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Logconcave reward functions and
optimal stopping rules of threshold form
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Abstract

In the literature, the problem of maximizing the expected discounted reward over all
stopping rules has been explicitly solved for a number of reward functions (including
(max{x,0})", v > 0, in particular) when the underlying process is either a random
walk in discrete time or a Lévy process in continuous time. All of such reward functions
are increasing and logconcave while the corresponding optimal stopping rules have
the threshold form. In this paper, we explore the close connection between increasing
and logconcave reward functions and optimal stopping rules of threshold form. In
the discrete case, we show that if a reward function defined on Z is nonnegative,
increasing and logconcave, then the optimal stopping rule is of threshold form provided
the underlying random walk is skip-free to the right. In the continuous case, it is shown
that for a reward function defined on R which is nonnegative, increasing, logconcave
and right-continuous, the optimal stopping rule is of threshold form provided the
underlying process is a spectrally negative Lévy process. Furthermore, we also
establish the necessity of logconcavity and monotonicity of a reward function in order
for the optimal stopping rule to be of threshold form in the discrete (continuous, resp.)
case when the underlying process belongs to the class of Bernoulli random walks
(Brownian motions, resp.) with a downward drift. These results together provide a
partial characterization of the threshold structure of optimal stopping rules.
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process.

AMS MSC 2010: Primary 60G40, Secondary 62L15; 60J10; 60]J65.

Submitted to EJP on August 19, 2014, final version accepted on December 20, 2014.

1 Introduction

Let X = {X;};>0 be a process with stationary independent increments defined
on a probability space (2, F, P) where the time parameter ¢ is either discrete (i.e.
t € ZT ={0,1,...}) or continuous (i.e. t € Rt = [0,00)). We consider the filtration
{Fi}+>0 where F; is the P-completed o-field generated by {X, : 0 < s < ¢t}. For a given
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Optimal stopping rules for logconcave reward functions

nonnegative measurable reward function g and a discount rate v > 0, we are concerned
with the problem of finding a stopping rule 7 € M such that

E (e*VT*g(XT*)l{r%oo}) = sgjaE (67779(X7)1{r<oo}) ,
where M is the class of all stopping rules 7 with values in [0, co] (with respect to the
filtration {F;}) and 14 denotes the indicator function of A. A stopping rule 7 is of
threshold form if 7 = inf{¢ > 0: X; > a} for some a € RU {—c0}. An optimal stopping
rule of threshold form exists if 7* = 7, for some a € R U {—oc0}.

In the literature, Dubins and Teicher [9] solved the problem with g(z) = zt =
max{x,0} and v > 0 under the discrete-time setting. Darling, Liggett and Taylor [7]
also considered g(z) = z* (with v = 0) and g(z) = (e® — 1)" both in discrete time, while
Mordecki [12] considered g(z) = (e* — 1) and g(z) = (1 — e™*)T in continuous time.
Novikov and Shiryaev [13] and Kyprianou and Surya [11] further considered the more
general case g(z) = (z¥)", n = 1,2,... with v = 0 in discrete time and with v > 0 in
continuous time, respectively, while [13] also considered g(z) = 1 — et = (1—e™ )7t
with v = 0 in discrete time. More recently, by generalizing Appell polynomials to Appell
functions, Novikov and Shiryaev [14] were able to extend the results of [11, 13] to the
case g(z) = (z*)” for all real-valued v > 0 with v > 0 in both discrete and continuous
time. Note that all of the above reward functions are increasing and logconcave, and
the corresponding optimal stopping rules obtained in [7, 9, 11, 12, 13, 14] have the
threshold form.

To solve the optimal stopping problem for a more general class of reward functions
under Lévy processes, Surya [16] introduced an (associated) averaging problem from
which a fluctuation identity for overshoots of a Lévy process was obtained. Then the value
function and the optimal stopping time can be expressed in terms of the solution to the
averaging problem provided this solution exists and has certain monotonicity properties.
See also Deligiannidis, Le and Utev [8] for related results on Lévy processes as well
as on random walks. More recently, Christensen, Salminen and Ta [6] characterized
the solution to the optimal stopping problem similarly as in [8, 16] but under very
general strong Markov processes including diffusions, Lévy processes and continuous-
time Markov chains. Moreover, the optimal stopping time can be either one-sided or
two-sided depending on the form of the representing function for the given reward
function. For additional results concerning the threshold structure of optimal stopping
rules, see Baurdoux [1] on (generalized) Ornstein-Uhlenbeck processes driven by Lévy
processes, and Christensen, Irle and Novikov [5] on AR(1) sequences.

In the present paper, we focus our attention on exploring the close connection
between increasing logconcave reward functions and optimal stopping rules of threshold
form. Specifically, in Section 2, we consider the case of discrete time and discrete
state and show that if a reward function defined on Z is nonnegative, increasing and
logconcave, then the optimal stopping rule is of threshold form provided that the
underlying (integer-valued) random walk is skip-free to the right. In Section 3, we
treat the continuous case and show that for a reward function defined on R which is
nonnegative, increasing, logconcave and right-continuous, the optimal stopping rule is of
threshold form provided that {X;},>¢ is a spectrally negative Lévy process. In Sections 4
and 5, we deal with the necessity of logconcavity and monotonicity of a reward function
in order for the optimal stopping rule to be of threshold form. Specifically, we consider
v = 0 (no future discount) and show in Section 4 (Section 5, resp.) that a nonnegative
reward function defined on Z (R, resp.) is necessarily increasing and logconcave if
the corresponding optimal stopping rule is of threshold form for all Bernoulli random
walks (Brownian motions, resp.) with a downward drift. Section 6 contains concluding
remarks.
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2 Optimal stopping rules for logconcave reward functions: the
discrete case

In this section, we use n € Z* (instead of t) to denote the discrete time parameter.
Let &£,&1,&9,... be a sequence of independent and identically distributed integer-valued
random variables such that P(¢ > 1) =0and P({ =1) > 0. Let

T=inf{n>0:& +&+--+&, > 1}
where inf () := co. For v > 0, define
a=a(y)=E( "M lrw)- (2.1)

Here « is defined for all v > 0, but we need to assume E(¢) < 0if vy =0, sothat 0 < a < 1.
By the first-step analysis, « satisfies

a=eY PE=10a""" (2.2)
<1
Remark 2.1. The function
fl@)y=e7Y PE=0a""—z,0<2 <1, (2.3)
<1

is convex with f(a) = 0,f(0) = e P =1) > 0,f(1) =e 7 —=1<0, and f'(1-) =
e 7(1 — E(&)) — 1 (which is positive if v = 0, since E(§) < 0), where f’(z—) denotes
the left-hand derivative of f at z. Clearly « is the unique root of f(z) = 0in (0,1) and
f(z) <0forall z € [a,1].

