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Abstract

A recursion for the joint moments of the external branch lengths for coalescents
with multiple collisions (A-coalescents) is provided. This recursion is used to derive
asymptotic results as the sample size n tends to infinity for the joint moments of the
external branch lengths and for the moments of the total external branch length of
the Bolthausen-Sznitman coalescent. These asymptotic results are based on a dif-
ferential equation approach, which is as well useful to obtain exact solutions for the
joint moments of the external branch lengths for the Bolthausen-Sznitman coales-
cent. The results for example show that the lengths of two randomly chosen external
branches are positively correlated for the Bolthausen-Sznitman coalescent, whereas
they are negatively correlated for the Kingman coalescent provided that n > 4.

Keywords: Asymptotic expansions; Bolthausen-Sznitman coalescent; external branches; joint
moments; Kingman coalescent; multiple collisions.

AMS MSC 2010: Primary 60]25; 34E05; 60C05, Secondary 60J85; 92D15; 92D25.

Submitted to EJP on August 30, 2012, final version accepted on March 2, 2013.

Supersedes arXiv:1209.3380v3.

1 Introduction and main results

Let II = (Ht)tzo be a coalescent process with multiple collisions (A-coalescent). For
fundamental information on A-coalescents we refer the reader to [23] and [24]. For
n € N := {1,2,...} we denote with 1™ = (Hﬁn))tzo the coalescent process restricted
to [n] := {1,...,n}. Note that TI™ is Markovian with state space &,, the set of all
equivalence relations (partitions) on [n]. For ¢ € &, we write |{| for the number of
equivalence classes (blocks) of ¢. For m € {1,...,n — 1} let gn,, be the rate at which
the block counting process N := (Nf"))tzo = (|H§")|)t20 jumps at its first jump time
from n to m. It is well known (see, for example, [21, Eq. (13)]) that

Inm = ( " )/ "1 — )™ Ade) (1.1)
[0,1]

m—1
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External branches of coalescents

for all n,m € IN with m < n. We furthermore introduce the total rates

n—1 o o n __ o n—1
On = Zgnm:/ 1-(1-2)"—ne(l —2) A(dz), neN. (1.2)

2
=1 [0,1] z

We are interested in the external branches of the restricted coalescent process I1(™).
More precisely, forn € Nand i € {1,...,n} let

Tny = Inf{t > 0: {i} is a singleton block of Hg")}

denote the length of the ith external branch of the restricted coalescent II("™. Note that
71,1 = 0. Our first main result (Theorem 1.1) provides a general recursion for the joint
moments

pn(kiy.oky) = EB(rfy by G e {1, nd k. k€ No={0,1,...}, (1.3)

n,j
of the external branch lengths. The proof of Theorem 1.1 is provided in Section 2.

Theorem 1.1 (Recursion for the joint moments of the external branch lengths).
Foralln > 2,j € {l,...,n} and k = (k1,...,k;) € INV the joint moments yu, (k) :=
]E(Tff}l . T:]J) of the lengths 7, 1,...,T,n Of the external branches of a A-coalescent

(") satisfy the recursion

1< i m— 1),
(k) = = kipn(k—e)+ Y pnmw pm (k) (1.4)
In 3 m=j+1 J
where e;, i € {1,...,j}, denotes the ith unit vector in R?, p,, := gnm/gn and gn., and

gn are defined via (1.1) and (1.2).

