,7) + 11y, (b, 2,y,7) + 72(y, ¥)uz,p(t, 2, y, v) Theorem A.6 implies that
X¢— X inlaw, almost surely with respect to vy € T,

as € | 0 where we have that w.p. 1 the limit is

X, :wo+/ ImE™ [6(Xs, ) + DXp()9(Xs, ) + (6(Xs ) + DX ()71()) Bl X, )
0 P
)] ds

DR 7)) 25, Ko )
—ao0+ [ B [6(X,.) + DY, (5K )] ds

+ / lim BT [(5(Xs.) + DX ()71()) i p(5 Ker) + (DR (72l)) iz (s, X, )] ds
o P

Il
N
=)

_|_
c\ﬁ
><‘
=
V)

+
L\w
=
3
—
| — |
/N
Qe
»

M
+
>
/J‘r\n
]
N
/N
Qe
S
+
)
f_f‘r\z
k]
N

~ ~

20+ / (X)ds + / (XD E) Wy — r(Xa))ds

=x0+ Y — Yo
= .

Moreover, by Theorem A.6 we have that for any 7 > 0, there exists a N,, with v [Nn] > 1—mnsuch
that

LT en a2 ey a2
5| (sl + )] as

1 T T € €
—5 | [l Xl + o5 ] =

lim sup sup E
€l0 yeN, 0<t<T
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Therefore, noticing that for each fixed z € R™ and almost every ¢ € [0, 7]

lim B [[Jui (s, 2,) [+ us (s, )[*] ds = (e = r@)q ™ @ala)g™ @) (e = r(a)

we finally obtain

lim sup —elog E [e_%h(xé)} = lim sup mf E

s / " ()12 + ua(o)?] ds + h(XE)]

€l0 elo  u€A
1 T
<1H€¢Soup]E 3 ), “ uy 7 (s)|| +||u s)|| }derh 1
< [S(¥) + h(4)]
< e (5@ + h(@)) 1.

The first line follows from the representation (3.2) and the second line from the choice of the
particular control. The third line follows from he convergence of the X¢ and of the cost functional
using the continuity of k. Then, the fourth line follows from the fact X; = 1;. Since the last statement
is true for every n > 0 the proof of the upper bound is done.

We conclude this section with the proof of Lemma 5.1.

Proof of Lemma 5.1. First, we explain why Condition A.10 can be assumed without loss of generality.
Without loss of generality, we can consider a function h(x) that is bounded and uniformly Lipschitz
continuous in R™. Namely, there exists a constant L;, such that

|h(x) = h(y)] < Ln l|lz - y|

and ||A|| ., = sup,ecgrm |h(z)| < co. We recall that the representation

—eloglE {e_%h(x%)} = inf E
ueA

17 9 _
5 [ )l s+ n(xs) (5.1)
0

is valid in a v by + basis.
Fix a > 0. Then for every € > 0, there exists a control u¢ € A such that

—elogE [e_%h(x%)} >E

1 (7 9 _
5/ us ()] ds + h(X%) | — a. (5.2)
0

So, letting My = || ||, = sup,cr~ |h(z)| we easily see that such a control u¢ should satisfy

sup
e>0,vel’

1 T
5/ uf(s>|2ds] < My =2My +a.
0

Given that the latter bound has been established, the claim that in proving the Laplace principle
lower bound one can assume Condition A.10 without loss of generality, follows by the last display
and the representation (5.1) as in the proof of Theorem 4.4 of [3]. In particular, it follows by the
arguments in [3] that if the last display holds, then it is enough to assume that for given a > 0 the
controls satisfy the bound

T
/ u(s)|2 ds < N,
0

with
4Mo(4My + a)

a

N>
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which proves that in proving the Laplace principle lower bound one can assume Condition A.10
without loss of generality.

