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Steven Heilman

Abstract
The Standard Simplex Conjecture of Isaksson and Mossel [12] asks for the partition

{Ai}le of R™ into k¥ < n + 1 pieces of equal Gaussian measure of optimal noise
stability. That is, for p > 0, we maximize

k
Z/ / La, (@) La, (wp + yy/1 — pR)e” T o) 2= Wit 4wl 2 g gy
= Jrn Jrn

Isaksson and Mossel guessed the best partition for this problem and proved some ap-
plications of their conjecture. For example, the Standard Simplex Conjecture implies
the Plurality is Stablest Conjecture. For k = 3,n > 2 and 0 < p < po(k,n), we prove
the Standard Simplex Conjecture. The full conjecture has applications to theoretical
computer science [12, 13, 19] and to geometric multi-bubble problems.
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1 Introduction

The Standard Simplex Conjecture [12] asks for the partition {A4;}* ; of R" into
k < n + 1 sets of equal Gaussian measure of optimal noise stability. This Conjecture
generalizes a seminal result of Borell, [3, 19], which corresponds to the k¥ = 2 case of
the Standard Simplex Conjecture. Borell’s result says that the two disjoint regions of
fixed Gaussian measures 0 < a < 1 and 1 — a and of optimal noise stability must be
separated by a hyperplane. Since two disjoint sets of total Gaussian measure 1 can be
described by a single set and its complement, Borell’s result can be stated as follows.
Let A C R™ have Gaussian measure 0 < ¢ < 1 and let p € (0,1). Then the follow-
ing quantity, which is referred to as the noise stability of A, is maximized when A is a
half-space.

/ / 1a(2)1a(zp + yy/T = p2)e~ @it +o0) /2= (Wit +ui)/2 gy (1.1)
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Noise stable partitions

When we say that A is a half-space, we mean that A is the set of points lying on one side
of a hyperplane. If p € (—1,0), then the noise stability (1.1) of A is minimized among all
sets of Gaussian measure a, when A is a half-space. We can rewrite (1.1) probabilisti-
cally as follows. Let X = (X3,...,X,),Y = (Y¥1,...,Y,) € R” be two standard Gaussian
random vectors such that E(X;Y;) = p- 1(;=j)- Then the noise stability (1.1) of A is equal
to P((X,Y) € A x A).

For modern proofs of Borell’s theorem with additional stability statements, see [18,
7]. In the present work, we prove a specific case of the Standard Simplex Conjecture
for £k = 3, when 0 < p < pg(n). Already for the case k = 3, the methods used in the
case k = 2 do not seem to apply, so new techniques are required to treat the case k = 3.
We first discuss consequences of the full conjecture and we then state the conjecture
precisely. The Standard Simplex Conjecture appears to be first stated explicitly in [12].
If true, this conjecture implies:

¢ Optimal hardness results for approximating the MAX-k-CUT problem [12, Theo-
rem 1.13], a generalization of the MAX-CUT problem. (These hardness results are
optimal, assuming the Unique Games Conjecture).

* The Plurality is Stablest Conjecture [13],[12][Theorem 1.10], an extension of the
Majority is Stablest Conjecture [19] asserting that: the most noise-stable way to
determine the winner of an election between k candidates is to take the plurality.
(This result assumes that no one person has too much influence over the election’s
outcome, and each candidate has an equal probability of winning).

* The solution of a multi-bubble problem in Gaussian space [6, 12, 17]: in R", mini-
mize the total Gaussian perimeter of k& < n + 1 sets of Gaussian measure 1/k.

The MAX-k-CUT problem asks for the partition of the vertices of any graph into & sets
of maximum total edge perimeter. For the precise statement, see Definition 1.4 below.
For a graph on n vertices, the MAX-k-CUT problem cannot be solved time polynomial
in n, unless P=NP [8]. Yet, we can always find an approximate solution of the MAX-k-
CUT problem in time polynomial in n [8]. To create this approximate solution, we label
the vertices of the graph by vectors in R", solve an appropriate semidefinite program
for these vectors, and we then “round” these vectors into k& bins. In particular, two
vectors are rounded into the same bin if they lie in the same subset of a given partition
{A,»}f:1 of R". The best way to perform this rounding procedure is then provided by
the partition {A;}*_, of optimal noise stability. That is, the Standard Simplex Conjecture
exactly describes the best way to solve the MAX-k-CUT problem [12, Theorem A.6]. This
connection between combinatorial optimization and geometry has been well-studied;
see e.g. [20, 2, 14, 16, 4, 10]. For a survey of the complexity theoretic motivation for
problems related to the Standard Simplex Conjecture, see [15], where Grothendieck
inequalities are emphasized.

The Plurality is Stablest Conjecture for k£ = 2 was proven in [19], where it was found
to be a consequence of Borell’s theorem, after applying a nonlinear central limit theo-
rem, which is referred to as an invariance principle. For k = 2, this problem is known
as the Majority is Stablest Theorem. For more on the invariance principle, see also
[5]. The invariance principle of [19] is proven by combining the Lindeberg replacement
method with the hypercontractive inequality [9]. The Plurality is Stablest Conjecture
says that the Plurality function nearly maximizes discrete noise stability over all func-
tions f: {1,...,k}™ — {1,...,k}. In this context, we think of the domain of f as n voters
who vote for any one of k candidates. Given n votes (as,...,a,) € {1,...,k}", the value
fla1,...,a,) € {1,...,k} is the winner of the election. The Plurality is Stablest conjec-
ture also assumes that each candidate has an equal probability of winning the election,
and no one person has too much influence over the outcome of the election. It turns

EJP 19 (2014), paper 71. ejp.ejpecp.org
Page 2/37


http://dx.doi.org/10.1214/EJP.v19-3083
http://ejp.ejpecp.org/

Noise stable partitions

out that the latter assumption means that the function f can be well approximated by a
function g: R™ — {1,...,k}. That is, the noise stability of f is close to the sum of noise
stabilities of the sets g~1(1),...,¢g (k). This approximation procedure, which uses an
invariance principle, shows the equivalence of the Plurality is Stablest Conjecture and
Standard Simplex Conjecture [12, Theorems 1.10 and 1.11]. We are therefore partially
motivated to solve the Standard Simplex Conjecture to attempt to complete the picture
set out by the sequence of works [3, 13, 19, 12].

The problem of minimizing Gaussian perimeter arises as an endpoint case of the
Standard Simplex Conjecture. The Standard Simplex Conjecture is a statement involv-
ing a sum of terms of the form (1.1), and the Gaussian perimeter is recovered by letting
p—17.

We now precisely state the Standard Simplex Conjecture. Let p € (—1,1), n > 1,
n € Z, let f: R™ — R be bounded and measurable. Let y = (y1,...,y,) € R™ and define
Y (y) := e~ Wit=Fv2)/2 /(21)"/2 For x € R™, define

T,f(x) = /}Rn flzp+yv1— p2)dyn(y). (1.2)

The operator defined by (1.2) is known as the noise operator, or Bonami-Beckner oper-
ator, or Ornstein-Uhlenbeck operator. In particular, the Ornstein-Uhlenbeck operator is
often written with p = e¢~%, ¢t > 0, so that T.-: becomes a semigroup.

Definition 1.1. Let A;,...,A; C R" be measurable, k < n + 1. We say that {A;}}_,
is a partition of R™ if UF_ A, = R", and v, (A; N 4;) = 0 fori # j, i,j € {1,...,k}.
Let {2;}%_, be the vertices of a regular simplex centered at the origin of R". For each
i €{l,...,k}, define A; := {x € R": (x, 2;) = max;e(1,... x}(T,2;)}, the Voronoi region of
z;. We call {A;}%_, a regular simplicial conical partition.

Conjecture 1.2 (Standard Simplex Conjecture, [12]). Letn > 2, let p € [—1,1], and
let3 <k <n-+1. Let {A;}}_, be a partition of R".

(a) Ifp € (0,1], and if v, (A4;) = 1/k, Vi € {1,...,k}, then among all such partitions of
R", the quantity

k
J = Z;/ La, (2)Tp(1a,) (x) dryn () (1.3)

is maximized by a regular simplicial conical partition.

(b) If p € [—1,0) (with no restriction on the measures of the sets A;, i € {1,...,k}),
then among all partitions of R", the quantity J is minimized by a regular simplicial
conical partition.

The following theorem is our main result.

Theorem 1.3 (Main Theorem). Fixn > 2, k = 3. There exists pg = po(n, k) > 0 such
that Conjecture 1.2 holds for p € (0, po).

Theorem 1.3 seems to have no direct relation to Gaussian isoperimetric problems
[6], since these problems are implied by letting p — 1~ in Conjecture 1.2. Also, [12,
Lemma A.4,Theorem A.6] shows that Theorem 1.3 seems to give no new information
about the MAX-k-CUT problem, since in this problem, p < 0 is most relevant. Surpris-
ingly, our proof strategy does not work for p < 0, as we show in Theorem 7.4.

Let X = (X1,...,X,),Y = (Y1,...,Y,) be jointly standard normal n-dimensional
Gaussian random variables such that the covariances satisfy IE(X;Y;) = p- 14—y, 4,7 €
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{1,...,n}. In[12], the quantity (1.3) is written as Zle P((X,Y) € A; x A;). To see that
our formulation of Conjecture 1.2 is equivalent to that of [12], let A C R™ and note that

fo totadne = [ 1a@) [ 4o+ 0v T P e)
- / / La(@)1a(@p +yv/T = p)dy(y)dy (@) = P((X,Y) € A x A).

1.1 MAX-k-CUT and the Unique Games Conjecture

We now rigorously describe the complexity theoretic notions referenced above.

Definition 1.4 (MAX-k-CUT). Letk,n € IN, k > 2. We define the weighted MAX-k-CUT
problem. We are given a symmetric matrix {a;;};';_; witha;; > 0 for alli,j € {1,...,n}.
The goal of the MAX-k-CUT problem is to find the following quantity:

max Z Qg
c: {1,...,n}—{1,....k} iielTom}:
c(i)#c(4)

Definition 1.5 (I'-MAX-2LIN(k)). Let Kk € N, £ > 2. We define the I'-MAX-2LIN(k)
problem. In this problem, we are given m € IN and 2m variables z; € Z/kZ, i €
{1,...,2m}. We are also given a matrix {a;;};7_, with a;; > 0 for all i,j € {1,...,2m}.
An element (i,j) corresponds to one of m linear equations of the form x; — x; =
cij(modk), i,5 € {1,...,2m}, ¢;; € Z/kZ. The goal of the I'-MAX-2LIN(k) problem is
to find the following quantity:

max Qij. (1.4)
(1, sx2m ) E(Z/KZ)?>™ (ivj)ZEE: ’
z;—xj=c;j(mod k)

Definition 1.6 (Unique Games Conjecture, [13]). For every e € (0,1), there exists a
prime number p(e) such that no polynomial time algorithm can distinguish between the
following two cases, for instances of I'-MAX-2LIN(p(¢)) with w = 1:

(i) (1.4) is larger than (1 — ¢)m, or
(ii) (1.4) is smaller than em.
If (1.4) were equal to m, then we could find (x4, ..., %s,,) achieving the maximum in

(1.4) by linear algebra. One can therefore interpret the Unique Games Conjecture as
an assertion that approximate linear algebra is hard.

Theorem 1.7. (Optimal Approximation for MAX-k-CUT, [12][Theorem 1.13],[8]).
Letk € IN, k > 2. Let {A;}F_, C R*¥~! be a regular simplicial conical partition. Define

oy = inf k—k? Zf:l .[]R” La; Tpla,dyn _ inf k—k? Zf=1 Jﬁ{n La; Tpla,dym
gy <p<1 (k=1)(1-p) — i <ps0 (k=1)(1—p) '

Assume Conjecture 1.2 and the Unique Games Conjecture. Then, for any € > 0, there
exists a polynomial time algorithm that approximates MAX-k-CUT within a multiplica-
tive factor ay, — €, and it is NP-hard to approximate MAX-k-CUT within a multiplicative
factor of ay, + €.
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1.2 Plurality is Stablest

We now briefly describe the Plurality is Stablest Conjecture. This Conjecture seems
to first appear in [13]. The work [13] emphasizes the applications of this conjecture to
MAX-k-CUT and to MAX-2LIN(k).

Letn > 2k > 3 Let (W1, ..., W) be an orthonormal basis for the space of functions

.....

Assume that W; = 1. By orthonormality, for every o € {1,...,k}, there exists g(o) € R
such that the following expression holds: g = Zae{l,..‘,k} g(o)W,. Define

Ag = {(r1,...,2) ERF: V1 <i<k0< ;< 1,2?:11'1':1}.

