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Abstract

We give necessary and sufficient condition for existence and uniqueness of IL”-solu-
tions of reflected BSDEs with continuous barrier, generator monotone with respect
to y and Lipschitz continuous with respect to z, and with data in I, p > 1. We also
prove that the solutions may be approximated by the penalization method.
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1 Introduction

Let B be a standard d-dimensional Brownian motion defined on some probability
space (2, F, P) and let {F;} denote the augmentation of the natural filtration generated
by B. In the present paper we study the problem of existence, uniqueness and approxi-
mation of I.?-solutions of reflected backward stochastic differential equations (RBSDEs
for short) with monotone generator of the form

Yi=¢&+4 [ f(s,Ys, Zy)ds — [[dE, — [ Z,dB,, t€[0,T),
YVtZLt; tE[O,T], (11)
K is continuous, increasing, Ko = 0, fOT(Yt —L;)dK; =0.

Here ¢ is an Fp-measurable random variable called the terminal condition, f : [0,7] x
2 x R x R? — R is the generator (or coefficient) of the equation and an {F;}-adapted
continuous proces L = {L:,¢t € [0,T]} such that Ly < £ P-a.s. is called the obstacle
(or barrier). A solution of (1.1) is a triple (Y, Z, K) of {F;}-progressively measurable
processes having some integrability properties depending on assumptions imposed on
the data &, f, L and satisfying (1.1) P-a.s.

Equations of the form (1.1) were introduced in El Karoui et al. [6]. At present it is
widely recognized that they provide a useful and efficient tool for studying problems
in different mathematical fields, such as mathematical finance, stochastic control and
game theory, partial differential equations and others (see, e.g., [4, 6, 7, 8, 10]).
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Reflected BSDEs with monotone generator

In [6] existence and uniqueness of square-integrable solutions of (1.1) are proved un-
der the assumption that &, fOT |f(t,0,0)|dt and L} = sup,.r |L¢| are square-integrable,
f satisfies the linear growth condition and is Lipschitz continuous with respect to both
variables y and z. These assumptions are too strong for many interesting applications.
Therefore many attempts have been made to prove existence and uniqueness of so-
lutions of RBSDEs under less restrictive assumptions on the data. Roughly speaking
one can distinguish here two types of results: for RBSDEs with less regular barriers
(see, e.g., [15]) and for equations with continuous barriers whose generators or termi-
nal conditions satisfy weaker assumptions than in [6]. We are interested in the second
direction of investigation of (1.1).

In the paper we consider ILP-integrable data with p > 1 and we assume that the
generator is continuous and monotone in y and Lipschitz continuous with respect to z.
Assumptions of that type were considered in [1, 9, 12, 16] but it is worth mentioning
that the case where the generator is monotone and at the same time the data are ILP-
integrable for some p € [1,2) was considered previously only in [1, 16] (to be exact, in
[1] the author considers the case p € (1,2) but for generalized RBSDEs). Let us also
mention that in the case p = 2 existence and uniqueness results are known for equa-
tions with generators satisfying even weaker regularity conditions. For instance, in [13]
continuous generators satisfying the linear growth conditions are considered, in [17] it
is assumed that the generator is left-Lipschitz continuous and possibly discontinuous
in y, and in [11] equations with generators satisfying the superlinear growth condition
with respect to y, the quadratic growth condition with respect to z and with data ensur-
ing boundedness of the first component Y are considered. In all these papers except
for [16] the authors consider the so-called general growth condition which says that

[f(t,y,0)] < [f(£0,0)[ +¢(lyl), t€[0,T]y€R, (1.2)

where ¢ : RT — R is a continuous increasing function or continuous function which is
bounded on bounded subsets of R. In [16] weaker than (1.2) condition of the form

v7'>0 |bl|l<p If("yao) _f(’030)| E]LI(OvT)' (1.3)
YyIsr

is assumed. Condition (1.3) seems to be the best possible growth condition on f with
respect to y. It was used earlier in the paper [3] devoted to IL.P-solutions of usual (non-
reflected) BSDEs with monotone generators. Similar condition is widely used in the
theory of partial differential equations (see [2] and the references given there). Let us
point out, however, that in contrast to the case of usual BSDEs with monotone gener-
ators, in general assumption (1.2) (or (1.3)) together with IL.P-integrability of the data
(integrability of &, L%, fOT |f(¢,0,0)| dt in our case) do not guarantee existence of ILP-
integrable solutions of (1.1). For existence some additional assumptions relating the
growth of f with that of the barrier is required. In [1, 12] existence of solutions is
proved under the assumption that E|p(sup,.p e**L;7)|? < 400, where ¢ is the function
of condition (1.2) and p is the monotonicityfcoefﬁcient of f. In [16] it is shown that it
suffices to assume that

T
E(/ |f(t,sup L, 0)| dt)P dt < 4o0. (1.4)
0 s<t

Condition (1.4) is still not the best possible. In our main result of the paper we
give a necessary and sufficient condition for existence and uniqueness of ILP-integrable
solution of RBSDE (1.1) under the assumptions that the data are IL”-integrable, f is
monotone in y and Lipschitz continuous in z and (1.3) is satisfied. Moreover, our con-
dition is not only weaker than (1.4) but at the same time much easier to check than
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(1.4) in case of very important in applications Markov type RBSDEs with obstacles of
the form L = h(-, X), where h : [0,7] x R? — R is a measurable function and X is a
Hunt process associated with some Markov semigroup. In the case of Markov RBSDEs
which appear for instance in applications to variational problems for PDEs (see, e.g.,
[6, 10]) our condition can be formulated in terms of f, h only. We prove the main result
for p > 1. Moreover, we show that for p > 1 a unique solution of RBSDE (1.1) can be
approximated via penalization. The last result strengthens the corresponding result in
[16] proved in case p > 1 for general generators and in case p = 1 for generators not
depending on z.

In the last part of the paper we study (1.1) in the case where &, L1, fOT |f(t,0,0)|dt
are ILP-integrable for some p > 1 but our weaker form of (1.4) is not satisfied. We have
already mentioned, that then there are no ILP-integrable solutions of (1.1). We show
that still there exist solutions of (1.1) having weaker regularity properties.

The paper is organized as follows. Section 2 contains notation and main hypotheses
used in the paper. In Section 3 we show basic a priori estimates for solutions of BSDEs.
In Section 4 we prove comparison results as well as some useful results on cadlag
regularity of monotone limits of semimartingales and uniform estimates of monotone
sequences. In Section 5 we prove our main existence and uniqueness result for p > 1,
and in Section 6 for p = 1. Finally, in Section 7 we deal with nonintegrable solutions.

2 Notation and hypotheses

Let B = {B;,t > 0} be a standard d-dimensional Brownian motion defined on some
complete probability space (2, F, P) and let {F;,¢t > 0} be the augmented filtration
generated by B. In the whole paper all notions whose definitions are related to some
filtration are understood with respect to the filtration {F;}.

Given a stochastic process X on [0, 7] with values in R™ we set X} = supg<s<; | X5/,
t € [0,T], where | - | denotes the Euclidean norm on R™. By S we denote the set of all
progressively measurable continuous processes. For p > 0 we denote by SP the set of
all processes X € S such that

| X|ls» = (B sup |X¢P)""V/P < 4o0.
t€[0,T]
M is the set of all progressively measurable processes X such that
T
P(/ | X4|? dt < +00) =1

0

and for p > 0, M? is the set of all processes X € M such that
T

(E(/ X2 deyP/2) P < oo
0

For p,q > 0, IL»9(F) (resp. LP(Fr)) denotes the set of all progressively measurable
processes (Fr measurable random variables) X such that

T
(E(/ X, [P dt)/ AN/PYIN g o 4o (resp. (B|X|P)M/? < +oo) .
0

For brevity we denote L??(F) by LP?(F). By I.1(0,T) we denote the space of Lebesgue
integrable real valued functions on [0, 7.

