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Integral and local limit theorems for level crossings
of diffusions and the Skorohod problem
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Abstract

Using a new technique, based on the regularization of a cadlag process via the double
Skorohod map, we obtain limit theorems for integrated numbers of level crossings
of diffusions. The results are related to the recent results on the limit theorems for
the truncated variation. We also extend to diffusions the classical result of Kasahara
on the “local" limit theorem for the number of crossings of a Wiener process. We
establish the correspondence between the truncated variation and the double Skoro-
hod map. Additionally, we prove some auxiliary formulas for the Skorohod map with
time-dependent boundaries.
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1 Introduction

Let X = (X;,t > 0) be a continuous semimartingale adapted to the filtration I =
(F,t > 0) on a probability space (€2, F,P) such that the usual conditions hold. The
purpose of this study is to establish a connection between the level crossings of X, the
local time of X, quadratic variation (X) of X and its truncated variation, denoted by
TVe®, defined for ¢ > 0 and T > 0 by the following formula

n

TV (X,T) = sup sup Zmax{‘Xti - Xi,_,| —¢,0}. (1.1)

n 0<to<t1<...<tn<T ;T

The concept of truncated variation of a stochastic process has been recently introduced
by Lochowski in [13, 14] and proved relevant for interpreting maximal returns from
trading in transaction costs problems. The difference with the total variation is that
the truncated variation considers only jumps greater than some constant level ¢ and is
always finite for any cadlag process X.
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Integral and local limit theorems for level crossings

In this paper we will present another interpretation of the truncated variation and
as a result will obtain an alternative derivation of one of the main findings recently
established in [16]: that for a continuous semimartingale X

c-TVC(X,) = (X) as. (1.2)

as ¢ | 0 and the convergence holds in C (|0; +00),R) equipped with the topology of
uniform convergence on compacts.

Remark 1.1. Throughout this paper we will always apply the convention that for appro-
priate d = 1,2, ... spaces C ([0; +o0) ,R?) (R?-valued continuous functions on [0; +o0)),
D ([0; +00) ,R?) (R¢-valued cadlag functions on [0; +00)) are equipped with the topology
of uniform convergence on compacts and spaces C ([0;T],R?) (R%-valued continuous
functions on [0;T]), D ([0;T],R%) (R¢-valued cadlag functions on [0;T]) are equipped
with uniform convergence topology.

We will use classical tools like the relation between the quadratic variation of X
and local times of X at different levels (occupation times formula), and then the link
between local times of X and the number of interval crossings by X (cf. [12] and refer-
ences therein). However, our main tool will be a new one (as far as we know) - a direct
correspondence between interval crossings by X and level crossings by some regular-
ization of X, denoted by X* obtained via the double Skorohod map on [—¢/2;¢/2] (cf.
[11], [2]). The direct consequence of this construction is that X“? has locally finite total
variation and the (pathwise) bounds

X = X% <¢/2, (1.3)

TV (X, T) < TV (X% T) < TV (X,T) +c.

Next, we will use a classical result by Banach and Vitali (cf. [3, (3.i)]), stating that the
total variation may be obtained by integrating the numbers of levels crossings. In this
setting, relation (1.2) corresponds to first order convergence of the integrated number
of interval crossings by X to its quadratic variation.

Further, for X being a unique strong solution of the following s.d.e., driven by a
standard Brownian motion W,

dXt = u (Xt) dt + o (Xt) th, Xo = Xy,

with Lipschitz u, o, where ¢ > 0, we will use the second order convergence results
already obtained in [16] for T'V* to obtain second order convergence of the difference
between the integrated number of interval crossings by X and its quadratic variation.
More precisely, let n?(Y, T) be the number of times that X crosses the interval [a; a + |
before time T (for the precise definition of n%(Y,T’) see Section 3 and Subsection 4.3).

We will prove that
1 1
—qc | nd (X, )da—(X)r = —=Bx), (1.4)
C{ /]R ( ) < >} \/g (X)

where B is another standard Brownian motion, independent from W and the conver-
gence “=" is understood as stable (cf. [7, Sect VIIL.5]) convergence on C ([0; +00),R)
as c | 0 (equipped with the topology defined in Remark 1.1).

Remark 1.2. Throughout this paper, ford = 1,2,..., “=” will be always understood
as the stable (with respect to the o-field generated by X) convergence as ¢ | 0 on
C ([0;+00) ,RY), D ([0;+00),R?), C([0;T],R?) or D ([0;T],R?), equipped with the
topology defined in Remark 1.1.
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Integral and local limit theorems for level crossings

We will call the result given by (1.4) integral limit theorem. The “functional" version
of (1.4) is the following. Let N (Y, T') be the number of times that Y crosses (from above
or from below - for the precise definition of N*(Y,T') see Section 3 and Subsection 4.4)
the level a on the interval [0;T]. For any twice differentiable function f : R — R such
that f” is continuous we have

e [roraer i [ e} 2 [ rxan, s

where X“® is the (already mentioned) regularization of X. Moreover, we have a more
direct result corresponding to (1.5) which may be expressed in terms of interval cross-
ings by X :

i{c/Rf(a)nZ (¥.)da— [ f(Xs)d<X>s} S 3 G OLL D

These results shall be compared with the main result of [18] where it was shown (for a
slightly more general family of processes) that for X¢ being a smoothed version of X,
i.e.

1
th = / ¢(_u) Xt+sudua
1

where v is a smooth (C°°) kernel with compact support [—1; 1], one has
= {rove [r@ne g [ 1o nash
Ve R 0
:>C¢/ f(Xs)a(Xs)sta (1.7)
0

as ¢ | 0. ky and cy are here positive constants depending only on 7. Notice that the
smoothed version X¢ approximates X on average with accuracy /¢, i.e.

E[X - X, =0(Ve),

and in the view of (1.3), (1.5) and (1.7) give the same order of convergence. Other
problems of the same type for level crossings by Gaussian processes are an intensive
field of study and a good survey of the results obtained so far is [9].

It is worth mentioning that besides the number of interval crossings we consider in-
terval downcrossings and interval upcrossings. For d¢, u? being the numbers of relevant
interval downcrossings and upcrossings respectively by the process X we establish a
joint convergence result for quadruples

(. {e [ r@uxyan- [ recyaw. |,
i{c/ﬁf(a)dg(x,.)da;A'f(xs)d<x>s},

1{c/]Rf(a)nZ(X,-)da—/Olf(Xs)d<X>s}>

and obtain an interesting result (cf. Theorem 4.12 and Theorem 4.11) that e.g.

i{C/Rf(a)ug(x,-)da—;/OIf(Xs)d<X>s}
éTxl/gfo'f(xs)daxh+%/O.f(Xs)odXs,
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Integral and local limit theorems for level crossings

where fo f (Xs)od X, denotes the Stratonovich integral.

With a weaker condition on X- that it is a continuous semimartingale and there
exists a probability measure Q under which X is a local martingale and PP is absolutely
continuous with respect to Q, we will obtain a “local" counterpart of (1.4), (1.6). Namely,
let n. (X, T) be the number of times that the reflected process | X| crosses down from c
to 0 by time T (this is the same as the number of times that X crosses down from c to 0
and crosses up from —c to 0), then

%{c-nc(X,~)—L}:>BL, (1.8)
where B is a standard Brownian motion, independent from X, and L is the local time of
X at 0. This result is a direct generalisation of the main result of [8], where the same
statement was proven for X being a standard Brownian motion. It may be viewed as the
“local" counterpart of (1.6) since, by the occupation times formula, fOT f(Xs)d(X), =
Jg f(a)L%da. Notice that the integrated process [, f(a)n? (X, -) da reveals much stronger
concentration than the process n. (X, -) (where the multiplication by +/c is needed for

convergence). Again, the result will identify the limit for the whole quadruple

(o feain )2 fow £ o).

Remark 1.3. As far as we know, there is no “local” counterpart of (1.7) in the same
sense as the generalisation of Kasahara’s result, (1.8), is the local counterpart of (1.4),
(1.6).

Let us comment on the organisation of the paper. In the next section we summarize
the main results and properties of the truncated variation processes and construct the
regularization, X“®, of the process X via the double Skorohod map on [—c¢/2;¢/2]. To
prove that this regularization satisfies relevant conditions we will need to establish
some additional formulas which are (as far as we know) not available in the literature.
Thus we will present the solution of the Skorohod problem in a setting suited to our
purposes. Next, in Section 3, we establish an important correspondence between the
number of interval crossings by the process X and the number of level crossings by the
process X“*. Finally, in the last section we prove convergence results.

2 On the truncated variation and the regularization of the pro-
cess X via Skorohod’s map

In this section, first we summarize the main results and properties of the trun-
cated variation processes obtained by Lochowski in [13, 14]. We will assume that
X = (X, t>0) is a cadlag process adapted to the filtration F = (F;,¢ > 0) on the
probability space (2, F, P) such that the usual conditions hold. The truncated variation,
given by formula (1.1) is a lower bound for the total variation TV (Y, T) = TV (Y, T) of
every process Y, uniformly approximating the process X with accuracy c/2,

inf TV (Y, T)>TV°(X,T). (2.1)
V=Xl <c/2
This follows immediately from the fact that || X — Y| < ¢/2 implies forany 0 < s < ¢
the inequality
|Y; — Ys| > max {| X; — X5| —¢,0}.