Let Xo =k €Z, X1 =X, +&pq1 forn=0,1,2,..., so that {X,,},,>0 is a random
walk with initial state k& which is skip-free to the right, i.e. {X,,},>¢ can only move up
one level at a time but can skip down several levels. (See [3] for a discussion of skip-free
random walks.) For ¢ € Z, define 7, = inf {n > 0: X,, > ¢} (a stopping rule of threshold
form). Then by the skip-free property, we have for Xy = k£ < £ that

X, = as.on {17y <oo}and Ep(e " 1{;,c00}) = a7k, (2.4)

where the subscript £ in Fj, refers to the initial state X, = k. For a (nonnegative) reward
function ¢ : Z — [0, c0) which is nonconstant, increasing (i.e. g(k) < g(k + 1) for all k)
and logconcave (i.e. (g(k + 1)) > g(k)g(k + 2) for all k), define

() = . _9(k) 0 0 infZ e —
u-u(’y)—mf{kEZ. Gt D) 204} (0 =0, infZ:= oo), (2.5)
U=U(y) =sup {O/g(f) LeZ}, (2.6)

Vi(k)=V,(k) = su/;\)/( Ep (e g(Xr)lrcooy) (k€ 7Z), (2.7)
TE

where M is the class of all stopping rules 7 with values in [0, co]. (Note that g(k)/g(k+ 1)
is increasing in k since g is logconcave.) We are now ready to state the main result in
this section.

Theorem 2.2. Let v > 0, and assume FE(§) < 0ify = 0. Letg : Z — [0,00) be
nonconstant, increasing and logconcave, and define o = a(v),u = u(vy),U = U(y) and
V (k) = V,(k) asin (2.1) and (2.5) — (2.7). Then the following statements hold.

(i) If —0o < u < oo, then the threshold-form stopping rule 7, is optimal, and V (k) =
g(k) for k > u; and V (k) = a**g(u) for k < u.
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(i) Ifu = oo, then V(k) = a~*U for all k. If, in addition, U = oo, then there exist
(randomized) stopping rules that have an infinite expected (discounted) reward; if
U < o0, then there is no optimal stopping rule.

(iii) If u = —oo, then V (k) = g(k) for all k and the optimal stopping rule is to stop
immediately.

To prove Theorem 2.2, we need the following standard result (cf. [14, Lemma 5]).

Lemma 2.3. Let g(k) and h(k) be nonnegative functions defined on Z and v > 0. If
h(k) > g(k) and h(k) > Ele""h(k + &)] for all k, then

h(k) > sup Ej (e_VTg(XT)l{TQ)o}) , keZ.
TEM

Proof of Theorem 2.2. (i) Let V(k) = Ej (e7™g(X7,)1{r,<o0})  k € Z. Then by (2.4),
V(k) = g(k) for k > u and 17(1@) = a%Fg(u) for k < u. We need to show V (k) = V(k‘)
for all k. Since clearly V (k) > V(k), it remains to prove V (k) > V (k). By Lemma 2.3, it
suffices to show

V(k) > g(k) for k < u, (2.8)

and
V(k) > E[e "V (k +¢)] forall k. (2.9)

By the definition of u, we have g(k)/g(k + 1) < a for k < w and g(u)/g(u + 1) > «, im-
i g(k) g(k+1) ~  g(u—1)

plying that g(u) > 0 and V(k) > 0 for all k. For k < u, g(k) = TR o (5 E2) PIcn) g(u) <
ok g(u) = V (k). This proves (2.8).
To prove (2.9), let h(k) = a* *g(u) for all k. Then for k > u,
& g(k) gk=1) glut1)
V(k)=g9g(k) = g(u
R T R

< (a7 g(u) = h(k).

~

So V (k) < h(k) for all k. For k < u,

Ele "V (k+ )] < Ele h(k + &)
= e P(E = 0)a"TFg(u)
<1
= " Fg(u) = V(k),

where the second equality follows from (2.2).
It remains to prove (2.9) for ¥ > w. Noting that g(k — 1) > g(u) > 0 and that
(G-1) ) ;
ggj(j) < gfj(jrl) for all j, we have
glk+£0)  glk+0) glk+£41) g(k—1)<(g(k
g

—1) —¢
gk)  gk+l+1D)gk+L+2) g(k) ®) ) for £ < 0.

A similar argument shows that the above inequality also holds for ¢ > 0; thus,

g(k+10) g(k—1)
ok = ( o(F)

(Note that (2.10), in fact, holds for any & with g(k — 1) > 0 regardless of whether k > w.
This inequality is also needed later in the proof of part (iii).) For ¥ > v and £ < u — k (i.e.

—¢
) for all /. (2.10)
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k + ¢ < u), we have

VIt 0) _ nee8) _ e (906 =1\
O CE ( ) )

u—k—~ k—u .y
. (g(k—l)) (g(k—l)) _ (g(k—l)) e
g(k) g(k) g(k)
where the first inequality is by (2.10) and the second inequality follows from o <
g(u)/g(u+1) < g(k—1)/g(k). For k > wand £ > u — k (i.e. k + ¢ > u), we have by (2.10)

Vik+6) _glk+0) _ <g(k_1)>—f
g(k) ’

Vi)  gk)
which together with (2.11) implies that V(k + ¢)/V (k) < (g(k — 1)/g(k)) " for k > u and
for all /. So, for k > u

~

EleVk+8] _ N~ pre— o VE+D
V (k) ; €= V(K)
. o (gk=D\T" fe
¢ ;P@‘@( ) =l

where the second equality follows from (2.3) with ¢ := g(k—1)/g(k) and the last inequality
is due to f(c) < 0since o < g(u)/g(u+1) < g(k —1)/g(k) = ¢ <1 (cf. Remark 2.1). This
proves (2.9) and completes the proof of part (i).