Let f: {1,....k}" = Aw, f = (f1,os fu) fiz {1, K} — [0,1], ¢ € {1,...,k}. Let
o= (01,...,00) € {1,...,k}". Define W, := [[\_, W,,, |o| := [{i € {1,...,n}: 0; # 1}
Then for every o € {1, ..., k}" there exists f;(0) € R such that f; = Dooe(l, .k} fi(o)W,,
i€{l,...,k}. Forpe[-1,1]and i € {1,...,k}, define

Tfii= Y. PUR(OW,, T,f = (Tpfr,...,Tpfr) € R
oe{l,....k}n
Let m > 2, k > 3. For each j € {1,...,k}, lete; = (0,...,0,1,0,...,0) € R* be the
§'" unit coordinate vector. Let o € {1,...,k}". Define PLUR,, x: {1,...,k}™ — A such
that

e Af {ie{1,....m}ros =5} > [{i€{1,....m}: 05 =7},
PLUR,, x(0) := Vre{l,....k}\ {j}
%Zle e; ,otherwise

Conjecture 1.8 (Plurality is Stablest Conjecture, [12]). Letn > 2, k > 3, p €
[—ﬁ, 1], e > 0. Let (-,-) denote the standard inner product on R™. Then there exists
7 > 0 such that, if f: {1,....k}" — Ay satisfiles 3> c(y  yyn. 5,21 (fi(0))? < 7 for all
ie{l,...,k},j€{1,...,n}, then

(@) Ifp e (0,1], and if = 3,y pye F(0) = £ 320, i, then

=Y GO TIe)
oe{l,...k}n

> lim im > (PLURumk(0), T,(PLURy ) (o)) — <.

T m—oo
oe{l,....k}m™

1.3 A Synopsis of the Main Theorem

We now describe the proof of Theorem 1.3. We first take the derivative d/dp of the
quantity J defined by (1.3). This procedure is common, and it dates back at least to
the the proof of the Log-Sobolev Inequality by Gross [9]. Taking this derivative allows
us to relate J to the works [14, 16]. In Section 3, we modify the results of [14, 16] to
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prove the existence of a partition that maximizes (d/dp).J. Then, in Section 4, we further
modify results of [14, 16] to show that, if p > 0 is small, then a partition maximizing
(d/dp)J is close to a partition maximizing (d/dp)|,—0J. And by [14], we know that the
partition maximizing (d/dp)|,=0J is a regular simplicial conical partition, for dimension
n > 2 and k = 3 partition elements.

So, for small p > 0, a partition maximizing (d/dp)J is close to a regular simplicial
conical partition. The structure of the operator 7T, then permits the exploitation of a
feedback loop. This feedback loop says: if our partition maximizes (d/dp)J for small
p > 0, and if this partition is close to a regular simplicial conical partition, then this
partition is even closer to a regular simplicial conical partition. This feedback loop is
investigated in Section 5, especially in the crucial Lemma 6.1. A similar feedback loop
was already apparent in [14][Lemma 3.3]. The full argument of Theorem 1.3 is then
assembled in Section 7. By using this feedback loop, we show in Theorem 7.1 that a
regular simplicial conical partition maximizes (d/dp)J for small p > 0, k = 3, n > 2.
Then, the Fundamental Theorem of Calculus allows us to relate (d/dp).J to J, therefore
completing the proof of the main theorem, Theorem 1.3.

Since Lemma 6.1 is rather lengthy and crucial to this investigation, we will further
describe the idea behind it. If we know that our partition maximizes (d/dp)J, and if
we also know that this partition is close to a regular simplicial conical partition, then
the first variation should immediately tell us that our partition is actually a regular
simplicial conical partition. Unfortunately, this intuition does not translate into a proof.
The main technical problem is that the sets we are dealing with are unbounded, and
we need to know precise information about the Ornstein-Uhlenbeck operator applied
to these sets, for points that are very far from the origin. Since the Gaussian measure
decays exponentially away from the origin, this means that it becomes hard to say
something precise about the points in these sets that are very far from the origin. So,
we require very precise estimates of the Ornstein-Uhlenbeck operator, and the errors
that it accrues when we evaluate it far from the origin. These estimates are performed
in Lemmas 5.2 and 5.3. Unfortunately, to use these estimates effectively, we need to
slowly enlarge the regions where we use these estimates. The details of enlarging these
regions becomes surprisingly complicated, occupying the seven steps of Lemma 6.1.

In Section 7, we also show the surprising fact that our strategy fails for small neg-
ative correlation. That is, for small p < 0, (d/dp)J is not maximized by the regular
simplicial conical partition. This result does not confirm or deny Conjecture 1.2 for
p < 0. However, one may interpret from this result that the case of Conjecture 1.2 for
p < 0 could be more difficult than the case p > 0.

We should also emphasize the lack of symmetrization in the proof of Theorem 1.3.
Symmetrization is one of a few general strategies that solves many optimization prob-
lems. In our context, symmetrization would appear as follows. Recall the definition of
J from (1.3). Suppose we have a partition {4;}¥ ; C R". Change this partition into
a “more symmetric” partition {A4;}*_, such that J or (d/dp).J is larger for {4;}*_,. In
the proof of the main theorem, it is tempting to use this symmetrization paradigm. The
works [3],[19] and [12] use Gaussian symmetrization in a crucial way. However, we
find this approach to be less natural for Conjecture 1.2, so we do not explicitly use
symmetrization. Nevertheless, symmetry does play a crucial role in our proof, espe-
cially in the estimates of Section 4. It should also be noted that the works [14, 16] do
not explicitly use symmetrization, and this lack of symmetrization is one of their novel
aspects.
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1.4 Preliminaries

We follow the exposition of [17]. Letn > 1, n € Z. Let N = {0,1,2,3,...}. For
f:R"™ — R measurable, let || fll,,.., = (Jzn |12 dy)Y/2. Let Lo(vyn) == {f: R" —
R: [Ifllz,(y,) < oo} Let £5 denote the £, norm on R". For z € R" and r > 0, define
B(z,r) = {y € R": [z —ylly <.

For f € Ly(vy,), define T, as in (1.2). The operator 7T, is a parametrization of
the Ornstein-Uhlenbeck operator. The operator 7}, is not a semigroup, but it satisfies
T Tp, = Tp,p,r p1,p2 € [—1,1], by (1.7) below. We use definition (1.2) since the usual
Ornstein-Uhlenbeck operator is only defined for p € [0,1]. Let A > 0, € R. Recall that
the Hermite polynomials of one variable are defined by the generating function

AT AY/2 Z)\ehg(:c). (1.5)
LeIN

Alternatively, one defines the polynomials H,(x) where hy(z) = 2742(¢) " Hy(z/V/2).
This convention is used in [1], where the orthogonality properties of the Hermite poly-
nomials are derived.

Note that f]R hidy, = 1/¢!, and {\/E he}een is an orthonormal basis of Ly(v1). Recall
also that ho(z) = 1 and hy(z) = z. Set f(z) := e**~*’/2. A routine computation shows
that T,(f)(z) = e*?)2=()*/2 Indeed

T,(f)(z) = / e/\(mp+y\/1*p2)7/\2/2d%(y) - / eAP)z+(A/1=p2)y—A?/2—y* /2 dy
P n R™ V 27T
_ -2/ / AT N2(1-p%) 2 W (pe-X?/2402(1-p) /2
n \Y 27'('
— Q)z=(p)?/2
Therefore, by (1.5),
T,f(x) =Y ANp'hy(x). (1.6)

CEN

So, by linearity, T,h(z) = p*he(z).
We now extend the above observations to higher dimensions. Let f € La(v,), so that
= ewn acheVll, a; € R, where € = ({4,...,4,) € N" and h¢(z) = [];_, he, (z;). Write
|| :== 0y + -+ £, and ¢! := (£1!) - - - (£,!). Then T, satisfies T,h, = pl‘lh; and for z € R",

Tf(z) =Y Vil he(x) ( . Vil héfd%) (1.7)

LeIN™

Let A:= "  0?/0xz?, and define
L'-—A—i—ix‘-i (1.8)
= 2T .

A well-known calculation shows the following equality, which we prove in the Appendix,
Section 9.

d . 1
ap el @) = pT LT f (@) = = ({2, VT, f(2)) = AT, f(x) (1.9)

_ ﬁK‘” [ st o/ T= ()

P = ) —
+m/" (;(1—%)) f(fcp+y\/ﬁ)d%(y)} (1.10)

We say that A C R" is a cone if A is measurable and V¢ > 0, tA = A.
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Definition 1.9. A simplicial conical partition {A;}}_, is a partition of R" together
with a simplex S C R*~! with 0 < k — 1 < n and a rotation ¢ of R" such that 0 € S
and such that each facet F; of o(S x R"~**1) generates a partition element, i.e. A; =
{to(F; x R"J): t € [0,00)}, i € {1,...,5+1}. Letk—1 < n and let {z;}¥_, C R" be
nonzero vectors that do not all lie in a (k—1)-dimensional hyperplane. Define a partition
such that, fori € {1,...,k}, A; :=={z € R": (z, 2;) = max;—1 . r(x,2;)}. Such a partition
is called the simplicial conical partition induced by {z;}%_,.

If {A;}F_, is a simplicial conical partition induced by the vectors { [ A, xdy, (z) e,
then we say the partition is a balanced conical partition. If {z}¥_, C R" are the
vertices of a (k — 1)-dimensional regular simplex in R™ centered at the origin, then the
partition induced by {z;}%_, is called a regular simplicial conical partition.

Let f € La(yn)- By Plancherel and (1.7)

/ FTpfdyn =Y pl / a hedfyn (1.11)
R Ze]N"
Substituting (1.11) into (1.3) gives
2
Z/ 14,T,(14,)dyn = Z[ ’/ xdyn(z) W / fhgd’}/n ]
i=1 A Z’i‘ Ze]N"
[6]>2
(1.12)
Taking the derivative d/dp of (1.12) at p = 0, we get a quantity studied in [14, 16].
- Z/ 14,T,(14, d*yn—Z[ / xdry, (x Z |g|plf\ 1/ \Fh@dvn }
P " =1 LIV A 55’ LeN”
[]>2
(1.13)
d k k 2
- Z/ 14, T, (1a)dy = / zdry, () (1.14)
Plp=0i=7 /R i=1 117 A g

2 Noise Stability for Zero Correlation

This section concerns noise stability at the endpoint p = 0. Specifically, we will in-
vestigate the quantity (1.14), which has already been studied in [14, 16]. Using our
understanding of (1.14), we will then be able to analyze the left side of (1.13) when p is
small, using the equality (1.13). Before beginning our discussion, we first need to con-
sider partitions of R™ within the convex set defined in (2.1). Definition 2.3 provides the
metric allowing an assertion that two partitions are close to each other, and Definition
2.4 allows us to discuss the Gaussian measure restricted to hypersurfaces.

Definition 2.1. Let H := &} | L1(v,) and define
Arm) = {(f1,- o) EH:V1<i<k0<f; <1,YF fi=1} (2.1)
Definition 2.2. Lete¢ > 0. Define

AGO) = U ) € Mulan): = < [ fid < 4k

k k
Definition 2.3. Define a metric dy on partitions {A;}¥_,,{C;}F_, of R" by the formula

& , 1/2
BHANACHL) = nt (Z |14 =10, )> -
i=1 "

0ceSO0(n)
7 a permutation
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Definition 2.4. Let A C R", let L denote Lebesgue measure on R", and define the
distance d(z,y) := ||z — yH@S, x,y € R™. Denote d4 as the measure L on R" restricted to
A. That is, §4(B) := liminfs_,o 53 £{y € R": 3z € AN B with d(z,y) < d}, B C R". Also,
we denote v, (64) := liminfs_,o 557, {y € R": 3z € A with d(z,y) < 0}.

The next two lemmas are derived from [14]. Lemma 2.6 is a quantitative variant of
Lemma 2.5, and it will be further improved in Lemma 2.8 below. In particular, Lemma
2.6 says that, if the first variation condition for achieving the optimum value of (2.2) is
nearly satisfied, then the partition is close to being simplicial.

Lemma 2.5. [14, Lemma 3.3, Corollary 3.4] Let n > 2 and let {B;}3_, be a regular
simplicial conical partition of R". Then (1p,,1p,,1p,) uniquely achieves the following
supremum, up to orthogonal transformation.

