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Abstract: Let X be the fractional Brownian motion of any Hurst index H € (0,1) (resp.
a semimartingale) and set o« = H (resp. o = %) If Y is a continuous process and if m is a
positive integer, we study the existence of the limit, as € — 0, of the approximations

t o m
I(Y,X) = Y Kore = X5\ g t>0
) 0 EO‘ b

of m-order integral of Y with respect to X. For these two choices of X, we prove that the
limits are almost sure, uniformly on each compact interval, and are in terms of the m-th
moment of the Gaussian standard random variable. In particular, if m is an odd intleger, the
limit equals to zero. In this case, the convergence in distribution, as ¢ — 0, of e 21.(1, X)
is studied. We prove that the limit is a Brownian motion when X is the fractional Brownian
motion of index H € (0, %}, and it is in term of a two dimensional standard Brownian motion

when X is a semimartingale.
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1 Introduction

In this paper we investigate the accurate convergence of some approximations of m-order
integrals which appear when one performs stochastic calculus with respect to processes which
are not semimartingales, for instance the fractional Brownian motion. We explain below our
main motivation of this study.

1.1 Preliminaries

Recall that the fractional Brownian motion with Hurst index 0 < H < 1 is a continu-
ous centered Gaussian process B" = {B;H : t > 0} with covariance function given by
Cov(B. ,B;) = ( 2H 4 42H _ | — |2H) Tt is well known that B is a semi-martingale
if and only if H = 5 (see [16], pp. 97-98). Moreover, if H > %, B" is a zero quadratic varia-
tion process. Hence, for H > %, a Stratonovich type formula involving symmetric stochastic
integrals holds (see, for instance [17] or [5]):

t
H H, o H
fB1 = 10+ [ FBhHes! (11)
0
On the other hand, if 0 < H < %, some serious difficulties appear. It is a quite technical

computation to prove that (1.1) is still valid when H > ¢ (see [8] or [3]). In fact, for H > ¢,
in [8] was proved, on the one hand,

s =10+ [ rehes! -5 [ rowhevs! s 2 oo s!

and on the other hand,

/ OB / OB )P B" — 0,

where, for X,Y continuous processes and m > 1, the m-order symmetric integral is given by

t 1 t Xs _ Xs m
/0 Y, d°M X, = z;lli% p1r0b§/0 (Ys + K+E)uds, (1.2)
and the m-forward integral is given by
t —_—
/ Yod M X, = hm prob/ Yy———— Kore = X" ——ds, (1.3)
0

(if m = 1, we write [} Y;d°X; (vesp. [j Yyd~ X,) instead of [ Vsd°*M X (resp. [3 Y,d-(VX,)).
In [8] one studies, for the fractional Brownian motion, the existence of the m-order sym-
metric integrals. According to evenness of m, it is proved that

e if mH = 2nH > 1 then integral fo e B!

. exists and vanishes;

e if mH = (2n — 1)H > 3 then integral fo f(Bf)do(Q”_l)Bf exists and vanishes.

Moreover it is also emphasized that integrals fot F(BDYd°CM B! (resp. fg (B BT
do not exist in general if 2nH < 1 (resp. (2n — 1)H < ). This last statement is in fact a
direct consequence of results of the present paper (as it is mentioned in the proof of Theorem

4.1 in [8]). An important consequence is that H = ¢ is a barrier of validity for the formula
(1.1) (see [1], [3], [4], [7] and [8]).



1.2 First order approximation: almost sure convergence

In the definitions (1.2) and (1.3), limits are in probability. One can ask a natural question: is it
possible to have almost sure convergence? For instance, in [10], the almost sure convergence of
a generalized quadratic variation of a Gaussian process is proved using a discrete observation
of one sample path; in particular, their result applies to the fractional Brownian motion.
Here, we prove (see Theorems 2.1 and 2.2 below for precise statements) that, as ¢ — 0,

t
[ s as (1.4)
0 5

converge almost surely, uniformly on each compact interval, to an explicit limit when f
belongs to a sufficiently large class of functions (including the case of polynomial functions,
for instance f(z) = 2™), Y is any continuous process, X = B" is the fractional Brownian
motion with H € (0,1) (resp. X = Z a semimartingale) and o = H (resp. o = 3). Let us
remark that the case when X is a semimartingale is a non Gaussian situation unlike was the
case in [10] or other papers (at our knowledge).

If m = 2n is an even integer the previous result suffices to study the existence of 2n-order
integrals for the fractional Brownian motion with all 0 < H < 1. Indeed, by choosing
f(x) = 2", we can write the following equivalent, as € | 0:

1 [t H H onH—1 (Zn)! t . t
g/0 YS(BerE _Bs )271« ~ £ ol /0 YSdS, if A }/st 75 0.

On the other hand, if m = 2n — 1 is an odd integer, we need to refine our analysis (especialy
for Hurst index 0 < H < %) because, in this case, we do not have an almost sure non-zero
equivalent.

1.3 Second order approximation: convergence in distribution

Set Y =1 and f(z) = 2™ in (1.4), with m > 3 an odd integer. For the two same choices of

X (that is X = B" witha=Hor X a semimartingale with o = %), we have, for all T > 0,

U X e — X\
a.s., vt € [0,7], lim <M> ds = 0.
0

e— ex

After correct renormalization, is it possible to obtain the convergence in distribution of
our approximation? We prove (see Theorems 2.4 and 2.5 below for precise statements) that
the family of processes

{%/ﬂt (#)mds:tzo} (1.5)

converges in distribution, as € — 0, to an explicit limit:

e If X = B is the fractional Brownian motion with H € (0, %], we obtain a Brownian
motion and our approach is different to those given by [6] or [19];

e If X is a semimartingale, we express the limiting process in terms of a two-dimensional
standard Brownian motion. This also give an example of a non-Gaussian situation when
the convergence in distribution is studied.



We can see that

t BH _BH m é H H\™
{/0 <%) ds,€>0} equals in law to {/0 (BS+1—BS> d5,5>0}

by using the self-similarity of the fractional Brownian motion (that is, for all ¢ > 0, BZ equals
in law - as a process - to cHBtH).

In [6], the authors study the convergence in distribution (but only for finite dimensional
marginals) of the discrete version of our problem, that is of the sum Z[t/ l (Bn 1 - B))

with f a real function. On the other hand, in [19], the Hermite rank of f is used to discuss

the existence of the limit in distribution of [; i °f Bs 1 Bf)ds for H > % (recall that, in
the present paper, we assume that H is smaller than %)

2 Statement of results

2.1 Almost sure convergence

In the following, we shall denote by N a standard Gaussian random variable independent of
all processes which will appear, by B" the fractional Brownian motion with Hurst index H
1

and by B = B? the Brownian motion.

