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Abstract

The paper deals with convergence of solutions of a class of stochastic differential
equations driven by infinite-dimensional semimartingales. The infinite-dimensional
semimartingales considered in the paper are Hilbert-space valued. The theorems
presented generalize the convergence result obtained by Wong and Zakai for stochas-
tic differential equations driven by linear interpolations of a finite-dimensional Brow-
nian motion. In particular, a general form of the correction factor is derived. Exam-
ples are given illustrating the use of the theorems to obtain other kinds of approxi-
mation results.
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1 Introduction

The subject of stochastic differential equations (SDEs) in infinite-dimensional spaces
has gained substantial popularity since the publication of It6’s monograph [7] and
Walsh’s notes on stochastic partial differential equations [26]. The practical applica-
tions of infinite-dimensional stochastic analysis involve investigation of various prob-
lems in a variety of disciplines including neurophysiology, chemical reaction systems,
infinite particle systems, turbulence etc.

The stability of stochastic integrals and stochastic differential equations is an impor-
tant topic in stochastic analysis. More precisely, appropriate conditions on the driving
sequence of semimartingales {Y,,} are sought, such that (X,,,Y,) = (X,Y) will imply
X,—-Y, = X_ Y. Here and throughout the rest of the paper, ‘=’ will denote conver-
gence in distribution and X_ - Y = [ X(s—)dY (s) is the stochastic integral of X with
respect to the integrator Y. That it is not true automatically, is shown by Wong and
Zakai in [27, 28]. Let W be a standard Brownian motion, and W,, a linear interpolation
of W defined by

4
dt
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Wong-Zakai type convergence in infinite dimensions

Then . . .
/ Wi(s) dW,(s) — / W(s) dW(s) +t/2 = / W(s) odW(s),
0 0 0
where [ W (s) o dW(s) is the Stratonovich integral. Moreover, if X,, satisfies
dX,(t) = o( X, (1)) dW, (t) + b(X,,(t))dt, (1.1)

then {X,,} does not converge to the solution of the corresponding It6 SDE driven by W
but goes to the solution of
dX(t) = o(X(@))dW(t) + (b(X(t)) + %cr(X(t))a’(X(t))) dt. (1.2)
Generalization of the Wong-Zakai result to the multi-dimensional case has been done
by Stroock and Varadhan in [22]. Further generalizations included replacement of the
Brownian motion with general semimartingales. The observant reader will once again
note that the above equation is just the Stratonovich SDE [21] written in It6 form. The
connection shouldn’t be surprising for the type of approximation considered in (1.1) as
the Wong-Zakai correction factor and the Stratonovich correction factor (which appears
when writing the Stratonovich integral in It6 form) both stem from the fact that It6 in-
tegral is defined as the limit of a Riemann-type sum with the integrand being evaluated
at the leftmost point of each partition. The relationship between Stratonovich type
integrals and Wong-Zakai type corrections is further investigated by Kurtz, Pardoux
and Protter in [13] where they studied a broader class of Stratonovich type equations
driven by general semimartingales. For continuous semimartingale differentials, Nakao
and Yamato [17] proved the following result.

Theorem 1.1. Let U be a continuous semimartingale. Suppose X,, satisfies
dX,(t) = o(t, Xn(t), Un(t))dUn (),

where the U, are piecewise C' approximations of U. If U, tends to U, then under
suitable assumptions X,, goes to X, where X satisfies

AX(t) = o(t, X(t),U(t)) dU(t) + %(o— Oho + 030)(t, X (), U(t))d[U, Uls.

Here 0;0 denotes partial derivative of o with respect to the i-th component.

Several extensions of the above theorem were made (see Marcus [14], Konecny [10],
Protter [18]), where the requirement of continuous differentials was removed, and the
coefficient o was allowed to be more general. For semimartingales with jumps, most
treatments consider the case of approximating differentials with jumps, as convergence
is typically proved in uniform or Skorohod topology. This is mainly because in uniform
or Skorohod topology the limit of continuous approximating differential has to be con-
tinuous. The case of continuous approximation of a general semimartingale has been
considered in Kurtz, Pardoux and Protter [13]. Specifically, for a given semimartin-
gale Z, the authors showed that the limit of a suitable sequence of SDEs driven by
Z™ =n [, Z(s)ds is an appropriate Stratanovich SDE. However as Theorem 1.2 be-
low and Thgorems 5.1, 5.4 (in the infinite-dimensional case) show that the limit might
not always be in Stratonovich (or It6) form. The general form of the correction factor
depends on the type of approximations considered.

In the infinite-dimensional case, generalizations are known for approximations of
some stochastic evolution equations, where the driving Brownian motion is finite di-
mensional, but the state-space of the solution of the SDE is infinite dimensional (see e.g
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[1, 2, 23]). Twardowska [24] considered the case where the driving Brownian motion is
Hilbert space-valued.

Conditions like uniform tightness (UT) (Jakubowski, Memin and Pages [8], also see
Definition 3.2) and uniform controlled variation (UCV) (Kurtz and Protter [11]) were
imposed on the driving semimartingale sequence {Y,,} to ensure that X,,_-Y,, = X_-Y
if (X,,,Y,) = (X,Y). Slominski [20] studied the limit of a sequence of SDEs driven
by {Y,} under the UT condition while Kurtz and Protter [11] analyzed the limit for
a broader class of SDEs under the UCV condition. Extensions of the notion of uniform
tightness to a sequence of Hilbert space-valued semimartingales and the corresponding
weak convergence theorems for stochastic integrals were proved in [9]. For martingale
random measures, conditions for the desired convergence were given by Cho in [3, 4].
Kurtz and Protter [12] extended the notion of uniform tightness further to a sequence
of H#-semimartingales (semimartingales indexed by Banach space I satisfying certain
properties) and proved limit theorems for both stochastic integrals and stochastic dif-
ferential equations. These semimartingales form a broad class of infinite-dimensional
semimartingales encompassing the class of most (semi)martingale random measures,
Banach space-valued semimartingales, etc. Clearly, the approximations of the driving
integrators discussed above are not UT.

In the finite-dimensional case, Kurtz and Protter [11] studied weak convergence of
stochastic differential equations driven by a non-UT sequence of semimartingales. Their
theorem, in particular, generalized the result obtained by Wong and Zakai. A simpler
version of their theorem (Theorem 5.10, [11]) is stated below.

Theorem 1.2. Let {U,} and {V,,} be sequences of R-valued semimartingales, b: R —
R be continuous, ¢ : R — R be bounded with bounded first and second order deriva-
tives. Suppose that X,, satisfies

Write U,, = Y,, + Z,,. Denote

H,(t) = /Ot Zn(s—)dZy,(s)
K, (t) = Yo, Znt.
Assume that {Y,},{H,} and {V,,} are UT, and
Ap = (Xn(0), Vi, Yy, Zn, Hy, K) = (Xo,V,Y,0,H,K) = A

Then (A, X,,) is relatively compact and any limit point (A, X) satisfies
X(t) = Xo+ / o(X(s))dY (s) + / o' (X (s-))o (X (s—))d(H(s) — K(s))
0 0

+ /0 b(X (s—))dV (s).

Notice that in the original Wong-Zakai case U,(t) = W,(¢), V,(t) = t, Y,(t) =
W ([nt + 1)/n) and Z,(t) = W, (t) — W([nt + 1]/n. It could easily be proved that {Y,}
and {H,} satisfy the condition of Theorem 1.2 and (H (t) — K(t)) = t/2. Similarly, Theo-
rem 1.1 can be derived from Theorem 1.2 by writing U,, = Y,, + Z,, for suitable Y,, and
Z, (see Example 5.5 for a generalization).
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The objective of the present paper is to study weak convergence of stochastic differ-
ential equations driven by infinite-dimensional semimartingales. The results obtained
in this paper will be useful to investigate a broader class of approximation results. In
particular, such approximation results are helpful in deriving continuous time models
as limiting cases of discrete-time ones. We believe that our paper is a step towards a
unified theory of weak convergence of infinite-dimensional stochastic differential equa-
tions.

The sequence of stochastic differential equations considered in this paper are driven
by Hilbert space-valued semimartingales. However, the limiting semimartingale need
not be Hilbert space-valued. The rest of the paper is structured as follows. In Section 2,
we discuss briefly infinite-dimensional semimartingales focussing mainly on the concept
of H#-semimartingales and Banach space-valued semimartingales. In particular, it is
shown that stochastic integrals with respect to Banach space-valued semimartingales
are special cases of integrals with respect to appropriate H#-semimartingales. The
main reason for doing this is to pave the way for usage of results from [12] which are
proven in the context of H#-semimartingales. Section 3 is devoted to the review of the
concept of uniform tightness and weak convergence results that serve as prerequisites
for our proof. Section 4 contains technical lemmas that are required later. The main
results are presented in Section 5. Theorem 5.1 treats the case when the SDE is driven
by infinite-dimensional semimartingales, but the solutions are finite-dimensional, while
Theorem 5.4 extends the result to the case when the solutions of the SDE are also
infinite-dimensional. The section ends with illustrative examples. A few required facts
about tensor product are collected in the Appendix.

2 Infinite-dimensional semimartingales

Infinite-dimensional stochastic analysis is an active research area and depending
on the need, different types of infinite-dimensional semimartingales are used in mod-
eling. A few popular notions of infinite-dimensional semimartingales include orthogo-
nal martingale random measure[6], worthy martingale random measures [26], Banach
space-valued semimartingales [16], nuclear space-valued semimartingales [25]. In [12],
Kurtz and Protter introduced the notion of standard H#-semimartingale. Standard
H#-semimartingales form a very general class of infinite-dimensional semimartingales
which includes Banach space valued-semimartingales, cylindrical Brownian motion and
most semimartingale random measures. In particular, they cover the two important
cases: space-time Gaussian white noise and Poisson random measures. A few facts
about H#-semimartingales will be used in the present paper, and below we give a brief
outline of H#-semimartingales.