(ii) Let V(k) = o *U for all k. We need to show V (k) = V (k). Note that since
u = 00, O‘gg(f,:gl) > 1 for all k with g(k + 1) > 0, so a*g(k) is strictly increasing in
k > ko :=inf {£: g(¢) > 0}. Since g is nonconstant, we have ky < oo and U > o*g(k) for
all k, implying that V (k) > g(k) for all k. For Xy = k < {, we have by (2.4)

V(k) > Ej, (einkg(X‘re)l{Tz<00})
9O Er(e™ ™ 11, <00})
= a"Fg(0) = aFU = V(k) as £ — oo,

implying that V (k) > V (k) for all k.

Suppose U = co. Obviously V (k) = IA/(k) = 0o. Choose an increasing sequence of
ki1 < ky < --- such that a*»g(k,) > 2" for all n. Then consider a randomized stopping
rule of threshold form which chooses threshold k, with probability 2% Clearly this
stopping rule has an infinite expected (discounted) reward.

Suppose U < co. We claim V (k) = E[e= "V (k + ¢)], i.e. {6*7”17(Xn)}n20 is a martin-
gale. To establish this claim, note that

EleV(k+6)] =Y P(E=0cV(k+1)
<1

e’ Z P =0a U

<1

e ZP(E =0t a7 U

<1
= ()™ (by (2.2))
=a "U =V (k).
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It follows from Lemma 2.3 that V(k) > V(k), so V(k) = V(k) > g(k). Since e "V (X,,) =
e~V (X,) is a positive martingale, we have for all k£ and for any stopping rule 7,

V(k) = V(Xo) > Fy, (e_”V(XT)l{T<Oo}) > Fy, (e_'YTg(XT)l{T<Oo}) R

where the second inequality is strict if P(7 < co) > 0. Hence, there exists no optimal
stopping rule.

(iii) Since u = —oo, we have g(k — 1)/g(k) > « for all k, implying that g(k) > 0 for all
k. By Lemma 2.3, it suffices to show that g(k) > E[e 7g(k + &)]. Note that

Ele gk +O] _ -, _ 9kt 0
9(h) 21t =075
. gk —1)\ " _ ()
<e "N PE=10) = 41<1,
sre=o(*gt) -5

where the first inequality follows from (2.10), the second equality is by (2.3) with ¢/ :=
g(k—1)/g(k) and the last inequality is due to f(¢') <0, since 1 > ¢/ = g(k—1)/g(k) > « (cf.
Remark 2.1). This proves that Ele 7g(k + £)] < g(k) for all k. The proof is complete. O

Remark 2.4. By setting g(—o0) = 0, Theorem 2.2 can be readily extended to “defective”
skip-free random walks with P(§ = —c0) > 0.

Remark 2.5. As pointed out by a referee, if the threshold « in (2.5) is not +o0, the optimal
stopping rule 7, in Theorem 2.2 is a one-step-look-ahead rule for the associated problem
for the ladder height process. Since g is assumed to be increasing and logconcave, the
latter problem is a monotone stopping problem (cf. Chow, Robbins and Siegmund [4]).
Theorem 2.2 shows that the original problem for the process {X,,} and the associated
problem for the ladder height process are equivalent.

3 Optimal stopping rules for logconcave reward functions: the
continuous case

Let Y = {Y;},5, with Yy = 0 be a spectrally negative Lévy process defined on
a probability space (2, F, P). We consider the filtration {F;};>o where F; is the P-
completed o-field generated by {Y; : 0 < s < ¢}, which satisfies the usual conditions.
Assume that P(Y; > 0) > 0. (The reader is referred to [10] for a review of fluctuation
theory of spectrally negative Lévy processes; see also [2, 15] for a complete discussion
of Lévy processes.) In the absence of positive jumps, the Laplace exponent ¢(\) is well
defined for all A > 0, i.e.

E[e)‘Y‘] =™ for A > 0and t > 0. (3.1)

Clearly ¥(0) = 0 and v is convex and tends to infinity as A — oco. For v > 0, let
D(v) =sup{A > 0:9(\) =~}, the largest (nonnegative) root of the equation ¥(\) = 7,
which is positive for v > 0. For v = 0, note that since ¢(0) = 0,¢’(0+) = E(Y7) and ¢ is
convex, we have ®(0) > 0 if and only if E(Y;) < 0.

With z € R, let X; = 2 +Y; for ¢t > 0, which is a Lévy process with initial state Xy = .
For a € R, define 7, = inf {t > 0: X; > a} (a stopping rule of threshold form). Then in
the absence of positive jumps, for Xy = z < a, we have X,, = a a.s. on {7, < oo}, and
(cf. [10, Equation (3)])

E, (6777"'1{ra<oo}) — efé(v)(a*r), (3.2)

where the subscript x in F, refers to the initial state X, = . It follows from (3.1) and
the definition of ® that

E [eMX=0)) = D) for all A > 0, and (®(y)) = 7. (3.3)
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Consider a nonnegative reward function g : R — [0, co) which is nonconstant, increas-
ing (i.e. g(z) < g(y) for z < y) and logconcave (i.e. g(6z + (1 — 0)y) > (g(z))? (g(y))* ~°
for all 2,y and 0 < 6 < 1). Letting log 0 := —oo, the function h(z) := log g(z) is increasing
and concave, so that the left-hand derivative h'(z—) is well defined (possibly +o0) at
every x with h(z) > —oo. Letting h'(x—) := +oo if h(z) = —oco, we have that h'(z—) is
decreasing (and nonnegative) in « € R. Define

w=w(y)=inf{z € R:h'(z—) < D(v)}, (3.4)

W =W(y) =sup {e_(b('m”g(x) tx € IR} , (3.5)

Viz) =V, (z) = su/a Ey (677 g(X:)1{rco0y) (z €R), (3.6)
TE

where M is the class of all stopping rules 7 with values in [0, co] (with respect to the
filtration {F;}:+>0). The following result is the continuous-time counterpart of Theorem
2.2.