Theorem 2.1 Assume that H € (0,1). Let f : R — R be a function satisfying for all z,y € R
‘f(x) - f(y)‘ < L‘x - y‘a(l + $2 + y2)bv (L > OaO <a< 17b > 0)7 (2'1)

and {Y: : t > 0} be a continuous stochastic process. Then, as € — 0,

H

/Yf 5+5_ Zste T8 )ds - E[f (N)]/OtYSds, (2.2)

almost surely, uniformly in t on each compact interval.
The following result contains a similar statement for continuous martingales:

Theorem 2.2 Let f : R — R be a polynomial function. Assume that {Y; : t > 0} is
a continuous process and that {Jy : t > 0} is an adapted locally Holder continuous paths
process. Let {Zy : t > 0} be a continuous martingale given by Z; = Zy + f(f JsdBs. Then, as
e — 0,

/Yf Dste =25 ds—>/YE (N J,)|Fs] ds (2.3)

almost surely, uniformly in t on each compact interval. Here, F; = o(Js, s < t).

Remarks: 1. For instance, if f(z) = z™ then the right hand side of (2.3) equals to
E[N™] [1 Y, J" ds.

2. A similar result holds for continuous semimartingales of type Z; = Zy—+ fg JsdBg+ fg K.ds
because the finite variation part fot Kds does not have any contribution to the limit. O



If we apply Theorem 2.1 with f(z) = z, we obtain, almost surely on each compact interval,

t

1 H
;1_1)1(1)5—}[ Ys(By,. — By )ds = 0.

1

In the following result, we prove that, by replacing e = by 7!, we obtain a non-zero limit

for integrands of the form Y = g(Bf):
Corollary 2.3
1) Assume that g € C*(R) and that H belongs to [1,1). Then

H

t Bl..-B
0 e

converges, as € — 0, almost surely, on each compact interval. Consequently, the forward
integral fo d B can be defined path to path.

2) Assume that g € C3(]R) and that H belongs to [%,1). Then

1/t H H Bf e — Bf
! /0 (9(B".) + g(B"y) Zere —Ps 4,

2 €

converges, as € — 0, almost surely, on each compact interval. Consequently, the sym-
metric integral fot g(BSH)dOBH can be defined path to path.

s

3) Let {Z; :t > 0} be a continuous martingale as in Theorem 2.2. Assume that g € C%(R).

Then .
Lsre — 4
0 9

converges, as € — 0, almost surely, on each compact interval, to the classical Ito integral
t
Jo 9(Zs)dz

Remarks: 1. In [2], it is proved, for g regular enough, that
t H o H t H H H
| oEhaB! = [ o8] + TeDy(B"). (2.4
0 0

where fg g(Bf)&Bf denotes the usual divergence integral with respect to B " and TrDg(B H)t
is defined as the limit in probability, as € — 0, of

1 t
oz | 9B [R(s, (s + ) At) = Rls,(s =) vV 0)]ds

€
with R(s,t) = Cov(B. ,B,"). For any H € (0,1), it is a simple computation to see that the
previous limit exists almost surely, on each compact interval and equals to H fg J (Bf )52 =145,
Consequently, by using (2.4) and the part 2 of Corollary 2.3, we see that the divergence inte-
gral fo 5B can be defined path-wise.

2. In [20], 1t was introduced a path-wise stochastic integral with respect to B" when the

integrator has y-Holder continuous paths with v > 1 — H. When the integrator is of the form

g(B:I ), the condition on +y implies that H > I (see p. 354). Hence, the first two parts of

Corollary 2.3 could be viewed as improvements of the results in [20]. O



2.2 Convergence in distribution

Let m be an odd integer. It is well known that the monomial 2™ may be expanded in terms
of the Hermite polynomials:

S . 2 db (2
= Zak,mHk(IE), with Hy(z) = (—1)%e e <e 2 > ,k=0,1,2,... (2.5)

Note that the sum begin with k = 1 since m is odd (for instance x = H;(z), 2° = 3H;(x) +
Hjs(x) and so on).

Theorem 2.4 Let m > 3 be an odd integer and assume that H belongs to (0, %] Then, as
e — 0,

H

{%/Ot<33+5€7;35> ds:tZO}L{\/mm:tzo}‘ (2.6)

Here {; : t > 0} denotes a one-dimensional standard Brownian motion starting from 0 and
Cm,H 15 given by

m azm o0 2H 2H 2k
H::ZZk—"/ [(w—i—l) +lz -1 —2z dz,
k=1 70

where the coefficients ay, , are given by (2.5).

Remark: Let us note that if 0 < H < %,

(x+ 1)2H + |z — 1]2H —22”" ~ H(2H — 1):5_2(1_H), as x — 00,
and if H = 1,
(x + 1)2H + |z — 1|2H —22"" =0, asz > 1.
Hence ¢, g < oo if and only if 0 < H < % O

Finally, let us state the result concerning martingales:

Theorem 2.5 Let m > 3 be an odd integer and assume that o is an element of C?(R;R).
Let {Z, : t > 0} be a continuous martingale given by Zy = Zy+ fo s)dBs. Then, ase — 0,

{%/Ot <Z5+i/g ZS) ds:t> 0}%{/ DY B0 4 1pB®) ¢ > 0} (2.7)

Here {(5, (1) ( )) :t > 0} denotes a two-dimensional standard Brownian motion starting from
(0,0) and /@, 1= 1,2 are some constants.



3 Proofs

3.1 Proof of almost sure convergence

The idea to obtain almost sure convergence is firstly, to verify L2-type convergence and
secondly, to use a Borel-Cantelli type argument and the regularity of paths (see Lemma 3.1
below).

To begin with, let us recall a classical definition: the local Hélder index g of a con-
tinuous paths process {W; : t > 0} is the supremum of the exponents v verifying, for any
T >0:

P{w: dL(w) >0, Vs,t € [0,T], |Wi(w) — Ws(w)| < L(w)[t —s]7}) = 1. (3.1)

We can state now the following almost sure convergence criterion which will be used in proving
Theorems 2.1 and 2.2:

Lemma 3.1 Let f : R — R be a function satisfying (2.1), {W, : t > 0} be a locally Hélder
continuous paths process with index o and {V; : t > 0} be a bounded variation continuous
paths process. Set

W ( /f Ware =Weyis 50,60, (3.2)
and assume that for each t > 0, as e — 0,

2
-]

1.2

= 0(c%), with a > 0. (3.3)

Then, for any t > 0, lim._,q W(f)( t) = Vi almost surely, and if f is non-negative, for any
continuous process {Yy : t > 0}, ase — 0,

/OYdW(f)() /OtYSdVS (3.4)

almost surely, uniformly in t on every compact interval.