3

sup Z /n x fi(x)dyn (x)

(f1:f2:f3)€A3(vn) =1

2
(2.2)

n
¢ 2

Lemma 2.6. Let n > 2 and let {B;}?_,,{C;}?_, € R" be regular simplicial conical
partition. Let {A;}3_, C R" be a simplicial conical partition. Let z; := S, xdyn(z), and
letv;; € S"71NA; NA; Nspand{z;, z;}. IF [(z; — zj,v5)] <e <1070V i j € {1,2,3}, i #7,
and lfdg({Al},::’:l, {017 02, @}) > 1/100, then dz({Ai}?zl, {Bl}?zl) < \/@

Proof. For i,j € {1,2,3}, let 0 < «; < 7 such that A; is a cone with angle «;. Let
o: R™ — R" be a reflection that fixes A; N A;. Without loss of generality, o(A4;) C A;.
Then z;—z; = fA’_\U(AV) xdy,(x) and || z; — 2|, = sin((;—a;)/2)/v2m. Let 0 < § < 7 such

J
that ||z; — z;|, cos(0) = (z; —zj,vi;). Then either ||z; — z;||, < \/e/187, or |cos | < /187e.
In the first case, o; — o5 < V€. So, to complete the proof, it suffices to show that the
second case does not occur. We find a contradiction by assuming that the second case
occurs.

If |cos @] < /187e, then since § = (o — «;)/2, we must have |a; — a; — 7| < 184/,
som— 18y < a; —aj < m+ 18/, ie. m— 18/ < a; < 7 and «; < 18,/e. Then
for r # 4,75, r € {1,2,3}, we have o, = 2m —a; — ; > 2 — 7w — 18\/e > 7 — 18y/e.
Since a;,a; > 7 — 184/, we conclude that dx({4;}?_,,{C1,C2,0}) < 181/ < 1/100, a
contradiction. O

We require the ensuing explicit calculation from [14] in Lemma 2.8 below. This
calculation is reduced to a computation of Lagrange Multipliers in [14, Corollary 3.4].

2
For any (f1,..., fx) € Ax(va), define ¢o(f1,..., fr) = S0, | Jgn @i (@) dyn () o
Lemma 2.7. [14, Corollary 3.4]

1 9
sup ¢0(f17f2):*7 sup ¢0(f17f27f3):87'
(f1.f2)€82(7n) T (f1:f2,f3)€A3(vn) i
The following Lemma is a quantitative improvement of Lemmas 2.5 and 2.6. Combin-
ing Lemma 2.8 with (1.14) will show that an optimizer of (d/dp) Zle Jrn 14, Tp1a,dyy
is almost simplicial conical for small p > 0.

Lemma 2.8. Letec > 0, n > 2. Let {A;}}_, be a partition of R", and let {B;}}_, be a
regular simplicial conical partition of R". Assume that ¢ < 1/100 and

w0(1A171A2;1A3) > sup 1/10(f1,f27f3)—5- (2.3)
(f1,f2,f3)€EA3(Vn)

Then
da({Ai}ioy {Bi}Ye,) < 6e'/5. (2.4)
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Proof. Assume that (2.3) holds. Fori € {1,2,3}, let z; := [, wdyn(z), wi = [ wdy,(2).
We may assume that, for all 4,5 € {1,2,3} with ¢ # j, (2;,2;) < 0. To see this, we
argue by contradiction. Suppose there exist i,j € {1,2,3}, i # j with (z;,2;) > 0. For
pe{1,2,3}, p#i,j, let Ay := A, let A} := A;U A;, and let A} := 0. Forp € {1,2,3}, let

zy = ng xdyn(z). Then

3 3
2 2 2 2 2
Sl = S lallzy = l1zi + 2 — il — sl > 0.
p=1 p=1
Rewriting this inequality using the definition of ¢,

"/}0(11417 1A2ﬂ 1143) < /(/)0(114’1’7 1A/2/7 ]-Ag’)' (2.5)

Since {A)}3_, is a partition of R" with at most two nonempty elements, Lemma 2.7
says

1 _
< sup 1/fo(f17f27f3)> —vo(lay,lay,lay) > 5. > 10 % (2.6)
(f1.f2,f3)€A5(n) &

Combining (2.5) and (2.6) contradicts (2.3). Therefore, (z;, z;) < 0 for all 4, j € {1, 2, 3}.
We now claim that, for each pair i, j € {1,2,3} with ¢ # j, we have

2
max ||2p|[m > 1/16. (2.7)
a2l = 1/

We again argue by contradiction. Suppose there exist i,j € {1,2,3} with ¢ # j and
maxp,e (i ;} Hzp||§g < 1/16. Let p € {1,2,3}, p # i,j. Then ||sz§3 < 1/(2x) with equality if
and only if 14, 1s a half-space whose boundary contains the origin of R"™. This follows
immediately from rearrangement. Observe, if z, # 0,

2
lenly = (o [ stta)) < (o [ sira(s) )
Ap Apn{z: (x,zp)>0}

< <Zp7/ $d7n(l’)>
{o: (2,2)20}

([ st stna)) < || [ rdn(2)
A {z: (z,2p) >0} {z: (z,2p) >0}

Therefore,

2

. o 2w

Yo(la,,1a,,14,) <1/841/(2m) <1/m.

This inequality contradicts (2.3) as in (2.6), since sup(y, 1, ryen, () Yo(f1s-- s fr) =
9/(87), using Lemma 2.7. We conclude that (2.7) holds.
Define § such that

0= n eR™: (z; — zj,x) <O0}NA). 2.8

ige(laayizs | (e (i =z m) < 030 4) @8

Fix i,j € {1,2,3} such that 6 = v,({z € R": (3 — z;,z) < 0} N A;). We want to find a

bound on §. Let 0 < h such that foh dyy = 6. Now, define {A4]}?_, such that A/, = A, for
p#i,5, A=A\ (A, N{z e R": (2 — z;,z) <0}) and

Al = A; U (Ain{z € R™: (2 — 2z, z) < 0}).
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Let 2, := fA; xdy,(x), p=1,2,3. Then

2
o

3 , 3
/
p; (EA I —; I

2</ yd’yn(y),zjzi>+2H/ ydyn(y)
{y: (zi—2;,9)<0}INA; {y: (zi—2;,y)<0}NA;

h

2

o

(2.7)
> 2</ ydyn(y), zj — Zz> =2|]z; — 2 o ydy(y) > 6%/3.
{y: _h§<zi—2jay>fo} 0
(2.9)
Here we used rearrangement and the inequality ||z; — z;|,, > (max,cjy 12y ?,,L)I/Q,
2 2
which itself uses (z;, z;) < 0.
By (2.3) and (2.9), 62 < 3¢, i.e.
0 < V3e. (2.10)

Now, for p € {1,2,3}, let A, := {z € R": (z,2,) = max;j—1,23(z, z;)} and let 2, :=
[ #dya(x). By (2.10) and (2.8),

do({A 2oy {AY2)) < 3V2eV/4 (2.11)

For p € {1,2,3}, let y, := z, — 2, € R™, so that |[|y,||, < 3v/2¢'/* by (2.11) and Hilbert
space duality. Let z € R™. Then for i,j € {1,2,3}, i # 7,

(zi — Zj,x) = (zi — zj, @) + (y; — yj, ). (2.12)

Fori,j € {1,2,3}, i # j, let v;; = S™1 N A; N A; Nspan{Z}3_,. By definition of v;;
and {A4;}%_,, (zi — z;,vi;) = 0. So, by (2.12), |(Z — Z;,v;;)| < 3v2&'/%, implying that
do({A;}3_, {B;}3_,) < 3-23/41/8, by Lemma 2.6. This inequality together with (2.11)
and the triangle inequality for ds prove (2.4). O

3 The First Variation

Recall (1.8). The following existence argument which uses convexity is a variant of
[14, Lemma 3.1] and [16, Lemma 2.1].

Lemma 3.1 (First Variation). Let p € (0,1). Then 3 a partition {A;}*_, of R" such that

k k

d d
E 1a —T,14.dv, = S E i— T, fidyn 3.1
i_1/7l A,dp plA;QYn sup /]Rn fzdp pfz Yn ( )

(froes fr) €EAR(n) 51

Also, for each i € {1,...,k}, the following containment holds, less sets of -y, measure
zero:

A; D {x € R™: LT,14,(x) > LT,14,(x),¥Vj#i,5€{1,... k}}. (3.2)

Proof. We show that (1.3) is maximized over A(y,), which contains the set of partitions
of R™. Note that Ag(y,) € H is norm closed, convex, and norm bounded. Therefore,
Ag(v,) is weakly closed. Also, Ag(v,) is weakly compact by the Banach-Alaoglu Theo-
rem. Using (1.9), define ¢),: Ag(v,) — R by

k k
d _
Volg1,- - gk) = p Z/]R 9iT,gidyy = p~! Z/]R 9i LT gidyn. (3.3)
i=1 YR i=1 YR
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By (1.12), v, is an exponentially decaying sum of uniformly bounded weakly contin-
uous functions. Therefore, 1, is weakly continuous on the weakly compact set Ay (7;,).
So there exists (f1,..., fr) € Ax(v») that maximizes v,.

Since p € (0,1], (1.13) implies: V f € Lo(vy), [ fLT,fdy, > 0. We now apply this fact
to see that ¢, is convex. Let A € [0,1], (g1,--., %), (R1, ..., hx) € Ak(yn). Then

(9155 k) + (L= Np(has oo ) = dp(Agr + (1= Ahas o Age + (1= A
k

Z[A / GiLT,g:+ (1= A) / hiLT,h;

. n
=1

1
P
“A1=Y) [ (g h)LT (g5~ ) >0

Since 9, is convex on Ag(vy,), ¥, achieves its maximum at an extreme point of
Ak (vn). Therefore, there exists a partition {A;}¥ ; of R" such that (14,,...,14,) €
Aj(vn) maximizes 1, on Ay (v,) [16, Lemma 2.1]. Specifically, it is noted in [16, Lemma
2.1] that the extreme points of Ak (v,,) are exactly the partitions of R"™ into k pieces.

We now prove (3.2) by contradiction. By the Lebesgue density theorem [21][1.2.1,
Proposition 1], we may assume that, for all i € {1,...,k}, if y € A;, then we have
lim, 0 ¥ (A; N B(y,7))/v-(B(y,r)) = 1. Suppose there exist j,m € {1,...,k} and there
exists y € R™, r > 0 such that y € Aj, v,(B(y,r) N A;j) > 0and LT,14,(y) < LT,14,,(y).
By (1.2),

dy
(2m(1 = p?))/2
So, LT,14; = p(d/dp)T,14,(x) is a continuous function of z.

Therefore, there exists a ball B(y,r), » > 0 such that v, (B(y,r) N 4;) > 0 and such

that

TplAj(x):/ L, (y)e—lv—sol3/20-0)

sup LTpla,(x) < inf LT,1,4, (x).
z€B(y,r) z€B(y,r)

Let ¢(x) := 1p(y,mna, (x). For X € [0, 1], note that
(1A1a~--;1Aj —Ad, ..., 14 +)\¢7~--;1Ak) S Ak('}/n) (3.4)

However,

wﬂ(1A17"'71Aj _>\¢""71An1+)\¢7""114k)
A=0 (3.5)

But (3.5) contradicts the maximality of (14,,...,14,) on Ag(v,), so (3.2) holds.

4 Perturbative Estimates

Recalling (3.3), the following estimates allow us to relate ¢, to 1y for small p > 0,
for simplicial conical partitions. In particular, we make a close examination of the two
quantities of (1.10). Since lemma 4.2 gives precise estimates of the two quantities of
(1.10), combining Lemma 4.2 with (3.2) gives precise geometric information about a
partition {A;}¥ ; C R"™ optimizing noise stability. In particular, to see one way that
we will apply Lemma 4.2, see (7.20) below. However, note that (7.20) below does not
give sufficiently precise information to identify the sets optimizing noise stability. So,
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the real need for Lemma 4.2 will occur in the proof of the Main Lemma 6.1, where the
precise estimate (6.7) is used.