Remark 2.1. Notice that the truncated variation, unlike the total variation TV (X, T),
is always finite. This follows from the fact that every cadlag function may be uniformly
approximated with arbitrary accuracy by step functions, which have finite total varia-
tion.
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Together with truncated variation, we consider upward and downward truncated
variations, defined for ¢ > 0 and 7" > 0 by the formulas

UTV® (X,T) = sup sup Z max { X, — —¢,0}

n 0<tog<t1<...<tp, < <T

and

70,0}

t;

DTV (X,T) = sup sup Z max { Xy, , —

n 0<tg<ti<.. <tn<T

respectively. The analogues of (2.1) for UTV and DTV are

inf  UTV(Y,T)>UTV®(X,T), (2.2)
1Y =Xl o <e/2

inf DTV (Y,T) > DTV (X,T), (2.3)
1Y~ Xl <c/2

where UTV = UTV?, DTV = DTV?, are called positive and negative total variations re-
spectively (cf. [3, pages 322-323]), and this follows from inequalities: if | X — Y| < ¢/2
then for any 0 < s < ¢, max{Y; — Y5,0} > max{X; — X; — ¢,0} and max {Y; — Y;,0} >
max {X; — X¢ —¢,0}.

Remark 2.2. We will not need this result in the sequel but it is possible to prove that
in fact (cf. [15]):

inf TV (Y,T)=TV®(X,T),
1Y =Xl o <e/2

which means that the lower bound (2.1) is indeed the greatest lower bound. Moreover,
TV (X, T)=UTV¢(X,T)+ DTV®(X,T)
and there exists a cadlag process X¢ with || X — X¢|| < ¢/2 for which
TV (X, T)=TV (X°,T),
Uurve (X, T)=U0TV (X¢,T), DTV®(X,T) = DTV (X, T),
but it may be not adapted to I (see [15, Theorem 4.1 and formula (3.2)]).

In the sequel, for every F, measurable random variable z € [—¢/2; ¢/2] we will con-
struct an adapted process X“*, “c/2”-uniform approximation of X with locally finite
variation such that its total variation does not exceed the lower bound (2.1) by ¢. More
precisely, it will satisfy the following conditions

A) | X — X7 < /2
(B) X" = Xo —;
(C) X©7 is of finite variation with cadlag paths and is adapted to the filtration IF;
(D) for any s > 0, the jumps (if any) at time s of X“* and X satisfy
[AXST] < JAX],
where AX$* = X&% — X% and AX = X, — X,_;

(E) forany 7" > 0,
TV (X" T)<TVe(X,T)+c¢
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(F) moreover, for any T > 0,
UTV (X%, T) <UTVS(X,T) +c,

and
DTV (X**,T) < DTV (X,T)+c.

Remark 2.3. It is easy to see that
TV (X, T)<UTV®(X,T)+ DTV®(X,T),
which follows directly from the equality
max {|X; — Xs| — ¢,0} = max{X; — X; — ¢,0} + max {X; — Xy —¢,0}.

On the other hand, assuming that the process X% is constructed, UTV (X* .) and
DTV (X%*,.) give the Jordan decomposition of X%* and we have

TV(XS*,T)=UTV(X**,T)+ DTV (X**,T).
From this and conditions (E), (2.2) and (2.3) we have

TV (X, T) > TV(X“*,T)—c
UTV (X% T)+ DTV (X%*,T) — ¢
UTV®(X,T)+ DTV®(X,T) - c.

Y

To construct the appropriate process X“% we will need a slight generalisation of the
double Skorohod map on the interval [—c¢/2;¢/2] (cf. [11]) as well as some alterna-
tive formulas for it. Since the construction of this map for time-dependent boundaries
(cf. [2]) is almost the same as for constant boundaries, we will present it in the time-
dependent setting.

2.1 The Skorohod problem with time-dependent boundaries and with starting
condition

Let D[0; +o0) denote the set of real-valued cadlag functions. Let also BV 1[0; +00),
BV[0;4+00) denote subspaces of D[0;+00) consisting of nondecreasing functions and
functions of bounded variation, respectively. We have

Definition 2.4. Leta, 5 € D[0;+00) and x € R. A pair of functions (¢*,n*) € D|0; +00) x
BV[0; +00) is said to be a solution of the Skorohod problem on [«; 5] with starting con-
dition ¢*(0) = « for ¢ if the following conditions are satisfied:

(a) foreveryt >0, ¢* (t) = (t) +n* (t) € [a(t); B (t)];

(b) n* =n% —n%, where n%,n% € BV *[0;+00) and the corresponding measures dn?, dn?
are carried by {t > 0: ¢*(t) = a(t)} and {t > 0 : ¢*(t) = S(t)} respectively;

(c) ¢7(0) = .

The usual Skorohod problem is defined with similar conditions (a) and (b), for some
cadlag functions ¢ and 7, as the Skorohod problem just defined with starting con-
dition. The difference is such that in the former instead of condition (c) it is as-
sumed 7(0—) = 0, which determines the starting value of the function ¢, ¢(0), to equal
max {a(0), min {¢(0), 5(0)}} . It is also worth mentioning that the Skorohod problem with
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starting condition is the same as what so called the play operator, encountered in math-
ematical models of hysteresis (cf. [4]).

The existence and uniqueness of the solution of the Skorohod problem with time-
dependent boundaries and starting condition, for «, 5 and = such that

e (o B) = inf [5(¢) — a(t)] > 0

and z € [a(0); 5(0)], follows easily from already known results (see the proof of Propo-
sition 2.7). However, in the sequel we will need some formulas for the solution of this
problem as well as some additional properties which are (as far as we know) not avail-
able in the literature. This is why we will present the solution of the problem in the
setting suited to our purposes.

Assume that ¢ (o, 8) > 0 and z € [@(0); 5(0)] . To solve the Skorohod problem on [«; 3]
with starting condition ¢*(0) = z let us define two times

T
Ty

inf {s > 0: ¥(s) —(0) + 2 > Als)},
inf {s > 0: (s) = (0) + = < als)}.

Assume that Ty > T,v, i.e. the first instant when the function i) — ¢ (0) + z hits the
barrier 8 appears before the first instant when the function ¥ — 1 (0) 4+ 2 hits the barrier
« or both times are infinite (i.e. ¢ (¢) — ¢ (0) + z € [a(¢); 8 (¢t)] for all ¢ > 0). The case
Ty < Ty is symmetric.

Now we define sequences (Tyx)p— ;, (Tuk)pep in the following way: Ty _1 = 0,
Tuo =Ty and fork=0,1,2,...

T, — inf{5>Tu,k3 sup (¢(t)—ﬂ(t))>w(8)—a(8)} if Ty e < +o0,

t€[Tu, ks8]
+0oo otherwise,
inf {s >Tygr: inf () —a(t) <t¢(s)—8 (s)} if Ty, < o0,
Tu,k—i—l = te[Tq,k;s)

400 otherwise.

Remark 2.5. Note that since inf;>o [8(t) — a(t)] > 0 for any s > 0 there exists such
K < thatTuﬁK > S Oer,K > s.

Now we define the function ¥* by the formulas

¥ (0)—x ifse[Ty-—1=0;Tyo0);
N su t)— B (t ifseTyrTur),k=0,1,2,..;
W (s) = te[Tﬁ;S] (¥ () —B(1) (T ks Ta k) 2.4)
inf (’L/J (t) -« (t)) ifs e [TdAk;Tu’k;Jrl)’k/) =0,1,2,....
te(Ta,k;s] '

Remark 2.6. Note that due to Remark 2.5, s belongs to one of the intervals [0;Ty0),
[Tuk;Taxk) or [Ty g; Ty kt1) for some k = 0,1,2, ... and the function ¢” is defined for every
s> 0.

Now we are ready to prove that for Ty > T4 the functions n* := —¢%, ¢* := ¢ —¢p*
solve the Skorohod problem on [«; 3] with starting condition ¢*(0) = x for . (The
appropriate construction in the case Tyv < Ty, is symmetric.)

We have
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Proposition 2.7. Let o, 3 :€ D[0;+o00) be such that e («, §) := inf;>0 [8(t) — a(t)] > 0
and z € [«(0); 8(0)] then for every ¢ € D[0;+o0) there exists a unique solution (¢*,n")
of the Skorohod problem on [a; (] with starting condition ¢*(0) = z. Moreover, for
Ty > Ty this solution is given by the functions n* := —¢®, ¢* := ¢ — ", and it has
the following property

|A7" ()] < [AY (5)] + (A (s) " Ligema) + (DB () Lige=py, (2.5)
where 7 = max {z,0}, 2~ = max {—x,0}.

Proof. 1t is easy to see that the solution of our Skorohod problem with starting con-
dition coincides with the solution of the usual Skorohod problem with time-dependent
boundaries for the function ¢, = ¥ — ¢ (0) + z. Hence the existence and uniqueness
follow easily from [2, Theorem 2.6, Proposition 2.3 and Corollary 2.4].