Remark 1.2. The recursion (1.4) works as follows. Let us call d := ki + --- + k; the
order (or degree) of the moment i, (k1, . . ., kj). Provided that all the moments of order
d—1 are already known, (1.4) is a recursion on n for the joint moments of order d, which
can be solved iteratively. So one starts with d = 1 (and hence j = 1), in which case (1.4)
reduces to p,(1) = 1/g, + ZZ;IQ Prm (M — 1) /n)pim (1), n > 2. Since pz(1) = E(1z1) =
1/g2 = 1/A([0,1]), this recursion determines the moments of order 1 completely. Now
choose d = 2 in (1.4) leading to a recursion for the second order moments. Iteratively,
one can move to higher orders. Note that for j = 2 and k1 = ko = 1 the recursion (1.4)
reduces to

n—1

2 m—1
E(Tp1Tn2) = ;E(TnJ) + Z pnm((n)Q)QE(Tm7le’2), ne€{2,3,...}. (1.5)
n m=2

Note that Theorem 1.1 holds for arbitrary A-coalescents. For particular coalescents
the recursion (1.4) can be used to derive exact solutions and asymptotic expansions
for the joint moments of the lengths of the external branches. In the following we
briefly discuss the star-shaped coalescent and the Kingman coalescent. Afterwards we
intensively study the Bolthausen-Sznitman coalescent. For related results on external
branches for beta-coalescents we refer the reader to [8], [9] and [19].

Example 1.3. (Star-shaped coalescent) For the star-shaped coalescent, where A is the
Dirac measure at 1, the time T, of the first jump of II") is exponentially distributed
with parameter g, = 1, n € {2,3,...}. Furthermore, p,,, = 6,1 forn,m € N withm < n.
Thus, (1.4) reduces to i, (k) = >7_, ki i (k — €;) with solution p, (k) = (k1 + -+ + kj;)!,
which is obviously correct, since 1,; = T, for alli € {1,...,n} and, therefore, y, (k) =
BT ™Y = (ki 4+ +k)n>2je{1,...,n}, ki,.... k; € N,
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External branches of coalescents

Example 1.4. (Kingman coalescent) For the Kingman coalescent [20], where A is the
Dirac measure at 0, the time T,, of the first jump of o™ js exponentially distributed
with parameter g, = n(n —1)/2, n € {2,3,...}. Furthermore, p,my = 6mn—1 form,n € N
with m < n. Caliebe et al. [6, Theorem 1] verified that nt,; — Z in distribution
as n — oo, where Z has density z + 8/(2 + x)3, x > 0. Janson and Kersting [17,
Theorem 1] showed that the total external branch length Lévternal .= S~ 7. satisfies
(1/2)y/n/(logn)(Leternal — 2) — N(0,1) in distribution as n — co. We are instead
interested here in the moments of 7, ;. The recursion (1.4) for j = 1 reduces to

2k n—2

mﬂn(k’— 1)+

pn(k) = tn—1(k), ne{2,3,...},ke .

Rewriting this recursion in terms of a,, (k) := n(n — 1)u, (k) yields a, (k) = 2k pn,(k—1) +
an—1(k), n €{2,3,...}, k € N, with solution a, (k) = 2k >."" _, jt(k — 1). Thus,

pin (k) = Z“m -1), ne{23,...},keN.

) = pn(1l) =2/(n(n—1)) 3°7,_,1=2/n and
E(r2)) = pn(2) — 71(714_1)2_231 _ 871(?:—_11)) _ 8lonan+8(’Yng 1) +O<1(:;g3n>’

where v &~ 0.577216 denotes the Euler constant and h,, := .., 1/i the n-th harmonic
number, n € IN. Note that these results are in agreement with those of Caliebe et al. [6,
Eq. (2)] and Janson and Kersting [17, p. 2205]. For the third moment we obtain

_ 6 8wl 48 N~
pn(3) = n(n—1) Zm(m—l) o nin —1) Zm(m—l)'

m=2 m=2

The first two moments are therefore (7, 1

)

Since hy+1 — hm = 1/(m + 1), the last sum simplifies considerably to

o = 3 ()

m=2 m=2
n—1 n
[ B 1
= —— —_— 1_7
P D .
m=1 m=2
b, 1 h,
= h - 4+ =1
2+Z m+1 n +n n’