Second, we explain why Condition A.11 can be assumed without loss of generality. It is clear by
the representation (5.1) that the trivial bound holds

_elogE [e_%h(x;)} < EA(X%),

where the control v“(-) = 0 is used to evaluate the right hand side. Thus, we only need to consider
controls that satisfy

T 6 2 -
E|- lus7 ()" ds + h(X7T)
0

> < BR(X§)

which by the Lipschitz assumption on h, implies that

T
B[ Ju (o) ds
0

< E|n(X7) - h(X7)]

< LE|| X5 — X5

Let us next define the processes (Xf,f’;) (X;HY;%) and (Xf, Y;) (X;NY;%) It is

easy to see that ()?f, f/f) satisfies the SDE

dX: = ob (th) dt+ & [ ( DA ;y) to (Xt,Yt ,7) ul((s?t/e)} dt + 6o (Xf,f/t ,7) AW,
dfff = f ({/t ,7) dt + — 6 { ()% f’ ,7) + 7 (26,’7) u1(52t/e) + T (1267'7) w(é%/e)} dt

+ {7'1 (f/fﬁ) AWy + 72 (267’0 dBt} )

e €
XO = o, YO = Yo,

and (X'f, Yf) satisfies the same SDE with the control u$(:) = u§(-) = 0.
So, we basically have that

52

1 _
“E / [ ()] ds] < Ly- EHXW—XEQT
O €

0 1 1=

= L;,-E X5 — = X&
he H5 T— 0T

For notational convenience, we define

52T

||u6’7(8)2d81

and
. 1. |2 . ~ 12
X5 - S X5 +EHY;—Y;

’ 1

€ -
my =1

2

Since for z > 0, the function =z~ is increasing, the latter inequality, followed by Jensen’s inequality

give us
2
€

)
il < |2 ms.
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The next step is to derive an upper bound of m%. in terms of \u§|2. Writing down the differences
of X5 — X5 and Y5 — Y5, squaring, taking expectation and using Lipschitz continuity of the functions
b,c, f,g,0,7, 7 and boundedness of o, 71, 7> we obtain the inequality

5%s
o (%)
€

2

s
€

O
€

T
me < C’g/ méds + Cq ds|| +
0

T 2 T
f s (%) /
0 € 0

where the constants Cy, C; depends only on the Lipschitz constants of b, ¢, f, g, 0, 71, 2 and on the
sup norm of o, 71, 7». Defining for notational convenience
T 2
0°s
/ ug” () H ds} )
0 €

T 2
b ()]
0 €

9. 0 )
?=’E g
lag| c + c

Gronwall lemma, gives us
2 T
me < C1 |lag| —i—C’oC’l/ lag]? eCoT=9) s,
0

Let us now rewrite and upper bound \a§1|2. We notice that, Holder inequality followed by Young’s
inequality give us

2 2

527 82T
€12 el e €, el e €,
la7|” = EEE /0 [ui? (s)[lds || + SZE /0 U2W(5)|d3]
27
1 62T = )
<EE| [ e @R
. 21
_rlp / us (s)2ds]
€ 0
=Tv;
T |us|?
< .
=3t

Putting these estimates together, we obtain

2

0
wel* < L} - ma
5| T
< L%Cl - [a}|2 =+ C()/ |aZ|QeCO(T75)dS
€ 0

2

)

€

< LiCy

| gl s Wl q
- C 24 Pl o(T=s)qs| .
( 5 + 9 + 0/0 5 + 9 e s

Therefore, by choosing d/e sufficiently small such that L?C, |€|2 < 1, we have

9T

vl _ o |87 [T2 /T 2 WP oo
<LiC|-| |%=+C e e il
5 =&t 5 + Co ; 3 + 5 e s
2T T
T T2
<120, 0 7_}_7(60@ 1)+C’o/ Vel eco(T—s)ds]
€ 0
2 [ T . e
:L%LCI é CoT+C |VS| CO(T—s)ds]
€ i 0 2
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Thus, we have