Now, to see that the solution is given by the functions n* = —¢%, ¢* = ¢ — ¢p*
it is enough to check that they satisfy (a)-(b). It is a straightforward task to prove
(a). To prove (b) we will show that dn? is carried by {t > 0: ¢*(¢) = 8(¢)}. In a sim-
ilar way one also proves that the measure dnj is carried by {¢t > 0: ¢*(t) = o(t)}. By

the formula (2.4) the function n® = —¢* is nonincreasing on the intervals [T, x; Ty 1)
and nondecreasing on the intervals [Ty x; Ty k+1),k = 0,1,2,.... Thus one may define
n5,m% € BVT[0;400) in such a way that dn® (s) = dn? (s) = —dinfyeip, .5 (¥ — @) (t)

and dn® (s) = —dny (s) = —dsup,r, .5 (¥ — B) (t) on the intervals (Tix;Tur+1) and
(Tur;Tar), k=0,1,2,..., respectlvely Now, notice that the only points of increase of
the measure dn? from the intervals (T, x; T4 %),k = 0,1,2,... are the points where the
function v — (B attains new suprema on these intervals. But in every such point s we
have

P (s) = sup (P (t) = B(t) = (s) =B (s)

t€[Ty, k;s)
and hence ¢” (s) = ¢ (s) — ¥ (s) = B (s) . Next, notice that at the point s = T, ¢ one has
Y (s) = (s)— B (s) > (0) —x =" (s—), and since for T}, 11 < +00,k = 0,1,..., one
has

Typss  inf { > Tupiv(s)—a(s)— inf () —a()>A(s) —a <s>} 7

t€(Ta,x;s]

then for s = T3 k41 < +00,k=0,1,..,,

inf (¢ (t)—a®)= _inf (@) -ad)

tE(Ta,x;s) te(Ta,k;s)

and
Yr(s) = Y(s)=B(s)> inf (¥(t)—alt))
te[Ty,k;s)
= inf t)—a(t) =9v* (s—).
et (@) —a(t)=v"(s-)

Thus, at the points s = T}, 5,k = 0,1, ... we have dn}j =0, dn} > 0 and ¢” (s) = B (s).

In order to prove inequality (2.5) let us notice that from formula (2.4) it follows that
forany s ¢ {T, x;Tar}.k=0,1,...,(2.5) holds, hence let us assume that s € {T}, x; Tar}-
We consider three possibilities.

o If s = T}, then (as already mentioned) —An” (s) = ¥* (s) — ¥* (s—) > 0 and, by
the definition of T}, o,

—An"(s) =97 (s) =" (s=) = ¢ (s) = B(s) =¥ (0) + . <t (s) =¥ (s—).
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o If s =T, 41,k =0,1,..., then (as already mentioned) —An® = * (s) — " (s—) > 0
and, by the definition of T}, 41,

—An*(s) =9 (s5) =" (s—) = (s) = B(s) — _inf (P (s)—af(s))

t€[Tq,k;s)
SY(s) =B (s) = (¥ (s—) = B(s—))
<Y(s) = (s—)+(

e Ifs=T4k,k=0,1,.., then

An®(s) =¢® (s=) =" (s) = sup (¢ () =B (1)) — (¥ (s) —a(s)) 20

t€[Ty,k;s)

=™

—
»

~—

I
=y
—

va)

I
~—
~—

|

and, by the definition of T} 1,

An®(s) =¢" (s=) —¢¥(s) = sup (Y (t) =B (1)) — (¥ (s) —(s))

t€[Tu k;3s)
S @ (s—) —al(s—) = (@ (s) —a(s))
<P (s=) = (s) + (a(s) —a(s=)) "

O

Remark 2.8. It is possible to prove that the function 1) has the smallest total variation
on the intervals [0; T], T > 0, among all functions ¢ € D|0; +o0) such that « <) — ¢ < 3,
£(0) = ¢ (0) — x. This observation, for constant, symmetric boundaries was proved in
[10, Chapt. II, Corollary 1.5] and in full generality in [6, Proposition 6 and Theorem 8],
but we will not need this in the sequel.

2.2 Regularization of the process X via Skorohod’s map

Now, for ¢ > 0 and Fy-measurable random variable = € [—c/2;c¢/2] we define the
regularization of X, X%*, satisfying conditions (A)-(F). We have

Proposition 2.9. Fixw € Q. Fora = —¢/2, § = ¢/2, g = z (w) and ¢ = X (w) we solve
the Skorohod problem on [«; 3] = [—c¢/2;¢/2] with starting condition ¢™ (0) = zy and
such that (2.5) holds. Let (¢*°,n*) be the solution of this problem. Setting

XO (w) = 0 = =0 = — §" (2.6)
we obtain a process satisfying conditions (A)-(F).

Proof. By Proposition 2.7 we immediately get that X“” satisfies conditions (A)-(D). To
prove that it satisfies conditions (E) and (F) we assume (without loss of generality) that
T, < Ty and consider four possibilities.

* Te[ly-1=0;T,p).In this case
TV (X%, T) = UTV (X%, T) = DTV (X", T) = 0.
* T €[Ty0;Tap). In this case

UTV (Xo*,T)= sup Xi—c¢/2—Xo+2z, DTV (X%, T) =0,

t€[Tu,05T]
and
TV (X*,T) = UTV (X%, T) + DTV (X", T).
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Now, by the definition of UT'V ¢ it is not difficult to see that

urve(X,T) > max{ sup Xt—Xo—Sc/2+337O}

te[Ty,0;T]

UTV (X%, T) — ¢

Y

and
DTV (X, T)>0=DTV (X" T),
TV (X, T) >TV (X**,T) —c.

e T € [Tyx;Tax), for some k = 1,2,... Denote M; = SUDye(r, ,Ta,) Xt and m; =
infierr, 100 Xts = 0,1,..., (times Ty 4, T}, ; are now stopping times, defined for
every path separately). Using monotonicity of X" on the intervals [Tu,i; Tdﬂ-} and
[T4;Tui+1] , and formula (2.4) we calculate

k-1

UTV (X", T) = (Mo—c/2—Xo+z)+» (M;—m;_1—c)
i=1

4+ sup Xi—mp_1—c
te[Ty,k;T)
and
k—1
DTV (Xc’x, T) = (]\4z —m; — C) s

1=
TV (X", T)=UTV (X
Now it is not difficult to see that

Ho

,T)+ DTV (X" T).

k—1
UTV®(X,T) > max{M,— Xo—3¢c/2+x,0}+ > (M;—m;_1—c)
i=1
+ sup Xy—mp_1—c>UTV (X" T)—c¢
te[Ty, ;T
and
k—1
DTV (X,T) > > (M; —m; — ¢) = DTV (X", T),
1=0
TV (X, T) >TV (X**,T) —c.
* T € [Tyg;Tukt1), for some k = 0,1,2,... The proof follows similarly as in the

previous case.

O

3 Interval down- and upcrossings of the process X and level cross-
ings by the regularization X“”
Now for a cadlag process X;,t > 0, (not necessarily starting at 0) and ¢ > 0 let us

consider the number of downcrossings of X from above the level c to the level 0 before
time T. We define it in the following way

Definition 3.1. Forc > 0 seto§ =0 and forn =0,1,...
T, =inf{t > oy : Xy > ¢}, o5, =inf{t > 71 : X; <0}.

The number of downcrossings of X from above the level c to the level 0 before time T'

is defined as
de (X, T)=max{n:o, <T}.
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We will prove that it is almost the same as the number of crossings the level ¢/2
from above on the interval [0; T] by the regularization X“*. Here, for a cadlag process
Y:,t > 0, we define the number of crossings the level ¢/2 from above on the interval
[0; T] in the following way.

Definition 3.2. Forc > 0 letu§ =0 and forn = 0,1, ... we set
vy =inf {t > uy, : Y, > ¢/2}, uy =inf {t > v, : Y, < ¢/2}.

We define the number of crossings the level ¢/2 from above on the interval [0; 7] by YV
as
e. (Y, T)=max{n:u;, <T}.

Now we have

Lemma 3.3. Let X;,t > 0, be a cadlag process adapted to the filtration F = (F;,t > 0)
on the probability space (2, F,PP). For ¢ > 0 and a Fy-measurable random variable
x € [—¢/2;¢/2] consider the regularization X;"*,t > 0, defined in Proposition 2.9. For
any T > 0 we have

de (X, T) <e. (X" T)<d.(X,T)+1.

Moreover, if x = ¢/2 we get exact equality, i.e.
d. (X, T)=e. (X", T).

Proof. We will use the stopping times introduced in Definition 3.1 and Definition 3.2. To
prove that d. (X, T) < e. (X%*,T) it is enough to notice that for any n such that ¢¢ < T
one easily finds such v € [75_;;0¢] that X, > c. Hence, from || X — X7 < ¢/2, we

n—1
get X > ¢/2. On the other hand, again by || X — X“*||_ < c¢/2 and by X,c <0, we get
Xf;’; < ¢/2. Thus, on the interval [T,f_l; a;] we have at least one crossing the level ¢/2
from above by X“* and we obtain d. (X,T) < e, (X**,T).

To prove the upper bound we notice that the process X“? does not change its
value as long as |X; — X;"*| < ¢/2. More precisely, if X;”* = y then X$* < y for
t < s < inf{u>t:X,—y>c/2}; similarly, if X;”* = y then X5 > yfort < s <
inf {u >t: X, —y < —c/2}. By the construction of X“?, for every w the interval [0; T
may be split into a finite sum of disjoint intervals, such that on each of them X%%(w)
is monotonic. Thus e. (X%*,T) is a.s. finite. If e, (X**,T) € {0,1} the inequality
€. (X* T) < d.(X,T) + 1 is obvious. Hence assume that e, (X%*,T) > 2 and for
some n = 2,3, ... consider such v that u¢_; < v < uf < T and X$® > ¢/2. Consider X =
SUP,e | <o<yue Xs- If X < ¢, we would have XJ* < ¢/2 forall s € [uf,_;;u;,| . Hence, there
exists some w € [ug_;uS], such that X,, > c. Similarly, consider X = inf,<,<ye X,. If
X >0, we would have X¢® > ¢/2 for all s € [w;ut]. Thus, on the interval [u$_,;ul] we
have at least one downcrossing of X from above the level c to the level 0 before time T’
and we obtain d. (X,T) > e. (X**,T) — 1.

