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 � 	 � � ��� 
 1 � A �� � 
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 � � A � �
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 ��~ � � � � � 2 � 
 1í� � ��H � 7 � A � 
 1 � � � � � J� � �/,T, � � �KJ � � 1 � 
 � 	 � ����� � � � H � 2 � ��H�H �KJ � � � � � � � � � � 
 � � 
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 H � � � � 
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 � � � A � H � 	 � � 
 1&� � �, 	 � , � 	 � � � � � A � ª 	 � F 
 � � 
 H � � � � 
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 � � � � �KJ � 
 � A � � 	 , 	 �:� � 2 �

� d`e]f\[ag �!U�Wjgc_
	 � 	 � � � 	 � A � 	 � � JT� 	 � � � "��/(=��¬ 	 � 	 � � 6
	 � � 	 � JT� � � ��� �3J � 
 2 � 1 A � � 
 � A � � A � � 	 � � �	 � � 1 A ,+� � A 2 � 
 J � A � � � L�� � � 2 F � � 
 � 	 � J � � � 
 � F �@ � � N

� � � © ���3J � 
 � � 1 � 	 ��� A 	 � � 1 A � � � � ��� � A � 2 � 	 � � � � � ( F � � � 
 2 � J0� 	 2B� H �×7H � 	 � � 
 1$� � �32 F � � A � � � � �K2 � 
 RN ( � 
 J F � J0� 
 � � � � � | · | � A � 
 � 	 H |x| =
supk=1,...,N |xk|

� � 	 x = (x1, . . . , xN)
�� � 	 � � � 
 � � 
 � � � 2 � � 
 � � � � 
 x

� 	 � H [0, T ]
� � RN ( F ��JT� 
 � � � � � Varp,[0,T ](x)� � 2 p 7�� � 	 � � � � � 
 J0� © 
 �KJ � �  Ø��')��?� 
 � � � � � Vp([0, T ];RN )

� A � ª � 
 � � A 2 ,+� � � � � � � 
 � � 
 � � � 2 � � 
 � � � � 
 2 � �© 
 � � � p 7�� � 	 � � � � � 
 F � � A � A � 
 � 	 H Varp,[0,T ](·)+‖ ·‖∞
� � � � � � A � � Vp([0, T ];RN )� 2 
 � � 2�� ,+� 	 � � � � �}�� �

∆+ = { 0 ≤ s ≤ t ≤ T } �� � 	 � � � 
 � � 
 � � � 2 � � 
 � � � � 
 x
� 	 � H ∆+

� � RN ( JT� 
 � � � � � 2 � � � Varp,[0,T ](x)� � 2
p
7�� � 	 � � � � � 
 ( � A � � � 2

Varp,[0,T ](x) =

(
sup� ��������������� {ti}i=1,...,j

��� [0, T ]

j−1∑

i=1

|x(ti, ti+1)|p
)1/p

.

¨ �
x(s, t) = y(t) − y(s)

� � 	 2 � H � � � 
 � � 
 � � � 2 � � 
 � � � � 
 y
( � A � 
 Varp,[0,T ](x) =

Varp,[0,T ](y)
�
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	 �è� ~ � � , RN ⊗ RN F � � A � 
 � 	 H ‖ · ‖RN⊗RN

2 � � A � A � � ‖x ⊗ y‖RN⊗RN ≤
|x| × |y|

� � 	 � 
 � x, y ∈ RN �
	 ��JT� 
 � � � � � MVp([0, T ];RN )

� A ��2 ,+� � � � �N� � 
 � � � � 
 2 (x0, x1s,t, x2s,t)(s,t)∈∆+2 � � A � A � �
x1s,t = xt − xs

� � 	 � � � 
 � � 
 � � � 2 � � 
 � � � � 
 x
� 	 � H [0, T ] � � RN ,

 �" � '
x2

� 2 � � 
 � � 
 � � � 2 � 	 � H ∆+
� � RN ⊗ RN ,

  " � '
Varp,[0,T ](x

1) < +∞,
 �" � '

Varp/2,[0,T ](x
2) < +∞,

 �" J '
x2,i,js,t = x2,i,js,u + x2,i,ju,t + x1,is,u · x1,ju,t

� � 	 i, j ∈ { 1, . . . , N }   " � '
� � 	 � � � 0 ≤ s ≤ u ≤ t ≤ T

� } � H � � � H �32 (o� � � � � � J � � � 2�� � � � � � � 2B� � � 
 2 � 	
, 	 � J � � � 
 � � � � � � 
 2 � 
 2 � � � J � � � 
 J0�����32 �ù� A � 2 H � � 
 2 � A � � x = (x1s,t, x

2
s,t)

� 22B�K� 
 � 2 xs,t = 1 + x1s,t + x2s,t ∈ R ⊕ RN ⊕ (RN)⊗2
 � � 	 � ( � A ��2 � � 	 � � 
 1!, � � 
 �

x0 � � x � 2 
 � ��� � � � 
 � 
 � � � �K� � � 
 � ')� § �3� � 	 J � 
 1 � � (- �" � ' � � � � J � � 	 � F 	 � ��� � 
 � 2
x2s,t = x2s,u + x2u,t + x1s,u ⊗ x1u,t

�
	 A � 
 � A � 	 � � 2 
 � � H � � 1 � � � � ( F � � JT� 
 � � � � (x0, x1) F � � A x

( � A � � � 2 � � � 
 � � � � 
� 
 ∆+ � 
 J � 2 � � 	 � � 
 1|, � � 
 � F � � A � � � 
 � � � � 
 � 
 [0, T ] �°� A � 2 ( (x0, x1, x2) � 2 � � 2 �JT� 
 � � �3J � � (x, x2) �X� A ��� � � H � 
 � 2 � � MVp([0, T ];RN ) � 	 � � � ��� �3J 
������,��� ���- '*+����(+$
�����  ��,�-	�� *+� .8�� A � � � , � � � 1 � F � � 2��3J � 
 MVp([0, T ];RN )

� 2 � A � � 
 � � 
 J � � �KJ � � � A � 
 � 	 H
‖(x0, x1, x2)‖ = |x0|+ sup

(s,t)∈∆+

|(x1, x2)s,t|+Varp,[0,T ](x1) + Varp/2,[0,T ](x2).
	 �a� 
 J � A � 2
2�� � � � � 
 � � � � 2B� � � �X@ � H H � ( � A � � � ��� � F 2 � � �K2 � ��H � � � � A �aJ � 2 7� � 
 � � � 
 MVp([0, T ];RN )

� � � F �K� 
 � F � 	 � � 1 A ,T� � A 2 � � � 2 � 
 1 � A � , � � 
 � F � 2B�J � 2 � � 
 � � � � � A � � 
 � 	 � H � 
 � 2 � � � F �3� 
 J � � J � � , � � 
 � 2 � � � A ��J ��� � 	 � 
 � � � � � A �32��,+� � A 2 �mor���� n���� ø r�r
	®uNq r��=n
���ÏýÝr��������
������������� $��
p > 2

*+� &
γ > p/2 − 1  � $��

(X1, X2)
*+� &

(Y 1, Y 2) ! $ 
������,��� ���- '*+����(+$ �����  ��,�-	�� *+� . ��� MVp([0, T ];RN )  " ��$�� �
	�� *+���#�/*+���������-	��
0 ≤ s1 ≤ . . . ≤ sk ≤ T