— |I/ ‘ :(
e CoT T < [20

2 2

T2 T €2
f+Co/ 67C08Lj$| ds| .
0

So, letting 85 = L2C, 22 |4|” and 6 = L2C1Cy |2|°, Gronwall lemma guarantees that

€2 T
6700T7|V§‘ < By +0° / Beef (T=9)qs,
0

Since 3% and 6 go uniformly in vy € I" to zero at the speed O((g)Q) as € | 0, we get that
Vil* < C(8/e)%,

where the constant C, depends on 7', but not on ¢,d or «. This concludes the argument of why
Condition A.11 can be assumed without loss of generality. O

6 Proof of Theorem 3.5

In this section we prove that the explicit expression of the large deviation’s action functional is
given by Theorem 3.5.

Due to Theorem 3.4, we only need to prove that the rate function given in (3.7) can be written in
the form of Theorem 3.5. First, we notice that one can write (3.7) in terms of a local rate function, in
the form

T
S(¢) = / L7 (6, d4)ds

where we have defined

. 1
LT({L'7U) - Pelr}\fiu 5 /ZXZXF {“21”2 + ||Z2||2 P(ledZQd"Y)

and

AL, = {P EP(ZxZxT): / Lf(7)P(dz1dzedy) =0, ¥V f e D(L)
ZxZxT"

/ {Hzl”? + ||22||2] P(dz1dz2dy) < 0o, and v = lim Ao (2,7, 21, ZQ)P(dzlszd’y)}
ZxZxT =0 Jzxzxr

This follows directly by the definition of a viable pair (Definition 3.2). We call this representation
the “relaxed” formulation since the control is characterized as a distribution on Z x Z rather than
an element of Z x Z. However, as we shall demonstrate below, the structure of the problem allows
us to rewrite the relaxed formulation of the local rate function in terms of an ordinary formulation
of an equivalent local rate function, where the control is indeed given as an element of Z x Z. In
preparation for this representation, we notice that any element P € P (£ x Z x I') can be written of
a stochastic kernel on Z x Z given I' and a probability measure on I', namely

P(dz1dzedy) = n(dz1dze|y)m(dy).

Hence, by the definition of viability, we obtain for every f € D(L) that
/ Lf(y)m(dy) =0
r

where we used the independence of L on z to eliminate the stochastic kernel 7. Then Proposition 2.6
guarantees that 7 takes the form
m(7)

m(dy) = Bl

v(dy)
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and is actually an invariant, ergodic and reversible probability measure for the process associated
with the operator L, or equivalently for the environment process v; as given by (2.2). Next, since the
cost ||z||* is convex in z = (21, z2) and ;\,, is affine in z, the relaxed control formulation can be easily
written in terms of the ordinary control formulation

o _ : 1 T ~ 2 ~ 2
L(e,0) = g SB[l O + 52017 (6.1)
and

Ag, = {“ = (i1, ) : T R B [[Jin ()] + 1a2()]°] < o0, and v = Tim B™ X, (2, i1 (-), a())] } '

p—0

Jensen’s inequality and the fact that S\p(x,fy, 21, z2) is affine in z imply L"(x,v) > L°(z,v). For
the reverse inequality, for given @ = (4, %) one can define a corresponding relaxed control by

P(dz1dzady) = 0(a, (7,00 (1)) (d21d22) T (dy).
The next step is to prove that the infimization problem in (6.1) can be solved explicitly and in
particular that

Lo(z,v) = %(v —r(@) ¢ (z) (v —r(x)) (6.2)

where

Let us first prove that for every @ = (4, i2) € A7,
E™ a(z,)|* > (v = (@) g (@) (v = r(@)). (6.3)

By definition, any @ = (i, 42) € A3 , satisfies

v = /1)11}%) E" [Ap(xa ) ﬂl()val())}

=r(@) + I E7[(5(z, ) + DX, ()71() () + DX () 72(-) a2 ()]
Treating x as a parameter, define
v =v—r(@)=lmET[(E(, ) + DX, ()71() @1 () + DX ()72()a2 ()],
and for notational convenience set