M. is the set of all continuous martingales (resp. local martingales) and M2, p > 1,
is the set of all martingales M € M, such that E((M)r)?/? < +oo. V. (resp. V) is
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the set of all continuous progressively measurable processes of finite variation (resp.
increasing processes) and V? (resp. Vjvp) is the set of all processes V € V. (resp.
V € V) such that E|V|} < +o00. We put H? = MP? + VP,

For a given measurable process Y of class (D) we denote

[Ylly = sup{ E|Y=|,7 € T}

In what follows f : [0,7] x Q@ x R x R? — R is a measurable function with respect to
Prog x B(R) x B(R?), where Prog denotes the o-field of progressive subsets of [0, 7] x §2.

In the whole paper all equalities and inequalities between random elements are
understood to hold P-a.s.

Let p > 1. In the paper we consider the following hypotheses.

(H1) EIE[P + E(fy |f(£,0,0)]dt)? < +oc.

(H2) There exists A > 0 such that |f(¢,y,2) — f(t,y,2")| < A|z— 2| forevery t € [0,T],y €
R,z 2 € R

(H3) There exists u € R such that (f(t,y,2) — f(t,v',2))(y —v') < u(y — y')? for every
t€[0,T],y,y € R,z 2 € R

(H4) For every (t,2) € [0,7] x R? the mapping R > y — f(t,y, z) is continuous.

(H5) For every r > 0 the mapping [0,7] > t — sup, <, |f(t,y,0) — f(¢,0,0)| belongs to
LY(0,7).

(H6) L is a continuous, progressively measurable process such that Ly < €.

(H7) There exists a semimartingale X such that X € H? for some p > 1, X; > L,
t€[0,7] and E([) f~(s,X,,0)ds)P < +o0.

(H7*) There exists a semimartingale X of class (D) such that X € Vi + M for every
g€ (0,1), X, > Ly, t € [0,T] and E [, f~ (s, X,,0)ds < +00.
(A) There exist © € R and A > 0 such that

Uf(ty,2) < fo+ plyl + Alz]

for every t € [0,T], y € R, z € RY, where § = 1,20, and {f;;t € [0,T} is a
nonnegative progressively measurable process.
(Z) There exist a € (0,1), v > 0 and a nonnegative process g € IL.*(F) such that

|f(ty, 2) = &y, 0)] < (g + [yl + [2D”
foreveryt € [0,7], y € R, z € R4

3 A priori estimates

In this section K denotes an arbitrary but fixed process of the class V. such that
Ko =0.
The following version of It6’s formula will be frequently used in the paper.

Proposition 3.1. Let p > 1 and let X be a progressively measurable process of the
form

t ¢
X =Xo +/ dK, +/ ZsdBs, te€]0,T),

0 0

where Z € M. Then there is L € V! such that

t t
‘Xt|p - ‘X0|p = p/ |Xs‘p71Xs sz +p/ |X3|p71XS st
0 0

t
+ c(p)/ 1{XS;JEO}|XS|I)_2|Z8‘2 ds + Ltl{le}
0

with ¢(p) = p(p — 1)/2.
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Proof. The proof is a matter of slight modification of the proof of [3, Lemma 2.2]. O

Definition 3.2. We say that a pair (Y, Z) of progressively measurable processes is a
solution of BSDE(¢, f + dK) iff Z € M, the mapping [0,T] > t — f(t,Y;, Z:) belongs to
IL'(0,T), P-a.s. and

T T T
yt:§+/ f(s,YS,ZS)ds—i—/ dKS—/ Z,dB,, te[0,T]. (3.1)
t t t

Lemma 3.3. Let (Y, Z) be a solution of BSDE(¢, f + dK). Assume that (H3) is satisfied
and there exists a progressively measurable process X such that X; > Y;, t € [0,T] and
the mappings [0,T] >t — X;7, [0,T] >t — f~(t, X;,0) belong to I.*(0,T), P-a.s.

(i) If(H2) is satisfied then for every stopping time v < T and a > p,

T

/ e dKy < e"TY,| + | Yy +/ e**ZsdBs + )\/ e*®|Zs| ds
0 0 0

+ / e f~ (s, Xs,0)ds + / ate X} ds.
0 0
(i) If (Z) is satisfied then for every stopping time 7 < T and a > pu,

/ e“tth§|e‘”YT|+\Yo|+/ e“SstBS+7/ €93 (gs + V2| + | Zs)* ds
0 0 0
+/ e“sf_(s,Xs,O)ds—i—/ ate™ X} ds.
0 0

Proof. Assume that p < 0. Then f~(s,Y;,0) < f~ (s, X,,0), s € [0,7] and from (3.1) and
(H2) it follows that

KT§7Y7+YO+/ ZSdBS+>\/ |Zs\dsf/ £(s,Ys,0) ds,
0 0 0

which implies (i) with a = 0. Now, let a >  and let Y, = e:”Yg, Zy = e™Z, and € = eT¢,
f(t,y,z) = e f(t,e %y, e 2) — ay, dK; = e* dK;. Then f satisfies (H3) with y = 0 and
by It6’s formula,

B 5 T~ B B T B T~
Yt=£+/ f(s,Ys,Zs>ds+/ sz—/ Z,dB., te0,T),
t t t

from which in the same manner as before we obtain (i) for a > u.
To prove (ii) let us observe that from (3.1) and (Z) it follows immediately that

T

KTg—YT+Y0+/ zSdBSﬂ/ (gs—|—|YS|+\ZS|)“ds—/ F(5,Y2,0) ds.
0 0 0

Therefore repeating arguments from the proof of (i) we get (ii). O

Lemma 3.4. Assume (A) and let (Y, Z) be a solution of BSDE(E, f + dK). IfY € SP for
some p > 0 and

E(/Oij ds)p+E(/OTf_(s,XS,O) ds)” +E(/OT 1£(s,0,0)] ds)? < +o0c

for some progressively measurable process X such that X; > Y;, t € [0,T], then Z € M?
and there exists C' depending only on A\, p, T such that for every a > j + A2,

T T
E<(/ %%\ Z,|% ds)P/? + (/ e dKS)p> < CE(supeapt|Yt|p
0 0

t<T

T
€% (5, X, 0) ds)? + ( / a*ter X+ ds)p>.

0

T

+ </T e |£(5,0.0)d? + (|

0 0
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Proof. By standard arguments we may assume that ; + A2 < 0 and take a = 0. For each
k € IN let us consider the stopping time

t
7 = inf{t € [O,T];/ |Z|>ds > k} A T. (3.2)
0

Then as in the proof of Eq. (5) in [3] we get

Tk T Tk Tk
([ 1z asy <o (il ([ gaasp ) [T Vizam e ([Tl ar),
0 0 0 0
and hence, repeating arguments following Eq. (5) in [3] we show that
Tk T Tk
E(/ |Z,|? ds)P/? < c,,E(|YT*|p + (/ feds)P + (/ hd dKS)p/2>. (3.3)
0 0 0
By Lemma 3.3 and the Burkholder-Davis-Gundy inequality,
Tk T
pis, < doanE(vir ([T lzpar ([ e x.0ar). 6
0 0

Moreover, applying Young’s inequality we conclude from (3.3) that for every o > 0,
Tk
E(/ | Z4|? ds)P/?
0

< '(p,a <YTP / fsds)? / f(s,Xs,0)ds)P ) +aEK? . (3.5)

Taking o = (2¢/(p, A, T'))~! and combining (3.4) with (3.5) we obtain

B([ 12, a5y < o) (70 + /fsds /f (5. X.0)ds)'} ).

