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1 Introduction

Consider the contact process on the fine lattice Zy = Z%/(vV/ NMy). Sites are either occupied by
a particle or vacant.

e Particles die at rate NV and give birth at rate N + 0

e When a birth occurs at = the new particle is sent to a site y # x chosen at random from
x+ N where N ={z € Zy : ||2|lcc < 1/V N} is the set of neighbors of 0.

e If y is vacant a birth occurs there. Otherwise, no change occurs.

The v/N in the definition of Zy scales space to take care of the fact that we are running time at
rate N. The My serves to soften the interaction between a site and its neighbors so that we can
get a nontrivial limit. From work of Bramson, Durrett, and Swindle (1989) it is known that one
should take
N3/2 d=1
My =14 (NlogN)¥/? d=2
N1/d d>3

Mueller and Tribe (1995) studied the case d = 1 and showed that if we assign each particle mass
1/N and the initial conditions converge to a continuous limiting density u(z,0), then the rescaled
particle system converged to the stochastic PDE:

1!
du = <% +Ou— u2> dt + V2u dW

where dW is a space-time White noise.

Durrett and Perkins (1999) considered the case d > 2. To state their result we need to introduce
super-Brownian motion with branching rate b, diffusion coefficient o2, and drift coefficient 3. Let
Mp =M F(]Rd) denote the space of finite measures on R? equipped with the topology of weak
convergence. Let C;° be the space of infinitely differentiable functions on R? with bounded partial
derivatives of all orders. Then the above super-Brownian motion is the M g-valued process X,
which solves the following martingale problem:

For all ¢ € Cp°, if X;(¢) denotes the integral of ¢ with respect to X; then

(11) Z(6) = Xu(0) — Xo(6) - /0 X,(02A6/2 + B6) ds

is a martingale with quadratic variation < Z(¢) >;= fg X (bp?) ds.

Durrett and Perkins showed that if the initial conditions converge to a nonatomic limit then the
rescaled empirical measures, formed by assigning mass 1/N to each site occupied by the rescaled
contact processes, converge to the super-Brownian motion with b = 2, 02 = 1/3, and 3 = 6 — ¢,.
Here co = 3/2m and ind > 3, ¢y = > oo, P(U,, € [—1,1]%)/2% with U,, a random walk that takes
steps uniform on [—1, 1]d. Note that the —u? interaction term in d = 1 becomes —cgqu in d > 2.
This occurs because the environments seen by well separated particles in a small macroscopic ball
are almost independent, so by the law of large numbers mass is lost due to collisions (births onto
occupied sites) at a rate proportional to the amount of mass there.
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There has been a considerable amount of work constructing measure-valued diffusions with in-
teractions in which the parameters b, 02 and 3 in (1.1) depend on X and may involve one or more
interacting populations. State dependent ¢’s, or more generally state dependent spatial motions,
can be characterized and constructed as solutions of a strong equation driven by a historical Brow-
nian motion (see Perkins (1992), (2002)), and characterized as solutions of a martingale problem
for historical superprocesses (Perkins (1995)) or more simply by the natural extension of (1.1)
(see Donnelly and Kurtz (1999) Donnelly and Kurtz (1999)). (Historical superprocesses refers
to a measure-valued process in which all the genealogical histories of the current population are
recorded in the form of a random measure on path space.) State dependent branching in general
seems more challenging. Many of the simple uniqueness questions remain open although there has
been some recent progress in the case of countable state spaces (Bass and Perkins (2004)). In
Dawson and Perkins (1998) and Dawson et al (2002), a particular case of a pair of populations
exhibiting local interaction through their branching rates (called mutually catalytic or symbiotic
branching) is analyzed in detail thanks to a couple of special duality relations. State dependent
drifts (8) which are not “singular” and can model changes in birth and death rates within one
or between several populations can be analyzed through the Girsanov techniques introduced by
Dawson (1978) (see also Ch. IV of Perkins (2002)). Evans and Perkins (1994,1998) study a pair of
interacting measure-valued processes which compete locally for resources through an extension of
(1.1) discussed below (see remark after Theorem 1.1). In two or three dimensions these interactions
involve singular drifts G for which it is believed the change of measure methods cited above will
not work. In 3 dimensions this is known to be the case (see Theorem 4.14 of Evans and Perkins
(1994)). Corresponding models with infinite variance branching mechanisms and stable migration
processes have been constructed by Fleischmann and Mytnik (2003).

Given this work on interacting continuum models, it is natural to consider limits of multitype
particle systems. The simplest idea is to consider a contact process with two types of particles
for which births can only occur on vacant sites and each site can support at most one particle.
However, this leads to a boring limit: independent super-processes. This can be seen from Section
5 in Durrett and Perkins (1999) which shows that in the single type contact process “collisions
between distant relatives can be ignored.”

To obtain an interesting interaction, we will follow Durrett and Levin (1998) and consider two
types of particles that modify each other’s death or birth rates. In order to concentrate on the
new difficulties that come from the interaction, we will eliminate the restriction of at most one
particle per site and let f;’N(as) be the number of particles of type i at x at time ¢. Having changed
from a contact process to a branching process, we do not need to let My — oo, so we will again
simplify by considering the case My = M. Let 02 denote the variance of the uniform distribution
on (Z/M)N[-1,1].

Letting 27 = max{0,z} and 2~ = max{0, —z}, the dynamics of our competing species model
may be formulated as follows:

e When a birth occurs, the new particle is of the same type as its parent and is born at the
same site.

e For i = 1,2, let n;(x) be the number of individuals of type i in z +N. Particles of type i give
birth at rate N 4 ~;"27IN¥/2"1ns_;(x) and die at rate N + 5; 27¢NY2"1ns_;(x).
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Here 3 — i is the opposite type of particle. It is natural to think of the case in which v; < 0 and
72 < 0 (resource competition), but in some cases the two species may have a synergistic effect:
v1 > 0 and 2 > 0. Two important special cases that have been considered earlier are

(a) the colicin model. o = 0. In Durrett and Levin’s paper, 71 < 0, since one type of E. coli
produced a chemical (colicin) that killed the other type. We will also consider the case in which
~v1 > 0 which we will call colicin.

(b) predator-prey model. v1 < 0 and 2 > 0. Here the prey 1’s are eaten by the predator 2’s which
have increased birth rates when there is more food.

Two related example that fall outside of the current framework, but for which similar results should
hold:

(c) epidemic model. Here 1’s are susceptible and 2’s are infected. 1’s and 2’s are individually
branching random walks. 2’s infect 1’s (and change them to 2’s) at rate ¥2~N%2ny(z), while 2’s
revert to being 1’s at rate 1.

(d) voter model. One could also consider branching random walks in which individuals give birth to
their own types but switch type at rates proportional to the number of neighbours of the opposite

type.

The scaling N%2-! is chosen on the basis of the following heuristic argument. In a critical
branching process that survives to time N there will be roughly N particles. In dimensions d > 3
if we tile the integer lattice with cubes of side 1 there will be particles in roughly N of the N2
cubes within distance v/N of the origin. Thus there is probability 1/N%2~1 of a cube containing
a particle. To have an effect over the time interval [0, N| a neighbor of the opposite type should
produce changes at rate N~'N%2=1 or on the speeded up time scale at rate N¥/2-1, In d = 2
an occupied square has about log N particles so there will be particles in roughly N/(log N) of
the N squares within distance v/N of the origin. Thus there is probability 1/(log N) of a square
containing a particle, but when it does it contains log N particles. To have an effect interactions
should produce changes at rate 1/N or on the speeded up time scale at rate 1 = N d/2-1 Tnd=1
there are roughly /N particles in each interval [x,x + 1] so each particle should produce changes
at rate N"'N~1/2 or on the speeded up time scale at rate N—1/2 = N4/2-1

Our guess for the limit process comes from work of Evans and Perkins (1994, 1998) who studied
some of the processes that will arise as a limit of our particle systems. We first need a concept
that was introduced by Barlow, Evans, and Perkins (1991) for a class of measure-valued diffusions
dominated by a pair of independent super-Brownian motions. Let (Y!,Y?2) be an M p?-valued
process. Let ps(x) s > 0 be the transition density function of Brownian motion with variance o2s.
For any ¢ € By(R%) (bounded Borel functions on R?) and & > 0, let

(12) LAY, Y3)(6) = /0 L, [ patar = a2+ o)/ 2¥ (de) V() s 20,

The collision local time of (Y}, Y2) (if it exists) is a continuous non-decreasing M g-valued stochastic
process t — L;(Y!,Y?) such that

LYY Y?)(¢) = L(YE,Y?)(¢) as & | 0 in probability,
for all t > 0 and ¢ € Cy(R?), the bounded continuous functions on R%. It is easy to see that

if Y?(dx) = y'(x)dx for some Borel densities 3? which are uniformly bounded on compact time
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intervals, then L,(Y!, Y?)(dx) fo yl(z)y?(x)dsdz. However, the random measures we will be
dealing with will not have densrcles for d > 1

The final ingredient we need to state our theorem is the assumption on our initial conditions.
Let B(z,r) = {w € R?: |w — 2| < r}, where |z| is the L norm of z. For any 0 < § < 2 A d we set

oY (1) = inf {g csup u(B(x, 7)) < orP D7 for all r € [N71/2, 1]} ,

where the lower bound on 7 is being dictated by the lattice Z%/(vV NM).
We say that a sequence of measures { N, N > 1} satisfies condition UB y if

sup of (1) < 00, forall0<d <2Ad
N>1

We say that measure u € Mp(R?) satisfies condition UB if for all 0 < § < 2 A d

0s(p) = inf {Q csup u(B(xz, 7)) < orP D=9 for all r € (0, 1]} < 00

If S is a metric space, C's and Dg are the space of continuous S-valued paths and cadlag S-valued
paths, respectively, the former with the topology of uniform convergence on compacts and the
latter with the Skorokhod topology. C’f(Rd) denotes the set of functions in Cy(R%) whose partial
derivatives of order k or less are also in Cj,(R%).

The main result of the paper is the following. If X = (X! X?), let .7-?( denote the right-
continuous filtration generated by X.

Theorem 1.1 Suppose d < 3. Define measure-valued processes by
N
— /N
x

Suppose 1 < 0 and v € R. If {Xé’N},i = 1,2 satisfy UBN and converge to X¢ in Mg for
i =1,2, then {(X"N, X>N) N > 1} is tight on D, 2. Each limit point (X', X?) € C), 2 and

satisfies the following martingale problem M}gﬂ;z For ¢1, ¢ € CF (Rd)

2
(1.3) X} (h1) = X (1) + M (1) + ; X;(%Aﬂﬁl) ds +nLy( X", X?)(¢1),

t 2
X7 (02) = X§(92) + M (2) + /0 X2 (%5 Ad2) ds + 32 Li(X ', X?)(00)

where M? are continuous (F;*)-local martingales such that
t
(M0 M) = 8152 | Xi(6D) ds

Remark. Barlow, Evans, and Perkins (1991) constructed the collision local time for two super-
Brownian motions in dimensions d < 5, but Evans and Perkins (1994) showed that no solutions to
the martingale problem (1.3) exist in d > 4 for v < 0.

Given the previous theorem, we will have convergence whenever we have a unique limit process.
The next theorem gives uniqueness in the case of no feedback, i.e., 3 = 0. In this case, the first
process provides an environment that alters the birth or death rate of the second one.
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Theorem 1.2 Let v =0 and v € R, d < 3, and Xé , t=1,2, satisfy condition UB. Then there
Vi ).

1 a unique n law solution to the martingale problem (NIPX1 X2

The uniqueness for ; = 0 and 2 < 0 above was proved by Evans and Perkins (1994) (Theorem
4.9) who showed that the law is the natural one: X! is a super-Brownian motion and conditional
on X! X? is the law of a super ¢-process where ¢ is Brownian motion killed according to an
inhomogeneous additive functional with Revuz measure X!(dx)ds. We prove the uniqueness for
42 > 0 in Section 5 below. Here X' is a super-Brownian motion and conditional on X', X?
is the superprocess in which there is additional birthing according to the inhomogeneous additive
functional with Revuz measure X! (dz)ds. Such superprocesses are special cases of those studied by
Dynkin (1994) and Kuznetsov (1994) although it will take a bit of work to connect their processes
with our martingale problem.

Another case where uniqueness was already known is 1 = 2 < 0.

Theorem 1.3 (Mytnik (1999)) Let v1 = v2 < 0, d < 3, and X}, i = 1,2, satisfy Condition UB.
Then there is a unique in law solution to the martingale problem (1.3).

Hence as an (almost) immediate Corollary to the above theorems we have:

Corollary 1.4 Assume d < 3, v1 = 0 or 71 = v < 0, and {Xé’N},i = 1,2 satisfy UBy and
converge to Xé in Mp fori = 1,2. If X%V is defined as in Theorem 1.1, then (X1LN K X2N)
converges weakly in D 2 to the unique in law solution of (1.3).

Proof We only need point out that by elementary properties of weak convergence X§ will satisfy
UB since {X(Z)’N} satisfies UBy. The result now follows from the above three Theorems. [

For d = 1 uniqueness of solutions to (1.3) for 7; < 0 and with initial conditions satisfying

//log*(l/\xl — 29]) X (da1) X3 (dao) < 00

(this is clearly weaker that each X satisfying UB) is proved in Evans and Perkins (1994) (Theorem
3.9). In this case solutions can be bounded above by a pair of independent super-Brownian motions
(as in Theorem 5.1 of Barlow, Evans and Perkins ( 1991)) from which one can readily see that
Xi(dr) = ul(z)dx for t > 0 and Ly(X*, X?)(dx) fo x)dsdzr. In this case ul,u? are also
the unique in law solution of the stochastic partlal dlﬁerentlal equatlon

2 il
du' = (G ; + Ou' +'y¢u1u2> dt +V2utdW' i=1,2

where W' and W? are independent white noises. (See Proposition IV.2.3 of Perkins (2002).)
Turning next to y2 > 0 in one dimension we have the following result:

Theorem 1.5 Assume v1 < 0 < 79, Xé € My has a continuous density on compact support and
X2 satisfies Condition UB. Then for d = 1 there is a unique in law solution to M2, which

X},x2
1s absolutely continuous to the law of the pair of super-Brownian motions satisfying MX1 X2 In
particular X' (t,dx) = u'(t,z)dx for u’ : (0,00) — Cy continuous maps taking values in the space
of continuous functions on R with compact support, i = 1,2.
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We will prove this result in Section 5 using Dawson’s Girsanov Theorem (see Theorem IV. 1.6
(a) of Perkins (2002)). We have not attempted to find optimal conditions on the initial measures.
As before, the following convergence theorem is then immediate from Theorem 1.1

Corollary 1.6 Assume d =1, 71 <0, {Xé’N} satisfy UBN and converge to X§ € Mp, i = 1,2,
where X& has a continuous density with compact support. If X*N are as in Theorem 1.1, then

(XN X2NY converges weakly in D yy,.2 to the unique solution of MPZ{lﬂ)Q@.
0°*0

Having stated our results, the natural next question is: What can be said about uniqueness in
other cases?

Conjecture 1.7 Uniqueness holds in d = 2,3 for any v1,72

For 7; < 0 Evans and Perkins (1998) prove uniqueness of the historical martingale problem
associated with (1.3). The particle systems come with an associated historical process as one
simple puts mass N~! on the path leading up to the current position of each particle at time ¢. It
should be possible to prove tightness of these historical processes and show each limit point satisfies
the above historical martingale problem. It would then follow that in fact one has convergence of
empirical measures in Theorem 1.1 (for v; < 0) to the natural projection of the unique solution to
the historical martingale problem onto the space of continuous measure-valued processes.

Conjecture 1.8 Theorem 1.1 continues to hold for v1 > 0 in d = 2,3. There is no solution in
d > 4. The solution explodes in finite time in d = 1 when 1,72 > 0.

In addition to expanding the values of v that can be covered, there is also the problem of considering
more general approximating processes.

Conjecture 1.9 Our results hold for the long-range contact process with modified birth and death
rates.

Returning to what we know, our final task in this Introduction is to outline the proofs of Theo-
rems 1.1 and 1.2. Suppose 71 < 0 and 72 € R, and set 41 = 0 and 52 = ;. Proposition 2.2 below
will show that the corresponding measure-valued processes can be constructed on the same space
so that XV < X®N for i = 1,2. Here (X', X?") are the sequence of processes corresponding
to parameter values (71, %2). Tightness of our original sequence of processes then easily reduces to
tightness of this sequence of bounding processes, because increasing the measures will both increase
the mass far away (compact containment) and also increase the time variation in the integrals of
test functions with respect to these measure-valued processes—see the approximating martingale
problem (2.12) below. Turning now to (X" X2N) we first note that the tightness of the first
coordinate (and convergence to super-Brownian motion) is well-known so let us focus on the second.
The first key ingredient we will need is a bound on the mean measure, including of course its total
mass. We will do this by conditioning on the branching environment XV. The starting point
here will be the Feynman-Kac formula for this conditional mean measure given below in (2.17). In
order to handle tightness of the discrete collision measure for X% we will need a concentration
inequality for the rescaled branching random walk X1V, i.e., a uniform bound on the mass in small
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balls. A more precise result was given for super-Brownian motion in Theorem 4.7 of Barlow, Evans
and Perkins (1991). The result we need is stated below as Proposition 2.4 and proved in Section 6.

Once tightness of (X1V, X%) is established it is not hard to see that the limit points satisfy
a martingale problem similar to our target, (1.3), but with some increasing continuous measure-
valued process A in place of the collision local time. To identify A with the collision local time of
the limits, we take limits in a Tanaka formula for the approximating discrete local times (Section
4 below) and derive the Tanaka formula for the limiting collision local time. As this will involve
a number of singular integrals with respect to our random measures, the concentration inequality
for XV will again play an important role. This is reminiscent of the approach in Evans and
Perkins (1994) to prove the existence of solutions to the limiting martingale problem when ~; < 0.
However the discrete setting here is a bit more involved, since requires checking the convergence
of integrals of discrete Green functions with respect to the random mesures. The case of v5 > 0
forces a different approach as we have not been able to derive a concentration inequality for this
process and so must proceed by calculation of second moments—Lemma 2.3 below is the starting
point here. The Tanaka formula derived in Section 5 (see Remark 5.2) is new in this setting.