Theorem 3.1. Let v > 0, and assume E(Y;) < 0 if v = 0, so that ®(y) > 0. Let
g : R — [0,00) be nonconstant, increasing, logconcave and right-continuous, and define
w=w(y),W =W(y) and V*(z) = V;(z) as in (3.4) — (3.6). Then the following statements
hold.

(i) If —oo < w < oo, then the threshold-form stopping rule 7,, is optimal, and V*(x) =
g(x) for z > w; and V*(x) = e~ *M(@=2) g(y) for z < w.
(ii) Ifw = oo, then V*(x) = e®M2W for all z. If, in addition, W = oo, then there exist
(randomized) stopping rules that have an infinite expected (discounted) reward; if
W < o0, then there is no optimal stopping rule.
(iii) If w = —oo, then V*(x) = g(x) for all = and the optimal stopping rule is to stop
immediately.

To prove Theorem 3.1, we need the following standard result which is the continuous-
time analogue of Lemma 2.3 and can be established easily by observing that {e= 7 f(X}) }+>0
is a supermartingale.

Lemma 3.2. Let f(x) and g(x) be nonnegative measurable functions defined on R and
v>0.If f(x) > g(x) and f(x) > E,[e” " f(X;)] forallz € R and t > 0, then

f(z) > sup E, (67’YT9(X7)1{T<00}) , z €R.
TEM
Proof of Theorem 3.1. (i) Let V() = B, (e 7™ g(X,,)1(r,<00})» © € R. Then by (3.2),
‘7(95) = g(z) for x > w and ‘7(95) = e~ *MW=2)g(y) for + < w. We need to prove
V*(z) = V(x) for all z. Since clearly V*(z) > V (z), it remains to prove V(z) > V*(z). By
Lemma 3.2, it suffices to show

~

V(z) > g(z) for z < w, (3.7)

and
V(z) > E,Je "'V (X,)] for z € R and t > 0. (3.8)

By the definition of w, we have 0 < h/(y—) < ®(y) for all y > w, which implies that
0 < h(y) — h(z) < ®(y)(y — z) for all y > x > w. Pick an arbitrary y with y > w and
g(y) > 0. Then we have by the right-continuity of g that

h(y) — h(w) = lim (h(y) —h(z)) < lim O(y)(y —z) = ©(y)(y — w) < +o0,

r—w+ Tr—w—+

implying that h(w) > —oco. So we have g(w) > 0 and V(z) > 0 for all z.
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To prove (3.7), let b(z) = ‘5/((3;)) forall z € R. For z < w, logb(x) = h(x) + ®(v)(w —z) —
h(w), whose left-hand derivative equals h'(x—)—®(v) > 0, implying that b(z) is increasing
in —oo < z < w and strictly increasing in 2o < 2 < w where zo := inf{y : g(y) > 0} < w.

Since b(w—) = g(w )/V( ) < g(w )/V( ) = 1, we have b(z) < 1, i.e. V( ) > g(z) for
x < w. This proves (3.7).

To prove (3.8), let a(y) = e~ ®M@W=¥ g(w) and ¢(y) = log (‘7 ) or all y € R. Since

q(y) = h(y) + 2(v)(w—y) — h(w) for y > w, we have ¢'(y—) = h'(y—) — ®(y) < 0 fory > w,
implying that ¢(y) is decreasing in y > w. Since ¢(w) = 0 and g(y) (and hence ¢(y)) is
right-continuous at y = w, we have ¢(y) <0 fory > w, i.e. V(y) < a(y) for y > w. Since
V(y) = a(y) for y < w, we have V(y) < a(y) for all y € R. Now for X, =z < w,

E e "V (X,)] < Ey[e " a(X,)]
e "E, [ef¢(7)(wat)]
e—(b(’Y)(W—I)—’YtE'x [eé(v)(Xt—r)]

e~ (M (w—z) =yt (P(7))t

e PMW=) — (g,

where the third and fourth equalities are by (3.3).

It remains to show that V (z) > E,[e "V (X,)] for X; = # > w. Letting ﬁ(y) =log V(y)
for all y € R, note that h(y) = h(y) for y > w and h(y) = h(w) — ®(y)(w — y) for
y < w. Since '(y) = ®(y) for y < w and h(y) (and hence h(y)) is concave in y > w and
1 (y—) = W (y—) < ®(v) for y > w, we have that h(y) is increasing and concave on R. It
follows that

h(y) < h(z)+¢ly — ) for all y € R,
n

(z—) < ®(y) (since x > w). So

Ele "V (Xy)] = € B, [V
< 67’YtEg: [eh(ac)+5(xt*x)]
_ eh(r)—vtEI [eﬁ(Xf,—r)]

= MO (hy (3.3))
< eh@—rtHu(@)t

= "W = g(z) = V(2),

where the second inequality follows since 0 < ¢ < ®(v) and ¥(z) < max{(0), ¥ (P(v))}
= 1(®(v)) forall 0 < z < () (by convexity of ¢). The proof of part (i) is complete.
(i) Let V(z) = e*™*} for all z. We need to show V*(z) = V(z). Since w = oo, the
left-hand derivative of h(x) — ®(y)x is h/(z—) — ®() > 0 for all z, so that e~ *M7g(z) =
eM®)=®(M2 ig strictly increasing in = > xo := inf {y : g(y) > 0}. Since g is nonconstant,
we have zp < coand W = sup{e *MYg(y) 1y € R} = limy 00 e Vg (y) > e~ *M7g(2)
for all z € R, implying that V( ) > g(z) for all x € R. For Xy = z < y, we have

V(@) 2 By (€ g(Xn ) Lir, <o0))
= 9 Bale Lz, co0y) = €O g(y) 5 POFW = V(2) as y — oc.
So V*(x) > V(z) for all z. The remaining claims for part (ii) can be established by

treating the cases W = oo and W < oo separately along the lines of the proof of Theorem
2.2(ii). The details are omitted.
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(iii) By Lemma 3.2, it suffices to show that for x € R and ¢ > 0,
9(x) > E.le " g(Xy)], (3.9)

which can be established along the lines of the proof of (3.8) for Xy = = > w (cf. the last
part of the proof of (i)). Briefly, since w = —oo, we can argue that g(x) > 0 for all z € R.
Since h(z) = log g(z) is increasing and concave on R,

h(y) < h(z) + ¢(y — ) for all = and y, (3.10)
where 0 < ¢:= h'(z—) < ®(v). Then (3.9) follows from (3.10). O