Proof. We split the proof in several steps.
Step 1. We set, for n € N*, ¢, := n=2/®_ For every § > 0

P (W0 Vil > ) < 5B [ 0 - WP < e

Since Y e < 400, we deduce, by applying Borel-Cantelli lemma that, for each t > 0,

lim,, o0 W;f) (t) = V(t) almost surely.
Step 2. Fix € > 0 and consider n € N* such that €,11 < e < &,. Let us fix w € 2. We
shall denote, for each t > 0,

W (1) (w) = W (1)) + &) (@) + Calt) (@),

with

g7

t ) (o) — WP (w D () — WD
£.(6)w) ::/0 [f(ws+€< ) —Wal(w)y p Wate, () =Wal() |



t

f( sten )_f( Yo

570 En

() (w) =

0

Wi, @) - W) Wi @) - W w) >] ds

We prove that &, (t)(w), (,(t)(w) tend to zero, as n — oo, hence we shall deduce that, for each
V

t >0, lim._,o W(f)( t) = V(t) almost surely.
For notational convention, we will drop the argument w and the superscript (f). We can
write, for d > 0,

b

cst. Wire = Wo\2 [ Wipe, — Ws\?
En(t)] < sa'yo/ Wete = Wae,[" |1+ (T T ds
cst. -5 b -5
< m‘gn_gn—&-ﬂa(% )E% (0=9) ¢.
€n+1

Since &, — 41 = O(n"17%/%), we have [g, (t)] = O(n~o0 et =5=

lim,, o0 &€,(t) = 0 by choosing ¢ small enough. Similarly,
b

Wqus - Wu 2 Weren - Ws 2
[Gn(t)] < cst. (570 - > / (Wite, =Wl |14 <T> + <T ds

1 1\

< ost.. (a+2b)(v0—9) ¢

= Sy \g0 . T 0 ) G :
€n+1 Sn+1 n

)) as n — oo. Hence,

Since 277" — .75 = O(n~1-20/%), we have [¢, (t)] = O(n~+0e+*5"

lim;, 00 G () = 0 by choosing ¢ small enough.

)) as n — oo. Again,

Step 3. We will show that the exceptional set of the almost sure convergence We(f) (t) —
V(t) can be choosed independent of ¢t. Let Q* the set of probability 1, such that for every

we Q* lim._, W(f)( t)(w) = Vi(w), vt € QNRT. Fix such a w € Q*, t € RT and assume that
{sn} and {t,} are rational sequences such that s, 1 ¢ and ¢, | t. Clearly,

W (s0) (@) < W () (w) < W2 () ()

First, letting € goes to zero we get

Vin(w) < liminf W." (1) (w) < limsup W, (1) (@) < Vi, (@),
= s

and then, letting n goes to infinity we deduce that for each w € Q* and each t € R™,
lim, o WL (£)(w) = Vi(w).

Step 4. If f is non-negative we can apply Dini’s theorem to obtain that W;f) (t) converges
almost surely toward V;, uniformly on every compact interval.

Step 5. Further, the reasoning is pathwise, hence we fix w € 2, we drop the argument
w and write small letters instead capital letters. Since wéf) simply converges toward v, the
distribution function of the measure dwéﬁ converges toward the distribution function of the
measure dv, hence dwéf) weakly converges toward dv. Clearly, the measure dv does not charge
points and the function s +— y51[07t}(3) is dv-almost everywhere continuous. Consequentely,

> ) !
lim Ys Ljo,(s) dw, " (s) = / Ys dvs.
e—0 0 0
The proof of the almost sure convergence criterion is done. [ |



Proof of Theorem 2.1.

First, let us note that if f satisfies (2.1) then the positive part fi and the negative part
f— also satisfy (2.1). Hence by linearity, we can assume that f is a non-negative function. We
shall apply Lemma 3.1 to W = BH, the fractional Brownian motion which is a locally Holder
continuous paths process with index H (as we can see by applying the classical Kolmogorov
theorem, see [15], p. 25) and to the process V; = E[f(N)] t. We need to verify (3.3). First
we note that

2H

Var(B,,. — B, ) =e¢
and, if u+e <u++/e<w,

t.e2
Cov(Bf+€—B:,Bf+€—Bf) = (v—u—5)2H+(v—u+5)2H—2(v—u)2H < 7( @ ;w < cst.eHH,
v—u

as we can see by using Taylor expansion. Hence, by classical linear regression we obtain, for
u++/e <w,

H H

B,,.—B
S = O )N+ (1+0E"™)) M, (3.5)
Bl _—BY
uniformly with respect to u, where N, . = % and M, . are two independent standard
Gaussian random variables. We write
" BH B BH 2
P [ / (f(%) - E[f(N)]> ds| t =Ti(e) + Ta(e) + T (3.
where o Y o o
Bu B Bu Bv B BU
116 =2 [ LucocunoB | S22 20 s,
[0,¢]? € €
By~ B, . B~ B,
1) =2 [ B | F(PHES R (P | dudy and Ty = BN
it

Using (2.1) (which implies that |f(z)| < cst.(1+]z|%(1+2?)")) and Cauchy-Schwarz inequality
we can prove that Ti(e) = O(y/e). Using again (2.1) and (3.5) we deduce that Ts(e) =
E[f(N)]* + O(Ea(Hm). Replacing in (3.6) we see that (3.3) is verified, hence Lemma 3.1
applies. The proof of (2.2) is done. [ |

Proof of Theorem 2.2.

By linearity it suffices to prove the result for f(xz) = 2™ and by classical localization
argument (see for instance [8], p. 8), it suffices to prove the result for J bounded continuous
process. Recall that N denotes a standard Gaussian random variable.

1
Thanks to Theorem 2.1, (2.3) is true for the Brownian motion B = B?*. More precisely,
as e — 0,

t m t
Bs+s - Bs
Jm <7) ds — E[Nm]/ JMds (3.7)
/0 Ve 0

almost surely uniformly on each compact interval.
At this point we need the following technical but simple:



Lemma 3.2 Denote by P the set of finite sequences 6 with values in {1,2}. For 6 € P we

denote by k = k(6) the length of the support of the sequence 6 and n(J) := fol) 6(j). Let M
be a martingale, a < b be two real numbers and we shall denote

b t1 1
M (6(1)) (6(2)) (6(k))
= / M / am.” / am, (3.8)

with the convention dMY) = dM (Ité’s differential) and dM ) = d[M, M| (Riemann-Stieltjes
differential). Then, for each n € N*,

(Mb - Ma)n = Z Cn(é)lg\l;{gv (3'9>
deP,n(d)=n

where ¢, (6) is a contant depending only on § and n.

Proof. We make an induction with respect to n. If n = 1, My — M, = f; dM,. Assume
that (3.9) is true for n and we verify it for n + 1:

(My = M = (n-+1) [ o, - dyrang, + 2D / (0, — M A,

b 1 b
:(n+1)/ S @) dMﬁ%/ S 1M ) i, .
a 4 \sePn(8)=n—1

= Y an@Id.
seP,n(d)=n+1

We can finish the proof of Theorem 2.2. By (3.9) we can write

m m m m 7(B Z
Js (Bs+e - Bs) - <Z5+E - ZS) = Z 0(6)(Js Is(,szrs,cS - Ié,sle,cﬂ’
deP,n(d)=m

where

k s+e ti—o ) )
B z 51 ) I sGn) | G-1)
TN s 1= ,/ Jy dB (1) / Jo' dBT T (t)
j=17s s

bi-1 s0) () (5(3)) b G o (6G+1) b=t sy (k)
x/ (J, —Jt], )dB (tj)/ th+1 dB (tj+1).../ Jy, dB (tg)-
S S S

By hypothesis, paths of J are locally Holder continuous and by using the isometry property
of Tt6’s integral we can deduce (3.3): as e — 0,

o [ (P ) [ (P2 2) ] <o ann

We need now the following simple modification of Lemma 3.1:

10



Lemma 3.3 Let us made the same assumptions on the function f and on the process W as

in Lemma 3.1. Moreover, we assume that {W; : t > 0} is another locally Holder continuous

paths process with same inder g and assume that W;f)(t) denotes the associated process to

W as in (3.2). If f is non-negative and if for each t >0, as e — 0,

= () 2

() o
HWE (t) — W, (t)) L, =0(E, a>0, (3.10)
then, we have
lim (W;” ) — W (t)) ~0 (3.11)
e—0

almost surely, uniformly on every compact interval.