Theorem 1.2 is proved in Section 5 by using the conditional martingale problem of X? given
X! to describe the Laplace functional of X2 given X! in terms of an associated nonlinear equation
involving a random semigroup depending on X'. The latter shows that conditional on X!, X? is a
superprocess with immigration given by the collision local time of a Brownian path in the random
field X1,

Convention As our results only hold for d < 3, we will assume d < 3 throughout the rest of this
work.

2 The Rescaled Particle System—Construction and Basic Proper-
ties

We first will write down a more precise description corresponding to the per particle birth and
death rates used in the previous section to define our rescaled interacting particle systems. We let
p denote the uniform distribution on N/, that is

1(|2| < 1/VN)

@) "6 = =T

z € Zn.
Let PYo(x) = 32, p"(y — 2)¢(
summable. Set M' = (M + (1/2)
ZZN X ZZN such that for i =1, 2,

y) for ¢ : Zy — R for which the righthand side is absolutely
)%. The per particle rates in Section 1 lead to a process (£1,£2) €

&i(z) — &(z) + 1 with rate N&i(z) + NY271¢l () Zp iy),

&i(2) — &(x) — 1 with rate N&j(x) + N2 71g (2 Zp i),

and

(& (@), & (y) — (& (2) + 1, (y) — 1) with rate Npy (@ —y)& (y)-
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The factors of (M')? may look odd but they combine with the kernels p’¥ to get the factors of 27¢
in our interactive birth and death rates.

Such a process can be constructed as the unique solution of an SDE driven by a family of
Poisson point processes. For z,y € Zy, let A§U+,A§U ,AZEC,AZ’,;’C,A’ZLJ = 1,2 be independent
Poisson processes on R? T Ri, ]Ri, Ri, and R? ., respectively. Here A7 LE governs the birth and
death rates at =, A ’,y’ governs the additional birthing or killing at = due to the influence of the
other type at y and Ax ) governs the migration of particles from y to x. The rates of ALE are
Nds du; the rates of ALy are NY2-1M'pN (y — x)ds du dv; the rates of ALy are Npy(z — y)du.
Let F; be the canonical rlght continuous filtration generated by this family of point processes and
let F} denote the corresponding filtrations generated by the point processes with superscript i,
i=1,2. Let & = (&,83) € ZfN X ZfN be such that |&f] =Y, & (z) < oo for i = 1,2-denote this
set of initial conditions by Sp—and consider the following system of stochastic jump equations for
i=1,2,x € Zy and t > 0:

¢i(z) = // (u < & _(2)ALT(ds, du) — // (u < €_(z))AL(ds, du)

- /0 [ [ 1= @20 <ar e wpnsy s, dudo
(22) > [ ] 1w 60 <o et s, du o
+ Z// (u < € _(y)AL™ (ds, du) — Z// (u < € _(2))ALm(ds, du).

Assuming for now that there is a unique solution to this system of equations, the reader can
easily check that the solution does indeed have the jump rates described above. These equations
are similar to corresponding systems studied in Mueller and Tribe (1994), but for completeness
we will now show that (2.2) has a unique F;-adapted Sp-valued solution. Associated with (2.2)
introduce the increasing Fi-adapted Zy U {oo}-valued process

Jt:gr&%\ Z// (el ( )Al*dsde// (u < € (2))Ni(ds, du)
s /0 [ [ 1w =6 @20 <ar e wpnsyeds,dudo
; z [ [ [ 1< e <o wnas s dua)
+ Z// (< €& ()AL (ds. d).

Set Ty = 0 and let T be the first jump time of J. This is well-defined as any solution to (2.2) cannot
jump until 77 and so the solution is identically (fé, fg ) until T;. Therefore a short calculation shows
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that 77 is exponential with rate at most

2

(2.3) D AN|E] + MINY 1€
=1

At time T} (2.2) prescribes a unique single jump at a single site for any solution £ and J increases
by 1. Now proceed inductively, letting T}, be the nth jump time of J. Clearly the solution £ to
(2.2) is unique up until 7o, = lim,, T,,. Moreover

(2.4) sup [€1] + [£2] < J; for all t < T
s<t

Finally note that (2.3) and the corresponding bounds for the rates of subsequent times shows that
J is stochastically dominated by a pure birth process starting at [£}| + [£3| and with per particle
birth rate 4N + M’'N%2=1(|y;| 4 |y2|). Such a process cannot explode and in fact has finite pth
moments for all p > 0 (see Ex. 6.8.4 in Grimmett and Stirzaker (2001)). Therefore T, = 0o a.s.
and we have proved (use (2.4) to get the moments below):

Proposition 2.1 For each & € Sf, there is a unique Fi-adapted solution (¢1,€2) to (2.2). More-
over this process has cadlag Sr-valued paths and satisfies

(2.5) E(sup(|&5| +1€3))7) < oo for all p,t > 0.
s<t

The following “Domination Principle” will play an important role in this work.

Proposition 2.2 Assume ’y;r < 7, i = 1,2 and let &, respectively &, denote the corresponding
unique solutions to (2.2) with initial conditions & < &, i=1,2. Then & < & for allt > 0,i=1,2
a.s.

Proof. Let J and T}, be as in the previous proof but for £. One then argues inductively on
n that & < & for t < T,,. Assuming the result for n (n = 0 holds by our assumption on the
initial conditions), then clearly neither process can jump until 7,,4;. To extend the comparison
to T,41 we only need consider the cases where ¢ jumps upward at a single site x for which
féﬂwr(x) = f_%wr(x) or £ jumps downward at a single site z for which the same equality holds.
As only one type and one site can change at any given time we may assume the processes do not
change in any other coordinates. It is now a simple matter to analyze these cases using (2.2) and
show that in either case the other process (the one not assumed to jump) must in fact mirror the
jump taken by the jumping process and so the inequality is maintained at Tj,11. As we know
T, — oo a.s. this completes the proof. ]

Denote dependence on N by letting ¢V = (¢, ¢2Y) be the unique solution to (2.2) with a
given initial condition & and let

. 1 ,
(2.6) X = ~ > oM (@), i=1,2

TEZN
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denote the associated pair of empirical measures, each taking values in M pr. We will not be able
to deal with the case of symbiotic systems where both v; > 0 so we will assume from now on
that 1 < 0. As we prefer to write positive parameters we will in fact replace v; with —v; and
therefore assume v; > 0. We will let £ and X»Y denote the corresponding particle system and
empirical measures with 7 = (0,75 ). We call (X5, X2 a positive colicin process, as X1V is
just a rescaled branching random walk which has a non-negative local influence on X%>%. The
above Domination Principle implies

(2.7) XN < XN fori=1,2.

In order to obtain the desired limiting martingale problem we will need to use a bit of jump
calculus to derive the martingale properties of X»~. Define the discrete collision local time for
XN by

(2.8) O sy NRXEN (B, N2 X0 (d) d
0 JRY

We denote the corresponding quantity for our bounding positive colicin process by LY. These
integrals all have finite means by (2.5) and, in particular, are a.s. finite. Let A denote the predictable
compensator of a Poisson point process A and let A = A — A denote the associated martingale
measure. If ¢ : Ry x Q x Zy — R are Fj-predictable define a discrete inner product by

VNl - Vgl (x) NZpN —2) (W' (s,y) — ' (5,2)) (V7 (s,y) — ¥*(s,))
and write V3.4 (x) for Vi - Vyoi(z). Next define
(29 M) = Z / [ s, < € (@) @s,du)
- Z//wsx (u < €_(2)Ai (ds, du)
" Z/ [ [ ¥t < € @) <7 € Al s, du,do)
- X | [ [ ons g @ <6 )ity s dui)
> [ [ oo < & aniizs.a
- X | [t < g @iizs.a).

To deal with the convergence of the above sum note that its predictable square function is

zN z zN h’l| lN z ZN i
(210)  (MPN (1)) /X 2)ds + DLy (v /NX (V%) ds

1158



If 1) is bounded, the above is easily seen to be square integrable by (2.5), and so M®»N (%), is
an'L2 Fi-martingale. More generally whenever the above expression is a.s. finite for all ¢ > 0,
M, ’N(w) is an Fy-local martingale. The last two terms are minor error terms. We write M®" for
the corresponding martingale measures for our dominating positive colicin processes.

Let AN be the generator of the “motion” process B which takes steps according to pV at rate
N:

ANG(z) =N > (¢(y) — d(2)p" (y — ).

YyEZN

Let Hé\fm be the law of this process which starts from x at time s. We will adopt the convention
Yy = Hé\j - It follows from Lemma 2.6 of Cox, Durrett and Perkins (2000) that if o2 is as defined

in Section 1 then for ¢ € C;’g([O,T] x R

2
(2.11) AN ¢(s, ) — %Agb(s,m), uniformly in s < 7T and 2 € R as N — oo.

Let ¢1, ¢o € Cy([0,T] x Zy) with ¢; = aﬁi also in Cy([0, 7] x Zn). It is now fairly straightforward
to multiply (2.2) by ¢;(t, z)/N, sum over z, and integrate by parts to see that (X1, X2V) satisfies

the following martingale problem MX’;T}\;V;{Q, N
0 20

(212) X M(@(1) = XV (61(0) + MV (1) + /0 CXIN(AN gy(5) + g (5)) ds
— LN (1), t< T,
XN (@a(t) = Xg(62(0) + MY (¢0) + / X2V (2N gy (s) 1 da(s)) ds
+ 7L (), LT,

where MV are F; — martingales, such that
t
Or¥ @) NG = o ([ XN o) ds
0

Vil +i,v Y1 N i
+WL1€ (¢7) + ; NXS’ (VA ¢L) ds.

Let
gN(XEN z) = 27IN2X LN (B(z, NT1/2)).

To derive the conditional mean of X2 given X"V we first note that £V is in fact F}-adapted
as the equations for €1V are autonomous since 4; = 0 and so the pathwise unique solution will be
adapted to the smaller filtration. Note also that if F; = FL V F?, then Az’i, AQ’i’C,f\Q’m are all
Fi-martingale measures and so M2V (1)) will be a Fj-martingale whenever 1 : [0, T] x Q2 x Zy — R
is bounded and Fj-predictable. Therefore if 9, w :[0,T] x @ x Zy — R are bounded, continuous
in the first and third variables for a.a. choices of the second, and Fi-predictable in the first two

1159



variables for each point in Zr, then we can repeat the derivation of the martingale problem for
(XN X2N) and see that

t .
XN W) = XN (o) + M (W) + /0 X2V (ANY, 4o gn (I, Y+ ) ds, £ < T

where M, N (1) is now an Fy-local martingale because the right-hand side of (2.10) is a.s. finite for
all ¢ > 0.

Fix ¢t > 0, and a map ¢ : Zy x  — R which is FL -measurable in the second variable and
satisfies

(2.13) sup |¢(x)| < oo a.s.
TEZN

Let 1) satisfy

0, _
aqi = _AN,QbS - ’72+gN(X517N’ ')¢Sa 0<s< t?

v = 9.

One can check that ¢4 ,s <t is given by

21 e = P 00 =1 [ e { [ S an (XY BY) ar}].

S

which indeed does satisfy the above conditions on . Therefore for 1, ¢ as above

(2.15) XPNM(g) = XN (PIY (9)) + MPY ().
For each K > 0,

B @) Fo) = BN (6 A K)|Fo) = 0 as. on {sup o] < K[} € Fy
and hence, letting K — oo, we get
(2.16) EMPN ()| Fo) = 0 as.
This and (2.15) imply
(217) BE[XPV@)IXN] = XV (R8Y (0) ()

= [ o [om) e { [ oY B ar ] X3

It will also be convenient to use (2.15) to prove a corresponding result for conditional second
moments.
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Lemma 2.3 Let ¢; : Zy x Q — R, (i = 1,2) be FL -measurable in the second variable and satisfy
(2.13). Then

218) B [XPN (o)XY (02)X] = XN (RS (00) () XN (P (02) ()
v [ [ [ 20 60 0P (62 @12 ) as 0]

R //R (PEY (61) (y) — P2 (¢1)(2))

YEZN

X (PL (62) (y) = P @) (@)™ (@ = ) X2 (do) ds| ]
+ B [ (1 (60 P (62 0) [X]

Proof. Argue just as in the derivation of (2.16) to see that

E(M™ (60) M (92)|Fo) = BUA*N (1), M*™ (62))l Fo) a3
The result is now immediate from this, (2.15) and (2.10).

Now we will use the Taylor expansion for the exponential function in (2.14) to see that for
¢ Zn x Q —[0,00) as above, and 0 < s < t,

> +\n
i
ppore = ORI o [ [ Tlon(xt™ p)an s ]

n=0 s

(2.19) = Z(ﬁ)”[/ (s <81 <s83<...<85,<t)
n=0 ?—
X (/dnpgc")(&,...,smt,y1,...>yn,¢)HX51;N(dyi)> dsl...dsn] )

i=1

Here

pgn))(sl7"'asn;tay17"‘7yn7¢))
g—dn pydn/2N (¢(B{V)1(\y,» ~ BN <1/VN, i= 1,...,n)) .

We now state the concentration inequality for our rescaled branching random walks X" which
will play a central role in our proofs. The proof is given in Section 6.

Proposition 2.4 Assume that the non-random initial measure {XS’N} satisfies UBy. For d > 0,
define
N
Hsn = Sup 05 5 (x).

Then for any 6 > 0, Hsn is bounded in pmbabzlzty uniformly in N, that is, for any € > 0, there
exists M (e) such that

P(Hsn > M(e)) <€, VN > 1.

1161



Throughout the rest of the paper we will assume

Assumption 2.5 The sequences of measures {Xé’N, N > 1}, i = 1,2, satisfy condition UBy,
and for each i, XS’N — X} in Mg as N — oc.

It follows from (Mgf}\? 2 ~) and the above assumption that supg X N ’N(l) is bounded in prob-
0 0

ability uniformly in N. For example, it is a non-negative martingale with mean Xé ’N(l) — Xi()
and so one can apply the weak L' inequality for non-negative martingales. It therefore follows from
Proposition 2.4 that (suppressing dependence on § > 0)

(2.20) Ry =Hsn + sup XN (1)

is also bounded in probability uniformly in N, that is
(2.21) for any € > 0 there is an M. > 0 such that P(Ry > M,) < ¢ for all N.

The next two Sections will deal with the issues of tightness and Tanaka’s formula, respectively.
In the course of the proofs we will use some technical Lemmas which will be proved in Sections
7 and 8, and will involve a non-decreasing o (X "V)-measurable process Ry (t,w) whose definition
(value) may change from line to line and which also satisfies

(2.22) for each t > 0, Ry(t) is bounded in probability uniformly in N.

3 Tightness of the Approximating Systems

It will be convenient in Section 4 to also work with the symmetric collision local time defined by

t
2@ =2 [ 1 (e aa] < N NG ) DX () X3 ) s,

This section is devoted to the proof of the following proposition.

Proposition 3.1 Let y; > 0,72 € R and {( XV, X%N): N € N} be as in (2.6) with {Xé’N, N e
N}, i = 1,2, satisfying Assumption 2.5. Then {(XN, X2N 2N LWN INY N € N} is tight on
D ,4,.5 and each limit point (X1, X2 A,AA) C s and satisfies the following martingale problem

- 5 7A d ;
MX?;; : For ¢; € CE(R%), i = 1,2,

t 0_2
Xt = X3+ Mo + [ XU A0 ds—nAlon).

t 2
XP0a) = X30a)+ M0+ | X3 Ava) s+ 7 (60

where M are continuous local martingales such that

(M (), M (7)) = 61 12 /0 X (2) ds.
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As has alre_eay be_en noted, the main step will be to establish Proposition 3.1 for the positive col-
icin process (XV, X%) which bounds (X", X2¥). Recall that this process solves the following
martingale problem: For bounded ¢ : Zy — R,

t
(3.1) KN@) = XIN(9)+ MY (6) + / KN (AN ) ds,
0

t
(3.2) K2N(@g) = X2N(9)+ M2V (6) + / 2N (AN) ds
0

t
+ 2N
g /0 /R 6(x) >V (da, ds),

where

a3 (o) = 2 [ xVeast [ 3 ) - o) e - | K1Yy ds

TEZN

2 N _ t*z,N 2\ Js ¢ — (N2 (2 — 5N (4 ds
Ea (o) = 2 [ WV @ass [ [ |3 00 - 0@ @) | X2V d

YEZN

’Y;sz 2
+ L (¢%)

Proposition 3.2 The sequence {XLN, N > 1} converges weakly in Dy, to super-Brownian

motion with parameters b =2, o2, and 3 = 0.

Proof This result is standard in the super-Brownian motion theory, see e.g. Theorem 15.1 of Cox,
Durrett, and Perkins (1999).
[

Most of the rest of this section is devoted to the proof of the following proposition.

Proposition 3.3 The sequence {XQ’N, N > 1} is tight in Dy, and each limit point is supported

Recall the following lemma (Lemmas 2.7, 2.8 of Durrett and Perkins (1999)) which gives con-
ditions for tightness of a sequence of measure-valued processes.

Lemma 3.4 Let {PN} be a sequence of probabilities on Daq, and let Y; denote the coordinate
variables on Dq,,. Assume ® C Cb(Rd) be a separating class which is closed under addition.

(a) {PN} is tight in D, if and only if the following conditions holds.

i) For each T, e > 0, there is a compact set Kr . C R? such that
(i) :

limsup PV [ sup V;(KS,) > €| <e.
N t<T ’
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(ii) limp—oo supy PV (supyer Y2(1) > M) = 0.
(iii) If PN?(A) = PN(Y.(¢) € A), then for each ¢ € ®, {PN¢ N > 1} is tight in Dy .

(b) If PN satisfies (i), (ii), and (iii), and for each ¢ € ® all limit points of PN are supported
by Cr, then PN is tight in D, and all limit points are supported on Caq,, .

Notation. We choose the following constants:
(3.5) 0<d<d<1/6,
and define

ly = (d/2—1)*,
(3.6) o5y () = 0 (1) +p(1) .

By Proposition 2.4

sup XN (B(x,1)) < Hs nrP D=3 e e 1/VN, 1],
and hence for ¢ : Ry x Zy — [0, 00),

t
(3.7) FIV0) < Mo N [ o) XN ) ds.
0 JR

Recall our convention with respect to Ry(t,w) from the end of Section 2. The proof of the
following bound on the semigroup ng is deferred until Section 7.

