n b
Electr® 8biljty

Electron. ]J. Probab. 17 (2012), no. 38, 1-22.
ISSN: 1083-6489 DOI: 10.1214/EJP.v17-2057

Extended factorizations of exponential
functionals of Lévy processes
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Abstract

In [18], under mild conditions, a Wiener-Hopf type factorization is derived for the ex-
ponential functional of proper Lévy processes. In this paper, we extend this factoriza-
tion by relaxing a finite moment assumption as well as by considering the exponential
functional for killed Lévy processes. As a by-product, we derive some interesting fine
distributional properties enjoyed by a large class of this random variable, such as the
absolute continuity of its distribution and the smoothness, boundedness or complete
monotonicity of its density. This type of results is then used to derive similar proper-
ties for the law of maxima and first passage time of some stable Lévy processes. Thus,
for example, we show that for any stable process with p € (0, é — 1], where p € [0, 1]
is the positivity parameter and « is the stable index, then the first passage time has
a bounded and non-increasing density on Ry+. We also generate many instances of
integral or power series representations for the law of the exponential functional of
Lévy processes with one or two-sided jumps. The proof of our main results requires
different devices from the one developed in [18]. It relies in particular on a gener-
alization of a transform recently introduced in [9] together with some extensions to
killed Lévy process of Wiener-Hopf techniques. The factorizations developed here
also allow for further applications which we only indicate here.
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1 Introduction and main results

Let € = (&):>0 be a possibly killed Lévy process starting from 0. We denote by ¥, its
Lévy-Khintchine exponent which takes the form, for any z € iR,

2 [e§]
U,(2) =bz+ %22 +/ (e — 1 — 2yl <1y) I(dy) — g, (1.1)

where ¢ > 0 is the Killing rate, ¢ > 0,b € R and II is a sigma-finite positive measure
satisfying the condition [, (y* A 1)II(dy) < co. In this paper, we are interested in both
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Exponential Functional of Lévy processes

characterizing the distribution and deriving some fine distributional properties of the
so-called exponential functional of ¢, which is defined by

oo
o, = [ Lee
0

where e, is the lifetime of ¢, i.e. it is an exponential random variable of parameter ¢
(with the convention that ey = oo) independent of £&. When ¢ = 0 we simply write
¥ = ¥,y and we assume that ¢ drifts to —oco. The motivation for studying this positive
random variable finds its roots in probability theory but has some strong connections
with issues coming from other fields of mathematics such as functional and complex
analysis. Besides their inherent interest, problems of this type have also ties with other
areas of sciences, e.g. astrophysics, biology, insurance and mathematical finance. For
more information and motivation as to why exponential functionals are of interest we
refer to [5]. It is also worth mentioning that there exists a close connection between
the law of the exponential functional of some specific Lévy processes and the one of the
maxima of stable processes offering a way to study the fluctuation of these processes
from a perspective different from the classical Wiener-Hopf techniques. We refer to
[18] for a thorough description of the recent methodologies which have been developed
to investigate the distribution of Iy, and [16] for more general forms of the exponen-
tial functional. In particular, we mention that, in that paper, it is shown under a mild
assumption that, when ¢ = 0 and —oo < E[£] < 0, the variable Iy factorizes into the
product of two independent exponential functionals of Lévy processes defined in terms
of the ladder height processes of £&. The purpose of this paper is to extend this Wiener-
Hopf type factorization by first relaxing the finite moment condition on the underlying
Lévy processes and then by deriving similar factorization identities for the exponential
functional of killed Lévy processes. We emphasize that the approach carried out in [18]
can not be used to deal with this generalization. Indeed, therein, the main identity is
obtained by means of the functional equation (2.9), satisfied by the Mellin transform of
Iy combined with the characterization of its distribution as the stationary measure of
some generalized Ornstein-Uhlenbeck processes. Indeed the law of Iy, for any ¢ > 0,
cannot be identified as a stationary measure of some Markov process anymore whereas
when g = 0 and the first moment of £; is not finite, the functional equation (2.9) does not
hold even on the imaginary line and therefore we cannot directly guess the existence
of a probabilistic factorization. In order to circumvent these difficulties our strategy re-
lies on a transformation between Laplace exponents of Lévy processes which allows to
establish a connection between the study of the exponential functional for unkilled and
killed Lévy processes. This will be achieved by generalizing to our context a mapping
recently introduced by Chazal et al. [9] and by providing some interesting results con-
cerning the Wiener-Hopf factorization of killed Lévy processes. We also indicate that
our extended factorizations of exponential functionals allow us to identify some fine
distributional properties enjoyed by a large class of these random variables, such as
the smoothness of their distribution, the monotonicity, complete monotonicity of their
density, etc. We will be using these type of results to provide some new distributional
properties enjoyed by the density of first passage times for some stable Lévy processes.

The factorizations developed here seem to have further implications. For instance,
as shown in [22] they allow for the development of intertwining relations between semi-
groups of positive self-similar Markov processes (PSSMP), i.e. P,A = AQ;, where A is
a suitable kernel. The PSSMP, whose semigroups P, and ; are intertwined, are based
precisely on the duals of the Lévy processes associated to ¥, and ¢°, see (1.6). Thus
the factorization (1.6) gives us the tools to obtain explicit results for the semigroups
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of PSSMP and thus suggests that the Wiener-Hopf factorization is more natural to the
setting of PSSMP. For more information and applications we refer to [22].

In order to state our main result we introduce some notation. First, we recall that the
reflected processes (supogsgt & — 5t)t>0 and (& — infp<s<¢ £s),>, are Feller processes in
[0,00) which possess local times (L) at level 0, see [2, Chapter IV]. The ascending

and descending ladder times are defined as the right-continuous inverse of L*, viz.
(LE)~' =inf{s > 0; LT >t} and the ladder height processes H* and H~ by

H; = iy = sup &, whenever (L)™' < oo,
' 0<s< (L)~
H; = E(L:)A = inf &, whenever (L; )™ < o0

0<s<(L;)~1

Here, we use the convention that inf @ = oo and HtjE = 00, when L;to < t. From [11, p.
27], we have forq > 0, s > 0,

logE e’q(L;r)_l’SHlJr] =-®,(q,5) = —k+—77+q—5+sf/ / (1*67(%1“?}2))#4—(@1;dy2),
o Jo
(1.2)
where 7, (resp. §.) is the drift of the subordinator (L*)~! (resp. HT) and p (dy;, dy2)
is the Lévy measure of the bivariate subordinator ((L*)~*, HT). Similarly, for ¢ > 0,
5>0,

log & 6"‘(”)71“1{5} = - (q,5) = —k——n—q—5—s—/ / (1—6*““’1*5”))#—(@1,dyz)7
o Jo
(1.3)
where 7_ (resp. J_) is the drift of the subordinator (L~)~! (resp. —H ) and p_ (dy;, dy2)
is the Lévy measure of the bivariate subordinator ((L‘)_l,—H _). The celebrated
Wiener-Hopf factorization then reads off as

lII(I(Z) = 7®+(Q772)(I)—(Q7Z)5 (14)

where we set ®,(1,0) = ®_(1,0) = 1 as the normalization of the local times. We
point out that while it can happen that (L)™', H*) (resp. ((L7)"',—H~))) can be
increasing renewal processes, see [6, Section 1], this does not affect our definitions. As
in [18] throughout the paper we work with the following set of measures:

‘P : the set of positive measures on R which admit a non-increasing density.

Our first theorem is the main result in our paper. Equation (1.6) extends [18, (1.6),
Theorem 1.2] to the killed case as well to the case when E[¢;] = —oco and it is the
backbone of all our applications.