	��
[0, T ] $ ����$��"$ $&% �%.���. *

 "	��/.��-*+���
C

&�$'��$�� &+����� 	������ 	��
p
*+� &

γ
.��� "� ���/*+� $ �
	�� tnj = jT/2n

k−1∑

i=1

|X2
si,si+1

− Y 2
si,si+1

|p/2 ≤ C
(∑

n≥1

nγ

2n−1∑

j=0

|X1
tnj ,t

n
j+1
− Y 1

tnj ,t
n
j+1
|p
)1/2

×
∑

n≥1

nγ

2n−1∑

j=0

(
|X1

tnj ,t
n
j+1
|p + |Y 1

tnj ,t
n
j+1
|p
)1/2

+
∑

n≥1

nγ

2n−1∑

j=1

|X2
tnj ,t

n
j+1
− Y 2

tnj ,t
n
j+1
|p.
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 ��, 	 � � � � � ��� � � 2 ,+� � � (Ω,F ,P)
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X = X0 +M + V
� 2 � � ��� �KJ � A �  '*+� 	����- '*+� &�$" "	�
 ��	 .����,�-	�� � � X �� � 
 2 � JT� 	 � 2�� ~ � � 
 � � (Xn)n∈N � � � � 
 � � 
 � � � 2 Fn

·

7 2B� H���7®H � 	 � � 
 1$� � �32 � 
 , 	 � � 7� � ����� � � 2 ,T� � �K2 (Ωn,Fn,Pn)
��� � 2 � H , � � � � � A � 
 � � � � � � 
 ( JT� 
 � � � Pn � � P F A � 
� A � 	 � � 2 
 � � H � � 1 � � � � �¨ 
 � ��� � A � 2o2B� � � � � 
 ( F � � � 
 2 � J0� 	 � A � � � 
 � � 	 1 � 
 � � � � 2B� H��×7MH � 	 � � 
 1&� � �32 � 
 � A �2 ,T� � � � � � � 
 � � 
 � � � 2 � � 
 � � � � 
 2 F � � A � A � � 
 � � � 	 H 
 � 	 H �!� A � � � 
 � � 	 1 � 
 � � � 


p
7�� � 	 � � � � � 
 � 2 � � 
 2 � JT� 	 �3J � 
 � A � 
 �!� � 2B� � � � � 
 2 �� A � � � ��� � F � 
 1 J0� © 
 � � � � 
 2 � 
 J 	 �K2 � � � 2 � 	 � � � � � 
 � 	 � H � "$" 	 � 
 J � A � 	 � �:� � F� 	 � � � � ��� ��. 	 �
�\r&ÿ°zjxÝw�x{uvz � �)sauvz �Xx wyxÝuvz
	�� �
	czjx 	®uNq � ý £��]x����vw � � @ � �

Hn � � � A � � � � 2�2� � Fn
·

7 , 	 �KJ � � � � � � � ( 2 � H , � � , 	 � � �32�2B�32 � � � 
 JT�KJ � �
1 � 
 (Ωn,Fn,Pn)

��� A ��2B� 7~ � � 
 � � (Xn)n∈N
� 2�2 � � J � � 2 � � � 2 � � � A �  "	�� &+���,�-	�� � " � �X� � 	 � � � A t > 0 � 
 J � � 	� 
 � ε > 0

( � A � 	 ����� � 2 � 2 C
� � 	 1 ��� 
 � � 1 A 2 � � A � A � �

sup
n∈N

sup
H∈Hn

P [ |H ·Xn
t | > C ] < ε.
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��� .".���
 $ ���/*+�

(Xn)n∈N
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X
	�� ����$ . $�� ��$��  "$
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�%.)* . $�
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 * � �%$".���� �����'*+���-	�� FX

·

� ���- "�
�%. ���������  "	����������1	�� . ��� ��$�� $�� *+��$".   {��� ' � $��

(Hn)n∈N ! $ * . $�� ��$��  "$ 	�� Fn
·

� � �#	'�+�"$".".���(+$���� 
 $'*�.���� * ! �%$! �� &/��� � � �#	��
 "$".". $". .��1 "� ���/*+�

(Hn, Xn)n∈N
 "	���(+$��,��$". � 	

(H,X)
��� � ��$���� 	��"	 ��	 & � 	 ��	��%	'�+� $����$��

X
�%. * . $�
���� 
 *+���,����� *+�%$ � ����� �#$".'��$" �� ��	 � ��$�� �����'*+���-	�� ��$�� $�� *+��$'& ! � (H,X) $*+� & $ � ��$�� *+��� ����$ .���	  "�/*�.����- ������$-�+� *+� . *+�#$ &�$�� � $'& $ (Hn, Xn, Hn ·Xn)n∈N

 "	����
(+$��,��$". � 	

(H,X,H ·X)   {��� � ' " ��$ . $�� ��$��  "$
(Xn, 〈Xn〉)n∈N

 �	���(+$��,��$".!� 	
(X, 〈X〉)  

� 	 � H 
 � F ( � � 
 2 � JT� 	 � � ��H � T > 0 � 
 J 	 �32 � 	 � � � � 
 � � � � , 	 � � �K2B2B�K2 � 
 [0, T ] �
�\r&ÿ°zjxÝw�x{uvz! �)sauvz �jx wyxÝuvz"	¡s$# �%	czXx 	®uNq � ýÝ£ésau±zvw�qyuvý ýÝr �&#�nTqGx{n0w�x{uvzXþ � �� A � 2�� ~ � � 
 � � (Xn)n∈N � � 2�� H���7®H � 	 � � 
 1$� � �32 F � � A � � 
 � 
 � � � � JT� � � H , � 2 � � � � 
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Xn = Xn
0 +Mn + V n � 2�2 � � J � � 2 � � � 2 � � � A �  "	�� &+���,�-	�� ����� � 
 [0, T ] � �

(〈Mn〉T )n∈N
� 2 � � 1 A � ,  {.&'

(Var1,[0,T ](V
n))n∈N

� 2 � � 1 A � .  � '
� $�
 *+��� �  � A � 25JT� © 
 � � � � 
 � 2
2 ��� 1 A � � � J ��� � 	 � 
 � � 	 � H � A � � 
 � � 
 � ��. 	 ( � � � � � � 2� � 2 � � � 2B�3� 
 � A � � � � � A JT� © 
 � � � � 
 2 � 	 ��� ~ � � � � � � 
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 *+��������� *+�%$ *+� &
(Mn)n∈N
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X

*+� & . *+���%. ��������� � ��$ $�� ����(�*+�%$����� "	�� &+���,�-	��/. � " 	�� �����  � .".���
 $ � �/*+�
Xn = Xn

0 +Mn + V n �%. ����$  '*+� 	����- '*+� &�$� "	�
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.��� "� � �/*+�
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M
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(Xn,Mn, V n)n∈N

 �	���(+$��,��$". ��� &+�%.��,��� ! ���,�-	�� � 	
(X,M, V )  

� 	�������$����'$&% *+
 � �%$ �  ¤ � � � � 	 2�� ( � 
 � 2�� ~ � � 
 � � � � 2B� H �×7MH � 	 � � 
 1&� � � J � �32 
 � �
 � � �K2B2 � 	 ��� � 2 � � � 2 � � � A � � � 
 J � � � � 
 2 <
� � 
 J < � � �T@ � � V � � � 2 H �:� � A � � 
 � � � � 
� 	 � H R � � R F A � � A � 2 � 
 � 7 , � 	 � � J � � ( � 
 J!2B� �
Xε

t = Bt +
1

ε

∫ t

0

b(Xε
s/ε) ds,

 �%$'

F A � 	 � B
� 2 � ª 	 � F 
 � � 
 H � � � � 
 � 
 J b = ∇V

� � A � 
 (�� � � 2 F � ��� � 
 � F 
 � A � �
Xε � 2?� ~ � � �Ï� 
 J � 2 � 	 � � � � � � 
 � � εX·/ε

( F A � 	 � Xt = Bt +
∫ t

0
b(Xs) ds

( � 
 J � A � �
Xε � � 
 � � 	 1 �K2 � 
 J � 2 � 	 � � � � � � 
 � � σβ

( F A � 	 � σ
� 2 � � � 
 2 � � 
 � H � � 	 � � F A � � A � 2


 � � � 
 1 � 
 � 	 � � � A � � JT� 
 � � � � H � � 	 � � ( � 
 J β
� 2 � ª 	 � F 
 � � 
 H � � � � 
  Ý� A � 2 � 2 � A �A � H � 1 � 
 ��� � � � � 
 , 	 � � � � H C }��K� � � 	 �!� � H , � � � " 	 ')� � � 
 � � (Xε)ε>0

