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1 Introduction

For a given topological space F, let B(F) denote the totality of all bounded Borel functions
on E and let C'(E) denote its subset comprising of continuous functions. Let M (E) denote
the space of finite Borel measures on F endowed with the topology of weak convergence.
Write (f, p) for [ fdp. For F' € B(M(E)) let

OF(p) . 1
Sale) — o F et rd) = PGl € B, (1.1)

if the limit exists. Let 62F (u)/0u(x)ou(y) be defined in the same way with F replaced
by (6F/opu(y)) on the right hand side. For example, if F,,, ;(u) = (f, ™) for f € B(E™)
and p € M(FE), then

0 Fm, p (1) _ - m—1
T(f;) =3 (W@ f,umY),  z€EE (1.2)

where ¥;(z) is the operator from B(E™) to B(E™™') defined by
Wi(l‘)f(xh”'?xm—l) :f(xla'"in—lax7xi7"'7xm—1)7 Z; GE, (13)

where z € F is the ¢th variable of f on the right hand side.

Now we consider the case where £ = R, the one-dimensional Euclidean space. Suppose
that ¢ € C'(R) is Lipschitz and h € C'(R) is square-integrable. Let

p(z) = /Rh(y — x)h(y)dy, (1.4)

and a(z) = c(z)? + p(0) for z € R. We assume in addition that p is twice continu-
ously differentiable with p’ and p” bounded, which is satisfied if A is integrable and twice
continuously differentiable with A’ and A” bounded. Then

arg) = 5[ (””%?: ((g))u(dx)

i % /R Pl =y) djdy 5u5(£(§zzy)ﬂ(dx)u(dy) (1.5)

defines an operator A which acts on a subset of B(M(R)) and generates a diffusion process
with state space M(R). Suppose that {W(x,t) : z € R,t > 0} is a Brownian sheet and
{B;(t) :t >0},i=1,2,--- is a family of independent standard Brownian motions which
are independent of {W(z,t) : + € R;¢ > 0}. By Lemma 3.1, for any initial conditions
x;(0) = x;, the stochastic equations

dx;(t) = c(x;(t))dB;(t) + /Rh(y —z;(t))W(dy, dt), t>0,i=1,2,---, (1.6)



have unique solutions {x;(t) : t > 0} and, for each integer m > 1, {(z1(t), -+, zn(t)) : t >
0} is an m-dimensional diffusion process which is generated by the differential operator

am _lzmj ( )8_2+1 zm: (2; — .)782 (1.7)
T 24 i ox? 2 pRTE T % Ox;0x; '

i.j=1,i#j

In particular, {z;(t) : ¢ > 0} is a one-dimensional diffusion process with generator G :=
(a(x)/2)A. Because of the exchangebility, a diffusion process generated by G™ can be
regarded as an interacting particle system or a measure-valued process. Heuristically,
a(-) represents the speed of the particles and p(-) describes the interaction between them.
The diffusion process generated by A arises as the high density limit of a sequence of
interacting particle systems described by (1.6); see Wang (1997, 1998) and section 4 of
this paper. For 0 € B(R)*, we may also define the operator B by

1

Br( =5 [ o) S E W)

Sy

A Markov process generated by L := A+ B is naturally called a superprocess with depen-
dent spatial motion (SDSM) with parameters (a, p, o), where o represents the branching
density of the process. In the special case where both ¢ and ¢ are constants, the SDSM
was constructed in Wang (1997, 1998) as a diffusion process in M(R), where R = RU {8}
is the one-point compactification of R. It was also assumed in Wang (1997, 1998) that h
is a symmetric function and that the initial state of the SDSM has compact support in R.
Stochastic partial differential equations and local times associated with the SDSM were
studied in Dawson et al (2000a, b).