The proof is straightforward and we leave it to the reader. Using this result, we obtain that

t Bsie — B\ C Do — ZA\™
lim /J;” Tste  Ps ds/ Zste 75 ) ds| =0 (3.12)
=0 1Jo Ve 0 Ve

almost surely, uniformly on each compact interval. Combining (3.12) with (3.7), we get (2.3).
|

H) and f(z) = 22 in

S

Proof of Corollary 2.3. To prove the first part, we set Y; = ¢"(B
(2.2). Then, we obtain the existence of

H H
lim tg”(BH) (Bs+€ B Bs )2

1 ds, almost surely, uniformly on each compact interval.
E— 0 13

On the other hand, we can write, for a,b € R, a < b,

o(6) = g(a) + g/ ()b — @) + LA (b - a2

with 0, € (a,b). Setting a = Bf and b = Bf+5, integrating in s on [0,¢] and dividing by &
we get:

I I I
- / (9(By)—9(B))ds = - / o' (B,)(Byyo— By )ds+ - / g'(0
0 0 0

H H
H pH )(Bs-i-E_Bs )st'

s 17 s+e

3 3

By a simple change of variable we can transform the left-hand side as

1 t+e 1 5
! / g(B)ds — L / o(B!)ds,
t 0

3

which tends, as ¢ — 0, almost surely uniformly on each compact interval toward g(B; ) —g(0).
The last term on the right-hand side of the previous equality converges, almost surely and
uniformly on each compact interval and therefore the term which remains on the right-hand
side is also forced to have a limit. The third part can be proved in a similar way.
Let us turn to the second part. By setting Y, = ¢®) (B, ) and f(z) = 23 in (2.2), we obtain
the existence of

¢ H (Bs—‘ra - 35)3

lim [ ¢®(B,)

1 ds, almost surely, uniformly on each compact interval.
E—> 0 g

11



On the other hand, by setting Y; = 1 and f(z) = |z|® in (2.2) we obtain that

e—0

H H
. ¢ |Bs+€ B Bs ‘3
lim —/—=——ds < 400, almost surely, Vt > 0.
0 g

Consequently, it suffices to use the following Taylor formula

o) = gfa) + LTI gy SO0, g

and the dominated convergence, in order to conclude as previously. ]
3.2 Proofs of the convergence in distribution

Proof of Theorem 2.4. First, let us explain the main ideas in the simpliest situation of the
Brownian motion (H = ). In this case we are studying M, (t) = T/ OtT (Bst1 — Bs)™ ds
(see Step 1 below) and we write it, thanks to succesive applications of 1t6’s formula and of the
stochastic version of Fubini theorem, as fOtT R, (s)dBs plus a remainder which tends to zero
in L2, as T — oo. Then we can show that limp_, fOtT R,(s)?ds = cst.t, hence, by Dubins-
Schwarz theorem, we obtain that M. — +/cst.3, as T — oo, in the sense of finite dimensional
time marginals. Finally we prove the tightness. Let us remark that similar technics have been
used in [14], precisely in the proof of Proposition 3 (see also Step 10 below).

For the fractional Brownian motion case (0 < H < %) technical difficulties appear because

the kernel K in its moving average representation (B, = fot K(s,t)dBs) is singular at the
points s = 0 and s = t. Again we split the proof in several steps.
Step 1. By the self-similarity of the fractional Brownian motion, that is {BZ it >

0} £ {c" B/ :t >0}, for all ¢ > 0, we can see that

H
€

1 (B —B"\" . Lo m
{ﬁ/o — ds:tZO}:{\/E/O (B —B) ds:t=0p = {0, (1) : £ > 0},
where

1 tr H H\™
MT(t) = \/—TA (BS+1 — Bs ) dS, t Z 0. (313)
Hence, to get (2.6) it suffices to prove that

(M (t) it >0 {\Jemm Bt >0}, as T — oo. (3.14)
Moreover, this convergence is a consequence of the following two facts:
i) as T — oo, {M,(t) :t >0} — {/Cm.u Bt : t > 0} in law in sense of finite (3.15)

dimensional time marginals;

i1) for T'> 1, the family of distributions of processes M, is tight. (3.16)
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Step 2. Before proceeding with the proof of (3.15), let us show how the constant c,, g
appears. We claim that, for each t > 0,
lim E [M, (t)%] = cm,ut. (3.17)
T—o0

H

Set G = Bfﬂ —B. Gy = B, — B, and 6(u,v) = Cov(Gy,G). We need to estimate the
expectation of the product G"G%'. Thanks to (2.5), we have

2
a
k'm 0(u,v).

EGT'GY] = Y armamB[Hp(G1)Hy(G2)] = .

1<k,£<m k=1

Replacing this in the expression of the second moment of M (t), we obtain, noting also that
1 2H 2H 2H
Ou,v) =5(lv —u+ 1" +lv—u—1" =2v—u["),

m 2

2 ay
E[M,(t)?] = = dud UL k
|: T( ) j| T //O§u<UStT U vkz:l ]C' (U,’U)
t i aim T(t-y) 2H 2H 2k
:2/0 dyzk—’!/o [(ac—i—l) +lz -1 —2x dzx,
k=1

by the change of variables x = v — u,y = u/T. Letting T goes to infinity we get on the right
hand side of the previous equality ¢, mt.

Step 3. We proceed now to the first technical notation which will be useful in the next
step. We write M, (t) = M, (b) + Mg’) (t), where

MO = = /tT (BH —BH) ds, t >0 (3.18)
= R o s, . .
’ VT Jor i

Choose an arbitrary, but fixed ¢ > 0. Let us note that, by (3.17), we can choose b > 0 small
enough such that

lim E [M,(b)*] < o. (3.19)

T—o0

Step 4. Let us recall (see, for instance, [1], p. 122) that the fractional Brownian motion
can be written as
. 0 _1 _1 t _1
B = A+ B" :%{/ =" —(—s)" 2]dBS+7H/ (t—s)" " dB., t >0, (3.20)
0

—00

where, here and elsewhere we denote by 7, the constant I'(H +3)~!. We can write M;b) (t) =
Mg’) (t) + D(Tb)(t), where

MO .L/tT (BH —BH>mds £>0 (3.21)
T : \/T . s+1 s y LZ U .