To prove the exact equality d. (X,T) = e. (X%*,T) when x = ¢/2 it is enough to see
that if e, (X**,T') > 1 and we consider such v that 0 < v < u§ < T and X$* > ¢/2 then
X = SUPg< <y Xs > C. If X < ¢, then by condition (B) we would have X;* < ¢/2 and
thus X&% < ¢/2 for all s € [0; u$] . O

Similarly we consider upcrossings from below the level —c to the level 0, u. (X,T),
and crossings the level —c/2 from below, g.(Y,T). Note, that their numbers may be
easily calculated as numbers of downcrossings or crossings from above, respectively, of
the processes — X, —Y. Naturally, we have
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Lemma 3.4. Letc, z, X, and X“”" be as in Lemma 3.3. For any T > 0 we have
Ue (X, T) < gc (X, T) <wue (X, T)+ 1.
Moreover, if x = —c/2 we get exact equality, i.e.

e (X, T) = g. (X7, T).

4 Limit theorems for truncated variations and interval down- and
upcrossings of continuous semimartingales and diffusions

4.1 Strong laws of large numbers for ¢- TV (X, ), ¢-:UTV® (X, ) and ¢-DTV*® (X, )

In this subsection we will assume that X;,¢ > 0, is a continuous semimartingale (not
necessarily starting from 0). Notice that for 7' > 0 and any a € R, u. (X —a—¢,T) is
equal to the number of times that X upcrosses from below the level a to the level a + ¢
before time 7. Assume moreover that the bicontinuous version of the local time L of X
exists. By [12, page 18, Theorem I1.2.4] we have that for 0 <t < T,

1
c~uC(X—a—c,t)—>§L? a.s. 4.1)

uniformly in t and a € R as ¢ | 0.

Remark 4.1. A small problem we encounter is that the quantity N*(0,t,z,x + ¢),
appearing in [12, Theorem II.2.4] denotes the number of upcrossings (see [12, page
71) not the number of upcrossings from below, and it may be strictly greater than
ue (X —x —¢,t); but we may always calculate e.g. N*(0,t,a — ¢? a + c|) which is no
greater than u.(X —a — ¢, t) and for which convergence in [12, Theorem II.2.4] still
holds.

By (4.1), by the continuity of X and by the occupation times formula (cf. [19, Corol-
lary VI.1.6]) we have that

1
/c~uc(X—a—c7~)da—>f/L“da:
R 2 Jr

ascl0,in C([0;7],R).

Now let us consider X“~¢/2 i.e. regularization of X defined in Proposition 2.9 with
& = —c/2. Notice that by condition (D), X*~¢/? is also continuous and that for 7 > 0 and
any a € R, g. (X©~%/?2 —a —¢/2,T) is equal to the number of times that X*~*/2 crosses
the level a from below on the interval [0; T]. By the extended version of the Banach-Vitali
Indicatrix Theorem (cf. [3, page 328], see also Remark 4.10) for ¢ > 0 we have

(X) as. (4.2)

N =

CoUTV(Xc’*cm,t) = /c~gc<XC’*c/27afc/2,t)da
R

_ / ¢ g0 (X7 —a,t) da. (4.3)
R
Now, by Lemma 3.4 we have
/ cge (XC’_C/2 —a,t) da = / c-ue (X —a,t)da
R R
and from this and (4.2), (4.3) we obtain that
1
c-UTV (Xc)—c/% ) -5 (X) as.

as ¢l 0in C ([0;T],R). Finally, by 0 < UTV (X¢~¢/2,¢) — UTV®(X,t) < ¢, (cf. (2.3) and
condition (F)) and the analogous reasoning for crossings from above (analog of (4.2),
the Banach-Vitali Indicatrix Theorem and Lemma 3.3), we get

EJP 19 (2014), paper 10. ejp.ejpecp.org
Page 12/33


http://dx.doi.org/10.1214/EJP.v19-2644
http://ejp.ejpecp.org/

Integral and local limit theorems for level crossings

Theorem 4.2. For a continuous semimartingale X, t > 0, such that the bicontinuous
version of its local time exists, and T' > 0

¢ UTV® (X,-) - % (X) as. (4.4)

asc|0inC([0;T],R). Similar convergences hold for DTV and TV¢, i.e.
1
c- DTV (X,) = 3 (X) andc-TV® (X, ) = (X) a.s. (4.5)

asc|0inC([0;T],R).

Thus, we have obtained an alternative proof of [16, Theorem 1], but using a stronger
condition on X - that the bicontinuous version of its local time exists. But we have

Remark 4.3. A careful examination of the proof of [12, Theorem II.2.4] gives for any
T > 0 a uniform bound int € [0;T] and a € R for the difference
1
c-uc (X —a—ct)— iLg
for any continuous semimartingale X (the second estimate on page 20 in [12]). Thus,
applying [12, Theorem II1.3.3(a)] and the Lebesgue dominated convergence we get that
(4.2) and hence Theorem 4.2 hold for any continuous semimartingale X.

Corollary 4.4. Let X,Y be two continuous semimartingales. For'T > 0
c ATV (X +Y,)—TVS (X -Y, )} = 4(X,Y) a.s. (4.6)
ascl0inC([0;T],R).

4.2 The local limit theorem - generalisation of Kasahara’s result on CLT for
number of interval crossings

Let T' > 0 be given and fixed. In this subsection we will work with a continuous
semimartingale X satisfying the following conditions.

(i) There exists a probability measure @, under which X is a local martingale;
(ii) the measure P is absolutely continuous with respect to Q.

The Girsanov theorem for unbounded drifts (cf. [5, Theorem 1]) provides examples of
processes satisfying (i)-(ii). Namely, consider the following s.d.e. driven by a standard
Brownian motion W,

dX; = ,u(t,Xt) dt+ o (t,Xt) dW;, Xo = xo, 4.7)

where 29 € R, i1 : [0;+00) x R — R and o : [0; +00) x R — R are measurable and locally
Lipschitz with respect to x. Moreover, assume that (4.7) has a strong solution and o is
separated from 0, i.e. there exists £ > 0 such that ¢ > . By [5, Theorem 1], the strong
solution of (4.7) satisfies (i)-(ii).

Now we will prove a generalisation of the main result of [8], namely we have the
following.

Theorem 4.5. Fix T > 0. Let X be as above and d. (X,t) and u.(X,t), t € [0;T],
be numbers of times that the process X downcrosses from above and upcrosses from
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below the intervals [0; ¢] and [—c; 0] till time ¢ respectively. Moreover, let L be the local
time of X at 0. We have that

1 L L
NG (c.dc (X,) = Fre-te (X,) 2) = (B;/Q,Biﬂ) : (4.8)

where B!, B2, are independent standard Brownian motions, which are also independent
from X.

Remark 4.6. In view of Theorem 4.5, it seems that in [19, Chapt. XIII, Exercise (2.13)]
v should be replaced by ;3.

The immediate consequence of the obtained result is the following generalisation of
the main result of [8].

Corollary 4.7. Let n. (X,t) = d. (X,t) + u. (X, t) be the number of downcrossings the
interval [0; ¢] by the process | X| till time t. Then

1
%(C'nC(X,‘) —L) :>BL,
where B is a standard Brownian motion, independent from X.
Proof. (Of Theorem 4.5) Let us recall the definition of the sequences of stopping times
corresponding to downcrossings from above the interval [0;¢], ¢, 75, n = 0,1,.... Sim-
ilarly, let us define the sequence of stopping times corresponding to upcrossings from
below of the interval [—¢; 0] : 6§ = 0 and for n = 0,1, ...,

Tp=1inf{t > 6y : Xy < —c},0,, =inf {t > 77 : X, >0}.

Now the beginning of the proof goes along the same lines as the proof of [19, Propo-
sition VI.1.10]. For simplicity, we will write only o,,, 7, 6, Tn,... instead of oy, 7, 65, 7.
By Tanaka’s formula, forn =1,2,...