Theorem 1.1. Let ¢ > 0 and assume that ¢ drifts to —oo, when ¢ = 0. Then the law of
the random variable 1y, is absolutely continuous with density which we denote by my,, .
Next, assume that one of the following conditions holds:

1. P+ I (dy) = I(dy)Liys0y € P,

2. PL pg, (dy) = [[% e py (dyr, dy) € P, g (dy) = [o~ e p_(dys, dy) € P.

Then, in both cases, there exists an unkilled spectrally positive Lévy process with a
negative mean such that its Laplace exponent 1%+ takes the form

o
WH (_S) = S(I)Jr((L S) = 6+82 —+ q+s + 82/ e—syuqu (y7 OO)dy7 s> Oa (15)
0
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where q; = ki +nyq+ [;° [y (1 — e~ %) i (dyy, dys) > 0. Furthermore, for any q > 0,
we have the factorization
Iq;q g I¢q7 X qu‘1+, (16)

where x stands for the product of independent random variables and ¢, (z) = —®_(q, 2)
is the Laplace exponent of a negative of a subordinator which is killed at the rate given
by the expression

G- =k_+n_q+ [y J;T (1 —e ) u_(dys,dy2) > 0 and g_ = 0 if and only if g = 0.

Remark 1.2. 1. We mention that when q = 0, in comparison to [18, Theorem 1.1],
here we also include the case when E[§;] = —oco. We recall that under such a
condition, the functional equation (2.9) below does not even hold on the imaginary
line iR.

2. We emphasize that the main factorization identity (1.6) allows to build up many ex-
amples of two-sided Lévy processes for which the density of Iy can be described
as a convergent power series. This is due to the fact that the exponential func-
tionals on the right-hand side of the identity are easier to study as we have, for
instance, simple expressions for their positive or negative integer moments. More
precisely, the positive entire moments of I, , for any q > 0, are given in (2.22)
below and we have from [4] that the law of 1/1,4. is determined by its positive
entire moments as follows

15, v (k)

N .m=12... (1.7)

EL, 5] = —(@%)(07)
with the convention that the right-hand side is —(9+)’'(0~) when m = 1. Some
specific examples will be detailed in Section 3.

3. Assuming that we start with bivariate Laplace exponents &, and ®_ such that
their Lévy measures satisfy condition P with ®,(q,0)®_(q,0) > 0, then from
Lemma 2.10 below we can construct a killed Lévy process with Laplace exponent
V¥, given by identity (1.4) and such that factorization (1.6) holds.

4. We point out that (1.6) holds even when ¢, (z) — ¢, (0) = 0, for all z € iR, i.e.
when ¢ is a subordinator. In this case I, = [, ds=e, .

We postpone the proof of the theorem to Section 2. We proceed instead by provid-
ing some consequences of our factorization identity (1.6) concerning some interesting
distributional properties of the exponential functional. Before stating the results, we
recall that the density m of a positive random variable is completely monotone if m is
infinitely continuously differentiable and (—1)"m(") (z) > 0, forallz > 0andn = 0,1, ...
. Note in particular, that m is non-increasing and thus the distribution of the random
variable is unimodal with mode at 0, that is its distribution is concave on [0, ).

Corollary 1.3. (i) Let us assume that either condition (1) or (2) of Theorem 1.1 and
|¥,(s)| < +o0, for s € [—1,0], holds true. Then, for any ¢ > 0, such that ¥,(—1) <0,
the density my, is non-increasing, continuous and a.e. differentiable on R™ with
my, (0) = q.

(ii) Let ¢ be a subordinator with Lévy measure 11, € P. Then, for any q > 0, the
density of Iy, is completely monotone and bounded with my,(0) = q. Moreover,

recalling that, in this case, the drift b of £ is non-negative, we have, for any = < 1/b
(with the convention that 1/0 = 4+00), that

(=2)"

n!

)

my, () =Y an ()
n=0
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where a,, (V) = q[[—; —V4(—k) with ag (¥,) = ¢. Ifb > 0, we have for any z > 0

mu, () = (L+b2) 7" Y " an () (bﬁ 1) ; (1.8)

n=0
where a,, (¥,) = >} (_1)k(")w
Ay, q k=0 k i .

(iii) Let £ be a spectrally positive Lévy process and we denote, for any q > 0, by v, the
only positive root of the equation ¥,(—s) = 0. Then, we have

Ty, £ B (1,7,) X Lyos, (1.9)

where B(1,7v,) is a Beta random variable and 9%+ (z) = z¢,, (2). Moreover, if
U,(—1) <0 then Iy, has a non-increasing density.
(iv) Finally, let ¢ be a spectrally negative Lévy process. Denoting here, for any q > 0,
by v, the only positive root of the equation ¥,(s) = 0, we have
x*’qul

L' (vq)

where I' stands for the Gamma function. In particular, we get the precise asymp-
totic for the density at infinity, i.e.

my, (x) = / efy/my“’qm(bq_ (y)dy, z > 0, (1.10)
0

Ya
E [I %J
L'(7q)
Then, for any 3 > 7, + 1, the mapping v — x_ﬂm\pq (r~1) is completely mono-

tone. In particular, the density of the random variable Ig,i is completely monotone,
whenever vy, < 1.

lim zYet!

T—00 mw, (CC) -

Remark 1.4. 1. We point out that a positive random variable with a completely
monotone density is in particular infinitely divisible, see [26, Theorem 51.6].

2. A positive random variable with a non-increasing density is strongly multiplicative
unimodal (for short SMU), that is the product of this random variable with any
independent positive random variable is unimodal and in this case the product
has its mode at 0, see [10, Proposition 3.6].

3. We mention that the two cases (ii) and (iii), i.e. when the Lévy process has no
negative jumps, have not been studied in the literature so far.

4. One may recover from item (iv) the expression of the density found in [20] in
this case. Furthermore, we point out that in [20] it is proved that the density
extends actually to a function of a complex variable which is analytical in the
entire complex plane cut along the negative real axis and admits a power series
representation for all x > 0.

5. Note that the series (1.8) is easily amenable to numerical computations since
ar (¥,) can be computed recurrently. We stress that (1.8) would be difficult to get
from (2.9) because the functional equation holds on a strip in the complex plane
which might explain why such simple series has not yet appeared in the literature.

The proof of this corollary and of the following one will be given in Section 3. We
will also describe therein some examples illustrating these results. As a by-product of
Corollary 1.3, we get the following new distributional properties for the law of maximum
and first passage times of some stable Lévy processes.
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Corollary 1.5. Let Z = (Z;);>0 be an a-stable Lévy process starting from 0 with o €
(0,2]. Let us write S = supy<,;<; Z+ and Ty = inf{t > 0; Z; > 1} and recall that the
scaling property of Z yields the identity T} 4 Sy “. Then, writing p = P(Z; > 0), we
have the following claims:

(i) The density of T} is bounded and non-increasing for any « € (0,1) and p € (0, é — 1].
In particular, this property holds true for any a € (0, %} and for symmetric stable
Lévy processes, i.e. p = 1, with o € (0, 2].

(ii) The density of S¢ is completely monotone if « € (1,2 and p =1 — é that is when
Z is spectrally positive.

Remark 1.6. When o € (0,1) and p = 1, that is Z is a stable subordinator, we have

the obvious identity 7 4 Sy. Thus, we get from the first item that the density of Z;{
is non-increasing on R* if o € (0, %] From Remark 1.4 (2) this means that for these
values of a, Z;® is SMU with mode at 0. Note that this result is consistent with the
main result of Simon in [27] where it is shown that Z1 is SMU with a positive mode if

and only if a € (0, %] The positivity of the mode implies that any non-zero real power of
Z1, and in particular T 4 Z7 %, is SMU, see e.g. [27, Section 1].

2 Proof of Theorem 1.1

2.1 The case P+

We start by extending to two-sided Lévy processes a transformation which has been
introduced in [9] in the framework of spectrally negative Lévy processes. This mapping
turns out to be very useful in the context of both the Wiener-Hopf factorization of Lévy
processes and their exponential functionals. For its statement we need the following
notation y -

M) = [ 1Ty and Ty) = [ 1000
o y

and the following assumption:
Ty : There exists 37 > 0 such that for all 3 € [0, 87), |¥(B)| < +oc and VI (y)dy € P.