Proposition 3.5 Let ¢ : Zy — [0,00). Then for 0 < s <t

(a)
[ P @) e < [ 1, (o8] 1 o)
F A RN [(sa=900 [ s 1 [0(B] XA () ds
s |m| <N-1/2
(b)

PIY(9) (@1) < gl BN (t), 21 € 2N

As simple consequences of the above we have the following bounds on the conditional mean
measures of X2V,

Corollary 3.6 If ¢ : Zy — [0,00), then
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(a)
E XN (9)1X]
< [ o) 5 )

t - _
4 ps(X2N) R (t) / 570t / sup TN, [6(BY,)] XLV (dy,) ds,

|ZH‘SN71/2
(b)
S9N > SON B
B [X2N(6)[ X < 9]l X3V (1) B (1),
Proof Immediate from (2.17) and Proposition 3.5. [

The next lemma gives a bound for a particular test function ¢ and is essential for bounding the
first moments of the approximate local times.

Lemma 3.7 (a)

[ 15 (4 (o 28 o

< NEMRNBET, V> 0,y € Zy, N > 1.
(b)
/ Py (Nd/21 (" —yl < 1/\/N>> (1) (dy)
ZN

< o) (WM)Ry(t)t ™0 Wt > 0,21 € 2y, N > 1.

Proof Deferred to Section 7.

Lemma 3.8 For any e >0, T > 0, there exist r1 such that

(3.8) P <supE [XE’N(B(O,T)CHXLN] < €3> >1—¢€, VN, Vr >rq.
t<T

Proof Corollary 3.6(a) implies
B [N (B(0,7)7) X1

< /ngyl (IBY| > r) X2 (da)
t _
+ﬁa(X§’N)RN(t)/ Sn‘”d/ sup 1Y o (|1BY] > r) XN (dyn) dsn
0 ‘Zn|§N71/2

= "Ny + 12N,
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Now we have

LNy < XgNB(0,r/2)°) + XN ) (|BY| > r/2).
Clearly,
(3.9) For any compact K C R?, {Hév : y € K, N >1} is tight on Dya.
By (3.9) and Assumption 2.5 we get that for all r sufficiently large and all N € N,

1
(3.10) sup I}V (r) < Zé°.
t<T 2°

I2,N

Arguing in a similar manner for , we get

T -
sup IV (r) < ps(Xg™)Ruv(T) / sl ds (supX;’WB(o,r/mC)
t<T 0 s<T

+sup XN (g (|8 |>r/2N—1/2)>.
s<T

Again, by (3.9), our assumptions on {)_(g’N, N > 1} and tightness of {Ry(T), N > 1} and
{XLN N > 1} we get that for all 7 sufficiently large and all N,

t<T 2

1
(3.11) P(Supff’ (r) < —e >>1—61,

and we are done.

Lemma 3.9 For any e€,e; > 0, T > 0, there exists r1 such that

(3.12) P (E [E%:N (B(0,r)°) |X1»N} < 62) >1—¢, YN eN, Vr > 1.

Proof
_Q,N c v
B L2 (B(0,r)7) |X1]

T
< 2—d// E
0 2€R?

T
=2t [ L (81 (= S UVR)) @) SN () £ ) s
0 Jiz|zr—N-1/2Jzy

(by (2.17))

Nd/Q/ 1 <|a: — 2 < N‘1/2> Xf’N(da:)|X1’N] XIN(dz) ds
|| >r

T -
< RN(T)@f;V(Xg’N) SggX;’N (B(O, r— N_1/2)6> /0 s7l=%ds  (by Lemma 3.7(a))
S

= Ry (T)‘Q(S (X2N)supX1N (B(O,T—N_1/2)6>.
s<T
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Now recalling Assumption 2.5 and the tightness of {Ry(T), N > 1} and {X'N, N > 1}, we
complete the proof as in Lemma 3.8.
n

Notation For any r > 1 let f. : R? — [0,1] be a C™ function such that
B(0,7) C{z: fr(z) =0} C{z: fr(z) <1} CB(0,r+1)

Lemma 3.10 For each T,e > 0, there is an r = ro > 0 sufficiently large, such that

(3.13) lim sup P (sup X2N(B(0,72)°) > e) <e.
N—oo t<T

Proof Apply Chebychev’s inequality on each term of the martingale problem (3.2) for X2 and
then Doob’s inequality to get

(3.14) P (supXtQ’N(fr) > e\Xl’N>
t<T
< {1(XV () > e/4) + SB [N (£))r X

+ < /TE [(X2N(B(0,7))|X"] ds
€Jo
T
+ E’yE {/ / fr(x) LN (dz, ds)]X'l’N} } A1
€ 0 JR?

Hence by tightness of {Xg’N}, (3.4) and Lemmas 3.8, 3.9 we may take r sufficiently large such
that the right-hand side of (3.14) is less than €/2 with probability at least 1 —¢/2 for all N. This
completes the proof.

[

Lemma 3.11 For any ¢ € Bb’+(Rd), t>0,

(315 BB @10 < ol AXE) [ 57 Tas

Proof By (2.17),

B LN (6) X1
otz [ (e (8 (121 < 0V ) (0% V() ) 53 ) s

t ~
< ollesup ' (XINXENW) [ 57,
5= 0

IN

A
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where the last inequality follows by Lemma 3.7(b) with uV = X SN As we may assume

sup 05 (X;) < Ry (t)
s<t

(the left-hand side is bounded in probability uniformly in N by Propostions 2.4 and 3.2), the result
follows.
[

Lemma 3.12 For any T > 0,

lim sup P(sup X" (1) > K) = 0.
K—oo N 4T

Proof Applying Chebychev’s inequality on each term of the martingale problem (3.2) for X2V
and then Doob’s inequality, one sees that

(3.16) P (ig)‘(f’fv(l) > K|X1’N> < {1 (ngN(l) > K/3) + %E (N2 (1))r| XN

+ %’y;E [E%Nu)y)‘(w} } A

Now apply Assumption 2.5, (3.4), Lemma 3.11, and Corollary 3.6(b) to finish the proof.

Lemma 3.13 The sequence {L>, N > 1} is tight in Cp,,.

Proof Lemmas 3.9 and 3.11 imply conditions (i) and (ii), respectively in Lemma 3.4. Now let us
check (iii). Let ® C C’b(Rd) be a separating class of functions. We will argue by Aldous’ tightness
criterion (see Theorem 6.8 of Walsh (1986)). First by (2.22) and Lemma 3.11 we immediately get
that for any ¢ € ®, t > 0, {E?’N(gb) : N € N} is tight. Next, let {7x} be arbitrary sequence of
stopping times bounded by some 7' > 0 and let {ey, N > 1} be a sequence such that ey | 0 as
N — o0o. Then arguing as in Lemma 3.11 it is easy to verify

TN+TEN

B L3N, () = L3N (9) IXMY, 7y |

. SO N NN -5
< 6l Ba(T)XEN (1) / (s — )0 ds,

TN

Then by (2.22) and Lemma 3.12 we immediately get that

L3Ny () = LY ()| =0

TN+EN

in probability as N — oco. Hence by Aldous’ criterion for tightness we get that {L>N(¢)} is tight
in Dy for any ¢ € ®. Note L>V(¢) € Cg for all N, and so {L>"(¢)} is tight in Cg, and we are
done. |

The next lemma will be used for the proof of Proposition 3.1. The processes X*~, L»N and
LN are all as in that result.
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Lemma 3.14 The sequences {L"N, N > 1}, i = 1,2, and {L", N > 1} are tight in Cpq,, and
moreover for any uniformly continuous function ¢ on R and T > 0

(3.17) sup Li’N(QZ)) — LY(¢)| — 0, in probability as N — oo, i = 1,2.
t<T

Proof First, by Proposition 2.2
(3.18) LN <IN, LN 12N <12V 2N vo < s <t,

N0,y
XN x3N
Lemma 3.13 E?’N is tight in Czq,, and hence, by (3.18), L>V is tight as well (see the proof of
Lemma 3.13).

To finish the proof it is enough to show that for any uniformly continuous function ¢ on R4
and T >0

where L% is the approximating collision local time for the (X1V, X2) solving M By

(3.19) sup | Ly (¢) — L?’N(qﬁ)‘ — 0, as N — 00, in probability,
t<T

(3.20) sup | LY (¢) — L?’N(qb)‘ — 0, as N — oo, in probability.
t<T

We will check only (3.19), since the proof of (3.20) goes along the same lines. By trivial calculations
we get

sup [LIN(6) — L2V(0)| < swplo(@) — oly) IFV (D),
t<T |z—y|<N—1/2

< sup |g(x) — o(y)| L2V (1), VN > 1,
|lz—y|<N—1/2

where the last inequality follows by (3.18). The result follows by the uniform continuity assumption
on ¢ and Lemma 3.13. |

Now we are ready to present the

Proof of Proposition 3.3 We will check conditions (i)-(iii) of Lemma 3.4. By Lemmas 3.10
and 3.12, conditions (i) and (ii) of Lemma 3.4 are satisfied. Turning to (iii), fix a ¢ € CE(Rd).
Then using the Aldous criterion for tightness along with Lemma 3.12 and (2.11), and arguing as
in Lemma 3.13, it is easy to verify that { f; X2V (AN @) ds} is a tight sequence of processes in C .
By Lemma 3.13 and the uniform convergence of PN ¢ to ¢ we also see that {VJE?’N(PNQS)} is a
tight sequence of processes in Cg .

Turning now to the local martingale term in (3.2), arguing as above, now using |[V¢|? < Cy < 00
and Lemma 3.13 as well, we see from (3.4) that {(M?>"(¢))., N > 1} is a tight sequence of processes
in Cr . Note also that by definition,

sup [AMEPY (6)] < 29llo N7
t<T

Theorem VI.4.13 and Proposition VI.3.26 of Jacod and Shiryaev Jacod and Shiryaev (1987) show
that {Mt2’N(¢) ,N > 1} is a tight sequence in Dy and all limit point are supported in Cg. The

1169



above results with (3.2) and Corollary VI.3.33 of Jacod and Shiryaev Jacod and Shiryaev (1987)
show that X?’N(qﬁ) is tight in Dg and all the limit points are supported in Cg. Lemma 3.4(b) now
completes the proof.

n

Proof of Proposition 3.1 Arguing as in the proof of Proposition 3.3 and using Proposition 2.2
and Lemma 3.14, we can easily show that {(X'V, X2N 2N LN INY N > 1} is tight on
D5, and any limit point belongs to Cy,, 5. Let {(XPNe, X 2Nk 2Nk LINe LN B > 1)
be any convergent subsequence of {(XUVN X2N 2N LN [Ny N > 1}. By Lemma 3.14, if
(X1, X2, A) is the limit of {( X1k, X2Ne [2Nk) k> 1}, then

(3.21) (X BNk X2Ne 2N pLNE INRY o (XY X2 AL A, A),

as k — oo. By Skorohod’s theorem, we may assume that convergence in (3.21) is a.s. in D5 to
a continuous limit. To complete the proof we need to show that (X!, X?) satisfies the martingale

problem M;{lgg’A. Let ¢; € C’g’(Rd), i = 1,2. Recalling from (2.11), that
0*0

2
(3.22) ANg; — %Agbi uniformly on R,

we see that all the terms in Mg’;;gl):; v, converge to the corresponding terms in M;IIQS’A, except
0 0 0°“*0
: : N
perhaps the local martingale terms. By convergence of the other terms in MX‘ijﬁk’V;Q, ~, We see that
0 0

O'2A¢Z'
2

M) — M99 = Xi(60) — Xi(o0) — [ Xi(T5)ds - (~1/4e(60) ns. in D, i = 1,2
0
These local martingales have jumps bounded by le ||pi]lco, and square functions which are bounded
in probability uniformly in Nj by Proposition 3.2 and Lemma 3.12. Therefore they are locally
bounded using stopping times {T:¥*} which become large in probability as n — oo uniformly in
Nj. One can now proceed in a standard manner (see, e.g. the proofs of Lemma 2.10 and Proposition
2 in Durrett and Perkins (1999)) to show that M?(¢) have the local martingale property and square
functions claimed in M;Il;g . Finally we need to increase the class of test functions from C’g to
0°°*0
Cg . For ¢; € C’g apply the martingale problem with Ps¢; (Ps is the Brownian semigroup) and let

5 — 0. As PsA¢; — A¢; in the bounded pointwise sense, we do get M;(Ylgg’A for ¢; in the limit
070

and so the proof is complete. [

4 Convergence of the approximating Tanaka formulae

Define Ky = N¥?(M + %)d. Then for any ¢ : Z — R bounded or non-negative define

o) BI,N B2,N
(4.1) G (a1 ) = IV x 1Y / e~ Knp™ (BIY — B2N)g (% ds| ,
0

2
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where a > 0 for d = 3 and a > 0 for d < 2. These conditions on « will be implicitly assumed in
what follows. Note that for any bounded ¢ we have
o
Grofaroa) < ol T 113 | [~ ook (BEY - 52
= |9l GN1(21,72)
(4:2) = lolo N2t S [ e a2 ds,

2| <N-1/2

where pV is the transition probability function of the continuous time random walk BY with
generator ANV,
For 0 < € < 1, define

Yy(xr,ze) = Gyl(z1,z2)1(lxr — z2] <€),

1, ifd=1,

(4.3) hq(t) = 1+1Iny(1/t), ifd=2,
t1=d/2, if d=3.

Let (XVN X2N) be as in (2.6) as usual. Recall
LiM(g) = 27 /0 t | @NTEXY (Bla, N7V XI (da) ds,
L) = 27 /0 t | G@NTEXEY (Bla, NTV)XN (da) ds,
LN = 2d/t/d 1 (|gg1 | < N*W) N2g((z1 + 22)/2) X2V (d1) X2 (das) ds.
R4xR

We introduce
(4.4) XN = x}N < xPV v >o.

Then arguing as in Lemma 5.2 of Barlow, Evans, and Perkins (1991) where an Ito’s formula for a pair
of interacting super-Brownian motions was derived, we can easily verify the following approximate
Tanaka formula for ¢ : Z — R bounded:

XN (GYo) = X0 (GYo) ’Yl/ / / G (w1, x2) X 2N (day) LYY (ds, day)
(4.5) —i—’}/g/ / o GN¢ 331,332) (dwl) L2N(d8 dxg)
XN
+ a/o s (
¢
+1/§/ G (1, w0) (XN (dwy) MM (ds, dwo) + X2V (dwo) MY (ds, dxy))
R JR?
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where M®N = 1,2, are the martingale measures in M;lgg““. Let (X!, X2 A A A) € C o
0°°*0

be an arbitrary limit point of (X5, XN LLN 12N LN) (they exist by Proposition 3.1)), and to
simplify the notation we assume

(XI’N,X2’N,L1’N,L2’N,LN> = (XI,X2,A,A,A),

as N — oo. Moreover, throughout this section, by the Skorohod representation theorem, we may
assume that

(4.6) (XN, XBN LUN LN INY - (XN X% A AL A), in (Dyy,s), P—a.s.

Recall that p.(+) is transition density of the Brownian motion B with generator ";A. Let II,

be the law of B with By = z and denote its semigroup by P;. If ¢ : R? — R is Borel and bounded
define

> B! + B2
Guofar ) = i, x| [T epst - 820 (B ) o

2
OO —as Tt
= /O e pQS(J:‘l - .%'Q)PS/2¢< ! 2) ds.

2

A change of variables shows this agrees with the definition of G“¢ in Section 5 of Barlow-Evans
and Perkins (1991) and so is finite (and the above limit exists) for all z; # z2, and all (z1,z2) if
d=1. For ¢ =1, G*1(x1,x2) is bounded by ¢(1 + log™(1/|z1 — 22])) if d = 2 and c|z; — 22| if
d =3 (see (5.5)—(5.7) of Barlow, Evans and Perkins (1991)).

In this section we intend to prove the following proposition.

Proposition 4.1 Let (X', X2 A) be an arbitrary limiting point described above. Then for ¢ €
Cb(Rd))

Xi(6°0) = Xo(@o) = [ [ [ 6ot a0 X2des) Alds.de)
(4.7) +72/0 /Rd /Rd G¢(x1,02) X1 (dx1) A(ds, dzz)
+a [ X,(G0)ds+ Th(9) ~ (o).

where My(p) is a continuous ff(’A-local martingale.

To verify the proposition we will establish the convergence of all the terms in (4.5) through a
series of lemmas.

If p € Mp(Zy), p*p" (dr) denotes the convolution measure on Zy. The proof of the following
lemma is trivial and hence is omitted.

Lemma 4.2 If p € Mp(Zy) then

sup g * pI (B(z, 7)) < 05(p)r* D=0 wr € [0,1].
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Now let us formulate a number of helpful results whose proofs are deferred to Section 8.

Lemma 4.3 For0 <e<1,

(4.8) sup [ (e, e (de) < col (W)l YN > €2,

xr1 ZN

Lemma 4.4 If0 <n < 2/7, then for all 0 < € < 1/2,

¢
E / Py (z, x)X?’N(dm)El’N(dS, dx) ds|)_(1’N
0 22

< Ry(8)a) (X2N)2en(-la=30)y1-la=d | yp 5 0, N > 72
Define
(4.9) ¢V (z) = 1lo(z) + p™ (2).

Lemma 4.5 If0 <n < 2/7, then for all 0 < e < 1/2,

/d [/ Yy (z, 1) X d$1 / Gy1(z SCQ) (dl‘g)’Xl N] (X'tl’N*qN) (dz)
R
< Ry()[aY (X2N)2 4 1]en0-l=30) >0, N > 2

Now, for any 6 > 0 define
G5 oter ) = T x| [T et R (BN - BB + B2 2) a8
4
o T + T2
€ pog (1 — 22) Pyyoh ds.

Unlike G*¢, GO"SQZ) is bounded on R*? for bounded Borel o: R? — R.

G (1, 23)

Lemma 4.6 (a) For any ¢ € Cy(R%)
(410) %QZ)(" ) - Ga¢(" ')a as N — 00,

uniformly on the compact subsets of R? x R\ {(z1 @) : @1 = 22}
(b) For any ¢ € Cy(R%),5 > 0,

(4.11) GO H(-,-) = G*O(-,-), as N — oo,
uniformly on the compact subsets of R? x RY,

Proof: Let ¢ € (0,1). The key step will be to show

(4.12) lim  sup / NN 1 (|BYY — B2V < N7Y2)ds = 0.
el0 N |z —a2|>e0
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Once (4.12) is established we see that the contribution to G} ¢ from times s < ¢ is small uniformly
for |x; — x2| > €9 and N. A straightforward application of the continuous time local central limit
theorem (it is easy to check that (5.2) in Durrett (2004) works in continuous time) and Donsker’s
Theorem shows that uniformly in x1, x2 in compacts,

]\}gﬂw Gy d(r1,22)

LN 2N
735 + B ))efasds

[e.e]
= Jdim [ 2 NI I (L(BYY — BV < NS

N—oo /.