1
X:;At - X;L,L/\t = /( ]H(O;C] (XS) dXs + 9 (LTnAt - Lon/\t)

and because X does not vanish on [7,,;0n41) , Lo, At = Lz, a¢- As a result

¢
1
/ nsdXs =c-de (X, 1) — §Lt + 71 (e, t)
0

and similarly
t
1
/ ﬁngs =C-Uc (th) - iLt + 12 (Cvt) )
0

where 1 and 7 are two predictable processes

oo (oo}
1= Tionir) ()T (X, 5 == Tz, () T ei0) (Xo) (4.9)
n=1 n=1
and random variables 71(c, t), r2(c, t) belong to the interval [0; ] .
We define
I - IR A
K =— ‘dX,, Ki=— nedXs.
t \/E A 773 t \/E A 773
With this notation we have
1 1 r1 (¢, t)
— e de (X t)— =Ly | = K7 — 4.10
G ) @10
EJP 19 (2014), paper 10. ejp.ejpecp.org
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and

% <c-uc (X,t) — ;Lt> = K¢ — TQ\(/CE’t).
By the usual localization argument, we may assume that there exists some M > 0
such that Q a.s. sup,¢(o,r [X¢| < M.
For 0 < s < t, by the Burkholder inequality, the definition of K and occupation times
formula, for some constant A;

Eq (K — K)* < A -

=
o

g
|

(K)s)

<n;>2d<X>u)

<+

:Al'

=
o

T (X) d<X>u)

o

I
e
<

o

IN

m~

=

Is)
N TN N

Al Ol O+

(LF(X) — L2(X)) dx)

< Ay -Eqgsup (L
zeR

+8

() — LI(X)). (4.11)

Now, since X is a local martingale under Q, by the Barlow-Yor inequality [19, Theorem
XI.2.4], for some universal constant A, we have

Eqsup (L¥(X) — L3(X)) < Ay - Eq sup (X, — Xs). (4.12)
z€R u€[s;t]
Now, combining (4.11) and (4.12), for A = A; - A, we get
Eq (Kf — KS)? < A-Eq sTp] (Xu — X,). (4.13)
u€[s;t
Similarly,
Eq (f(f - f(g)Q < A-Eq up (Xu — X,). (4.14)

By Tanaka'’s formula applied to the function = — (l‘+)2 ,

Tn Tn

¢ = (x2)-(xi)=2 [ xrax,+ / Lows ) (X2) d(X),

On On

Tnt1 Ont1 5
_ / X,nodX, + / (1) d(X)s.

n n

Hence, fort > 0,

t t
Ad, (X,t)fQ/ Xsnngsf/ () d(X),| < 2. (4.15)
0 0

Now, using (4.10), (4.15) and several times estimate (a + b)? < 2a? + 2b* we get

Eq (;Lt - <Kc>t>2 =Eq (;Lt - i/ot (n5)° d<X>s)

1 t
< 8¢ + e - Eq (KY)? + 16Eq (C/ Xsnngs) . (4.16)
0

2

Using the Burkholder inequality and | X n¢| < c|nS| we estimate the last two terms in
(4.16) similarly as Eq (K; — KSC)2 in (4.11), and by (4.12) we get that for some universal

constant D,
2
1
Eq (2Lt - <K0>t) <D <02 +c-Eq sup |XS|> : (4.17)
s€[05t]
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Similarly;,

2
1 .
Eq (Lt - <K> ) <D|+e¢ Eq sup X ). (4.18)
2 t s€[05t]
Since dK°¢ = (ﬁ)flﬂ(o;c](X)dX on intervals (op;7,), n = 1,2,..., and dK¢ = 0
otherwise (except maybe 7,,0,, n = 0,1,...), we have Q a.s. (K¢ X), < /c(K°), and
using (4.11), (4.12) we estimate

Eq (K°, X), < Ve Bo(K<), < 24v/c-Bq sup |X,]. (4.19)
s€[0;t]
Similarly,
Eq <KX> < Ve Bo(KS), < 24 Eq sup | X, . (4.20)
t s€[05t]

Finally, let us notice that by the definition of continuous processes K¢ and K ¢ they have
disjoint intervals where they are non-constant, hence

<KK> =0. 4.21)

Now we are ready to prove the convergence result. Following [8], let Q¢ denote the
probability measure on C ([0;7],R*) induced by (X, K¢ K¢, L) under the measure Q.
By (4.13)-(4.14) and Chebyschev’s inequality, with the aid of Aldous’ criterion we have
that the family of measures Q¢, ¢ € (0;1), is weakly relatively compact (cf. [7, Theorem
VI.4.5] and notice that by the Lebesgue dominated convergence theorem and continuity
of X we have

limEq — sup (X, = Xs) =0).
610 0<s<u<s+0<T

Let Q* be any limit of Q°, ¢ € (0;1), and let (x, k. k, l) denote the coordinate process in

(C([0;T],R*),Q*, G, t > 0) where Gy, ¢ > 0, is the natural increasing family of o —fields.
Now z, k and k are continuous Q* martingales with respect to G;,t > 0 (recall that by
localization sup,c(o,r) | Xt| < M, Q a.s., thus the martingale property follows from the
weak convergence). By (4.17)-(4.21) we get that for all ¢ € [0; T

(k), = <k>t =1,/2, (x, k), = <xk>t = <kk>t =0 Qas.

Therefore, by the Knight representation theorem for continuous local martingales we
have that for a two-dimensional standard Brownian motion (Bl, Bz) , independent from
X

)

(k1) =" (X BY o, BY o, L)

where “=%" denotes the equality in distributions (in C ([0;7],R*)). Notice that the
assumption in the Knight therorem that Q a.s. (K¢) A (K¢) — 400 may be omitted, since
we consider the Brownian motion (B!, B?) on the interval [0; L7 /2] only (see remark
below [19, Theorem V.1.9]). Since Q* is unique we get the desired weak convergence.

The stable convergence follows e.g. from the fact that the inequalities (4.17)-(4.21),
(4.13)-(4.14), have their counterparts when we restrict to any subset F' € F with Q(F) >
0, for example

D <C2 + ¢+ Eq sup,¢joy |XS\)
<

Fa QF) ’

(Sec-uea,) 1
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and one may again apply the Knight theorem to obtain the desired weak convergence
on F. Now the stable convergence follows from [7, Sect. VIII, Proposition 5.33,(iv)].

To obtain the stable convergence under the measure IP one may notice that for any
¢ € (0;1) there exists F, € F with P(F,) > 1 — ¢ such that for some M, < 400, dP/dQ <
M, and P a.s. supg<,<t | Xs| < M, on F.. Now notice that the inequalities (4.17)-(4.21),
(4.13)-(4.14) have their counterparts under measure P when we restrict to the subset
F., for example

IN

1 2
M. - Eq <2Lt — <K6>t> s e

IN

M, -D <02 +c-Eq sup |X5> .
s€[0;t]

O

4.3 Integral limit theorem - CLT for integrated number of interval crossings

In this subsection we will assume that X is the unique strong solution of the follow-
ing s.d.e., driven by a standard Brownian motion W,

dXt =M (Xt) dt+ o (Xt) th, X() = X, (422)

with Lipschitz u, o and ¢ > 0. For X satisfying (4.22) we have a more precise result
than Theorem 4.2, namely (cf. [16, Theorem 5])

_&X
2’

1/1 1/1 1
= (X,2(—=Bxy+X —20),=|—=Bix)—X+x0),—=B :
< 2(@ W ) 2<¢§ v ) V3 <X>)

where B is another standard Brownian motion, independent from W.

DIVe (X, ) — 20 pye(x, ) - <X>> (4.23)

(v 2 o

Remark 4.8. The just cited Theorem 5 from [16] describes convergence of a different
vector than the vector appearing in (4.23) and only for diffusions starting from 0, but
(4.23) follows simply from the Mapping Theorem (cf. [1, Sect. 2]) and from the fact that
we may set an arbitrary starting value for X, xq, and then consider the diffusion X — xg,
which has the same values of UTV ¢, DTV, TV® and (-) as X. The stable convergence
follows from [16, Remark 6], see also [7, Chapt. VIII, Proposition 5.33(ii), (iii)].

From (4.23) we shall obtain a convergence result concerning the integrated number
of down(up-)crossings.
For a cadlag Y;,t > 0, let us denote

di(Y,t) =d.(Y — a,t), ud(Y,t) =u.(Y —a—c,t)

and
ne(Y,t) = de(Y,t) +ug (Y, 1),

i.e. d(Y,t) is the number of downcrossings by X the interval [a; a+ ¢ from above before
time ¢, u%(Y, t) is the number of upcrossings by X the interval [a; a+¢| from below before
time ¢ and n?(Y,t) is the number of crossings by X the interval [a;a + ¢] from below or
above before time ¢.

We have
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Theorem 4.9. Fix T > 0. For X satisfying (4.22) we have

(et s - ) e L )

1 1 1 1 1
=X, - | —=Bxy+X—-29),=-(—=B —X+xz9),—=B , (4.24)
( 2(@ v ) 2(@ 0 ) V3 <X>)
where B is another standard Brownian motion, independent from W.

Proof. By Lemma 3.3 and the extended Banach-Vitali Indicatrix Theorem ([3, page 328])

we have
/ ds (X,t)da = / €c (XC’C/Q — a,t) da
R R

— DTV (XC*C/Q, t) — DTV (X, 1)+ ra(c, 1), (4.25)

where by (2.3) and condition (F), the random variable r4(c, t) defined by equality (4.25)
belongs to [0; ¢|. Similarly,

/uZ(X,t)da:/gC(XC’_C/Q—a—c,t)da
R R

—UTV (XC’_C/Q,t) — UTV (X, 1)+ ra(c,t), (4.26)

where 7,(c,t) € [0;¢]. Finally, by the just obtained equalities (4.25), (4.26) and by Re-
mark 2.3,

/ nt (X, 1) da = UTV® (X, 1) + DTVE (X, 1) + ru(c, £) + rale,t)
R
=TV (X,t)+ ract), (4.27)

where r,(c,t) € [0;3¢].
Now, by (4.26), (4.25), (4.27) and (4.23) we get (4.24). O

It is interesting to compare the formulas just obtained for the integrated number of
crossings with that obtained in the Subsection 4.2 generalisation of Kasahara’s result.
By the occupation times formula

i{c/Rdg(X,)da—@}:i/}R{c-dc(X—a,)—L;}da

1 1
= —Bixy — = (X —xg).
53 (x)~ 35 ( 0)
Thus we get that the integrated with respect to a process d? (X, -)—L%/(2c) reveals much
stronger concentration than the same process for a given a. Moreover, for numbers of
(up-)crossings we get

1/{cu(X-) L;}da:MB 1(X—$0),

/{c na — L%} da = \/§B<X>.
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4.4 Functional integral limit theorems

In this subsection we assume that X is the same process as in Subsection 4.3. Let
us fix T > 0 and let f € C?, where C? is the class of functions with continuous second
derivative. The aim of this subsection is to obtain a “functional” limit theorem of the
form

i{c/Rf(a)nﬁ (X,.)da—/o'f(Xs)d<X>s} = %/O'f(XS)dBQQS. (4.28)

This is a considerable generalisation of the theorem obtained in the previous section
and this result can not be obtained (as far as we know) by a straightforward application
of [16, Theorem 5], like in the previous subsection. The convergence result (4.28) and
its relevant version for the quadruple

Qi = (x e [ f@ueceaa- g [ e}

i{C/Rf<a>dz<x,->da—;/O'f<xs>d<X>s}a

i{c/]Rf(a)ng(X,-)da—/O.f(Xs)d<X>s})

will be obtained via establishing the convergence result for the quadruple of integrals
involving level crossings of the regularised processes X%, as in Proposition 2.9, where
for each ¢ > 0, x = z(c) is a Fp-measurable random variable such that |z| < ¢/2.