Since the process A has absolutely continuous trajectories and using the fact that A and B
are independent as stochastic integrals on disjoint intervals, it is not difficult to prove that,
for each t > 0,

lim E [Dgﬂ(t)?} — lim E [(M;@(t) — MO )% =o. (3.22)

T—o00 T—o0
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Step 5. By (3.21) and (3.20) we can write

MO (2) 1 [ (/SH( +1 )H_%dB /S( )H_%dB )md (3.23)
= —= S — U w S—u W S .
r \/T bT 0 0

tT m

Y : -} -} H -}
=L [(s+1—wu) —(s—wu) “]dB,+ (s+1—u) “dB,| ds,t>0.
\/T br </0 s

We need to introduce a second technical notation. Let us denote:

tT S _1 H—l
NGO (g i / st1—w)""7 —(s—w)" ?1dB, 3.24
r )= . (S_C)VO[( ) (s—u) 7] (3.24)

s+1 H_1
+/ (s+1—u) 2dBu> ds, t >0,

where the positive constant ¢ will be fixed and specified by the statement a) below. We shall
prove successively the following statements:

a) for each t > 0, there exists ¢ > 0 large enough, such that

limsup E [(M;‘ﬁ (t) — N (t))Q] < cst.o: (3.25)

T—o00

b) there exists two families of stochastic processes { R, (t) : t > 0} and {S,(¢) : t > 0} such
that, for each t > 0,

tT
VO (@) = [ R,(s)dBs + S,(t), with lim E[S,(t)*] = 0; (3.26)
0 T—o0
c) for each t > 0,
tT
lim Var (/ RT(5)2d5> = 0. (3.27)
T —o0 0

Step 6. Suppose for a moment that a), b), ¢) are proved and let us finish the proof of the
convergence in law in sense of finite dimensional time marginals (3.15). First, we can write,

2

/OtT R,(s)%ds —cpmt = {/OtT R, (s)%ds — E[/OtT R, (s)%ds]} + {E[(/OtT RT(s)st) ]

—ENP (1))} + (B (6)? = MP ()]} + {EMP (6)* = My (6]} + {E [M.(6)%] = ey 8}

By using (3.27) for the first term, (3.25)-(3.26) for the second term, (3.22) for the third term,
(3.19) for the forth term and (3.17) for the fifth one, we obtain

tT

lim sup E[( R,(s)%ds — ¢y t)?] < cst.p,
T—o00 0
or equivalently, for each t > 0,
limsup E[(a, (t) — a(t))?] < cst.p, (3.28)
T—o0
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with notations a ;. (t) := gT R,(s)?ds and a(t) := ¢y mt. Second, we fix d € N* and 0 < ¢ <

ty < ... < tg and we shall denote for any u € R¢and f: Ry — R, ue f := Z;-lzl ujf(tj). We
consider the characteristic functions:

B fexp(in e M,)] ~ Efexp(ius (30 a))]| < E [|exp(in e (M, ~ MP)) ~1]

+E [|exp(iu o (M®) — 1®)) — 1\} +E [\ exp(iu e (M® — Nty 1@

T
+E[|exp(iue S, ) — 1|] + |E[exp(iu 0/0 R, (s)dBg)] — Elexp(iu e (§ o a))]|.

By (3.19), (3.22), (3.25), (3.26) and using the classical inequality |’ — 1| < |z|, we obtain,
for T large enough

|E [exp(iue M, )] — E[exp(iue (foa))]| <cst.p (3.29)

T
+|E[exp(iu o /0 R, (s)dBs)] — E[exp(iue (5 oa))]|

By Dubins-Schwarz theorem, we can write, for each T, de R, (s)dBs = Biry © apy, With B,
a one-dimensional standard Brownian motion starting from 0. Therefore, we have
T
Blexplins [ Ry(s)dB.)) - Elexp(iu e (30.a) (3.30)
0

< 2P(lla;y, —all > 4) + E [I exp(iue (5, 0 ay,)) —exp(iue f, o0a))l:|lag —al <6

2
< 5B [lag, —al?] + [0l El sup 1Burs-- s Bu) = Burs- -+ Bl

[v—wl<é

Combining (3.29), (3.30) and letting o — 0, (3.15) follows.
Step 7. We verify (3.16), that is, the tightness of the family of distributions of processes
M,,.. It suffices to verify the classical Kolmogorov criterion (see [15], p. 489):

supE [(M,.(t) — MT(S))4] <cult— 5%, V0 < s,t < R. (3.31)

T>1
Let s,t € [0, R]. Then, by (3.13),

H H H H H

B [(M(t) = My (s))"] = % / / / /[ —_ (Bt = Bu)"(Buyir = Bu) " (Buysn — Bu)"

H

Hym 1 i YaluYaiurau
X (Bu4+1 - Bu4) i| dU1dU2dU3dU4 = ﬁ ///ATtT}zl E [Gl G2 G3 G4 ] dU1d’U,2dU3dU4

where, as in Step 2, we denoted the standard Gaussian random variables G; = BZ 11— B:Z,,
i =1,2,3,4. Let us also denote 6;; = Cov(G;,Gj), 1,5 = 1,...,4. We need to estimate the

expectation of the product G"Gy'G5'GY'. By using (2.5), we get

E[GTGRGEGT = D> Gk mOksmOksm@hymB [Hi, (G1) Hyy (Ga) Hi, (G3) Hy, (G)]
k1,k2,k3,ka>1
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and we need to estimate E[Hy, (G1)Hy,(G2)Hy,(G3)Hy,(G4)]. Using the result in [18], p
210, we can write

E [Hg, (G1)Hpy (G2) Hyy (G3) Hy, (G4)] (3.32)

[ ST 0y Oigjys Ry ke ks k= 2g and 0 < K ko, ks, ke < g
0 otherwise,

where ), is the sum over all indices i1, j1, ..., 44, Jq € {1,2,3,4} such that i1 # ji,...,iq # Jq
and there are k; indices 1, ..., k4 indices 4. For instance E [H1(G1)H1(G2)H1(G3)H1(G4)] =
%(912934 + 013024 + 014623). Similarly, we can compute E [H3(G1)Hs(G2)Hs(Gs)Hs(G4)] in
terms of 0;; and so on. Since G; have variance 1, we deduce, using the conditions on the
indices appearing in (3.32), that

E|Hy, (G1)Hy, (Go) Hyy (G) Hi, (Ga) < st Y 18] |0l
{63} #{k.€}

Therefore, to get (3.31), we need to consider the following two type of terms: {i,j}N{k, £} =0,
for instance i = 1,j = 2,k = 3,0 = 4, or {i,j} N {k, £} # 0, for instance i = 1,5 = 2,k =
1,¢ = 3. Clearly, by simple change of variables,

2
1 1
=) //// ’912| ‘934‘dU1dU2dU3dU4 = — // ’912|dU1dU2
T [sT T4 T JJsra1)2

-z //
2T [sT,tT)2
1 /tT /(t—S)T - oH
= | = du z+1) +ljz—-1 -
<2T [ [ e 0" -

where \ := ( fo (z+ 1) + |z — 1" —22""|dz)?, and, similarly,

1
T2 //// 012 |613]duy dusduzduy
[sT,tT)*
= /]
[sT,T]3

x‘|u;>,—u1+1| —Hu;g—ul—l\ —Q\U3—u1| duldu2du;z,§/\(t—s)2.

2
|UQ — Ul + 1|2H + |U2 — U] — 1|2H — 2|U2 — ’LL1|2H‘ dulduQ>

2
" dx) <\t —s)?,

|u2—u1+1| +\u2—u1—1| —2\u2—u1|

Hence (3.31) is verified so the family of distributions of processes M., is tight.
The proof of Theorem 2.4 will be finished once we prove statements a)-c) in Step 5.