Lemma 4.1. Let A C R" be a cone. Then

/n (Zn:(l - yf)) La(y)drn(y) = 0.

i=1
Proof. The assertion follows by standard equalities for the moments of a Gaussian ran-
dom variable. Let « > 0. Define f(«) by the formula

fla) = /n 1A(y)e—a(yf+“'+yi)/2 (Q;l)ynm.
By changing variables, f(a) = a™"/2 Jin La(y)dyn(y). So,
5 [ ()i = L~ [ L)
" =1 a=1 n

O

Lemma 4.2. Fixk =3, n > 2, p € (0,1). Let {Ci}i»“:l C R? be a simplicial conical
partition. Let {B;}f_, := {C; x R"~2}*_,. Fixi,j € {1,...,k}. Let 0: R* — R" denote
reflection across B; N B;. Assume that B; = 0B; and that B; C {x € R": z; > 0}. Let
e1 =(1,0,...,0), e2 =(0,1,0,...,0), e1,e2 € R". Forp € {1,...,k}, let z, := pr xdyn ().
Note that span{z;,z;} = span{ei,e2}. Let n; € R™ be the interior unit normal of B; so
that n; is normal to the face (0B;) \ (0B;), and let n, € R™ be the interior unit normal
of B; so that n; is normal to the face (0B;) \ (0B;).
() Ifzx € Bin{x € R": (z,n;) <0}, then

1
—(x,VT,(1p, — 1p,)(x)) = 22170 | Swinep—or | + (T,05)n | ScomrBH-2p | . (4.1)
p = e

(i) Ifx € B;N{x € R™: (z,n;) > 0}, then

1
- <$,VTp(lBi — 1BJ)(J})> > 221V, (5(BiﬂBj)mp> . 4.2)
P Vi-p2

(iii) For x € B;,

[ (3 0-0) 5 = 1) 04 0T Pl £ <L (V6 4 (0= VB
" Np=1 V1—p
(4.3)
(iv) For x € B; with z1 > \/n\/1—p?/p,
L (=) oo+ VT o) 20 (4.4)
n 2:1
Proof of (i). Below, we use differentiation in the distributional sense. Let x # 0. For
z € (0B;) N Bj, Vlp,(z) = €1 since B; C {z € R": 21 > 0}, and for z € (0B;) \ B,
VlBi(.’E) = N;. Similarly, for x € (GBJ) N Bi, —VlBj (ac) = e, and for x € <8Bj) \ Bi,
—Vl1g,(z) = —n;. Then

%VTp(lgi —1p,)(x) = T,(V(1p, — 15,))()

= Tp[2(e1)0inp; + nid@pi\B; + (=15)0(08,)\B:](7) (4.5)
1.2)
="2e1%n | 0inep—op | + 1 [ oy —20 | + (—=15) V0 | dcoBp\BH—20 | -
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Here we used
/ La(zp +yv/1 = p?)dyn(y) =/R La—zp(yv/1 = p?)dyn(y)

- /]R LAz ap)) /1= W) (Y)-

Let « with z € B; and (z, (—n;)) > 0. Then (4.5) immediately proves (4.1). O

Proof of (ii). Letz € B;N{x € R": (z,n;) > 0}. By reflecting across B; N Bj,

Tn | deENB) 20 | = Yn | S0 \B) 20 | - (4.6)

Define

w =Y | Sosns—2s | + (=) Vn | dcomNB)-20 | -
i Vi

By (4.6), w is in the convex hull of e; and n;. In particular, (z,w) > 0, since z € B;.
Combining (z,w) > 0 with (4.5) proves (4.2). O

Proof of (iii). By reflecting across B; N B;,

n

re€B,NB;, = o (Z(l — y?)) (1p, = 1p,)(xzp +y/1 — p?)dyn(y) = 0.

(=1

So, a derivative bound gives (4.3). Specifically, we apply the Fundamental Theorem of
Calculus to the following identity, with ||(1=y2)y1( 1,(v.) = V2 and |y +3y1|1,(+..) = V6.

0 (Z(l —y?))(lBi —1p,)(zp+yv/1— p?)dyn(y)

6371 R» =

- Lo (Fam= it 0t ) 1) oo+ 0T Pl

(#£1

Proof of (iv). Let x with 21 > v/n\/1 — p2/p and consider the following cone

n Bi—l’
9 —

By Lemma 4.1, [, 1a(y) > (1 — y7)dva(y) = 0. If d(x,0B;) > /ny/1— p?/p, then
A=TR"and 14(y) >y, (1 —yP)1pe(zp+y/1 - p?) <0, s0

N (;a =) (1, = 1o + /T Pl

> [ (Z(l —ﬁ))l&wwmm(y) > /. (

(1- y?)) dyn(y) = 0.
=1 =1

So, it remains to consider the case d(z,0B;) < v/n\/1 — p?/p. In this case A # R".
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Since 21 > /ny/1 — p?/p, we have Z? 1(1=y)1, (zp+y+/1 — p?) < 0. Also, we have
=1 (L= yP)Lac(W)lp (zp + yv/1 = p%) = 0, 325, (1= y)La()Lps (zp + y /1= p?) <0,

so N

da- yf)) (Ip, = 1p;)(@p +yv/1 = p?)dyn(y)
/=1
> /R (Z(l—yi )1 (@p+yv1=p*)dyn(y)

=1
(Z 1—yé> Y1p, (zp+yv/1— p?)dya(y
=1
>

(- y3>) La(y)dyaly) = 0.

5 Iterative Estimates

The following estimates control the errors that appear in the proof of Theorem 1.3.
Being rather technical in nature, this section could be skipped on a first reading.

Lemma 5.1. For{= ({y,...,¢,) € N* and x = (z1,...,2,) € R",
ho(x)VO < [0 31 T [ max{1, |z:|" }.
i=1

Proof. Let ¢ € IN.

o oo oo L£/2] [ 2m —m
(1.5) az—_AZ (—=1)2(\)24(1/2)4 '(=1)"m2

> Nhe(z) = NN = § o )\p§ ( § VE é ;m) :

=0 q=0 m=

Here we let p + 2¢ = ¢, m = q. In particular,

L£/2] x£72m(71)m27m

helw) = D = amr (5.1)

m=

Using Stirling’s formula, /2r¢/t1/2e=¢ < ¢ < e!*+1/2¢=t. Let ¢,m such that m €
{0,...,¢/2}, £ > 1. Note that lim,_,o+ ¥ = 1 and min,¢[p,1j 2* > 2/3. Also, m + £ — 2m =

£ —m > (/2. For m # 0, write m = {j, j € [1/£,1/2]. Note that max{m, ¢ — 2m} > ¢/3.
Then

V!
ml(¢ —2m)!
ﬁ£(1/2)£+1/46—5/2 B ﬁ P(1/2)0+1/4 -

— 2ﬂ-mm+1/2e—m(g _ 2m)6—2m+1/2e—(€—2m) T 9 mm+1/2(€ _ Qm)€—2m+l/2
= ﬁ gl/4 €€/2 £/2—m

o7 i/l = 2m m™ ({ — 2m)=2m

\/é €1/4 €€/2 .
= —_— b) m

27 /L — 2m (63) (01— 25))70=2D

\/é 61/4 ££/2€£/2—m

T o Ve —2m 2E0=5) 43 (1 — 25)¢(1~24)
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Je J1/4 0412 et/2—m
T 2 /T — 2m (4/2050-2) e (1 — 25)i0-2)
S o O o LI o T
o /T 2m (1= 2020 (102 3n /T 2m (1 — 2))002)
_ . /4 1 g e 1/4 1
= 2 /T 2m (1= 2702 = 2x /T~ 2m (2/3)”
eV3 1 ev3

= ¢ —1/4 ¢
= (/427 (2/3)2¢ — g7y (/4" < 079/4)".

Here we used (e/¢)(/2(1=27) < /e for £ = 1, 2.

Also, for m = 0 we have % =1, and for m = ¢/2 we have

Vi Vi g JeltI2+1/4—t/2 /1/4

ml(€—2m)! — (£/2)! = V2m(£/2)/21/2e—/2 \/E,ﬁgﬂgl/zz—z/zg—l/z

_ \/€€—1/422/2 < 6_1/422/2.
s

So, combining the above estimates with (5.1),

1£/2] [£/2]
he(z)VO| < D7 VA 9/4) 2T < T e A(9/4) max {1, [T}
m=0 m=0

< 007Y49/4) max{1, |z|*} < 3" max{1, |z|‘}.
Therefore, for ¢ = (¢1,...,¢,) € N",
k n
he(z)VE < by -+ 0,300 T max{1, |2} < [¢ 31 T [ max{1, |2 }.
=1 =1
O

The following Lemma uses standard tail bounds for a Gaussian random variable. We
therefore omit the proof.

Lemma 5.2. Letn > 0,t > 0, and let n > 2. Then

’/{W > ﬁ |y

X[t,00] xR™ 2 popn. i
0<¢1<3

" dvn,(y)‘ < 30000%y(£” +2)e="/2,

[ % Tl | < a0 2) o 21 e
BOH® penr: i=1
0<|e|<3

< 100(n + 21" + 1)e /2,

The following Lemma says, if [, zf(z)dy, () is parallel to the z;-axis, then the
quantity (d/dp)T, f(x) should be bounded by a constant multiplied by |z1| + O(p). The
precise error term (5.2) will be needed in Lemma 6.1 to determine the size of the func-
tion (d/dp)T,(1a, — 14,). The error term (5.2) will be estimated by Lemma 5.2, and the
resulting estimate will be introduced into (3.2).
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Lemma 5.3. Let p € (—1,1), n > 2. Suppose f € La(v,) with [, y2f(y)dyn(y) = 0. Let
1 > 0 and x9 > 0. Then

d
T, ,o>\ < (I + 20002l + (n-+ Dl + kovzal + 20))
sup / > Hlyz t17t2,07...,0)n+y\/1—772)d%(y)’-
t1€[0,21], L2€[0@2] | JR™ peyn. =)
n€l0,p] 0<|e|<3
(5.2)
Proof. By integrating by parts, note that
d P
L /T Pyaly) = / va((n+1) — ) F (/T PP)ia()
dp Jgn L —p% Jgn
- / viyaf (V1 = p?)dva(y).
1#£2
So, using [i.. y2f(y)dyn(y) = 0 and the Fundamental Theorem of Calculus,
/R y2f (yv/1 = p*)dyn(y)
p? 2
sup / n+1) —y3) flyv1—n?)dyn(y
e R R N e Ty s
72/ yiy2f (Y1 = n?)dya(y)
i#2
By integrating by parts again, note that
0
5 [ (020 0y T= P (1)
(5.4)
\/17 f OIQa ye p+y\/1_ _1d’Y’I’L )
— R‘n.
Applying the Fundamental Theorem of Calculus to (5.4) and then using (5.3),
(2,0, 00+ 03/ T= Pa(w)
< |za| sup F(0,,0,...,0)p+y/1 = p2)(y32 — 1)dyn(
| |t60z2 \/1— R™ ( 2
2 ) (5.5)
e s ([ )= ) VT )
—-p n€l0,p] "
72/ yiy2f (yV/1 = n2)dyn(y)
1#£2
By integrating by parts as before,
0
a71[962/ y2f((z1,22,0,...,0)p + yv/1 — p?)dyn(y)]
(5.6)
\/1_7/ y2y1f T1,T2, 570)p+y\/ 1_p2>d7n(y)
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Combining (1.10), (5.5) and (5.6),

/ylf((xhx% s 0)p+yv 1 = p)dyn(y ’
FU0,4,0,...,0)p + y/T— ) (12 — Ddyn(y)

(d/dp)T, f(x)] < |21

+ |302|2 sup
tel0,z2]

Nier I8
02
—|— |z 2| sup </y2((n+1)_yg)f(y L —n2)dvyn(y)

1= p% ye(0,0)

(5.7)
—Z/ Y7 yaf (yv/1 = n?)dyn(y)
1#£2
p
+ |z supi/yyft,x,o,...,o +y 1—2d7ny‘
|12\t6[07w1]ﬂ yyf((¢, 22 )P+ yv1—p*)dy(y)
+ [ Om 2 = (1,220, 0p+ 5V T= Phaly)
- "i=1
We then deduce (5.2) from (5.7).
O

6 The Main Lemma

Lemma 6.1 below represents the main tool in the proof of the main theorem. As
depicted in Figure 1, Lemma 6.1 says that, if an optimal partition is close to being
simplicial conical, then it is actually much closer to being simplicial conical. So, this
Lemma can be understood as a feedback loop, or as a contractive mapping type of
argument. We first give an intuitive sketch of the proof of the Lemma. Let p > 0. We
begin with a partition {A]D}f’,:1 C R™ maximizing noise stability (1.3). We assume that
there are disjoint sets {D,,}f;:1 that resemble a simplicial conical partition, as in the
left side of Figure 1. We also assume that 4, O D, for all p = 1,2,3. We then find
a sequence of sets {D,1}3_), {Dp2}3_,, ... {Dy r})_, such that D,, C D, for all
1 <p <3, forall r > 1. This sequence of sets is chosen so that the following implication
can be proven:

Ay 2Dy, = Ay D Dp,ia. (6.1)

In order to prove (6.1), we need to show: if 4, O D, ,, then we can get sufficiently
strong estimates on LT,1p, ., such that (3.2) can be verified on A, for each p = 1,2, 3.
For example, in Step 1 of the proof of Lemma 6.1, the estimate (6.10) eventually implies
(6.14). And (6.14) says that A, must contain more points than the initial information
that we assumed in (6.4).

Finally, we need to choose our sets {D,,J.}fp1 appropriately so that, after finitely
many implications of the form (6.1), we eventually get the conclusion (6.5). That is,
the three sets {D,, r}>_, resemble the right side of Figure 1, and A, 2 D, r for each
p =1,2,3. Thus concludes our description of the main strategy of the proof. Within the
proof 1tse1f the sets {Dy,1}5_,, {Dp2}3_;, ... will not be explicitly defined. However,
portions of these sets will be defined at the end of every Step of the proof. In particular,
examine the sets defined by the following sequence of assertions: (6.4), (6.14), (6.19),
(6.24), (6.34), (6.44), (6.51), (6.57), and finally (6.5).