The SDSM contains as special cases several models arising in different circumstances such
as the one-dimensional super Brownian motion, the molecular diffusion with turbulent
transport and some interacting diffusion systems of McKean-Vlasov type; see e.g. Chow
(1976), Dawson (1994), Dawson and Vaillancourt (1995) and Kotelenez (1992, 1995). It
is thus of interest to construct the SDSM under reasonably more general conditions and
formulate it as a diffusion processes in M(R). This is the main purpose of the present
paper. The rest of this paragraph describes the main results of the paper and gives
some unsolved problems in the subject. In section 2, we define some function-valued
dual process and investigate its connection to the solution of the martingale problem of
a SDSM. Duality method plays an important role in the investigation. Although the
SDSM could arise as high density limit of a sequence of interacting-branching particle
systems with location-dependent killing density o and binary branching distribution, the
construction of such systems seems rather sophisticated and is thus avoided in this work.
In section 3, we construct the interacting-branching particle system with uniform killing
density and location-dependent branching distribution, which is comparatively easier to
treat. The arguments are similar to those in Wang (1998). The high density limit of the
interacting-branching particle system is considered in section 4, which gives a solution
of the martingale problem of the SDSM in the special case where o € C(R)* can be

p(dx). (1.8)



extended into a continuous function on R. In section 5, we use the dual process to extend
the construction of the SDSM to a general bounded Borel branching density o € B(R)™.
In both sections 4 and 5, we use martingale arguments to show that, if the processes
are initially supported by R, they always stay in M(R), which are new results even in
the special case considered in Wang (1997, 1998). In section 6, we prove a rescaled limit
theorem of the SDSM, which states that a suitable rescaled SDSM converges to the usual
super Brownian motion if ¢(-) is bounded away from zero. This describes another situation
where the super Brownian motion arises universally; see also Durrett and Perkins (1998)
and Hara and Slade (2000a, b). When ¢(-) = 0, we expect that the same rescaled limit
would lead to a measure-valued diffusion process which is the high density limit of a
sequence of coalescing-branching particle systems, but there is still a long way to reach
a rigorous proof. It suffices to mention that not only the characterization of those high
density limits but also that of the coalescing-branching particle systems themselves are
still open problems. We refer the reader to Evans and Pitman (1998) and the references
therein for some recent work on related models. In section 7, we consider an extension of
the construction of the SDSM to the case where o is of the form o = 7 with n belonging
to a large class of Radon measures on R, in the lines of Dawson and Fleischmann (1991,
1992). The process is constructed only when ¢(-) is bounded away from zero and it
can be called a SDSM with measure-valued catalysts. The transition semigroup of the
SDSM with measure-valued catalysts is constructed and characterized using a measure-
valued dual process. The derivation is based on some estimates of moments of the dual
process. However, the existence of a diffusion realization of the SDSM with measure-
valued catalysts is left as another open problem in the subject.

Notation: Recall that R = R U {8} denotes the one-point compactification of R. Let
A" denote the Lebesgue measure on R™. Let C*(R™) be the set of twice continuously
differentiable functions on R™ and let C%(R™) be the set of functions in C?(R™) which
together with their derivatives up to the second order can be extended continuously to R.
Let CZ(R™) be the subset of C%(R™) of functions that together with their derivatives up
to the second order vanish rapidly at infinity. Let (7}™);>¢ denote the transition semigroup
of the m-dimensional standard Brownian motion and let (P;");>o denote the transition
semigroup generated by the operator G™. We shall omit the superscript m when it is
one. Let (P,);=o and G denote the extensions of (P;);so and G to R with @ as a trap.
We denote the expectation by the letter of the probability measure if this is specified and
simply by FE if the measure is not specified.

We remark that, if |c(x)] > e > 0 for all x € R, the semigroup (P;");~o has density
pi"(x,y) which satisfies

P (z,y) < const - g7y (x,y), t>0,z,y € R", (1.9)

where g{"(x,y) denotes the transition density of the m-dimensional standard Brownian
motion; see e.g. Friedman (1964, p.24).