Step 8. We prove (3.25) and at the same time we precise the choice of the constant c.
For notational convenience we will drop superscripts “(b)” or “(b,c)” during the proof. Using
again (3.23) and (3.24) we can write

w0~ 8,0 =3 (1) P00, (333
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with

m—k

s+1
/ K(s,u)dB,y,
(

s—c)VO0

o (k) v tT (s—c)VO0
— _'H_
(t) = \/T/bT ds /0 K(s,u)dB,

and where we denoted

K(s,u)::{ (s+1—u) -

1
—(s-w)"?, fo<u<s
(s—i—l—u)H_, if s<u<s+1

(3.34)

N— N

We shall prove that the second moment of each term in (3.33) can be made small enough and
then (3.25) will follows.
Step 9. We can write

§ 22
E { T(k)(t)ﬂ _ Dy [// A(s, s")dsds' + // A(s,s')dsds'
T bT<s<s'<s+c+1 bT'<s,s+c+1<s'<tT

(3.35)
where
(s—c)VvO0 k (s'=c)VO k
Als,s) = B / K(s,u)dB. / K(s', u)dB, (3.36)
0 0
s+1 m—k s'+1 m—k
X / K(s,u)dB,, / K(s',u)dB,
(s—c)VO (s'—c)V0
and we shall study each term in (3.35). We need the following lemma:
Lemma 3.4 There exists a positive constant k such that, for all s > 0,
s+1 2 s+1
E (/ lC(s,u)dBu) = / K(s,u)du < k. (3.37)
0 0

Proof. By (3.34) and change of variables,

s+1 s 1 1 s+1 _
/ IC(s,u)Qdu:/ [(s+1—u)H ? —(s—u)H ?]Qdu—l—/ (s+1—u)2H 'du =
0 0 s

_1 _1 L oon oo _1 1 L oon
/ [(v—i—l)H T Q}de—k/ o dw g/ [(U+1)H 2y 2]2dv+/ Ay = Kk < .
0 0 0 0

By using Cauchy-Schwarz inequality and (3.37), we can prove that there exists ¢ > 0 large
enough, such that

92 3] 1 1 k
u // A(s, s')dsds’ < cst. </ [(v+ 1)H . 7]2d0>
T bT<s<s'<s+c+1 ¢

1—k(2—2H)
< cst.c < cst.p,
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since 1 — k(2 — 2H) < 0, for all k > 1 (recall that H < 3).

Consider now the second term in (3.35). Since m is an odd integer, the expectation equals
zero for each even integer k, by independence of stochastic integrals on disjoint intervals.
Hence we need to consider only odd integers k. We can write, for b1 < s,s+c+1 < s’ < T,
using again the independence and (3.37),

A(s, s') < cst.E {X{f(}(2 v Yl)k}gm—’f} : (3.38)

where

(s—c)VvOo (s—c)VO0
Yo= [0 Kb Y= [ Kb,
0 0

and , 1
Y1 ::/ K(s',u)dB,, Ys := / K(s,u)dBy.
(

s—c)VO (s—c)VO0

We state the following simple result:

Lemma 3.5 Let m,k be odd integers and assume that (X1, X2), (Y1,Y2) are two independent
centered Gaussian random vectors. Set § = Cov(Xy, Xs2). Then

)E [X{f(x2 n YI)’“YQ’”—’“} ’ < cst. (\9[ T \91’“) .

Let us return to the study of the second term in (3.35). Using the upper result and (3.38),
it can be bounded as follows:

272 t.
il // A(s, s')dsds' < il // dsds’ <|9| +...+ ]9|k) ,
T bT'<s,s+ct+1<s'<tT T bT'<s,s+et+1<s'<tT

where, with the same notation as in previous lemma,

H— — H—

[

(s—c)VO0 H-1 1 ’ N 3 (o
9;:/0 dul(s+1—u) —(s—u) 7[5 +1-u) (s —u) 7]

s 1 1 1 1
:/ dv[(v—i—l)H 2y 2][(v+1+3’—3)H : —(v+s’—s)H .
cA\s
It suffices to show that there exists ¢ > 0 large enough such that
1 N ,
— |0 dsds’ < cst.o, j=1,... k. (3.39)
T bI'<s,s+ct+1<s'<tT
If j = 1, by successive change of variables y = £ and x = s’ — yT', we get
1 T T t (t—y)T
= ds/ |0]ds’ = / dy/ dx
T T s+c+1 b c+1
yT _1 1 _1 _1
x / dlw+1)" = @) (@)
cvyT
o0 0 _1 _1 _1 1
< cst./ dx/ dv[UH P (w+ l)H 2][($+U)H P (z4v+ 1)H *] —etoo 0.
0 c
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If j > 2, we make a similar reasoning. Hence (3.39) is verified and (3.25) follows.
Step 10. We prove now the statement b) in Step 5, that is (3.26). Again, we will drop the
superscripts “(b,c)”. Using (3.34), (3.24) can be written as

. 7y tT s+1 m
Nty =2 [ g /( K wan,)

First we assume that m = 3. By using succesively the classical [t6’s formula and the stochastic
version of Fubini theorem, we can write

s+1 3 s+1 U v
(/ K(s,u)dBu> = 6/ K(s,u)dB,, K(s,v)dBU/ K(s,w)dBy,
( (

s—c)VO0 s—c)VO0 (s—c)VO0 (s—c)VO0
s+1 s+1
+3/ IC(s,u)dBu/ K(s,v)%dv. (3.40)
(s—c)VO0 (s—c)VO

Remark: The previous equality (3.40) can be also written in terms of multiple stochastic
integrals, as follows:

3
(/E K(s, -)dB> =11 (K(s,))* = I3(K(s,)®*) + 3 11 (K(s,)®* x (1) K(s, "))

= [ K(s,-)®dB + 3/ K(s, -)dB/ K(s,-)2d\, with E = [(s —¢) V0, s+ 1].
E3 E E

Here A denotes the Lebesgue measure and the multiple integrals I, the tensor product f ® g
and the contractions f X, g are defined in [11] or [13]. 0

Therefore, by applying the stochastic version of Fubini theorem in (3.40), we get N,.(t) =
T R,.(u)dB, + S, (t), where

0
6 u v (wHe)AtT
R(u) = n iB, / iB,, / dsK (s, )k (s, 0)K(s, ) (3.41)
VT Ju—1-c)vo (u—1—c)V0 (u—1)VbT
3y u (v4c)AtT u+c+1 (utc)AET
+—= / dv/ dle(s,u)lC(s,U)2+/ dv/ dsK (s, v)2K (s, u)
(u—1—c)VO0 (u—1)VvbT u (

VT

It is not difficult to prove that E[S,,.(t)%] < (cst./T) — 0, as T — oo, by using successively the
stochastic version of Fubini theorem, (3.37) and Jensen inequality. Hence (3.26) is proved for
m = 3. For m an odd integer strictly bigger than 3, (3.26) is obtained by using Lemma 3.2
and a similar reasoning as previously (using eventually the notation with multiple integrals,
as in the previous remark).