Applying Fatou’s lemma we conclude from the above inequality and (3.4) that

(/ |Z,|? ds)?/* + EKD < CE(|YT|P / fsds)? / £ (s, X4,0)ds)? )
which is the desired estimate. O

Remark 3.5. Observe that if f does not depend on z then the constant C of Lemma 3.4
depends only on p. This follows from the fact that in this case ¢’ in the key inequality
(3.4) depends only on p.

Proposition 3.6. Assume that (A) is satisfied and

T T
E(/O (5, X1,0) ds)? + E(/O 1£(5,0,0)[ ds)? < 400

for some p > 1 and X € SP such that X; > Y;, t € [0,T]. Then if (Y,Z) is a solution of
BSDE(¢, f + dK) such that Y € SP, then there exists C depending only on A\, p, T such
that for every a > i+ A?/[1 A (p — 1)] and every stopping time T < T,

Esup ™! [V;[? + B / (2P sy B[ e iy
0

t<t

< on(er il ([ el7.0.0] s + suplexi
0 t<t

s ey ([ atenx; ds)p).
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Assume additionally that f does not depend on z. If p = 1 and X*+,Y are of class (D)
then for every a > p,

T T
le® Yy +E/ e dK, < E(e“T§| +/ e®*|f(s,0)| ds
0 0
T T
—|—/ e“sf*(s,Xs)ds—k/ ate X} ds> +le” X1 .
0 0
Proof. To shorten notation we prove the proposition in the case where 7 = T'. The proof
of the general case requires only minor technical changes. Moreover, by the change of
variables used at the beginning of the proof of Lemma 3.3 we can reduce the proof to
the case where a = 0 and p + A?/[1 A (p — 1)] < 0. Therefore we will assume that a, z1, A

satisfy the last two conditions.
By It6’s formula (see Proposition 3.1),

T T
thlp +C(p)/ |}/S|p_21{Y5750}|ZS‘2d8 = |£‘P +p/ ‘Y9|p_1YSf(SaYSaZS)d8
t t
T R T .
+p/ V1Y dE, fp/ ViV, Z,dB,, te[0,T].
t t

By the same method as in the proof of Eq. (6) in [3] we deduce from the above inequality
that

T T
C ~
Y|P + —(Qp) / Y|P 1y 20y| Zs|P ds < H — p/ |Y.|P~1Y,Z, dB,
t t

T
+p/ |V, P~1Y,dK,, tel0,T], (3.6)
t
where H = [£|P + fOT |Y,|P~1f, ds. Since the mapping R > y > |y|P~17 is increasing,

T T
/ [V, [P~1Y, dK, < / |XFPP Xt dK,, telo,T).
t t
From this and (3.6),

T T
v+ <) / |Y;\P—21{YS¢O}|ZS|2dsSH’—p/ VPY,Z,dBs, (B7)
t t

where H' = [¢[P +pf0T Ys[P~ 1 fs ds +pfOT |XF|P~! dK,. As in the proof of [3, Proposition
3.2] (see (7) and the second inequality following (8) in [3]), using the Burkholder-Davis-
Gundy inequality we conclude from (3.7) that

E|Y;|P <d,EH'. (3.8)
Applying Young’s inequality we get
T T 1 T
b [V et < pa, (Vi [ g < SEVGP S d B[ fdy G9)
0 0 0
and

T
pdpE/ X P dEK, < d(p, o) E| X P + aEKE.. (3.10)
0
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By Lemma 3.3, there exists d(p, A\, T") > 0 such that

T T
EK;‘;Sd@,A,Tw(Y;u(/ 2P a4 ( f(s,Xs,O)dS)”)-
0 0

From this and Lemma 3.4 we see that there exists ¢(p, A, T') > 0 such that

EKE <c(p,\,\T)E (|YT|p /fsds /f SXS,O)ds)> (3.11)

Put a = (4c(p,\,T))~t. Then from (3.8)~(3.11) it follows that there is C(p, \,T) such
that

T
VP < c<p,A,T>E(|5|p T / 1£(5,0,0)|ds)?

/ f(s,X5,0) ds)p+sup|X+|p)

t<T

Hence, by (3.11) and Lemma 3.4,

B+ B[ 12, asy? + Bp < CE(r ([ 150,00 )7 4 1P
0 0

+ (/OT (s, Xs,0) ds)p>.

From this the first assertion follows. Now suppose that f does not depend on z. As in
the first part of the proof we may assume that ;1 < 0 and a = 0. Applying It6’s formula
(see Proposition 3.1) we conclude that for any stopping times o < 7 < T,

Yol < V5] + / F(s,Yo)Vsds + /

o

Y, dK, — / Z.Y, dB,. (3.12)

Let us define 7 by (3.2). Then f A Z,Y,dB; is a uniformly integrable martingale.
Using this, the fact that Y is of class (D) and monotonicity of f with respect to y we
deduce from (3.12) that |Y,| < E(|¢] + fOT |f(s,0)| ds + Kr|F,), hence that

1 < Bel + | (s 0) ds + ). (3.13)
On the other hand, —f(¢,Y;) < —f(¢, X;) for ¢t € [0, 7] since Y; < X, t € [0,T]. Therefore
K, =Yy—Y, — OTf(s,Ys)ds+/0TstBs
<Xo— Y, — OTf(s,Xs)ds + /OT Z,dB,.

Taking 7 = 7, and using the fact that Y is of class (D) we deduce from the above
inequality that

T
EKr < EX{ + El¢| + E/ (s, X) ds.
0
Combining this with (3.13) we get the desired result. O

Remark 3.7. If f does not depend on z then the constant C of the first assertion of
Proposition 3.6 depends only on p. To see this it suffices to observe that if f does not
depend on z then the constant c in the key inequality (3.11) depends only on p (see
Remark 3.5).
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4 Some useful tools
We begin with a useful comparison result for solutions of (3.1) with K = 0.

Proposition 4.1. Let (Y', Z'), (Y2, Z?) be solutions of BSDE(¢, f1), BSDE(£2, £2), re-
spectively. Assume that (Y! — Y?)* € 89 for some q > 1. If ¢! < ¢2 and for a.e. t € [0,
either

Livasyey (F1 (Y5 Z8) — f2(,Y, Z))) <0, f? satisfies (H2), (H3) (4.1)

or
Livasyey (F1 (6 Y2 27) — f2(6, Y72, Z7)) <0, f! satisfies (H2), (H3) (4.2)

is satisfied then Y;! < Y2, t € [0,T).

Proof. We show the proposition in case (4.1) is satisfied. If (4.2) is satisfied, the proof

is analogous. Without loss of generality we may assume that 4 < 0. By the It6-Tanaka
formula, for every p € (1, ¢) and every stopping time 7 < T,

plp—=1) [T _
0, = YA+ P [ i (02 = Y2) P2zt - 22 s
tAT

— |- YR / (V2 = Y2y P (s, Y2, Z8) — f2(s, Y2, 22)) ds

tAT

“p [ -y - 22 ab. @3
t

AT

By (4.1),

Liyisvay (F1(6 Y 2)) = 126V Z7))
= Loy (1Y Z0) = P26 Y Z)))
+ vy (P20 Y, 2)) = (4L YE, Z7)
< Ly (FP(8 Y Z)) = 26 Y2 Z))
+ Lyasyey (P26 Y2 2)) = (4, Y2 Z))
< MyypsvylZy = Z7)-