2 Function-valued dual processes

In this section, we define a function-valued dual process and investigate its connection
to the solution of the martingale problem for the SDSM. Recall the definition of the
generator £ := A + B given by (1.5) and (1.8) with 0 € B(R)". For p € M(R) and a
subset D(L) of the domain of £, we say an M (R)-valued cadlag process {X;: ¢ > 0} is a
solution of the (£, D(L), u)-martingale problem if Xo = p and

F(X,) — F(X,) — /Ot LR(X)ds, >0,

is a martingale for each F' € D(L). Observe that, if F,, ;(u) = (f,u™) for f € C*R™),
then

1 = " m
AF (1) = 5/ > alw) i@y, wm) ™ (e, day,)
™ i=1

1 m
5 [0 =yl m i (o)
R G j=1,i#j
= Fnomp(p), (2.1)

and
1 m
BFm,f(:u) = 5 Z / Qi]'f(xla"'7xm71>:um71(d33'1,"',dl’mfl)
inj=Lizj VR

1 m
- 5 Z Fm—l,@jf(“)? (2‘2)

where @;; denotes the operator from B(E™) to B(E™ ') defined by

SZSijf(xla ) .lem,1) = O'(xmfl)f(xla oy =1 Tme—1, ',Jl'm,2>, (23)

where x,, 1 is in the places of the ith and the jth variables of f on the right hand side.
It follows that

1 m
LEn (1) = Fgmy(p) + 5 > P r(w). (2.4)
i.j=1,i#j]

Let {M; : t > 0} be a nonnegative integer-valued cddlag Markov process with transition
intensities {¢;;} such that ¢;;—1 = —¢;; = i(i — 1)/2 and ¢;; = 0 for all other pairs (4, j).
That is, {M; : t > 0} is the well-known Kingman’s coalescent process. Let 7y = 0 and
Ta, = 00, and let {7 : 1 < k < My — 1} be the sequence of jump times of {M; : ¢t > 0}.



Let {Iy : 1 < k < My — 1} be a sequence of random operators which are conditionally
independent given {M, : t > 0} and satisfy

1
I(1—1)
where @, ; is defined by (2.3). Let B denote the topological union of {B(R™) : m
1,2,---} endowed with pointwise convergence on each B(R™). Then

P{I} = ,,|M(r;) =1} = 1<itj<l, (2.5)

Ty Pot IPMOY, 7o <t <7, 0<k<My—1, (2.6)

T2—T1

[P

Thk—Tk—1

Y= P

t—T7g

defines a Markov process {Y; : t > 0} taking values from B. Clearly, {(M;,Y;) :t > 0} is
also a Markov process. To simplify the presentation, we shall suppress the dependence of
{Y;:t >0} on o andlet E7, ; denote the expectation given My = m and Yy = f € C(R™),
just as we are working with a canonical realization of {(M;,Y;) : t > 0}. By (2.6) we have

E° [<Yt, ) exp /M —1ds}]

= <me, (2.7)

1 t—u
/ Em 1 @ngf <Y;tfua,U/Mt7u> exp {5/ MS(MS — 1)d8}:| du.
0

’L] 1,i#j

Lemma 2.1 For any f € B(R™) and any integer m > 1,

E°, [(Y;, ) exp /M }]
< llfHZ2 ¥ lloll* (1, )™, (2.8)

where || - || denotes the supremum norm.

Proof. The left hand side of (2.8) can be decomposed as 35" Ay with

A = EZ%f (Yta exp / M - 1 ds}1{7k<t<fk+1}]

Observe that Ay = (P f, i >< | £I[{1, )™ and

ml(m
A p—
F 2k(m — k)!(m — k—l /dsl/dSQ

/ E7, A(P™, " POTL VP o R =0 1 < G < ks
Sk—

t— Sk S2—S1

< (mj’m e / dsi [ [ 11l 0

2k
< mim =D o, et
= 9%(m — k)(m —k — 1)] is




for 1 <k <m — 1. Then we get the conclusion. O

Lemma 2.2 Suppose that o, — o boundedly and pointwise and p, — p in M(R) as
n — o0o. Then, for any f € B(R™) and any integer m > 1,

E° [<Yt, ) exp /M —1ds}]

~ lim B [(y;,un )eXp /M —1)ds}] (2.9)

n—oo

Proof. For h € C(R?) we see by (2.7) that
B0 | (Yo 1) exp { / M, (M, —1)ds }|
- ET:L@mh [<)/t7Mth>eXp 5/ MS(MS - 1)d8}]
0

= /R Ny, y)p(, y)n(de)on(y)dy. (2.10)