Step 11. To end the proof of Theorem 2.4 we need to verify the statement c¢) in Step 5,
that is (3.27). Assume that m = 3, the general case being similar (by using Lemma 3.2). By
(3.41) we can write

v—1)vbT

Ro(0) = — {/(“ B(u, v)dB, + C(u)} ,

u—1—c)VO0
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where we use the following notations:

v (wHc)AtT v
B(u,v) = 6’yH/ dBy, dsK(s,u)K(s,v)K(s,w) = / D(u, v, w)dBy,
(u—1—¢c)VO0 (u—1)VbT (u—1—c)VO0

and

u (v+e)NET
C(u) =3y, /( o Odv/( dsK (s, u)K(s,v)?

u—1— u—1)VvbT
utc+1 (ut-c)AtT
+/ dv/ dsK (s, v)*K (s, u)
u (v—1)VvbT
Firstly, by It6 formula and secondly, by the stochastic version of Fubini theorem we can write
tT tT 9 T u
R, (u)?du — E { RT(u)Qdu] == / du@(u) / B (u,v)dB,
0 0 T /o (u—1—c)V0

tT
-7 [ €0+ sw)as,

tT U v
+/ du/ %(u,v)dBv/ B(u,z)dB,
0 (u—1—c)VO (u—1—c)VvO0

Indeed, for instance the first term can be written as follows:

tT (vt+ct+)ALT tT (vt+et+)ALT
/ iB, / du€(u) B (u, v) = / iB, / due(u)

T (wHe+1)ALT
></ D (u, v, w)dBy, —/ dB, / dB / du€(u)® (u, v, w).
(u—1—c)VO0 (v—1—¢)

Hence .
cst. [?

Var [/OtT RT(u)2du} < 7 . E [€(v)* + F(v)?] dv

By isometry formula we obtain

1 tT ) 1 tT v (w+0+1)/\tT
ﬁ/ E [€(v)?] dv = ﬁ/ dv/ dw / du€(u)®(u, v, w)
0 0 (v—=1—c)VO0 v

Using again the stochastic version of Fubini theorem we can write

1 (utc)ALT u (utc)AT
—C&(u) :/ K(s,u)ds/ K(s,v)dv < H/ K(s,u)ds,
( (

u—1)VvbT s—c)VO0 (u—1)VvbT

2

by (3.37). Hence, by using this last inequality, the stochastic version of Fubini theorem one
more time, (3.37) and also Jensen inequality, we get - JTE [€(v)?] dv < cst./T. We can
prove a similar bound for the term containing E[F(v)?]. The convergence in the statement c)
is now established.

The proof of Theorem 2.4 is now complete for 0 < H < %

For H = %, the proof can be performed in a similar way with several simplifications of
technical order (for instance, there are no more singularities at the extremities points 0 and ¢,
so we do not need to introduce neither parameters b and ¢, nor B, there are no more technical
estimates). Clearly, one uses the same ideas given at the begining of the proof and details are
left to the reader. n
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Proof of Theorem 2.5. Once again we split the proof in several steps. As usual, by
localization, we assume that o,0’, 0" are bounded.
Step 1. Let us introduce the following processes:

Xo(t) := % /Ota(Bs)m <%>mds, t>0 (3.42)

Ve(t) :== % Uot (%)mds - /OtJ(Bs)m <¥)mds] ,t>0.  (3.43)

We shall prove that, as ¢ — 0,

(X.(0) >0} -5 {\/@/ta(ﬁgﬂ)mdﬁg?) > o} (3.44)
0

and, for each T € (0, 0),

and

lim E[ sup |V.(t)]?] = 0. (3.45)
=0 tefo,1]

By (3.44) and (3.45) we deduce (2.7) using the following (classical) simple result concerning
the convergence in distribution of a sum of two stochastic processes:

Lemma 3.6 Consider {X.(t) : t > 0} and {Y:(t) : t > 0} two families of continuous real
stochastic processes, starting from 0, such that, as € — 0, X. converges to X in law as
processes and, for each T € (0,00), E[sup;cio 1 |V-()]?] — 0. Then, as e — 0, X + V-
converges to X in law as processes.

Proof. It is a classical argument to show that, as e — 0, X 4+ ). converges to X in law in
sense of finite dimensional time marginals. Hence we need to verify the tightness for the family
of processes {X: + V:}o>0 (see also [15], pp. 488). For a continuous function g : [0,00) — R
we denote by p’(g;9) := sup{|g(t) — g(s)| : 0 < s, < T with |s —t| < §} its modulus of
continuity. Since the process X starts from 0, its convergence in law is equivalent to the
following version of Prohorov’s criterion:

for each n,T > 0, %iH(l] limsup P (pT(Xg; 5) > n) =0. (3.46)

e—0

Clearly, by Markov inequality,

P (p7 (X +V236) > n) < P(pT(Xe8) > 2) + gE[ sup V- (t)[%].

27 e
The conclusion follows by using again (3.46) and the L2-convergence of V.. [ |

Step 2. We prove here (3.44). By Theorem 2.4, (2.7) is true for the martingale Z = B.
This means that, for an odd integer m > 3, as ¢ — 0,

(L(t) 1 £ > 0} = {%/Ot (%)mds:tz()}ﬁ{\/cm?ﬁt:tzo}. (3.47)

We will write that No(t) = Mo(¢t) + k1B + S=(t), t > 0, with k1 an explicit real constant, M. a
martingale and, for each ¢ > 0, lim._o E[S:(¢)?] = 0. Moreover, we shall prove that:
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(i) for each t > 0, lim._[M:,M:](t) = k3t in L? so in probability

(with k9 a positive constant);
(ii) for each t > 0, lim._,o[B,M](t) = 0 in probability;
(iii) for each t > 0, lim._[B,M] ([Me,M]1(¢)) = 0 in probability.

Before proving (7)-(%ii) let us finish the proof of (2.7). Let us denote (. the Dubins-Schwarz
Brownian motion associated to M. (i)-(7ii) and the asymptotic version of Knight’s theorem
(see [15], pp. 495-496) imply that, as ¢ — 0,

(B, (1) - t = 0} S5 {(8", 8)) - ¢ = 0},

By (i) we deduce
{(BiMe(t)) £ > 0} 5 {(BY, 2B 1 2> 0},

where {(ﬂt(l), ﬂ§2)) :t > 0} denotes a two-dimensional Brownian motion starting from (0, 0).
Since o is continuous we deduce, as € — 0,

{(0(B)™ M(t) + k1 By) £ > 0} = {(0(BM)™, k18 + k282 : ¢ > 0},

and, thanks to Lemma 3.6, as ¢ — 0,

{(o(B)™ No(t)) : t > 0} 5 {(a(B)™, 1B + w287 £ = 0},

Moreover, Vt > 0, VJ predictable process bounded by 1, Ve > 0,

t 1 2 m
p <|/0 JSdNE(S)| > R> < ﬁE{ } R2 8m+1 {’/ S+€ - 8) ds

2 1 m ”
== ﬁ—gm—‘,—l //O\ tdst/E [JSJS,(BS+E - BS) (BS/+€ — Bs/) ]
<s<s'<

t. 1 1
< S / / dsds'E [(Bsts — Bs)™(Byye — By)*"]?
R? e 0<s<s' <s+e<t

2 1 m m
e / / | dsds'BLI Ty (Byye — B)"|B[(Bysyz — Bo)"]
0<s<ste<s'<t

by Cauchy-Schwarz inequality for the first term and by independence for the second term,

t 1 t.
o // dsds’ +0 < ot
R2

0<s<s/<ste<t

Therefore, using the result concerning the convergence in distribution of stochastic integrals
(see [12], p. 125), we obtain, as € — 0,

t t
{/ o(Bs)"dN(s) : t > 0} £, {/ (B ™ (k1dBY + kodBP) : t > 0},
0 0

which is (3.44).