� � 
T
 � � 2 � � � 2 � �� A � � � 
 J � � � � 
 2 <
� � 
 J < � � ( 2 � 
 � � � � � � 
 � 	 � J � � � 2 � A � � 	 � H �878 {� � ��'è }��3� � � 2 �� �y% 	 � 
 J � � 4 	 '8�
¨ 
 � � � � 2 (�� � � 2 � � 2 � � � � � 
 2 � 	 � � � � � H���� � � � 2B� H �×7MH � 	 � � 
 1&� � �K2 � A � � J � �32
 � � 2 � � � 2 � � � A � � � 
 J � � � � 
 2 <
� � 
 J < � � �o� � 	 � A � � ( � 
 � A � 2 � � 
 2 � JT� 	 2B� H �×7H � 	 � � 
 1$� � �32 F A � 	 � � A � � � 	 H � � © 
 � � � 7�� � 	 � � � � � 
 � � � � H �32 � H � 	 � � 
 1&� � � F A � 
� 
 � ,+� 2�2B�K2 � � � A � ����H�� � ��� A �]��� � H , � � � � � � � � � H �32 � 	 � H � 
 A � H � 1 � 
 � � � � � � 
, 	 � � � � H � 
 J �#,T, � � 	 2 � 
 � � � H , � � � � � � 
 � � � 	 � � 2 � � � � � � � 
 �
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� O P�Q RËSTQ U�VjWYR3Z\[aU�^KP�_`UaZcb
p
S���U�VXR3U�WYR3eaZ

� � 	 � 
 � � 
 � 7 J ��H � 
 2 � � 
 � � ( � � 
 � � 
 � � � 2 � � � � �âH � 	 � � 
 1&� � � M � 
 [0, T ] ( � A � 	 ����� 7� 2 � 2 � � 
 � 7 J ��H � 
 2 � � 
 � �
ª 	 � F 
 � � 
 H � � � � 
 B
2 � � A � A � � Mt = B〈M〉t

� � 	 � ���
t ∈ [0, T ] �è@ � � p > 2

� � © ���3J ��< 2 � 
 1 � A ��2 � � ��� 
 1\, 	 � , � 	 � � � � � A � ª 	 � F 
 � � 
H � � � � 
 ( � � 	 � 
 � T > 0
(

E
[
Varp,[0,T ](B)

]
≤ CpT

1/2  6 '
F � � A Cp = E[ Varp,[0,1](B) ]

�j¨ � � � ��� � F 2 � A � � � � 	 � 
 � � � 
 � � 
 � � � 2 � � � � �/H � 	 � � 
 1&� � �
M F � � A � � � � �32 � 
 RN � 
 J � 
 � C > 0

(T� �
Bi � 2�2 � � A � A � � Bi

〈M i〉t
=M i

t

(

P
[
Varp,[0,T ](M) > C

]
=P
[
sup

i=1,...,N
Varp,[0,〈M i〉T ](B

i) > C

]

≤
N∑

i=1

P
[
Varp,[0,K](B

i) > C; 〈M i〉T ≤ K
]

+
N∑

i=1

P
[
Varp,[0,〈M i〉T ](B

i) > C; 〈M i〉T > K
]

≤CK,p

C
K1/2 +

N∑

i=1

P
[
〈M i〉T > K

]
.

 4 '

> � H � 	 � � A � � � � V
� 2 � � © 
 � � � � � 	 � � � � � 
 2 ( � A � 
 � � 	 N = 1 � 
 J � � 	 � ���

s ≤ t ≤ u
(

|Vt − Vs|p + |Vu − Vt|p ≤
(∫ t

s

|dVr|
)p

+

(∫ u

t

|dVr|
)p

≤
(∫ u

s

|dVr|
)p

.

� � � � 	 � � (
Varp,[0,T ] V ≤ Var1,[0,T ](V ).

 9 '
� A � 
 �!� � � � H H � � � ��� � F 2 � H H �KJ � � � � � � � 	 � H  4 ' � 
 J  9 ')�

mor���� n  �� � $��
X ! $ * F· �-. $�
���� 
 *+���,����� *+�%$ � ������&�$" "	�
 �1	 .������-	��

X = X0+M+
V  " ��$�� X

�%. *+��
 	 .�� .����#$���� 	�� � ����� $
p
��(�*+����*+���-	�� *�. . 	 	�� *�.

p > 2  �� 	��#$"	�(+$�� $� �
(Xn)n∈N

�%. * . $�� ��$��  "$ 	�� . $�
���� 
 *+���,����� *+�%$". . *+�,�%. ��������� � ��$� "	�� &+�����-	���. ����� $����$����
	�� *+���
ε > 0

� ��$��#$�$&% �%.�� .
C

��*+�,��$�$�� 	��+��� .��� "� ���/*+�

P
[
Varp,[0,T ](X

n) > C
]
< ε.

  ¬&'
" ���%. ��
 � ���-$". � �/*+� � �

(Xn)n∈N
 "	���(+$��-��$". ��� &+�%.��,��� ! ���,�-	�� ���

C([0, T ];RN )
� 	

X� � ���- "� �%.!����$�� *�. $�
���� 
 *+��������� *+�%$�� $ ����$�� (Xn)n∈N
 "	���(+$��,��$". ���

Vp([0, T ];RN )� 	
X

�
	�� *+���
p > 2  
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� � 	 � 2�� H���7®H � 	 � � 
 1$� � � X
( JT� © 
 � Θi,j

s,t(X)
� �

Θi,j
s,t(X) =

∫ t

s

(X i
r −X i

s) dX
j
r

� 
 J Θ(X) = (Θi,j
s,t(X); 0 ≤ s ≤ t ≤ T, i, j ∈ { 1, . . . , N }) ��?� © 
 � � � 2 �

Θi,j
s,t(X) =

∫ t

s

(X i
r −X i

s)◦dXj
r

= Θi,j
s,t(X) +

1

2

(
〈X i, Xj〉t − 〈X i, Xj〉s

)
.

� � � � 	 � � ( (X,Θ(X)) � 
 J (X,Θ(X))
2 � � � 2 � �  �" � ')(- �" � ' � 
 J   " � ')� 	 � A � � �2B�K� 
 � 
 @ � H�H � " � A � ��� A � � � � 2 � 2 � � � 2 � �   " � ')�è� � , 	 � � � � A � ��� A � � � � � � 
 1 � �

MVp([0, T ];RN )
(T� � 	 � H � � 
 2 � � , 	 � � � � A � � Θ(X) � 
 J Θ(X) 2 � � � 2 � �   " J ')�

��qyu ��uvþ�x wyxÝuvz �
� � $��
X ! $ * F·

�-. $�
���� 
 * ��������� *+�%$  " ��$��
Θ(X)

*+� &
Θ(X)*+�#$ *+��
 	 .��).����"$���� 	�� � ������$

p/2
� (�*+����*+���-	�� �
	�� * � �

p > 2  � 	��/. $�� ��$����,��� $ ! 	����
(X,Θ(X))

*+� &
(X,Θ(X)) ! $��%	���� ��	 MVp([0, T ];RN )

�
	�� *+���
p > 2  

� ��������$���
 	��#$ $ � � (Xn)n∈N
 "	���(+$��,��$". ����&+�%.������ ! �����-	�� � 	

X
���

C([0, T ];RN )*+� & . *+���%.�� $". � ��$  "	�� &+�����-	��/. ����� 	�� � " $ ����$�� (Xn,Θ(Xn))n∈N
*+� &

(Xn,Θ(Xn))n∈N "	���(+$��,��$!�"$".'��$" �����(+$���� ��	
(X,Θ(X))

*+� &
(X,Θ(X))