2.1 H#-semimartingale

Let H be a separable Banach space.

Definition 2.1. An R-valued stochastic process Y indexed by H x [0,00) is an H*-
semimartingale with respect to the filtration {F;} if

 foreach h € H, Y(h,-) is a cadlag { F, }-semimartingale, with Y (h,0) = 0;
e foreacht >0, hy,...,h,, € Handay,...,a, € R, we have

Y(i (lihi,t) = iazY(hz,t) a.s.
i=1 =1

As in almost all integration theory, the first step is to define the stochastic integral in
a canonical way for simple functions and then extend it to a broader class of integrands.
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Let Z be an H-valued cadlag process of the form

Z(t)zzgk(t)hka hlvath]Ha (21)
k=1

where the & are {F;}-adapted real-valued cadlag processes.
The stochastic integral Z_ - Y is defined as

Z_-Y(t)= ,é/ot Ep(s—)dY (hg, s).

Note that the integral above is just a real-valued process. It is necessary to impose
more conditions on the HH#-semimartingale Y to broaden the class of integrands Z.
Let S be the collection of all processes of the form (2.1). Define

He = {sup|Z_ ‘Y (s)|: Z € S,sup||Z(s)]| < 1} . (2.2)
s<t s<t

Definition 2.2. An H#-semimartingale Y is standard if for eacht > 0, H, is stochasti-

cally bounded, that is, for every t > 0 and € > 0, there exists k(t, ) such that

P {Sup 1Z_ Y (s)| > k(t,e)] <e

s<t
for all Z € S satisfying sup,<, || Z(s)[| < 1.

The extension of the stochastic integral is then achieved by approximating the inte-
grand X by processes of the form (2.1). More precisely,

Theorem 2.3. Let Y be a standard H#-semimartingale, and X an H-valued adapted
and cadlag process. Then for every e > 0, there exists a process X¢ such that || X (t) —
X<(t)|| < ¢, and moreover
X_-Y=limX* Y
e—0

exists in the sense that for eachn > 0,t > 0,

lim P |sup | XS -Y(s)— X_-Y(s)|>n| =0.

e—0 s<t
X_ Y is a cadlag process and is defined to be the stochastic integral of X with respect
toY

Example 2.4. Let (U,r) be a complete, separable metric space and p a sigma finite
measure on (U, B(U)). Denote the Lebesgue measure on [0,00) by A, and let W be a
space-time Gaussian white noise on U x [0,00) based on x ® A, that is, W is a Gaus-
sian process indexed by B(U) x [0,00) with E(W(A,¢)) = 0 and E(W(A4,t)W(B,s)) =
pw(A N B)min {t,s}. For h € L*(u), define W (h,t) = fo[O,t) h(z)W (dz,ds). The above
integration is defined (see [26]), and it follows that W is an H#-semimartingale with
H = L?(p). It is also easy to check that W is standard in the sense of Definition 2.2.

Example 2.5. Let U,r,u and A be as before. Let ¢ be a Poisson random measure on
U x [0,00) with mean measure p ® A, that is, for each ' € B(U) ® B([0,0)), £(T) is a
Poisson random variable with mean x4 ® A(T"), and for disjoint I'; and I's, £(I';) and £(T';)
are independent. For A € B(U), define £(A,t) = £(A x [0,t]) — tu(A). For h € L2(), let
E(ht) = fyryo) M@)€(dz, ds) and for h € L'(u), let E(h,t) = [y;, (0. M(@)€(dz, ds). Then
2 is a standard H#-martingale with Il = L2?(x) and ¢ is a standard IH#-semimartingale
with H = L ().
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Remark 2.6. In fact, it can be shown that most worthy martingale random measures
or more generally semimartingale random measures are standard HH#-semimartingales
for appropriate choices of indexing space H (see [12]).

2.2 (L,H)#-semimartingale and infinite-dimensional stochastic integrals

In the previous part, observe that the stochastic integrals with respect to infinite-
dimensional standard H#-semimartingales are real-valued. Function valued stochastic
integrals are of interest in many areas of infinite-dimensional stochastic analysis, for
example, stochastic partial differential equations. With that in mind, we want to study
stochastic integrals taking values in some infinite-dimensional space. If Y is a standard
H#-semimartingale, we could put H(z,t) = X(-—,z) - Y(¢) where for each z in a Polish
space E, X(-,z) is a cadlag process with values in H. The above integral is defined,
but the function properties of H are not immediately clear. Hence, a careful approach
is needed for constructing infinite-dimensional stochastic integrals. In [12], Kurtz and
Protter introduced the concept of (L, ﬁ)#-semimartingale as a natural analogue of the
H#-semimartingale for developing infinite-dimensional stochastic integrals. Below, we
give a brief outline of that theory.

Let (E,rg) and (U,ry) be two complete, separable metric spaces. Let I, H be sep-
arable Banach spaces of R-valued functions on F and U respectively. Note that for
function spaces, the product fg, f € LL,g € H has the natural interpretation of point-
wise product. Suppose that {f;} and {g;} are such that the finite linear combinations of
the f; and the finite linear combinations of the g; are dense in IL and H respectively.

Definition 2.7. Let I be the completion of the linear space
{Zi:l Z;”Zl aijfigj: fi € {fi},g; € {gj}} with respect to some norm | - ||5.

For example, if

l m I m
1Y) aijfigjllg =sup DD ai (A fi)(n,g5) : A € LF,n € H |||

i=1 j=1 i=1 j=1

- < 1, Infle- <1

then T can be interpreted as a subspace of the space of bounded operators, L(K*,L).

Let Sg; denote the space of all processes X € Dg[0,00) of the form

X(t) = Zfij(t)figja (2.3)

]
where the ;; are R-valued, cadlag, adapted processes and only fintely many §;; are non
zero. For X € Sﬁ, define

Notice that X_ - Y € D0, 00).

Definition 2.8. An H”-semimartingale is a standard (L, ﬁ)#-semimartingale if
H, = {sup [ X_-Y(s)|lr: X € Sgy,sup | X ()|l < 1}
s<t s<t
is stochastically bounded for each t > 0.
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As in Theorem 2.3, under the standardness assumption, the definition of X_ - Y can
be extended to all cadlag H-valued processes X, by approximating X by a sequence of
processes of the form (2.3).

Remark 2.9. The standardness condition in Definition 2.8 will follow if there exists a
constant C(t) such that

E[|X--Y@®)|L] <C®), t>0
for all X € Sg satisfying sup,, [| X (s)|lg < 1.

Remark 2.10. If H and I are general Banach spaces (rather than Banach spaces of
functions), then H could be taken as the completion of L& H with respect to some norm,
for example the Hilbert-Schmidt norm or the projective norm (see [19]).

2.3 Banach space-valued semimartingales

Standard references for the materials in this section are [16, 15]. We start with the
definition of martingales taking values in a separable Banach space H. The definition is
analogous to that of real-valued martingales.

Definition 2.11. Let (Q, F,{F:}, P) be a complete probability space. A stochastic pro-
cess M taking values in H is an {7, }-martingale if

e M is {F:}-adapted;
e E||M||lu < oo, forallt > 0;
e forevery F € F,, fFMt dP = [, M, dP, wheret > s > 0.

The integration above is in the Bochner sense.

Remark 2.12. In the above definition, the measurability of H-valued process M is in
the strong sense. However since H is separable, the notion of strong measurability
of an H-valued function f is same as that of its weak measurability; and the Bochner
integral of f coincides with the Pettis integral of f provided that the scalar function
Ilf|lm is integrable. Consequently, under the assumption E|M||lm < oo, M is an H-
valued martingale if and only if (M(t),h*)mm~ is a real-valued martingale for every
h* € H*. Here, for every h € H and h* € H*, (h, h*)p u~ is defined by

(h, )L = h*(h) = (h*, D)~ 1. (2.4)

Just like the real-valued case, the notion of martingales can be generalized to that
of local martingales. Below we define Banach space-valued semimartingales

Definition 2.13. Let (Q, F,{F;}, P) be a complete probability space. A stochastic pro-
cess Y taking values in H is an {F;}-semimartingale if Y could be decomposed into

Y =M+V,

where M is a local martingale, and V is a finite variation process on every bounded
interval [0,¢] C [0, c0).

Remark 2.14. The local martingale M in the above decomposition can be taken as
locally square integrable (see [15, Theorem 23.6] and [16, Section 9.16] ). In fact,
Meétivier defined semimartingale when the local martingale part is locally square inte-
grable.
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2.4 Integration with Banach space-valued semimartingales

Let X be an {¥;}-adapted, cadlag process taking values in H*. Suppose that Y is an
H-valued {F,;}-adapted semimartingale. Let o = {t;} be a partition of [0, c0). Define

ZX Wit t:41)(8) (2.5)

and the stochastic integral X7 - Y (¢) as
XY () =Y (X(t),Y (tiga VE) = Y (t; V) ue m,

Notice that X7 -Y is a real-valued process. The following theorem proves the existence
of the stochastic integral

Theorem 2.15. There exists an {F;}-adapted, real-valued cadlag process X_ -Y such
that for all'T > 0,

sup| X7 V() — X_-Y(t)] =50, as ||o] — 0.
t<T

The following lemma (see [16, Section 10.9]) gives a bound for the stochastic inte-
gral.

Lemma 2.16. Let Y be an {F,}-adapted semimartingale taking values in a Banach
space H and X an {F;}-adapted, cadlag process taking values in H*. Then, there exists
a nondecreasing, {F;}-adapted, real-valued cadlag process @) such that

T
Efsup |X_ - Y ()] < E| / 1X, [3dQ.] (2.6)
t<T 0

Integration in the right side is in the Riemann-Stieltjes sense.