Q; - (X,i{c/wa)U“(Xc’m,-)da;/O'f<xs>d<X>s},
He[r@peesaa-g [ rxoa,},

1 .
C{c/ f(a)Na (Xc7x7.)da/_/ f(XS)d<X>5}> . (429)
R 0
Numbers U® (X%* ), D* (X% t) and N* (X %", t) in (4.29) denote the number of level
crossings and for any cadlag process Y;,t > 0, are defined as
U (Y,t)=g. (Y —a—c/2,t), D*(Y,t) =e. (Y —a+¢/2,t),
Ne(Y,t) =U*(Y,t)+ D (Y,t),

i.e. U*(Y,t) is the number of times that the process Y crosses the level a from below
and D*(Y,t) is the number of times that the process Y crosses the level a from above
the interval [0;¢].

The main tool we will use will be the “functional” version of the Banach-Vitali Indica-
trix Theorem, from which follows that for any continuous function f: R — Rand t > 0
we have

t t
[ reniaxsei= [ romary e
0 0

= / fla) N* (X" t) da. (4.30)
R

Further, we also have two other equalities analogous to (4.30):

/ F(a) U (X°, 1) da = / LX) AUTV (X0, 5) (4.31)
R 0

/ £(a) D* (X", t)da = / F(XeT)dDTV (X°°, s).
R 0
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Remark 4.10. Since these results are not easily found in the literature, for the reader’s
convenience we present a simple proof of (4.31) and (4.30).

Proof. Let us notice that for every w € Q) the continuous function ¢ := X%%(w) is mono-
tonic on disjoint intervals [Ty x; Tuk+1) s [Tuk+1;Tak+1), k= —1,0,1,.... On every inter-
val [Ty x;Tax), k=0,1,...., ¢ is no-decreasing and

1 ifae W (TurNt);v (Tar At)],
0 otherwise.

U (), Tap At) =U* (¢, Tup At) = {
From this we have
/f ) U (4, Tus A1) da—/f * (4, T At)da

(T, Kk N\t) Ty kAt
= / f(a)da = / f (W (s)dUTV (¢, s). (4.32)

w(Tch/\t) Tu,k/\t

Moreover,
/ f(@)U" (¥, Ty At)da — / f(@)U* (¢, Ty At)da
R R

Ty kr1 At
—0= / F () dUTV (3, ). (4.33)

Tdyk/\t

By (4.32) and (4.33) we get (4.31). Similar arguments work for DTV. Finally, (4.30)
follows from the fact that N = U% + D% and dTV = dUTV +dDTYV. O

Now let X“* ¢ > 0, be a sequence of regularizations of X as in Proposition 2.9 with
x = z(c) such that |z| < ¢/2. We have

Theorem 4.11. For any f € C? the following convergence holds

:(X,Z\l/g/o‘f(X )dBx). /f 5)odX,,
%/O'f(x )dBx ——/f )odX,

5 ).

where fo f (Xs)od X, denotes the Stratonovich integral.
The analog of Theorem 4.11 for Qf is

Theorem 4.12. The same convergence as for the quadruple Q$ holds for the quadruple
Q;.
First, we will prove the following two-dimensional version of Theorem 4.11.

Theorem 4.13. For any f € C? the following convergence holds

(X,i{c | r@neeraa- [ oy, f)

< "7 Of( ,)dB >5>. (4.34)
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Proof. (of Theorem 4.13.) We start with the following properties of the Skorohod map,
which are simply the translation of condition (b) in the definition of the Skorohod prob-
lem in Subsection 2.1:

ifdUTV (X%*,-) > 0 then X — X = —¢/2 and dDTV (X**,-) =0, (4.35)
and
ifdDTV (X**,-) > 0 then X** — X = ¢/2 and dUTV (X%, ) = 0. (4.36)
Moreover,
dTV (X%, ~) =dUTV (XC"”, -) +dDTV (XC*“, -) (4.37)
and
dX** =dUTV (X%%,.) —=dDTV (X7, .). (4.38)

By the usual localization argument we may assume that

sup |X:| < M; (4.39)
te[0;T)
notice that it implies that
T
(X)p = / 0?(X)ds<T sup o?(2). (4.40)
0 [—M;M)]

The total variation of the drift part of X is globally bounded:

. T
zv(/uugmj)s/mxanT swp (@) (4.41)
0 0

x€[—M;M]
and, since f” is continuous,

R := sup |f"(x)| < +o0. (4.42)
z€[-M—1;M+1]

Now let us consider the difference

[Nt da - [ fee)aw,.
R 0

By (4.30) it may be split into two parts:

57 (1) /fX”)dTV X" s /f ) ATV (X7, )

/f ) ATV (X%, s ——/f (X),.

Step 1. Proof that S{ — 0 a.s. as ¢ 0in C ([0; 7], R) . By Taylor’s formula, for any
real x and 9,

and

flx+0)—f(z)=f(x)+r(x,06)0° (4.43)
where the remainder r, defined for ¢ # 0 by the equality (4.43), may be represented as

r(z,0) = %f”(ﬁ) (4.44)

for some 6 € (z;x + §). For § = 0 we may simply set r(z,0) = 1 f”(x).
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Now we fix positive integer K and split the interval [—M; M] into finite sum of inter-
vals

i—1 1 .
Let us consider the stopping times: vy = 0 and
v = inf {¢ > vy : X; € I; for some i = 1,2, ..., K such that X, , ¢ I;}. (4.45)

To simplify the notation we will omit x in the superscript X“*. By (4.43) we get
i
Si) = [ (X0 - F(X))TV (X
0

= Z /Ulc+1 (X)) (XS — X,)dTV (X€, s)

k=0 v At

0 V1AL
+Z/ P (X, XS — X,) (XE — X,)2dTV (X€,5),

k=0 VRNt
o0 V1AL
- Zf’ (XW)/ (X — X,)dTV (X¢,s) (4.46)
k=0 v At

+Z/Um {17 (Xs) = F/ (X))} (X§ = X) ATV (X7, 5)

k=0" Yk At

0 V1AL
+Z/ r (X, XS — X)) (X — X,)2dTV (X€,s).

k=0 " Vk At

To bound the first term in (4.46), notice that by (4.35)-(4.38)

V41 AL
/ (X — X,)dTV (X°,5)

K\t

c V41 AL c Vi1 AL
¢ / ADTV (X¢,s) — < / AUTV (X°, 5)

2 Jupnt 2 Jount
c V41 AL
- f/ d(DTV (X¢,s) — UTV (X, 5))
2 (SN A
C Vi1 AL c C c c
_ /m axg=—3 ( S - XUW> . (4.47)

A small difficulty may arise from the fact that the number of summands in (4.46) may
be arbitrary large, but since X is a.s. continuous, we may always restrict to a subset
of © C ) with probability arbitrary close to 1 and such that for X € © the number
of summands in (4.46) is bounded by some fixed integer. Let us also notice that the
absolute value of X, ., — X7 7 is bounded by (2M/K + c) and the absolute value of

Vk+1

f"(Xv,) is bounded by sup, (s | f'(2)| . By these observations and (4.47)

0 COPERWAN
> (X)) / (X — X5)dTV (X¢,s)
k=0 v At
c o0
=52 (Xu) (X6ont = Xeon) = 0 as. (4.48)
k=0
ascl0in C([0;7],R).
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To bound the second term in (4.46) notice that by the mean value theorem, for
U <8 < vpgpt AT

f/ (XG) - f/ (X'Uk) = (Xs —XUk)fH (Z),

where Z is a random number belonging to the interval [X; A X, ; Xs V X, ]. Hence, by
(4.39), (4.42) and the definition of stopping times vi, k =0,1,..., for vy < s < vy AT
we get |f' (Xs) — f/ (X, )| < 2MR/K. From this observation, the inequality | X¢ — X;| <
¢/2 and condition (E) we have

0 V41 AL
S~ (I XE - X ATV (X
k=0 v At

IM - o V1At
< fe / ATV (X°, s)

K 2k=0 VAt

M-R
= e TV (X*,1)

M-R M-R
< 7 c-(TVC(X,t)+c)—>T<X>t a.s.as c¢l0. (4.49)

Thus, for any € > 0, by the choice of sufficiently large K, the absolute value of the
second term in (4.46) may be bounded by ¢ as ¢ | 0.