From this, (4.3) and Young’s inequality,

plp—1) [7 -
|(Y;\T - }/152/\7-)+|p + %/ 1{Y5175Y3}|(Y31 - Y32)+|p Q‘Zal - Z?|2 ds

tAT

<V V2P 4 pA / (V2 — Y2 Pl Zt - 22 ds
tAT

o [ I -2z - 22 ab.
t

AT

)\2 T
<0 =y 2 [ vy
p_l tAT
pp—1 T .
’ %/ Ly gy (YD = Y2 T P2 28 — 222 ds
tAT

o [ Izl - 22)aB,
tAT

Let 7, = inf{t € [0,T]; [y |(YJ — Y2)*[*P~D|Z} — Z2]2ds > k} A T. From the above

estimate it follows that

p>\2 Tk
E‘(}/tl/\m - )/152/\7'k)+‘p < E|(Y‘r1k - Y7'2k)+|p + ij/tA |(Ys'1 - Y32)+|p ds.
Tk
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Since(Y! — Y?2)T € 89, letting £ — +oo and using the assumptions we get
1 2\+|p P)\2 r 1 2\+|p
E|(Y;, =Y7)"| S (Yo =YO)TPds, te[0,T].
- t

By Gronwall’s lemma, E|(Y,! — Y2)|P = 0,¢ € [0,T], from which the desired result
follows. O

Lemma 4.2. Assume that {(X™, Y™, K")} is a sequence of real valued cadlag progres-
sively measurable processes such that

(@) Y= —-K+ X", t €[0,T], K"-increasing, K} =0,
(b) V1Y, te]0,T], YL, Y are of class (D),

(c) There exists a cadlag process X such that for some subsequence {n’}, Xf/ —- X,
weakly in 1! (Fr) for every stopping time 7 < T.

Then Y is cadlag and there exists a cadlag increasing process K such that Kﬁ/ - K,
weakly in L' (Fr) for every stopping time 7 < T and

Y, = -K,+ X, te[0,T].

Proof. From (b) it follows that YT”, — Y, weakly in IL'(Fr) for every stopping time
7 < T. Set K, = X; — Y;. By the above and (c), K — K, weakly in L'(Q) for every
stopping time 7 < T If g, 7 are stopping times such that ¢ <7 < T then K, < K, since
K < K", n € N. Therefore K is increasing. The fact that Y, K are cadlag processes
follows easily from [14, Lemma 2.2]. O

In what follows we say that a sequence {7} of stopping times is stationary if
P(liminf{r, =T}) =1.
(faftne =T}

Lemma 4.3. Assume that {Y"} is a nondecreasing sequence of continuous processes
such thatsup,,~ E|Y7"|? < +o0 for some q > 0. Then there exists a stationary sequence
{7k} of stopping times such that Y»* < k V |Yg'|, P-a.s. for every k € IN.

Proof. Set V;" = supy< < (Y]* —Y]). Then V" is nonnegative and V" € V. Since {Y"}
is nondecreasing, there exists an increasing process V such that V;* 1 V;, ¢ € [0,T]. By
Fatou’s lemma,

EVy <liminf BJVE|* < ¢(q) sup E[Y7™"|* < oo,
n—-+o0o n>1

Now, set V/ = inf,.p<7 Vi, t € [0,T] and then 7, = inf{t € [0, T);Y;"* + V/ > k} AT. It
is known that V' is a progressively measurable cadlag process. Since Vr is integrable,
the sequence {7} } is stationary. From the above it follows that if 7, > 0 then

YRt =Y <V 4V " <k, keEN,

Tk — Tk — Tk —
and the proof is complete. O

Lemma 4.4. If {Z"} is a sequence of progressively measurable processes such that
SUD,,>1 E(fOT |ZP|? dt)P/? < oo for some p > 1, then there exists Z € MP and a subse-
quence {n'} such that for every stopping time 7 < T, fOT Zt”' dB; — fOT Z; dB; weakly in
L?(Fr).
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Proof. Since {Z"} is bounded in I.>P(F) and the space L2 (F) is reflexive, there exists
a subsequence (still denoted by {n}) and Z € L*?(F) such that Z" — Z weakly in
IL22(F). It is known that if £ € I”' (Fr), where p’ = p/(p — 1), then there exists 7 €
27 (F) = (IL*?(F))* such that

T
0

Let f € (LP(Fr))*. Then there exists £ € L? (Fr) such that f(¢) = E(¢ for every
¢ € LP(Fr). Let n € 127 (F) be such that (4.4) is satisfied. Without loss of generality
we may assume that £¢ = 0. Then by It6’s isometry,

T T T T
0 0 0 0

T T T
0 0 0

Since the same reasoning applies to the sequence {1;.<,}Z"} in place of {Z"}, the
lemma follows. O

5 Existence and uniqueness results for p > 1

First we recall the definition of a solution (Y, Z, K) of (1.1). Note that a priori we do
not impose any integrability conditions on the processes Y, Z, K.

Definition 5.1. We say that a triple (Y, Z, K) of progressively measurable processes is
a solution of RBSDE(¢, f, L) iff

(a) K is an increasing continuous process, Ko = 0,

(b) Z € M and the mapping [0,T] > t — f(t,Y;, Z;) belongs to .} (0,T), P-a.s.,

© Yi=¢+ [1 f(5,Ys, Zy)ds + [ dK, — [ Z,dB,, te[0,T),

(d) Yy > Ly, t €[0,7], f)' (Y, — L) dE, = 0.
Proposition 5.2. Let (Y! 7! K1), (Y? Z% K?) be solutions of RBSDE(¢!, f1, L') and
RBSDE(¢2, f2, L?), respectively. Assume that (Y' —Y?)* € 89 for some q > 1. If ¢! < €2,
L} < L? t€]0,T), and either (4.1) or (4.2) is satisfied then Y;! < Y2, t € [0,T].
Proof. Assume that (4.1) is satisfied. Let ¢ > 1 be such that (Y! — Y?2)* € S9. Without
loss of generality we may assume that ;4 < 0. By the It6-Tanaka formula, for p € (1,q)
and every stopping time 7 < T,

pp—1)
V- ¥a e+ P2

tA

Ly (Y = YD) T2 2 - Z2 ds
IRy [ YD s Y 2 - P YR 22 ds
tAT
o [0 Y2 K - dR?)
tAT
b [ A=Yz - 22 ab. (5.1)
tAT
By monotonicity of the function z — #|x|[P~!, condition (d) of the definition of a solution
of reflected BSDE and the fact that L; < L? for ¢ € [0, 7],

[ vAy Rt —ar) < [ vEptas]
tAT tAT
< [l -nyrptant <o,
t

AT
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Combining this with (5.1) we get estimate (4.3) in Proposition 4.1. Therefore repeating
arguments following (4.3) in the proof of that proposition we obtain the desired result.
The proof in case (4.2) is satisfied is analogous and therefore left to the reader. O

Proposition 5.3. If f satisfies (H2), (H3) then there exists at most one solution (Y, Z, K)
of RBSDE(¢, f, L) such that Y € SP for some p > 1.

Proof. Follows immediately from Proposition 5.2 and uniqueness of the Doob-Meyer
decomposition of semimartingales. O

Theorem 5.4. Letp > 1.

(i) Assume (H1)-(H6). Then there exists a solution (Y, Z, K) of RBSDE(¢, f, L) such
that (Y, Z,K) € SP @ MP @ VP iff (H7) is satisfied.
(ii) Assume (H1)-(H7). Forn € IN let (Y™, Z") be a solution of the BSDE

T T T
Y =¢ +/ f(s, Y, Z)ds +/ dK? —/ Z}dBs, t €10,T] (5.2)
t t t

with .
K= / n(Y) — Ls)" ds (5.3)
0
such that (Y",Z"™) € S? @ MP. Then
T
Esup |Y" — Y;|P 4+ Esup |K}* — K¢|P + E(/ |ZI — Z,|?dt)P/? — 0 (5.4)
t<T t<T 0
asn — +oo.