Also if U satisfies T g+, we write, for all ¢ > 0,

By =sup{f > 0; ¥(B) —q <0} ABy. (2.1)
Proposition 2.1. Let us assume that T+ holds. Then, for any € (0, ), the linear
mapping T defined by

7—ﬁ\:[lq(3) (8"_5)) SG(—5,5+—5),

S
—VU
s+8 1
is the Laplace exponent of an unkilled Lévy process £(%9) = (§§ﬂ7q))t20 with Gaussian
coefficient "; and Lévy measure I1° given by

1P (dy) = e (1(dy) — B4 (y)dy + (BT (y) + aB) dyly<o}) - (2.2)

Furthermore, if we assume that ¢ drifts to —oo when q = 0, then for any q > 0, 3; > 0,
and, for any 3 € (0, 3;), we have

V(B) —q

> <T [&Bﬂ)} ==

<0. (2.3)
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Proof. First, by linearity of the mapping 73, one gets

TpVy(2) = Tp¥(z) — (2.4)

z
q 2+ 48
where we recognize, on the right-hand side, the Laplace exponent of a negative of

a compound Poisson process with parameter ¢ > 0, whose jumps are exponentially
distributed with parameter 5 > 0. Next we observe that one can write

U(z) =V_(2)+ ¥i(2), (2.5)

where U, (z) = [ (e*¥ — 1 — zyl{)y<1}) I+ (dy) and V_ is the Laplace exponent of a
Lévy process without positive jumps. The description of 73W¥_ as the Laplace exponent
of a Lévy process without positive jumps follows from [9, Proposition 2.2]. Thus, from
the linearity of the transform it remains to study its effect on ¥,. An integration by
parts gives us that

Ui(z) = = </0°° (e —H{|y<1})H+(y)dy+H+(1)) .

Then

ToU.(z) = Zjﬁmuw—z(/o (eW)y—ﬂ{|y|<1})ﬂ+<y>dy+n+<1>>

z (/0 (e = Iqy<1y) eﬁyﬁ+(y)dy+/0

/0 (€% — 1 — 2yl <1y) (—e™T1(y)) dy

1

(€0 = 1) i)y + T (1) )

+ oz (/01 (e”V = 1) Ty (y)dy + 1T, (1)(1 — eﬁ)) )

which provides the expression (2.2) since the mapping y +— ¢%¥II(y) is non-increasing by
assumption and plainly the condition Tg+ gives that [°(1 A y?) (=1L (y))'dy < +oo.
Next, when ¢ > 0 then 37 > 0 since ¥(0) = 0 and the mapping s — ¥(s) is continuous
on [0,37). When ¢ = 0, the condition T3+ combined with the fact that ¢ drifts to —oo
implies that ¥/(0+) < 0, where ¥/(0+) can be —co. Clearly then we have that ¥(3) < 0,
for any § € (0, ¢) and some ¢ > 0, and hence 5§ > 0. Moreover, we observe that, for any
q=0,
(T, 07) = 11,

which is clearly finite and negative, for any g € (0, 6;‘). The proof of the proposition is
completed. O

Remark 2.2. We note that, for any ¢ > 0 and any 0 < 3 < %, the Lévy process £(%:9)
can be decomposed as §f5’q) = gf — N}, where (§f)t20 is a Lévy process with Laplace
exponent T3¥ and (N;');>¢ is an independent compound Poisson process with parameter
q whose jumps are exponentially distributed with parameter (3.

We shall need the following alternative representation of the bivariate ladder ex-
ponents as well as an interesting application of the transform 73 in the context of the
Wiener-Hopf factorization of Lévy processes.
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Proposition 2.3. For any ¢ > 0, we have ¢, (2) = —®, (¢, —2) and ¢,_(z) = —P_(q, 2),
where ¢, (resp. ¢,_) is the Laplace exponent of (resp. the negative of ) a subordinator.
More precisely, they take the form

ba, (2) :AﬂrmM+A (% — 1) g, (dy),

6. = e —dam [ (1) g ()

0

where we recall that 11y, (dy) = [; e™% px(dyr, dy) and g = kx+neq+ [ [o7 (1 — e %) pa(dyr, dyz) >
0. Consequently, the Wiener-Hopf factorization (1.4) takes the form

Uy(2) = =g, (2)Pq_(2)- (2.6)

Moreover, assume that Tg+ holds and that § drifts to —oo when q = 0. Then, for any
B € (0,8;), we have

Tp¥q(2) = —¢q, (2 + B)Tpdq_(2). (2.7)

Proof. Since, for any ¢ > 0, we have that

/ / (1_67(6”““”)) p (dyy, dys)
0 0

/0 (1—e7) pg. (dys)
+ / / (1 — e_qyl) p+ (dyr, dys),
o Jo

we deduce the first claim from the fact that ¢+ > 0, for any ¢ > 0.

Next, we have, under the T+ condition that s — ¢, (s) is well-defined on (—oo, 57),
see [18, Lemma 4.2]. Also, for any 8 € (0,5;), ¢4, (3) < 0 as clearly both ¥,(3) < 0
and ¢, () < 0. Thus, for such 3 the mapping s — ¢,, (s + /3) is the Laplace exponent
of a killed subordinator. Moreover, it is not difficult to check that, for any fixed ¢ > 0
and 8 € (0,8;7), z = Tgpe_(2) is the Laplace exponent of the negative of a proper
subordinator. Moreover, since 3 € (0, ;) we deduce, from the item (2) of Proposition
2.1, that the proper Lévy process with characteristic exponent 73¥, drifts to —oco and
hence its descending ladder height process is also the negative of a proper subordinator,
see e.g. [11]. We conclude by observing the identities

z

TeVe(z+8) = 40

(24 0) = =g, (2 +5) ¢q (24 B) = —¢q, (2 + B)Tpq_(2)

z
—VU
z+B 1
and by invoking the uniqueness for the Wiener-Hopf factors, see [26, Theorem 45.2
@1 O

The 73 transform turns out to be also very useful in proving the following claim
which shows, in particular, that the family of exponential functional of Lévy processes
is invariant under some length-biased transforms. In particular, the law of Iy admits
such a representation in terms of a perpetual exponential functional. Although, a sim-
ilar result was given in [9] for one-sided Lévy processes, its extension requires deeper
arguments.

Theorem 2.4. Let us assume that ¢ drifts to —oo when q = 0. Then the following claims
hold:

1. The law of the random variable 1y, is absolutely continuous.
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2. Assume further that T+ holds. Then, for every 3 € (O,B;;), there exists a proper
Lévy process with a finite negative mean and Laplace exponent TgV,, such that

my, (z) =E {ng} z’ﬁmTﬂ\yq (x) a.e., forz > 0, (2.8)
where mr,y,, is the density of 17,y .
3. Finally, for any q > 0, we have

lim I 41
Blgl Ta¥, w,

Remark 2.5. We point out that in the recently accepted paper [23] item (1) has been
proved in the same setting with a different approach.

Proof. First, we point out that the absolute continuity of Iy, in the case ¢ = 0 is well-
known and can be found in [3, Theorem 3.9]. Thus, we assume that ¢ > 0. The case
when ¢ is with infinitely many jumps can be recovered from [3, Theorem 3.9 (b)]. In-
deed, for any v > 0, denote by g(s) = ¢* and dYt(”) = Ij4<,ydt. Since g(s) is strictly
increasing we have that condition (3.12) in [3] is satisfied. Moreover, for ¢ < v, we have
that the density of the absolutely continuous part of the measure dYt(”) restricted to [0, €]
has a density which equals 1. According to [3, Theorem 3.9 (b)] this suffices to show
that fov efsds has a law which is absolutely continuous with respect to the Lebesgue
measure. Then for any Borel set A C (0, 00) we have that

[e'e] t
P (I\pq IS A) = q/ e~ I'P (/ eSeds € A) dt
0 0

and our statement follows in this case. Next, assume that ¢ = £) + B where ¢ is
a compound Poisson process and B a Brownian motion with given mean and variance,
which can be both zero. We denote by (T},),>1 (resp. (¥,,),>1) the sequence of inter-
arrival times (resp. the sequence) of the jumps of £(1). Define the measures T and T
respectively on IR]N+ ={w = (t1,t2,...): t; >0, fori > 1} and RN = {& = (y1,...) 1 ys €
R, fori > 1} to be induced by the sequences (7},),>1 and (Y,,),>1. For any w and @, we
set Sp(w) = So(@) = 0 and we write S;(w) = S7_, i, S;(©) = 3°7_, i, and

Pj(w) = P(Sj(w) < eg < Sjp1(w)) = P(4;(w)).