2.4.1 Banach space-valued semimartingale as standard H#-semimartingale

Let Y be a semimartingale taking values in a Banach space K. We will show that Y
can be considered as an H#-semimartingale, with Il = K*. Since K is isometrically
embedded in IKK**, consider Y as an element of IK**. Then notice that

» foreach h € K*, Y(h, ) = (Y(¢), h)x k- is a real-valued semimartingale;
e for hl, ho € K*, Y(h1 + hg, ) = Y(hl, ) + Y(h27 )

This proves that Y is an H#-semimartingale with H = K*, and now (2.6) proves that Y’
is standard. It is obvious that the two definitions of stochastic integral (see Theorem
2.3 and Theorem 2.15) coincide.

Remark 2.17. If K = IL*, for some Banach space I, then Y can be considered as an
L#-semimartingale.
2.4.2 Hilbert space-valued stochastic integrals

As before, let Y be a semimartingale taking values in a Banach space K. Let IL. be a
separable Hilbert space. Let X be an {F;}-adapted, cadlag process taking values in the
operator space, L(IK,IL). Let o = {¢;} be a partition of [0, c0). Define

ZX Wit ti41)(8) (2.7)
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and the stochastic integral X7 - Y (¢) as
)= X(t)(Y(tig1 At) = Y(t; At)).

Notice that X7 - Y is an IL-valued process. The following theorem proves the existence
of the stochastic integral.

Theorem 2.18. There exists an {F,}-adapted, L-valued cadlag process X_ -Y, such
that for all T > 0,
sup | X7 - Y () — X_ - Y(1)r, — 0.
t<T
Similar to (2.6), we have:

Lemma 2.19. Let Y be an {F,}-adapted semimartingale taking values in a Banach
space K. Then, there exists a nondecreasing, {F,}-adapted, real-valued cadlag process
Q, such that for any Hilbert space IL

T
Efsup | X_ - Y(s)[2] < B[ / X |2,dQu), 2.8)
t<T 0

whenever X is an {F, }-adapted, cadlag L(KK, L)-valued process. Here || -||,, denotes the
operator norm.

See [16, Section 10.9, Section 6.7])
Remark 2.20. The above lemma might not be true if I is an arbitrary Banach space.

Remark 2.21. IfY is a K-valued semimartingale, then (2.8) shows that for any Hilbert
space I, Y can be considered as a standard (1L, ]H) -semimartingale. Here H is the
completion of the space I @ K* with respect to some norm which makes IL. @ K* C
L(K,L).

Suppose that X and Y are two cadlag semimartingales taking values in K, K*. Then
both X_ -Y and Y_ - X are defined. We define the (scalar) covariation process [X,Y] as

(X, Y], =(X®),Y(®)rr — (X(0),Y(0)gr —X_-Y() —Y_-X(¥). (2.9)
It is easy to see that

[Xo¥]e= B ) (X (tin) = X(8), Y (tin) = Ytk
where o = {t;} is a partition of [0, ¢], and ||o|| = sup(t;+1 —t;) is the mesh of the partition
o.

2.5 Tensor stochastic integration

We briefly outline the theory of tensor stochastic integration. It will be used in the
next chapter. The reader might want to look at Section A.1 before reading this part. We
assume that Y is an adapted K-valued semimartingale, where K is a separable Hilbert
space with inner product denoted by (-, ). Let X be a cadlag and adapted K-valued
process. The tensor stochastic integral [ X_ @ dY is defined as

/X )®dY(s) = lim ZX Y(tiv1) = Y(t:)),

llell—0
where o = {t;} is a partition of [0, ¢], and ||o|| = sup(t;+1 —t;) is the mesh of the partition

ag.
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Theorem 2.22. lim;_0 >, X(t:) ® (Y (tiz1) — Y (t;)) exists.

Proof. Below, we give a quick proof which illustrates the fact that the tensor inte-
gration is an example of stochastic integration with respect to a standard (E,ﬂ)#-
semimartingale, for appropriate I. and H. Take L = K& sK, the completion of the
space K ® K with respect to the Hilbert-Schmidt norm (see A.2). Recall that K&K
is a Hilbert space and can be identified with the space of Hilbert-Schmidt operators
HS(K,K). Let H = L ® KK, that is, H is the space of all elements of the form:

1,J
Z Cij/\i®kj7 A € ]L,kj S ]K,Cij € R.

i,j=1
Consider # as a subspace of L(K, L), by defining the action of an element in # on K as

1,J
Z CL]>\ ®k’ Z Cij<k]’,/€>]}(>\i, ke K.

1,j=1 i,j=1

Let T be the completion of the space H with respect to the operator norm. Suppose
that {e;} forms an orthonormal basis of K. For h € K, define

h= Z(h, e k(e ®e;) ® e

.
so that for any g € K,

h(g) = Z<hv ei)K(9, ej)Kei @ €;.

%,
Observe that
h(g) =h®g.

It is now trivial to check that i € H, and h — h is an isometric isomorphism from ]K
into . Consequently, A can be identified with h and thought of as an element of M.
Therefore,

S X(t) @ (¥ (tis) /XU )@ dY (s /X" \AY (s).

The last quantity has a limit as ||| — 0, because Y is a standard (I, H)#-semimartingale,
for any Hilbet space IL (see Remark 2.21). O

Note that by the construction, [ X_ ® dY € K&ysK = HS(IK,K). Since the tensor
product is not usually symmetric, [ X_ ® dY # [dY ® X_. But as Lemma 2.23 shows,
we have the following relation

(/X_®dY)*:/dY®X_,

where * denotes the operator adjoint.
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Lemma 2.23. Let X be an adapted, cadlag KK-valued process and Y an adapted K-
valued semimartingale.

/X ) @ Y (s)bi, ) = ( /X )@ dY (5), 6 ® bidxca,, i

:A<X@¢¢wmmywmmm
</ dY (s) ® X (s—)vbk, dr)x = </ dY () ® X (s=), ¥ © Or) i@ s
0 0
_ /0 (X(5—), dr)i A(Y (5), )i

Proof. Let o denote the partition {¢;} of [0,¢], and denote X by (2.5) Notice that
/ X ®@dYs, 01 @ Ur)ka, ok = Z«X(ti)) ® (Y(tiv1) = Y(ti)), or ® Yr)ks, ok

= Z K (Y(tir1) = Y(t:), k)

t
:/ (X7, b1y d(Ys, Vi) k-
0

The theorem follows by taking limit as ||o|| — 0, and using the continuity of the inner
product. The second part is similar. O

Define Z = fX_ ® dY. Since Z € K@usK = HS(K,K), by Remark 2.21, Z is a
standard (IL, ﬁ)#-semimartingale, where IL is any Hilbert space and M is the completion
of the space I ® (K&psIK) with respect to some norm such that Hc LK®psK,L).
Hence, if J is an H-valued cadlag and adpated process, the stochastic integral J_ - 7 is
defined.

Recall that for any two Hilbert spaces X,Y, X&xsY = HS(Y,X) C L(Y,X) (see
A.2). In particular, foru = > ;" z; ® y; and y € Y, u(y) = >, 2:i(y,y;). Note that
llullop < ||ullmrs, where || -||,p denotes the operator norm. The following chain rule holds.

Theorem 2.24. Suppose J is an (]K@HS]K)-Valued cadlag and adapted process and
fo —)®dY (s). Then

t t
/ J(s—) dZ(s) = / J(s—)(X(s—)) dYs.
0 0
Proof. First, take J of the form
J(s) = &u(s)dr @ . (2.10)

Then note that

/OtJ Z/gk 2(s), x © )

= Z/ €k (s 5—),¢r) d(Y(s),1x) (by Lemma 2.23)
/ 37 u(s-) (X (5-), b 4V ()
0 k=1

=AJwMM%DW®-
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The third equality follows from the definition of the stochastic integral with respect to
a standard K#-semimartingale, and the last one by identifying K® ysK with L(IK, K).
Now, for any ]K@)Hs]K-valued adapted process J, there is a sequence of ]K@HSIK valued
adapted processes J,, of the form (2.10) such that sup ., ||Jn(s) — J(s)|lzs — 0, which
in turn implies sup, <, ||/ (s) — J(s)|lop — 0. Letting n — o0 in

/0 Jn(s5—) dZ(5) = / Ju(s=)(X(s-)) Y (s),
we are done. O

Similar to (2.9), we define the tensor covariation as

[X,Y];f@X(t)@ﬂt)X(O)@Y(O)/tX(s)e@dY(s)/th(s)@Y(s) 2.11)
0 0

It is easy to see that

(X, Y]Y = lim Z(X(twrl)—X(ti))®(Y(ti+1)—Y(ti))

where o = {t;} is a partition of [0, ¢], and ||o|| = sup(t;+1 —t;) is the mesh of the partition
o.

Let B be a Banach space. For ¢ € Dg|0, ), define the total variation of ¢ in the
interval [0,¢] as

Ty(¢) =sup Y _ [l6(t:) — ¢(ti-1)| 5, (2.12)

where as before, o = {t;} is a partition of the interval [0,¢]. We say ¢ is of locally finite
variation (or sometimes simply finite variation) if 73(¢) < oo, for all ¢ > 0.

Remark 2.25. For any K-valued semimartingale Y, [Y,Y]% is an K& ysK = HS(K, K)-
valued process. In fact, it can be shown that almost all paths of [Y,Y]® take values
in the space of nuclear operators N (K,K) and trace([Y,Y]) = [Y,Y];. Moreover, the
total variation of paths of [V, Y]® in the nuclear norm (hence also in the Hilbert-Schmidt
norm) satisfies T;([Y,Y]%®) < [Y,Y]:. (See [15, Theorem 26.11])

3 Uniform tightness and weak convergence results

Since the state space of the H#-semimartingales is not known, weak convergence
of a sequence of H#-semimartingales is defined in the following way.

Definition 3.1. Let I and H be two separable Banach spaces. Let {Y,} be a se-
quence of {F'}-adapted H# -semimartingales and {X,,} be a sequence of cadlag, {F}'}
adapted IL valued processes. (X,,Y,) = (X,Y) if for every finite collection of elements
¢1,... 04 € H,

(Xn7 Yn((bla ')’ s 7Yn(¢d7 )) = (X>Y(¢17 ')’ s 7Y(¢d7 ))
in Dy ygal0,00).