Unfortunately, there are many technical obstacles that stand in the way of bringing
this strategy to fruition. The first minor issue is that we cannot control small rotations
of our sets. At every step of the proof, we therefore need to redefine our simplicial
sets B;, B; to account for these small rotations. However, the main technical issue is
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that it is not at all obvious how to choose the sets «{DZ,7T}~;‘3):1 forr =1,2,3,... such that
(6.1) can be proven for each r = 1,2, 3, .... Moreover, the simplest choice of these sets,
namely dilations of the sets depicted in Figure 1, do not produce satisfactory estimates.

Ultimately, the sequence of sets defined by (6.14), (6.19), (6.24), (6.34), (6.44),
(6.51), (6.57) succeeds in proving the sequence of implications (6.1) forr = 1,2,3,....
Lemma 5.3 allows us to control the errors from our estimates, and we then make around
seven modifications of the same error estimate within Lemma 6.1. This error estimate
allows us to apply Lemma 4.2, so that we can improve our knowledge of the optimal
partition {A;}¥_, via (3.2).

It would be preferable to write Lemma 6.1 as seven applications of a single Lemma,
however the statement of such a Lemma would perhaps be so long and convoluted that
its application would become opaque. We therefore use the longer presentation below
in the hope of providing greater clarity. Finally, in the statement of Lemma 6.1 below,
note that the plane II exists independently of i,j € {1,...,k}.

Lemma 6.1. Fixn > 2,k =3. Let0 < 1) < p < e~ 204002 pop 040k pe g
partition of R™ such that (3.2) holds. Let II C IR™ be a fixed 2-dimensional plane such
that 0 € II. Assume that, for each pairi,j € {1,2,...,k} with i # j, there exists X' > 0
and there exists a regular simplicial conical partition {Bz’, ’;:1 C R"™ such that

[ @)= 1, =¥ [ s1n) - 1yl 62

such that
/ zdyn(z) €11, Vp € {4, j}, (6.3)
By
and such that
{x € BiUBj: 1a,(x) — 14,(z) # 1p: () — 139(33)}

C{z e BjUBj: |d(z,(0B;) U (dB)))| <nV |zl, > v/—2logn + (p+ 1)/ —210g;()g.4)
Then, for each pair i,j € {1,2,...,k} with ¢ # j, there exists N > 0 and there
exists a regular simplicial conical partition {By}k_, C R"™ such that [, y(1a,(y) —
1Aj (y))d%(y) =\ f]Rn y(lB,{/ (y) - 13;’ (y))d’Yn(y>l such that fBg xd'Yn(x) ell, vP € {ivj}/
and such that

{z € B UBJ: 14,(z) — 14,(2) # 1py(2) — 1py(2)}

6.5

C{w e BN Bj: |d(x,(0B]) U (0B7))| < pn V ||lz]l, > v/—2log(pn) + 1}. ©o
Proof. Fix i,j € {1,2,...,k} with ¢ # j. By applying a rotation to R", we assume that
BZ’ﬂB; C{xreR": 2y =0}and B, C {z € R": z; > 0}. Assume that (6.4) and (6.2) hold.
Let nj € R™ denote the interior unit normal of B} such that n; is normal to (0B;}) \ B},
and let n, € R™ denote the interior unit normal of B} such that n/; is normal to (0B)\ B;.
Define B;, B; such that

B; = BZJ% =B/U{z e R": 21 > 0A (n},z/||z|,) > —2n/\/—2logn},
/ n / (6.6)
Bj =B, = B;U{x € R": x1 <O0A(nj,z/|z]ly) > —2n/y/—2logn}.
Letz = (z1,...,2,) € B;UBj. If 1 < \/n\/1 — p?/p, then
e 2 [, e 2 1 1
n | dBinBy—0p | > e U 2dt /o > e /2> e ".
g < Skl ) = Vor g A r NG = 100v/n
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Aj
A; A
(6.4) g (6.5
"
n
Figure 1: Depiction of Lemma 6.1
So, using Lemma 4.2, (1.9), and p < 10~°n=3/2¢", ifx € B; U Bj; then
1 —a7p?/(2(1-p%))
1. 5 lz1le ™ Sz <1V >0
p~sign(zy) - LT,(1p, — 1B;)(x) > - 2 2 (6.7)
p : LIl el /0= ppy < 13,

Let 0: R™ — R” be a rotation such that the x;-axis is fixed. For any such rotation,
let

9(x) = go(x) = 14,(0x) — 14,(0x) — (1,(07) — 1p,(0x)). (6.8)
By (6.2), and since B; U B; is symmetric with respect to reflection across B; N B; C
{r € R": 2y = 0}, 3 X > 0 such that [, y(1a,(y) — 1a,(¥))dVn(y) = X [z y(1B,(y) —
1B, (y))dvn(y). So [z, y29(y)dyn(y) = 0, for all such rotations ¢. For all z € R", and for

all rotations o: R” — R" fixing the z;-axis,
|LT,(1a, — 14,)(cz) — LT,(15, — 1g,)(0z)| < |[LT,g(x)|. (6.9)

Step 1. An estimate for large .

Leto: R" — R"
and (6.6) and the inclusion-exclusion principle, g = 0 on the set

{y € R™: d(oy — px, (0B;) U (0Bj)) > n+ 3n
Aoy — pzlly < /~2logn + (p + n)y/—2log p}.

Let x € R™ with ||a:\|§ < —4log(np). Since 0 < n < p, we have p||z||, < —4plog(np) <
—8plogn. By (6.4), (6.3) and the inclusion-exclusion principle, g # 0 only on the follow-

ing sets: {y € R": [d(oy — px, (0B]) U (0B)))| < 4n//1 - p*} and {y € R": |loy — pz||, >
v—2logn/+/1 — p?}. Then Lemma 5.2 says

sup ‘/n > Hlyl

e minCon O manon O Sl <s ™!
a€l0,p]
< 500000n>47 + 200(n + 2)!((—2(1 — 2p)log )" TV/2 4 1)yt =2¢,
Using Lemma 5.3 and (6.9),
|3 < —4log(pn) A |21| > (pm)*/®
= p ' |LT,(14, — 14,)(21,22,0,...,0) = LT,(1p, — 15,)(z1,22,0,...,0)|
< [lz1| + 2p(|2z2)® + (n + Dp o] + |2122] + 20)] (6.10)
- [500000n47 4 200(n + 2)!((—2(1 — 2p) log ) *+D/2 4 1)p'=27)

< 107(n + 2)!(—2log ) +5)/ 21 =20,

((t1,t2,0,...,0)a +yV'1 — a?)dy,(y)
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Also, by (6.7), and using that 0 < 1 < p < 10~°n=3/2¢",

| z]|3 < —4log(pn) A x € B; U B;

1 207 /(1—p?)
L g |zl (pm)?? szl <1V ay >0
= psign(zy) - (LT,(1, — 1B,)(x)) > -
P j % |21 (pn)sz/(l—PZ)  pro < —1/4/3

(6.11)
Combining (6.10) and (6.11), using (6.8) and 0 < 1 < p < e~ 2041 2"
1| > (on)/3 A ||z||5 < —4log(pn) Ax € B; U B;
= p71 |LTP(1A1 - lA])(x) - LT/J(lBi - lB])(x)| < 774/5
. 2 2 . 1
A o sign(a) - ITy(Ls, — 1)(2) > ()"0 (o) /3 min (1, ———— |
—4log(np)
(6.12)

By (6.12),

lz1| > ()3 A ||x||§ < —4log(pn) A & € BiUB; = p~'sign(z1) - LT,(14, —14,)(z) > 0.

(6.13)
Finally, applying (6.13) to Lemma 3.1 for all ¢, 5’ € {1,...,k}, ¢ # j/, and using (6.6)
together with the inclusion-exclusion principle,

|x1] > (,07])1/3 A ||x||§ < —4log(pn) N x € B, U B;» = sign(z1) - (1a,(z) — 14,(x)) > 0.
(6.14)

Step 2. An estimate for small z.

Let o: R™ — R™ be any rotation fixing the z;-axis. For z = (z1,...,z,) € R™ with
|z]|3 < —21log p, we have p ||z, < pv/—21og p. Suppose also that |[z,| < 7 and z € B;UB,;.
By (6.6), (6.4), (6.14), (6.3) and the inclusion-exclusion principle, g # 0 only on the
following sets:

{y € R™: |[d(oy — px, (B; N By) U[(B; U By) \ (B; U Bj)))| < n/v/1 - p?},
{y e R": |d(oy — p,(B; N B;) U [(B; UB;)\ (B;UB))])| < (pm)*/*
Alloy = pz||; > v/ —2logn},

{y € R": |loy — pall, > (1+1/10)y/=3log(np)/\/1 — p?}.

We then apply Lemma 5.2 to get

SUP ‘/ Z Hlyz ((t1,t2,0 ,...,O)a+ym)d,yn(y)

t1€[min(z1,0),max(z1,0)] n,
oaClmin(o 0) mann.O) ost<s !
a€l0,p]
< 50000017 + 50000013 (pn) /4 (—2(1 — p)2logn + 1)n—»)°

+200(n + 2)!((=31log(pn)) V2 1 1) (pn)®/? +1600(n + 2)12n/+/—21og 7.
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So, using Lemma 5.3, (6.9) and 0 < 1 < p < 6’20(”“)1012"3("”)!,
P <o < A lell; < —2logp A w € BiUB;
= p " |LT,(14, — 1a,)(%1,22,0,...,0) = LT,(1p, — 1p,)(z1,22,0,...,0)]
< [laa] + 2p(|z2l” + (n+ Dp || + [2122] + 20)]
~ {50000071331; + 50000013 () /4(—2(1 — p)?log n + 1)y="

+200(n + 2)!((=31og(pn)) " FV7/2 1+ 1) (pn)*/2 + 1600(n + 2)125//—2log n}

L g
(6.15)
Also, by (6.7),

np*/* <lai| < A flall; < —2logp A w € B;UB;
. 1 (6.16)
= p Slgn(a:l) . LTp(lBi — lBj)(ﬂf) > E |JJ1|

Combining (6.15) and (6.16), and using (6.8),

np3/4 <l|z| <np A ||x|\§ < —2logp Az € BUB; = p‘lsign(xl) - LT,(1a, —14,)(x) > 0.
(6.17)
Similarly, by (6.15) and (6.8), we have the following estimate.

n < la1| < ()3 Al < 1Az € BUB; = p~'sign(z)-LT,(1a,~14,)(z) > 0. (6.18)

Finally, applying (6.17) to Lemma 3.1 for all ¢/, ' € {1,...,k}, and using (6.6) together
with the inclusion-exclusion principle, (6.13) and (6.18),

np*/* < lay| < pAlal3 < —2logpAx e BjUBj = sign(z1)-(1a, ()14, (z)) > 0. (6.19)

Step 3. An estimate for intermediate values of z.

In summary, (6.19) and (6.14) improve our initial assumption (6.4). We now repeat
the above procedure with the improved assumptions. Before continuing, we need to
redefine B;, B;. Via (6.6), let

Bi=B (23 ) Bj=B (2 ) (6.20)

V—2logp’v/—2logn V—2logp’'/—2logn

Let z with [|z]|3 < —4logp, np < |z1| < 0. Let B == (B; N B;) U[(B; UB;) \ (B, U B})].
Suppose z € B; U B; also. By (6.19), (6.4), (6.14), (6.3) and the inclusion-exclusion
principle, g # 0 only on the following sets

{y € R": |d(oy — px, B)| < np**/ /1= p},

{y € R": |d(oy — pz, B)| < n/\/1 = p?, oy — pzlly > /=2log p//1 = p?},

{y € R": |d(oy — px, B)| < (on)"/*/\/1= 02, |loy — pz|l, > /=2logn/\/1 = p?},
{y €R™: |loy — pall, > (1+1/10)y/=3log(pn)/V/1 - p?}.
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1/4
ﬂl (6.14)
n
o — [(6.4)
v—2logn
v—2logp
° i i
(6.19) _,
np/*

Figure 2: Integration regions where g # 0, near B, N B;- for (6.21).

We then apply Lemma 5.2 to get

L% TTiwl altr.t.0,....00a+ 33/T= @)y

sup
t1€[min(z1,0),max(xz1,0)] n.oi—
tlze[min(zlg,o),max(mlz’o)] (fg]\i\gs '
ag(0,p]
< np*/4500000n3 + 500000n3n(—2(1 — v2p)2 log p + 1)p1 V20 (6.21)

+ 50000013 (np) /4(—2(1 — v2p)2 log n + 1)n 1~ V20
+200(n + 2)!((~3log(1p)) " TD/2 4 1) (py) />
+1600(n 4 2)! min(2p%/4n/\/—21og p,2n/+/—21ogn).