Proof. Without loss of generality we may assume that 4 < 0. Assume that there is a
solution (Y, Z, K) € 8P ® MP ® VP of RBSDE((, f, L). Then by [3, Remark 4.3],

T T
E( /0 (5, Y, Z2)| ds)? < cE<5|p o /0 fods)? + K;f;), (5.5)

which in view of (H2) and the fact that ¥; > L;, t € [0,7] shows (H7). Conversely,
let us assume that (H1)-(H7) are satisfied. Let (Y™, Z") be a solution of (5.2) such that
(Y™, Z") € SP@ MP. We will show that there exists a process X € H? such that X; > Y}",
t € [0,T] for every n € IN. Since X € H?, there exist M € M? and V' € V? such that
X =V + M. By the representation property of Brownian filtration, there exists 7' € M?
such that

T T
Xt:XT—/ dv;—/ Z/dB,, tel0,T).
t t

The above identity can be rewritten in the form
T T

Xo=Xr+ [ s X Z)ds = [ (5 (s, X Z0) ds V)

t t

T T
+/ (f_(S,XS,Z;)dS—i-dVS_) — / Z; dBs, te0,T].
t t
By [3, Theorem 4.2], there exists a unique solution (X, Z) € S”? ® M? of the BSDE

T T T
Ytzf\/XT—k/ f(s,fs775)ds+/ (f—(s,xs,2;>ds+dv;)—/ Z.dB..
t t t
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By Proposition 4.1, X; > X; > L, t € [0,T]. Hence

T T
ytzf\/XT—l—/ f(s,ys,ﬁs)ds—k/ n(Xs — Ls) ds
t t

T T
+/ (f’(&Xs,Z;)dSerV;_)—/ Z.dB,, te0,T),
t t

so using once again Proposition 4.1 we see that X, > Y, t € [0,T]. By [3, Remark 4.3],
E(fOT |f(s, X,0)|ds)? < co. Hence, by Lemma 3.3 and Proposition 3.6,

T
BV P+ B / 272 ds)P/? + B|Kpp
0

< C, A,T>E(|s|2 +(f " sy 4 ( / 1 F(. X0, 0) ds)p). 5.6)

From this and [3, Remark 4.3],
T !’
B([ 15y 22 s <€ (pAT) (5.7)
0

By Proposition 4.1 there exists a progressively measurable process Y such that ;" 1
Y:, t € [0,T]. Using the monotone convergence of Y, (H3)-(H5), (5.6), (5.7) and the
Lebesgue dominated convergence theorem we conclude that

T
B( / (5, Y7,0) = f(s, Y, 0)] ds)? — 0 (5.8)
0

Moreover, by (H2) and (5.6),

T
sup E / F(s, Y, Z0) — f(s, Y7, 0) ds < oo.
0

n>1

It follows in particular that there exists a process n € I.?(F) such that

T

/ (F(, Y72 — f(s.Y7,0)) ds — [ n.ds
0 0

weakly in I} (Fr) for every stopping time 7 < T. Consequently, by Lemmas 4.2 and 4.4,
Y is a cadlag process and there exist Z € MP and a cadlag increasing process K such
that Ko = 0 and

T T T T
Yt:§+/ f(s,Ys,O)ds+/ nsds+/ sz—/ Z,dB,, tel0,T). (5.9)
t t t t

From (5.2), (5.6), (5.7) and the pointwise convergence of the sequence {Y"} one can
deduce that fOT(Ys — Ls)~ ds = 0, which when combined with (H6) and the fact that
Y is cadlag implies that Y; > L, ¢t € [0,T]. From this, the monotone character of the
convergence of the sequence {Y”} and Dini’s theorem we conclude that

E|(Y" — L) |” = 0. (5.10)
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By Proposition 3.1, for n,m € IN we have
T
VP =Y ) [V Y P )| 22 - 20 ds
t
T —_—
—p [V YIPYESY (fYZ) — S5, Y 20) ds
t
T —_—
o[V YPPY YRS KT
t
T —_—
o[ WYY YZE - 20 dB te 0.T) (5.11)
t
By monotonicity of the function R 3 z + |z[P~1Z,
T o T .
[ ey Y < [0 - Ly P L) dKE (6a2)
t t

and

o —

T T
R e i T (NI S Sy A SO ER )
t t
By (H2), (H3), (5.11)-(5.13) and Holder’s inequality,
T
By — Y + e(p)E / YT Y P Ly oy sy 20— 27 ds
t

T
< pAE / Y~ YmPolZn - 2 ds + (B|(Y" — L)g )0/ (E(Kp )P
0

+(BI(Y™ = L)z )PP (Bl K3 PP (5.14)
Since
PV = Y2 - 2 e - v
+ %ml{xg"—ysm;éo}\ysn —YMPRZy - 20,

from (5.14) we get
n m|p C(p) T n m|p—2 n m|2
By =Y+ S [ VI e |20 - 20 ds
t

T
< elp VB [V =Y ds + (B = D)0 B )
0
L (BIY™ — L)p )oY (EBIKRP) P = L.

From the above, (5.6), (5.10) and the monotone convergence of {Y"} we get

lim ™™ =0 (5.15)
n,m—-4oo
which implies that
T
. —2 2
ol B i Y = Y P gy py oy | 20— Z0* ds = 0. (5.16)
EJP 17 (2012), paper 107. ejp.ejpecp.org
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From (5.11) one can also conclude that

E sup [V =Y

0<t<T

T
< (pN) (f”vm F B swp || YR oyrpoyE vz - 2 st).
0<t<T Jt

Using the Burkholder-Davis-Gundy inequality and then Young’s inequality we deduce

from the above that

T
B sup [V =Y < N (14 B [ L [V - VPR - 2 s,
0<t<T 0

Hence, by (5.15) and (5.16),

lim F sup |V} -Y"|P =0, (5.17)
n,Mm——+00 0<t<T

which implies that Y € SP. Our next goal is to show that
n,m—+00

T
lim E(/ |z — Z"|? dt)P/? = 0. (5.18)
0

By Itd’s formula applied to |Y” — Y™ 2 (H2) and (H3),

T T T
[z -zrpa<on [y -vmize -z [y - v ar;
0 0 0

T T
2 [ YPlaRT s | [ (28 - 2 - v dB)
0 0<t<T J¢

Hence, by the Burkholder-Davis-Gundy inequality and Young’s inequality,
T
B([ 120 - Py’ < o (Bl - Y
0
+(B|(Y™ = Y™ (EIKRP) + (B|(Y™ - Ym)é‘rp)”Q(ElK?lp)”z)

From the above inequality, (5.6) and (5.17) we get (5.18). From (5.18) and (5.9) it
follows immediately that

T T T
Yt:§+/ f(s7Y5,Zs)ds—|—/ dKS—/ ZsdBs, te€10,T),
t ¢ ¢

which implies that K is continuous. In fact, by (5.6), K € ijp. Moreover, from (5.2),
(5.7), (5.8) (5.17), (5.18) and (H2) we deduce that

lim FE sup |K]'—K["|P=0. (5.19)

n,m—-+00 0<t<T

Since [ (Y;"— L) dKp < 0, it follows from (5.17), (5.19) that [ (Y; — L;) dK; < 0, which
when combined with the fact that Y; > L;, t € [0,7] shows that

T
/ (Y; — L¢) dE; = 0.
0

Thus the triple (Y, Z, K) is a solution of RBSDE(¢, f, L), which completes the proof of
(i). Assertion (ii) follows from (5.17)-(5.19). O
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Remark 5.5. Let p > 1 and let assumptions (H1)-(H3) hold. If (Y, Z, K) is a solution of
RBSDE(&, f, L) such that (Y, Z) € SP @ MP then from [3, Remark 4.3] it follows immedi-
ately that