Denote by
Ijo(de) =P (e € do; Aj(w)|w) = Pj(w)P (eq € dz|Aj(w))

and note that I'; ,, are absolutely continuous with respect to the Lebesgue measure. We

also set
Sk (w)

Tx(w) = eg’“*l(‘:’)/ ePeds.
3

k—1(w)

Now, we pick A C R, such that the Lebesgue measure of A is zero and write

~ _ eq -
P(Iy, € 4) = /]N Z]P Zlk SW)/ ePeds € Ay Aj(w)|w,@ | T(dw) Y (dd)
T xRN+ =1 Sk (w)
00 eq o J ~
= / ZIP / eBeds € e @) [ A~ Zlk(w) s Aj(w)|w, @ | Y(dw) Y (d).
xRN 55 Sk (w) k=1
EJP 17 (2012), paper 38. ejp.ejpecp.org
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Next, denote by D), = Dg, (,,y the full set of continuous functions images of the Brownian
motion up to time S (w) and note that

ey o i
P (/ eBeds € e (@) (A - Zlk(w)> ; Aﬂw)’w,&;)
Sk (w) k=1

/

eq—S’k(w) ~
- /f P ( / Plds € Ay(w); A ()], (Be)sesiw) = <fs>sgsk<w)> o(df),
€Dy 0

where B’ is an independent copy of B, A;(w) = {efg’“(@)*fskw) (A -5, Ik(w)>} and

© is the measure on D;, induced by B. Furthermore since the sets flj (w) have zero

—Sk(w) eB

Lebesgue measure it suffices to show that foe“ “ds is absolutely continuous on

Aj(w). Indeed it follows because the law of fot eBids is absolutely continuous for any
t > 0 and non trivial Brownian motion, see [30]. When B’ = as the same claims follows
as the measures I';, are absolutely continuous and hence so is foersk ) casds. With
this ends the proof of the absolute continuity of the law of Iy, .
Next from [8, Proposition 3.1.(i)] for ¢ > 0 and [17, Lemma 2.1] for the case ¢ = 0 the
following equation

E [lg } - _ * E [Iz—l} 2.9)

! Py (2) a

holds for any z € C such that 0 < R(z) < 8, where we recall from Proposition 2.1, that
forany g > 0, 8; > 0 is valid. We point out that all quantities involved are finite since for
every q > 0 for which Iq,q is well-defined, we have using [25, Lemma 2] and a monotone
argument, that

E [I(;J <o, forallpe (~1,8). (2.10)

Thus, for any 8 € (0, 3;), we have, for any —3 < R(z) < ; — f3,

+ 3 -1
E[Izﬂ - —ZiE[I”ﬁ } 2.11

¥ U,(z+B) Ya ( )
We note in particular from (2.10) that |E [ng} < 00. On the other hand, we have from

Proposition 2.1, that for any ¢ > 0 and any 3 € (0, 3;), 73V, is the Laplace exponent
of a Lévy process with a finite negative mean and thus the random variable I,y is
well-defined. We deduce from (2.9) and the definition of the transformation 73, that, for

any —3 < R(z) < 85 — B,

i) - el
2+

_ z—1
= 51" 2] (2.12)

Next, since the distribution of I\pq is absolutely continuous, we have that the function
mg,q given by
-1
mgq(x) = (E[ng]) 2’my,(z), a.e. for z > 0, (2.13)

is well-defined and determines a probability density function. We denote by I, the
random variable with density mg . Then, clearly from (2.10) and (2.11), the functional

equation
E5,] = - z+ 5B E[Iz_l}zi z E[Iz_l]
P y(z+B) pra Ts¥q(2)
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holds for - < R(z) < B; — B and E [Igﬂ < oo and E {Ig’q} < oo, for some § > 0.
Thanks to the existence of these moments we can use [18, Lemma 4.4] to deduce that
in the notation of [18], Lmg,(z) = 0 a.e. Moreover, as E {Ig}l] < oo we can apply [18,
Theorem 3.7] to get in fact that (2.8) holds. Indeed, otherwise, both the law of 1773%
and Ig , will be different stationary measures of the generalized Ornstein-Uhlenbeck
process associated to the Lévy process with exponent 73V, as defined in [18, Theorem
3.7] which is impossible. The proof of the last claim follows readily from the limit

limg o B |1, | = 1 combined with identity (2.8). 0

The next result is in the spirit of the result of [18, Theorem 1] in the case E; and
thus can be seen as its extension.

Proposition 2.6. Let us assume that T+ holds and e’y (dy) € P, for some 3 €
(0,8"). Then,

Ty, £15, Ty, (2.14)
where ¢+ (z) = z2¢q, (2).

Proof. First, from Proposition 2.1 we get that, for any 5 € (0, B;‘), Tg¥, is the Laplace
exponent of a Lévy process with a finite negative mean and thus I7,y, is well-defined.
Next, T+ trivially holds for ¢,  since it corresponds to the Laplace exponent of a neg-
ative of a subordinator. Clearly e’s,, (dy) € P implies j,, (dy) € P, thus ¢%+ is the
Laplace exponent of an unkilled spectrally positive Lévy process whose tail of the Lévy
measure has the form I (y)dy = Hq, (dy),y > 0, see [18, Lemma 4.3]. Therefore,
as eI (y)dy = ey, (dy) € P and s — ¢,, (s) is well-defined on (—oo, 1) which
implies that [%(s)| < 400, for any s € (—oo, 1), we have that )%+ satisfies the con-
dition Tg+. Thus Tgy% (s) = 7597 (s + B) = s¢q, (s + B) is the Laplace exponent of a
proper spectrally positive Lévy process with a finite negative mean ¢,, (3). Next, since
eﬂyu% (dy) € P, we have that the unkilled Lévy process with Laplace exponent 73¥,
satisfies the condition E, of [18, Theorem 1]. From (2.7) of Proposition 2.3 we deduce
that
ToWy(2) _ 20q, (54 8) Tody (2) _ Tot™ (2) Tody_(2)

z z z z z
and from [18, Theorem 1] that

I, < 1rs, % lrye. (2.15)

Then, from Theorem 2.4, we get that
. d . d . d
Jim 7w, = Tug, i I7ye, =Ip,_ and lim Iy ger = Ty,

which completes the proof. O

Next we provide a killed version of the Vigon’s equation amicale, see [11, Theorem
16].

Proposition 2.7. Let us assume that Tg+ holds.

1. Then, we have
Ho ) = [ Tl + @ (ar). g >0, (2.16)
0

where [;° e U (dy) = » XOL

EJP 17 (2012), paper 38. ejp.ejpecp.org
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2. Moreover ¢, satisfies the condition T 3+ . Finally, if for some 3 € (0, 1), e®YI1 (dy) €
P then €Yy, (dy) € P.

Proof. We consider only the case when ¢ > 0 since when ¢ = 0 we are in the setting
of the classical Vigon’s equation amicale. Next, the latter applied to the unkilled Lévy
process ¢(%9) as defined in Proposition 2.1 with 3 € (O,ﬁ;), yields, with the obvious
notation,

_ *=p ,
i) = [ T U ), 2.17)
where, from (2.2), we have
7/3 oo oo s p—
I, (y) = / 7 (dr)Ly0p = / " (I(dr) — BILy (r)dr) Iyysoy (2.18)
y y
and from Proposition 2.3 and [2, p. 74]

T ey B gy = L ! - —
/0 e YUY (dy) Tt @) e G G0 T D) +ﬁz¢q_(z+ﬂ)

From the latter we immediately deduce by comparing the Laplace transforms that
Y
UL (dy) = e PU'D (dy) + B / e PTUYD (dr)dy. (2.19)
0
Plugging (2.19) into (2.17), we get, for all y > 0,

ﬁ§+ (y) = /0 ﬁi(y + r)e_B’Uﬁq) (dr) + ﬁ/o ﬁi(y + r)/o e—BvL{f’)(dv)dr.