12"13 n !
Applying (6.21) to Lemma 5.3, using (6.8) and 1 < p < e 20(n+1)!" 2t
||a;||g < —4log(p) ANnp <|z1| <n ANx € B;UB;
1 (6.22)

— o7 LT, (La, = 1)) (@) = LT,(Lg, = 18,)(@)] < 751

Also, by (6.7),

pn <lz1] <n A ||x||§ < —4logp Az € B;UB; = p~'sign(z1) - LT,(1p, —15,)(z) > %PU
(6.23)
So, combining (6.22), (6.23) for all ¢/, 5’ € {1,...,k}, i’ # 7/, Lemma 3.1, (6.20), and

by applying the inclusion-exclusion principle, (6.13) and (6.18),

m<|zi] <n A Hx||§ < —4logp A z € B{UBj = sign(x1)- (14,(z) —14,(z)) > 0. (6.24)

Step 4. Iterating the estimate for intermediate values of z.
The estimate (6.24) now has a cascading effect on the estimates below. From (6.24),

pon <z <n A llzls < —4logp A x € BiU B} = sign(x1) - (14,(z) — 1a,(z)) > 0.
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This estimate can be iterated on itself. Let K € IN, K > 1, and let M € IN with
0 < M < VK. Suppose p?X > n'/5. We prove by induction on K and M that

MoK < |ay| < A Jlals < —2M*2logp A € BjUB]
= sign(z1) - (14, (z) — 14,(x)) > 0.
We already verified the case M = 0, K = 1. We assume that, for 0 < m < M,

(6.25)

2" np K < |ay| < A Jlzl3 < —2"*2logp A € B{UB]
g Sign(xl) : (1A7 (ZL’) - 1A_7’ (iL’)) > 0.
Assume also that, for M <m < +vK —1and K > 1,

(6.26)

2™ 2K <y | < A JJalls < —27F2logp A @ € BjU B,
— sign(z1) - (14,(x) —14,(x)) > 0.
We will conclude that (6.26) holds for m = M, i.e.

(6.27)

MoK < |ay| < A Jlals < —2M+2logp A x € BjUB]
= sign(z1) - (14, (z) — 14,(x)) > 0.
We repeat the calculations (6.20) through (6.24). Redefine B;, B; so that

(6.28)

21p-9K 29 , Bj = B‘min 21p-9K 29 .
V—dlogp’ vV —2logn I V—4logp’ vV —2logn

If M > 0, we use (6.26) for m = M — 1. For any M > 0, we use (6.27) for M < m <
VK. Let z, M with Hx||§ < —2MH+2]gp < gl log p < —4logn, 2M°np9K < lz1] <,
z € B;UB;. Let B:=(B;NB;)U[(B;UB;)\ (B, U B;)]. Combining (6.26), (6.27), (6.4),
(6.14), (6.3) and the inclusion-exclusion principle, g # 0 only on the following sets

{y € R": |d(oy — pr, B)| < min(M, 1) - 200 ppoK /T 2},
Unr<me< | vE=T| {¥ € R": |d(oy — pz, B)| < 2™ np‘g(K‘”/\/l — 0,
loy — pall, > min(m, 1) - /=27 log p/\/1 — p?},

{y € R™: |d(oy — pz, B)| <, |loy — pzlly > \/ =2 7" log p//1 - p?},
{y € R": |d(oy — pz, B)| < (om)/*/\/1 = p2, oy — pzlly > \/—2logn//1 - p?},
{y €R™: |loy — pally > (1+1/10)y/=3log(pn)/V/1 - p*}.

We then apply Lemma 5.2 to get

sup ‘/n > Hlyz

t1€[min(z1,0),max(x1,0)] el -
X EN™: =1
to €[min(z2,0),max(xz2,0)] 0<|e1<3
a€l0,p]

< min(M, 1) - 2155 9K 5000003

B;:=B (6.29)

Lmin(

((t1,t2,0,...,0)a +yV1 = a?)dyn(y)

|[VE=T1]+1

(=1 —p)22" T log p+ 1) 102 50000013
VR

+500000n Y~ np KD (—(1 = p)22mF log p + 1)2m pli o) 2 min(m.)
m=M

+ 50000013 (np) /4(—2(1 — V2p)2 log 1 + 1)1~ V20
+200(n + 2)!((=31og(1p)) " +V/% + 1) (p)*/2

+ 1600(n + 2)! min(2np % /\/—41log p, 2n/+/—21ogn ).

(6.30)
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12,3 (5 42)1
Applying (6.30) to Lemma 5.3, using (6.8), n < p < e 20(nt 1)1 e d p K >
5

n'/
Hm||§ < —2M*20g(p) A oMy 9K < |z1| <n Az e B;UB;
_1 1 w2 ok (6.31)
=P ’LTP(]-Az - 114]‘)(1.) - LTﬁ(lBi - 133)(:5)’ < Toz np-
Also, by (6.7),
2MQ77p'9K <l|zi|<n A HJ;||§ < 2 21ogp A z € B; UB;
—1.: I ov2 ok (6.32)
——p 51gn(x1) . LTp(lBL — lBJ)(.’E) > EQ np.

So, combining (6.31), (6.32) for all ¢/, 5’ € {1,...,k}, i # 5/, Lemma 3.1, (6.29), and
by applying the inclusion-exclusion principle, (6.13) and (6.18),

MK <y < A ||z < —2MF21ogp A x € B;U B;

x) —14,(x)) > 0.

2
2 (6.33)
(

= sign(zq) - (14,
Thus, the inductive step is completed.
Let K € N with —2logn < —2"" " log p < —4log7. Then (6.33) and (6.4) say that

259K <o) <1 A ||z < —2logn A @ € B, U B} = sign(a1) - (14,(z) — 14, (2)) > 0.
(6.34)
Step 5. Another iterative estimate, now for larger values of z.
We perform another induction, though this time we hold K fixed and use the addi-
tional ingredient (6.34). Let M, R € IN with 0 < M < V'K, R > 0 such that p9(K+7) >
n'/>. We will induct on M and R. We assume that, for 0 < m < M,

2" np R < | < A ]} < 272 logp A w € BJU B
— sign(z1) - (14,(x) —14,(x)) > 0.

(6.35)

We know that the case R = 0,0 < M < VK of (6.35) holds by (6.28). We therefore
assume that R > 1. Assume also that, for M < m < VK,

2m2np'9(K+R*1) <z < A ||1:H; < —2™*2logp A x € B! UBj

. (6.36)
= sign(z1) - (14, (x) —14,(x)) > 0.
We will conclude that (6.35) holds for m = M, i.e.
2
2M e D < ay | < A a3 < —2MFPlogp Az € B{U B; (6.37)
= Sign(a:l) ! (1A1 (J?) - 1Aj (.73)) > 0.
Redefine B;, B; so that
Bm B pin (e gy Bl (e Y 839

If M > 0, we use (6.35) for m = M — 1. For any M > 0, we also use (6.36) for M <
m < VK. Let z, M with ||m||§ < —2M+2]ogp < gtV logp < —4logn, 2M°ppoK <
|1‘1| <nze€ BZ'UBJ‘. Let B := (BZQBJ)U[(BlUBJ)\(B;UB;)] Combining (6.35), (6.36),
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(6.4), (6.14), (6.3), and the fact that —2logn < —2"/*'*

that g # 0 only on the following sets:

{y € R": [d(oy — pz, B)| < min(M, 1) - 2M =D 008 ) [T 52y,
Unremevie) (9 € R™: [d(oy — pz, B)| < 27 np =D /1 p2,

loy — pall, > min(m, 1) - /=2 log p/\/1 — p?},
{y € R™: |d(oy — px, B)| < (pm)"/*/\/1 = p2, |loy — pall, > v/=2logn/v/1 = p},
{y €R™: |loy — pall, > (1+1/10)y/=3log(pn)/V/1 - p*}.

We then apply Lemma 5.2 to get

[ > T g

logp < —4logn, we conclude

tltha 3o .,O)Oé + yv 1- a2)d'yn(y)

sup
t1€[min(z1,0),max(x1,0)] n, i
to €[min(z2,0),max(x2,0)] gg%<3 !
a€l0,p]
< min(M, 1) - 217y, AE+R) 500000n3
& 9(K+R—1 2 1 2 (1—p)*2™ (6.39)
+500000n° > np D (— (1 — p)?2mH log p+ 1)27 p1 )
m=M
+ 50000003 (1) /4(~2(1 — v2p)? log n + 1)n~V2e)*
+200(n + 2)!((=3log(np)) " V/2 + 1) (pn)*/?
+1600(n 4 2)! min(2np* K+ /\/—41og p, 2n/+/—210g 7).
12”3 n !
Applying (6.39) to Lemma 5.3, using (6.8), n < p < e~ 20n+D" " "and also
pOK+R) 5 p1/5,
lz]3 < —2M*21og(p) A 2M np?FHR) < |ay| <y Az € By U B
B 1 (6.40)
= p ' |LT,(1a, — 14,)(z) — LT, (1, — 1p,)(2)| < 102 2 0 KR,
Also, by (6.7),
2MQ?7p'9(K+R) <|zi|<np A ||$Hg < —2M*21ogp A z € B; U B,
(6.41)

. 1 2
= p~'sign(a1) - LT, (15, = 15,)(x) > 752" np .
So, combining (6.40), (6.41) for all ¢/, 5’ € {1,...,k}, i # j/, Lemma 3.1, (6.38), and
by applying the inclusion-exclusion principle, (6.13) and (6.18),

oMy OEHR) < |21 <y A |z]|3 < —2M*2logp A x € B, U Bj

(6.42)
— sign(a1) - (14, (z) — La, (@) > 0.

Thus, the inductive step is completed. Let M = |/K|. Let R € IN such that 5'/% <
pOE+R) < pnl/5,=9 1f no such R exists, then p 9% < 71/%, so p*5K < p'/19, and (6.44)
below holds by combining (6.34) and (6.4). Otherwise, R > 0, so (6.42) and (6.4) say
that

2K08/55=9 <y | <1 A ||x||§ < —2logn Az € BjUBj = sign(z1) - (14,(z) =14, (z)) > 0.
(6.43)

Since 7'/3 < p9K+R) < /5,9 note that /10 < pA5(K+R) < p1/10,)=45 5o for

R > 2, we have 2K776/5p—49 < 2Kp445Kp.45R,r]11/10p—.9 < 7711/10. If R = 1, and if K >

EJP 19 (2014), paper 71. ejp.ejpecp.org
Page 26/37


http://dx.doi.org/10.1214/EJP.v19-3083
http://ejp.ejpecp.org/

Noise stable partitions

2, note that 257)0/5p=9 < 2K 2K 525K 45, 11/10 ,=9  pI1/10 [f R — 0, K > 3 then
2Kn6/5p—.9 < 2Kp.1Kp.35K7711/10p—.9 < ,'711/10' If 1 < R+ K < 3, then (1/5)10gn <
3logp and 2logp < (1/5)logn, so (6.30) directly implies (6.44). More specifically, by
(6.30), Lemma 5.3,(6.13) and (6.18), sign(z1) - (14, — 14,)(z) > 0 for x € Bj U B; with
||x||§ < —2logn and 77P'9KP'9 < \131\ < 1. Now, p.45(K+R) < n1/10p7.45’ SO WP'QKP'Q —

npIOK pASK 9 < g prA5K fASK+R) < pl1/10,

In the latter case, (6.44) follows, and in the former cases, (6.43) implies

10 <z <1 A ||xH§ < —2logn A x € B;U B} = sign(x1) - (14,(z) — 14,(z)) > 0.

(6.44)
In all cases, (6.44) holds. We can finally use (6.44) to conclude the proof.
Step 6. Using Step 5 to get an estimate for large values of x.
Redefine B;, B; so that
Bii= Bigpunosy=ategn > Bii= Bjanuno) /~ategy- (6.45)

Let o: R™ — R™ be any rotation fixing the z;-axis. Let x with ||:1:||§ < —4log(np) <
—8logn and n?!/20p/2 < |z| < (np)*/*. Let B := (B;NB;)U[(B;UB;)\(B{UB})]. Suppose
x € B; U Bj also. Combining (6.44), (6.14), and (6.3), g # 0 only on the following sets:
{y e R": [d(oy — pa, B)| < n''/10//1 = p?},
{y € R": |d(oy — pz, B)| < (on)"/*/\/1 = p?, oy — pzlly > \/=2logn//1— p?},
{y €R™: |loy — pally > (1+1/10)y/=3log(pn)/V/1 - p*}.