T
E(/ |f(s,Ys, Zs)| ds)P < +o0 iff EKY, < +00.
0

Moreover, if there exists X € H? such that E(fOT f(s,X5,0)ds)P < +oco then

T
E(/ I{YSSXS} sz)p < +00. (5.20)
0

Indeed, since X € HZ, there exist M € MP and V € V? such that X; = Xo + M; + V,,
t € [0,7). Let L°(Y — X) denote the local time of Y — X at 0. By (H2), (H3) and the
It6-Tanaka formula applied to (Y — X) ™,

T T
/ 1{Y;§Xs}sz = (YT—XT)_ _(YO_XO)_ —/ 1{YS§XS}f(5,Ys’Zs)dS
0 0

T 1 T T
*/ Liv,<x.ydVs — 5/ dLJ(Y — X) */ Liv,<x.}Zs dBs
0 0 0

T
+/ 1iy,<x.y dM;
0

T

T
<2V 4 2Xh — / Ly cx 1 f(5. X0 0)ds + A [ |Z]ds
0 0

T T T
+/ d‘V‘s—/ 1{YS§XS}stBs+/ l{Ygng}de
0 0 0

from which one can easily get (5.20).

We close this section with an example which shows that assumption (1.4) is not
necessary for existence of p-integrable solutions of reflected BSDEs.

Example 5.6. Let V; = exp(|B¢|?), t € [0,T]. Observe that
T T
P(/ Vydt < 400) = 1, E/ Vidt = 400, ae (0,T).
0 a

Now, set ¢ =0, f(t,y) = —(y— (T —t))*V,, Ly =T —t, t € [0,T]. Then ¢, f, L satisfy
(H1)-(H7) with p = 2. On the other hand,

T T T T
E/ f—(t,L;)dtzE/ f‘(t,T)dt:E/ twdtzaE/ Vi dt = +oc.
0 0 0 a

6 Existence and uniqueness results for p =1

We first prove uniqueness.

Proposition 6.1. If f satisfies (H2), (H3) and (Z) then there exists at most one solution
(Y,Z,K) of RBSDE(E, f, L) such thatY is of class (D) and Z € Uﬂ>a MP.

Proof. Without loss of generality we may assume that x4 < 0. Let triples (Y1, Z!, K1),
(Y2, Z% K?) be two solutions to RBSDE(¢, f, L). By Proposition 5.2 it suffices to prove
that [Y! —Y?| € SP forsome p > 1. Write Y = Y!' - Y? Z =27' - 7% K = K! - K?
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and 7, = inf{t € [0,T]; [;(|Z}|> +|Z2]>)ds > k} A T. Then by the It6 formula (see [3,
Corollary 2.3]),

Tk
|}/t/\7'k| S |YTk|+ Y3<f<S,Y;1,Z51)—f<57Y;2,Z82))d8

tATE

Tk TR
+/ Y, dK, — Y, ZsdB,, te[0,T).
t

ATk tATE

By the minimality property (d) of the reaction measures K', K? in the definition of a
solution of RBSDE((, f, L), [, Y dK, < 0. Hence

Tk Tk
Yirndd < Vol 4 [ Va(f(s. Y2 Z0) — f(5.Y2,22)) ds — / Y.7.dB,
tATE tATE
T Tk R
< Yol + / Fs. YD, 2 — f(s, Y0, 22 ds— [ ¥.2.dB,
0

tATE

for t € [0, 7], the last inequality being a consequence of (H3). Consequently,
T
|Y;5/\7'k| SEJ:f(|Y.,-k|—|—/ |f(8,Ysl7Z;)—f(S,Y;,Z?MdS), te [O7T]
0
Since Y is of class (D), letting £ — 4+00 we conclude from the above that
T
Vil < B[ 1Y 2 - .Y 2] ds). b 0.1,
0

By (2),
T
Vi <0B7([ (g0 V121, + 12207 do)
0
From this it follows that |Y| € SP for some p > 1, which proves the proposition. O

Remark 6.2. A brief inspection of the proof of Proposition 6.1 reveals that if f does
not depend on z and satisfies (H2) then there exits at most one solution (Y, Z, K) of
RBSDE(E, f, L) such that Y is of class (D).

Remark 6.3. If (H1), (H3), (Z) are satisfied and (Y, Z) is a unique solution of BSDE(¢, f)
such thatY is of class (D) and Z € IL“(F) then

T
E/ |f(s,Ys, Zs)|ds < +o0.
0

Indeed, by Proposition 3.1, for every stopping time 7 < T,

Yine| < |Yi|+ Yo f(s,Ys, Zg) ds — Y,Z,dB,, tel0,T].
tAT AT
Hence
— [ Y2 - F.0.2))ds < Vel = Wine + [ 1£(5,0.20) s
tAT tAT
— Y, Z, dB.
tAT
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By the above inequality, (H3) (without loss of generality we may assume that u < 0) and
(2), fort € [0, T] we have

E ‘f(S,}/;,ZS)—f(S70,ZS)|dS
tATL

§E|Y7'k|+E (gs+‘Zs|+|Ys|)adS+ fsds,

tATE tATE
where 7, is defined by (3.2). Since Y is of class (D), letting k — +oco we obtain

T

T T
E/ |f(S,Ys,Zs)*f(S,U,Zs)\dSSE\ﬂJF’YE/ (9s+|Zs|+|Ys\)o‘ds+/ fsds.
0 0 0

Using once again (Z) we conclude from the above that

T T T
E/ \f(s,m,zs)mssmslww/ (gs+|zs|+m|)ads+2/ fuds < +oo.
0 0 0

Theorem 6.4. Letp=1.

(i) Assume (H1)—(H6), (Z). Then there exists a solution (Y, Z, K) of RBSDE(¢, f, L)
such thatY is of class (D), K € V! and Z € Ng<1 M iff (H7¥) is satisfied.

(ii) Assume (H1)-(H6), (H7*) and for n € N let (Y™, Z™) be a solution of (5.2) such
that (Y™, Z™) € ST® M?, q € (0,1), and Y" is of class (D). Let K™ be defined by
(5.3). Then for every q € (0,1),

T
Esup|Y — V|7 + Esup | K] — K,|7 + E(/ \ZI — Z, 2 dt)?? =0
t<T 0

t<T
as n — —+oo.

Proof. (i) Necessity. By Remark 6.3, if there is a solution (Y, Z, K) of BSDE(¢, f, L) such
that (Y,2) € S7® M4, g € (0,1), K € V! and Y is of class (D) then (H7%*) is satisfied
with X =Y.

Sufficiency. We first show that the sequence {Y"} is nondecreasing. To this end, let
us put fn(t,y,2) = f(t,y,2) + n(y — Ly)~. Since the exponential change of variable
described at the beginning of the proof of Lemma 3.3 does not change the monotonicity
of the sequence {Y"}, we may and will assume that the mapping R > y — f,(¢,y,0) is
nonincreasing. By the It6-Tanaka formula, for every stopping time 7 < T,

1 T
(Vg =Yg [ ardn -y

At

= (YTn - YTn+1)+ + / 1{Y§>Y;”+1}(fn(sa sta Z;l) - fn+1(svytsn+17 Z;LH)) ds
JEAT '

_/ l{YS”L>YS"+1}(Zg — Z;l+1)st.
tAT ’

A

Taking the conditional expectation with respect to F; on both sides of the above equality
with 7 replaced by 7, = inf{t € [0,T; fot |Zn — Z7*12ds > k} AT, letting k — +oo and
using the fact that Y is of class (D) we obtain

T
(¥ - YT < B / Liyoyrony (Fu (8. Y2 Z0) = fua (s, Y2, 2051 ds. (6.1)
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From the above inequality and the fact that f,, < f,+1 we get

T
/ 1{Y;>Y;L+1}(fn(37KenvZ?) = fa+1(s, Y Z7)) ds
t
T
[ Uiy G (.Y 20 = Foa Y27, 250
: .
T
< /t 1{Y;‘>YS"+1}(fn+l(S’staZ;L) — fupr (s, Y, Z00Y) ds
T
= /t 1{Y5“>Ys"+1}(fn+1(57 Yena Z?) - fn+1(sa Yenv O)) ds
T
+/ Liynsyrtty (Fari (5, Y, 0) = fara (s, Y1, 0)) ds
t
T
+ / 1{Y!‘>Ys”+1}(fn+1(57 Y;n«kl’ O) - fn+1(57 Yen+lv Z?Jrl)) ds.
s .