To prove the convergence of the third term in (4.46), notice that for vy < s < vg1 AT
and c < 2

I (Xo, XE— X,)| < g

This follows from (4.44) and (4.42). Now we estimate
i /Uk+1At
k=0 v At

RC2OO Vi1 AL R
- TV (X, s) = =TV (Xt
ST [TV = geTv e

k=0 " Vk Nt

(X, XS — X,) (XS — X,)?[dTV (X6, s)

IN

R R

—ETVE (X, t) + =, (4.50)
8 8

Hence, by (4.48), (4.49) and (4.50) we get S¢{ — 0 a.s. asc | 0in C ([0;T],R).

Step 2. Convergence in probability of S5. By integration by parts formula (recall
that TV (X¢, [0;t]) — (X), /c is a process with locally finite total variation), we have

SS(t) = /Otf(XS)d{TV(XC,s)mS} (4.51)

= f(X)) {TV(XC,t) - <Xc>t} C/Ot {TV(XC,S) - <Xc>s}df(Xs).

By (4.35)-(4.38) we have

) t
TV (X, 1) = E/ (X, — X°)dX¢ (4.52)
0

and, since X°¢ is continuous and has locally finite total variation,

(), = (XX, = (%~ Xp = (6= X5 =2 [ (6~ X4, - XD). @s9)
0
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Now we have

(X), 2 [ 2 [t
TV (X t) — = ] (Xs=X9HdXi+ = [ (Xy—X9d(X, — XE) -1,

C Cc Jo c Jo

2 t
= */ (Xs — X$)dXs — 1y, (4.54)
¢ Jo
where
— 1 c\2 o2 c c
re=- {(Xt XE)? — (Xo — XE) }e [ 4,4].

Thus, in view of (4.51) (and (4.39) - (4.41)), it is enough to consider

S5 (1) ::f<Xt>{i/0t<Xs—X§>dXs}—/Ot{i/OS<Xu—X5>qu}df<Xs>.

Again, by integration by parts

/f 2 (X, - X°)dx, +</O'df(Xs),/0'i(XsXg)dxs>t.

By It6’s formula, df (X) = 3" (X,) d(X), + f' (X,) dX,, and

</O.i(Xs—X§)dXs, O.df(Xs)>t—/Oti(Xs—X(f)f’(Xs)MX)s.

Finally,

/ 70 2 (X, - X2y dx, + /tQ(Xs—X§>f'(Xs>d<X>s. (4.55)

We prove that the second term in (4.55), i.e.

t
2 c
| e xaraac,
0
vanishes as ¢ — 0.

First, using the stopping times vy, k = 0,1, ..., defined in Step 1, we decompose

/0 2 (X, - X0) f (X d(X),

Cc

V1AL 2

=Y [ R xo ) a ),

k=0 v At c

oo vk+1/\t2

=Yo7 s [ 20 XA (),

k=0 v Nt
oo vk+1/\t2 .

#3 [ X (X - f (K}, (@56)
k=0 VAt

To bound the second term in (4.56) we use the mean value theorem and similarly as in
Step 1, for v, < s < viy1 At obtain

MR

1 (X)) = (Ko <27
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Hence

>/ T2 - X U (X)) - (X)X,

k=0 " Yk At c

2 M-R
< | X, — X¢|2——d (X
< [ 21X - xR,

M-R
< 20— (X),. (4.57)

Now we will prove that for every £ = 0,1, ...,
V1At )
/ - (Xs—X)d(X), = 0as.
v At c

as c | 0. First, let us introduce the “natural clock” for the process X, i.e. we define
v (t) :=inf{s: (X) >t}.

By this time-change we obtain the process X, = X () satisfying the following s.d.e. (cf.
[17, Theorem 8.5.7]):

- 1% (Xt) -
dX; = ——dt + dW4, (4.58)
o (%)
where W is another Brownian motion.

Remark 4.14. Due to localisation this s.d.e. might be satisfied only on the time interval
[0; 71], where 7y := U Ainf {t : ’Xt‘ > M} and

U:=T sup o*(x),
r€[—M;M]

but this is sufficient for our purposes. (By (4.40), U is sufficiently large for the inequality
(X)p < U to hold on supy<, <7 | X¢| < M.)

Defining )N(f = X;’(t) and stopping times vy, k = 0,1, ... analogous to the times vy,
k=0,1,...,i.e. vy =0and fork=1,2,...,

B = inf{t > 051 : X, € I for some i = 1,2,..., K such that X;, , ¢ IZ-} :

we obtain the equality

V1At 2 D41 A (X)), 2 - ~
/ S(X, - XO)d(X), = / ‘ (XS - Xg) ds. (4.59)

S
kAt ¢ BA(X), ¢

Moreover, we may assume that the process X; — z, is a standard Brownian motion on
the set supg<;<r ‘f(t‘ < M under some measure Q, such that the measure P is absolute

continuous with respect to Q.
More precisely, take a standard Brownian motion B on some filtered probability

space (ng, G= (gt)tzo , Q) with probability measure Q, such that usual conditions

hold, define v (M) = inf {t > 0: |B; 4+ 29| > M} and the measure PP, absolutely continu-
ous with respect to Q, with the Radon-Nikodym derivative

@ - Une(M) (B,) 1 Une(M) 2 (g
— = exp 5 dB; — I dt | .
dQ 0 02 (By) 2 Jo ot (Bt)
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By Girsanov’s theorem we obtain that
" p(Bs)
B - d
| ey
is a standard Brownian motion under P on the interval [0; U A v (M)]. More precisely,

by appropriate enlargement of filtration (cf [19, Theorem V.1.7]) we may assume that
there exists a Brownian motion B under P such that B satisfies the equation

1 (Bt) 5
B; = B 4.
dB; 02(Bt)dt+d t (4.60)

on the interval [0; U A v (M)]. It is easy to see that for the solutions of (4.60) uniqueness
in law holds on the interval [0; U A v (M)]. Thus, by (4.58) and (4.60)

{(Xt — 20,0 <t < U/\%M) under IP} = {(Bt,() <t<UAwv(M)) under ]f’}. (4.61)

Now we will prove that for £k =0,1, ..

Ml

Wg41 2
/ Z(B, - B%ds -0 (4.62)

wi C

as ¢ | 0, where —® denotes convergence in probability with respect to the measure
Q, B¢ = B%" (with & = z(c) € [~¢/2;¢/2] being a Gy-measurable random variable) is
the regularization of B, defined similarly as the regularization X“® in Proposition 2.9;
wo=0and fork=1,2,...,

wg = inf {t > vj_1 : By + 20 € I; for some i = 1,..., K such that B,,, , + 2o ¢ I, } .

For ¢ = B define stopping times Uy , and Uy, analogously as stopping times 7, ; and

T4 x in Subsection 2.1, with a = —0/2 = c/2 It is easy to see that by symmetry of
standard Brownian, for [ = 1,2, ..., under the measure Q,
2 c d 2 c
—(Bs— Bf)ds =" — —(Bs— Bf)ds. (4.63)
[U'u UG ] ¢ [Ud lqu 1+1]
Moreover, by scaling properties of standard Brownian motion, for/ = 1,2,..., under the
measure Q,
2
/ = (Bs— B%)ds =4 02/ 2 (B, — Bl) ds, (4.64)
[Us 1Ug,] © (U254
[Us 5 UG) = & [Uni: U] (4.65)

and similar equalities hold for intervals [U a0V +1} . The integral
Vw+1 2
/ — (Bs — Bf) ds,
Wi c
k = 0,1,..., consists, except maybe two marginal integrals f w5+ and f “h1 where

l§ and [ are such that wy € {Uc 13 Us ZC_H} , We1 € {Uc 13 Us l%“} , of the sum of the

u,lg u,lg Uyby u,
integrals of the form

2 2
/ 2 (B, - B%)ds +/ (B, - B%)ds.
[ " U(;l] ¢ [Uzgl:,l;U;;,l+1} ¢

u,l?
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Define U;"", t > 0, in the following way: U;"* = 0 for ¢ < U 1g+1 and for t > U7 1|

¢ I7e c
Uu,l(cﬁ»l’U' ,zgm}

2
Usk = /[ = (Bs — B%)ds,

where I5(t) := sup {l LUS, < t} A (I$ +1). By (4.63) and renewal structure of B, — B,
U%* is a martingale under Q (for I =1,2,... consecutive integrals
2
/ —(Bs — B?) ds,
v ¢

c .7Je
u,,l’Uu,H—l]

are independent). By (4.65), similar equalities for intervals [Ug,ﬁ Ug. +1} , independence

of consecutive intervals [Uﬁ,ﬁ Uﬁ,ul} ,1=1,2,..., and Wald’s identity we have
Eqwi+1

(4.66)
EQ (Ui,Q - U&,l)

lciﬁ)l CZEQ ($+1) =

(notice that for fixed k = 0,1,..., Ewyy1 < +00). Now, denoting by [U“*] the quadratic
variation of Uc’k, by (4.66) and (4.64) we have that

2

c .pJc &
SRR

Eg [Uc,k]oo =Egq (5 =15) Eq </[U (Bs — B9) ds)

is of order c?. Now, to get (4.62) it is enough to notice that USF differs from the integral
f;;:’“ 2(Bs — Bf)ds, k=0,1,..., by two marginal integrals fil”f'l?i“ and fg};“ﬁ“ (which

vanish as ¢ | 0) and apply Burkholder’s inequality.
The same holds for B under the (absolutely continuous with respect to Q) measure

P. Thus, by this and by (easy to prove) equality f(s — xg — (f(s — xo) = f(s — )~(§,

where (f(s - xo) = (XS — 1:0) is the regularization of X, — zo with the same z as
the regularization X¢ = X% of X, for k =0,1,...