t
JsdNe ()
0

)
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Step 3. We shall prove the decomposition of N and (i)-(%ii). As previously, we write down
the proof for m = 3. By using [t6’s formula and the stochastic version of Fubini theorem, we
can write

No(t) = 632/ds[ /8+6dBu/SudBv/SvdBw+/ dB, / dv+/ dv/ dB]

3 t+e u v wAt u VA
2/ dB, dBw/ ds+/ dv/ ds
(u—e)VO0 (u—e)VOo (u—e)VO0 (u—e)VO0 (u—e)VO0

- > [ 4B,
u+e uNt
+/ dv/ ds| = M(1) + 51 By + S.(8),
u (v—e)VO0

52 0
6 t u v w t

Mo (t) = —2/ dBu/ dBv/ d,Bw/ ds ::/ R.(u)dBy,
€ Jo (u—e)VO (u—e)VO (u—e)VO 0

with E[M.(t)?] = 3t + O(e), as € — 0. To verify the L2-convergence of S toward 0 in this case
it is a simple computation (for general m we proceed as in Step 10 of the proof of Theorem
2.4). To verify (i) we write

with

/ R.(u)?du — k3t = {/ Re(u)*du — E[/ R.(u)?du]} + {EM.(t)?] — w3t}
0 0 0

Here we choose k9 = /3 such that the second term tends to zero as € — 0. On the other
hand, the first term equals Var ( fo 2alu) and tends to zero as € — 0, as we can see by

a similar reasoning in proving (3.27).
Clearly, by the stochastic version of Fubini theorem,

t v t w
B =2 / dB, / dB, / du / ds.
€” Jo (v—e)VvO0 w (u—e)VOo

Then, by isometry formula and Jensen inequality,

E([B M| CSt / / / du/ ds < cst.e
(v—e) w (u—e)VO0

and the convergence in probability (ii) follows. Moreover, since lim._,o[M, M:](¢t) = cst.t, we
can obtain (%ii).
Step 4. We turn now to the proof of (3.45). Again by Lemma 3.2, we split

1 ¢ (Z) m +(B)
ya(t) T Tmat ds Z 6(6) |:IS,S+6,(5 - U(BS) Is,s+€,5] = Z yéé) (t)

€ 2 0 SeP,n(d)=m d€P,n(d)=m

Moreover, we can write Yo (t) = ng) YI) (t), where

tj_z . y
YO () = s / ds/ ) <5<1>>(t1)m/ (B, ap" 1))(tj_1)
S
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ti_1 ) . .
o / 7 0By’ — a(Btj)é(J)]dB(é(]))(tj)

b SGHY) L (5(HD) th—1 5(K)  (5(k))
X / o(By,,,) " dBTT () / o(By)" dB"" ().
S S

Fix 0 € P such that n(d) = m and set i9 = inf{k > 1: 6(k) = 1}. We need to prove that, for
each j € {1,...,k(d)}, for each T € (0, c0),

lim E[ sup |V%9)(#)]?] = 0. (3.48)
=0 “tefo,1]

In the following we will distinguish four types of terms.
Step 5. Assume that ig = 1. We illustrate the proof of (3.48) for m = 3, 6 = (1,2) and
j =1, the general case being similar. In this case

t s+e u
ys((lﬂ),l)(t) — E%/ ds/ [0(By) — U(Bs)]dBu/ U(Bv)de'
0 s S

Thanks to the stochastic version of Fubini theorem and also using Burkholder-Davis-Gundy
and Jensen inequalities,

ap 0200 < T apl 1 we)r [ dste(B.) - (B
B sup POV < 5 dE{[/( doo(B. [ dsto(B) <Bs>>1}

te[0,T] u—e)VO0 (u—e)VO0

)

< cst.E sup lo(Bs) — o(By)|?
s,8’€[0,T+1],|s—s"|<e

since o is bounded. Then (3.48) is a consequence of the following

Lemma 3.7 Under the hypothesis of Theorem 2.5,

E sup |o(Bs) — o(By)[?

s,8'€[0,T+1],|s—s|<e

< cst.e.

Proof. We have |0(Bs) — o(By)|? < |l0'||%]Bs — By|* < cst.|Bs — By|®. Moreover, by
Doob’s inequality E [sup, . [0(Bs) — 0(By)[?*] < cst.E [sup, o |Bs — By|?*] < cstee. ]

Step 6. Assume that 1 < igp < j. We make the proof of (3.48) for m =5, 6 = (2,1,2) and
j = 3. Clearly

t S+e u v
PUR12)8) () — Slg / ds / o(By)2du / o(By)dB, / (0(Bu)? — o(B,)2dw
0 s s s

2,1,2),3 2,1,2),3
=YY + VY ),
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and

SRR =5 / ds / — o(B,)¥du / ' o(B,)dB, / U[J(Bw)2—J(BS)2]dw.

By the stochastic version of Fubini theorem we get

t+e v (wAt)+e
VDN ) = L / o(B,)dB, / duw / du
€ Jo (v—e)VO0 v

X /(w ds o(B;)?[0(By)? — 0(Bs)?]

v (wAt)+e
/ dw / du
(v—e)VO0 v

sup |o(Bs) = o(By)I?
s,8'€0,T+1],|s—s'|<e

and

6
te[0,7] €

< cst.E

wAt 9 2 9
X /( dso(Bg)*[o0(Bw)” — 0(Bs)?]

u—e)VO0

which tends to zero, as ¢ — 0, by Lemma 3.7. In a similar way we prove that as ¢ — 0,

((2,1,2 3
Efsup,epory V52 )2 0.
Step 7. Assume that io = j > 1 and we prove of (3.48) for m =3, 6 = (2,1) and j = 2,
the general case being similar. In this case

YD) / ds / o [lo(B.)~ o(B.)a,

t s+e u
= — S ag 2 u g — 0
K / (B,)%d / (0(B,) — o(B,)|dB,

=2
t s+e u
+€12/0 ds/s [O’(Bu)Q _ J(Bs)Q]dU/s [0(By) — 0(Bs)]dBy.

As previously, by the stochastic version of Fubini theorem and thanks to Lemma 3.7, we show
that each term tends in L? to zero, as € — 0.
Step 8. Finally, if ig > j, we illustrate the proof for m =3, § = (2,1) and j = 1. We can

write . +
1 s+e u
e = 5 s [ (B~ oY [ otB)aB,

:%/ ds/ du/ (00")(Bu)dBu / o(By)dB,
O s / du / (06") (By)duw / o(B,)dB,.

By using It6’s formula we split again the first term in two terms and we can show that each
term tends in L? to zero, as € — 0 using the same tools. [ |
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