F1p(7,7) = 6(2,7) + DX,(v)T1(v)  and &2 ,(z,7) = DX, (7)72(7)

Next, we drop writing explicitly the dependence on the parameter x and we write ¢~! = WTW,
where W is an invertible matrix, so that 97¢ 1% = ||W||®. Without loss of generality, we assume that
@ € L2(T) is such that E™ ||a(-)||> = 1. By Cauchy-Schwartz inequality in R™ we have

W = (300, W i 7 51, () + o (a9 )

2 |RE (W T Wl

= UmE™ (@ (), K, (YW W) + (aa(), 5y, ()W WD)
<tim (B7 [|&], ()W W

21y 1/2
pl0 ])

— lim (6" WTWET [0, ()T, () + fa, ()R, ()] WTW5)
i ,

= (TWTWewTwe)'?
= [Woll.
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If ||Wd|| = 0, then (6.3) holds automatically. If |IWo|| # 0, then the last display implies |[Wd|| < 1,
which directly proves that
S 2 112 -
B ||a(z, )" =12 [Wo|” = (v —r(2))" ¢ (@)(v - r(2)).

To prove that the inequality becomes an equality when taking the infimum over all @ € A
need to find a @ € L?(I") which attains the infimum. Define the elements of L?(I")

we

x,v’

i (,750) = (6(7) + DX, (NF () ¢ (@) (v = r(2))
and
iig,p(2,7;v) = (DX, (M72(1))" ¢ (2)(v = 7(x))

and set @,(x,;v) = (41, ,(x, ;v), U2 5(, ;v)). A straightforward computation yields

E™ [[d,(z, 5 0)||* = (v = r(2))"q " (2)ET [(6(x,) + DX, (V71 ()G (@, ) + DXp()71 ()" +
+(DXp()72(-) (D%, ()72 ()" | alw) (v = r(x))

Thus, letting p | 0, we obtain

. o~ 2 _
L BT [t (2, 5 w)[|” = (v — r(2)) g7 (z)(v - r(z))
Hence, the element @ € L?(I") that we are looking for is the L?(r) limit of @, as defined above.
This is well defined, since by Proposition 2.6 in [22] Dy, has a well defined L?(r) strong limit.
Therefore, we have proven that

Lo —r(@) T @) — r(2))

Lo(x,v) = 9

which concludes the proof of Theorem 3.5.

A Quenched ergodic theorems

In this appendix we prove quenched ergodic theorems that are required for the proof of Theorem
3.3. For notational convenience and without loss of generality, we mostly consider a process Y driven
by a single Brownian motion with diffusion coefficient x(y,y) such that ks’ = 7 7] + 707 .

We prove the required ergodic result, Lemma A.6 in a progressive way. First, in Lemma A.1 we
recall the classical ergodic theorem. This is strengthened in Lemma A.3 to cover cases of time shifts,
uniformly with respect to ¢ € [0,7]. Then, in Lemmas A.4-A.5 we consider the case of perturbing
the drift of the process by small perturbations (uncontrolled and controlled case). The latter result
together with the standard technique of freezing the slow component yield the proof of the ergodic
statement in Lemma A.6.

A.1 No time shifts, i.e. t =0
Lemma A.1. Consider the process Y,"Y*"7 satisfying the SDE

t
Y;efyof)’ =yo + 5%/ f(Yse,yo 7 y)ds + 7/ Yf YoV ) AW . (A1)
0

Consider also a function ¥ € L*(I') N L'(r) and define ¥(y,y) = ¥(r,y). Assume that ¥ :
R4 xT'+ R is measurable.

Denote ¥ = [, ¥(y)7(dv). Then for any sequence h(e) that is bounded from above and such that
52 /[eh(€)] | 0 (note that in particular h(e) could be a constant), there is a set N of full m—measure
such that for every vy € N

lim IE
el0

=0.