Remark 3.3. If a nonnegative function g : R — [0,00) is increasing and logconcave,
it is easily shown that g(x) is continuous everywhere except possibly at z( := inf{x €
R : g(x) > 0}. If &y > —oo, then Theorem 3.1 requires that g(z) be right-continuous at
x = xo, i.e. g(xo) = g(zo+). This right-continuity condition cannot be removed as the
following example shows. For 0 < ¢ < 1, consider g. : R — [0, c0) defined by

0, ifz < 0;
ge(x) =< ¢, ifz = 0;
1, ifx > 0;

which is increasing and logconcave. It is readily seen that the value function V*(z) =
Vi(z) = min{e®* 1} for z € R, which is independent of ¢ € [0,1]. For ¢ = 1, g. is
right-continuous and the optimal stopping rule is 79. But for 0 < ¢ < 1, g, is not right-
continuous and no optimal stopping rule exists. On the other hand, for a nonnegative,
increasing and logconcave reward function g which is not right-continuous at x = x¢ (i.e.
g(zo—) = 0 < g(xo) < g(xo+)), let g(x) := g(x) for x # xp; and g(xg) := g(xo+), which
is increasing, logconcave and right-continuous. For the reward function g, suppose
the optimal threshold value w defined in (3.4) (with h'(z—) replaced by the left-hand
derivative of log g(x)) is such that zp < w < co. Then the stopping rule 7, is optimal
for the reward function g since 7, is optimal for § and since g(z) = g(z) for = # xo,
g(z0) < g(xo) and z¢ < w. Moreover, the two reward functions g and g yield the same
value function. As an example, consider a Brownian motion with drift parameter —a
(a > 0) and v = 0 (without discounting). Then we have ¥ (\) = A\?/2 — a\ and ®(0) = 2a.
For0<c¢<1,letg}: R — [0,00) be defined by

0, ifz < 0
ga(xz) =(qc, ifz=0; (3.11)
eVr if x> 0;

which is increasing and logconcave for all 0 < ¢ < 1 and is right-continuous at zo = 0 if
and only if ¢ = 1. For the reward function gj, the optimal threshold value defined in (3.4)
is w = 1/(16a?) > 0 = z. It follows that 7, is optimal for the reward function g for all
0<c< 1.

Remark 3.4. Theorem 2.2 is concerned with the discrete-time discrete-state case while

Theorem 3.1 deals with the continuous-time continuous-state case. We now consider the
continuous-time discrete-state case involving a compound Poisson process

Ny
Xi=k+) & (t>0), Xo=keZ,

i=1
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where &, &1, &5, ... is a sequence of independent and identically distributed integer-valued
random variables with P({( > 1) = 0 and P({ = 1) > 0, and {/N;},., is a Poisson process
with constant rate p > 0 which is independent of the ¢/s. -

Let ¢(\) = E[e*], A > 0. Clearly, ¢(0) = 1 and ¢ is convex and tends to infinity as
A 00. Fory > 0and > 0, let 8 = B(v,p) = sup{Az():gb(A):Hg}, which is
positive for v > 0. For v = 0, note that since ¢(0) = 1, ¢’'(0+) = E(£) and ¢ is convex, we
have g > 0 if and only if F({) < 0.

For a (nonnegative) reward function g : Z — [0, c0) which is nonconstant, increasing
and logconcave, define

— - c_gk) o s
z—z(%u)—1nf{kEZ.g(k+l)ze }, (3.12)
Z =Z(y,p) =sup{e Pg(t): L€ Z}, (3.13)
Vi (k) = Vi (k) = Su/\’i( Ei (677 g(X:) 1 rco0}) s (3.14)
TE

where M is the class of all stopping rules 7 with values in [0,cc]. Then we have the
following result which can be established along the lines of the proof of Theorem 2.2.

Theorem 3.5. Lety > 0, and assume E(§) < 0ify =0, sothat 8 > 0. Let g : Z — [0,00)
be nonconstant, increasing and logconcave, and define z = z(v,u), Z = Z(vy,u) and
V**(k) = V;7,(k) as in (3.12) — (3.14). Then the following statements hold.

(i) If —oo < z < oo, then the threshold-form stopping rule 7, is optimal, and V**(k) =
g(k) fork > z; and V**(k) = e B=Rg(2) fork < z.
(ii) If z = oo, then V**(k) = ePkZ for all k. If in addition, Z = oo, then there exist
(randomized) stopping rules that have an infinite expected (discounted) reward; if
Z < oo, then there is no optimal stopping rule.
(iii) If z = —oo, then V**(k) = g(k) for all k and the optimal stopping rule is to stop
immediately.

4 Necessity of logconcavity and monotonicity: the discrete case

Theorem 2.2 shows that for a nonnegative, increasing and logconcave reward function
g, the optimal stopping rule is of threshold form under a general skip-free random walk
model. In this section, we prove a converse of Theorem 2.2 by restricting attention to
Bernoulli random walks without discounting (i.e. v = 0). Specifically, let {X,},, ., be a
Bernoulli random walk with parameter p (denoted BRW(p)) B

X7L+1:Xn+€n+17 TL:(),l,, X0:k€Z7

where &, £1,&2, ... are independent and identically distributed with P(§ = 1) =p, P(§ =
-1)=q=1-p(O<p<3). ForueZuU{—oc}, letr, =inf{n >0:X, > u}. (Note that
T_oo =0.) Foru € ZU{—} and g : Z — [0,0), it is well known that

gw)(p/q)*™F, ifk < u;

“4.1)
g(k), if k > u,

Ek.p [Q(Xn,)l{rmoo}} = {

where the subscripts k and p in Fj, , refer to the initial state X, = k and the parameter p
of Bernoulli random walk BRW(p).