Thus, the third moment of 7, ; is

48 h 48 logn
E 3 = n 3 = —F 1 — l _- 5 — 48 O
R ] L) o).
For the fourth moment we obtain
384 K1 —hy/m
E 4 = n 4) = m - 5
(Tn,l) M ( ) n . 1 mZQILL n(n _ 1) ’mzﬂ m(m _ 1)

a formula which does not seem to simplify much further. One may also introduce the
generating functions gy (t) :== >, un(k)t",

oo

Poi(t) = Y n(n—1)ua(k Z%Zum — 1)t

n=2 m=2

) ) . o
= 26 k= Y = g (t),
m=2

n=m
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so these generating functions satisfy the recursion

g (t) 2/«//92’“ duds, k>2,0<t<]1,
ul—u

with initial function ¢;(t) = Y .. ,(2/n)t" = —2t — 2log(1 — t). Using this recursion,
gx(t) can be computed iteratively, however, the expressions become quite involved with
increasing k. For example, g5(t) = 8t — 4(1 — t)log®(1 — t) — 8(1 — t)Lia(t),
Lip(t) := — fot(log(l —x))/xdx = > ;o t*/k? denotes the dilogarithm function. In prin-
ciple higher order moments and as well joint moments can be calculated analogously,
however the expressions become more and more nasty with increasing order. In the fol-
lowing we exemplary derive an exact formula for y,(1,1) = E(7,,17,,2). The recursion
(1.4) for j = 2 and ky = ko = 1 reduces to (see (1.5))

n—2)z 8 et et
!M—l(l’l) T n2(n-1) : ”(”)(_1) |

2
,un(Ll) = gin/ln(l)‘i‘ (n)2

It is readily checked by induction on n that this recursion is solved by 12(1,1) = 2 and

4(n? — 5n + 4hy,)
n(n —1)2%(n —2)’

,U/n—l(lvl)a n > 2.

pn(1,1) = ne {3,4,...}.

In particular, p,(1,1) = 4/n? — 4/n® + O((logn) /n*), n — co. Moreover, Cov(7,. 1, Tn2) =
pn(1,1) = (un(1))? = 4(n? — 5n + 4h,,)/(n(n — 1)*(n — 2)) — 4/n? < 0 for all n > 4. Thus,
for the Kingman coalescent, the lengths of two randomly chosen external branches are
(slightly) negatively correlated for all n > 4. We have used the derived formulas to
compute the following table.

n /”Ln(]') = E(Tn71) Nn(la ]-) = E(Tn,lTnQ) COV(Tn,la 7-77.,2)
2|1 2 1
3 | 0.666667 0.444444 0
4105 0.240741 —0.009259
5104 0.152222 —0.007778
10 | 0.2 0.038096 —0.001904
100 | 0.02 0.000396 —0 000004
n — 00 % %—ng —I—O(log”) n3 —|—O(1°g”)

Table 1: Covariance of 7,1 and 7,2 for the Kingman coalescent

In the following we focus on the Bolthausen-Sznitman coalescent [5], where A is
the uniform distribution on [0, 1]. Our second main result (Theorem 1.5) provides the
asymptotics of all the joint moments of the external branch lengths for the Bolthausen-
Sznitman coalescent.

Theorem 1.5 (Asymptotics of the joint moments of the external branch lengths).

For the Bolthausen-Sznitman coalescent, the joint moments p, (k) := E(T:}l . TSJ])

jeN, k= (k,..., k;) € ]Nj, of the lengths 7,, 1, ..., Ty n Of the external branches satisfy
kil k!

pn (k) ~ m n — oo. (1.6)

Remark 1.6. For j =2 and k; = ky = 1 Eq. (1.6) implies that E(7, 17n,2) = pn(1,1) ~
1/log*n ~ (un(1))? as n — oo, which does not provide much information on the covari-
ance Cov(7y.1,Tn2) = pn(1,1) — (1, (1))?. With some more effort (see Corollary 3.2 and
the remark thereafter) exact solutions for I(r,, 1) and E(7,,,17,,2) are obtained and it fol-
lows that 7,1 and 7, 2 are positively correlated for all n > 2, in contrast to the situation
for the Kingman coalescent, where 7, ;1 and 7, » are slightly negatively correlated for all
n > 4.
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The following two corollaries are a direct consequence of Theorem 1.5.