Since fo(t,y,2) — fult,y,2') = f(t,y,2) — f(t,y,2') forevery t € [0,T], y € R, 2,2’ € R,
using the monotonicity of f,;; and assumption (Z) we conclude from the above and
(6.1) that for ¢t € [0, 7],

T
(V7 = ¥t < 2B [ (g V2 |22 Y |2 s
0

Since (Y, Z") € §9® M1 for every q € (0,1), n € IN, it follows from the above estimate
that (Y —Y"™*1)* € SP for some p > 1. Hence, by Proposition 4.1, Y;* < Y;"*!, ¢t € [0, 7).
Write

Y; = lim Y, tel0,7]

n—-+oo

We are going to show that there is a process X of class (D) such that X € V! + MY for
q € (0,1) and X; > Y;, t € [0,T]. Indeed, since X from assumption (H7*) belongs to
V! + MU for g € (0,1), there exist M € M? and V € V! such that X = V + M. By the
representation property of the Brownian filtration there exists Z’ € MY such that

T T
Xt:XT—/ dVS—/ Z!dBs, te]|0,T),
t t
which we can write in the form
T T
Xo=Xr+ [ s X Z)ds— [ (5 (s, X Z0) ds V)
t t
T T
+/ (f (s, Xs,Z0)ds +dV]) — / Z'dBs, tel0,T).
t t
By [3, Theorem 6.3] and Remark 6.3 there exists a unique solution (X, Z) of the BSDE
- T - T Ti
X, :gvXT+/ f(s7XS,Zs)ds+/ (f~ (5, Xy, Z") ds + dV.") —/ 7, dB,
t t t

such that (X, Z) € (., S ® M9, X is of class (D) and

T
E/ |f(t, X¢, Zy)| dt < +oo. (6.2)
0
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As in the proof of the fact that (Y™ — Y1)+ € SP one can show that for every stopping
time 7 < T,

(Xt/\‘r - y25/\‘1')+ S (XT - Y7')+ +\/' 1{X5>YS}(f(stsa Z;) - f(S,Ys,ﬁs)) dS
t

AT

_ Q/M 1ix.ox., (20— Zs)dBs

g(xf—mwzv/ (g5 + 1]+ [ Kal + 121 + | Z:])° ds

tAT

_ 2/ 1ix.ox.4 (2.~ Z,)dB,
AT
Let 7, = inf{t € [0, T1; [ (|Z.|? + [Z,|?) ds > k} A T. Then
JR— JR— T —
(Kinn, = Kinn)* < BF (X, = Ko)* + 20E% [ (gu 4 1]+ 1K)+ 1) + |20 d.
0
Since X, X are of class (D), letting k — +o00 we get
PR— T —
(6 =X < BT [ (gt P4+ 22 +120)% ds
0

Therefore (X — X)T € SP for some p > 1 since Z/,Z € M?, X, X € 8% ¢q € (0,1).
Consequently, by Proposition 4.1, X; < X, t € [0,T]. Thus

T T
Ytzg\/XT—i—/ f(s,ys,?s)ds—i—/ n(Xs— Ls)~ ds
t t
T T
+/ (f*(s,Xs,Z;)ds+dV;’)—/ Z.dBs, t€[0,T].
t t

As in the case of the process (X — X)* one can show that (Y™ — X)* € SP for some
p > 1. Hence, by Proposition 4.1, Y;* < X, t € [0,7T] for every n € IN. Furthermore,
since Y, X € 8%, g € (0,1), we have

sup E|Y,7" |7 < 4oc. (6.3)
n>1

It follows in particular that sup,~; |Yg'| < oo since Y are deterministic. Moreover,
by Lemma 4.3, there exists a stationary sequence {o}.} of stopping times such that for
every k € IN,
sup [V < kV (sup |Yg']) < +oo0. (6.4)
n>1 k n>1

Set
e [t o t
o? = inf{t € [0, 7], min{V;"*, X, ,/ f(s,Xs,0) ds,/ |f(s,0,0)|ds} >k} AT
0 0

and 7, = o} A oz. It is easy to see that the sequence {7;} is stationary. Using this and
the fact that Y, f, L satisfy the assumptions of Theorem 5.4 on the interval [0, 7;] one
can show that there exist Y, K € S, Z € M such that K is increasing, Ko = 0 and

T
sup |Y" =Y+ sup |K[ — K| +/ |Z" — Z,|? ds — 0 in probability P (6.5)
0<t<T 0<t<T 0
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as n — +o0o0. Moreover, one can show that Y; > L, t € [0, 7],

T T T
Yt:g+/ f(s,YS,Zs)ds—&—/ sz—/ Z,dB,, te0,T] (6.6)
t t t

and

T
/ (Y, — L,) dK, = 0. (6.7)
0

Accordingly, the triple (Y, Z, K) is a solution of RBSDE(, f, L). The proof of (6.5)-(6.7)
runs as the proof of Theorem 5.4 (see the reasoning following (5.6) with p = 2), the
only difference being in the fact that now we consider equations on [0, 7] with terminal
values depending on n. However, using (6.4) and the pointwise convergence of {Y"}
allows overcome this difficulty. Since Y;! <Y, < X, t € [0,7], and Y!, X+ are of class
(D), it follows that Y is of class (D). By Lemma 3.4 for every ¢ € (0,1),

T
sup E((/ | Z7 | dt)1/? + | K2|7) < +o0. (6.8)
0

n>1

From this and (6.5) we conclude that Z € ﬂq<1 M? and E|Kr|? < oo for ¢ € (0,1). To
see that FKr < oo let us define 74 by (3.2). Then by (6.6),

Tk

Tk ,
K., =Y-Y, — / f(s,Ys, Zs) ds +/ ZsdBs. (6.9)
0 0

Since Y is of class (D), using Fatou’s lemma, (H2), (Z) and the fact that ¥; < X, te [0,T)
we conclude from (6.9) that

T T
EKr < EY;' + B& +E / (5, X0 0)ds + 7 / (g5 + Y| + | Zo]) ds.
0 0

Hence EKp < oo, because by (6.2) and (H2), EfOT |f(s,Xs,0)|ds < +o0.

(ii) Convergence of {Y"} in 87 for ¢ € (0,1) follows from (6.3) and (6.5). The desired
convergence of {Z"} and {K"} follows from (6.5) and (6.8). O

Remark 6.5. An important class of generators satisfying (H1)-(H5) together with (Z)
are generators satisfying (H1)-(H5) which are bounded or not depending on z. Another
class which share these properties are generators of the form

[ty 2) =gt y) +c(1+|2])7,
where q € [0, o] and g is a progressively measurable function satisfying (H1)-(H5).