Let IL, K be separable Banach spaces, and define H to be the completion of the space
L®IK with respect to some norm. Let {F}'} be a sequence of right continuous filtrations.
Let S™ denote the space of all H-valued processes Z, such that ||Z(t)||z < 1 and is of

the form
I.J

Z(t) = Z &iAi@h;, Nielh; e K
i,j=1
where the ¢;; are cadlag and {F;'}-adapted R-valued processes.

EJP 18 (2013), paper 31. ejp.ejpecp.org
Page 12/34


http://dx.doi.org/10.1214/EJP.v18-2650
http://ejp.ejpecp.org/

Wong-Zakai type convergence in infinite dimensions

Definition 3.2. A sequence of {F'} adapted, standard (L, H)#-semimartingales {Y,,}
is uniformly tight (UT) if, for every § > 0 and t > 0, there exists a M (t,d) such that

sup Plsup ||Z_ - Y, (s)|lr > M(t,0)] <. (3.1)
zZeSn s<t

Remark 3.3. Uniform tightness of the sequence {Y,,} would follow if, for every t > 0,
there exists a constant C(t) (not depending on n), such that

sup Elfsup [|Z_ - Yy (s)([L] < C(1).
ZeSn s<t

Theorem 3.4. ([12, Theorem 4.2]) For eachn = 1,2,..., let Y, be an {F;'}-adapted,
standard (I, H)#-semimartingale. Assume that the sequence {Y,} is UT. If (X,,,Y,) =
(X,Y), then there is a filtration {F;} such thatY is an {F;}-adapted, standard (L, ﬂ)#—
semimartingale, X is {F;}-adapted and (X,,,Y,, X,— -Y,) = (X, Y, X_-Y).

If (X,,,Y,) - (X,Y) in probability then (X, Yy, Xn_ - Y,) — (X, Y, X_ - Y).

A similar theorem for stochastic differential equations has also been proved.

Theorem 3.5. ([12, Theorem 7.5]) Let . = R®. For each n = 1,2,..., let Y, be an
{F'}-adapted, standard (I, H)# -semimartingale. Suppose that (U,, X,,,Y,) satisfies

Xn = Un + Fn(Xn—) : Yn;
where F,,, I : R? — K¢ are measurable functions satisfying

e F, — F uniformly over compact subsets of R%;
e F'is continuous;
* sup,, sup,, || Fn(2)|ke < oc.

If (U,,Y,) = (U,Y) and {Y,} is UT, then {(U,, X,,,Y,)} is relatively compact and any
limit point (U, X,Y’) satisfies
X=U+FX.) Y.
The corresponding theorem for general L is:

Theorem 3.6. ([12, Theorem 7.6]) For eachn = 1,2,..., let Y, be an {F;'}-adapted,
standard (L, H)#-semimartingale. Suppose that (U, X,,,Y,) satisfies

Xn = Un + Fn(Xn—) : Yn;
where F,,, F : L — H are measurable functions satistfying

e I, — F uniformly over compact subsets of I;

e F is continuous;

* sup,, sup, || Fn(2)llg < oo;

 foreach § > 0, there exists a compact Es such that sup,, ||z(s)
F,.(z(t)) € Es for all n. -

If (U,,Y,) = (U,Y) and {Y,,} is UT, then {(U,, X,,Y,)} is relatively compact and any
limit point (U, X,Y) satisfies

|l < ¢ implies that

X=U+F(X_)-Y. (3.2)

Remark 3.7. Suppose that in addition to the conditions of Theorem 3.5 or Theorem
3.6, strong uniqueness holds for (3.2) for any versions of (U,Y) for which Y is an H# or
(L, H)#-semimartingale and that (U,,Y,) — (U,Y) in probability. Then (U,,Y,,X,) —
(U,Y, X) in probability.

EJP 18 (2013), paper 31. ejp.ejpecp.org
Page 13/34


http://dx.doi.org/10.1214/EJP.v18-2650
http://ejp.ejpecp.org/

Wong-Zakai type convergence in infinite dimensions

4 A few lemmas

Lemma 4.1. Let H and K be two separable Hilbert spaces. Let L = K&psH =
HS(H,K). Then H is continuously embedded in L(LL, K).

Proof. For h € H, define h € L(L, K) by
B) = 1(h), 1eL.

Notice that h € H — h € L(LL, K) is an isomorphism and ||&| < ||h|m.
O

Lemma 4.2. Let H,K and IL be as in Lemma 4.1. Letu € L(K, L), v € HS(H, K). Define
wv € L(H®psH, K) by B
%(hl X hg) = hl’u’U(hg),

where h, is as in the proof of the previous lemma. Then uv € HS(H&®ysH, K) and

||%||HS(JH®H51H,K) = [luv||lmsr)-

Proof. If {e;} is an orthonormal basis of H, then {e; ® ¢;} forms an orthonormal basis
for HR® ;s H. Notice that

w(e; ® e;) = euv(e;) = uv(e;)(es).

It follows that

Z |uv(e; @ e;)||&k = ZZ [uv(e;)(enllk = Z [uv(e;)II3,

= HUU”HS(]H,]L)
O

Notice that if K = R, then uv = u®v. The following lemma is a generalization of Lemma
2.24.

Lemma 4.3. Let H, V and U be adapted cadlag processes taking values in H, I. =
HS(H,K) and L(K,L) respectively. Let Z be an adapted H-valued semimartingale.
Then

H(s—)U(s—)V(s—)dZ(s):/O U(s—)V(s—)dR(s), 4.1)

where R(t fo ) ® dZ(s). Here the ~ and mappings are as in Lemma 4.2 and
the proof of Lemma 4 1 respectively.

Proof. Notice that both sides take values in K. For v € L(K,L), v € HS(H,K), define
w € L(H, HS(H, K)) by

wv(h) = huv.
Note that uv # wv. It is easy to check that in fact, wv € HS(H, HS(H, K)). Thus for any
A€ L(K,R), \uv € HS(H, HS(H, R)) and can be identified with Auv € HS(H,H). The
proof now follows by applying A on both sides of (4.1) and using Lemma 2.24 to verify
their equality. O

Lemma 4.4. Let H be a separable Hilbert space and Y an H-valued adapted semi-
martingale. Suppose that J and V are cadlag, adapted processes takmg Values in ]H De—
fine X = V_.Y. Note that X is a real- valued semimartingale. Let U (t fo X(s).
Then for any H-valued adapted semimartingale Z, we have

[Uﬂz/L@%ﬂZﬂQ
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Proof. Let o = {t;} be a partition of [0, ¢]. For a process H, define H? by

ZH Lt 000 (5)-

Let

u)E/OuV" ) dY, = Z (ti Au=),Y (tiz1 Au) =Yt Au)a 0<u<t
and

Ua(u)E/OuJ"( ) @ dX, ( Zu A=) @ (X (tips A1) — Xo(ti A ).
Denote

A :/O J(s—) @ V(s—)d[Z,Y]® (s)

and notice that

A= lim Z(J(tl) @V (t:),(Z(tit1 — Z(t:))) @ (Y(tiy1) = Y (i) ms

lloll—0
= lim fuamzwwlzm»m<vmxyaﬁnyuam
=¢T%§:uamzawr—mummu¢-ymﬁ)—wryum
- l;i;goijwi), Z(tis = Z()m(Xo(tis1) = Xa (1)
lgp%§icﬂuxxaaﬂd>x;un»zaﬂ4zan»m
=@T%éxmuﬁn—mumzmﬁj—mmnpﬁuZh

O

If X is an L = HS(H, K)-valued semimartingale and Y is an H-valued semimartin-
gale, then by Theorem 2.18, the stochastic integral X_-Y exists. Now, by Lemma 4.1, Y
is an L(LL, K)-valued process, and consequently, Y _ - X exists. Define the (generalized)
quadratic variation process between X and Y as

[X,Y]l: = X&) (Y(t) — X(0)(Y(0)) — X_-Y(t) - Y_ - X(t). (4.2)
[[X,Y]] is a K-valued process and

(XYY = lim > (X (tiga) = XED (tin) = Y (E)
where o = {t;} is a partition of [0, ¢], and ||o|| = sup(¢;+1 —¢;) is the mesh of the partition
o. The next result is a generalization of Lemma 4.4.

Lemma 4.5. Let H be a separable Hilbert space and Y an H-valued adapted semi-
martingale. Let L = K&pygH = HS(H,K). Suppose that J and V are cadlag, adapted
processes taking values in HS(K, L) and HS(H, K) respect1ve1y Deﬁne X=V_Y.
Note that X is a K- valued semimartingale. Let U (t fo X (s). Then for any
H-valued adapted semimartingale Z, we have

Uzt_/J ) d1Z, Y12 (s).
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Proof. Similar to the previous lemma, we adopt the following notations: Let o = {¢;} be
a partition of [0, t]. For a process H, define H’ by

ZH t i) )

Let
Xo(u) = /u Vo (s—) dYs = Z Vitinu=)Y (tig1 Aw) =Yt Au) 0<u<t
0 i
and
UU(U)E/O JU( th N u— g(ti+1 /\u)fX,,(ti/\u)).
Denote .
A= | J(s—)V(s=)d[Z,Y]?(s)

0
and notice that

= lim Z TV (8) (2t — 2(8)) © (Y (tisr) = Y (1))

llell—0

= lim Z (Z(tixr — Z(t:)J )V () (Y (tig1) — Y (L))

lloll—0
K]

= lim Z (Z(tirr = Z(:)) (I (t:)(Xs (tiv1) — Xs(ti)))

llel|—0
%

= lim Z (Z(tiv1 = Z(t:))Uo (tit1) — Us(ti))

lloll—0
K2

= H;iHHiOZ(UU(ti-i_ﬂ —Us(t:))(Z(ti1) — Z(t:)) = [[U. Z]]s.