Next, we have, using identity (2.2) and the fact that condition T, holds, the existence
of a constant C' > 0 such that, for all 5 small enough,

/ ﬁf_(r)drﬁ/ / eﬁ”H+(dv)dr=/ re® I, (dr) < C.
y y Jr y

Using this inequality and recalling that, for any ¢ > 0, L{(,q) is a positive finite measure

on RT, as a potential measure of a negative of a killed subordinator, that is a transient

Markov process, we obtain, with u' =y (0, 00), that

/0 ﬁi(y—&—r)/o e—ﬁ“z,{@)(dv)dr < u' ﬁi(r)dr Sﬁ(q)/ reP I (dr) < O,
y y

where the constant C; > 0 is also uniform for all 8 small enough. This gives us

oo

o B _ 1 7P —pry (@)
éli%uq+(y)—éli% ; I (y +r)e” " U (dr). (2.20)

Since for all 3 small enough fuoo eIl (r)dr < Cy, with C; > 0, we have, from (2.18), at

the points of continuity of IT (dy), that

i 17 0) = i ( [ erman s [ L)) =T (o)

Since U'? defines a finite measure, we conclude from (2.20) that limg_,o /7ng (y) =14 (y)

and hence (2.16) holds. Next, the fact that the mapping s — ¢, (s) is well defined on

EJP 17 (2012), paper 38. ejp.ejpecp.org
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(0, B4) follows readily from [18, Lemma 4.2] since ¥, satisfies the condition Tz+. Then,
for any 0 < 3 < 87, (2.16) gives us that

[ee]
iy, (y) = / WL, (y + r)e™ U (dr).
0
The claim that eﬁyﬁq . (y) € P now follows from the fact that for every fixed » > 0,
the mapping y +— eﬂ(y+’“>ﬁ+(y + r) is non-increasing on R*. Hence ¢4, also satisfies
Tjs,. Assume now that VI, (dy) € P, then one may write I, (dy) = 71 (y)dy and the
equation
e 1iq, (dy) = / P (y + r)e U (dr)dy,

0
which is a differentiated version of (2.16) shows that ¥, . (dy) € P. To rigorously jus-
tify the exchange of differentiation and integration in the differentiated version above
note that under Tg+ the differentiated version is clearly valid if ¢ > 0 since Z/l@ defines
a finite measure. Moreover, when ¢ = 0 and 8 > 0, e*f“”bl_(dr) is a finite measure due
to the sublinearity of the potential function &/_((0,r)), see [2, p 74]. Finally when both
q = 0 and B8 = 0 the differentiated version follows from [18, Lemma 4.11]. O

In order to complete the proof of Theorem 1.1 in the case P+ we will resort to some
approximation procedures for which we need the following results.

Lemma 2.8. (a) Let (qﬁ(_"))nzl be a sequence of Laplace exponents of negative of pos-

sibly killed subordinators. Assume that for all s > 0, lim,_,oc "™ (s) = ¢_(s), where
¢_ is the Laplace exponent of a negative of a possibly killed subordinator. Then

. d
lim I¢<_n> =1y .

n—oo

(b) Let (\I/("))nzl be a sequence of characteristic exponents of Lévy processes such
that, for all z € iR,
lim O™ (2) = ¥(z2), (2.21)

n— oo

where ¥ is the characteristic exponent of a Lévy process. Assume further that for
alln > 1, ¥(™(0) = ¥(0) = 0. Then, for all ¢ > 0,

. d
nll_}IIOlo I‘I/z(gn) = I\pq.
Remark 2.9. A case similar to (a) was treated in Lemma 4.8 in [18]. However there
it is assumed that the subordinators are proper. Note that case (b) is far simpler than
Lemma 4.8 in [18] as we are strictly in the killed case and the exponential functional up
to a finite time horizon is continuous in the Skorohod topology.

Proof. First we use the fact that the law of the exponential functional of a negative of
a possibly killed subordinator is moment determinate. More specifically, Carmona et

al. [8], showed, writing IE {Ig}n)} = M,(,?), that

_Tm+1)
T, —o™ (k)

From the convergence of the Laplace exponents, we deduce that, for all integers m > 1,
lim,, oo My(,? ) = % which is the m-th moment of the exponential functional

I[ie
I, . Item (a) folltk)\/\l/s then from [13, Examples (b) p.269]. Next, (2.21) combined

M m=1,2,.... (2.22)
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with ¥(®)(0) = ¥(0) = 0, implies that the corresponding sequence of Lévy processes
(f (”))n>1 converges in distribution to a Lévy process £. Using Skorohod-Dudley’s theo-
rem, we assume that the convergence holds a.s. on the Skorohod space D((0, c0)) and

check that, for any ¢ > 0,
t t
/ eggn)ds S / efsds.
0 0

Then applying Portmanteau’s theorem, for any fixed ¢,z > 0, we have that

t t

lim sup PP (/ & ds < x) <P (/ efods < ac)
n—o00 0 0
tow t

limianP</ ebs ds<x) >IP(/ egsds<x>.

Hence since, for any ¢ > 0and A C Ry,

[e’s} t
P (Iy, € A) = q/ e 1P (/ efeds € A) dt
0 0

and ge?dt defines a finite measure, we have from the reverse Fatou’s lemma (resp.
Fatou’s lemma) that

[e'e] t Je's] t
lim sup/ dtqefthP </ eégn)ds < :17> < / dtqefthP (/ e+ ds < :1:) =P (I\I,q < x)
n—oo 0 0 0 0
[e%e] t n) [e%e} t
lim inf/ dtge™ P (/ e ds < x) > / dtge P (/ eSods < x) =P (I\pq < x) .
n=oo Jo 0 0 0

This suffices since from Theorem 2.4 we know that P (Iy, = z) =0, for all z > 0. O

Now, we have all the ingredients to complete the proof of Theorem 1.1 in the case
P+. Let us consider, for any § > 0, the Lévy process £(®) = ( t(é))tzo, with Laplace
exponent ¥(®, constructed from ¢ by tilting the positive jumps. More precisely, we

modify the Lévy measure of ¢ as follows
) (dy) = T(dy)T <oy + e~ *VTT, (dy)

and leave the Gaussian coefficient and the linear term untouched. From [26, Theorem
25.171, we have that [¥(9)(s)| < +oo, for any s € (0,6). For \Ilgé), we define (3} (¢) as in
(2.1) and choose  such that 0 < 8 < 6 A 85(¢) = ¢'. Then, since II} (dy) = m4(y)dy € P
the mapping defined on R™ by

Y eﬁy/ H(é)(dr) = e(ﬂ_é)y/ 6_6T7r+(r + y)dr

Yy 0

is plainly non-increasing. Hence ¥(9) satisfies the condition Ts5;. Moreover, eﬁyHSf) (dy) €
P and hence from the item (2) of Proposition 2.7, we have with the obvious notation
eﬁyug‘?(dy) € P. Thus, the Lévy process with characteristic exponent \I!gé) satisfies the
conditions of Lemma 2.6 and we deduce that

d
I\I/gé) = I¢g(i) X IT/J((S)‘(”’

where we have set U{V(2) = —¢{(2)¢{)(z) and @+ (z) = 2¢{")(2). Next, since
as & — 0, II(dy) 2 TI(dy), where - stands for the vague convergence, we have
that lims_,0 €@ £ ¢, see [14, Theorem 13.14]. Putting () (y) = e~% we see that the
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assumptions of [18, Lemma 4.9] are satisfied ( note that the only case which [18, Lemma
4.9] does not encompass, i.e. when ¢ = 0 and £ does not drift to —oo, is ruled out by our
assumptions) and thus we have, for all s > 0,

lim 6(%)(s) = ¢,_(s) and lim ¢ (—s) = ¢, (—5). (2.23)

From (2.23) combined with Lemma 2.8 (a) we get that
. d
lim I =1 .
S0 e T e

Next from (2.23), we deduce that for any s > 0, limg_,1(®)%+ (—s) = lims_,o —sgbgi)(—s) =

—5¢g, (—s) = Y+ (—s) and lims (¥ 4+)(07) = lims 0 6§ (0) = ¢y, (0) = (¥4)'(07),
Thus, we can apply [18, Lemma 4.8 (a)] to get

. d
B Tyas = Ty
Finally, since lims_,o £® £ ¢, Lemma 2.8 (b) implies, when ¢ > 0, that
. d
lim I =1

and the case when ¢ > 0 is finished. When ¢ = 0 due to the considerations above we
have already shown that

%1_r>% I¢{(152 X Iw(é),q+ = I¢q_ X Iwrur .