Definition 4.1. Let g : Z — [0,00) be a reward function and

V(/{,p) = sup Ek,p[g(X‘r)l{T<oo}}7
TEM
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where M is the class of all stopping rules T with values in [0, 00]. We say that g is of
threshold type with respect to Bernoulli random walks if for each p € (0, §) there is an
m(p) € Z U {—oc} such that the stopping rule Tm(p) 1S Optimal under the BRW(p) model,
ie. forallp € (0,1) andk € Z,

V(k7p) = Ekl;p[g(XTm(p))1{Tm,(p)<oo}]' (4‘2)
We now present the main result in this section.

Theorem 4.2. If g : Z — [0,00) is of threshold type with respect to Bernoulli random
walks, then g is increasing and logconcave.

The key to the proof of Theorem 4.2 is the following lemma.

Lemma 4.3. Suppose g : Z — [0,00) is not identically 0 and is of threshold type with
respect to Bernoulli random walks (i.e. g satisfies (4.2)). Then the following properties
hold.

(i) Forallk € Z andp € (0,3%), V(k,p) > 0 and

g(m(p))(p/q)™ W)=k, if k < m(p);

g(k) < V(kvp) = {g(k)7 ifk > m(p)7

(ii) m(p) is increasing inp € (0, 1), i.e. m(py) < m(ps) for0 < p; < ps < 3,

(iii) g(k) =0 forall k < mg :=inf {m(p): 0 <p < i}.
Proof. (i) It is clear that V'(k,p) > Ej »[9(X+)1{; <] for any stopping rule 7. Since g is
of threshold type with respect to Bernouli random walks, we have by (4.1) and (4.2) that

9(m(p))(p/q)™®~F, if k < m(p);

Since g is not identically 0, g(ip) > 0 for some iy € Z. Consider the stopping rule
T =1inf{n > 0: X,, = ip} (which is different from 7;, if Xy = k& > ip). Then

V(k,p) > Ek,p [g(X'r)]-{‘r<oo}]
= g(iO)Ek,p [1{r<oo}}

= glio) min {(p/)""*,1} > 0

forall k € Z and p € (0, 5). This proves (i).
(ii) Suppose m(p1) > m(p2) for some 0 < p; < ps < 3. Letting m; = m(p),
q1 :=1—p1, g2 := 1 — py, we have by (4.1) and part (i)

P2
o) (22) = Buca 150, 145, <]

<V(my—1,p2) =g(myp — 1) (since m; — 1 =m(p1) — 1 > m(p2))

< V(mi—1,p1) = g(ma) <zi> ;

which together with % < ’;—z implies that g(m;) = 0 and V(m; — 1,p;) = 0, contradicting
(i). This proves (ii).

(iii) It suffices to consider my > —oo. Then, by the definition of m( and (ii), there
exists py € (0, %) such that m(p) = mp for all 0 < p < pg. For 0 < p < py and any

k < mo(= m(p)), we have by (i)
mofk
o) < Vg =almo) (2) > 0aspr0,

proving (iii). O
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Proof of Theorem 4.2. If g is identically zero, then we are done. Suppose now that g
is not identically 0. We shall first show that g is increasing. Suppose to the contrary
that g(¢) > g(¢ + 1) (implying g(¢) > 0) for some ¢ € Z. By Lemma 4.3(iii), we have
£ > myg since g(¢) > 0. Thus in either of the two cases my = —oo and my > —oo, there
exists p € (0, %) such that m(p) < ¢. Letting 7 = inf {n > 0: X,, = ¢} and noting that
Ery1p[1{r<o0}] = 1, we have by Lemma 4.3(i)

g@ + 1) = V(f + Lp) > E€+1,P[9<X7)1{T<oo}} = g(g)v

a contradiction. This proves that g is increasing.

It remains to show that g is logconcave. Suppose to the contrary that (g(¢ + 1))? <
g(0)g(¢ + 2) for some ¢ € Z. Then g(¢) > 0 and hence g(k) > 0 for all £ > ¢ since g is
increasing. Choose p € (0, 3) such that

g(l+1) P_ g(f) 4.3)

g0+2) S¢S g+

For k > m(p), we have by Lemma 4.3(i) that g(k+ 1) = V(k + 1,p) > 0 and

9(k) = V{k.p) > Brp (90X Liness coy] = 90k + 1) (p) .

q
So ")
g p

———— > = forall £ > m(p),

g(k+1) ~ q ®)
implying by (4.3) that £ + 1 < m(p). Let £1,¢> € {{+ 1,0+ 2,...,m(p)} be such that

g(0) ) | (g(é))kle
= min = k=04+1,042,...,m , (4.4)
(9(51) g(k) (#)

_9ll) _glk)

gl +1) mm{g(k+ Rt 1’“2’“-7’”(?)}- (4.5)
By (4.3)-(4.5),

g(l+1) - g(£2)

p>
9(012) = gl + 1)’

q

g+ 1) gt+2) g(th)
g(‘€+ 1) 9(52) £1—£—-1 ﬁ
i (9(“2) (9(62 + 1)) )
g(lz) \*7° e )
- <<g<e2+1>) ) -

(
A (g \T g(ts)
m““{q’ (gwl)) } e

Choose p’ € (0,p) such that

p (gONTT P glte)
mm{q’(g(fl)) }>q’>g(€2+l)’ 4.6)
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where ¢ =1—p'. Forke {{+1,{+2,...,m(p)}, we have by (4.4) and (4.6)
g(é))k” ( g(0) ) v
N 2 > —,
<9(k) 9(t1) q

k—t
p/
Vi) = o) > o) (%)
implying by Lemma 4.3(i) that m(p’) # k for all k € {£+1,£+2,...,m(p)}. Since
m(p’) < m(p) by Lemma 4.3(ii), we have m(p’) < ¢ < {3, which together with (4.1),
Lemma 4.3(i) and (4.6) implies that

SO

/

p
B, p [g(XT42+1)1{n2+1<oo}] =g(lz+1) (q,) > g(lz) = V(la,p),
a contradiction. This proves that g is logconcave and completes the proof. O

5 Necessity of logconcavity and monotonicity: the continuous
case

We have shown in Theorem 3.1 that for a nonnegative, increasing, logconcave and
right-continuous reward function g, the optimal stopping rule is of threshold form with
respect to a general spectrally negative Lévy process. In this section, we present a con-
verse of Theorem 3.1 by restricting attention to Brownian motions without discounting.
Specifically, let {Xt}t>0 be a Brownian motion with drift parameter —a (denoted BM(a)),
where 0 < a < oo, i.e.