If f,g € C(R)™ have bounded supports, then we have f(z)u,(dx) — f(z)u(dx) and
9(y)on(y)dy — g(y)o(y)dy by weak convergence, so that

im [ f(z)g(y)pe(x, y)pn(dr)o.(y)dy = R2f(ﬂ'f)g(y)pt(fuy)u(dﬂﬂ)a(y)dy-

n—oo [p2

Since {u,} is tight and {0, } is bounded, one can easily see that {p;(z, y)u,(dz)o,(y)dy}
is a tight sequence and hence py(x, y)p,(dz)o, (y)dy — pi(z, y)u(dz)o(y)dy by weak con-
vergence. Therefore, the value of (2.10) converges as n — oo to

B, [<16,th> QXp l/t M,(M, — 1)ds}]
= E(lf¢21h[<yt: ) €Xp /M }]

= [ ety

Applying bounded convergence theorem to (2.7) we get inductively

1 t
Er. 1 s,pmf [<Yt7MMt> exp —/ My (M, — 1)ds}]
= lim E7" | 5 pmy [(Y},un exp / M(M, -1 ds}]

n—oo

for 1 <i# j < m. Then the result follows from (2.7). O



Theorem 2.1 Let D(L) be the set of all functions of the form F,, (i) = (f, W™) with
f € C*(R™). Suppose that {X; : t > 0} is a continuous M (R)-valued process and that
E{(1,X;)™} is locally bounded in t > 0 for each m > 1. If {X,; : t > 0} is a solution of
the (L, D(L), u)-martingale problem, then

E(f,X]") = ES, | (Vs 1) exp / M, H (2.11)
for any t > 0, f € B(R™) and integer m > 1.

Proof. In view of (2.6), the general equality follows by bounded pointwise approximation
once it is proved for f € C*(R™). In this proof, we set F,(m, f) = F,, ¢(p) = (f, u™).
From the construction (2.6), it is not hard to see that {(Mt, Y;) : t > 0} has generator L£*
given by

Fum, f) = Fum, G"f) 45 3 [Fulm —1,95) — Fulm, )]
ij=1,ij
In view of (2.4) we have
Fu(m, £) = £Eg() — sm(m —1)Fyus 1) (2.12)

The following calculations are guided by the relation (2.12). In the sequel, we assume
that {X; : ¢ > 0} and {(M,Y;) : t > 0} are defined on the same probability space
and are independent of each other. Suppose that for each n > 1 we have a partition
A, ={0=ty <ty < - <t,=t}of [0,t]. Let ||[A,] = max{|t; —t;_1] : 1 <i <n} and
assume || 4, || — 0 as n — oo. Observe that

B, X7") = B[ (Vi) exp { & / MM, — 1)ds )]
Z( [Yt o Xp ) exp / M, (M, — 1)dsH (2.13)

My, 1 =tz
—E[m,n,l,xti; ”>exp{§/ M, (M, — 1)ds}D.
0

By the independence of {X; : ¢t > 0} and {(M;,Y;) : t > 0} and the martingale character-
ization of {(M;,Y;) : t > 0},

3 (oo [ s
M+

_E[<Ml, X e {3 [ s - as)] )

8



n 1 t—t;
— lim Y E<exp {5/ M, (M, — 1)ds}E[FXti(Mt_ti, i)

_FXQ (Mt*t Yi*h‘q)

X;{(MT,K):Ogrgt—ti}D

i—1)

n 1 t—t;
= — lim ZE(eXp {5/ My (M, — 1)ds}
n—o0 Py 0

E[/t_ti_l £ P, (My Yo)dul X {(M,, Y2) -0 < v < £ :}])
t

n t—t;
— _JEEO;E<6XI){%/O M(M, — 1)ds}/

t—1t;

t—t;i—1

L'Fy, (M, Yu)du>

t n 1 it
= — lim /0 ; E<6Xp {5/ MS(MS - 1)ds}£*FXti(Mt—ua K—u))l[tifl,ti] (u)du

_ —/OtE<exp{% 0 MS(Z\/[S—1)ds}£*FXu(Mt,u,Yt,u)>du,

where the last step holds by the right continuity of {X; : ¢ > 0}. Using again the
independence and the martingale problem for {X, : t > 0},

n - 1 t—t;
lim (E[m_ti_l,xff[ 1_1>exp{§/ MS(MS—l)dsH
n—oo 4 0

=1

M 1 [t
B[V X e {5 [ 004 - s}
0
n 1 t—t;
— lim ZE(eXp {5/ M, (M, — 1)ds}
n—oo — 0
E |:FMt7ti_17Yt—ti_1 (th) - FMt—ti_thfti_l (Xti—1)