Corollary 1.7 (Weak limiting behavior of the external branch lengths).

For the Bolthausen-Sznitman coalescent, (logn)(Tp1,...,Tnn,0,0,...) = (71,72,...) in
distribution as n — oo, where 7y, 7o, . . . are independent and all exponentially distributed
with parameter 1.

The following result concerns the asymptotics of the total external branch length
Lewternal .— S™" | 7,.; of the Bolthausen-Sznitman coalescent.

Corollary 1.8 (Asymptotics of the total external branch length).
Fix k € IN. For the Bolthausen-Sznitman coalescent, the kth moment of L¢t™l gatis-

fies

nk

E((szternal)k) ~ —, n — oo. (1.7)
log" n

In particular, k’%ij””"‘” — 1 in probability as n — oc.

The moments of L***""% do not provide much information on the distributional limit-
ing behavior of L¢¥*™"%! as n — co. Let L,, denote the total branch length (the sum of the
lengths of all branches) of the Bolthausen-Sznitman n-coalescent. Kersting et al. [18,
Theorem 1.1] recently showed that the internal branch length Linternel .= [, — [evternal
satisfies )

1 )
0g nLiLnternal -1
n
in probability. Combining this result with [10, Theorem 5.2] it follows that (see [18,
Corollary 1.2])
1 2
MLZMW”“Z —logn —loglogn — L—1 (1.8)
n
in distribution as n — oo, where L is a 1-stable random variable with characteristic

function ¢t — exp(itlog|t| — 7|t|/2), t € R.

Remark 1.9. The same scaling and, except for the additional shift —1 on the right hand
side in (1.8), the same limiting law as in (1.8) is known for the number of cuts needed to
isolate the root of a random recursive tree ([11], [16]). Essentially the same scaling and
convergence result has been obtained for random records and cuttings in binary search
trees by Holmgren [14, Theorem 1.1] and more generally in split trees (Holmgren [13,
Theorem 1.1] and [15, Theorem 1.1]) introduced by Devroye [7]. The logarithmic height
of the involved trees seems to be one of the main sources for the occurrence of such
scalings and of 1-stable limiting laws. To the best of the authors knowledge the distri-
butional limiting behavior of Lf{"t"‘”"al, properly centered and scaled, is so far unknown
for the Bolthausen-Sznitman coalescent.

2 Proof of Theorem 1.1

Let T = T,, denote the time of the first jump of the block counting process N and
let I = I,, denote the state of N(™ at its first jump. Note that 7" and I are independent,
T is exponentially distributed with parameter ¢, and pu, = P(I = m) = gnm/gn,
m e {1,...,n—1}. Fori € {1,...,n} and h > 0 define 7/ := 7,,; — h A T. By the Markov
property, for h — 0,

k. )
E(rpy - m i lirsny) = B +B)F - (1) 4+ W) 1 rspy)
J
= B(rfy - P(T > h) + h S KBy it ket ey ().

Ie n n,i—1"'n, n
i=1
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Also for h — 0,

k]‘ C1 C
E(TS,II o lreny) = EB((r + T)* - (T + T)*i1ir<ny)
= E((r)" - (Tg,’)kjl{TSh}) + o(h).
Now at time T either the event A := {one of the individuals 1 to j is involved in the
first collision} occurs, in which case 7/ = 0 for some ¢ € {1,...,5}, and the above

expectation vanishes since kq,...,k; > 0, or none of these j individuals is involved in
the first collision. Then, by the strong Markov property,