O

Recall that for a function ¢ mapping [0,00) to a Banach space, the total variation
T:(¢) was defined in (2.12).

Theorem 4.6. Let H be a separable Hilbert space. Suppose thatY, = M, + A, is an
adapted H-valued semimartingale, where {A,,} is a sequence of H-valued {F]*}-adapted
processes of locally finite variation and {M,} is a sequence of H-valued {F;*}-adapted
local martingales . Then {Y,,} is UT if for each t > 0, {T3(A,,)} is stochastically bounded
(tight) and there exists a constant C(t) such that E([M,,, M,]:) < C(t).

Proof. 1t is enough to prove that {4, } and {M,,} are UT.
For an {F;'}-adapted, cadlag process J, we have

\/ ) |</|\J )| dT(A,).

Thus, if sup,<, [|J(s)||m < 1, we have

s t

Pesup| [ J(r=) dAn(r)| > K) < P([ (2] d2.(A,) > K) < P(T(A,) > K)
s<t Jo 0

which proves that {4, } is UT.
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Next notice that

P(sup]| S J(r=)dMy(r)| > K) < E(sup| S J(r=)dM, (r)[*)/ K*

s<t 0 s<t 0
< a8([ 196 |Pdla,. M) K
< E([My, My)y)/K? < C(t)/K?

which proves that {M,,} is UT.

5 Wong-Zakai type SDE

We are now ready to state our main results. Notice that from Section 2.5, the H,
and K,, defined below are (]HGAKJ wsH) = (]H@ nsH)*-valued semimartingales, hence stan-
dard (IH@ mrsIH)#-semimartingales. In fact, by Theorem 2.18, for any Hilbert space X
and an adapted cadlag process ¢ taking values in L(IH@@ usH,X), the stochastic inte-
grals £_ - H,, and &_ - K, exist. Therefore, more generally the H,, and K,, are (X, ﬁ)#
semimartingales (see Remark 2.21), where ﬁ can be taken to be the completion of the
space X ® (H® yysH) with respect to some norm such that HC LH®gsH, X).

Theorem 5.1. Let H be a separable Hilbert space. Let Y,, 7, be two cadlag and
adapted H-valued semimartingales and f : R — H a twice continuously differentiable
function with first and second-order derivatives denoted by Df and D?f respectively.
Define

Ho(t) = /O Z(5—) @ dZn(s)  Kn(t) = [V, Z0]E.

Suppose X,, satisfies

Xo) = X0+ [ () aVil)+ [ (X002 42, (5) (5.1)

Assume that {Y,,} and {H,} are UT sequences, and for each t > 0, {[Z,,Z,]:} is a
tight sequence. Also assume that there exist an H#-semimartingale Y and (IEI@HS]H)#—
semimartingales H, K such that

Ay = (Xn(O),Yn,Zn,Hn,Kn) = (X(0)7Y707H7 K) = A7
in the following sense: for any {h;, h}™, C H and {u;,u,}™, C H®xsH
{(Xn(0)7yn(hi7 ')7Zn(h;7 ')ﬂHn(ui7 ')’Kn(u§> )) ;11 = {(X(O)7Y(hi7 ')707H(ui7 ~),K(u;, )) ?ll

in Drxgm xRrm xkm xkm [0, 00). Then {(A4,, X,,)} is relatively compact, and any limit point
(A, X) satisfies

X(t) = X(0) + / F(X(5-)) dY(s) + / DF(X(s-)) ® f(X(s)) d(H"(s) — K(s)).

Remark 5.2. Notice that
/dZn(s) ® Zn(s—) = H},

where H denotes adjoint of H,,. Therefore, by the hypothesis

/dZn(s) ® Zn(s—) = H".
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Remark 5.3. For a function ¢, let A¢(s) = ¢(s)—¢(s—). Notice that AH,,(s) = Z,(s—)®
AZ,(s) = 0. It follows that H is continuous. Similarly, K is continuous.

Proof. By Remark 2.25,
,'rt([Zna Zn]®) S [Zna Zn]t

Since for each t > 0, [Z,,, Z,]: is tight by the assumption, it follows from Theorem 4.6
that {[Z,, Z,]®} is UT. Note that by the integration by parts formula for tensor stochastic
integral, we have

t t
(Zn, Z0)2 = Z(t) @ Z(t) — Z,,(0) @ Z,,(0) — / Zn(s—) @ dZ,(s) — / dZ,(8) ® Zn(s—).
0 0
It follows from the hypothesis that
(Zn, Z,)® = —(H + H*).

Observe that T;([Yn, Z,n|®) < [Ya,Yalt + [Zn, Zn)t, and since {[Y,,Y,]:} and {[Z,, Z.]:}
are tight for each ¢ > 0, it follows again from Theorem 4.6 that {K,, = [V;,, Z,,|®} is UT.

By It6’s formula we have

FXn(t) = F(Xn(0)) + / DF(Xn(s—)) dXo(s) + Ru(t).

/ D f( A%, X, 05+ S IAF(X — Df(Xu(5)AX, (5)].
s<t
where [X,,, X,,]{ = [Xp, X0t — >y AXn(s)AX,(s) is the continuous part of [X,,, X,,].
It follows that {R,,} is a locally finite variation process. Notice that 7;(R,,) is dominated
by a linear combination of [Z,,, Z,];, [Y», Y.]:, and since each of them is tight, we have
{R,} to be UT.
Next, an application of the integration by parts formula (see (2.9)) gives

/O F(Xou(s—)) dZn(s) = (f(Xn(s), Zn(s)) _/0 Zn(s=) df (Xn(8)) = [Zn, f(X0)ls-

Now notice that

/0 Zu(5—) df (X () = [ Zu(s—)DF(Xn(s—)) dXo(s) + / Zo(5—)dR (5).

Notice that Z,(s) € H* = L(IEI,]R) and Df(X,(s)) € L(R,H). Therefore Z,(s—)D f(X,(s—))
is well defined and € L(R, R
Hence,

1
=

/0 Zo(5—) df(Xo(s)) = / (Zn(5—)Df (X () (X (5—)) ¥ (5)
" / (Zn(5—)Df (X () F(Xn(5))dZ0 () + / Zo(5—)dRo(s)
0 0

:/O (Zn(s=)Df(Xn(5=))) f(Xn(5—))dYn(s)

[ DF(Xa(s-)) ® F(Xn(s—)) dHo(s) + / Zo(5—) dRo(s),

0
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where H,( fo ) ® dZ,(s), and the equality of the middle terms in the above
two lines follows by Lemma 2.24. Next by Lemma 4.4, we have
Zo F(X,)]s = / Df(Xn(5-)) ® F(Xa(s-) diZn, Yol
[ DI ® F(Xs7)) i 22 + s Bl
Putting things together, we see that
[ Xl €205) = Valt) [ DICE5= ) (X5)) U 6)+ Ko s Z](5)
where

Va(t) = <f(Xn(s)),Zn(s)>—/0 (Zn(s=)Df(Xn(s=)))f (Xn(s—)) d¥n(s)

_/O Zn(5—) dRn(5) — [Zn, Ruls.

From the hypothesis, we get V" = 0. Plugging things back in the original equation, we
have,

X, (t) = X, (0) + V(1) + / F(Xa(5-)) dYi(s)

/Df ) @ f(Xn(5=)) d(Hn(s) + Kn(s) + [Zn, Zn]?(5))-

Take the indexing space Y = (H, H® ysH) with the norm as ||(h, u)||y = |2/l + ||ul #s.
Consider Y,, as an Y#-semimartingale by defining

Y. ((h,u),-) =Y, (h,-).

Similarly, H,,, K,, and [Z,,, Z,,] can be considered as Y#-semimartingales. Since {Y,,}, {H,.}, {K,}
and {[Z,, Z,]®} are UT, Theorem 3.5 gives the desired result.
O

We next consider the case when the solutions of the stochastic differential equations
of the form (5.1) are also infinite-dimensional. We follows the steps in the above proof,
however, the difficulties lie in handling of infinite-dimensional It6’s lemma, infinite-
dimensional covariation, chain rule, appropriate integration by parts etc. They are
taken care of by suitable use of results from Section 4. Notice that as in Theorem 5.1,
the H,, and K,, defined below are (IEI@)HSIH) = (]H@HS]H)*-Valued semimartingales.

Theorem 5.4. Let H and K be separable Hilbert spaces. Let Y, Z,, be two cadlag and
adapted H-valued semimartingales and f : K — IL. = HS(H, K) a twice continuously
differentiable function with first and second-order derivatives denoted by Df and D?f
respectively. Notice that Df : K — L(K,L). Assume that for each x € K, D?f(z) is an
element of L(K&sIK, L) and the mapping = — D?f(z) is uniformly continuous on any
bounded subset of K. Define

Hn(t):/o Z(5—) @ dZn(s) , Kn(t) = [V, Zo]E.

Suppose X,, satisfies
Xo) = X0+ [ ) aVil)+ [ X, (-) 42, (0) (5.2)
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Assume that{Y,,} and {H, } are uniformly tight sequences, and for eacht > 0, {[Z,, Z,]:
is a tight sequence. Also assume that there exist an H#-semimartingale Y and (H® j;TH)#-
semimartingales H, K such that

A, = (Xn(o)vynvZnaanKn) = (X(0)7Y707H7K) = A’

in the same sense as in Theorem 5.1. Then (A,,, X,,) is relatively compact, and any limit
point (A, X) satisfies

X(t) = X(0) + / F(X(5-)) dY (s) + / DF(X (s ) (X (5-)) d(H*(s) — K(5),

where the mapping ~ was defined in Lemma 4.2.