Vg 41 2 /. N
/ : (XS - X;‘) ds =P 0.

D C

Hence, by (4.59) we have

o0 V1AL 2

S (XUkAt)/ (X, - X9)d(X), =Fo. (4.67)

k=0 VAt &

Thus, by (4.57) and (4.67), since M and K may be arbitrary large (first we choose M
then K), we get that

/tQ(Xs - X9 f (X d(X), =P 0.
0 C

Now we are left with the term
T 2
SS(T) = / F(X)Z (X, - X5)dX, (4.68)
0
and we know that S§ — S§ —F 0.
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Step 3. Approximation of S; with step processes and establishing its weak
convergence. Let us recall the stopping times defined in (4.45) and define the cadlag
process

Xt = ZXUk]I[Uk;Uk+1) (t).
k=0

Notice that X is uniformly close to X, more precisely

~ oM
X—XH <2 4.69
|x-x]|_ =% (4.69)

where K is the same number which was used in the definition of the intervals I,, i =
1,2,..., K. From (4.69), (4.39) and the mean value theorem it follows that

- 2M
IF(X)-r0|_ =55 sw If@I. (4.70)
0 z€[—M;M)]
Let St be defined as
t
SE(t) = f —(Xs — X9 dX;
0
0 ’Uk+1/\t2
— YA vw/ 2 (X, — X°) dX,.
k=0 v At c

2 (X - X°) HOO <1, (4.39)-(4.41), and the Burkholder-Davis-Gundy inequality

it follows

E sup |S5() — S5(t)[”
2
= sup

tGOT]/(( ) ) (Xs — X&) dX,
= b / (+ (%) -1 ) < (XS—X§)>2d<X>S

2
+ O (/0 ’f (%) - rx) %(Xs _x9) st>
M i / 2 ) ‘ )
<0y (K) el (f'(x)) <E<X>T+T o (u(x)) ) @)

where () is a universal constant and V' denotes finite variation part of X.
By (4.54)

TV (X)) — % - / % (X, — X9 dX, =" 0asclO. (4.72)
0

By (4.72) we also have the same convergence for the differences,

/O.H[Uk/\T;karl/\T] (s)d{TV (X¢,5) — (XC>S}

' 2
- / LounTionasnt] () 5 (Xs = X9) dX, —~Poasclo. (4.73)
0
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Since X is a step process,

/OTf (f(s) d{TV(XC)S) _ <XC>S}
iifC&%MQ/WHMT
k=0 v

and hence, by (4.73) we also have

[r(x)afrvies - S [h(x) 2o - xoax,

:/'f(Xs)d{TV(XC,s)—<X>S}—S§—>]P0asc¢0. (4.75)
0

c

d{TV (X°,s) — <X>} (4.74)

wNT c

Let 7 be the Prohorov metric (cf. [1, Sect. 6]) defined on the space of probability laws
on C ([0; T],R) . Reasoning similarly as above (but instead of convergence in probability
considering the Prohorov metric), by the weak convergence result for 7V< (X, -)—(X) /c
(i.e. [16, Theorem 5]) and the fact that TV° (X, -) and TV (X¢,-) differ by no more than
c, we get

7r<£ (/O'f()?s)d{TV(XC,s)—Q?SD c(\}g /Of<X) dB<X>S>> 50 (4.76)

asc|O0.
Finally, notice that by (4.69)

7 (c (/0 /(%) dB<X>S) L (/0 £(X4) dB<X>S>) = 6(K)>0  (4.77)

as K 1 +o0. Now, from (4.71), (4.75), (4.76) and (4.77) we have that

lim sup, o <,c(sg) L (;5 /0 F(X,) dB<X>S>> <5 (K).

Since K may be chosen arbitrary large and 6 (K) — 0 as K 1 +o0, we get

fimsup (L(sg) v (\% /O F(X.) dB<X>S>> ~0.

Step 4. Convergence. By Steps 1-3 and the fact that the convergence in the
defined Prohorov metric is equivalent to weak convergence in C ([0;T],R), c.f. [1,
Theorem 6.8], we obtain the weak convergence of

[ra@neeeda- [ reea,
R 0

to Lo
— | f(X5)dBx, .
V3 Jo s (XD
To finish the proof let us notice that instead of considering the processes S¢, i =1,...,5

alone, we could consider pairs (X, S¢). By [16, Theorem 5 and Remark 6] we have
stable convergence of the pair (X,7TV¢(X,-) — (X)/c) and thus we obtain the desired
stable convergence with respect to the o-field generated by X (as described in Remark
1.2). O

To prove Theorem 4.11 we will need
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Lemma 4.15. For any f € C? we have
/f (X)dXC P /f JodX, as ¢ 0, (4.78)

where [ f (X;)odX, denotes the Stratonovich integral and “—P” denotes convergence
in probability in C ([0; T],R) .

Proof. Let us decompose
/O'f(Xg)dXSC:/O' {f (XS — f(Xs)}PdXE+ / f(Xs)dXs. (4.79)
Using integration by parts we get that
/ f(Xs)dXe = ch(X)—ng(Xo)—/O'Xscdf(Xs). (4.80)

Now, using || X — X€|| < ¢/2,

/' Xgdf (Xs) =" / X.df (X) (4.81)
0 0

as ¢} 0. From (4.80), (4.81) and again by integration by parts and It6’s formula d f (X;) =
37 (X)) d(X), + [/ (X,) dX, we get

/f ydxe —F /f )dX, +</'df(Xs),X>
/f ) dX +/f (4.82)

Further, using the fact that || X — X¢|| < ¢/2, the Taylor expansion and similar reason-
ing as in Step 1 of the proof of Theorem 4.13 we get that

/V{f(Xi) Xo)pdXg — / (X X,)dX¢ = 0as. (4.83)
0

as c¢ | 0. Finally, from (4.79), (4.83) and (4.82) we get that

' c c_ ' / c _ c__ ‘ ! P .
| reaxe= [ ey -xgaxi- [ rgaen, -8 [ r)ax. ase

Now, using 2 (X¢ — X,)dX¢{ = —dTV (X¢, s) and again integration by parts we get

/' f’<X3><X§—Xs>dX5+/O'f'<X

== [ rEaEv e @+ [ e
== LTV (X = (0} + 5 [ (v (X79) = (), }af (X,)
+ % /0‘ (X)) d(X), (4.85)
EIP 19 (2014, paper 10. ——
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which, in view of (4.54) converges in probability as ¢ | 0 to the same limit as

—FX) /0'<XS—X§>dX5+ /0 /Ot<XS—X§>dXsdf’<Xt)
1/'f’(
— [ rx) - xpax, - /X X9 £ (X)) d(X),

+§/O (X)) d(X) —=F 1/ (X (4.86)

Thus, by (4.84)-(4.86) we have

/fXCdXC—>/f ) dXs + = /f

which is the Stratonovich integral and we get (4.78). O
Now we proceed to the proof of Theorem 4.11.
Proof. By (4.31),
t
/ f@)U* (X t)da = / f(XHAUTV (X€)s)
R 0
and .
/ f(a) D* (X°, 1) da = / F(XE)dDTV (X°, 5).
R 0

To finalize the proof we need to notice that
1
urv (Xcv ) = 5 {Xc +TV (Xcv )} )

DTV (X¢,") = % (—X°+ TV (X°,)}.

From this we get
/}R F(a) U (X°, 1) da = /0 F(XO)AUTV (X°, )
=5 [ renagxs Ty e
_ %/O'f(xg)dxgr %/O'f(xg)dTv (X°, s) (4.87)
and
/]Rf(a) D (X¢, 1) da = —%/O'f(xg) dxe +%/0 F(XO) ATV (X, s). (4.88)
By Theorem 4.13 we have stable convergence of the pair

(x [ r@weeeaa- L [ rxoa,)

which (recall (4.30)) is equal to

(e i L[ snyuim)

By this, (4.87), (4.88) and by Lemma 4.15 we have the thesis. O
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We finish with the proof of Theorem 4.12.

Proof. By (4.87), Lemma 4.15, (4.30) and Step 1 of the proof of Theorem 4.13, for any
sequences of Fy-measurable r.v.s x; = z1(c), 2 = x2 (¢) such that 1,z € [—¢/2;¢/2] we
have the convergence

/ fa)U? (X“’“w)da_/ fla) U (X72,-) da
R
- f/ F(X,)d{TV (X", s) = TV (X", s)} =P 0
in C([0;T],R) as ¢ | 0, and a similar assertion holds for crossings from above. But

by (2.1) and condition (E), (Xo™1 s) =TV (X%, s)| < ¢, and integration by parts
yields

/f ) d{TV (X% 5) =TV (X%, 5)} =F 0

in C ([0; T],R) as ¢ | 0. Thus the triple

v= (x. [ s@orcemaa- L [ o,
/]Rf(a)D“(Xc’“,t)da*Q—C/O f(Xs)d(X>s>

converges stably (as ¢ | 0) to the same limit for any sequences z; and z» as above. Now,
it is enough to notice that by Lemma 3.4 we have

/f Xtda—/f U“ X 6/2,t)da
/Rf(a)dg (X,t)da:/Rf(a)D“ (X“’C/Q,t> da.

The convergence of the quadruple Q; holds by the Mapping Theorem, since

and similarly

nd (X, t) =ul (X, t) +d2 (X, 1).
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