We then apply Lemma 5.2 to get

"0, ’/ Y Tl 9t 12,0, 0)a + y3/T — a2)dy ()

t1€[min(z1,0),max(z1,0)] n. g
t12e[min(:};lg,O),max(wlg,O)] g;lﬁg‘ggz !
agl0,p]
< 500000n°71/10 + 500000n3 (pn) /4 (—2(1 — 2p)logn + 1)n1=2)°

+200(n + 2)!((—=31log(np)) V2 + 1) (pn)>/? + 1600(n + 2)12n*/10/\/—210g 7.

(6.46)
Applying (6.46) to Lemma 5.3, using (6.8) and 1 < p < ¢~20(n+1)!"" 0
lz[l5 < —4log(np) A n*'/2°p!/? < |21] < (np)'/* A € BiUB,
= p HLT,(1a, — 1a,)(x) — LT,(1p, — 1p,)(z)| < %Onm/zopl/z_ (6.47)
Also, by (6.7),
PY20p12 < 21| < (np)/* A ||z||2 — 4log(np) A @ € Bi U B,
(6.48)

. 1
— ptsign(en) - LT (1, — 15,)(2) > 157792,

So, combining (6.47), (6.48) for all ¢/, 5’ € {1,...,k}, i # 7/, Lemma 3.1, (6.45), and
by applying the inclusion-exclusion principle, (6.13) and (6.18),
2012 < ay| < (np)* A |z < —4log(np) A = € B{U B
— sign(z1) - (14,(x) — 14,(x)) > 0.
So, (6.49) and (6.14) say that

(6.49)

PV p 2 < x| A Ha:||§ < —4log(np) N x € B; U B} = sign(z1) - (14,(z) — 14,(x)) > 0.
(6.50)
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Finally, we use (6.50) in place of (6.44) and repeat the computations (6.46) through
(6.49) to get

np < |z1| A ||17H; < —4log(np) A x € B{U B} = sign(z1) - (1a,(z) — 14,(z)) > 0. (6.51)

In conclusion, (6.5) follows from (6.51) and (6.2), letting B/ := B} and B}’ = B;.
Step 7. Completing the proof.
For completeness, we derive (6.51). Redefine B;, B; so that

B; = Bi727721/20/)1/2/\/m’ Bj = Bj,27721/20P1/2/\/Tg(71P)' (6.52)

Let 0: R™ — R"™ be any rotation fixing the z;-axis. Let = with ||a:||§ < —4log(np) <
—8logn and 7p < |z1| < (np)'/3. Let B := (B; N B;) U [(B; UB;) \ (B, U Bj)]. Suppose
x € B; U Bj also. Combining (6.50), (6.14), and (6.3), g # 0 only on the following sets:

{y e R": |d(oy — px, B)| < n*/20p1/2 /\/1 — p2},
{y € R™: |d(oy — px, B)| < (pm)"/%//1 = p2 |loy — pally > /—2logn//1 - p?},
{y €R™: |loy — pall, > (1+1/10)y/=3log(pn)/V/1 - p*}.

We then apply Lemma 5.2 to get

sup ‘/ Z H|yz ((t1,t2,0 ,,O)aerM)d%L(y)

t1€[min(z1,0),max(z1,0)] (EN: i=1
t2€[min(z2,0),max(z2,0)] 0<|61<3
a€l0,p]

< 500000n°”"/*%p! /% 4 500000 (o) /*(~2(1 — 2p)* log  + Ly~
+200(n + 2)!((=31log(np)) Y72 + 1) (pn)*/2 4+ 1600(n + 2)1215/5p'/2 /\/—41og(np).

(6.53)
Applying (6.53) to Lemma 5.3, using (6.8) and n < p < e‘20(n+1)1°12"3<"+2>’,
|3 < —4log(np) A np < |z1| < (np)/* A x € B; U B;
= p | LT,(1a, — 1a,)(x) — LT)(1p, — 1p,)(z)| < %o’”’ (6.54)
Also, by (6.7),
np < |z1] < (np)'? A J|zl3 < —4log(np) A x € B; U B; .

1 1
= p~'sign(z1) - LT,(1p, — 1p,)(z) > 57

So, combining (6.54), (6.55) for all i/, 5’ € {1,...,k}, i # j/, Lemma 3.1, (6.52), and
by applying the inclusion-exclusion principle, (6.13) and (6.18),

np < |a1| < (np)'7* A Jlzll5 < —4log(np) A = € B{UBj = sign(a1) - (1, () = 14,(x)) > 0,
(6.56)

Then, (6.56) and (6.14) say that
np < lz1| A ||a:H§ < —4log(np) A x € B{UB] = sign(z1) - (1a,(z) — 14,(z)) > 0. (6.57)

Finally, (6.51) follows from (6.57), completing the proof. O
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7 Proof of the Main Theorem

We now combine the Lemmas of the previous sections, as described in Section 1.
The main effort involves verifying the assumption of the Main Lemma 6.1. Once this is
done, Lemma 6.1 can be iterated infinitely many times to complete the proof.

Theorem 7.1. Fix k = 3, n > 2. Define Ay(v,) as in Definition 2.1 and define v, as
in (3.3). Let {Ci}le C R™ be a regular simplicial conical partition. Then there exists
po = po(n,k) > 0 such that, for all p € (0,p0), (1¢,,...,1c,) uniquely achieves the
following supremum, up to rotation

k
sup )p‘lz/R [ilT, fidyy = sup Vp(f1s- s fo)-
i=1 7 R"

(f1-fr) €DK (Yn (f1,--sfK) €DK (Yn)

Proof. Within the proof, we will assert that p > 0 satisfies several upper bounds, and
then at the end of the proof, we will define p; as the minimum of these upper bounds.
By Lemma 3.1, let {A;}*_, be a partition of R™ such that

’(/Jp(lAl,...,lAk): sup Qﬁp(fh...,fk). (71)

(f15-sfr)E€EAR (Yn)
By (1.12), write

k k
p_lz/ LA, LT, a,dyn = > > || ’/ 1a, VO hydry,
i=1 /R" R™

i=1 LeIN™

2
plfI=1. (7.2)

Step 1. The partition {4;}*_, is close to being simplicial.

Fori e {1,...,k}, let z; := fAi xdyn(z) € R™. Subtracting the |¢| = 1 term from both
sides of (7.2), treating the remaining terms as error terms, and using that ||1 4, || La(yn) =
lforalli=1,...,k,

< 3kp. (7.3)

& k
Do IR ATV S
1 /Rn i=1

Therefore,

- 2 (1.14) (7.1)
Z”ZZ”Z; = ¢0(1A17"‘71Ak) > wp(lAn"'ﬂlAk)_gkp > wp(]'Bl7"'7lBk)_3kp
=1

Lemma 2.5
> Yo(lp,,. . ls,) —6kp "TE sup ug(fi, fi) — Gk,
(f1see fr)EAK(TR)

Step 2. Applying a small rotation.
For i € {1,...,k}, let w; := [, xdvy,(x). Let p > 0 such that 6kp < 1072. Then by

Lemma 2.8,
da({ A}y {Bi}_) < 6(6kp)'/%, (7.4)

& 1/2
inf i — iQn < 6(6k 1/8. 7.5
€30(n) <i_1 lozi —w ”Q) (6kp) (7.5)
Note that (7.5) follows from (7.4) by Hilbert space duality and since the set of functions
{;}7_, are contained in the orthonormal basis {hyv?!}senn of Lo(7y).
Letz = (x1,...,2,) € R", leti,j € {1,...,k}, i # j, and write the following equality
of L, functions
La,(z) = 1a, (@) = > cohuy(a) VL (7.6)

LeN™
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Let ¢ = (¢4,...,¢,) € N". By applying an orthogonal change of coordinates to {Ap}’;zl,
we may assume that ¢, = 0 when |¢| = 1, ¢; = 0. By (1.9) and (1.6), write

pT LT, (1a, —1a,) (@) = > coll] o1 hy(2) V2L (7.7)
tenn
Since da({Ap}h_,, {Bp}E_;) < 6(6kp)'/8, there exists {B/}5_, a regular simplicial
conical partition, such that (Z’;Il 14, — 13;/\@2(%))1/2 < 6(6kp)'/®. In particular, by
Hilbert space duality,

< 6(6kp)'/®, (7.8)

n
62

H / o(1a,(7) = 1a,(z) — (Ipy(z) — 13;,(1;)))61%(1:)

Since k = 3, and since Z’;:1 pr wdy(r) = [g.xzdy(z) = 0, there exists a 2-
dimensional plane II C R”™ such that 0 € II and such that, for all p € {1,...,k},
f A xdry, (x) € II. Without loss of generality, II contains the z; and x5, axes.

P

< 6(6kp)'/5. (7.9)
o

[ #10a,@) = Aapomye @)@

Let {B)}*_, be a regular simplicial conical partition such that

k 1/2
<Z 15, — 13;/12(7,1)) < 10(6kp)'/1°, (7.10)
p=1
such that for fixed i # j, i,5 € {1,...,k} and for some X\ € R,

[ 04 = 1, @dn@) =X [ aip@) - g @dn@). .10

n

and such that
/ x(l(B;UB;,)c)d'yn(x) e II. (7.12)

Such {Bj}F_, exists by (7.8), letting p > 0 such that p < (10000k)~¥, so that

= 3v2/(4y/7).

&

/n r(1pn(v) — 1B}’($))d’7n(x)

" 23 " &3
So, by the triangle inequality applied to (7.8), and (7.9),
‘ / (1, (x) = 14, (x))dyn(z)|| > 3v2/(4y/7) — 1072 > 1/3. (7.13)
n Zé"
‘ / m(l(AiuAj)c(x))d'yn(a:) > \/6/(4\/771') — 1072 > 1/3. (7.14)
n o

Specifically, we first apply a rotation to {BI’,’ }’;:1 such that (7.11) holds. Then, by (7.9),
we then apply another rotation that fixes the x; axis, so that (7.12) holds. By (7.8), (7.9),
(7.13) and (7.14), each of these two rotations can be chosen so that a given unit vector
is moved in R™ a distance not more than 12(6kp)'/®. And since we are rotating three
polygonal cones with two facets each, (7.10) holds.
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Using (7.10) and the triangle inequality,
k
O la, = s 13,5, < 20(6kp) /16 (7.15)
p=1

Also, using that ¢, = 0 for || = 1,/ =0, (7.11) implies that B; N B} C {r € R": x; = 0},
and we may assume that B} C {z € R": ; > 0}.

Let n; € R™ denote the interior unit normal of B such that n/ is normal to (0B})\ B,
and let n, € R™ denote the interior unit normal of B} such that n’; is normal to (0B)\ B;.
Then, define B;, B; such that

Bi:=BjU{z €R": 21 > 0 A (nj,z/|lz]l,) > —4p*'/*°/\/=3log p},
Bj:=BjU{z e R": x1 <OA(n},z/ ||zl > —4p*/%0 1\ /—31og p}.

Since B; U B, is symmetric with respect to reflection across B; N B; = B, N B;-,
equation (7.11) implies that there is a A > 0 such that

(7.106)

[ #0a@) = 1, @dw@) = A [ alln @) - s, @)@, @17)
Step 3. An estimate for small z.

Combining (1.6), (1.9), and (7.17), there exists |b;| < 50(6kp)'/16 (by Hilbert space
duality, eqrefthree7.93 and (7.16)) such that

p' LT, (1a, —1a,)(x) — p ' LT, (15, — 1p,)(x) —aaby =1 Y by €| plI " hy() Vel
LENT: [€]>2
(7.18)
Choose p; so that 0 < p < p; implies that

100k1/16 Z m(m +n —1)"p™ 2m"3™(—log p*)™/? < p~ /8 /20.
m=2
Recall that the number of ¢ € IN™ such that |¢| = m is equal to n’f!(tf_*ll)’! <(m+4+n-1"
Note that, |by| < 100k'/*6p1/16, for all £ € IN", |¢| > 2, by Hilbert space duality. Let
x € R™ with Hx||§ < —logp?. By (7.18), Lemma 5.1,

|p71LTp(1Ai - 1AJ)(x) - pilLTp(lBi - 1BJ)(I) - $1b1|
< 100KMSpM 716N o] plI72 Ry ()| V!

LEN; [€]>2
< 100k1/8p17/16 Z |£| p|5\72 |€|TL 3\2\ Hmax{l, |xl|€1} (719)
LeN™: |[£]>2 i=1
00
< 100k 5p 16N " m(m 4 n — 1) P m 3™ (— log p*) /2 < p*1/20 /20,
m=2

From Lemma 4.2 and (1.9), for z = (z1,...,2,), with B;N B; C {x € R": 21 =0},

x € B;UB;j A |zl < —log p* = p~'sign(x1) - LT, (15, — 1p,)(z) > (1/10) |z1]. (7.20)
Then (7.19) and (7.20) show that

21| > p?Y/20 A Hx||§ < —logp® Az € B;UB; = p'sign(z1) - LT,(1a, — 14,)(z) > 0.