��� MVp([0, T ];RN )  
� �#	 	��  @ � � � 2¡JT� � � H , � 2B� � A � 2B� H �×7MH � 	 � � 
 1&� � � X � 2 X = X0 + M + V

�ª �K2 � JT�32 (-� � �
V + � 
 J V −

� � � A � � 
 � 	 � � 2 � 
 1 ( � � 
 � � 
 � � � 2 � � 
 � � � � 
 2�2 � � A � A � �
V = V +−V −

� 	 � � � 
 2 � JT� 	 
 � F � A � , 	 � � �32�2 (M,V +, V −)
� 
 R3N

( � 
 JèJT� 
 � � �� �
Varp,[s,t](M,V +, V −)

� � 2
p
7�� � 	 � � � � � 
 � §?2�2 � � � � � � � � � A �]2B� H���7MH � 	 � � 
 1&� � � X� A � � � 
 � � � � 
 ϕ

JT� © 
 �3J � �
ϕ(t) = inf

{
s > 0 Varp,[0,s](M,V +, V −)p > t

}
.� A � , 	 � � �K2B2 t 7→ Varp,[0,t](X)

� 2 � � 
 � � 
 � � � 2 � 
 J F· 7 � J �#, � �KJ � §?2�2 � H � � A � �
ϕ(t) = ϕ(s)

� � 	 2 � H � s < t
�\� A � 
 � � 	 y = M � 	 y = V ± ( Varp,[s,t](y) = 02 � 
 � � Varp,[0,s](y)p + Varp,[s,t](y)p ≤ Varp,[0,t](y)p � � � 
 2B� ~ � � 
 � � � ( y � 2 � � 
 2 � � 
 �� 
 [s, t] ( � 
 J � A � 2 � A � � X (

M � 
 J V � 	 � � � 
 2 � � 
 � � 
 � A � � 
 � � 	 � � � 2 [ϕ(t−), ϕ(t)]� � 	 � ��� t ∈ [0, T ] �@ � � Fϕ
· = (Fϕ

t )t≥0
� � � A � ©+� � 	 � � � � 
 JT� © 
 �KJ � � Fϕ

t = Fϕ(t)

�íª � � � � 2�� M

� 
 J V � 	 � � � 
 2 � � 
 � � 
 � A � � 
 � � 	 � � � 2 [ϕ(t−), ϕ(t)] ( Mϕ = (Mϕ(t))t∈[0,T ]
� 2 �� � � � � Fϕ

·

7®H � 	 � � 
 1&� � � � ¥ � 	 � � � � 	 ( (Vϕ(t))t∈[0,T ]
� 2 � � � � � � � � � © 
 � � � � � 	 � � � � � 
  }��3�* 	 � , � 2 � � � � 
 2 � � �/� � � 
 J � ���$�E%è� 
 � " 6
	 '8�@ � � � 2�2B� � T̂ = Varp,[0,T ](M,V +, V −)p

�o� A � 

Varp,[0,ϕ(T̂ )](M,V +, V −) = Varp,[0,T ](M,V +, V −)

 Ø���&'
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� 
 J

Varp/2,[0,T ]Θ(X) =

(
sup

t0≤···≤tn
� ������� ������� ��� [0,T̂ ]

n−1∑

i=0

Θϕ(ti),ϕ(ti+1)(X)
p/2

)2/p
.

§ �K� � 	 J � 
 1 � � * 	 � , � 2 � � � � 
 2 � � �$� � � 
 J � ���$�E%è� 
 � " 6
	 (
∫ ϕ(t)

ϕ(s)

(X i
r −X i

ϕ(s)) dX
j
r =

∫ t

s

(X i
ϕ(r) −X i

ϕ(s)) dX
j
ϕ(r)

� � 	 i, j ∈ { 1, . . . , N } ��� A � 2 ( Θs,t(Xϕ) = Θϕ(s),ϕ(t)(X) � 
 J
Varp/2,[0,T ]Θ(X) = Varp/2,[0,T̂ ]Θ(Xϕ).

 Ø�/�y'
§?2B2 � H � � A � ��� A ��2B� H �×7MH � 	 � � 
 1&� � � X

2 � � � 2 © �32
E[ T̂ q/p ] = E

[
Varp,[0,T ](M,V +, V −)q/p

]
< +∞  Ø��"$'

� � 	 2 � H � q > p > 2
�� A � ª � 	 ��A � � J0� 	 7 � � �:� 2 7 ¦ � 
 J � � 
 � ~ � � ��� � � H � � � � �/,T, ��� �KJ C � A � 	 �¡��� � 2 � 22 � H � � � 
 2 � � 
 � C1
2 � � A � A � �

E



∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

(X i
r −X i

ϕ(s)) dM
j
r

∣∣∣∣∣

q/2



≤ C1E



∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

|X i
r −X i

ϕ(s)|2 d〈M j〉r

∣∣∣∣∣

q/4



≤ C1
2

E

[
sup

r∈[ϕ(s),ϕ(t)]

|X i
r −X i

ϕ(s)|q
]
+

C1
2

E
[
|〈M j〉ϕ(t) − 〈M j〉ϕ(s)|q/2

]
.

§ ,T, � � � 
 1 � A � � � A � 	 2 � J0� � � � A � ª � 	 ��A � � JT� 	 7 � � �:� 2 7 ¦ � 
 J � � 
 � ~ � � � � � � ( � A � 	 ��!� � 2 � 2
2 � H � � � 
 2 � � 
 � C2
2 � � A � A � �

E
[
|〈M j〉ϕ(t) − 〈M j〉ϕ(s)|q/2

]
≤ C2E

[
sup

r∈[ϕ(s),ϕ(t)]

|M j
r −M j

ϕ(s)|q
]
.

� � 
 � � (N� � � � ��� � F 2 � A � � � � 	 2 � H � � � 
 2 � � 
 � C > 0
(

E



∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

(X i
r −X i

ϕ(s)) dM
j
r

∣∣∣∣∣

q/2

 ≤ CE

[
Varq,[ϕ(s),ϕ(t)](M,V +, V −)q

]
.
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} � � ��� � 2 � 
 1 � A � � 
 � ~ � � ��� � � ab ≤ (a2 + b2)/2
� � 	 � 
 � a, b > 0

(

E



∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

(X i
r −X i

ϕ(s)) dV
±,j
r

∣∣∣∣∣

q/2



≤ 1

2
E

[
sup

r∈[ϕ(s),ϕ(t)]

|X i
r −X i

ϕ(s)|q
]
+
1

2
E

[ ∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

|dV ±,j
r |

∣∣∣∣∣

q ]
.

� � 	 � 
 � � � 
 � � 
 � � � 2 � � 
 � � � � 
 y � 
 J � ��� 0 ≤ s ≤ t
(

sup
r∈[s,t]

|yr − ys|q ≤ Varq,[s,t](y)q.
 Ø��.&'

¥ � 	 � � � � 	 (N� � � � 2 	 � H � 	 � � A � � Varq,[s,t](X) ≤ 31−1/q Varq,[s,t](M,V +, V −)
�ª �32 � JT�K2 ( � � 	 � 
 � � � 
 � � 
 � � � 2 (+� 
 � 	 � � 2 � 
 1 � � 
 � � � � 
 y � � © 
 � � � � � 	 � � � � � 
 (

(∫ t

s

dys

)q

≤ Varq,[s,t](y)q.
 Ø� � '

§ ,T, � � � 
 1  Æ� � ' � � V + � 
 J V − � 
 J � 2 � 
 1  Ø��.$' � � M � 
 J X
( � 
 � 1 � � 2 � A � �� � 	 2 � H � � � 
 2 � � 
 � C

JT� , � 
 J � 
 1 � 
 � � � 
 q
(

E
[
|Θi,j

ϕ(s),ϕ(t)(X)|q/2
]
≤ CE

[
Varq,[ϕ(s),ϕ(t)](M,V +, V −)q

]
.