It remains to show that Iy ) i> Iy, as § — 0. From the construction of & %) we can write
5 =5
&=¢"+" t>0,

where £(0) = (é(&))tzo is a subordinator with zero drift and Lévy measure (1—e~°¥)II(dy)I{,~0}
which is taken independent of £(%). Therefore &, > §t(6), for all ¢t > 0, and hence we con-

clude that lims_,o Ly 4 Iy from the monotone convergence theorem. This completes
the proof of Theorem 1.1 in the case P+.

2.2 The case P

Since the case ¢ = 0 was treated in [18], we assume in the sequel that ¢ > 0. In what
follows, we provide a necessary condition on the Lévy measures of the characteristic
exponent of bivariate subordinators in order that they correspond to the Wiener-Hopf
factors of a killed Lévy process. We mention that Vigon [28] provides such a criteria for
proper Lévy processes and our condition relies heavily on his approach.

Lemma 2.10. Let us consider ¢,, and ¢,_ as defined in Proposition 2.3. Assume that
pq, € P and pu,_ € P withq = qyq_ > 0.

1. There exists a characteristic exponent of a killed Lévy process ¥, such that
Vo(2) = =P4(q, —2)2-(q, 2) = =g, (2)Pq_(2).

2. If in addition for any 0 < 3 < B4, for some ;. > 0, —c0 < ¢q, (6) < 0 and
e? g, (dy) € P, then U, satisfies the condition Ty .
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Proof. From Proposition 2.3, writing ¢, (z) = ¢+(z) — ¢+, we observe that

—®4(q,—2)_(q,2) = —¢q (2)0q_(2) = —(94(2) — q1+)9—(2) + ¢- 0+ (2) — ¢+q-.

Then, from Vigon’s philantropy theory, we know that — (¢4 (2) — ¢+ )é—(z) is the char-
acteristic exponent of an unkilled Lévy process that drifts to —oc. It is also clear that
q—¢+(z) is the characteristic exponent of an unkilled subordinator. From the inequality
g+q— > 0 we complete the proof of the first item. Next, from the form of ¢,_ in Propo-
sition 2.3 and carefully using the same techniques as in deriving (2.2) we deduce that
Ta¢,_ is the Laplace exponent of a negative of an unkilled subordinator whose Lévy
measure has the form p (dy) = e ?¥(uqy_(dy) + BR,_(y)dy). Similarly, due to our as-
sumption, i.e. —00 < ¢y, (B) < 0, the mapping s — ¢, (s + 3) is the Laplace exponent of
a killed subordinator with Lévy measure eV, . (dy). As i, € P, we easily check that
yg_ (dy) € P and since, by assumption, e?Y1,, (dy) € P, we have from the first item that
there exists a characteristic exponent ¥?, of an unkilled Lévy process drifting to —oo
which is defined by

V) (2) = —¢q. (2 + B)Tpdq_(2) = —¢q. (2 + B)—— 5Pz h)

ﬁ

Moreover, as

TaWy(2) = +ﬂ Wqlz+B) = ~ ¢, (2 + B) - Bsb (z+8) = =¢q. (2 + 5)Tpde_(2),
we deduce, by means of an uniqueness argument, that 7g¥, = \Ilqﬁ. Then, by the mere
definition of condition T s+ we check that ¥, satisfies condition Tg+. O

We are ready to complete the proof of Theorem 1.1. First, we set, for any § > 0,

S0 (2) = ¢, (2 — ) — dg, (—6) + bg, (0). (2.24)

This is the Laplace exponent of a subordinator with drift ¢, killing rate —¢,, (0) =
g+ > 0 and Lévy measure u( )(dy) = e‘5yuq+ (dy). Next we choose § > 0 so small that

(6)(5) < 0. Since, by assumption p,, € P plainly u ) € P, and thus according to item
(1) of Lemma 2.10, there exists a characteristic exponent \I/é )

such that

of a killed Lévy process

U (2) = =) (2)$g_(2). (2.25)

Moreover since we have that |¢>(6)( )| < 400, for any s < §, we get from [18, Lemma
4.2] that |\I/((15)( )] < 400, for any 0 < s < 4. Also, since ¢q+ is 1ncreasmg on (—o0,9),
we get from our choice of § that, for any 0 < 8 < §, —o0 < ¢q+ (8) < 0. As for any

0<pB <, eﬁ“u( )(dy) € P, we deduce from item (2) of Lemma 2.10, that \I/((;s) satisfies
the condition Ts. Hence, we can apply Proposition 2.6 to get the identity

d
I\II((I'S) = I¢q7 X Iw(a),q+,

where ()94 (2) = ¢(5)( ). Next, on the one hand, we have, from (2.24), that for
any s > 0, limg_g ¢q+( ) = ¢q. (s) and thus lims_,o ¢+ (s) = %+ (s) together with
lims o (®)94)(07) = lims_o¢3) (0) = ¢4, (0) = (9+)'(07). Thus, we can use [18,
Lemma 4.8(a)] to get limg_,q Iw@s),q+ 4 Lya+. On the other hand, we deduce from (2.25)
that, for any z € iR, lims_, \I/é‘”(z) = U,(2) and for any ¢ > 0, \If,(js)(o) = ¥,(0). Hence,
from from Lemma 2.8 (b), we have limgs_,o prg‘” 4 Iy,, which completes the proof of
Theorem 1.1.
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3 Proof of the corollaries and some examples

3.1 Proof of Corollary 1.3

From the Wiener-Hopf factorization (2.6) and the assumptions we have that —co <
U,(=1) = —¢¢,(—1)¢4_(—=1) < 0. Then we get from [18, Lemma 4.1] that the map-
ping s — ¢,_(s) is well-defined on [-1,00) and since ¢,, (—1) < 0, we conclude that
¢q_(—1) < 0. Thus, qNSqf(s) = ¢, (s — 1) is a Laplace of a negative of a possibly killed
subordinator and so 7'1<;~3q_ is the Laplace exponent of a negative of a proper subordina-
tor. From (2.22), we have, form =1,2,...,

E [Im } _ I'(m+1) _ 1 I'(m+1) _ 1 I(m+1)
Y- o900 () mA 1L, — e, (k+1) mA+ 1T, ~Tidge (k)

By moment identification and moment determinacy of I, , see [8], we deduce that

Iy, ZU x Irs, (3.1)

where U stands for an uniform random variable on (0,1). Thus, from Khintchine Theo-
rem, see e.g. [13, Theorem p.158], we have that m,,  is non-increasing on R*. We also
get, from (3.1), that

mo, (2= [, )y,

which combined with (2.8) and (2.22) yields mg, (0) = —¢,_ (1) = —¢,_(0) > 0 since
when ¢ = 0 we assume that ¢ drifts to —oo and hence the descending ladder height
process is the negative of a killed subordinator. Since we also suppose that either one
of the two conditions of Theorem 1.1 applies, we conclude that

I\IJq g U x I,qu;q X I,¢,G+ =UxV (32)

which gives that my, is non-increasing on R™ and hence a.e. differentiable on R™.
Moreover, since

e, (2) = /O " g, (@/y)maps (3)dy/y = / " )y,

we deduce from the discussion above and an argument of dominated converge that

ma,(0) = —a,_(0) /O iy (w)dyy
= G0 (0)60. (0) = q

where the last line follows from (1.7). To prove the claim of continuity in item (i) note
that from the second integral representation my, () is continuous.