’ (7.21)
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By (7.1), Lemma 3.1, and by applying (7.21) for all ¢/, 5/ € {1,...,k}, i/ # j, along
with the inclusion-exclusion principle,

lz1] > p?Y 20 A ||z))2 < —logp® A x e BjU B = sign(z1) - (1a,(x) — 14, (x)) > 0. (7.22)
From (7.22),

z € BLU B} A |d(z, (9B]) U (9B)))] > p/% A |l2]]? < —log p?

(7.23)
— sign(z1) - (14,(z) — 14,(x)) > 0.

Step 4. Applying the Main Lemma.
Recall that there exists a 2-dimensional plane IT C R™ such that 0 € IT and such that,
forall p e {1,...,k}, [, xdy,(z) € II. Define

S := span {/n(].B; () —1p; (x))xd’yn(x)7/ (1p;(x) = Lipumpy)e (@) wdyn ()

@ - 1<BzuB;.>c<x>>xd%<x>} .

Note that S is a 2-dimensional plane and 0 € S. By (7.11), [p.(1p/(z) — g (x))dyn(z) €
I1. Moreover, since {B;, B}, (B; U B})°} is a regular simplicial conical partition,

:cd’yn(ac),/ xdfyn(z),/ xdryn(x) .
B (BlUB!)e

S = span /
B

From (7.12), S and IT are 2-dimensional planes that both contain the linearly indepen-
dent vectors f(B;uB;)c zdyn(z) and [p.(1p;(z) — 15 (2))zdy,(z). We therefore conclude

’ ’
i J

that S = II. In particular,

/ xdyn(z) €I, Vp € {i,5}. (7.24)

By

. _ _ 101273 (n4-2)! .
Let po := min(py, 1072 /6k, e~ 20(n+1) ). Using (7.23), (7.11) and (7.24), we
can iteratively apply Lemma 6.1 an infinite number of times. In particular, any time
we know the conclusion (6.5), we use (6.5) in the assumption (6.4). That is, we first
apply Lemma 6.1 with n = p?!/20, In this case, since n = p*'/20, (7.23) implies (6.4),
(7.24) implies (6.3), and (7.17) implies (6.2). Now, using the conclusion (6.5) of Lemma
6.1, we can then apply Lemma 6.1 with = p'*t21/20, Once again, using the conclusion
(6.5) of Lemma 6.1, we can apply Lemma 6.1 with n = p?>t21/20, and so on. Repeating
this process infinitely many times shows that there exists a regular simplicial conical
partition {C;}*_, which is equal to {A4;}F_,. O

The Main Theorem now follows from Theorem 7.1 and the Fundamental Theorem of
Calculus.

Theorem 7.2 (Main Theorem). Let n > 2,k = 3. There exists py = po(n,k) > 0
such that Conjecture 1.2 holds for p € (0, pg). Moreover, up to orthogonal transforma-
tion, the regular simplicial conical partition uniquely achieves the maximum of (1.3) in
Conjecture 1.2.

Proof. Choose po via Theorem 7.1 and let 0 < p < pg. Let {B;}%_; C R" be a regular
simplicial conical partition. By Theorem 7.1 and the fact that A (v,,) C Ax(7n),

Gplpeedp) = swp Gp(freeens fo). (7.25)
(f1,-,fx) €AY (n)
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Let (fi,. ., fi) € AY (). By (1.12), 0| [, fiTo fidy, = k(1/k?) = 1/k. By the Funda-
mental Theorem of Calculus and (7.25),

k

k 0T d 1 ) 1
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By using the invariance principle [12, Theorem 1.10,Theorem 3.6,Theorem 7.1, The-
orem 7.4] which transfers results from partitions of Euclidean space to low-influence
discrete functions, Theorem 7.2 implies a weak form of the Plurality is Stablest Conjec-
ture. While the following result is quite far from Conjecture 1.8 and might not be of
immediate use to complexity theory, it is included to indicate a possible application of
Theorem 7.2. Essentially, if we modify the exact application of the invariance principle
that is used in [12, Theorem 7.1], then Conjecture 1.8 follows. However, by avoiding
[12, Theorem 7.1], we must make very restrictive assumptions on the function f in
Conjecture 1.8. Nevertheless, [12, Theorem 7.4] shows that the class of functions f
described in Corollary 7.3 is nonempty.

Note that the most straightforward application of Theorem 7.2 only gives vacuous
cases of Conjecture 1.8, in which 0 < p < po(n, k). In particular, since Theorem 7.2
requires 0 < p < po(n, k), by (1.12) we must take ¢ < 3kp to get a nontrivial statement
in Conjecture 1.8. In this case, the invariance principle [12, Theorem 3.6] gives 7 with
log7 = —C(log())?(1/¢), so that 7 becomes a function of p. Since we provide a p with
inverse exponential dependence on n, then 7 also has inverse exponential dependence
on n. Thus, no function f can satisfy the assumptions of Conjecture 1.8 in this case. To
avoid this issue, we modify Conjecture 1.8 as follows.

Corollary 7.3 (Weak Form of Plurality is Stablest). Let po(n, k) be given by Theorem
7.2. Fixn > 2, k =3, and Let N := logloglogloglog(n) > 1. Let 0 < p < po(IN, k) < 1/2,
e>0,7=r(e,k)>0. Let f: {1,....k}" = Ay with Y,y . o 2o(fi(0))? < 7 for all
ie{l,...,k},j€{1,...,n}. Assume that there exists 0 < m < N and g: R™ — A}, with
Jam 989m = 1 Xpequ,.. pyn J(0), and such that

[ etaan - ¥ US| <

oe{l,....k}"

Then part (a) of Conjecture 1.8 holds. From [12][Theorem 7.4], this class of f is non-
trivial.

Unfortunately, the proof of Theorem 7.2 fails for small negative p, as we now show.

Theorem 7.4. Fix k = 3, n > 2. Define A)(v,) as in Definition 2.2 and define 1, as
in (3.3). Let {B;}¥_, C R" be a regular simplicial conical partition. Then there exists
p2 = p2(n, k) > 0 such that, for p € (—p2,0), (1p,,...,1p,) does not achieve the following
supremum.

k
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Proof. Let e; = (1,0,...,0), e = (0,1,0,...,0). Fixd,j € {1,...,k},i # j. Leto: R" —
R"™ denote reflection across B; N B;. Since B; = o(By), by (3.5), it suffices to find ¢, j €
{1,...,k}and z € B; suchthat p~'LT,1p,(z) < p~*LT,1p,(x). By replacing {B;}}_, with
{rB;}k_, for 7: R® — R" a rotation, we may assume that span{z;}¥_; = span{es,es}.
Moreover, we may assume B, N B; C {z € R": z; =0} and B; C {x € R™: z; > 0}. Let
y = (vV3/2)er + (1/2)eq, ¥ := —(1/2)e1 + (v/3/2)es. Fix 2 € B; with (x,7) > 0 also fixed.
From (4.5) and the fact that p < 0, there exists ¢ = ¢({z,y)) > 0 such that

1 la?
<x, ;VT,,(lBi - 1Bj)(z)> = —(z,P)(c+ O(e™ ¥ /2)), (7.26)
For z € R™ with (z,y) = 0, we have, as in Lemma 5.2, and Lemma 4.1,

’/R (é(l —y7)(1p, — 1Bj)(wp+yM)d%(y))‘
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(1- yf)d%(y)’ <200(n + 1)!((p [l]l,)™ + 1)e# 11,
So, a derivative bound as in the proof of (4.3) shows

’/Rn (g(l —y7)(1p, — 1Bj)(fcp+yM)d%(y)>’

(7.27)
< pla, 5)200(n + 2)! +200(n + DI((p [|2]l,)" + 1)e #1152,
Then,
P LT, (1p, — 1p,)(z) = %<<x,VTp<1Bi —1p,)(z)) = AT, (1, — 15,)(x))
= (2, T,(V(1p, — 185,))(2)) (7.28)
T _pp2 / (;(1 —y}) (1, —1p,)(xp+yv/1— p2)>dvn(y)~

So, choose p < (c¢/8)(200(n + 2)!)~1, then choose (z,y) sufficiently large, and then com-
bine (7.26),(7.27) and (7.28) to get

c
pflLTp(lBi —1p,)(z) < —(x,@}z.

8 Open Problems

There are two problems that are left open in this work. First, Conjecture 1.2 remains
entirely open for k > 4 partition elements. Some of the results of this work hold for the
case k£ > 4, and some do not. The first variation in Lemma 3.1 holds for all £ > 4.
Strictly speaking, the argument of Lemma 3.1 may not hold for p < 0 since it is not
clear whether or not the functional (3.3) is convex. Also, the technical error estimate
from Lemma 5.3 holds. One of the main issues for the case £ > 4 is that Lemma 2.5
is no longer available. Moreover, the stability estimate in Lemma 2.8 would be needed
for £ > 4. The following conjecture summarizes the main technical issue in proving
an analogue of Lemma 2.5 for £ = 4, n = 3. If we could have a stability estimate for
Conjecture 8.1 below, resembling the estimate of Lemma 2.8, then in principle the proof
of the Main Lemma, Lemma 6.1 would go through, and therefore Theorem 7.2 would
hold for k£ > 4 as well. Before we state the conjecture, recall Definition 2.2, (3.3) and
(1.14).
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Conjecture 8.1. Let k =4, n = 3. Suppose {A;}¥_, C R" satisfies

w0(1A17"'71A;¢): sup ¢0(f17"'afk)'

(F15> 1) EAY (vn)
Then {A;}}_, is a simplicial conical partition.

This result is known to be true if we replace A{(y,) with Ay(v,), by [14, Lemma
3.3]. However, the volume constraint of A?(v,) causes difficulties for the methods of
[14, 16].

The second problem that remains open is Conjecture 1.2 for p < 0 or for p positive
and much larger than 0. We have already discussed the issues for p < 0 in Theorem 7.4,
where it is shown that our proof strategy surprisingly fails for p < 0. For p with, e.g.
p € (1/2,1), the error bounds that we use in the proof of Theorem 7.2 seem to break
down, especially when we apply Lemma 6.1, Lemma 4.2, and (4.3). There is nothing
special about our choice of 1/2 here, other than that it is a positive number that is
sufficiently far from 0. So, it seems that our method is not applicable for p € (1/2,1).
For example, Lemma 5.3 has an error term which is estimated by Lemma 5.2. However,
the error estimate of Lemma 5.2 grows exponentially in n. And to compensate for
this error, we need to choose p to decrease exponentially in n. Even before we apply
the Main Lemma 6.1, there is also a loss in (7.19), where we essentially need a very
specific L., bound on the Gaussian heat kernel (or Mehler kernel). We used the rather
crude method of bounding each Hermite polynomial separately in Lemma 5.1, and then
summing up these polynomials. In principle, both of these losses could be avoided with
dimension independent error estimates in Lemmas 5.3 and Lemma 5.2. However, this
seems to be a difficult task.

However, since the case p € (1/2,1) relates to geometric multi-bubble problems,
whereas the case of small p seems to concern entirely different geometric information,
it is unclear whether or not a single method could simultaneously solve or interpolate
between different values of p in Conjecture 1.2.

Finally, a new open problem has emerged subsequent to this work. It turns out that
if we modify the measure restriction in Conjecture 1.2 in any way, then the analogue
of Conjecture 1.2 is false [11]. To be precise, in the statement of Conjecture 1.2, let
(a1,...,a;) with 0 < a; < 1 for all 4« = 1,...,k, and such that Zleai = 1. Assume
that (ay,...,ax) # (1/k,...,1/k). Then, the partition {A4;}¥_ ; C R"™ which optimizes the
noise stability (1.3) subject to the constraint ~,,(A;) = a; for all i = 1,... k is not any
translation of a regular simplicial conical partition. In fact, the optimal partition {4;}%_;
has essentially no elementary description using simplices. See [11, Theorem 2.6] for a
precise statement. So, for example, the following question is open.

Question 8.2. Let p > 0, k = 3, n = 2, and let (ay,az,a3) € (0,1)3 with Z?:l a; =
1. What is the partition {A;}}_, maximizing the noise stability (1.3) subject to the
constraint v2(A;) = a; foralli =1,2,3?
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9 Appendix: Differentiating the Ornstein Uhlenbeck Semigroup

We prove (1.9) and (1.10). Let p € (—1,1) and let f: R* — R. In the following
calculations, we use integration by parts freely, and we use differentiation in the distri-
butional sense. We first calculate derivatives of 7}, f(z) with respect to € R", and then
we calculate the derivative of 7, f(z) with respect to p.
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