1 /h<€> (e ) _
—_ V(Y YT y)ds — ¥
h(e) 0
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Proof of Lemma A.1. Let Y} = Y;;;f;’j. Note that Y} satisfies

t t
T = yot [ FEP s+ [ (T30, (a.2)
0 0

and also that w(dy) is the invariant ergodic probability measure for the environment process y; =
Ty oY (Proposition 2.6).

Suppose that §2/[eh(e)] | 0. By the ergodic theorem, there is a set N of full 7—measure such that
foranyye N

)

1 [he 52
52
~ limE Lh@ /0 q/(myow)ds]
2
= lim o J, \If(%)dS]
= .

O

It follows from Egoroff’s theorem that for every > 0 there is a set N,, with 7 [N,)] > 1 — 7, such
that

1 h(e) B
—/ (YooY )ds — ¥
0

h(e) =0

lim sup E
€l0 YEN,

A.2 Time shifts and uniformity

For notational purposes we will write that h(e) € Hivn, if the pair (h(e), IV,)) satisfies Condition
A2,

Condition A.2. Let ¥ € L?*(I") N L'(n) and define the measurable function ¥(y,v) = ¥(r,y). For
v € I define
1

Y(w) = sup
07 (u) = sup .

r>u

[ wmo-g]
0

For anyn € (0, 1), there exists a set N,, with 7(N,)) > 1 —n and a sequence {h(¢),e > 0} such that the
following are satisfied:

i ‘,12({)6 —0aselO,

sup, v ( —L
ii. there exists 8 € (0,1) such that < h(e() (62/‘)5> —0,ase ] 0, and

t

iii. ﬁ SUP,en, SUPiefo,r) E (62/e€) fo‘sz/s W(YP0Y, ~)ds — t\II‘ —0aselO

Lemma A.3 shows that one in fact can find a pair (h(¢), N,) satisfies Condition A.2 in order to
prove a uniform in time ¢ € [0, 7], ergodic theorem.

Lemma A.3. Consider the setup and notations of Lemma A.1. Fix > 0. Then there exists a set N,
such that m(N,) > 1 —n and h(e) € Hiv” such that

1 tJrh(E) B
L
t

7e) =0. (A.3)

lim sup sup E
€l0 yeN, telo,T]
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Proof of Lemma A.3. We start with the following decomposition

1 t+h(e) - 52 /e Hee B
[ vemrias - =05 [T w@mo s - @
h(e) J; h(e) -
t (€) t
62/6/ Te 82Je [/ -
~E (VY ~)ds — / U(YY y)ds — ¥
o Jo TS g )y YO
_pltEne (e e b s — 7 ) - (T [T g yas - @
~ 7 h(e t+h(e)/o s oVETE T o\ Tt /0 (Y27, )ds -
< T+ h(e)IE 62 /e ’?;'/(5’ (VY0 Vs — B 1 E |52 7 (VYT ~)ds — + T
< eI s [ e s - v om e [T w@e i -
< T+hle) E 1/ T(YYO y)ds — \Tl‘ + 1 E 52/6/5' g T(YY0, y)ds — t
h(e) ,.>% ™ Jo h(e) 0
T+1, (t+h(e) 1 ) /5/ . _
< i — (Yo — 1
< S (Fe) g™ |09 [ v

by choosing h(¢) < 1 and defining
1
r

07 (u) =supE

r>U

/ T(YY y)ds — \i/‘ .
0

Thus, we have proven that

sup [

1 t-‘rh(ﬁ) _
[ e s -0
t€(0,T] ) t

R <
h(e -

T+1 t+ h(e) 1
< sup 67 < 4+ —— sup E
h(e) t€[0,T 62 /e h(e) t€[0,T]
Let us first treat the second term on the right hand side of (A.4). By the ergodic theorem, Lemma
A.1, and Egoroff’s theorem we know that there exists a set INV,, with W(Nn) > 1 —n such that