T+ T2

= / pas(x1 — :IJQ)PS/Q(Z)( 5 >€7a3 ds = G ¢(z1, z2).

This immediately implies (b), and, together with (4.12), also gives (a).
It remains to establish (4.12). Assume |z| = |z — 22| > €9 and let {S;} be as in Lemma 7.1.
Then for N=1/2 < &, use Lemma 7.1 to obtain

£
NN < 110, (| BeN — B2N| < N7Y/2)ds

1 2

0
: ~2Ns & (9Ns)Y 8, /N
= [ Nnd/21E ( - P(“L e “=a+ [V 7VAY)2N ds
J s g e X
%) 2Ne uj
413 <N NYFLC exp{—c((N/4)|z[* A VN|z|)}j 42 e "= du.
jl
O .

j=1

Now use Stirling’s formula to conclude that for j > 1 and &’ = 2ee,

[ e g O o (BN (N
0 j! j! Vi j

J

and so conclude

2Ne i N / j
/ e_”ufdugcomin(l,< 6) )
0 J! J

Use this to bound (4.13) by

C/[Nd/2_1e—c¢ﬁso Z j—d/2+Nd/2—1 Z 9—j
1<j<v/Neg j>2e'N

NS (G /N P exp{—et/(G/N)}]
VNeg<j<2e'N

S C/ |:Nd/2€—6\/ﬁé‘0 + Nd/2—12—26/N +/
0

/

u” 2 exp{—cel /u} du.}

2e

Choose € = e(eq) such that the right-hand side is at most ¢ for N > Ny(g0). By making € smaller
still we can handle the finitely many values of N < Ny and hence prove (4.12). [
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Lemma 4.7 For any ¢ € C’b7+(Rd) and T >0,

(4.14) sup/ GP(x1,29) X} (da1) X7 (dxs) < 00, P —aus.,
t<T JRIxR?
and
(4.15) sup / G (a1, x0) XN (day) XPN (daso)
t<T | /R xR?

_ / G (a1, 22) X} (dar) X2 (ds)| — 0,
R4 xR¢
in probability, as N — oco. Finally

(4.16) t— | dGo‘gb(xl,xg)th(d:L‘l)Xf(d:r:z) is a.s. continuous.
R®xR

Proof First let us prove (4.15). By Proposition 2.4, Lemma 4.3, Proposition 3.2, Lemma 3.12
and Proposition 2.2, for any 1,02 > 0, there exists €, > 0, such that

(4.17) P <sup/ G (1, 29)1(|z1 — x| < 2€) XN (day) X2 (dy) > (51> < d2,
t<T JRxR?

for any € < e, and N > 6*_2.
As in the previous section, for 1/2 > ¢ > 0, f. € [0,1] is a C*° function such that

_ 17 if |.T’ S €,
(4.18) fe(z) = { 0 if |z| > 2e.

By Lemma 4.6(b) and the convergence
(XN X2N) — (X', X?), inDy,,2, P—as.

with (X1, X?) € Cryp2, We get

P (sup /Rd i G“’qu(xl,xg)fe(xl — x9) th(dxl) Xf(dxg) > 51)

t<T

< lim P<sup / G?V"sqb(xl,xz)fe(:cl—m)X}N(dm)Xf’N(dxz)>51>
N—oo t<T RdXRd

< lim P (SUP/ G (w1, 22) fe(w1 — x2) XN (dwy) XN (dag) > 51)
N—oo t<T JRIxR?
< do.

Since 6 > 0 was arbitrary we can take B 1 0 in the above to get

(4.19) P (sup/ Gp(x1,x2) fe(x1 — x2) X} (da1) X7 (do) > 51> < 0y
t<T JRxR?
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Now

Lo, Giblar,az) XN (dar) X2 (o)
X

> 351)

Lo GRblaraz)(1— fuar = ) X1 (dar) X2 (o)

> 51)

+ P Sup/ G (a1, w2) fe(1 — w2) XN (dary) XN (dao) > &
RIx R4

P (sup

t<T

_/ GP(x1, 29) X} (day) X2 (dao)
RYxR?

< P(Sup

t<T

= [, Grolar a1~ fuler — ) X o) XP(doa)
R%xR

t<T

t<T

+P sup/ GoP(x1, 20) felw1 — 2) X} (dx1) XF(dxo) > 61 | .
RIxR?
Now let N — oo. Apply Lemma 4.6(a), convergence of XV X2V and (4.17), (4.19) to get

limsup P | sup
N—oo t<T

L. Giblaran) X} o) X2 (o)
X

> 351)

and since 01,02 > 0 were arbitrary (4.15) follows. Now (4.14) follows immediately from (4.15)
and (4.17).

Weak continuity of ¢ — X; and the fact that (1 — fo(x1 — 22))G%@(x1,22) is bounded and
continuous imply the continuity of

_ / GO (w1, 2) XN (dr) X2 (das)
RIxRY
< 2627

- /RM G o(w1, 22)(1 = felon — 22)) X} (d1) X (ds)

for any € > 0. (4.16) now follows from (4.19). ]

Lemma 4.8 For any ¢ € C’b’+(Rd) and T > 0,

T
(4.20) // G¢(x1,12) X2 (dxo) A(ds,dr1) < 0o, P — a.s.,
0 JRIxRY
and
t
(4.21) sup / / G (w1, x2) XN (dao) LMY (ds, day)
t<T [Jo JRYxR?

t
- / / Go(wr, 22) X2(da) A(ds, dz1)| — 0,
0 JRYxR?

in probability, as N — oo.
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Proof By Lemma 4.4, Assumption 2.5 and Proposition 2.2, for any 41 ,d2 > 0, there exists " > 0,
such that

(4.22)P sup/ / Vo(x1, 22)1(|x1 — 29| < 2€) X2V (daro) LYY (ds, day) > 61 | < 0o,
t<T R4 x R4
for any € < e,, N > ¢, 2. Then, arguing as in the derivation of (4.19) in Lemma 4.7, we get

(4.23) ( / /R R TIEES f(dxg)A(ds,dx1)>51> < 5,

and hence, again as in Lemma 4.7,

t
/ / G (1, 29) X2V (dxg) LYY (ds, dxy)
RIxR?

> 351)

limsup P | sup
N—o00 t<T

t
_ / / Gop(wr, 32) X2(da) A(ds, darr)
0 JRIxR?
< 26y.

Since 67 , 99 were arbitrary we are done, as in Lemma 4.7.

Lemma 4.9 For any ¢ € C’b7+(Rd), T>0,

(4.24) // (1, 22) ;(dxl)A(ds,dx2)<oo, P—as
Rdx]Rd
and
t
(4.25) sup// / G (1, 20) XN (day) L2 (ds, dao)
t<T |Jo JRY JRY

t
—/ / Ga(;ﬁ(:cl,xg)X;(dxl)A(ds,dasQ) — 0,
0 JRYxR?

in probability, as N — oo.
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Proof Let f. € [0,1] be a continuous function on R? satisfying (4.18). Then

sup
t<T

//d dG’Ngbxl,xQ) ( )LQN(ds dxs)
R¢ JR

/ /d d ¢(a1, 22) Sl(dxl)A(dSadah)
R
/ /d/ G (w1, x2)(1 — fo(zy — 22)) XN (day) L2N (ds, dao)
R

sup
t<T

/ /d dGo‘qb(acl,xg)(l — fe(z1 — xg))X;(dsvl)A(ds,dxg)
0 JRxR

T
+/ /Rd/ G?\/d’(ml?mQ}f&(«rl —$2)X31’N(dx1)L27N(ds7dm2)

(4.26) / /Rd i d(21, 29) fe(w1 — w2) X1 (dx1) A(ds, dxo)

— IlNE I2N6 I36

With Lemma 4.6(a) at hand, it is easy to check that for any compact K C R¢

sup  |GRo(z1,22)(1 = fe(21 — 22)) — G@(21, 22)(1 — fe(21 — 72))] — 0.
(z122)EKXK

Therefore by the convergence

(XWN L2N) — (X', A), inDyy,2, P—as.
with (X!, A) € C M2 and uniform boundedness of G*¢ away from the diagonal, we easily get
(4.27) IWNe 0, P—as., Ve > 0.

By Lemma 4.3, Proposition 2.2, and Proposition 2.4 we get that for all N > e~

r2,s<T JR

2N < I_/%N(l) { sup /d GNo(x1,w2)1(|ry — 2] < 2€)X§’N(dx1)}

< cl_)%N(l)RNelfld*S recall (2.20)

= cLZN(1)Rye Tl
Hence by Lemma 3.11, for any d1 ,d2 > 0 there exists €* such that
(4.28) P (1PN >61) <6y, YN >e.% € <e..
Arguing as in the derivation of (4.19) in Lemma 4.7, we get
(4.29) P(I*>68) < 6, Ve<e..

Now combine (4.27), (4.28), (4.29) to complete the proof.
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Lemma 4.10 For any ¢ € C’b7+(Rd) and T >0,

T 2
(4.30) /0 /Rd (/Rd Ga¢(x1,x2)X§(dx2)> XH(dr1)ds < 00, P—as.,

and for pN(2) = p™ (2) or pV(2) = 1o(2) we have

/t /Rd (/dG?v(/b(:z:l,acz))(LQ?,JV(d;CQ))2 (XN 4 5N (dar) dis
/ /Rd ( RdG (1, 19) X (dx2)> X(dx) ds

wn probability, as N — oo.

(4.31) sup
t<T

— 0,

Proof Let f. be continuous function of R? given by (4.18). Recall that
Vi (z1,22) = Gy (w1, 22)1(|z1 — 22| <€)

and let ¥¢(z1,22) = GL(z1,22)1(|z1 — 22| < €). Then by simple algebra

/Ot /Rd< » G?\/d’(%,xz)Xf’N(da:z)) (XI5 pN) (day) ds

[ ([ arotmen X)) b as

t 2
[ L ([ exoteon )t - o - o) X2V ) (03 5%) (o) ds
0 JR R

sup
t<T

A

sup
t<T

- /Ot /]Rd (/]Rd G (w1, w2)(1 = fe(w1 — 3?2))Xs2(d952)>2 X, (dz1)ds

FI0IE [ [ vin ) X 51 ah) X () (X ) (d) s

+3)l)2 / [ ) XEdr2) GO 1 (e ) X2 (o) X () ds
= Il N,e + _[2 N,e ]3 €
Therefore by Lemma 4.6(a) and the convergence
(XU X2N) — (X', X?), inDy,,2, P—as.
with (X1, X?) € C 2, @s in the previous proof we get
(4.32) "N 0, P—as. Ve > 0.
By Lemma 4.5, Assumption 2.5 and Proposition 2.2, for any &1 ,d2 > 0 there exists €* such that
(4.33) P (1PN >61) <6y, YN >e.% € < e
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Then arguing as in the derivation of (4.19) in Lemma 4.7 we get
(4.34) P(I**>6) < 6, Ve<e.
Now combine (4.32), (4.33), and (4.34) to complete the proof.
Lemma 4.11 For any ¢ € C’b7+(Rd) and T >0,
T 2
(4.35) / / < G (a1, 2) X;(dx1)> X2(dwy) ds < 00, P —as.,
0 JRY \JR?
and for p™V (2) = pN(2) or pN (2) = 10(2),

/ot /R (/R G, z2) Xsl’N<dfvl>> * (02N 4 V) (daw) ds

_ /Ot /Rd < 9 G(21, 72) X;(dxl))Q X2%(dxy) ds

i probability, as N — oo.

(4.36) sup
t<T

— 0,

Proof The proof goes along the same lines as of Lemma 4.10, with the only difference being that
we use Lemmas 4.3 and 4.2 instead of Lemma 4.5.
[

Before we formulate the next lemma, let us introduce the following notation for the martingales
in the approximate Tanaka formula (4.5):

sm) 1) = 3 | L L Goteran) X35 @b (ds, o), = 1.2 0 € RS,

Lemma 4.12 For any ¢ € C’b(Rd) there is a continuous ftX’A—local martingale M($) such that for
any T > 0,

MY (8) — My(¢)| — O,

sup
t<T

in probability, as N — oo.
Proof Lemmas 4.7, 4.8 and 4.9 show that all the terms in (4.5), except perhaps ]\;va(qb), converge
in probability, uniformly for ¢ in compact time sets, to an a.s. continuous limit as N — oo. Hence

there is an a.s. continuous ]-'tX’A—adapted process M;(¢) such that SUp;<p |MN (¢) — My(¢)| — 0 in
probability as N — oo.
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(4.2) and Lemma 7.2 below imply

|GR (a1, 22)] < |¢!oo2d/0 e *NY2P(B € wy — x1 + [-N V2NV ds

> N \d2
—Qas d
CW”‘”/O ‘ <N3+1> i
cll gl N2,

IN

IN

Therefore
- 2 ' 2
AL (@) < N7Hsup Y| / Glr, w2) XN (dnn)| < ellollooN 23" XEN (1)
T2 = :
In view of ’AXg’N(1)| < N~!, and Proposition 3.1, we see that if
TN = inf{s [N (@) + S XN (1) = m},

then

(4.38) |M /\TN| is uniformly bounded and as n — oo TV is large in probability, unformly in N.

Therefore M, NTN

it is easy and standard to check that M(¢) is a continuous ]:3( A local martingale. [

is a uniformly bounded continuous .EXN—local martingale and from this and (4.38)

Proof of Proposition 4.1 Immediate from the approximate Tanaka formula (4.5), the Lem-
mas 4.7, 4.8, 4.9, 4.12 and convergence of LY to A.

5 Proofs of Theorems 1.1, 1.2 and 1.5

Lemma 5.1 Let (X!, X2 A) be any limit point of (XVN, X2N L2N). Then the collision local
time L(X*, X?) exists and for any ¢ € Cy(R?),

Xi(6°0) = Xo(@o) = [ [ [ 6ot X3de) Alds.d)
(5.1) + 72 /t /Rd i G (1, 22) X; (dz1) A(ds, dz)
—|—a/ X, (G)ds — Ly( X', X?) ()

/ / G ¢(x1,w2) (Xsl(dl‘l)M2(dS,d:L‘2) + Xf(dml)Ml(ds,dzng)) ,
R JR?
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where the stochastic integral term is a continuous local martingale with quadratic variation

t 2
// < Ga¢(xla$2)X82(dl‘1)> Xl(de)ds
0 JR? \JRA
t 2
+ /0 /w( e G%(a:l,:cQ)X;(dxl)) X2(dxs) ds.
Proof Define

00 Bl B2
Ge oo o) =Ty x Ty | [ e (1 - B0 (P55 as].
0

As in Section 5 of Barlow, Evans and Perkins (1991), M}gﬁ;g‘ implies

t
Xu(G20) = Xo(@o) = [ [ [ 6ot an)X3dan) A(ds.dn)
t t
(5.2) o [ [ ] Groten )Xl Alds.da) +o [ Xo(G20)ds
0 0
/t/ Gep(21,22) (X1 (dz1) M?(ds, dxs) + X2 (dw1) M (ds, dz2))
0 JRYJR?

— /Ot /]R‘i /]Rd Pe(w1 — 22)p((21 + 12)/2) X, (dw1) X (daa) ds.

Now apply Lemmas 4.7, 4.8, 4.9, 4.10, 4.11 (trivially dropping the non-negativity hypothesis
on ¢), and argue as in Section 5 of Barlow, Evans, Perkins (1991), essentially using dominated
convergence, to show that all the terms (5.2) (except possibly the last one) converge in probability to
the corresponding terms of (5.1), as e | 0. Hence the last term in (5.2), L{(X ", X?)(¢), converges in
probability to say Li(¢) for each ¢ € Cy(R?). This gives (5.1) with Ly () in place of Ly (X', X2)(¢).
As each term in (5.1) is a.s. continuous in ¢ (use (4.16) for the left-hand side) the same is true
of t — Li(¢). This implies uniform convergence in probability for t < T of L{(X?!, X2) to L(¢)
for each ¢ € Cb(Rd). It is now easy to construct L as a random non-decreasing continuous M p-
valued process, using a countable convergence determining class and hence we see that by definition
Ly = Ly(X1, X?).

[

Proof of Theorem 1.1 In view of Proposition 3.1, it only remains to show that L;(X!, X?) exists
and equals A;. This, however now follows from Lemma 5.1, Proposition 4.1, and the uniqueness of
the decomposition of the continuous semimartingale X;(G“¢).

[

Remark 5.2 Since Ay = Li(X', X?), Lemma 5.1 immediately gives us the following form of
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Tanaka’s formula for (X', X?):
t
XdG0) = Xo(G0) - [ [ [ G0l XEde) Lids,dr)
0 JRYJRY
t
+72/ /Rd » G¢(x1, 2) X (dx1) L(ds, dxs)
+a/ X, (G¢) ds — Liy( X', X%) ()

/ / GYp(x1,x2) (X;(dxl)MQ(ds,d:cg) + X2 (dw1) M (ds, dz2)) ,
R* JR?

where the stochastic integral term is a continuous local martingale with quadratic variation

/Ot /Rd < o Ga¢($1,~’62)X§(daz1)>2 X' (dxy) ds
+/0t /Rd ( e Ga¢(x1’x2)X;(d$1))2 X?(das) ds.