In order to prove the first statement of item (ii) we show that, for any ¢ > 0, we have
the following factorization

Ty, £ e x Lyos, (3.3)
where % (z) = 2¥,(2). Indeed, this identity follows readily from Theorem 1.1, since,
in this case, jiq, € P, ¢¢_(2) =l and thusI,, = [;* ’ds = e;. Thus, Iy, is a mixture of
exponential distributions and the complete monotonicity property of its density follows
from [26, Theorem 53.2]. Moreover, from (3.3), we deduce that

my, (z) = / e mes (y)dy/y
0

EJP 17 (2012), paper 38. ejp.ejpecp.org
Page 17/22


http://dx.doi.org/10.1214/EJP.v17-2057
http://ejp.ejpecp.org/

Exponential Functional of Lévy processes

and for any = < lims_,o, —s¥4(—s) =1/b > 0, we get

— ]' > —n—1

Z —(= Y~ tmyes (y)dy
[y —Ye(=F)

- q@+§; e G OR B

where we have used an argument of dominated convergence and (1.7). Next, assume
that b > 0 and thus the previous power series defines a function analytical on the disc
of radius b. Since the mapping = — my, (z) is the Laplace transform of some positive
measure, its first singularity occurs on the negative real line, see e.g. [29, Chap. 2],
which means at the point —b. Following the proof of [20, Proposition 2.1], we can then
apply the Euler transform, see e.g. [24], to obtain the power series representation (1.8)
which actually defines an analytical function on the half-plane R(z) > —(2b)~!. The
proof of the claims of (ii) is completed after observing from the power series represen-
tations that my, (0) = ¢. Item (iii) follows easily from the Wiener-Hopf factorization for
spectrally positive Lévy processes which yields the identity

U(s)—q
S+ vy

my, ()

Wy(s) =— (=8 =)

Thus, in this case, we have I,, = foe”“ e ®ds = 1 — e~ ® which can easily be seen to be
a B~ (1, 7q¢), which provides the factorization from Theorem 1.1. We complete the proof
of this item by recalling that in this case the mapping s — ¥, (s) is well-defined on R~
and p,, € P, see e.g. [28, Remark p. 103]. Finally, the proof of the item (iv) goes along
the lines of the one of [18, Corollary 2.1].

3.2 Some illustrative examples

For this part, we introduce the following notation. Forany v > 0 and 0 < a < 1, we
write, for any s > —~,

Py(s) = (s +7)*

We start by considering the case where ¢q (s) = —¢4(s), s > 0, that is, using the
notation of Proposition 2.3, u? (dy) = raaye Yy ldy,q_ = ~~,6_ = 0. Since the
random variable I¢q7 is moment determinate, we easily get, from (2.22), that, for any

R(z) > -1,

D(z+ )0y + 1)

E[iq—} - Fe(z4+147) (3.4)

Assuming, for sake of simplicity, that 7 is not an integer, and applying the inverse Mellin
transform, see e.g. [19, Section 3.4.2], we get

o (v +1) (—a)"
iy, Zl"a -n+v) nl

and the series is easily seen to be absolutely convergent for all x > 0. From Corollary
1.3 (i), we deduce that for any v > 1, this series is positive and non-increasing on R¥.
We can also check that my, (0) = —¢,_(0) = v*. Moreover, assuming that yq, (dy) € P,

then according to Proposition 2.10 there exists a Laplace exponent @q of a killed Lévy
process such that

\i’q(z) = ¢4(2)¢q, (2)
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and where we have set ¢ = 7*¢,, (0) > 0. As above, we wote that from Corollary 1.3
(i), that for any v > 1, the density mr, is bounded and non-increasing on R*. Next,

according to the case P$ of Theorem 1.1, we have, writing, ¢%+(z) = 2¢q., (2), that

mo) = [T Do) el

n+7 n!

myas (y)/ydy
n= 0

Z 1—\04(,)/ + 1) <_l’)n /OOO y_"_lmwu (y)dy

re(—n++v) n!

n=0
_ o~ Dy +1) [Ty 9% (k) (—2)"
= 9.0 ZFQ —n—+7) n! n!
o [Taey bg. (—K) 2™
= —Bg. (0)T%(y +1) Z =l ;*ﬂ — (3.5)

where the interchange of integration and summation is justified by an argument of

dominated convergence under the condition that z < lims_,. —s'7%/¢, L (—s). We eas-

ily check that, under this condition, the density is actually bounded with my_ (0) =
q

_¢q+ (0)7a

Next, we set, for any o’ € (0,1 — ),

T(o/(s+1)+1)

9q,(—8) = —o T(a's + 1)

and we note from [21, Section 3(1)] that ¥%*(—s) = —s¢4, (—s) = % is the
Laplace exponent of a proper spectrally positive Lévy process, and, writing [ = 1/a/, we
have

myar () = Izl

On the one hand, from (3.5), we deduce that

a'(n+1)4+1) (=)™
re(—n+-~) n!

mi, (1) = (+1) 3N

n=0

which is easily seen to be absolutely convergent for all x > 0 since o’ € (0,1 — «). This
expression provides an expansion of the density for small values of the argument. In
particular, we get that mig (0) = v°T'(a’ + 1). On the other hand, using the identity
(3.4), we may also write, for any z > 0,

o0 1
my, () = lfH/O y'e W my (y)dy

7ln [e’g)
_ 7l 1 Z / yl(n+1)m¢—y (y)dy
0

. l#l}j n+1+iﬁ%v+w(1)f”
(Iln+1)+147) n!

to get an expansion of the density for large values of its argument. Note, in particular,

- T(+1)T (y+1
that lim,_, lemI@ (z) = l%

Remark 3.1. The previous example illustrates nicely the fact that our main factoriza-
tion allows to get exact asymptotics for both large and small values of the argument
as soon as one is able to expand as a series the density of the exponential functionals
involved in the identity.
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Finally, as a specific instance of Corollary 1.3 (ii), we consider the case where \I!q(s) =

—¢(—s),s >0, that is ¢ = 7%, § = 0 and II(dy) = F(la_a)e_'wy_"_ldy, y > 0,€ P. Thus,
the series
o0
v re(n+y+1) n
m\Ilq (.13) = 1—‘(7 ¥+ 1) Z n (—Z‘)
n=0 '

is absolutely convergent on R and completely monotone on R™.

3.3 Proof of Corollary 1.5

According, for instance, to [15, Proposition 4], we have
d ©a &
T = estdt, (3.6)
0

where we have used the well known identity T3 4 S{%. Setq = %‘E‘B_Qp) > 0 and
note that £ is a Lévy process with Laplace exponent ¥ given, for any —1/a < R(z) < 1,

by

INa—az)l(az+1)

V) —a = " T(ap—az)T(az+1—ap)

First, let us consider the case when a € (0,1). We observe that |U*(s)| < +oo, for any
s € [~1,0]. Also we check that U*(—1) — q < 0 if oG9 —atzrgy > 0 which is the
case when 1 — a(p + 1) > 0. Moreover, we know from [7] that for 0 < o < 1, the density
of the Lévy measure of ¢ restricted on R* takes the form, up to a positive constant,
eY(e¥ — 1)~ 1y > 0, which is easily seen to be decreasing on R*. Hence, we can
apply Corollary 1.3 (i) to get that the density of 7} is bounded and non-increasing. The
boundedness property could have also been observed when p < 1 from [12, Remark

5] which states that the density of 77 has a finite limit at zero. Recalling that when

p = 1, we have T} 4 Z*, we could also easily check from the Humbert-Pollard series
representation of the density of 73, see e.g. [26, 14.35], that the density of T} has also

a finite limit at 0. The remaining part of the statement follows trivially.