(6%/€) / e WYY y)ds — t¥ (A.4)
0

t

52 /€ ~ _
lim sup sup E (52/6)/6 ! V(YT y)ds — t¥
0

=0
el0 venN, te[0,T]

So, if we choose h(¢) | 0 such that

t

1 oo\ [T .
lim — sup sup E7|(6%/e€) V(Yo v)ds — tw
0

=0
el0 h(€) ven, tefo,1]

we have that the second term on the right hand side of (A.4) goes to zero. Next, we treat the first
term on the right hand side of (A.4). Since, the function 07 (u) is decreasing, we get that

7 () =0 (55)

Thus, we have obtained that for every v € '

o () < g (572) =0 (557)

Notice that because k() is chosen such that fj(é )6 1 0, Lemma A.1 and Egoroff’s theorem, imply that

lim sup 67 (h(e)) -0

€l0 YEN, (52/6
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Therefore, the first term on the right hand side of (A.4) goes to zero, if we can choose h(e), such

that sup, ¢y, 07 ((?2(; ) /h(€) 1 0. This is a little bit tricky here because the argument of 6 depends on

h(¢). However, this can be done as follows. Fix 3 € (0,1) (e.g., 8 = 1/2) and choose h(e) > ((52/6)1_5.
Then, the monotonicity of f, implies that

" C;(/)) =" ((62}@") o

This proves that we can choose h(e) such that the first term of the right hand of (A.4) goes to
zero. The claim follows, by noticing that the previous computations imply that we can choose h(¢)
that may go to zero, but slowly enough, such that both the first and the second term on the right
hand side of (A.4) go to zero. O

A.3 Ergodic theorems with perturbation by small drift-Uncontrolled case
Lemma A.4. Consider the process Y,"Y*"7 satisfying the SDE

t t
1
Y;E#D,y(h’y = + 662 / f(Y;ﬂ:’yO”Y’,-y)dS + 5\/ g(S,$, ’Y’;@ayoﬂ’ dS + = / Yﬁ 517”1/0,7 )d‘/]/s
0 0

Let us consider a function ¥ : [0,T] x R™ x T' such that ¥(t,z,-) € L*(T') N L'(n) and define
U(t, x,y,7) = U(t, z, 7,7). We assume that the function ¥ : [0, T] x R™ x R¢~™ x I' — R is measurable,
piecewise constant int and um’formly continuous in x with respect to (t,y).

Denote V¥(t,z) = [ W(t,x,v)m(dy) for all (t,x) € [0,T] x R™. Fixn > 0. Then there exists a set

N, such that m(N,)) > 1 —n and h(e) € H1'" such that

1 t+h(€) _
] / U(s, 2, YUY y)ds — U(t,z)| =0
t

lim sup sup E m

el0 yeN, 0<t<T

locally uniformly with respect to the parameter x € R™.

Proof of Lemma A.4. Let us set Yf’“"y‘” Y(;f/’fo’"’ Notice that Y€ Y0 gatisfies

t t 2 t
A A 1) N N
Y;e,m,yoﬁ =1 +/ f(Y;’I’yO’W,’Y)dS + E/ g < - s,:E,Y;’x’yO’W,’y) ds Jr/ K(y;e,x,yoﬁ,fy)dvys
0 0 0

Slightly abusing notation, we denote by ¥,°¥°"” and Y;**"” the processes corresponding to ¥;"*¥°"7
and Y, with ¢(t, z,y) = 0.

Lemma A.3 guarantees that the statement of the Lemma is true for Y,"¥°"7, namely that there
exists a set IV, such that 7(NV,)) > 1 —n and h(e) € Hiv" such that

0
—/ U(s,z, YV y)ds — U(t, z)
t

6] =0. (A.5)

lim sup sup IE
el0 yeN, te[0,T]

The fact that the convergence is also locally uniform with respect to the parameter z € R™
follows by the uniform continuity of ¥ in x. This implies that in Lemma A.3, we can choose the
sequence h(e) so that the convergence holds uniformly with respect to x in each bounded region, see
for example Theorem I11.3.11 in [31].