} � 
 � � Varp,[0,ϕ(s)](M,V +, V −)p = s
� � 	 � � � s ≥ 0 � 
 J

Varp,[0,s](y)
p +Varp,[s,t](y)

p ≤ Varp,[0,t](y)p� � 	 � ��� 0 ≤ s ≤ t � 
 J � 
 � � � 
 � � 
 � � � 2 � � 
 � � � � 
 y � � © 
 � � � p
7�� � 	 � � � � � 
 (

Varp,[ϕ(s),ϕ(t)](M,V +, V −)p ≤ |t− s|.  Æ�y%$'
§52

Varq,[s,t](y) ≤ Varp,[s,t](y) � 
 J aq + bq ≤ (a + b)q
� � 	 � 
 � q ≥ 1 � 
 J � ���

a, b > 0
(+� � � � � � � F 2 � 	 � H  Ø�y%$' � A � �

Varq,[ϕ(s),ϕ(t)](M,V +, V −)q ≤ |t− s|q/p.
¨ � � � ��� � F 2 � A � �

E



∣∣∣∣∣

∫ ϕ(t)

ϕ(s)

(X i
r −X i

ϕ(s)) dX
j
r

∣∣∣∣∣

q/2

 ≤ K|t− s|q/p
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� � 	 2 � H � � � 
 2 � � 
 � K
� A � � J0� , � 
 JT2 � 
 � � � 
 q

��¨ � � � � � � F 2 � A � �
2n−1∑

k=0

E



∣∣∣∣∣

∫ ϕ(T̂ (k+1)/2n)

ϕ(T̂ k/2n)

(X i
r −X i

ϕ(T̂ k/2n)
) dXj

r

∣∣∣∣∣

q/2

 ≤ 2n(1−q/p)E[ T̂ q/p ]

F A � � A � 2 © 
 � � � � 	 � H  Æ�y"$')��� 	 � H  Ø�$��' � 
 J @ � H�H � � F � � A Y = 0
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 � � � � A � � 〈M i
ϕ,M

j
ϕ〉t = 〈M i,M j〉ϕ(t)
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 1 �  � A � � � 2 ϕ � 2 � A � 	 � 1 A � 7 � � 
 � � 
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 � n ∈ N � 
 J � 
 � k = 1, 2, . . . , 2n
( F ��2B� � ∆n
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 � � 1 	 � � X2
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f = (f1, . . . , fN)

�%. C2(Rm,Rm)N
� ����� * . $" "	�� &+�'	�� &�$�� &�$�����(�*+�

����(+$ � ���- "� �%. *+� . 	
α
��������&�$��  "	����,������	�� . � �����

α > p− 2  sauNqyu±ý{ýÝnTq�£
�
� ��� &�$�� ����$)��� ��	�� ��$". $". 	�� � �"	 ��	 .������-	��	� 	��
X

*+� &
� � ��	�����$".��%. �
	��

g
*+� &

f $ � ��$�� ����$�	�� &+��� *+����������$-�+� *+�
Z(n)

* �1& � ��$ . 	������,�-	�� 	�� ����$�	�� &+��� *+���
&+� � $��#$����,��*+� $�� �/*+�,�-	��

Y (n)
&�$�� � $'& ! �

Z(n)t = z +

∫ t

0

g(X(n)s) dX(n)s
*+� &

Y (n)t = y +

∫ t

0

f(Y (n)s) dX(n)s

4$4 %



 "	���(+$��,��$!�"$".'��$" �����(+$���� *+��
 	 .�� .����"$���� ���
p
� (�*+����*+���-	�� � 	

Zt = z +

∫ t

0

g(Xs) ◦ dXs
* �1&

Yt = y +

∫ t

0

f(Ys) ◦ dXs,

� ��$��#$ ����$ ������$-�+� *+� . *+�#$ ��� &�$��#.���	 	 & *�. �1�,� *+� 	�� 	�( �- "� ����� $-�+�'*+� .  
� �#	 	��  �?� 
 � � � � � K

 	 �32 , � I
' � A � H �/, � A � � 1 � � �K2 � A � 	 � � 1 A ,+� � A � � � � � 
 �3J� � � 
 � � 1 	 � � � 
 1 � A ��J ��� � 	 � 
 � � � � � � 	 H g =

∑N
i=1 gi(x)dx

i  	 �32 , � � A � � � � � � 	 © � � J
f
' �/1&� � 
 2 � � 	 � � 1 A ,+� � A � @ � � � � 2 � X(n)

� � � A � � � 
 � 
 � � � � 	 � � 1 A ,+� � A � � 
 72 � 	 � � � �KJ � � � � � X(n)
�ñ@ � � � 2 2B� � Z(n) = K(X(n)) � 
 J Y(n) = I(X(n))

�� 	 � H � A � � � 
 � � 
 � � � � � � K � 
 J I
� 	 � H MVp([0, T ];RN )

� � MVp([0, T ];Rm)
(

(Z(n))n∈N � 
 J (Y(n))n∈N
� � 
 � � 	 1 � � ��H � 2 � 2 � 	 � � � 	 �32 , � � � � � � � � � � � A � H � � � �×7, � � � � � ��� � � � 
 � � � � 
 � � 2 Z = K(X) � 
 J Y = I(X)

( � A � � � 	 � � � 2 � 1 � � H � � 	 � � ��ª � �
Y (n)t − y = Y(n)10,t � 
 J Z(n)t − y = Z(n)10,t

�èª �32 � JT�K2 ( � � � A � 	 � 
 1 7�
 � � � �� A � � 	 � H  }��K� � � 	 ��� � H , � � � "#. 	 '8( � 
 � � 
 � F 2 � A � � (Y (n))n∈N � 
 J (Z(n))n∈N� � 
 � � 	 1 � � 
 , 	 � � � � � ��� � � � � Y � 
 J Z
��¨ � � 2 
 � F � � � � 	 � A � � Yt = y +Y1

0,t � 
 J
Zt = z + Z10,t

� � 	 � 
 � t ∈ [0, T ] �
� ���#.�� �/*+��� 	�� ����$ � �#	 	�� 	�� � �#	 ��	 .����,�-	�� �  } � 
 � � X

� 2 � � 
 � � 
 � � � 2 (è� � � 2 � � � � 	� A � � (X(n))n∈N
� � 
 � � 	 1 �K2 � � X � � H � 2 � 2 � 	 � � � � 
 � A �ç2 ,T� � � � � � � 
 � � 
 � � � 2� � 
 � � � � 
 2 F � � A � A � � 
 � � � 	 H 
 � 	 H!�@ � � 2 < q < p
��@ � � Π = {ui 0 ≤ u1 ≤ · · · ≤ uk ≤ T } � � �\,+� 	 � � � � � 
 � �

[0, T ]
� 	 � � 
 � 	 � J � � � � F � 2B� � 2 � � � 
 JT�!�  F � � A � A � � � 
 � � 
 � � � 
 � A � � sn0 = u0 = 0

� 
 J uk+1 = sn2n+1 = T
' C � � 	 j = 0, . . . , 2n ( F ��2�� �

Πj =
{
i ui ∈ [snj , snj+1]

}
,

Πleft =
{
i ∃j, j ′ 2 � � � ui ≤ snj ≤ snj′ < ui+1

}
.� � 	 � � � A j

( F � 	 � H � 	 � � A � �  F � � A � A � � � 
 � � 
 � � � 
 � A � � � 2 � H � � � 	 � A �� H , � � 2B� � � 2 0 '8(
∑

i∈Πj , i6=maxΠj

|X(n)ui+1
−X(n)ui

|q ≤
∑

i∈Πj , i6=maxΠj

|ui+1 − ui|q
|snj+1 − snj |q

|Xsn
j+1
−Xsn

j
|q.

ª � �
∑

i∈Πj , i6=maxΠj

|ui+1 − ui|q ≤ |umaxΠj
− uminΠj

|q ≤ |snj+1 − snj |q.