E((r])™ "'(Tgl‘)kjl{Tgh,I:m,AC}) = E(r}} 'Tr]:L],j)IP(T < h,I=m,A°),

m,1""

where A¢ denotes the complement of A. Adding both expectations yields

J
" k; L k; | Bic1 _ki—1 ki k;
E(T::,l T Tn,]j) = E(Tr]:,l T TnJJ)]P(T > h) + hz kiE(Ts,l e Tn,i—llTrIE,i 1Tn,i+—¢1 T Tn,]j)
=1
n—1 oy . (m - 1)_]
+ ) B(riy e JP(T < )P = m)T)_ +o(h).
m=j+1 J

Collecting both terms involving E(Ts’ll e 75]7) on the left hand side and letting h — 0
gives the claim, since P(T' < h) =1 —e 9" ~ g,has h — 0. O

3 Differential equations approach

A differential equations approach is provided, which is used in the proof of Theorem
1.5 given in the following Section 4. This approach furthermore yields for example an
exact expression for E(Tn717'n72> in terms of Stirling numbers (see Corollary 3.2). Let
D :={z € C : |z| < 1} denote the open unit disc in the complex plane. For j € IN and
k=(ki,...,kj) € IN/ define the generating function

oo oo
fe(z) = D B )2 = Y e, ze D,
n=j n=j

where, for n > j, we use the abbreviation a,, := p, (k) := ]E(Tff}l e T:JJ) for convenience.
Note that, due to the natural coupling property of n-coalescents, the sequence (a,)n>;
is non-increasing. Thus, fj and all its derivatives f;, f/,... are analytic functions on D.
In order to state the following result it is convenient to introduce L(z) := —log(1 — 2),
z € D, and to define the functions g, : D — C, k = (k1,...,k;) € NV, via g1(2) := 2/(1—2)
and

j .
a(2) = 3 kif 0 (2) (3.1)
=1

forall z € D and all k = (ki,...,k;) € IN/ satisfying ki + -+ + k; > 1, where e;,
i €{l,...,7}, denotes the ith unit vector in R/.

Lemma 3.1. Let k = (ki,...,k;) € NJ. For the Bolthausen-Sznitman coalescent, the
function f; satisfies the differential equation

d . - L(2))72

L@y @) = H g0, sepy o, (3.2)

dz 1—=z
with solution

G-1) 1 F(L())y?

= - t)dt D\ {0}. 3.3
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In particular,

: t , 2 7 t
filz) = /0 mdt and f( () = L(z)/o A= PL(0) dt, ze€ D\ {0}.
(3.4)

Proof. For the Bolthausen-Sznitman coalescent, g,, = n/((n — m)(n — m + 1)), m €
{1,...,n—1}and g, = n—1, n € N. Thus, pum = gnm/gn = n/((n—1)(n—m)(n—m+1)),
m,n € N with m < n. Fix j € Nand k = (ki,...,k;) € INV and, for n € IN, define
ay, = (k) for convenience. For n > max(2, j) the recursion (1.4) reads

n—1
n (m—1);
an = (Qn + pnm Ay = Qn + Ums
m2j+1 (n —1)(n), m:ZjH (n—m)(n—m+1)

where g, == ;' S27_, kipin (k — ¢;) for all n > max(2, j). Thus,

n—1
(m—1);
-1 —-1)i_1a, = -1 —1);_1qn, A - 3.5
(n=1)n-1)j1a, = (n=1)(n—1);1q +m§+1 (n—m)(n—m+1) 59
Before we come back to the recursion (3.5) let us first verify that
Z (n—1)(n—1)_1¢.2""7 = gr(2), z € D. (3.6)
n=max(2,7)

Obviously (3.6) holds for j = 1 and k; = 1, since in this case ¢, = 1/g, = 1/(n — 1) and
g1(2) = z/(1 — z) by definition. For k = (ki,...,k;) € N/ with k; + --- + k; > 1 we have

00 00 J
Yo n-Dm-1)mag2" 7 = > (=100 ki (k — e;)2"
n=max(2,5) n=max(2,5) =1
d ity N 00
= (a) Zlkl Z tn(k —e;)z Zk vee, (2) = gr(2).
i= n=max(2,7)