Proof. Asbefore, [ dZ,(s)®Z,(s—) = H*,[Zyn, Z,)® = —(H+H*) and {[Z,, Z,]®} {K, =
Yy, Z,]®} are UT.
By the infinite-dimensional It6’s formula (Theorem A.2), we have

F(Xa() = F(Xa(0)) + / DF(Xa(5-)) dXo(s) + Ru(t). (5.3)
where R, is given by

Ralt) = / D2F(X(5=)d[Xn XJ2® + SIAF(Xn()(5) — DF (X (5-))A X (3)].

s<t

where [X,,, X,]9% = [X,,X,|® — > s<t AXn(s) ® AX,(s) is the continuous part of
[X,, X,,]®. As before, {R,} is UT.
Next, an application of the integration by parts formula (see (4.2)) gives

/0 F(Xn(5-)) dZn(5) = F(Xo()(Zu(5)) — / Zn(5—) df (Xou(s)) — [[F(Xn), Zulls

where the mapping  is defined in the proof of Lemma 4.1.
Notice that by (5.3)

/ (5 df (Xo(s)) = / Zu(5)Df (Xo(s—)) dXo(s) + / Zn(5)dR,(5).
0 0 0

Hence, by (5.2)
| 76T #a) = [ ZGTID A () (X 5V (o
+ [ ZGTDI (N (s )aZu(s) + [ ZTaR,)
- [ ZGADI X )XY )

4 / DF(Xn(s ) F (Xn(s—)) dHo(s) + / Zn(5—) dRy(s),

where H,(s) = fg Z,(s—) ® dZ,(s), and the equality of the middle terms in the above
two lines follows by (4.1). Next by Lemma 4.5

((X0), Zully = / DF(Xn(s N (Xn(5)) d[Zn, Y]®

+ / DX (5N F(Xn(5)) dlZns Zo]® + (R Zals-
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Putting things together, we see that

/ f<Xn<sf>>dZn<s>:vn<t>;/o Df(Xn(5—)F(Xn(5—)) d(Hn(8)+ Ko (8)+[Zn, Z0)2(5),

where
Va(t) :f(Xn(s))(Zn(s))—/O Zn(s=)Df(Xn(s=))f(Xn(s—)) dYn(s)

_ /O Z(5—) dRu(s) — [[Zn, Ra]l:.

From the hypothesis, we get V" = 0. Plugging things back in the original equation, we
have,

X, (t) = X, (0) + V(1) + / F(Xa(5-)) dYi(s)
- / DI (X (5N F(Xn(5-)) d(Ho(5) + Ko (5) + [Zs Za]® (5))

Take the indexing space Y = (H, H®ysH) with the norm as ||(h, u)||y = ||k||u + ||ul|#s.
Consider Y,, as an Y#-semimartingale by defining

Y. ((h,u),:) =Y, (h,-).

Similarly H,,, K,, and [Z,,, Z,] can be considered as Y#-semimartingales. Since {Y,,}, {H,}, {K,}
and {[Z,, Z,]®} are UT, the desired result now follows from Theorem 3.6.
O

Example 5.5. Let U be an adapted semimartingale taking values in a Hilbert space H.
Let {G,} be a sequence of adapted H-valued semimartingales with G,, = U. Suppose
that G,, = M,,+ A, is a decomposition of the semimartingale G,, into its local martingale
and finite variation parts and that {M, } and {A, } satisfy the assumptions of Theorem
4.6. Note that this implies {G,,} is UT. In many examples G,, = U. As a first example,
consider the stochastic differential equation

Xn(t):Xn(O)—l—/o (5, X (5), Un(s))dUn (5), (5.4)

where 0 : R x R x H — H is twice continuously differentiable and

k k k+1 k k k+1
Un(t) = Gp(— t— )| Gp(——) —Gp(—) |, —<t< .
(0= Gol )it = ) (G (D)) R <ot
Notice that the X, are real-valued processes. Let 0;0 denote the partial derivative of o
with respect to the i-th component. Notice that 0,0, 020 € H and 030 € L(H, H). Assume
that 950 € HS(H, H).

As discussed, U, G,, and U,, can be considered as H#-semimartingales. It is easy to see
that {U,,} is not UT. Let U,, = Y,, + Z,,, where Y,,(¢t) = Gn(["t]TH) and Z,, = U, —Y,,. We
claim that {Y,} is UT. To see this, write Y,,(t) = M, (t) + A, (t) = M, (ML) 4 4, (e,
Note that {M,} is a sequence of martingales with respect to the filtration F* = Flnt]+1,
with E[M,,, M, < E[M,, M,]iy+1. Also, T3(A,) < T;+1(A,). The assertion now follows

by Theorem 4.6 and the assumptions on {M,,} and {A4,,} .
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Next note that fot Zn(s—)®dZ,(s) = —[U,U]? /2. To see this, note that since Z,(s—) = 0,
at the discontinuity points of Y,,

/OZn(s—)®dZn(s):/O Zn(5—) ® dUy( ZZ ) ® AY,(s) = /Z(—)@dUn(s)

(k+1)/n k+
_;n/k/n (n(s—k/n)( n(—— n)
) - Gn(k:l)> ® (Gn(k e )
- "Z (k4 1)/n) — Gn(k/n)) @ (G ((k +1)/n) — Gn(k/n))
<k+1>/n
/ n(s —k/n)—1ds
k/n
—_= Z ((k+1)/n) — Gn(k/n)) @ (G ((k +1)/n) — G (k/n))
—@, since {G,,} is UT.

Also since,

®— - t 5— s) — t n(s— n(s
Zn, Z0]% = Zo(t) @ Zn(2) /OZ"( ) @ dZn(s) /OdZ( )@ Zn(s),
it follows that
[anzn}g) - _[YnaYn]® = _[ZnaZ ]® = [U U]®

Moreover, Ty( | Zn— ® dZ,) <05y || (Gn ((k+1)/n) = Gu(k/n)) 1> [ 52" [n(s — k/n)

1] ds — t [U,U];/2. It follows that for each t > 0, {T( on, ® dZ,)} is tight, and hence
the sequence { [ Z,,_ ® dZ,} is UT.
We next derive the limiting stochastic differential equation for (5.4). Define
Xa(t) = (6, Xau(8), Un()", Tn(t) = (,Un(t), Un(t)", U(t) = (£,U0), U(t)"
and F:RxRxH— LR xHx H R xR x H) by

1 0 0
F(t,z,h) =10 o(t,x,h) 0
0 0 1

In other words, the operator F'(t,z, h) is defined as

F(t,l’,h)y = (yh <J(tax7h)ay2>ﬂay3)T €ER xR x ]Hv Y= (y17y27y3)T €R xHx H.
(5.5)

Note that (5.4) implies

where Y,,(t) = (t, Y, (t), Yn(t)) and Z,(t) = (0, Zn(t), Zy,(t)). Now the previous discussion
tells that the sequences of R x H xIH-valued processes {Y,,} and H.S(R xHxH, R xHxH)-
valued processes { [ Z, ® dZ,} are UT, and

ooy _ 1

0 0 0
}Zl;»ﬁ,/inc@dinj— 5= 2(0 [U,U]® [U,U]®)6HS(IR><1H><]H,R><IH><]H)
0

v [vU)®
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and
o o o 0 0 0
[Yn; Zn]® = _[YnaYn]® = _[ZnaZn]® =—10 [Uv U]® [U7 U]®
0 [U,U® [UU]®

Here, the elements of HS(RxHxH, RxHxH) are represented by matrix like structures
of the form:

B hia hiz R
E=|ha &2 &3], BeER, hycH, & c HogsH.
ha1 &2 €33

In other words, the Hilbert-Schmidt operator = € HS(R x H x H,R x H x H) is defined
as

E(y) = (By1 + (hiz2, y2)m + (has, ys)m, Y1hor + 22 (y2) + £23(y3), y1hs1 + E32(y2) + &33(y3))

Observe that the derivative operator, DF(¢,z,h) € LR xR xH, LR xHxH, RxRxH))
is given by

0 0 0
DF(t,l‘, h)(b) =10 blal(f + b2820 + 3301)3 0 s be R xR x H. (5.7)
0 0 0

Now an application of Theorem 5.4 to (5.6) gives the limiting stochastic differential
equation as

X(t):)?(@)+/o F(X(s—)) dﬁ(s)+%/o DF()?(;)\)?()?(H) dU,U1%,  (5.8)

where the mapping ~ was defined in Lemma 4.2. Observe that in the present example
(see Section A.4 for a proof),

DF(2)F(Z)(E) = (0, (010, ha1)u + (020 © 0,&22) iz, om + (030, E23) s, o1, 0) - (5.9)

Therefore, considering the middle component of (5.8), it follows that X,, = X where X
satisfies . .
1
X(t) = X(O) +/ O'dU(S) + 5/ (830’ + (920' ® O')d[U, U]?

0 0
Remark 5.6. Example 5.5 is a generalization of the results obtained by Nakao and Yam-
ato [17] (see Theorem 1.1) and Konecny [10] to stochastic differential equations driven
by infinite-dimensional semimartingales. One important example of U in Example 5.5
is an H-valued Brownian motion W with covariance operator (), where () is nuclear
(see [5]). In other words, for hyi,he € H, [W(hy,-), W(ha, )]s = (Qh1, ha)ut. The tensor
quadratic variation of the process W is given by [W, W] = tQ.

Remark 5.7. Using the same technique, Example 5.5 can easily be extended to the
case where the solutions X,, are also infinite-dimensional. Also, the approximation of
the semimartingale U by linear interpolation is just chosen for illustrative purpose. It
can be easily extended to more general approximation techniques.

Example 5.8. As a second example, we consider a space-time Gaussian white noise
and its mollified version as its approximation. More precisely, let W be an {F;}-adapted
space-time Gaussian white noise and B,(z) C R? denote the ball of radius r, centered
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at z. Let p: R? — [0,00) and 7 : R — [0, 00) be smooth functions with supp(p) C B1(0),
supp(n) C (—1,0), and f]Rd p(x) do =1, ffooo n(s) ds = 1.