Xi=x—at+ B;fort >0; Xo =1z €R,

where z is the initial state and B; is a standard Brownian motion. For a measurable
function ¢ : R — [0,00) and v € RU {—o0}, letting 7, = inf{t > 0: X; > u}, we have the
following standard result

g(u)e20u=2) " if p < y;

Ex,a[g(XTu)l{ru<oo}] = { (5.1)

g(z), if x > w;

where the subscripts « and a in E, , refer to the initial state Xy = x and the drift
parameter —a of Brownian motion BM(a).

Definition 5.1. Let g : R — [0, c0) be a measurable reward function and

V(x,a) = sup Eyq [9(Xr)1{r<o0}]
TEM

where M is the class of all stopping rules T with values in [0,00]. We say that g is
of threshold type with respect to Brownian motions if for each a € (0,00) there is a
u(a) € RU {—oo} such that the stopping rule 7,,) is optimal under BM(a), i.e. for all
a € (0,00) and x € R,

V(z,a) = By g(X%))l{w)mﬂ : (5.2)

The following result is the counterpart of Theorem 4.2 in the continuous case.

Theorem 5.2. If a measurable reward function g : R — [0, 00) is of threshold type with
respect to Brownian motions, then g is increasing and logconcave.

We first establish the following lemma which is the key to the proof of Theorem 5.2.
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Lemma 5.3. Suppose a measurable reward function g : R — [0, 00) is not identically 0
and is of threshold type with respect to Brownian motions (i.e. g satisfies (5.2)). Then
the following properties hold.

(i) Forallz € R and a € (0,00), V(x,a) > 0 and

g(u(a))e =) ifx < u(a);
9(x), ifz > u(a),

M@SVWMZ{

(ii) u(a) is decreasing in a € (0,0), i.e. u(ay) > u(az) for 0 < a; < ag < oo,
(iii) g(x) =0 for z < us = inf {u(a): 0 < a < oo}.

Proof. (i) It is clear that V(z,a) > E; 4[g(X+)1{r<o}] for all stopping rules 7 € M. Since
g is of threshold type with respect to Brownian motions, we have by (5.1) and (5.2) that

_ g(u(a))e=2e(@)=2) " if g < y(a);
glo) V(@ )_{g(x), if x > u(a).

Since g is not identically 0, g(z’) > 0 for some 2z’ € R. Consider the stopping rule
7=1inf{t > 0: X; = 2'}. Then

V(xva) > Er,a[g(XT)1{7'<oc}}
x/)EI,a[l{T<oo}]
2/)min{e~2*" %) 1} > 0

for all z € R and a € (0, 00). This proves (i).

(ii) Suppose u(a1) < u(az) for some 0 < a; < ap < oco. Letting uz := u(az) and
0 € (0,u(az) —u(ay)) (so that u(ay) < u(az) — 6 = us — § < ug), we have by (5.1) and part
(1)

—2a16

€ g<u2) = Eugfé,uq g(XTu2)1{7u2<oo}:|

< V(ug —6,a1) = g(uz — 9)

< V(ug —d,a2) = e 2%2%g(uy),
which together with 0 < a; < as implies that g(u2) = 0 and V(us—d, az) = 0, contradicting
(i). This proves (ii)

(iii) It suffices to consider u., > —oo. Pick an (arbitrary) asz € (0,00) and let uz :=
u(as) > us. We have by (i)

9(y) < V(y,a3) = e 2% ¥ g(uz) for all y < us. (5.3)
For any = < u, we have by (i), (ii) and (5.3) that for all a > a3
0 < g(x) § V(ac,a) _ ef2a(u(a)fa:)g(u(a)) S 672a(u(a)7a:)72a3(ugfu(a))g(ug),

which converges to 0 as a — oo. This proves (iii). O

Proof of Theorem 5.2. If g is identically zero, then we are done. Suppose now that g is
not identically 0. We shall first show that g is increasing. Suppose to the contrary that
g(r) > g(s) (implying g(r) > 0) for some r < s. By Lemma 5.3(iii), we have u, <7 <s,
so that there exists a € (0,00) such that u(a) < s. Letting 7 = inf {t > 0: X; =r} and
noting that E; , [1{;<}| = 1, we have by Lemma 5.3(i)

g(s) = V(S7 a) > Es,a [g(X‘r)l{'r<oo}} = g(T‘),

EJP 19 (2014), paper 120. ejp.ejpecp.org
Page 14/18


http://dx.doi.org/10.1214/EJP.v19-3745
http://ejp.ejpecp.org/

Optimal stopping rules for logconcave reward functions

a contradiction. This proves that g is increasing.
It remains to show that g is logconcave. Suppose to the contrary that there exist
r < ¢ < s such that

s—c c—=r

gle) < g(r)=rg(s)=". (5.4)

Then g(r) > 0 and hence g(x) > 0 for all x > r since g is increasing. By (5.4),

1 1 1
0< (g(c)> < (g(r)> < (g(r)> <1l (5.5)
9(s) 9(s) g(c)
We claim that g is continuous on (r,00). Since g is increasing, it suffices to show that
g(x—) > g(x+) for all z > r. Since Lemma 5.3(iii) together with g(r) > 0 implies that

Uoo < 1 < x, there exists a € (0,00) such that u(a) < z. By Lemma 5.3(i), we have for
0 <e <z —u(a) (implying z — ¢ > u(a)),

g({L‘ - 5) = V(:E - 57(1) > Eazfs,a [g(XTm+5)1{Tm+E<OO}:|

= 6_2(1(26)9(1. + 5)7

which by letting € — 0 yields g(z—) > g(z+). Thus, g is continuous on (7, ).
In view of (5.5), let a’ € (0, 00) be such that

(B =< (56) < () ”

For y > = > u(a’), we have by Lemma 5.3(i) that g(y) = V(y,a’) > 0 and

9(@) = V(2,0) > Epar [9(Xr,) 15, <o0}] = €2 @ g(y) > 0.