Thus, (3.6) is established. In view of (n —1)(n—1);_1 = (n—1); + (j —1)(n —1);_1 and
(3.6), by multiplying both sides in (3.5) with 2"~/ and summing over all n > max(2, j),
the recursion (3.5) translates to

)+ G- D)
a3 S ol

n=max(2,j) m= J+1

oo oo

D S e Ve

m=j+1 n=m-+1

= gr(z) + za( ( ) Z amz2™ T = gr(z) + za(z)flgj)(z), (3.7)

where a(z) = Y 07 2"/(n(n + 1)) for z € D. Since z(1 — a(z)) = (1 — z)L(z), the
differential equation (3.7) can be rewritten in the form (3.2). For 7 > 1 the only solution
of (3.2) being continuous at 0 (and for j = 1 the only solution of (3.2) with f(0) = 0)
is given by (3.3). Since g1(z) = z/(1 — z), (3.3) reduces for j := k; := 1 to the first
equation in (3.4), in agreement with [12, Lemma 3.1, Eq. (3.3)]). Noting that 9(1,1)(2) =
f(/o,1)(z) + f(/1,o)(z) =2f1(2) = 22/((1 — 2)?L(z)), the formula for f(’lyl)(z) in (3.4) follows
by choosing 7 := 2 and k; := ks :=1in (3.3). O
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Corollary 3.2. (Exact formula for E(7,, 17,.2))
Fixn € {2,3,...}. For the Bolthausen-Sznitman coalescent,

9 lok_q

(n—1)! pt k2

E(Tn,lTn,2) = S(n — 27 k— 1), (38)

where the s(n, k) denote the absolute Stirling numbers of the first kind.

Remark 3.3. Together with the exact formula B(r,, 1) = ((n — 1)!)"' 327"  s(n — 1,k)/k
for the mean of 7,1 (see, for example, Proposition 1.2 of [12]) it can be checked that
Cov(Tn1,Tn2) = E(th17n2) — (E(7,.1))? > 0 for alln > 2. Thus, foralln > 2, 7, 1 and 7,
are positively correlated. We have used the exact formulas for E(7, 1) and E(7,, 17,,2) to
compute the entries of the following table.

E(Tn,l) E(Tn,lTn,Q) COV(Tn,la Tn,2)
1 2 1
0.75 0.75 0.1875

0.638889 | 0.509259 0.101080
0.572917 | 0.397569 0.069336

10 | 0.431647 | 0.215119 0.028800
100 | 0.228368 | 0.057067 0.004915

Table 2: Covariance of 1,1 and T, » for the Bolthausen-Sznitman coalescent

Uk W NS

Proof of Corollary 3.2. We write f := f(; 1) for convenience. The substitution u = L(t) =
—log(1 — t) below the second integral in (3.4) yields

, B ) /L(Z) eQu _ et

_ L?Z) /O”Z’ i<i (2;& - il,i,) du

2 2’6—1/“2) 1
= —_— u' " du
L(z) = ko

k=1
From (see [1, p. 824]) (L(2))*/k! = >"32, 2%/ils(i, k) we conclude that
ok 1 & A X ok 1

k=1 1=k—1 =0 k=1

For a power series g(z) = Y., g,2" we denote in the following with [2"|g(z) := g, the
coefficient in front of 2™ in the series expansion of g. Using this notation we obtain

. 2 dlok 1
(i + DE(Tis217ir22) = [2']f(2) = 5 75(@ k—1).
il e~
It remains to divide by ¢ 4+ 1 and to substitute n =i + 2. O
EJP 18 (2013), paper 40. ejp.ejpecp.org
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4 Proofs of Theorem 1.5, Corollary 1.7, and Corollary 1.8