� A � 2 (
2n−1∑

j=0

∑

i∈Πj , i6=maxΠj

|X(n)ui+1
−X(n)ui

|q ≤
2n−1∑

j=0

|Xsn
j+1
−Xsn

j
|q ≤ Varq(X)q.
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� � 	 i
� 
 Πleft ( 2 � 
 � � |X(n)s − Xsn

j
| ≤ |Xsn

j+1
− Xsn

j
| � 
 J |X(n)s − Xsn

j+1
| ≤

|Xsn
j+1
−Xsn

j
|
� � 	 � 
 � s ∈ [snj , snj+1]

(
|X(n)ui

−X(n)ui+1
|q ≤3q−1|X(n)ui

−Xsn
j
|q + 3q−1|Xsn

j
−Xsn

j′
|q

+ 3q−1|Xsn
j′
−X(n)ui+1

|q

≤3q−1|Xsn
j−1
−Xsn

j
|q + 3q−1|Xsn

j
−Xsn

j′
|q

+ 3q−1|Xsn
j′
−Xsn

j′+1
|q.

� � 
 � � ( ∑

i∈Πleft

|X(n)ui+1
−X(n)ui

|q ≤ 3q−1Varq,[0,T ](X)q.
@ � � � 2 	 � H � 	 � � A � �

k−1∑

i=0

|X(n)ui+1
−X(n)ui

|q =
∑

i∈Πleft

|X(n)ui+1
−X(n)ui

|q

+
2n−1∑

j=0

∑

i∈Πj ,
��� � � i6=maxΠj

|Xui+1
−X(n)ui

|q ≤ (3q−1 + 1)Varq,[0,T ](X)q.

} � ( � 
 ��JT�3J � � � � A � �
Varq,[0,T ](X(n)) ≤ (3q−1 + 1)1/q Varq,[0,T ](X).

  "/�&'
�Ï� 
 � � � � (0� � � � 2 	 � H � 	 � � A � � � � 	 � 
 � p > q

(
Varp,[0,T ](X −X(n))p

≤ 2q−1 sup
t∈[0,T ]

|Xt −X(n)t|p−q
(
Varq,[0,T ](X)

q +Varq,[0,T ](X(n))
q
)
.

� A � 2 ( � 
 � � � � � � 
 2 � A � � ��H � 2 � 2 � 	 � � � 
 � � 	 1 � 
 � � � � (X(n))n∈N
� � X

� 
 p
7� � 	 � � � � � 
 �@ � �

K0
� � © ���3J ( � 
 J � � � T0

� � � A � Fϕ 7 2 � � ,0, � 
 1 � ��H �|2 � � A � A � �
T0 = inf

{
r > 0 sup

0≤s<t≤r

|(M,V +, V −)ϕ(t) − (M,V +, V −)ϕ(s)|p
t− s

≥ K0

}
.

@ � � � � 2 � T̂
� � � © ���KJ 	 � � � 
 � H � � 	 � @ � � � 2�2B� � Yt = Xϕ(·)∧T0∧T̂

( F A � � A � 2 �
Fϕ 7 2B� H���7®H � 	 � � 
 1$� � � �@ � �

Y (n)
JT� 
 � � �K2 � A � , � � � � F � 2B� ��� 
 � � 	 �/,0, 	 � � � H � � � � 
 � � Y � � � 
 1 � A �J � � J � � 2 � � � � � � � n ( �  $  ( X � 
 J X(n) � 	 � 	 � , � � � �3J � �

Y � 
 J Y (n)
� 
  Ø��¬&')(

� � � F � � A � A � ,T� 	 � � � � � 
 (T̂ k/2n)k=0,...,2n

� } � H � � � 	 � � ( � 
 � � � 
 JT� © 
 � Y (n)2s,t
�

� 	 � H 
 � F ( F � � 2B� � A � 
 � � � � � � 
 tnk = T̂ k/2n
� � 	 k = 0, 1, . . . , 2n �� A � , 	 �:� � 	 � � � �K2 � 
 � A � � � ��� � F � 
 1 � � H�H � �
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mor���� n���� � 	�� *+���
n ∈ N

*+� &
j, ` ∈ { 0, . . . , 2n } .��� "� ���/*+�

` > j $ � $ �/*+(+$

Y (n)2tnj ,tn` = Y 2
tnj ,t

n
`
+ [θntnj ,tn` ]

a,

� ��$��#$
[θns,t]

a &�$�� 	�� $". ����$ *+���,���-.���
�
 $������- ��/*+��� � �  $  $ [A]a = 1
2
(A − At)

�
	�� *

d× d
� 
 *+�,��� %

A
� 	��

θns,t =

∫ t

s

δnuY ⊗ dYu
� ��� �

δnuY =
2n∑

k=1

(Yu − Ytn
k−1
)1[tn

k−1,t
n
k
)(u).

� �#	 	��  	 ��2�� �
s = tnj � 
 J t = tnk

��� A � 
 ( � J � 	 � � � � � H , � � � � � � 
 2 A � F 2 � A � �

Y (n)2s,t =
k∑

`=j+1

(
(Ytn

`−1
− Ys)⊗∆n

` Y +
1

2
∆n

` Y ⊗∆n
` Y

)
.

§52 � A � 	 � 
 J � H � � 	 � � � � � Ytn
`−1
− Ys

� 2 Fϕ(tn
`−1)

7MH � � 2 � 	 � � � � (

(Ytn
`−1
− Ys)⊗∆n

` Y =

∫ tn`

tn
`−1

(Ytn
`−1
− Ys)⊗ dYu

=

∫ tn`

tn
`−1

(Yu − Ys)⊗ dYu −
∫ tn`

tn
`−1

δnuY ⊗ dYu.

¤ 
 � A � � � A � 	 A � 
 J ( � A � ¨ � � � � 	 H � � � ��H , � � �32 � A � �
1

2
∆n

` Y ⊗∆n
` Y =

[∫ tn`

tn
`−1

δnuY ⊗ dYu

]s
+
1

2

(
〈Y 〉tn

`
− 〈Y 〉tn

`−1

)
,

F A � 	 � [A]s = 1
2
(A+ At)

JT� 
 � � �K2 � � 2 � H�H � � 	 � � ,+� 	 � � � � H � � 	 � � A
� } � 
 � �

Y 2
s,t =

∫ t

s

(Yu − Ys)⊗ dYu +
1

2

(
〈Y 〉t − 〈Y 〉s

)
,

� A � 	 �32 � � � � 2 
 � F � � � � 	 �
� ��� *+���/*+��� 	��!� ��$ � �"	 	�� 	�� � �"	 ��	 .������-	�� �  < 2 � 
 1 � A � ���$� JT� 	 � � 
 � � 
 � � � � � � Y

� 
 J  �"/�&'Ë( � 
 � 1 � � � � 2 � � � � A � � � � 	 � 
 � q ≥ p � 
 J � 
 � m ∈ N
(

|Y 1
s,t|q + |Y (m)1s,t|q ≤ cqK

q
0 |t− s|q/p,

F A � 	 � cq
� 2 � � � 
 2 � � 
 � JT� , � 
 J � 
 1 � 
 � � � 
 q

� ª �32 � JT�K2 ( � 2 Y (m)s,t = Ys,t
� �

s = T̂ i/2m
(
t = T̂ j/2m

� � 	 � 
 � i, j ∈ { 0, . . . , 2m } (

|Y 1
tni ,t

n
i+1
− Y (m)1tni ,tni+1

|q ≤
{
0

� �
m ≥ n,

cqT̂
q/pK

q/p
0 2−nq/p � �

m < n.
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	 ��JT� � � H , � 2�� Y � 2 Y = Y0+N+W
( F A � 	 � N � 2 � Fϕ 7®H � 	 � � 
 1&� � � � 
 J W

� � � 	 H � � © 
 � � � � � 	 � � � � � 
 �@ � H H � � � 2�2B� 	 � 2 � A � � � 
 � � � 
 � � � � � � � � � A � p/2 7®� � 	 � � � � � 
 � � Y 2−Y (m)2
� �

� 
 � � 
 � F 2 Y 2
tnj ,t

n
j+1
−Y (m)2tnj ,tnj+1

( � A � � � 2 � A ��J ��� � 	 � 
 � � � � � F �K� 
 Y 2 � 
 J Y (m)2

� 
 � � � ��� A ��J � � J � � , � � 
 � 2 � � [0, T̂ ] �¨ �
m ≥ n

( � � 	 � 
 � j = 0, . . . , 2n
( � A � 	 �\��� � 2 � 2 j′ � 
 J j′′

� 
 { 0, . . . , 2m }2 � � A 2 � � A tnj = tmj′ � 
 J tnj+1 = tmj′′
� 	 � � A @ � H H � .0( Y 2

tnj ,t
n
j+1
− Y (m)2tnj ,tnj+1

=

−[θmtm
j′
,tm

j′′
]a
� 	 � � � � � 2 � 
 θms,t

�o� � 	 m ≥ n
(

E
[
|θmtnj ,tnj+1

|q/2
]
≤ 2q−1E



∣∣∣∣∣

∫ tnj+1

tnj

δmu Y ⊗ dNu

∣∣∣∣∣

q/2



+ 2q−1E



∣∣∣∣∣

∫ tnj+1

tnj

δmu Y ⊗ dWu

∣∣∣∣∣

q/2

 .

	 � � � � � � F � A � � 	 1 � H � 
 � 2 � � � A � , 	 �:� � � � * 	 � , � 2 � � � � 
 �$�X< 2 � 
 1 � A � � � � A 2 � JT�K2 � �� A � ª � 	 ��A � � J0� 	 7 � � ��� �32 7 ¦ � 
 J � � 
 � ~ � � � � � � � 
 J � A ��� � � � A � 7 } � A F�� 	 ��� 
 � ~ � � ��� � � (� A � 	 ����� � 2 � 2 � � � 
 2 � � 
 � Cq
JT� , � 
 J � 
 1 � 
 � � � 
 q

2 � � A � A � �

E



∣∣∣∣∣

∫ tnj+1

tnj

δmu Y ⊗ dNu

∣∣∣∣∣

q/2



≤ CqE

[
sup

t∈[tnj ,t
n
j+1]

|δmt Y |q
]1/2

E

[
sup

t∈[tnj ,t
n
j+1]

|Nt −Ntnj
|q
]1/2

.

< 2 � 
 1 � A � � � 	 � JT� © 
 � � � � 
 � � T0 � 
 J Y
(

sup
t∈[tnj ,t

n
j+1]

|δmt Y |p ≤ K0T̂

2m

� 
 J � A � �
E

[
sup

t∈[tnj ,t
n
j+1]

|Nt −Ntnj
|q
]
≤ C

(
K0T̂

2n

)q/p

.

� 	 � H  Æ� 9 ')(
Varp,[s,t](W ) ≤ 2p−1Varp,[s,t](W+,W−)p ≤ 2p−1K0|t− s| � 
 J � A � 

E



∣∣∣∣∣

∫ tnj+1

tnj

δmu Y ⊗ dWu

∣∣∣∣∣

q/2

 ≤

(
2p−1

K0T̂

2m/22n/2

)q/p

.
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¨ �
m < n

( � J � 	 � � � � � H , � � � � � � 
 2 A � F 2 � A � � � � [tnj , tnj+1] ⊂ [tmi , tmi+1]
( � A � 


|Y (m)2tnj ,tnj+1
| =

(tnj+1 − tnj )
2

(tmi+1 − tmi )
2
|Ytmi+1

− Ytmi
|2 ≤ 22m

22n
(K0T̂ )

2/p

22m/p
.

� A �:� 2B� q > q′ > p
�¹¨ � � � � � � F 2 � A � ��� A � 	 ���!� � 2 � 2 � � � 
 2 � � 
 � C

JT� , � 
 J � 
 1 � 
 � �� 
 p
(
q � 
 J q′

2 � � A � A � �
∑

n>m

nγ

2n−1∑

j=0

|Y (m)2tnj ,tnj+1
|q/2 ≤ C

(K0T̂ )
q/p

1− 21−q′
2m(1−q′+q−q/p) sup

n>m
nγ2n(q

′−q).

§52
q/p > 1

(o� � F � � A �:� 2B� q′
2 � � A � � q − q′ < q/p − 1 ( � A � 
 � A � 	 �\��� � 2 � 2 �� � 
 2 � � 
 � C

JT� , � 
 J � 
 1 � 
 � � � 
 q, q′, p � 
 J γ
2 � � A � A � �

∑

n>m

nγ

2n−1∑

j=0

|Y (m)2tnj ,tnj+1
|q/2 ≤ CK

q/p
0 T̂ q/p2mδ

F � � A δ = 1− q′ + q − q/p < 0
�

¤ 
 � A � � � A � 	 A � 
 J ( F � A � � ��2��3� 
 � 
 � A � , 	 �:� � � � * 	 � , � 2 � � � � 
 � � A � �
2n−1∑

j=0

E
[
|Y 2

tnj ,t
n
j+1
|q/2
]
≤ C2n(1−q/p)T̂ q/p.

� � 
 � � ( � 2 � 
 1ú� ��� � A �32B�t�32 � ��H � � �K2 � 
 J @ � H H � �$( � 
 � 1 � � 2 � � 	 m
� � 	 1 �� 
 � � 1 A (

E
[
Varq/2(Y

2 − Y (m)2)q/2
]

≤ CK
q/p
0 T̂ q/p

(
2mδ +

m∑

n=1

nγ

2(m+n)q/2p
+
∑

n>m

nγ2n

2nq/p

)1/2
,

F A � 	 � � A � � � 
 2 � � 
 � C
JT� , � 
 J02 � 
 � � � 
 p

(
q � 
 J γ

�� A � ª�� � 
 � � H � 7M� � A � � � � � A � �]� 
 � ~ � � � � � � � H , � � �32 � A � � � � 	 � � � αm > 0 � 
 J � 
 �
δ > 0

P
[
Varq/2,[0,T̂ ](Y

2 − Y (m)2) ≥ αm

]
≤ C ′

αm

(
2mδ +

mγ+1

2mq/2p
+ Sm

)

F � � A C ′ = CK
q/p
0 T̂ q/p � 
 J Sm =

∑
n>m nγ2n−nq/p � � � � � 	 � � ( Sm ≤

∫ +∞
m

tγ exp(−ζt) dt� � 	 ζ = p(1− β) ln 2
� � � 
 � � ( F ��JT�3J � � �a� � 2 ��� � � A � � Sm ≤ m−3/3

� � 	 m
� � 	 1 �� 
 � � 1 A � }�� ��� � 
 1

αm = m2(2mδ +mγ+12−mq/2p +m−3/3),
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F � 	 � H � 	 � � A � � αm −−−→
m→∞

0 � 
 J � A � �
∑

m≥1

P
[
Varq/2,[0,T̂ ](Y

2 − Y (m)2) ≥ αm

]
< +∞.