So,

<9(33)> o > e 24 for all y>x>u(d),
9(y)

implying by (5.6) that ¢ < u(a’). Let

_1
i { (29) :
L = inf _— e < x < max{s,u(a . (5.7)
{ (5 ol )}}
Since (Zggg)ﬁ is continuous in = € [¢, max{s,u(a’)}], there is an z; € [¢, max{s, u(a’)}]
such that

<gg((xr1))) e — min { (38) - CSTS max{sm(a’)}} - (5.8)

By (5.6) and (5.7),

1
e 2 > (g(c)> > L. (5.9)
9(s)
Note that ¢ < x1 < max{s,u(a’)}. By (5.6)-(5.8), if z; = ¢,
1 1 1
] —r c—r s—c
(g(r) > - (g(r)> > (“Q(C)> > L (5.10)
g9(x1) 9(c) 9(s)
EJP 19 (2014), paper 120. ejp.ejpecp.org
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ifx; > ¢,

xr]—c c—1r

-l ] ("

S LR LES L (5.11)

In view of (5.9)-(5.11), let o’ € (a’, ) be such that

min { =2, ( 9(r) ) >e2 S (5.12)
g(x1)

For y € [c,u(a’)], we have by (5.8) and (5.12)

(0= ()" e

so V(r,a") > g(r) > e 2¢"(w=")g(y), implying by Lemma 5.3(i) that u(a”) # y for all
y € [c,u(a’)]. Since u(a”) < u(a’) by Lemma 5.3(ii), we have u(a”) < c. It follows from

1
(5.7) and (5.12) that e~2¢" > (gg((;)))) "% for some yp € (¢, max{s,u(a’)}], which together

with u(a”") < ¢ implies that

Ve, a//) =g(c) < e (y(]ic)g(yo) = Ecar g(XT?/o)l{Tyo <oo} |
a contradiction. This proves that ¢ is logconcave and completes the proof. O

Remark 5.4. Under the assumptions on g in Theorem 5.2, g has been shown to be
increasing and logconcave, so that it is continuous everywhere except possibly at
xo = inf{z : g(x) > 0} (cf. Remark 3.3). However, g need not be right-continuous under
the assumptions of Theorem 5.2, as the function g} given in (3.11) (with 0 < ¢ < 1) shows.

6 Concluding remarks

We have explored the close connection between increasing logconcave reward func-
tions and optimal stopping rules of threshold form, which yields a partial characterization
of the threshold structure of optimal stopping rules. In the discrete (continuous, resp.)
case, we established that if a nonnegative measurable reward function defined on Z
(R, resp.) is increasing and logconcave (and right-continuous for the continuous case),
then the optimal stopping rule is of threshold form provided the underlying process is a
skip-free random walk (a spectrally negative Lévy process, resp.). As these results only
cover optimal stopping problems without overshoot, it would be of great interest to find,
for problems with overshoot, (general) conditions on the reward function (in addition to
logconcavity and monotonicity) under which the optimal stopping rule is of threshold
form, so as to provide a more complete characterization of the threshold structure of
optimal stopping rules.

In the case without discounting (v = 0), we also established the necessity of logcon-
cavity and monotonicity of a reward function in order for the optimal stopping rule to be
of threshold form in the discrete (continuous, resp.) case when the underlying process be-
longs to the class of Bernoulli random walks (Brownian motions, resp.) with a downward
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drift. For the remainder of this section, we briefly address the issue of necessity of log-
concavity and monotonicity when the discount rate + is positive. With v > 0 fixed, in the
discrete case, we consider the class of Bernoulli random walks BRW(p) forall 0 < p < 1.
Let g be a positive reward function defined on Z with g(k) > e™" max{g(k — 1),g9(k + 1)}
for all £ € Z. (Such a function g can be neither increasing nor logconcave.) Since
g(k) > Ele "g(k + &) where P(({=1)=p=1—q¢=1— P({ = —1), we have by Lemma
2.3
g(k) > Exp(e” " g(Xr)1frco0y), forall k€ Z and 7€ M,

implying that the stopping rule 7_., (i.e. to stop immediately) is optimal under BRW(p)
for all 0 < p < 1. In particular, for a positive increasing reward function g with
g(k) > e 7g(k + 1) for all k£ (which need not be logconcave), the stopping rule 7_ is
optimal under BRW(p) for all 0 < p < 1. More generally, let g be a positive increasing
reward function such that for some kg € Z, g is logconcave in k < kq (i.e. g(k —2)/g(k —
1) < g(k—1)/g(k) for all k < ko) and g(k) > e 7g(k + 1) for all k > ky. Then the optimal
stopping rule is of threshold form under BRW(p) for all 0 < p < 1. More precisely, for

0 < p < 1, define
alp) = (€7 — v/e2" —4pq)/(2q),

which satisfies (2.2). Let

m(p) = inf{k € Z: g(k)/g(k + 1) > a(p)}.

Note that m(p) < ko since a(p) < e~7. Then it can be shown (along the lines of the proof
of Theorem 2.2) that Tm(p) 18 optimal under BRW(p) for all 0 < p < 1. (This can also be
argued by considering the associated problem for the ladder height process, which as a
consequence of the conditions on g, is a monotone stopping problem; cf. Remark 2.5.)

In the continuous case, we consider the class of Brownian motions BM(a) for all « € R
where —a is the drift parameter, i.e. X; = v —at+ B; for t > 0. For a measurable function
g: R —[0,00) and v € RU {—0c0}, we have the following standard result

_ g(u)e 0@ =) if ¢ < y;
Egole” 7™ g(X5,)1 Tu<oo}] = (6.1)
ale™ " g(Xr ) s, <oo}] {g(x% o>

where 0(a) = \/a? + 2y + a. (Note that 6(a) equals ®() in (3.2) when {X,} is BM(a) and
that (6.1) reduces to (5.1) since 6(a) = 2a for v = 0 and a > 0.) Clearly with v > 0 fixed,
f(a) is continuous and strictly increasing with lim,—,_, #(a) = 0 and lim,_,~, #(a) = oc.
The following result can be established along the lines of the proof of Theorem 5.2 with
2a replaced by 0(a) and some minor modifications.

Theorem 6.1. Fixy > 0. Let g : R — [0, 00) be a measurable reward function. Suppose
that for each —co < a < oo, there is a threshold u(a) € R U {—oco} such that 7, is
optimal under BM(a). Then g is increasing and logconcave.
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