Proof of Theorem 1.5. Let us verify (1.6) by induction on the degree d := ki + --- + k;.
Obviously (1.6) holds for d = 0, i.e. forall j € N and k; = --- = k; = 0. In order to
verify (1.6) for d = 1 it suffices to show that a,, := pu,(1) ~ 1/logn as n — oo since
fin(k) = pn(1) for all k = (ky,...,k;) € N} satisfying k; + --- + k; = 1. By (3.4) and de
I’'Hospital’s rule

? t 1
W = [ o~ a2

Since a, = E(7,,1) is non-increasing in n, Karamata’'s Tauberian theorem for power
series [4, p. 40, Corollary 1.7.3], applied with ¢ := p := 1 and I(z) := 1/logz, yields
an ~ l(n) =1/logn. Thus, (1.6) holds for d = 1.

In order to verify the induction step fromd —1tod > 1 fix k = (k1,...,k;) € ]N%
with d := ky +--- + k; > 1. We can and do assume without loss of generality that
k = (ki,...,k;) € N7. By the induction hypothesis

J J .
Falooe (b — D)0 eeo kil kyleekoi!
b = kipin(k =€) ~ > ki ( ) R i L, n—oo.
i=1

P logd_1 n logd_1 n

Since b,, is non-increasing in n, the same Tauberian theorem as used above for d = 1,
but now applied with ¢ := jk;!---k;!, p:=1and [(z) := l/logd*1 x, yields
gkl kj!

z) = 2l ~ , z .
o= e 7!

n=max(2,5)
Note that b(z) = ‘Z:1 ki fr—e,(2). Applying de I'Hospital’s rule (j — 1)-times yields

J . . Nyl kol
gk(2) = ;széj_e})(z) = pUD(2) ~ (1;72)1j(L<Z§)d—1’ 2 1

Thus, by (3.3) and by one further application of de I’'Hospital’s rule,

G-D(,) — 1 T (L)y? LGkl R
EV0 = g |, 0 ~ e 2L

Using again de ’'Hospital’s rule (j — 1)-times it follows that

kl' M k]!
&~ a5aee 27t
Since a, := p,(k) is non-increasing in n, again Karamata’s Tauberian theorem for
power series, now applied with ¢ := ki!---k;l, p :== 1 and l(z) = l/logd x, yields
an ~ kil k! loghn. 0

Proof of Corollary 1.7. Theorem 1.5 clearly implies that, for j € IN and ky,...,k; € Ny,
E((7p,1log n)kl <o+ (Tn,j log n)kJ) = (log n)k1+"'+k1/¢n(k1, oo ky)
= kil kgl = E(rf T

asn — oo. Foralli e {1,...,j}andall0 < § < 1we have Y .~ (6" /r)E(r]) = > 2, 0" =
1/(1—6) < oo. Therefore (see [2], Theorems 30.1 and 30.2 for the one-dimensional case
and Problem 30.6 on p. 398 for the multi-dimensional case) the above convergence of
moments implies the convergence (logn)(7n1,...,Tn,;) — (71,...,7;) in distribution as
n — oo for each j € IN. The convergence of all these j-dimensional distributions is
already equivalent (see Billingsley [3, p. 19]) to the convergence of the full processes
(logn)(Tn1y- s Tnn, 0,0,...) = (71, 72, ...) in distribution as n — oo. O
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Proof of Corollary 1.8. The external branch length Lff”t””al satisfies (see [22, p. 2165])

k
externa n k!
E((Le z)k)zz<,) 3 P e k), nE {23, L EEN.
Iy

j=1 J kiyeoikj €N
ky ooty =k

By Theorem 1.5, i, (k1,...,kj) ~ ki!--- kj!/logk n as n — oo. Therefore, asymptotically
the summand with index j = k dominates the others, so asymptotically all the sum-
mands with indices j < k can be disregarded. Thus, E((L&*ma)k) ~ (7)k!/log" n ~
n*/log" n. This convergence of all moments (‘&% Lerternalik) 5 1 as n — oo im-
plies the convergence %%Lff”””al — 1 in distribution (and hence in probability) as
n — 00. O
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