Define p,(z) = n'n(nz), and n,(s) = ny(nz). Notice that p, is supported on By, (0) C
R4, and 7, is supported on [—1/n, 0], and fBl/n(O) pn(z) do =1, f[q/mo] N (s) = 1.
Define

W (z,t) = / ooz — y)nn(s — )W (dy x ds). (5.10)
R4 x[0,00)
For h € L*(RY), let
Wh(h,t) = / h(x)W, (z, s)dz ds, (5.11)
R4 x[0,00)

Notice that {W,,} is a sequence of {F;}-adapted H#-semimartingales, for H = L?(R%),
and W, L W in the sense that, for any finite A1, ..., h,, € L>(R%)

(Wn(hh ')7 e ~>Wn(hma )) £> (W(hla ')7 .. -aWn(ha ))

Consider the following SDE

Xn(t) = X,(0) + /Rd o 9(Xn(s), z)W,(x, s)dx ds.

Assume that

* |g(+,7)] < k(z) for some x € L! so that the integration in the right side is defined;

* g(y,x) = Sf(y,-)(x), where S is a Hilbert-Schmidt operator on L?(R?). For exam-
ple, if [pa, pa 7 (2, u)dx du < oo, then S could be defined as

Sh(z) = /]Rd h(u)y(z,u) du; (5.12)

(In other words, if S is defined by (5.12), then g(y, z) = [pa f(y, w)y(z, u) du.)

* sup, fRd |f(u,z)|? dz < oo, sup, fRd |01 f(u, x)|? dz < oo and sup,, fRd |02 f (u,2)|? doe <
oo, where 9; f and 9 f denote the first and second order partial derivative of f with
respect to the first co-ordinate.

The above assumptions imply that the mapping
ueR? = f(u,-) € L*(RY)

is bounded in L?(R%) with bounded first and second-order (Frechet) derivative.
Thus X, satisfies

Xn(t) = Xn(o) + Sf(Xn()v ) ' Wn(t)7 (5.13)

that is

X, (t) = X,(0) + /Rd on Sf(Xn(s), ) @)Wy (z,s)dz ds.

Observe that {W,,} is not a UT sequence, as

//Wn(h,s)de(h,s) - %Wn(h,tf - /IW(h, $)dW (h, s) = %(W(h,t)Q — 2.
0 0
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We apply Theorem 5.1 to find the limit of { X, }.
First, notice that the SDE (5.13) could be written as
Xn(t) = Xn(o) + f(Xn()a ) ' Wn<t)a (5-14)
where W, is defined as

Wil t) = / (SH) (&)W (2, 8)der ds, (5.15)
R4 x[0,t)

It is easy to check that
E[sup [Why(h,s) — W (Sh,s)|*] — 0.

s<t

Observe that
Wh(h,t) = /]RdX[O,t)(Sh)(x)(/]Rdx[Opo) on(x —y)nn(r — s)W(dy x dr))dx ds
= / (/ (Sh)(x)pn(z — y)nu(r — s)dx ds)W (dy X dr)
R4x[0,t) JREx][0,t)

= / (SnSh)(y)(/ (Nn(r — s) ds)W (dy x dr) (5.16)
R4 x[0,) 0

where the operator S5, is defined as

Snh(z) = » h(y)pn(z —y) dy.
Note that ||S,[lop < 1. Write

Wi (h,t) = Yy (h,t) + Zy(h,t).
where Y, (h,t) = W(S,Sh,t). Define

Wh(t) = Z Wi (ej,t)e;

Notice that the infinite sum above converges, as from (5.16)

s<t

M M
sup B([| Y Walej, )e;lls = sup Y - EOWale;,5)%)
=K s<t K
M
<D 11SaSell3 ¢

=K
M
< Z HSeng t, as|Snllop <1
=K
— 0, as K, M — oo, since S is Hilbert-Schmidt.

It follows that W, € D £2(ry[0,00). Similarly,

Yo =Y Yalej,-)e; € Dyaay[0,00).
J

Thus, 17\7” and Y, are versions of W, and Y, taking values in L?(R%) and it is easily

checked that H - W, = H-W,, and H - Y, = H -Y,. With a slight abuse of notation,
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we will continue to use Y,, and W, instead of Y, and Wn and consider them as L?(R%)-
valued semimartingales.

Put K" = [Y,, Z,]® = —[Zn, Z,])® = —[Y,, Ya]®, and notice that
[an Yn]? = Z[Yn(ej7 ')7 Yn(ej? ')]tej ® Ek
3.k

=1» (S.Se;,SnSex)e; ® e, = t(SnS)* (SnS).

Jik

Here (-,-) denotes the inner product in L?(R?). Recall that K,, is an H® y sH-valued
(hence a standard (H® sH)# ) semimartingale. We verify K, () = [V;,, Z,,]¥ = —(5,,9)*(S.S)
converges to —tS*S in the sense of convergence of (H® ; sH)#-semimartingale, that is

we need to verify for u = ZZ.IZI x; @y, {(u,tK,) — (u,tl). This follows because

<u7tKn> = Z<miatKnyi> = _tZ@:ia (SnS)*(SnS)yi>

7

= —t Y (SnSxi, SnSyi) — —t > _(Sw;, Sys).

The last equality is because S,,S — S in the strong operator topology.
Similarly, H,,(t) = [} Z,(s) ® dZ,(s) — —LS5*S.

Next, observe that {Y,,} is a uniformly tight sequence, and Y, 5 W in the sense
that, for any finite hy, ..., h, € L*(R%)

Yl )y oy Yo, ) 5 OV (e, ), W),
where W(h,t) = W(Sh,t), that is, W is a space-time Gaussian white noise with

To apply Theorem 5.1, we only need to prove that the sequence {H,, = fot Zn(s—) ®
dZ,(s)} is uniformly tight. For this purpose, we first compute E||Z,(t)||3. Notice that
12, ()15 = 32, IYalejst) = Wa(e;, t)||*. For any h € L*(R?), we have using (5.16)

Wa(h,t) — Ya(h,t) = / (25h) (4)( / (na(r — 5) ds) W (dy x dr)

R4 x[0,t)
[ (SusmwW Gy < ar)
R4x[0,t)
t
— [ S| mlr ) ds = )Wy x dr)
R4x[0,¢) 0
t
= / (SnSh)(y)(/ M (r — 8) ds — 1)W (dy x dr)
REx[0,t—1/n) 0
t
+/ (SnSh)(y)(/ N (r — s) ds — V)W (dy x dr)
Réx[t—1/n,t) 0
r+1/n
= / (SnSh)(y)(—/ Nu(r — 8) ds)W(dy x dr).
R X [t—1/n,t) t
The last equality is because fot Nu(r —s)ds =1, if t > r+ 1/n. Thus,

1
EW,,(h,t) — Y, (h,t))? = S, Sh(y)|?dy dr < —||.S,Sh| >
n 2

Rex[t—1/n,t)
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It follows that

E|Z.(1)lI5 < ZIIS Segl\z—*IIS Sllus < *IISIIHS (5.17)

Take G to be an {F'}-adapted (H®pysH)-valued cadlag process, and ||G(s)||gs < 1.
Notice that by Theorem 2.24

/G 5=)) dZn(s)

- / G(5—)(Zn(s—)) dY(s) - / G(5—)(Zn(5-)) AW (s)

= A+ B.
We have,

MB%=AH&£W®W%@NB%
SAH&ﬂMAG®MMZ$W%k§AH&ﬁmMﬂﬁhdMAﬂ@@

t
1
< ||5||op/0 1Zn()I* ds < —[1S]las 1 Slopt

and
/G 5))dW(5)
/m(xw»mkmwwzwwqmmwwmﬁ
//R 00 S SG(5=)(Zn(5=))(y)nn(r — s)W (dy x dr)ds.

Thus,

B [BI[ | SSG) Zals )Wl = Wy x dr)ds

=/d B18,8G (5= )(Zn(s=)) () P nn(r — 9 dy dr) ds
0 R4 x[0,00)

SC@A(WEﬁﬁGwﬁ@M%D@W@M& c=[ i
—m/mmW<>(mws

gmwmﬁmaWMw

< Ct)|Sllopl|Sllzs, using (5.17).

It follows that {H,} is uniformly tight.

Now if X,,(0) L, X(0), then applying Theorem 5.1, we conclude X, £ X, where X

satisfies

X(t) = X(0) + /}R o SF(X(s), ) (x)W (dz x ds)

¢ S
+/ Df(Xo-) ® f(X,) d(=5SS" +5"S).
0
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If S = S*, which will be the case if S is defined by (5.12), then the above SDE could be
written as

X(t) = X(0) + /]R o SF(X(s), ) (x)W (dz x ds)

1

+5 /nm[o ) SF(X(s), ) (x)hSf(X(s),-)(x) dz ds.

Example 5.9. Let {{,} be a ¢-irreducible Markov chain taking values in a separable
metric space U. Let P denote the transition kernel of {¢,}. Assume that the chain is
ergodic with unique stationary distribution . Let H = L2(U, 7). Let {W,},{Y,} and
{Zn} be H#-semimartingales defined by

=

[n

|

Wa(ht) = > (Phigy) (6
1 nt] 1
= % 2 (Ph(&k-1) — h(&k)) + 7n (Ph(&pny) — h(&o))
=Y, (h t) + n(h,t).

Let S be a Hilbert-Schmidt operator from H to H. Define Y, (h,t) = Y, (Sh,t) and
Zn(h,t) = Z,(Sh,t). Let {e;} be an orthonormal basis of H. With a slight abuse of
notation, define

t) = ZYn(ek,t)ek, Zy(t) = Z Zy ek, t)ex
k k

Then Y,, and Z,, are H-valued processes. To see this, first note that

sup E[| ZY (e, )eJ” —SUPZ E[l[Yx(ej, BI3]- (5.18)

t<T t<T T

Now observe that for any h € H,

[n4]
EY; (1, 1 = 3 EPSh(En—) ~ Sh(e)]® <200 (1Pshl3 + 1shl3) < 42 sn3
j=1

n

It follows from (5.18) that

nT
supE i Z Yo(ej, t)e; 3] Z 1Se;l13

=K
— 0, as K, M — oo, since S is Hilbert-Schmidt.