Remark 6.6. Let assumptions (H1)-(H3), (Z) hold and let (Y,Z,K) be a solution of
RBSDE(S, f, L) such that Y is of class (D) and Z € Uy, M”. Then from Remark 3.5 it
follows immediately that

T
E(/ |f(5,Ys, Zs)| ds) < 4+o0 iff EKp < +00.
0

If, in addition, there exists a continuous semimartingale X such that (H7%*) is satisfied
then

T
0
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To prove the last estimate let us put 7, = inf{t € [0,T]; (M); + fot |Zs|*ds > k} ANT. By
the It6-Tanaka formula and (H2), (H3),

Th -
/ Liviex,y dEs = (Yo, — X7)7 — (Yo — Xo)™ — / Loy, <x.y f(s,Ys, Zs) ds
0 0
Tk 1 Tk 0
- / Liv,<x,ydVs — 5/ dL;(Y — X)
0 0
Tk Tk
- / 11y, <x.) Zs dB, + / Loy <x.; dM,.
0 0

Hence

Tk T
E/ Liy.<x.y dK, < E|Yy,| + EXT + E/ Liycxy f (s X, 0) ds
0 0

T T
+7E/ (g + 12, + |Ys|>ads+E/ dvl..
0 0

Since (Y —X)~ is of class (D), letting k — +oc in the above inequality we get the desired
result.

7 Nonintegrable solutions of reflected BSDEs

In this section we examine existence and uniqueness of solutions of reflected BSDEs
in the case where the data satisfy (H1)-(H6) (resp. (H1)-(H6), (Z) for p = 1) but (H7)
(resp. (H7*) in case p = 1) is not satisfied. In view of Theorems 5.4 and 6.4 in that
case there is neither a solution (Y, Z, K) in the space S? ® M? @ V>t if p > 1 nor a
solution in the space SY® M?® V1+, g € (0,1) with Y of class (D) if p = 1. We will show
that nevertheless there exists a solution with weaker integrability properties. Before
proving our main result let us note that in [6, 9, 13] reflected BSDEs with generator
f such that |f(t,y,2)| < M(|f(t,0,0)| + |y| + |z|) for some M > 0 are considered. In
case p = 2 it is proved there that if we assume that f,foT |f(5,0,0)|ds € L2(Fr), L is
continuous and LT € &? then there exists a solution (Y, Z,K) € §* @ M? @ V1?2 of
(1.1) (see [6] for the case of Lipschitz continuous generator and [9, 13] for continuous
generator). We would like to stress that although in [6, 9, 13] condition (H7) is not
explicitly stated, it is satisfied, because if f satisfies the linear growth condition and
Lt € S? then

T
E(/ f(t, LP*,0)dt)? < 2M*T? 4+ 2T?E|L*|? < 400
0

and L; < L*, t € [0,T), LT* € V2.

Theorem 7.1. Let (H1)-(H6) (resp. (H1)-(H6), (Z)) be satisfied and Lt € SP for some
p > 1 (resp. Lt is of class (D)). Then there exists a solution (Y,Z,K) € S* @ M @ V.
(resp. (Y, Z,K) € SIQ M®V7F, g € (0,1) such thatY is of class (D)) of the RBSDE(, f, L).

Proof. We first assume that p = 1. By [3, Theorem 6.3] there exists a unique solution
(Ym, z"n) e ﬂq<1 8% ® MY of (5.2) such that Y™ is of class (D). By Proposition 6.4 (see
also the reasoning used at the beginning of the proof of Theorem 6.4), for every n € IN,
Y <Y/t and Y' <Y, t € [0,T), where (Y™, Z") € (,., 87 ® M1 is a solution of the
BSDE

T T T
y@n:H/ f+(s,17;,zg)ds+/ n(YS"—LS)_ds—/ Z'dB,, te[0,T]
t t t
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such that Y™ is of class (D). Hence
Y < |V + [V, te[0,T). (7.1)

Put

R,(L) = esssup E(L.|F).
t<r<T

It is known (see [4, 5]) that R(L) has a continuous version (still denoted by R(L)) such
that R(L) is a supermartingale of class (D) majorizing the process L. Moreover, by
the Doob-Meyer decomposition theorem there exist a uniformly integrable continuous
martingale M and a process V € V! such that R(L) = M + V. In particular, by [3,
Lemma 6.1], R(L) € M4 + V! for every q € (0,1). Therefore the data &, f+, L satisfy
assumptions (H1)-(H6), (Z) and (H7*) with X = R(L). Hence, by Theorem 6.4, there
exists a unique solution (Y, Z,K) € ST® M?® V!, ¢ € (0,1), of the RBSDE(&, f*, L)
such that Y is of class (D) and

Yt" MY, te [0,T].
By the above and (7.1),
Y <[V +[Yil, telo,T]. (7.2)

Put Y; = sup,,», ¥;", t € [0,T] and
t
e = inf{t € [O,T];/ £ (s, Ro(L),0)ds > k} AT,
0

Then f, L satisfy assumptions (H1)-(H6), (Z) and (H7*) with X = R(L) on each interval
[0, 7%]. Therefore analysis similar to that in the proof of (5.4), but applied to the equation

Tk Tk Tk
Y;}\Tk = YTZ + f(s, Y, Z)ds + / n(Y) — Ls)” ds — / Z} dBs (7.3)
tATE tATE tATE
instead of (5.2), shows that for every k£ € IN,

Tk
E sup |Y;n—th|q—|—E(/ |Z0 — Z™ 2 ds)?2 + E sup |[KP— K™ =0 (7.4)
0<t<7g 0 0<t<7k

as n,m — 400, where K| = fot n(Y] — Ls)~ ds. (The only difference between the proof
of (7.4) and (5.4) is caused by the fact that in (7.3) the terminal condition Y depends on
n. But in view of (7.2), monotonicity of the sequence {Y"} and integrability of Y1 Y the

dependence of Y;} on n presents no difficulty). Since the sequence {7;} is stationary,
from (7.3), (7.4) we conclude that there exist K € V. and Z € M such that

T T T
Yt:g+/ f(s,Ys,Zs)ds—i—/ dKS—/ Z,dB,, te[0,T]
t t t

and (7.4) holds with (Y, Z, K) in place of (Y™, Z™, K™). From the properties of the se-
quence {(Y"™,Z", K™)} on [0, 7] proved in Theorem 6.4 it follows that

Tk
Yzl teln) [ (-L)ds=0
0
for k € IN. By stationarity of the sequence {71} this implies that

T
Y, > L, tel0,T], /(YS—LS)ds:O.
0
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Accordingly, the triple (Y, Z, K) is a solution of RBSDE(, f, L).
In case p > 1 the proof is similar. As a matter of fact it is simpler because instead of

considering the Snell envelope R(L) of the process L it suffices to consider the process
Lt~ O

Remark 7.2. From Proposition 6.1 it follows that the solution obtained in Theorem 7.1
is unique in its class for p > 1. In case p = 1 it is unique in its class if f does not depend
on z (see Remark 6.2).

The next example shows that in general the process K of Theorem 7.1 may be non-
integrable for any ¢q > 0.

Example 7.3. Let f(t,y) = —y" exp(|Bi|*), Ly =1, £ = 1. Then, f, L satisfy (H1)-(H6)
and L € SP for everyp > 1. So by Theorem 7.1 and Proposition 5.2 there exists a unique
solution (Y, Z,K) € 8 ® M @ V} of the RBSDE(¢, f,L). Observe that EK. = +oo for
any ¢ > 0. Of course, to check this it suffices to consider the case q € (0,1]. Aiming
for a contradiction, suppose that g € (0,1] and EKY. < +oo. Then by [3, Lemma 3.1],
Z € M1, which implies that E( fo ~(t,Y;)dt)? < +oo. On the other hand, sinceY; > 1
fort € [0,T)], it follows that

/f thdtq>E/ “(t,1)%dt = E/ exp(q|B¢|*) dt = +o0.
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