Proof of Theorem 1.2 As mentioned in the Introduction, the case of 9 < 0 is proved in
Theorem 4.9 of Evans and Perkins (1994) and so we assume 2 > 0. Let X{ satisfy UB, i = 1,2,
and assume P is a law on C),,» under which the canonical variables (X 1 X?) satisfy MP%’"’X2
Then X! is a super-Brownian motion with branching rate 2, variance parameter o2, and law PX ,
say. By Theorem 4.7 of Barlow, Evans and Perkins (1991),

(5.3) Hs = sup ps(X}) < oo V5>0 pX —
>0

Let ¢, : Ry — Ry be a C* function with support in [0, 7] such that [ ¢,(u)du = 1. Fore >0
we will choose an appropriate n = n(e) < e below and so may define

he (X', 5,2) = 2 / (1 — 8)pe * X1(x) du = pe x XN (z).
0

Then (5.3) implies

(5.4) sup ps(X5Y) <yoHs < oo VO >0 as.
t>0,e>0

Let E, ., denote expectation with respect to a Brownian motion B beginning at x at time r and let
Prif(z) = By (f(By)) for r < t. It is understood that B is independent of (X!, X?). Define

t
£(B,XY) = / ho(X', s, By)ds,
0

where the integrand is understood to be 0 for s < r under P,.,. The additional smoothing in
time in our definition of h. does force some minor changes, but it is easy enough to modify the
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arguments in Theorems 4.1 and 4.7 of Evans and Perkins (1994), using (5.4), to see there is a Borel
£: Cpa x Cpy — Cr, such that

(5.5) lim sup FBr. (sup 165(B, X" — Bt(B,Xl)F) =0 PX' —as.,
el0 d t>r
'I‘ZO,:’CGR =

and for a.a. X1, t — £;(B, X!) is an increasing continuous additive functional of B. It is easy to
use (5.4) and (5.5) to see that for a.a. X!, #; is an admissible continuous additive functional in the
sense of Dynkin and Kuznetsov (see (K1) in Kuznetsov (1994)). Let

Cy = {¢ € Cy(RY) : ¢ as a finite limit at oo},

and Czr be the set of non-negative functions in Cy. Let ¢ : Cpq,, — C’Zr be Borel and let V;.; = V,fglgb
be the unique continuous C’Zr -valued solution of

(5.6) Vit(x) = Pryo(z) + Er (/t Vst(Bs)l(B, X1)(ds) — Vs7t(38)2 ds), r <t.

The existence and uniqueness of such solutions is implicit in Kuznetsov (1994) and may be shown
by making minor modifications in classical fixed point arguments (e.g. in Theorems 6.1.2 and
6.1.4 of Pazy (1983)), using the L? bounds on /¢ from (5.5) and the negative quadratic term in
(5.6) to see that explosions cannot occur. The construction shows V,fg " is Borel in X '-we will not
comment on such measurability issues in what follows. Theorems 1 and 2 of Kuznetsov (1994) and
the aforementioned a.s. admissibility of £(B, X!) give the existence of a unique right continuous
measure-valued Markov process X such that

(5.7) Exy(e X0y = = X0(0e9) g CF.
If Px, x1 is the associated law on path space we will show

(5.8) P(X? € |X") = Pyaxi (1)

0,’“{2

Xg.Xg

The proof of the following lemma is similar to its discrete counterpart, Proposition 3.5(b), and
so is omitted ((5.4) is used in place of Proposition 2.4).

and hence establish uniqueness of solutions to MP

Lemma 5.3 )
sup sup Fj, (eMET> <oo YT, A>0 PX —as.
r<TzeR" #°

Let PN f(z) = By, ( f(Bt)ef%) and PX'f(z) = E,, ( f(Bt)eft). By Lemma 5.3 these are

well-defined inhomogeneous semigroups for bounded Borel functions f : R? — R. It follows from
(5.5), Lemma 5.3, and a dominated convergence argument that for each ¢ > 0, and bounded Borel

f

1 3
(5.9) swp [P f@) = PXF@) < sup [ fllooBra(le — )
rSt,zERd rSt,xERd

— OaSElOPXl—a.s.
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Let D(A/2) be the domain of the generator of B acting on the Banach space Cy and D(A/2) 4+
be the nonnegative functions in this domain. Assume now that ¢ : Caq, — D(A/2)4 is Borel. Let

Vi = V;f,;X be the unique continuous C; -valued solution of

(5.10) =1(@) = Pryg(a) + Epg / (B, X1)(ds) — ;t(BS)2ds), r<t.

We claim V7, also satisfies

t
1 1
(5.11) Vi(x) = P ¢(x) —/ Pr (Vi)?)(z) ds.
T
Theorem 6.1.5 of Pazy (1983) shows that V7, € D(A/2) for r <t is continuously differentiable in
r <t as a Cyp-valued map, and satisfies

(5.12)

or (z) =
Then (5.11) is just the mild form of (5.12) and follows as in section 4.2 of Pazy (1983). Note here
that h. is continuously differentiable in s thanks to the convolution with g, and so Theorem 6.1.5
of Pazy (1983) does apply.

We next show that

aV"E 2A £ € £
—E (@) = = (T + o) Vi) + (V@) r <t Vi =6,

(5.13) limsup V56 — Vegdllow =0 PY" —
<t

el0 ,
First use (5.11) and Lemma 5.3 to see that for each ¢ > 0,

(5.14) sup Vi(z) < sup Pf,%XIW:B)
rgt,meRd,€>0 rgt,meRd,s>0

€

1
||¢(X1)HOO sup Er,x(egt) = qu,t(Xl) < o0 PX —as.
rgt,meRd,s>0

IA

Using (5.11) again, we see that

/ 1 1

Ve = Viloo < 1B 60— PN 6l + / (P — P (VED?)lloo ds
(5.15) / 1P (VE, + VENVE, — VED) oo ds
= Tf‘E +T2” +T3
(5.14) shows that
/ t c 8/
157 < [ s Ba(ef - e g (XY
T xT

— Ouniformlyinr <tasec |0 PYX —a.s. (by (5.5) and Lemma 5.3).
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(5.9) implies Tf’E/ — 0 uniformly in r < t as ¢,&’ | 0 and (5.14) also implies

t
15" §2C¢,t(X1)/O Ve = Vitlloo ds.

The above bounds and a simple Gronwall argument now show that V7, (x) converges uniformly in

z € R? and r < t to a continuous Czr—valued map as € | 0. It is now easy to let € | 0 in (5.10) and
use (5.5) to see that this limit is V4, the unique solution to (5.6). This completes the derivation
of (5.13). ‘

As usual FX' is the canonical right-continuous filtration generated by X?. Consider also the
enlarged filtration F; = FX ' x FX ’ . Argue as in the proof of Theorem 4.9 of Evans and Perkins
(1994), using the predictable representatlon property of X! to see that for ¢ € D(A/2), M?(¢)
is a continuous JFy-local martingale such that (M?2(¢)); = fo X2(2¢%)ds. The usual extensmn of
the orthogonal martingale measure M2 now shows that if f: Ry x 2 x R? — R is P(F.) x Borel-
measurable (here P(F.) is the F-predictable o-field), such that fg X2(f?)ds < co Vt > 0 as.,
then

/ / f(s,w,z)M?(ds,dz) is a well-defined continuous (F;) — local martingale
such that (M(f)); = / X2(2f2) ds
0
It is easy to extend the martingale problem for X2 to bounded f : [0,#] x R? — R such that

fs € C'l?(]Rd) for s < t, and %J;S, (A/2)fs € Cb([0,t] x RY), (e.g. argue as in Proposition 11.5.7 of
Perkins (2002)). For such an f one has

1060 = XU+ M0+ [ X(G A%+ ) ds b (XL X (1), st

Next we claim (5.16) holds for f(s,z, X1) where f : [0,#] x R? x Cmp — R is a Borel map such
that for PX -a.a. Xt

(5.17) f(s,-, X1) € D(A/2) for all s < t, (A/2)fs, f

a_f
Js

€ ([0, 1] x RY),

sup \f(s,m,Xl)\—i—‘%f(s,x,X )’—i—) (s,x,X) =C(X") < .

d
sSt,wER

To see this, for f : [0,t] x R? x Cump — R bounded, introduce

f(s(svanl) = /oop(5 * fu,Xl('r)Q(S(u - 8) du.
0

Note that if f, — f in the bounded pointwise sense where the bound may depend on X!, then
§

af" — 3% and Afn Af‘S in the same sense as n — oo. By starting with f(u,z, X ) =

f1 (u 7) f2(X') where f; are bounded and Borel, and using a monotone class argument we obtain

(5.16) for f5 where f is any Borel map on Ry x R? x Camp with sup,<; . | f(s,2, X1)| < oo for each
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X! If f is as in (5.17) then it is easy to let § | 0 to obtain (5.16) for f. Note we are using the
extension of the martingale measure M? to the larger filtration F; in these arguments.

Now recall ¢ : Caqp, — D(A/2)4 (Borel) and V7, is the unique solution to (5.10). Recall from
(5.12) that V7, is a classical solution of the non-linear pde and in particular (5.17) is valid for
f(r,x) = V£ (x). Therefore we may use (5.12) in (5.16) to get

(5.18) X2(V5) = X§5(Vgy) // x)M?(dr, dz) + /X2 07 dr
+/ /V,ft(a;)[nyL(Xl,XQ)(dr, dx) — he (X1, r, ) X2(dx)dr], s <t.
0

We claim the last term in (5.18) approaches 0 uniformly in s < ¢ P-a.s. as ¢ = ¢ | 0 for an
appropriate choice of np = n(eg) in the definition of h.. The definition of collision local time allows
us to select e, | 0 so that L (X', X2) — L(X', X2) in Mp(Ry x R?) a.s. Note that

s T+
"}/2/ //Vm(%)pak(xl—xg)Xrl(dxl)Xf(dxz)dr
0
- [ [Vt () X o) dr
0
s :c +x
600 <o [ [ [ Wea(F) — Vi (o — ) X)) X2 (o)

+’Y2’/ / -+ X (22) / p(ey) (U — 1) Py, X (w2) du} Vit (22) X2(dxz) dr

= I¥(s) + I5(s

Let 8o > 0. By (5.13) and the uniform continuity of (r,z) — V,..(x) there is a ko = ko(X') € N
a.s. such that

sup | V7.4

<x1 + 22
r<t 2

) — ViF(x2)] < &g for k > ko and |z1 — x2| < eg,-

By considering |21 — 22| < eg, and |x; — x2| > ey, separately one can easily show there is a
k1 = k1(X?') so that

sup I¥(s) < &y if k> ki.

s<t
Next use the upper bound in (5.14) and the continuity of u — p., * X}(z2) to choose 1 so that
N = n(ex) | 0 fast enough so that

sup I¥(s) — 0 P-a.s. as k — oo.
s<t

The above bounds show the lefthand side of (5.19) converges to 0 a.s. as k — oo. The a.s.
convergence of L& (X' X?) to L(X!, X?) therefore shows that

hm sup 72/ / it ( XI,X2)(dT,dx)—/ /fo(az)hak(Xl,r,x)Xf(dx)dr =0 a.s.
0

k—o0 s<t
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The uniform convergence in (5.13) now shows that the last term in (5.18) approaches 0 uniformly
ins <t P-as. ase=c¢, — 0. (5.13) also allows us to let ¢ | 0 in (5.18), taking a further
subsequence perhaps to handle the martingale term, and conclude

X2(Viy) = XE(Vou) + / / Vyi(z)M?(dr, dz) + / X2((Vpg)®) dr forall s <t as.
0 0
Now apply Ito’s lemma to conclude

e X3WVer) Z o= X3000) _ / / XV, (5) M2 (dr, dz), 5 <t
0

The stochastic integral is a bounded Fi-local martingale and therefore is an F;-martingale. This
proves for t1 < t,

E(€*X?(¢)"7§1) — Xt (Vaad) gop any Borel ¢ : Caq,, — D(A/2) 4.

Now Vi, +¢ : Cap — D(A/2)4 is also Borel and so if ¢1 : Caq,, — D(A/2)4 is Borel, we can also
conclude

E(e—Xf(@—Xfl(m)‘ﬁO) — E(e—Xfl((‘/tl,t¢)+¢1)’fo)
= exp(= X5 (Vou, (Vi 9) + ¢1)))-

This uniquely identifies the joint distribution of (X7, X?) conditional on X*. Iterating the above a
finite number of times, we have identified the finite-dimensional distributions of X2 conditional on
X! and in fact have shown that conditional on X!, X? has the law of the measure-valued process

considered by Dynkin and Kuznetsov in (5.7). [

Proof of Theorem 1.5. Let (X!, X?) be a solution to MX?}ZZ? and let P denote its law on the

canonical space of M p2-valued paths. Conditionally on X, let Y denote a super-Brownian motion
with immigration v L; (X', X?) (see Theorem 1.1 of Barlow, Evans and Perkins (1991)) constructed
perhaps on a larger probability space. This means for ¢ € Cf(RQ),

2
Yi(6) = 71 L(X", X2)(9) + MY (6 /Y =2

where

Y _ ¢ 2 s
(MY (6)) = /0 Y.(26%)d

and MY is orthogonal with respect to the MX", i = 1,2. All these martingales are martingales with
respect to a common filtration. Then it is easy to check that X! = X! 4+ Y satisfies the martingale
problem characterizing super-Brownian motion starting at Xé, i.e., is as in the first component
in Mgﬁ X2 Therefore there is jointly continuous function, @'(t,z), with compact support such
that X} (da;) = @!(t,z)dx (see, e.g., Theorem I11.4.2 and Corollary II1.1.7 of Perkins (2002)) and
so there is a bounded function on compact support, u!(t, ), so that X} (dx) = u'(t,z)dz by the

domination X! < X! Let ¢ € C’b(Rd). Then Lebesgue’s differentiation theorem implies that

. xr1+x
lim [ ps(z1 — m2)p(——2

limy 5 Yul(s, z1)dzy = d(xo)ul(s, z2) for Lebesgue a.a. (s,x3) a.s
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Moreover the approximating integrals are uniformly bounded by ||¢]|oo ||u!||oc and so by Dominated
Convergence one gets from the definition of L(X*, X?) that

Li( XY, X%)(0) :/0 /¢($2)u1(8,$2)X§(dl'2)dS.

Evans and Perkins (1994) (Theorem 3.9) used Dawson’s Girsanov theorem to show there is a unique
in law solution to M;(Yl}?Q in our one-dimensional setting. If P~71:0 denotes this unique law on the

0“*0
canonical path space of measures, then they also showed

(5.20) P70 << Pyy x Pya,

the product measure of two super-Brownian motions with diffusion parameter ¢ and branching
rate 2. Our boundedness of u' shows that

t
/ /ul(s,:c)ZXf(dx) <ooforallt>0P—as and P70 —qg.s.
0

The latter is a special case of our argument when ~5 = 0. This allows us to apply Dawson’s
Girsanov theorem (see Theorem IV. 1.6 (a) of Perkins (2002)) to conclude that

dP . :exp{/ot/ul(S,JU)/QMXQ(dSadx) _ é/ot/ul(s,x)QXf(dx)ds}.

dP—71,0
Here M*” is the martingale measure associated with X5 and u! is the density of X', both under
P~ Although the Girsanov theorem quoted above considered absolute continuity with respect
to PX& X ng, the same proof gives the above result. This proves uniqueness of P and, together
with (5.20) shows that P is absolutely continuous with respect to PX[% X ng. This gives the

required properties of the densities of X as they are well-known for super-Brownian motion (see
Theorem I11.4.2 of Perkins (2002)).
[

6 Proof of the Concentration Inequality—Proposition 2.4

As we will be proving the concentration inequality for the ordinary rescaled critical branching
random walk, X"V in order to simplify the notation we will write X for X"V and write £V, or
just &, for €4V, Dependence of the expectation on the initial measure X&' = X’é V' Wwill be denoted
by E XN {PN u > 0} continues to denote the semigroup of our rescaled continuous time random

walk BY.

Notation. If 1 : Zy — R, let PN(x) = >y Pn(y — z)(y) and let

[e.o]

Ry(z) = RNg(x) =Y 27H(PY) ().

k=0

To bound the mass in a fixed small ball we will need good exponential bounds. Here is a general
exponential bound whose proof is patterned after an analogous bound for super-Brownian motion
(see e.g. Lemma III.3.6 of Perkins (2002)). The discrete setting does complicate the proof a bit.
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Proposition 6.1 Let f: Zy — Ry be bounded and define

) = 1P flloer TN F(1) / ()

Ift > 0 satisfies

(6.1 T¥F(0) < 5 exp(—4flloo/ ),
then
(6.2) By (exp(X}Y () < exp (2% (BVRY)).

Proof Assume ¢ : [0,t] x Zy — R is such that ¢ and b e Cy([0,t] x Zn). Then Mgloj\? XBN
and (2.9) imply

t .
XN(g) = XD (o) + /0 XN(ANG, + &) ds

(63) + ] ol < b (@)L (s du) - A2 (ds.du)
+ X[ [ o) = ots i < & )ALy (s, dw).

A short calculation using Ito’s lemma for Poisson point processes (see p. 66 in Ikeda and Watanabe
(1981)) shows that

exp (X7 (60)) — exp (X8 (90) )

t
(6.4) — [ e (X2 (02)) XN (A6, + )+ N ds 4 MY,
0

where
4y = NZ& [eXp( (s $)) +eXp<—%¢(8,$)) - 2}
EN Y6 Yoy — o) e (55 (605, 2) — 65,9)) — 15 (0(5,2) — 9(s,)) — 1].

and MY is a locally bounded local martingale. In fact

> / [ exp(X2 (60) + 10 < e (2)6(5,2)) — exp (X (60)) AL (ds, )

—I—Z/ /exp “(gs) — %1(11 <& (x ))qb(s,w)) —exp(Xﬁ(qZ)Q)Ai"(ds,du)

1190



Assume now that for some ¢y > 0,
(6.5) [¢lloo < 4coN,

and note that if |w| < 4¢g, then

o0 k 6400

(6.6) 0<e—1l—-w=w 5

k=0

Now use (6.6) with w = ¢(s,z)/N € [0,4co] or w = W € [—4cp,4cp] to see that

&Y < etox N+ - Zfs )> oy —2)(d(s, x) — 6(s,y))>

IN

et X (g2) + S X (qﬁ + PN (62))
6:7) = e xR+ XN PV ),

Now assume ¢ > 0 satisfies (6.1), let ¢; = 7exp (4] f||oo/N) and define k(u) = (1 — e IV f(t —u))~!
for u € [0,¢]. Introduce

d(u,x) = PN Rf(x)k(u), u<t, z¢cZy.

As convoluting PV with P/ amounts to running BY until the first jump after time ¢, one readily
sees that these operators commute and hence so do R and P/ . Therefore

(6.8) |PY(Rf) ()] = |R(PY f)(2)] <2fN(u), u<t.
We also have
PN(PYRf)(x) = PNR(PY[)(x 22 (PY)M PN f) ()

(6.9) R(PY f)(z) = 2P5N (Rf)(2).