To translate this statement to what we need we use Girsanov’s theorem on the absolutely
continuous change of measures on the space of trajectories in C([0, T]; R¥~™). Let

¢(s,2,y,7) = =& (y:7)9(s, 2, 9,7)
and define the quantity

2, 2 2, 2
ML = otz S #0%s /e YIOT AW~ 5 (2)°F [ [|6(5%s /e, V207 ) | Pds

25



Then, by the aforementioned Girsanov’s theorem, for eachy € I, M7 is a P? martingale.
Therefore, we obtain

1 t+h(e) 52 /e f;r;/(:) N
E%l \11(571‘7}/:71,,y017a7)d5 = Eh(e) /t \P(Sax7}/\:m’y0”y77)d8
t+h(e)
6%/e [5%/e N .
=F l(h(é) /t W(s,a:,Yf”"ﬂv)ds) MT”}
52/

Next, we prove that, for every v € I', M7 converges to 1 in probability as e | 0. For this purpose,
let us write My" = ef7", where

€

ey 01 g 2 Y05 A 2 Yoy ’
&7 =205 | o@s/en rr aw, — 5 (2) 5 [ [e@ssen v s

Notice that 1
6’%”’ = N;ﬂ ~3 (N

where
N =L /T B(6%s /e, z, VI 5)dW,
T € \@ 0 sy g ) s

Since, ¢ is by assumption bounded, we obtain that N;:” is a continuous martingale and (N?),. is
its quadratic variation. Boundedness of ¢ and the assumption d/¢ | 0 as € | 0, implies that

1o\ [T - 2
limsupE (N“7), = limsup — () E/ H¢(525/e,x7YSy0’7,7)H ds
el yer el0 yer 2 \ € 0

=0. (A.6)

Hence, uniformly in v € I', (N“?),. converges to 0 in probability and by Problem 1.9.2 in [21], the
same convergence holds for the martingale N7 as well. Thus, we have obtained that uniformly in
vyel

M7 = ¢ converges to 1 in probability, as ¢ | 0. (A7)

Moreover, (A.7) together with Scheffé’s theorem (Theorem 16.12 in [2]) imply that

supE |Mz" — 1] — 0, as e | 0. (A.8)
~yer

In fact, boundedness of ¢ implies that for every e € (0,1) and v € I', M3” is a square integrable
martingale. The latter statement and convergence in probability (A.7), imply that

supE M5 —1|* = 0,as € /0. (A.9)
yel

Now that (A.9) has been established, we continue with the proof of the lemma. Choose h(¢), such
that (A.5) holds, we obtain

1 t+h(e) N
E —/ U(s,z, YOOV y)ds — U(t, x)
h(e) J;
2 t+;(:) . ~
=K 0 /6/ v U(s,z, YOO y)ds | M77 — W(t,x)
h(E) 52t/€
t4+h(e)
(52 2 /¢ ~ —
<E /6/ v U(s,z, Y v)ds — ¥(t,x)
h(e) J_+
52/
(52 t+2h(:) .
o <h</§/ B (s, T, )ds | (5 — 1)
€ t
82/e

26



Clearly, the first term converges to zero by (A.5). The second term also converges to zero by
Holder’s inequality, Lemma A.3 applied to ¥2 and (A.9).