� A � ª � 	 � ��7 � � 
 � � � ���â@ � H H � ��H , � � �K2 � A � �
Varq/2,[0,T̂ ](Y

2 − Y (m)2) −−−→
m→∞

0

P
7 � ��H � 2 � 2 � 	 � � � � � � F ( � � 	 �Í1 ��� � 
 � 	 � L�� � � � 	 � (�� � � � 2 � A �:� 2B� K0 � 
 J T0

� � 	 1 �� 
 � � 1 A 2 � � A � A � � ϕ(T ) ≤ T̂ � 
 J T0 ≥ T̂
� } � 
 � �

Y (m)2s,t = X(m)2ϕ(s),ϕ(t) � 
 J Y 2
s,t = X2

ϕ(s),ϕ(t),

F ��JT�3J � � � � A � �
Varq/2,[0,T̂ ](Y

2 − Y (m)2) = Varq/2,[0,T ](X
2 −X(m)2).ª �32 � JT�K2 ( 2 � 
 � �

sup
0≤s≤t≤T

|X(m)2s,t −X2
s,t| ≤ Varq/2,[0,T ](X(m)2 −X2)q/2,

� 
 � � � � � � 
 2 � A � � 
 � � � 	 H � � 
 � � 	 1 � 
 � � � � X(m)2s,t � � X2
s,t F � � A 	 �K2 , � � ��� � (s, t)2 � � A � A � � 0 ≤ s ≤ t ≤ T

�
����� � � �	��

���������	���������������  !���"������� ��� # -/. 0

� A �èJ ��� � 	 � 
 � � � � � F �K� 
 � 
 ¨ �
� � 
 � � 1 	 � � � 
 J � } � 	 � � � 
 � ��� � A � 
 � � 1 	 � � JT� , � 
 JT2� � � A � � 	 � 2�2 7®� � 	 � � � � � 
 � � � A � , 	 � � �K2B2 � A � � � 2 � 
 � � 1 	 � � �KJ �@ � � � 2 	 � � � � � � A � � F � A � � �!JT� 
 � � �3J � A � � � H � � � � � � 	 � 2B2 7®� � 	 � � � � � 
 2 � � X� �
Ξ
�-� � 	 t ∈ [0, T ] ( F ��2B� � jn(t) = sup { i ∈ { 0, . . . , 2n } sni ≤ t } � 
 J

Ξ(n)t =
1

2

t− sjn(t)

sjn(t)+1 − sjn(t)

(Xsjn(t)+1
−Xsjn(t)

)⊗ (Xsjn(t)+1
−Xsjn(t)

)

+
1

2

jn(t)∑

i=1

(Xsn
i
−Xsn

i−1
)⊗ (Xsn

i
−Xsn

i−1
).

	 �]2�� �
Ξ(n)s,t = Ξ(n)t − Ξ(n)s

� 	 � � � 
 2 � JT� 	 
 � F � A �  
 � 
 7 1 � � H � � 	 � � '�H � ��7� � , � � � � � ��� � � � 
 � � � � 
 � � (X(n)1, X(n)2 + Ξ(n)) ���qyu ��uvþ�x wyxÝuvz ��� � $��
p $ K *+� &

ϕ
*�.�* ! 	�(+$  � $�� X(n) ! $ ���1$ � �-$" �$ � �%. $!����� $'*+�

* ��� �#	 % ��
 *+�,�-	�� 	��
X

*+�%	���� � ��$ �/*+�������,�-	��
(ϕ−1(ϕ(T )k/2n))k=0,...,2n  " ��$�� $ ����$
������,��� ���- '*+����(+$ �����  ����-	�� *+�

(X(n)1, X(n)2 + Ξ(n))
 "	���(+$��,��$". *+��
 	 .�� .����#$���� ���

MVp([0, T ];RN )
��	
(X1, X2 + Ξ)

*�.
n→∞  
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� �#	 	��  � � � � 	 � � ( F � A � � � � 
 � � � � , 	 � � � � A � � (Ξ(n))n∈N
� � 
 � � 	 1 �32 � 
 q/2

7®� � 	 � � � � � 
� � Ξ �°� A � , 	 �:� � � 2¹2 ��H���� � 	 � � � A � � 
 � � � * 	 � , � 2 � � � � 
 "�� ¤ 
 � A � 2 � � F � 	 � F � � A
Y
� 
 2 � � � J � � X �-@ � � � 2�JT� © 
 � Ξ(n)Y � 
 J ΞY � � � 2 � � 2 � � � � � � � 
 � � X � � Y

� 
� A ��JT� © 
 � � � � 
 � � Ξ(n) � 
 J Ξ � 	 � � 2�� � A ��2 � H � 
 � � � � � � 
 2 � 2 � 
 � A � , 	 �:� � � �* 	 � , � 2 � � � � 
 " � � 	 K0
(
T̂
(o� ��� 	 � � 2B2 � H � � 
 � © 	 2 ��� ��H � � A � � m ≥ n

��� A � 
 (� � 	 i ∈ { 0, . . . , 2n } � 
 J � � 	 j < k
� 
 { 0, . . . , 2m } 2 � � A � A � � tmj = tni � 
 J

tmj − tmk = T̂2−n (
Ξ(m)Ytni ,tni − Ξ

Y
tni ,t

n
i+1
= Ξ(m)Ytnj ,tnk − Ξ

Y
tnj ,t

n
k

=
k∑

i=j+1

1

2
(Ytmi−1

− Ytni
)⊗2 − ΞY

tmi−1,t
n
i
=

k∑

i=j+1

1

2

∫ tni

tmi−1

(Yr − Ytmi
)⊗ dYr.

§ 
 J � � n > m
( � � 	 i ∈ { 0, . . . , 2n } (

|Ξ(m)Ytni ,tni+1
− ΞY

tni ,t
n
i+1
| = |(Ytni−1

− Ytni
)⊗2| ≤ 22m

22n
(K0T̂ )

2/p

22m/p
.

ª �K2 � JT�32 ( F � A � � � � � 	 � � J � 2B�K� 
 � A � �
E
[
|ΞY

tni−1,t
n
i
|q/2
]
≤ K

q/p
0 T̂ q/p

2nq/p
.

	 � A � � � � � 	 � � J � � 2B�KJ � A �32B���32 � � H � � �32 � 
 � A � , 	 �:� � � � * 	 � , � 2 � � � � 
 "�( � 
 J � A �, 	 �:� � � � * 	 � , � 2 � � � � 
 .�� 2�2 ��H���� � 	 � � � A � � 
 � � � * 	 � , � 2 � � � � 
 "���Ï� 
 � ��� � (�� � � � 2 	 � H � 	 � � A � �=� A � 	 � � � � � � 
 � � � F �3� 
 � A � ¨ � � � 
 J � A �-} � 	 � � � 
 � �:� � A� 
 � � 1 	 � � 2 � 
 Ja}0�|��2 � � 1 � � A � 	 F � � A � � 	 � ��� � 	 � � � ��� � F 2 � � JT�KJ � � � � A � � K((X1, X2+
Ξ)) � 
 J I((X1, X2 + Ξ)) � 	 � H � � � � , ��� � � � �×� � � � 
 � � � � 
 � � 2 � � � 
 1¡� � � � � � A � ¨ � �� 
 � � 1 	 � � z +

∫ ·
0
g(Xs) dXs � 
 J � A � 2 � � � � � � 
 Y

� � � A � ¨ � �54 2c}0�|�
Yt = y +∫ t

0
f(Ys) dXs

( F A � 	 � K � 
 J I
A � � � � �K� 
 JT� © 
 �3J � 
 � A � , 	 �:� � � � � � 	 � ��� � 	 � �$�� A � , 	 �:� � � � � A � � � ��� � F � 
 1 � � 	 � ��� � 	 � � 2 
 � F � � � � 	 �sauNqyu±ý{ýÝnTq�£  �� � � &�$�� � ��$!��� �1	�����$". $".�	�� � �#	 ��	 .������-	�� � *+� & � � ��	�� ��$".��%. � 	��

g*+� &
f $ ����$�	��'&+��� *+��� ������$-�+� *+�

Z(n)t = z +

∫ t

0

g(X(n)s) dX(n)s +
N∑

i,j=1

∫ t

0

∂gi
∂xj

(X(n)s) dΞ
i,j(n)s

*+� & ����$!. 	��������-	�� 	�� ����$�	�� &+��� *+��� &+� � $��"$�������*+� $�� �5*+���-	�� &�$�� � $'& ! �

Y (n)t = y +

∫ t

0

f(Y (n)s) dX(n)s +
m∑

j=1

N∑

i,k=1

∫ t

0

f j
k

∂fi
∂xj

(Y (n)s) dΞ
i,k(n)s

 "	���(+$��,��$ *+��
 	 .�� .����"$���� ��	
Z

*+� &
Y

&�$�� � $'& * ! 	�(+$  
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