IN

By (6.1) and (6.8), for u <,

(6(u.2)] < 27 (¢ — () < 4PVt —u) < Dl iy
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and so (6.5) holds with ¢g = = Clearly ¢,¢ € C4([0,1] x Zx) and so (6.7) is valid with this
choice of ¢y. We therefore have

XN (s + ANg,) +dY

= XN(PN Rf)is + dY

= - XY (PYRI)RZe fN(E =)+ dYY

etc03
2

< K2FN(t — )X N (36460 (PN Rf) + " PN (PN Rf) — i PN R f) (by (6.8))

< F@ng( (PN.Rf)* + 64§JDJV((13thRf)2) —afY(t- s)PgXSRf) (by (6.7))

< WPt 5) [5e* — e | XY (PY,RS) (b (69)
S 07

the last by the definition of ¢;. Now return t0~(6.4) with the above choice of ¢. By choosing
stopping times Tév T 0o as k — oo such that E(MN

h /\TN) = 0 and using Fatou’s lemma we get from
k
the above that

IN

B(en(xV(1)) < B(exp(xN(RP))
[w]
1—c INf(t)

exp(2X) (PVRf)) (b (6.1)).

IN

We now specialize the above to obtain exponential bounds on the mass in a ball of radius 7.
In fact we will use this bound for the ball in a torus and so present the result in a more general
framework. Lemma 7.3 below will show that the key hypothesis, (6.10) below, is satisfied in this
context.

Corollary 6.2 Let cg10>1, T >0 and 6 € (0,2Ad). There is an ro = ro(ce.10,9,T) € (0,1] such
that for any N, r € [N~Y2 ro] and any C C R? satisfying

(6.10) supIIY (B, € C) < cea0r?(1+u~¥?) Vu € (0,7,

then for any ¢ > 0,
Exy [exp (72X (0))] < e,

for all 0 <t < T satisfying

(6.11) XYM (PN R1g) < er?d0,

Proof We want to apply Proposition 6.1 with f = r®2/41., where NY2<r<1land C C R?
satisfies (6.10). Note that

(6.12) Ifllo <0720 < NZ+3° < N,
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and by (6.10), for t < T

t t
IVF) < 0o g [/ r du —I—/ (riu=2) a1 du}
0 0
2

r t
02 Meg 10 [rdt + / du + r? / u~ Y2 qy 1(t > 7“2)} .
0 r2

IN

If
¢a(r,t) =1+t + [log*(t/r*)1(d = 2)],

then a simple calculation leads to
INf(t) < 3cea0r’pq(r,t) t<T.

In view of (6.12), condition (6.1) in Proposition 6.1 will hold for all ¢ < T"if r < ro(cg.10,9,T") for
some 1o > 0. Therefore Proposition 6.1 now implies the required result. ]

Corollary 6.3 If0 < 0 < N and t < e~*(140)7", then

Ex (exp(6X," (1)) < exp (40X (1)).

Proof Take f =60 (0 as above) in Proposition 6.1. Note that condition (6.1) holds iff
t < exp(—40/N)(140)~! and so for § < N is implied by our bound on t. As PNYRf = 20,
Proposition 6.1 gives the result. |

Remark 6.4 The above corollary is of course well known as X}N(1) = Zny/N, where {Z,,u > 0}
is a rate 1 continuous time Galton-Watson branching process starting with N X3 (1) particles and
undergoing critical binary branching. It is easy to show, e.g. by deriving a simple non-linear
o.d.c int for E(u”t|Zy = 1), (see (9.1) in Ch. V of Harris (1963)) that for 6 > 0 andt <
[N(/N — 1), or§ <0 and all t >0,

/N 1 NX{ (1)
1 —tN(ef/N —1)

(6.13) Eyx [exp(exgvu)} - [1 +

The above exponential bounds will allow us to easily obtain the required concentration inequality
on a mesh of times and spatial locations. To interpolate between these space-time points we will
need a uniform modulus of continuity for the individuals making up our branching random walk.
For this it will be convenient to explicitly label these individuals by multi-indices

ﬁ el= U’?LOZO{O’ 1) R |£0| - 1} X {07 l}n

If 8= (Bo,-..,0n) €I, let 78 = (Bo,...,0n-1) if n > 1 be the parent index of 3, set 73 = 0 if
n =0, and let Si = (Bo,...,3) if 0 <i <n =|pF|. Define g|(—1) = (.

Let {78 : B € I}, {b° : B € I'} be two independent collections of i.i.d. random variables with 7
exponentially distributed with rate 2N and P(b® = 0) = P(b® = 2) = 1/2. Let T = 0 and define

7= Y Tﬁ|i1<ﬁb’6j>0>.

0<i<| 8] Jj=1
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We will think of [T, T?) as the lifetime of particle 3, so that 7% = T8 (iff %17 = 0 for some
j < |B]) means particle 3 never existed, while b® is the number of offspring of particle 3. Write
B ~ t iff particle 3 is alive at time ¢, i.e., iff 7™ <t < TP. Let {BE : 0 < k < |&|} be points
in Zy satisfying >, 1(Bf = z) = &(=) for all x € Zy. Now condition on {77 : 8 € I}. Let
{BY = Bj.s
Formally they may be defined inductively with Bgﬂ, chosen to be B;fg_. Such labelling schemes
may be found in Ch. 8 of Walsh (1986) or Ch. II of Perkins (2002).

If () = > et 1(Btﬁ = 1), then (&,t > 0) and (&,¢ > 0) are identical in law. One can see this

by noting {ft :t > 0} is an Sp-valued Markov process with the same jump rates and initial condition
as {& : t > 0}. Formally one can work with the associated empirical processes XN = =3, &(z)
and X}V and calculate their respective generators as in Section 9.4 of Ethier and Kurtz (1986). The
generator of the former can be found by arguing as in Section II1.4 of Perkins (2002).

Alternatively, one can in fact define the above branching particle system from our original
Poisson equations (2.2) since one can use the uniform variables in our driving Poisson point processes
to trace back ancestries. We briefly outline the construction. We begin by labeling the || initial
particles as above with multi-indices 0, ..., |y| — 1 € I and assigning each particle at each site =
an integer 1 < k < {(z) that we call its level. Since there are only finitely many particles we
can explain how these labels and levels propagate forwards in time at the jump times in (2.2).
If at time ¢ there is an “arrival” in AyT with height u € [k — 1, k), where k < &_(z), then the
particle at level k at site xz branches. If § is the label of this branching particle at time ¢t— then
two new particles are created at z with labels 50 at level k& and 1 at level & (x) = &§—(x) + 1.
(6 no longer labels a particle at time ¢.) All other particles keep their current labels and levels.
If at time ¢ there is an “death” in Ay~ with height u € [k — 1,k), where k < &_ (), then the
particle at level k at site x dies. It is removed from the population (it’s label § no longer labels
a particle at time t), and all particles at x with levels greater than k have their levels decreased
by 1, and keep their current labels at time ¢. If at time ¢ there is a “migration” from y to x in
Ai’,;n with height u € [k — 1, k), where k < &_(y), then the particle at level k at site y migrates
to = where its new level is & (x) = &—_(x) + 1. The particles at y with levels greater than k have
their levels reduced by 1. The migrating particle keeps its label 3, so that this label now refers to
particle &(z) at site x. All other particles keep their current labels and levels. At this point we
have inductively defined a multi-index «(t,z, k) € I which labels the particle with level k < & (z)
at site ¢ € Zy and time ¢t > 0. Here we use « to denote this random function as 8 will denote
the independent [-valued variable. As the birth of a label coincides with a branching event and
its death must coincide with either a branching event (it has 2 children) or a death event (it has 0
children) it is clear the set of times at which 3 is alive, Ag = {t > 0: 3z, k s.t. a(t,z,k) = B} is a
left semi-closed interval [U#, T?) (possibly empty) with U? = T™, where again T b —0. Also we
see that TP —T7 is exponential with rate 2N (the time to a birth or death event of the appropriate
height corresponding to the level labelled by 3). The independence properties of the Poisson point
processes allow one to show that the collection of these exponential increments are independent.
They are only indexed by those 8 which have a positive lifespan but the collection can be padded
out with iid exponentials to reconstruct the indendent 7%’s described above. The same reasoning
applies to reconstruct the b%’s. For t € [T™, T?) define Bf and Ef by

5 € [T™, T8} s ps be a collection of independent copies of BY, starting at 0.

a(t, B 09y = 8.
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Then BP starts at B;’fﬁ_

Therefore conditional on the {Tﬁ/, bﬁ/} it is a copy of BY. The independence property of the Poisson
point processes Aalc’,7yn show they are (conditionally on the birth and death times) independent.

We have shown that the collection of labelled branching particles constructed from (2.2) are
identical in law to those described above and used for example in Ch. II of Perkins (2002). We have
been a bit terse here as the precise details are a bit tedious and in fact one can proceed without
this intrinsic labelling as noted above since starting from the labelled system one can reconstruct
the process of interest, X ™.

However you prefer to proceed, it will be convenient to extend the definition of Bsﬁ to all
s € [0,77) by following the paths of 3’s ancestors, i.e.,

and jumps according to migration events of the appropriate height.

B =Bl Tl < s <Pl < |B).

Then for § ~t, s — BYisa copy of BY on [0,T%) as it is a concatenation of independent random
walks with matching endpoints.
Here is the modulus of continuity we will need.

Proposition 6.5 Lete € (0,1/2). There is a random variable Oy ¢ s.t. for somec;(e) > 0,i=1,2,
(6.14) P(One <27 < ei(e) exp(fCQ(e)Q"E) forall 2™ > N1,
and whenever 6n . > 27" > N~1 forn e N,

(6.15) B/ — B), .| < 27379 for any j € {0,1,...,n2"}, t € 27", ( + 1)27"] and B ~ t.

Proof In Section 4 of Dawson, Iscoe and Perkins (1989) a more precise result is proved for a
system of branching Brownian motions in discrete time. Our approach is the same and so we will
only point out the changes needed in the argument. Let h(r) = raE,

In place of the Brownian tail estimates we use the following exponential bound for our continuous
time random walks which may be proved using classical methods:

(6.16) TIY(|IBN(2™)| > h(2™)) < 3dexp<—06.162”5) for 27" > N~! and some positive cg.16(¢).

We write 3/ > §iff 3’ is a descendent of 3, i.e., if 3 = 3'|i for some i < |/’|. The next ingredient
is a probability bound on

[,(j27") =card{B ~j27":36 > Bst. f ~(j+1)27"},

the number of ancestors at time j27" of the population at (j+1)2~". The probability of a particular
individual having ancestors at time 27" in the future is (1 + N27")~! (use (6.13) with § = —c0).
From this and easy binomial probability estimates one gets

(6.17) P(3j <n2"s. t. Tp(j27") > [2 X5 (1) + 1]2") < n2" exp(—2").
Define ny = ny(N) by 27™ > % > 27~ and for 1 < n < n; define

A, = { max max \Bﬁ -B° gen| > h(27")}.

1<j<n2" gel,(j2—n) 927" (G-1)

1195



Set Ag = €. Next introduce

A= { max sup B -B° . |> h(27")}.
" Usmd e ey g P

Set oy = 27" iff w ¢ Ay, U (U,)_,Ap) and w € A, g forn € N. If w € A}, set on. = 1. A

standard binomial expansion argument (as in Dawson, Iscoe and Perkins (1989)) shows that (6.15)

holds with some universal constant ¢ in front of the bound on the righthand side. The latter is easily

removed by adjusting e. It follows easily from (6.16) and (6.17) that P(A,) < c¢1 exp (—622"5).

Therefore to show (6.14), and so complete the proof it remains to show
(6.18) P(A;) <a exp(—CQZ’“E).

This bound is the only novel feature of this argument. It arises due to our continuous time setting.
Let 0 < j < n12™ and condition on N; = NXJJ.\;_M(I). For each of these N; particles run it
until its first branching event. The particle is allowed to give birth iff it splits into two before time
(j + 1)27™ . If it splits after this time or if it dies at the branching event, it is killed. Note that

particles will split into two with probability

1-—et<

9

N =
DN |

27
1 n
q:—/ e 2N9INds = (1 — e 2V <
2 Jo 2

the last inequality by our definition of n;. Let Z; be the size of the population after this one
generation. Now repeat the above branching mechanism allowing a split only if it occurs before
the next time interval of length 27" and continue this branching mechanism until the population
becomes extinct. In this way we get a subcritical discrete time Galton-Watson branching process
with mean offspring size u = 2¢g < 1. Let T} denote the extinction time of this process. Then
P(T; > m) < E(Zy,) = N;u™ and so, integrating out the conditioning, we have

(6.19) P( max Tj >m) < n 2" NXJ (1)u™.

Jj<ni2m

In keeping track of this branching process until 7; we may in fact be tracing ancestral lineages
beyond the interval [j27™,(j + 1)27™], which is of primary interest to us, but any branching
events in this interval will certainly be included in our Galton Watson branching process as they
must occur within time 27" of their parent’s branching time. The resulting key observation is
therefore that T} is an upper bound for the largest number of binary splits in [j27™, (j 4+ 1)27™]
over any line of descent of the entire population. Since the offspring can move at most 1/ VN from
the location of its parent at each branching event, T}/ VN gives a (crude) upper bound on the

maximum displacement of any particle in the population over the above time interval. It therefore
follows from (6.19) that

P(.max sup 1B — @2%1‘ >mN_1/2> < 2 NXY (D)™
IEm2M yefjamm (j41)27 ] ot ’

< 22X ()™

Now take m to be the integer part of v/ Nh(27™!) in the above. A simple calculation (recall
Assumption 2.5) now gives (6.18) and so completes the proof. [
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Proof of Proposition 2.4. Let ¢ € (0,1/2) and T € N. We use ng = no(¢,T') to denote a
lower bound on n which may increase in the course of the proof. Let h(r) = ra—e (as above) and
#(r) = r?/=¢ for r > 0. Following Barlow, Evans and Perkins (1991), let B, (y) = B(y, 3h(27")),
B, = {Bn(y) : y € 27"Z%} and for n > ng define a class C,, of subsets of R? such that from some
constants cg.29 and cg.93, depending only on {Xév} and &,

(6.20) vBeB,dCelC,s. t. BCC

(6.21) VC eC,3BeB,st. CCB= Uezik + B

(6.22) VC €Cp, N €N, X{§'(Pjg-nRlc) < cg200(h(27™)) for j € {0,...,T2"}
(6.23) card(Cp,) < c.03T2¢".

To construct C,, note first that as in Lemma 4.2 for B € B,
py (B) = Xg'(PNR1p) < 2sup Xg' (B(z,3h(27")))
co({Xq'},e)p(h(27™)).

Here we have used Assumption 2.5. For a fixed y € (27"Z%) N[0, 1)? let C be a union of balls in B,
of the form k+ B, (y), k € Z°, where such balls are added until maxo<;j<ran uj]\;,n (C) > ¢(h(27™)).
It follows from (6.24) that for each 0 < j < 2"T, p1jo-n(C) < ¢(h(27")) +cod(h(27")) and so (6.22)
holds with cg22 = 1+ ¢p. Continue the above process with new integer translates of B, (y) until
every such translate is contained in a unique C in C,. If ng is chosen so that 6h(27™0) < 1, then
these C’s will be disjoint and all but one will satisfy maxo<j<ont p1jo-n(C) > ¢(h(27")). Therefore

(6.24)

IN

T
(6.25) number of C’s constructed from B, (y) < Zpﬂ_n (Bo(y)o(h(27™) "t +1
5=0

< xFar2reh(2 ™)t + 1.

Now repeat the above for each y € (27"Z%)N[0,1)%. Then (6.25) gives (6.23), and (6.20) and (6.21)
are clear from the construction.

Let 0 <t < T,z € R? and assume % < 27" < 4N, where 0y = dn is as in Proposition 6.5.
Choose 0 < j < 2"T and y € 27 "Z% so that t € [j27™,(j + 1)27") and |y — x| < 27" < h(2™™),
respectively. Let § ~ t and Btﬁ € B(xz,h(27™). Then Proposition 6.5 implies

Bfyn —ul < |Bjyn = B+ B —a| + |z — ]
< 3h(277),
and so,
(6.26) Bj%,n € B,(y) c C for some C € Cy,
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where the last inclusion holds by (6.20). For C € C,, let

e 1
XtN,]2 ’C<A) _ N Z 1<Bj627n eC, Btﬁ S A), t> j2*n
Gt

denote the time ¢ distribution of descendents of particles which were in C' at time j27". Use (6.26)
to see that XV (B(z, h(27))) < X279 (1), and therefore

(6.27) sup XN(B(w,h(27™) < max sup X100 0C(1).
o<t<TzeR’ JS2MTOECn p<omn

The process t — Xﬁjg:: ’C(l) evolves like a continuous time critical Galton-Watson branching

process—conditional on Fjo-» it has law Py~ |O—and in particular is a martingale. If 8,,, A, > 0
j2=m
we may therefore apply the weak L' inequality to the submartingale exp(@nXﬁ’]];:: ’C(l)) to see
that (6.27) implies
(6.28)
P( s XVBahE ) > A 2 <dy) < 30 3 e BBy (exp@u X (1)),
t<TzeR j<2nT CeCy ’

dA2 _ dn2 g

Let 6, =2 ( 2 ) and \, = 2_n( 2 ) For n > ng we may assume 2" < e~4(146,,)7!, and
as we clearly have 6, < 2" < N, Corollary 6.3 implies

(6.29) Exn 1. (exp (0, X3 0 (1)) < exp(46, X7y (C)).

j2=n

Next we apply Corollary 6.2 with C' € C, as above, § = ¢, and r = h(27") € [N~Y2 h(27"0)].
Lemma 7.3 below and (6.21) imply hypothesis (6.10) of Corollary 6.2 and (6.22) implies

XéV(Pfglanc) < c6.220(r) = c.20r™ T VO < 527" < T

Note that for n > ng,

pETAN2 _ 2*"(%*5)(5*d/\2) > 2n<%_6(d/\2)) > 40

Therefore Corollary 6.2 shows that for n > ng(e,T),
E(exp (4enxjf.g,n(0))) <e¥om )< j2m < T
Use this in (6.29) and apply the resulting inequality and (6.23) in (6.28) to see that for n > ng(e,T'),

P( s XN(Bleh(2)) 2 27 )
d
tST,xER
< (2" + 1) c6.03T exp(c(d)n) exp (—27)e?6-22 4 P(§y < 277)
< Tzc({XéV}, ) exp(c (d)n — 2") + c1(g) exp (—ec2(e)27).
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We have used (6.14) from Proposition 6.5 in the last line. If ro(e,T") = h(27"0), the above bound
is valid for (recall n > ng and 27" > N—1)

h(2™) € [N"27% ro(e, T)].