The claim that the convergence is locally uniformly with respect to the parameter x € R™ follows
by the fact that this is true for (A.5). O

A.4 Ergodic theorems with perturbation by small drift-Controlled case

Lemma A.5. Fix T < oo and consider A to be the set of progressively measurable controls such that
T
/ [|u(s)||* ds < N, (A.10)
0

where the constant N does not depend on €,9,T or v and additionally such that for /e < 1

52T
1

g / " ()l ds < o/, A1D)
€ 0

where the constant C depends on T, but not on ¢, or . Consider the process YE WYY satisfying the
SDE

t t
€, T € \€,2,1, 1 \ €, 2,7, \€,T,% €
Y; 1T5Y0,Y Yo + 67/0 f(Ys 7J07’Y7,y)d8 + g/o [9(5733’3/8«7- ,Jov'Y,,y) + H(ysw 7J0~,’Y7,y)u-(8)] ds
t
+ \gg\/o H(Yse’m’yo”yﬂf)/)dws

Let us consider a function ¥ : [0,T] x R™ x T such that U(t,z,-) € L*(T') N L'(n) and define
U(t,z,y,v) = \if(t, r,7,7). We assume that the function ¥ : [0, 7] x R™ x R®~™ x T — R is measurable,
piecewise constant int and uniformly continuous in x with respect to (t,y).

Denote V(t,x) = [, U(t,z,v)m(dy) for all (t,x) € [0,T] x R™. Fixn > 0. Then there exists a set

N, such that 7(N,) > 1 —n and h(e) € H, " such that

lim sup sup E =0

€l0 yeN, 0<t<T

t+h(e) _
— U(s,z, YOOV v)ds — U(t, x
i R T i B

locally uniformly with respect to the parameter x € R™.

Proof of Lemma A.5. Let us set f’f’z’y"” Yezf/y“ 7. Notice that Y6 YT gatisfies

t t 2
2 Ea 6 5 £ 2~
Y;e,JL,yo»'Y =1 +/ f(Y';’m’yOW,’Y)dS + 7/ |:g (S,x, Y;’m’yg”y,’}/) + K(Yse,m.,yoﬁ’,y)ue ((528/6)
0 €Jo €
t A
+ / H(Kw’y°’7’€7 V)dWS
0
Essentially, based on the condition of the allowable controls (A.10), the arguments of the un-
controlled case, Lemma A.4, go through verbatim. The only place that needs some discussion is in
regards to the proof of the statement corresponding to (A.6). Let us show now how this term can be
treated. In the controlled case we have that
¢(87 €, Y, ’7) = _H_l(y7 7)9(87 z,y, ’7) - ue(s)

and we want to prove that for every y € T’

2 T ) 5
lim E (V7). = 13&3% <i> ]E/O Hgb(§%/e,x,¥f°”,'y)“ ds = 0. (A.12)
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It is clear that

E(N®Y), = % (i>2E/OT H¢(62s/e,x7?§’°77)H2 ds

5\ 2 T N - 2 5\? T 2
() IE/ H/ﬁ_l()g?’o,'y)g(ézs/e,x,Y;’O,V)H ds + <> ]E/ | (628/6)H ds
0 0

€ €

IN

The first term of the right hand side of the last display goes to zero by the boundedness of ||~ gH2
(as in Lemma A.4). So we only need to consider the second term. Here we use Condition A.11. In
particular, we notice that Condition A.11 gives

5 2 T 9 1 52T/6 5
lim <> IE/ || u (525/6)H ds = lim fIE)/ ||uc(s)]|“ds =0
el0 € 0 el0 € 0

uniformly in v € I'. Thus we have completed the proof of (A.12). This concludes the proof of the
lemma. =

A.5 Ergodic theorem with explicit dependence on the slow process.

In this subsection we consider the pair ()_( =7, 17;77) satisfying (3.3) and the purpose is to prove
Lemma A.6.

Lemma A.6. Consider the set-up, assumptions and notations of Lemma A.5. Fixn > 0. Then there
exists a set N,, such that 7(N,) > 1 —n and h(e) € Hiv" such that

1 t+h(e) _ _ _ -~
—/ G (s,Xéf’"’7 Y;”,'y) ds —V(t, X;7)| = 0.
t

lim sup sup E 7

€l0 yeN,, 0<t<T

Sketch of proof of Lemma A.6. Due to Lemma A.5, the statement follows by using the standard
argument of freezing the slow component, see for example Chapter 7.9 of [12] or [28]. Details are
omitted. O
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