Similarly, Z,, is an H-valued process.
Consider a sequence of SDEs of the form (5.2) driven by {Y,,} and {Z,}. We show that
{Y,.} and {Z,,} satisfy the assumptions of Theorem 5.4.

For each n, Y,, is a martingale, and by the martingale central limit theorem it follows
that for any collection of hy,...,h,, € H

(Yn(hlv ')7 R Yn(hm)) =W,
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where W is an m-dimensional Gaussian process with covariance matrix, tC, and C' is
given by

n

Ciy = Tim — 3 (PShi(€h 1) — Shi(6x))(PShy(Ex 1) — Shy(Er))

- / n(dz) / Pz, dy)(PShi(x) — Shi(y))(PSh;(x) — Shy(y)).

Next, we prove that {Y},} is UT. By Theorem 4.6, it is enough to show that sup,, E[Y,,,Y,,]: <
0. To see this, observe that

Vo, Yle = trace([Ya, Y,lP) = Y [Va(ex, ), Ya(er, e,
k

where {e} is an orthonormal basis of H.

Note that [V, (h,-),Y,(g,")]: = L3 [nt] L(PSh(&k—1) — Sh(&k))(PSg(&k—1) — Sg(&)) and
therefore,

Y., v, = 22 Z [ wtz) [ P, dp)(PSera) - Seu))?

nt
<457 5e.
k

Since S is Hilbert-Schmidt, it follows that sup,, E[Y},, Y,,]: < oc.

Also, it is immediate that Z,, = 0, in the sense that for any collectlon of hi,...,h, €
H (Zy(h1,), - Zn(hm')) = 0. Next, note that since Zy(h,t) = —= 1"} (PSh(&) —
PSh(&-1)

[nt]

Za(9: ), Zah e = = S (PSg(€) — PSglE1) (PSA(E) — PSh(E1)

k=1
.y / r(dz) / P(z,dy)(PSg(y) — PSg(x))(PSh(y) — PSh(x)).
It follows that for any g1, b1, ..., gm, hm € H,

([ZmZ] (91 ®h1) [Zn’Z] (gm@h )) ([Zn(gla'),Zn(hlv')]tv"'v[Zn(gm")’Zn(hm")]t)
= tp,

where p = (p;)"; and p; = [w(dz) [ P(z,dy)(PSg;(y) — PSgi(x))(PShi(y) — PShi(x)).
Also,

[nt]

209,10, Yl s = = S~ (PSg(68) — PSg(6s1)(PSA(g1) — Sh(€s)
k=1

=t [ w(de) [ Pla.dy)(PSgly) - PSg@)(PShis)  Shiv))
Therefore,
(Z Yol (91 @ By s [ s Yol (9 © Bun)) = 1,
where o = ()1, and g, = [ w(dz) | P(x,dy)(PSgi(y) — PSgs(x))(PShi(x) — Shi(y)).

Similarly;,

( / Zo(5-) ® dZo () @ h), ., / Z0(5-) ® 0Z0(5)® (g ® h)) = Lo,
0 0
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where p" = (p/)™, and p! = [w(dz) [ P(z,dy)PSg;(z)(PSh;(y) — Shi(z)). Finally, we
need to prove that { | Z,( ) ®dZ,(s)} is UT. By Theorem 4.6, it is enough to show that
for every t > 0, {T3([ Zn(s—) ® dZ,(s))} is tight. Call H,, = [ Z,(s—) ® dZ,(s). Recall
that if {e;} is an orthonormal basis of H, then {e; ® ¢;} forms an orthonormal basis of
]H@HSIH. Hence,

Tt(/Z( —)®dZ,(s —bupZ\/ZH er ®epti) — Hp(er @ e, tio1)|?

{t:}
[nt]

:fZ > [PSex(&-1) 2| PSei(&;) — PSer(§-1)[?

Jj=1 k,l

[”t [nt]

Z Z|P5ek (&-1)? Z Z|P5el (&) — PSer(&-1)|?

= > ||PSek||2\/Z/7r(dx) P(z,dy)|PSe;(z) — PSe;(y)[? < oc.
k l

It follows that {7}([ Z,(s—) ® dZ,(s))} is tight.

IN

Appendix

A.1 Tensor product

All the results in this section are from Ryan [19]. Let X, Y be two Banach spaces.
Let B(X x Y, Z) be the space of all bounded bilinear forms from X x Y — Z, that is set
of all bilinear forms A such that

1Az, y)llz < vllzlxllylly, for some v > 0.

The smallest such constant v is the norm of A, and will be denoted by [|4|. If Z = R,
then we will denote B(X x Y,Z) by B(X x Y).
For a vector space V, let V# denote the algebracic dual of V. The tensor product
X ® Y will be constructed as B(X x Y)#, by defining the action of  ® y on B(X x Y)#
as
rRy(A) = Alx,y), reX,yeY.

Thus, a typical tensor v € X ® Y, has the form

I
u:Zm@yi. (A.1)

Notice that by definition v = 0, if

> A(wi, i) =0, forall A€ B(XxY).
1=1

The following theorem gives an easy criterion to check if u = 0.

Theorem A.1. Let u be a tensor of the form (A.1). Then u = 0 if and only if
> o(x)v(y:) =0, forallg e X,y eY".

So far we have introduced tensor product X ® Y as a vector space. Many choices of
norm exist to complete the space X ® Y, e.g the projective norm, the nuclear norm etc.
Here however, we focus on the case when X and Y are separable Hilbert spaces and
the norm considered on X ® Y is Hilbert-Schmidt.
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A.2 Hilbert-Schmidt operator and tensor product

Let X and Y be two separable Hilbert spaces. Let {e;} be a complete orthonormal
system of X. S € L(X,Y) is a Hilbert-Schmidt operator if

> lISelli < oo
i

The quantity in the left side does not depend on the orthonormal system {e;}, and its
square root is defined as the Hilbert-Schmidt norm | S| zs. The space of all Hilbert-
Schmidt operators is denoted by HS(X,Y). HS(X,Y) is a separable Hilbert space.

Let h,h' € X and k, k' € Y. Define an inner product (-,-)gs on X ® Y by
<h ®k, n'® k/>HS = <ha h/>X <k7 k, >Y'

Let X®xsY denote the completion of the space with respect to the inner product
(-,Yrrs. Then X®p Y is isometrically isomorphic to HS(Y,X) and also HS(X,Y).

If {e;} and {f;} are complete orthonormal systems of X and Y, then {e; ® f}, » forms a
complete orthonormal system of X®psY. If T € HS(X,Y), then T can be represented
as

T = Z(T@j, fk>€j ® fr-

gk

A.3 Infinite-dimensional It6’s lemma

Theorem A.2. [15, Theorem 27.2] Let X and Y be two separable Hilbert spaces, Z an
adapted X-valued semimartingale and ¢ : X — Y be a twice continuously differentiable
function with first and second-order derivatives denoted by D¢ and D?¢ respectively.
Assume that for each = € X, D?¢(z) is an element of L(X®psX,Y) and the mapping
x — D?¢(z) is uniformly continuous on any bounded subset of X. Then

020 = o(z0) + [ Doz(s=) dz(s)+ 5 [ D*o(z(s-)) diz.2)°()

0

3 (6(2060) = 0(2(5-)) ~ DoAZ(5-)AZ(5) - 3D*0(2(s-)AZ(5) 0 AZ())

= ¢(Zo) + /Dqs /D2 )) d[Z, Z2]%®
+Z (5)) —9(Z(s—)) — Do(Z(s—))AZ(s))

where [Z, Z]7% = [Z, Z]7 — Y.<, AZ(s) ©@ AZ(s).

A.4 Proof of (5.9)

Let {v1} be an orthonormal basis of the Hilbert space H. Then a basis for R x H x H
is given by {e! = (1,0,0)T,e? = (0,v;,0)T, e = (0,0,7;)T : i =1,2,...}. Consequently, a
basis for HS(R x H x H, R x H x H) is given by {e! ®ez,ef®el,ef®elj tk1=2,3,4,7=
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1,2,...}. Now an expansion of = € HS(R x H x H,R x H x H) gives
E=pel@e + 3 (hig,yi)me' @€l + Y (hus, vi)me' @€}
i i

+ E (ha1,vi)me? @ e' + E (€22,7i ® 7j>H®HS]H€? ® 6? + E (£23,7 @ Wj)lH@HS]Hef ® 6?
i %] 1,

+ 5 (ha1,vi)me; @e' + E (€32, ® 7j>H®HS]H€? ® 6? + E (&33,7: ® ’Yj>]H®HS]He? ® €?~
i @] 1,

(A.2)

Observe that
F(@)(e') = (1,0,0)", F(Z)(ef) = (0, (o,7:)m,0), F(Z)(e}) = (0,0,7)

By the definition of the mapping ~ in Lemma 4.2, and using (5.5) and (5.7)

0 0
DF(@)F(#)(e? @ ¢?) = (DF@)F@)(ed)) () = |0 (o, 7)udec 0] e
0 0 0
= (0, {0, 7)u(020,7i)m,0) = (0,(020 ® 0,7 ® V) g, sm: 0)-
Similarly,
0 0 0
DF@F(@)(e @ ¢}) = (DF@F@)()) () = [0 dsoy; 0] €2
0 0 0
= (Oa <a30”7j771'>]Ha O)T = (Ov <83Ua Vi ® 7j>]H@HSH7 O)T
and

DF@)F(@)(e} ® ') = (DF@F@)()) (e) = (0, (010, 7)m1,0)"

It can easily be checked that other terms are (07070)T. (5.9) now follows from the
expansion (A.2).
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