A calculation shows that 2-"(1=4¢) < p(277)dN2-829-n¢  Therefore elementary Borel-Cantelli and
interpolation arguments (in r) show that if

XN(B(z,r
Hsn(e, T,ro) =  sup sup %,
0<t<TzeR? N=3+e<r<ng

then for any n > 0 there is an M = M(n, ¢, T') such that

S%PP(H&-:,N(&T, ro(€)) > M) <.

Here we are also using
P(sup X¥(1)>K)< X} (1)/K <C/K
0<t<T
by the weak L' inequality. The latter also allows us to replace 7o(¢) by 1 in the above bound. If
1
we set 1/ = r1-2¢ < r so that r > N2+ iff o/ > N~1/2_ one can easily show
XN (B(x,r") _ XV (B(z,r))

dr2—10e = sup. - Sup A28z 7
0<t<T,zcR* N~2te<r<a

sup sup
d _1
0<t<TzeR® 75 <<l

that is Hi0.,n(0,7,1) < Hge n(e,T,1). Therefore we have shown that for each '€ N and € > 0,
Hi0en(0,T, 1) = supg<i<r pooe (X}Y) is bounded in probability uniformly in N. The fact that XV
has a finite lifetime which is bounded in probability uniformly in N (e.g. let §# — —oo in (6.13))
now lets us take T' = oo and so complete the proof of Proposition 2.4. |

7 Proof of Proposition 3.5 and Lemma 3.7

In this section we will verify some useful moment bounds on the positive colicin models which,
through the domination in Proposition 2.2, will be important for the proof of our theorems. As
usual, |z| is the L* norm of x.

Lemma 7.1 Let

where {X;,i > 1} are i.i.d. random variables, distributed uniformly on (Z*/M) 1 [0,1]%. Then
there exist ¢,C > 0 such that

S, 2
1 J 2N - _ d) « c(|z]*A(Jz]v/n)) ,.d
(7.1) <\/ﬁ€x+[ r,r]) Ce T,

for all (z,r) € R x [n=1/2,1].
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Proof It suffices to bound P(S,//n = z) for z € Z* /M /n by the right-hand side with r = n~/2
for then we can add up the points in the cube to get the result. For this, note if |z| < 2 we can ignore
the exponentials on the right-hand side, and for |z| > 2 we have |z'| > |z|/2 for all 2’ € x + [, r]¢
and any r < 1. The local central limit theorem implies

(7.2) sup P(S, = z) < Cn~%2,

Suppose now that n = 2m is even. For 1 <i <d,
(7.3) P(|S!| > an, S, =) <2P(|S. | > am, S, =)

since for |S%| > an we must have |S% | > am or |S% —S? | > am and the increments of S} conditional
on S, = y are exchangeable. A standard large deviations result (see Section 1.9 in Durrett (2004))
implies A
P(|S},] = am) < e77@m

where y(a) = supgso —fa+ ¢(0) and ¢(0) = Eexp(0X;). 7 is convex with (0) =0, 7/(0) = 0, and
7"(0) > 0, so y(a) > c(a® A a).

Let y = xy/n and choose i so that |y;| = |y|. Taking a = |z|//n it follows that

P(|SL | > am) < CecllelAlzlvin)
so using (7.2) and (7.3) we have
P(Sy =y) = P(IS,] > an, S, =y) 2P(|S},| > am, S, = y)

E[1(|S},| = am)P(Sy = y — Siu(w))]
Ce—clzlPAlzlvn) ,—d/2.

VAN VAN VAN

The result for odd times n = 2m + 1 follows easily from the observation that if S, = z then
Sn—1 =y where y is a neighbor of x and on the step n the walk must jump from y to z. |

Using the local central limit theorem for the continuous time random walk to estimate the
probability of being at a given point leads easily to:

Lemma 7.2 There is a constant ¢ such that for all s >0
crdNd/2
(Ns+1)4/27

and in particular for r = 1/\/N and any N > 1 we have
d c
N [ pN
. — < — .
(7.5) sup 1y (Bs Ex+[ 1/\/N,1/\/N} ) S T e

We also used the following version of Lemma 7.2 for the torus in the proof of the concentration
inequality in the previous section. This time we give the details.

(7.4) sup 1T (Bév €x+ -, r]d> < vr > N71/2,
x

Notation. If z € R%, r > 0, let C(x,r) = UkGZdB(IE +k, 7).

Lemma 7.3 There is a constant C' such that

sup HéV(BfLV e C(x,r)) < C’rd(l + u_d/Q) forallu>0, re [N_l/Q, 1].
zcR?
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Proof Note first it suffices to consider x € [~1,1]¢ and

(7.6) N7Y2 <r < V/u/2.

If {S,} is as in Lemma 7.1, we may define BY = S;n/V N, where 7V is an independent rate N
Poisson process. We have

(7.7 0 (BY € C(x,r)) < PN ¢ [Nu/2,2Nu))

+ Z Z (— € B (x+k \/i 7“\/7
Nu/2§j§2Nu Z ‘7

Standard exponential bounds imply
(7.8) P(rN ¢ [Nu/2,2Nu]) < e~ N

for some ¢ > 0. By (7.6), we have j~1/2 < r,/% < 1 for Nu/2 < j < 2Nwu and so we may use
Lemma 7.1 to bound the series on the right-hand side of (7.7) by

|z + k|2N N 4/ d
Nu/2§'<2Nu kEEZ: CeXP( ( J Ao+l N)>(N/]) "
<2420 Z eXp<_C<’ ;’M Alz +k:|\/_>> —d/2,.d
ke’
<C Y (ex (M> + exp(—clz + k) ) u~ /2
keZ

< Cu? + 1)u=4?p4,

In the last line we have carried out an elementary calculation (recall |z| < 1) and as usual are
changing constants from line to line. Use the above and (7.8) in (7.7) to get

supHéV(BiLV € C(z,r)) < e—cNu 4 c(1 +u—d/2)rd
T
< C(Nu)—d/2 + C(l + u—d/Z)rd
< C,r,du—d/Q +C(1 —}—u_d/Q)'rd
since 7 > N=1/2. The result follows. .

Eliminating times near 0 and small |z| we can improve Lemma 7.2.

Lemma 7.4 Let 0 < 6* < 1/2,0 < ¢’ < 1. Then for any a > 0, there exists ¢ = ¢(a,0,6%)) > 0
such that
Iy <B£V €x+[-r, r]d) < erd(s® A1),

forallr > N712 s > N7 and |¢| > s'/270".

1201



Proof As before, it suffices to consider r = N~Y/2. Let 7N = number of jumps of BY up to time s.
Then, as in 7.8, there exists ¢ > 0 such that

(7.9) Iy (Y > 2Nsor 7 < Ns/2) < e V.
Now for Ns/2 < j <2Ns and r > N~1/2 Lemma 7.1 implies

p (Sj/ﬂ € (o + [-N712, N2 g) < Cexp ( (|x|%N N |xm>) an

j Vi
Using 2Ns > j > Ns/2, |z| > s7/?79" and calculus the above is at most
Cexp(—c(|z[*/s A |z]/v/s)) N =425~/
< Clexp(—es™") + exp(—cs 20" )| N—4/2474/2
< C(a,6*)(s* AN1)N—9/?
To combine this with (7.9) to get the result, we note that (s% A 1)~'e=¢N/2 is decreasing in s, so

if s> N9~1 then
e—csN/2 =N /2

<
s*A1 — Nald'-1)
Using e=eN7 /2 < ¢(0")N~42 we see that the right-hand side of (7.9) is also bounded by
C(¢,a)(s* AN1)N~Y?

<O, a).

and the proof is completed by combining the above bounds. ]

Lemma 7.5 For any 0 < §* < 1/2, let

Qn = {(s,) : o] > 512757y N1/
Let In(s,x) = N¥211Y (}Bév —z| < 1/\/]V) Then there ezists a constant c7.10 = ¢7.10(0%) such
that
(7.10) sup sup In(s,x) < erao

N21(s,x)eQnN

Proof Fix 0 < & < 6*. If s > N¥~! then the result follows from Lemma 7.4. For s < N9 1
and |z| > N=1/210" BN — 2| < 1/v/N implies |[BN| > N~=1/2+%" /2. Therefore for p > 2, a simple
martingale inequality implies
In(s,z) < NY2IY (‘Bévl > N*1/2+5*/2> < cde/QNp(l/ths*)HéV [‘Bé\/}p}
< o, NURNPI26) /2 < o N2 25 < o
if p is large enough so that d/2 + p(d'/2 — §*) < 0. B
Recall that in (3.5) we fixed the constants 8, d such that 0 < § < & < 1/6.

Lemma 7.6 There exists c7.11 = c¢7.11(0, 5) such that for all s > 0, 2’ € Zy and pN € Mp(ZN)

(r1) - N9 /Rd Sup\/—Hév (|B§V +2 42—yl < 1/\/N> p (dy) < erandf (uN)s~'0.
|2 <1/VN
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Proof Recall [y = (d/2—1)". Let s > 1. Then from Lemma 7.2 we immediately get that

Nd/Q/ sup 11 (‘Bév—i-z’—i—zl—y‘gl/\/ﬁ),u]v(dy)
R |21|<1/VN
< Nd/2 ¢ N1y < ¢V -d/2 ~ . N —lg—6
<N Vs aet (1) <ep™(1)s™" < cep” (1)s
and hence for s > 1 we are done. R
Now let 0 < s < 1 and fix 0 < §* < 1/2 such that 6/2 + 0*((2 A d) — ) = §. A little algebra

converts the condition into

(7.12) —d/2+ ((2Nd)—0)(1/2 —06%) = —lg— 0.
Define Ay = {y: |2/ —y| < (s1/2707 v N—1/2407) 4 N‘l/Q}. Let I}, and I% be the contributions to

(7.11) from the integrals over Ax and A%, respectively. Let s > 1/N. Then we apply Lemma 7.2
to bound I}V as follows:

Iy < Nd/Q;/ 1N (dy)
AN

(Ns+1)d/2
< ) ¢ <( 1/2-8 ) N=1/2487) JFN—1/2>2A‘7Z“s
> 05 (M (51 1/N)2 s
A c CN2nds s
< cefsv(uN)(S)d/Q (231/2 5) < ey (u)s7h0,

where (7.12) is used in the last line. If s < 1/N we get (using (7.12) again)

1L < Nd/ZMN (B(z’,N_1/2+6* +N‘1/2)> < c@év(MN)Nd/2N(—1/2+6*)2/\d—6

= o) (WN)N'H < el (uN)s Tl

As for the second term I% we have the following. Note that for any y € A, and |z1| < 1/vV/N
we have,

(713) Z""Zl _y| Z 81/2—5* \/N—l/2+5*

Then by (7.13) and Lemma 7.5 we get

I3 < craop™ (1) < eraos 40U (1),

where the last inequality is trivial since s < 1. Summing our bounds on I}V and IJZ\, gives the
required inequality for 0 < s < 1 and the proof is complete. ]

Return now the the proof of Proposition 3.5. Let ¢ : Z — [0, 00). By our choice of s,
lNd = 1—ld—(§>0.

From (2.19), Lemma 7.6, and the definition of H;sx we get the following bounds by using the
Markov property of BY:
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P (¢) (x1) < T, [6(B)]

8,71
(7.14) +452” d/ / N2 ST —yi+2) 1Y [6(BY)]
ZN | |§N 1/2
Xl’N(dyl) dsq
n
+Z2 RO LI <’H5N+ sup XlN(1)> / I(s<s1<...<sp,<t)
n—2 s<u<t v

n

X H(s, - si_l)*ld*‘g sup Hé\i’x [6(BN)] dsi...ds,,
i=1 v

and for N € Mp(Zy),

/ POY (8) (1) (dar) < / I, [6(BY)] 1™ (duy)

00 n—1
(7.15) + Z N (uMy27 M (e (H@N + sup X&’N(1)> / I(s<s1<...<s8, <t)
n=1 sSust ¥
n
X H(Sl — Sifl)_ld_é

I
—

1

X /| ‘sup » Hi\f“ynﬂn [6(B)] XLN(dyy) dsi . . . dsy,
Zn| <N~

In the above integrals, so = 0 and we have distributed the X;,N integrations among the BY
increments in different manners in (7.14) and (7.15).
Define

n
In(sn) = /R”l 1(s1 < ... < sp) 1_[(3Z — si_l)_ld_‘S dsi...dsp_1, n>1.
i=1

Some elementary calculations give

(7.16) Jn(sn) — Z 87(1n72)l~d+1721d,2(§, V> 1.
F(nld)
Define
N > (RN( )2~ d’yg 0711F( )) (n—2)lg+1-2l4
(7.17) Ry (tw) = - |
= D(nly)
- (2_d7;c7-1lr(~d) " Ry (w)n L=l
(7.18) RJY (t,w) = )
o ngl F(TL d)
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Note that

(7.19) R%ﬂt,w) + R%S(t,w) = sup(R%ﬂs,w) + Ré\.fls(s,w)) < oo, P-—as.
s<t

where the last inequality follows since
CTL
['(ne)

— 0, asn — oo,

for any C' > 0 and € > 0 (recall that d < 3, Iy >0,1—2> 0). Moreover, (2.21) immediately
yields

(7.20) for each t > 0, RY|.(t,w) + RY 5(t,w) is bounded in probability uniformly in N (tight).

Now we are ready to give some bounds on expectations.

Lemma 7.7 Let ¢ : Z — [0,00). Then, for 0 < s <'t,

t
I, [<Z>(B,:N)exp{/ V3 gn (XN ,Bﬁv)dr}]

S

< 1Y, [¢(BM)]

S,x1

g [N (BY = k) I B0 X )
ZN |z|<N— 1/2

+ Ry (t )/ (sn—8)77 sup Y, [6(BY)] dsn.

Proof Immediate from (7.14) and (7.16).

Proof of Proposition 3.5
(a) Immediate from (7.15), (7.18) and (7.20) with Ry (t) = RY 5(t).
(b) By Lemma 7.7, Lemma 7.6 and the definition of Ry we get

t
Y, [¢<B£V>exp{ [ w2y ar }]
ol (1432 [ [ NI (1BY il < N7V 4N ) s
N
FRY (1) / (50— ) %dsn>

t ~
< ol (1 +2_d'75rc7.11RN/ (s1— 8) "0 dsy + RY (¢ )t1_2‘5>

< 9l (1 + Ryt a0 4 R?fl?(t)tl—ﬁ)
= [l B (®),

IN
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and we are done.

Proof of Lemma 3.7

(a) Recall that our choice of parameter § in (3.5) implies that ly=1—1;—6 > 0. By Proposi-
tion 3.5(a) we get

/ P (N1 (1 =yl < 1/VN)) (@0)p (dan)
ZN
< /Rd Nd/QH(])\,[m (‘BtN —y‘ < 1/\/N) p (dzy)

w2+ [ i

X N2 sup v

Yn+2n (’Bﬁsn - y| < Nﬁl/z) X;;N(dyn) dsy,.
R Izn\SN*1/2

By Lemma 7.6 the first term in (7.21) is bounded by
(7.22) C7.11@£;V(#N)t_g_ld
uniformly on ;.

Now it is easy to check that

t .
(7.23) / s 0t —s)"la0ds < ¢(t), and ¢(t) is bounded uniformly on the compacts.
0

Apply (7.23) and Lemma 7.6, and recall that Ry (t) may change from line to line, to show
that the second term in (7.21) is bounded by

(7.24) c(t)g5 (n™) R (1) Ry /0 s la(e — sy ds,

0 (i) Ry (1)t~ 21a23

< o (WM)Rn(t)E

IN

Now put together (7.22, (7.24) to get that (7.21) is bounded by

05 (W) Ry (t)ete=?

and we are done.
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(b) Apply Lemma 7.7 with ¢(z) = N%/?2 Jz1(Jlz —y| < N2 N (dy) to get

[ et (¥ (1ol < UVR) ) (o )

= Py o)
</, N2 (\BtN —y| < 1/\/N) 1N (dy)
t
125) +o2t [ [ NS Y (BY =+ NI (|BY., -] < 1VA)
0 /2y |z]<N—1/2

x X3V (dyn) ™ (dy) dsy

t
—|—RN(t)/ 5.2 sup{Hi\; <Nd/2/ BN, —y| < 1/\/NMN(dy)>} dsy,.
0 ZN

1
By Lemma 7.6 the first term in (7.25) is bounded by
(7.26) C7.11@(];V(/LN)t_ld_S

uniformly on z1. Let us consider the second term in (7.25). First apply Lemma 7.6 to bound
the integrand.

/22 NN (BY =y ) NP (|BY, < o] < 1/VN) XEY (g (dy)
N |Z|§N71/2

< (sup/ Nd/QHg <’Bﬁ81 —y’ < 1/\/N) ,uN(dy)>
21 ZN

x [ ONECS T (B =i+ 2) X5 (dy)
2| <N—1/2

< gy (W) Ryvsy 0 (= s1) 71

Hence the second term in (7.25) is bounded by

t

83 (™) () / ST s) T sy < e (V) Ry ()2,
0

(7.27) < o) (WN)Ry(t)t7ta™0

Now apply (7.23) and Lemma 7.6 to show that the third term in (7.25) is bounded by
(7.28) c(t)py (1) Ry (t).
Now put together (7.26), (7.27), (7.28) to bound (7.25) by

05 (W) Ry (t)ete=?

and we are done.
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8 Proof of Lemmas 4.3, 4.4 and 4.5

We start with the

Proof of Lemma 4.3

Y(,m) = 279NN /@‘“p%( — 2 —z)dsl (jz —a1| <€)
‘Z|SN71/2 0

o
- / e NY? N p(a —x— 2)dsl (jx — x| < e)
€ |z|<N—1/2
SR AD DY R (R
o <N-1/2

= Iel’N(a:,ajl,zl) + Ie’ (x,z1,21).

By Lemma 7.2 we get the following bound on [, LN

o
MV (z,20,2) < C/ s~Y2e7% ds1 (|o — 21| <€)
€

IN

chg(e)l (Jz —x1] < e).

Now use condition UBy to get

IN

/ 1INV (2,20, 20) ) (der) Chd(ﬁ)/ 1z — 21| < €) p"(dx)
Zn 2N

oy (N Yha(e)e® D=0

co (uN)e?

IA

(8.1)

IN

, Vrp € Zn .