Next, we assume that o € (1,2] and p = 1 — 1, that is Z is spectrally positive and thus ¢

o

is a spectrally negative Lévy process with Laplace exponent, given, for any R(z) > i -1,
by

o B INaz+1)
V) —a = MNaz+1—-a)

Since ¥ (1 - 1) —g=0wehave 0 <, =1— 1< 1, we deduce from Corollary 1.3 (iv)

that the density of 1/7; is completely monotone which means that the density of S¢ is
completely monotone. Note that the law of S; has been computed explicitly as a power
series by Bernyk et al. [1]. We end up the paper by pointing out that in the Brownian

—_z
e 2

V2rx

motion case, i.e. a = 2, the density of S7 is well-known to be m 52 (z) = and we get

mgz(z) = ﬁ f1o/o2 ,%Uzdr.

References

[1]1 V. Bernyk, R. C. Dalang, and G. Peskir. The law of the supremum of a stable Lévy process
with no negative jumps. Ann. Probab., 36:1777-1789, 2008. MR-2440923

[2] J. Bertoin. Lévy Processes. Cambridge University Press, Cambridge, 1996. MR-1406564

EJP 17 (2012), paper 38. ejp.ejpecp.org
Page 20/22


http://www.ams.org/mathscinet-getitem?mr=2440923
http://www.ams.org/mathscinet-getitem?mr=1406564
http://dx.doi.org/10.1214/EJP.v17-2057
http://ejp.ejpecp.org/

Exponential Functional of Lévy processes

[3] J. Bertoin, A. Lindner, and R. Maller. On continuity properties of the law of integrals of Lévy
processes. Séminaire de probabilités XLI, volume 1934 of Lecture Notes in Math., pages
137-159, Springer, Berlin, 2008. MR-2483729

[4] J. Bertoin and M. Yor. On the entire moments of self-similar Markov processes and expo-
nential functionals of Lévy processes. Ann. Fac. Sci. Toulouse Math., 11(1):19-32, 2002.
MR-1986381

[5] J. Bertoin and M. Yor. Exponential functionals of Lévy processes. Probability Surveys, Vol.2,
191-212, 2005. MR-2178044

[6] Bingham, N. H. Fluctuation theory in continuous time, Advances in Appl.
Probability,7(4):705-766, 1975. MR-0386027

[7] Caballero, M. E. and Chaumont, L. Conditioned stable Lévy processes and the Lamperti
representation, J. Appl. Probab.,43(4):967-983, 2006. MR-2274630

[8] Ph. Carmona, F. Petit, and M. Yor. On the distribution and asymptotic results for exponential
functionals of Lévy processes. In M. Yor (ed.) Exponential functionals and principal values
related to Brownian motion. Biblioteca de la Rev. Mat. Iberoamericana, pages 73-121, 1997.
MR-1648657

[9] M. Chazal, A. E. Kyprianou and P. Patie, A transformation for Lévy processes with one-sided
jumps with applications, available at http://arxiv.org/abs/1010.3819, 2010.

[10] I. Cuculescu and R. Theodorescu. Multiplicative strong unimodality. Aust. N. Z. J. Stat.,
40(2):205-214, 1998. MR-1631092

[11]1 R. A. Doney. Fluctuation theory for Lévy processes, volume 1897 of Lecture Notes in Math-
ematics. Springer, Berlin, 2007. Lectures from the 35th Summer School on Probability
Theory held in Saint-Flour, July 6-23, 2005, Edited and with a foreword by Jean Picard.
MR-2320889

[12] R. A. Doney and M. Savov. The asymptotic behaviour of densities related to the supremum
of a stable process Ann. Prob., 38 (1): 316-326, 2010. MR-2599201

[13] W. Feller. An introduction to probability theory and its applications. Vol. II. Second edition.
John Wiley & Sons Inc., New York, 1971. MR-0270403

[14] O. Kallenberg. Foundations of modern probability. Probability and its Applications (New
York). Springer-Verlag, New York, 1997. MR-1464694

[15] A. Kuznetsov and ]J.C. Pardo. Fluctuations of stable processes and exponential functionals of
hypergeometric Lévy processes. Acta Aplicandae Mathematicae, accepted

[16] J.-C. Pardo, P. Patie and M. Savov. Distributional properties of exponential functionals of
Lévy processes, Electron. J. Probab., 17(8), 1-35, 2012.

[17] K. Maulik and B. Zwart. Tail asymptotics for exponential functionals of Lévy processes.
Stochastic Process. Appl., 116:156-177, 2006. MR-2197972

[18] J.-C. Pardo, P. Patie and M. Savov. A Wiener-Hopf type factorization of the exponential
functional of Lévy processes, J. London Math. Soc., accepted, arXiv:1010.3819, 2011.

[19] R. B. Paris and D. Kaminski. Asymptotics and Mellin-Barnes integrals, volume 85 of Encyclo-
pedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 2001.
MR-1854469

[20] P. Patie. Law of the absorption time of positive self-similar Markov processes. Ann. Prob.,
40(2):765-787, 2012.

[21] P. Patie. A refined factorization of the exponential law. Bernoulli, 17(2):814-826, 2011.
MR-2787616

[22] P. Patie. and M. Savov Spectral theory of Lamperti stationary Feller semigroups: The dis-
crete spectrum. work in progress

[23] ]J.C. Pardo., V. Rivero and K. van Schaik On the density of exponential functional of Lévy
processes. to appear in Bernoulli

[24] Prodinger, H. Some information about the binomial transform, Fibonacci Quart.,32(5):412-
415, 1994. MR-1300278

[25] V. Rivero. Recurrent extensions of self-similar Markov processes and Cramér’s condition II.
Bernoulli, 13(4):1053-1070, 2007. MR-2364226

EJP 17 (2012), paper 38. ejp.ejpecp.org
Page 21/22


http://www.ams.org/mathscinet-getitem?mr=2483729
http://www.ams.org/mathscinet-getitem?mr=1986381
http://www.ams.org/mathscinet-getitem?mr=2178044
http://www.ams.org/mathscinet-getitem?mr=0386027
http://www.ams.org/mathscinet-getitem?mr=2274630
http://www.ams.org/mathscinet-getitem?mr=1648657
http://www.ams.org/mathscinet-getitem?mr=1631092
http://www.ams.org/mathscinet-getitem?mr=2320889
http://www.ams.org/mathscinet-getitem?mr=2599201
http://www.ams.org/mathscinet-getitem?mr=0270403
http://www.ams.org/mathscinet-getitem?mr=1464694
http://www.ams.org/mathscinet-getitem?mr=2197972
http://arxiv.org/abs/1010.3819
http://www.ams.org/mathscinet-getitem?mr=1854469
http://www.ams.org/mathscinet-getitem?mr=2787616
http://www.ams.org/mathscinet-getitem?mr=1300278
http://www.ams.org/mathscinet-getitem?mr=2364226
http://dx.doi.org/10.1214/EJP.v17-2057
http://ejp.ejpecp.org/

Exponential Functional of Lévy processes

[26] K. Sato. Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press,
Cambridge, 1999. MR-1739520

[27] T. Simon Multiplicative strong unimodality for positive stable laws. To appear in Proc. Amer.
Math. Soc., 2011. MR-2784828

[28] Vigon, V. Simplifiez vos Lévy en titillant la factorisation de Wiener-Hopf. Thése de I'INSA,
Rouen, 2002. (This is downloadable from:www-irma.ustrasbg.fr/vigon/index.htm)

[29] Widder, D.V. The Laplace Transform, Princeton Mathematical Series, v. 6, Princeton Univer-
sity Press, 1941. MR-0005923

[30] M. Yor. Exponential functionals of Brownian motion and related processes. Springer Fi-
nance, Berlin, 2001. MR-1854494

EJP 17 (2012), paper 38. ejp.ejpecp.org
Page 22/22


http://www.ams.org/mathscinet-getitem?mr=1739520
http://www.ams.org/mathscinet-getitem?mr=2784828
http://www.ams.org/mathscinet-getitem?mr=0005923
http://www.ams.org/mathscinet-getitem?mr=1854494
http://dx.doi.org/10.1214/EJP.v17-2057
http://ejp.ejpecp.org/

	Introduction and main results
	Proof of Theorem 1.1
	The case P+
	The case Pq

	Proof of the corollaries and some examples
	Proof of Corollary 1.3
	Some illustrative examples
	Proof of Corollary 1.5

	References