As for I?’N, apply Lemma 7.6 to get

€
/ 12N (@, )N (do) < 07.11@(];\[(MN)/ sl ds
ZN 0
(8.2) < ey (M) Tl ey € Zy .

By combining (8.1) and (8.2) we are done.

Recall from (4.3) that

1, ifd=1,
ha(t) = 1+1In.(1/t), ifd=2,
t1=d/2, if d = 3.

Recall also that o > 0if d <2, and a > 0 if d = 3.

Lemma 8.1 There is a ¢ = ¢, > 0 such that

Y [GXL(BY ,22)] < cha(t) ¥t >0, V1,22 € 2y .
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Proof First apply Lemma 7.2 to get

I [GR1BY a2)] = 1Y [N 30 / Y (BN — ay — 2) ds
|| <N-1/2
o0
+H3]EV1 N4/2 Z / e~ pN (BN — xo — 2)ds
Zl<N-1/2 7t

t [e%s)
< ot~ 42 / e “ds+ c/ e~ g=/2 gg
0 t

t

< (P < 1) + t_d/z/ = ds1(t > 1)) + chy(t)
0

Now a trivial calculation shows that

t
(1t < 1) + td/Q/ e dsl(t > 1)) < cha(t)
0

and we are done.

Notation, assumptions. Until the end of this section we will make the following assumption on
N,e

(8.3) 0<e<1/2,N>¢e?

We will typically reserve notation pu for measures in Mp(Zy) and c(t) will denote a constant
depending on t > 0 which is bounded on compacts. Also recall that d, 0 satisfy (3.5).

Lemma 8.2 If0 <n < (2/d) A1, there exists a constant ¢ = ¢,y > 0 such that

. chq(t), if0<t<el
Y [o5(BY  22)] < { Celd—(d27/2

otherwise,

uniformly in x1,x9 € Z, N > €2

Proof First let us treat the case t < €. By Lemma 8.1, for all z1,z9 € Zy,

I [ (BY 22)] < TN [GRL(BY , 22)]
(8.4) < chqa(t).

Now let us turn to the case ¢t > €. Then

N )] = 1 1B <N Y [Ty e s
|z|<N—1/2 €
4—1'[3];[1 1(‘BN—IE2’<6 N4/2 Z / e pN (BN — 9 — 2) ds
|z|<N—1/2
= 11 + Is.
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Then for any x;

I, < supl'[ftv1 (!BN—a:‘ <e) N4/2 Z / e pN (BN —x - 2)ds
’ |s|<N-1/2 7€
< sup Hivl 1 (‘BtN - az} <e) C/ e~ 8/ ds} (by (7.5))
< chg(e)e¥t™%?  (by Lemma 7.2)
< chg(e)e® 2 (since t > €")

where the last inequality follows by the definition of hg. Now apply again Lemma 7.2 and the
assumption ¢t > €7 to get

I, < Hft\f1 N2 Z / O‘Spé\g —x9 — 2)ds
|z|<N—1/2
< ctd/z/ ds
0

< ceM/2¢

and we are done. -
‘We will also use the trivial estimate

(8.5) ha(t) < ctla=% t < 1.

The proof of the following trivial lemma is omitted.

Lemma 8.3 Let f(t) be a function such that

Chd(t)7 if 0<t S €'
<
flt) < { cel—dn/2 otherwise.

Then for 0 <n < 1/2 and some c(n,t), bounded for t in compacts, we have

¢ N
(8.6) / SRt —s)ds < c(t)e"I a3,
0
The next several lemmas will give some bounds on the Green’s functions G'§; used in Section 4.

Lemma 8.4 For any 0 < n < 2/7 there exists { R (t)}1>0 (possibly depending on n), such that for
all0 < e<1/2,

hq(t — s)Ry(t) if0<t—s<e
gN € (. 2 ’ )
P W) (@) < { L S RS

uniformly in x1,x0, N > e 2.
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Proof First, by Lemma 7.7 we get
PO (W5 (m2) (x1) < Y, [di (22, BY)]
¢
+ ’7;_2d/ - N Z Hﬁ‘\,[:vl (Bé\{ =y + Z) Hi‘\i,y1+z [wi\’(x%Bl{V)]
s JZN

2l <N-1/2

x XLN(dyr) ds

t B
+ RN(t)/ (8 — s)_% sup H;Vl [wfv(:vg ,Bﬁsn)] dsp,

Z1,22

(8.7) = IYWN(s,t) 4+ 12N (s,t) + I3V (s,1).

Note that I1N(s,t) = IV (t — s), and hence, if t — s > €", then by Lemma 8.2, IV (s,t) in (8.7)
is bounded by

(8.8) cet =2 < ce"(l_ld_35), Ve <1,

where the inequality follows since 1 —dn/2 > n(1 —14— 35) by our assumptions on 7, 8. To bound
IYN (s,t) for t — s < € use again Lemma 8.2 and hence obtain

ha(t — if0<t—s <€,
(89) ILN(S,t) S {C d( 8)7 1 S_f

ce"(lfld{)’g) ift—s> €.

Next consider 1%V (s,t). First bound the integrand:

Lo S (BY =+ )T, G BY) X5 )
N ls|<N—1/2

Z‘EZN

. (sup ® W?v(ﬂfz,Bﬁsl)])

></ N2 Z Hi\i(Bé\lf,S:m%—z)X;{N(dyl)
ZN IZ‘§N71/2

(8.10) < ernBRy(s1 — S)_ld_6 sug) Hiv [1#5\,(:62,31{\181)] , s<s1 <t
rTEZN

where the last inequality follows by Lemma 7.6 and definition of Ry. Now for t — s < €" we
apply (8.10), (8.5), and Lemma 8.2 to get

t B
(8.11) IQ’N(t) < 75“2_dC7,11RN/ (s1 —s)_ld_‘s sup szv [wfv(:vg,Bﬁ51)] dsy
S

T,X2€ZN

t N ~
: CRN/ (s1—8) 770 (t —s1) 70 dsy
ol ) ~
0
< c(t)Rnhg(t —s), t—s<¢€".
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Now, for t — s > €" use (8.10) to get

t -
(8.12) »N(s,t) < 7§2dc7.1lRN/ (51— )70 sup I [0y (a2, BYY,,)] dsi
K] TEZN

t—e2n N
< CRN/ (s1—)7"7 sup T [ (w2, BY,))] ds1
s TEZN

t B
+CRN/ (s1 — s)_ld_‘S sup vav [1/}},(302 ,Bi\lSl)] dsy.
¢

—6277 IEEZN

Let us estimate the first integral on the right hand side of (8.12). By Lemma 8.2 with 21 < 2/3 in
place of n, it is bounded by

t—e2n .
cel_"d/ (s1 — s)_ld_‘s dsy

= c(t)el™M
(8.13) < c(t)en(1—la=39)

v

The last line follows as in (8.8) and uses n < 2/7.
Now, let us estimate the second integral on the right hand side of (8.12). Since t — s > €, we
see that for e < 1/2, there is a constant ¢ = ¢(n) such that

t—e>s+€"— e > 5+ ce,

and hence the second integral on the right hand side of (8.12) is bounded by

ot
(8.14) ce”(ld5)/ sup TIY [¢5(z2, BY )] ds1
t—e2n x€ZN
< cel(-la=8) n-la—9) (by (8.5) and Lemma 8.2).
Since Iy < 1/2, the right-hand side of (8.14) is bounded by
(8.15) cen(1=1a=39),
Combining (8.11)—(8.15) we get

c(t)Rnhqa(t — s), ifo<t—s<el,

8.16 »Ns,t) < 2
( ) (,8) < { c(t)RNG"(l_ld_S‘s) ift—s> €.

For I3V (t), we apply Lemmas 8.2 and 8.3 to get
(8.17) PN, t) < Ry(t)ent—la=3d)
Moreover, since e?(1=la=33) < hq(t — s) for t — s < 1, we obtain

(8.18) PN(s ) < (@001 =5 > ) byt - $)1(E— 5 < 7)) Ra (D).
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Now put together (8.9), (8.16), (8.18) to bound (8.7) by
(8.19) (e”(lfld*?’gh(t — s>+ hy(t—s)l(t—s< e")) Ry (t),

and we are done.

Lemma 8.5 There is a ¢ = ¢, such that

sup | G L(z,z)p’ (de) < ey (u), Yt € Mp(2y), VN €N,

x1 ZN

Proof By Lemma 7.2 we get

1
Gyl(z,x1) < N2 e~ pN (1 —x — 2) ds
N 0 2s

(8.20) = N2 Y / 2pd (21 — @ — 2) ds + s 20(a),

|z|<N—1/2

for all z,z1 € Zy. Apply Lemma 7.6 to get

1 .
GS1(z,x)pN (dr) < crniod (u) / 57170 ds + cgo0(a) N (1)
ZN 0

< C@?(MN)7V$1€ZN7

and we are done.

Lemma 8.6 There is an Ry(t) so that
/Z PIY (GX1(z ") (z)p™ (de) < e(t)of (™) Rn(t)
N
forallt>s>0, 11 € Zy, uY € Mp(Zy), and N € N.

Proof The result is immediate by Lemma 8.5 and Proposition 3.5(b).

Lemma 8.7 There is a cg7 such that if u’¥ € Mp(Z2y), then

[ s 1 (6% B o)
2N |z1|<1/VN

< g0 (), vVt >0, z € Zy, N eN.
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Proof Use (8.20) to get

1
[G%1(z,BY)] < Nd/Ql'Ig[]YDLZ1 Z /0 e pN (BN —x - 2)ds

1’1+21

(8.21) + cs.20(),
for all t > 0,2, 21,2 € Zn. If pV € Mp(ZN), we have

v [ | [ e 2| )

N |z1|<1/VN |2|<N-1/2

< / Nd/Q/ sup  IIY (‘Bﬁ%—m‘ Sl/\/ﬁ) p (dzy) ds
R |2 |<1/VN

(8.22) < cgps(p), Vt>0, z € 2y,

where the last inequality follows by Lemma 7.6. This and (8.21) imply

[ s i (6% B ¥ )
2N |21|<1/VN

< egaops(p) + es20(a) ™ (1)
< NNy, vt >0, z € 2y,

and the proof is finished.

Lemma 8.8 There is an Ry(t) such that

/Z PO (G 1(x ) ()i (der) < o (™) Rh),
N
forallt >0, x € Zy,puY € Mp(Zy), N €N,
Proof First, by Lemma 7.7 we get
/ PO (G31(x ) ()™ (day)
ZN
< [T (651 5] k¥ dn)

t
(8.23) 4752 d/ 2 N2 NIy (BN =y +2) I [GRL(x, BY )]
0 <= |2l <N-1/2

t
X X'Sll’N(dyl)MN(dxl) ds1 + RN(t),uN(l)/ 3525 sup Hi\i [ Y1(z, Bt]\lsn)] dsy,
0 1 ,T

= IV LAV Y
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By Lemma 8.7,
(8.24) N < ety (u).

Now, let us consider the second term in (8.23). By Lemma 8.7 and Lemma 7.6 we get

t
2N < 7;2—(1/ / < sup H?]J\i‘i‘zl[ %1($,Bi\isl)]>
0 JZN \|z1|<N—1/2
/2 N (pN _ N o1,N
X N > my (BN =y + 2) pN(dan) | X5V (dyr) dsy
ZN ‘Z|SN71/2
t N
< C7A11@fsv(MN)/ Sl_ld_écs.?@f;V(Xsl{N)d&
0
t N
< c@f;v(,uN)RN/ sl_ld_adsl
0
(8.25) < )oY (W™M)Rn, ¥t >0.

Apply (7.23), (8.5) and Lemma 8.1 to get that
(8.26) Y o< Ry(tu™ (1),

where we recall again that Ry (-) may change from line to line. Now combine (8.24), (8.25), (8.26)
to get that the expression in (8.23) is bounded by

(8.27) o5 (W) R (1),

and we are done.

Lemma 8.9 There is an Ry(-) such that for all pN € Mp(Z2y),

(8.28) /Z PO (5 () ()™ (d)

< TN (MR (L), V>0, 21 € Zy, N > € 2.

Proof The result is immediate by Lemma 4.3, Proposition 3.5(b) and the symmetry of ¢%,. g
We next need a bound on the convolution of P{} with pN. Let
gN (XN, ) = 27INY2X N (B(2, 2N 7H2)).
Clearly
(8.29) P9 (¢) < P (), ¥s<t, ¢: 2y —[0,00).
Lemma 8.10 For any ¢ : Zy — [0,00)., and s < t

SRR @) @+ < S0 PR (6 +9) (0)p” (1)

T1€EZN T1€EZN
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Proof It is easy to see that

> P (¢) (1 + 2)pN (1)

:E1€ZN

t—s
= X e o rmen{ [ o B+ aar]

|x1|§N—1/2
t—s
> Aeon o e e { [ a5
|:C1|§N71/2 0

= > PH (¢(x1+) (@)p" (21).

21621\]

IN

Proof of Lemma 4.4 By Lemma 2.3 (see below) and (3.7),

(8.30)

/ S (z1, 2)1(|lze — 2| < 1/VN)NY2XEN (da) X PN (dao) X (dx)\XlN]

[ P @) @)NTRG (1 = ol < 1/VA)) (@)
x XgN (day) XPN (dao) XN (dar)

te[L+ My N2 B / t (sup PO (i (7)) <y>>

0 yGZN

(8.31) x [ N¥2poy (1(1.—x\g1/m>> (z)ngN(dz)ds)‘(}N(d@\XlW}
2

+ cE {/Ot (ySeliZI])V Psgirv (Y () (?J))

X/ZZ (Z N2 pgy (1(|- — 2| < 1/\/N)) (y)pN(zy)) X2V (dz) ds XN (da) | XV

yEZN

Here we have noted that if ¢1, 2 > 0 in Lemma 2.3, then the third term on the right-hand side of
(2.18) is at most

/ /Z Pf?cbl (W) Py ¢2(y)pn (2 — y)) + Pﬁ@vqﬁl(z)ng@(z)XSQ’N(dz)ds|X'1’N).
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The first term on the right hand side of (8.30) is bounded by

(332 [, P i) (@0 XN o) K o)

N
X {sude/2P0’€’ (] — 2| < 1/\/N)) (xg)Xg’N(dxg)}

< XN (1)) (XN ) Ry Ry (8271470

— RN(t)elfldfts@(]sV( _OQ,N)Qtfldf(;

where the first inequality follows by Lemmas 8.9 and 3.7(a), and the second is immediate conse-
quence of the definition of @éV(Xg’N).

Now we consider the second term on the right-hand side of (8.30). By Lemma 8.4, for n € (0,2/7),
it is bounded by

t .
(8.33)  c(1+ RN)RN(t)/ / (e"<1—ld—35>1(t — 5> €N+ hg(t —s)1(t —s < e’7)>
Zy Jo
x E [/Z N2 poy (1(\. —z| < 1/\/N)) (z)XSZ’N(dz)\Xl’N] ds XN (dz).
N
Now use (2.17) to evaluate the conditional expectation inside the integral with respect to s to get
(8.34) E [ N2 pox (1(|- —z| < 1/\/N)) (z)Xf’N(dz)|X1’N}
ZN
2,N
= [ NRRG (10— 2l S 1VI)) (X5 (d2)
N
< Ryt (XpM)ta™, v e 2y,
where the last inequality follows by Lemma 3.7(a). This and (8.5) allows us to bound (8.33) by
(8.35) o1+ Ry )a (X3 ™)XPN (70 Ry (1)2 (601 712) . en1=1a=)
= Ry()en e300 lami (X)),

Now we consider the third term on the right-hand side of (8.30). We use Lemmas 8.4, 8.10 to show
that it is bounded by

Ry (1) /Ot (en<1—ld—35>1(t s> e+ hg(t— )1t —s < 677))

(3.3 <[ B[ X VR (1 v —al < 1VE)) G0V

YEZN
x X2V (dz)| XUN] ds XN (de).
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Now use (2.17), (8.29), Chapman-Kolmogorov and Lemma 3.7(a) to get that

S (B[ avpr (1 y=al < VD) (X2 @] ) ¥

YEZN
YyEZN (
< Y (XPM)Ry(t)t0,

NPEY (1) +y — 2l < 1/VN)) ()X, ”(dZ)) P ()

ZN

where in the last inequality we applied Lemma 3.7(a) for the P9 semigroup.
This, (8.5) and (8.36) imply that the third term is bounded by

(8.37) Ry(t)X] x LN (1)95 (X2N)t—ld—56n(1—ld—35)‘

Combine (8.32) and (8.35), (8.37) to get the desired result. [

Proof of Lemma 4.5 It is easy to use Lemma 2.3 and (3.7), as in (8.30), to show that
/d {/ V5 (2, 21) X dacl / GY1(z,22)X; (d:cg)\XlN] (th’N*qN> (dx)
R
< [ R @) @R (G ) () X5 (den) X (o) (X0 5 V) ()

ZN
/ ( sup PO (45 ( >>(z>>
0 z2,LEZN

x /Z <sup /Z PY (GRA( ) () (X 50Y) (d:c)) X?’N(dzl)dsp_(l’N]

ZEZN

+ c[l + Hg g NI/ 2} E

(8.38) = IMN 4 %N,

In the above the sup over z in the last integrand avoids the additional convolution with p~ we had
n (8.30). First, apply Lemmas 8.8, 8.9, and 4.2 to get

(8.39) 1YV

IN

RN [P W) o) (XY V) (@) X3 (o)

ZN
~ v2,N\ ~ 1,N 2,N
o (XM Ry (e ™6 (X, M) X5 (1)
o (XN Ry (1)1,

IN

IN
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Now, let us bound I>". By Lemmas 8.4, 8.6, and 4.2 we get for n € (0,2/7),

N < c(1+ Ry)Rn () /t (en(lfldfsé)l(t — s> N+ hg(t —s)l(t—s < 6?7))
0
x sup { /. PGS () (XY ) <da:>}
x E[X2N(1)|XN] ds
< o (XY Ry (1)

t -
X / (677(1*’(1*35)1@ s> M 4 hg(t—s)l(t—s < e")) E[X2N(1)|XN] ds.
0

Apply Corollary 3.6(b) to get

t .

2N < GNP Ry(H2X2N (1) / (e"<1—ld—35>1(t— 5> € + ha(t—s)1(t— s < en)) ds
0

(8.40) < oYX Ry (t)en1la=30),

where (8.5) is used in the last line. Combine this with (8.39) to finish the proof.
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