= lim gE<exp{% /0 o M, (M, — 1)(15}13[ / ) ./LF]V[t_tHyt_tH(Xu)du)]\/[, YD

ti—1

n 1 t—1t; t;
= lim ZE(eXp{i/ M(M, — 1)ds}/ ,CFMtftFl%%iil(Xu)du)
n—00 Py 0 iy

_ t 1 [t
= 11m/OZE<eXp{§/O MS(MS—1)ds}£FMt7ti71%7%1(Xu))1[ti_1,ti}(u)du
i=1

)

n—oo

_ /Ot E<eXp {% /Ot_u M(M, — 1)ds}£FMt,u,n,u(Xu))du,

where we have also used the right continuity of {(M;, Y;) : t > 0} for the last step. Finally,



since ||A,|| — 0 as n — oo and M; < m for all ¢ > 0, we have

0 S CLBRREIII QIS
_E[<Yt7tH,)(tMt1 i 1>€Xp{2/0t ti 1MS(MS _ 1)dSH>

1 t—t;
— lim Z E(Fxt (My_y, ,,Yis_,) exp {5 / M, (M, — 1)ds}
n—oo 0

t—ti—1

[1-ewfy [, M- e} ]

1 t—1;
= — lim ZE<FX1} (My—t, ,Yit, ) exp 5/ M(M, —1)ds}
n—oo 0

[% /t:tz M, (M, — 1)du] )

- - hm ZE(FX (My_y, |, Yis, 1)exp / M,( Ms—l)ds}

Mt—u(Mt—u - 1)) 1[ti,1,ti] (u)du

Since the semigroups (P;™);>o are strongly Feller and strongly continuous, {Y; : t > 0} is
continuous in the uniform norm in each open interval between two neighboring jumps of
{M; : t > 0}. Using this, the left continuity of {X; : ¢ > 0} and dominated convergence,
we see that the above value is equal to

1

- /Ot E(}?Xu(Mt_u, Yi) exp {% /Ot_u M, (M, — 1)ds}Mt_u(Mt_u - 1)>du.

Combining those together we see that the value of (2.13) is in fact zero and hence (2.11)
follows. O

Theorem 2.2 Let D(L) be as in Theorem 2.1 and let {w; : t > 0} denote the coordinate
process of C([0,00), M(R)). Suppose that for each p € M(R) there is a probability
measure Q,, on C([0,00), M(R)) such that Q, {(1,w;)™} is locally bounded in t > 0 for
every m > 1 and such that {w; : t > 0} under Q, is a solution of the (L, D(L), u)-
martingale problem. Then the system {Q,, : p € M(R)} defines a diffusion process with
transition semigroup (Q;)>o given by

/M(R)g, V™Y Qi (g1, dv) = S, [(Vi, M) exp {% /Ot M, (M, — 1)dsH. (2.14)

10



Proof. Let Qq(u,-) denote the distribution of w, under Q,. By Theorem 2.1 we have
(2.14). Let us assume first that o(x) = oy for a constant og. In this case, {(1,w;) : t > 0}
is the Feller diffusion with generator (o¢/2)xd?/dx?, so that

2(1, ) A

’\<1’”>Q dv) = {’7} t>00>0

€ ,av exp s = U, =~ U.
/M(R) il dv) 2 — opAt

Then for each f € B(R)™ the power series

=1
> i o gy (2.15)
m=0 ’

has a positive radius of convergence. By this and Billingsley (1968, p.342) it is not hard
to show that Q(u,-) is the unique probability measure on M (R) satisfying (2.14). Now
the result follows from Ethier and Kurtz (1986, p.184). For a non-constant o € B(R)™,
let 09 = ||o|| and observe that

[, Q) < B [0 e {5 [ 001, = 1)

by (2.14) and the construction (2.6) of {Y; : ¢ > 0}, where f®™ € B(R™)" is defined
by f@"™(x1, -, xm) = f(x1) - f(x,). Then the power series (2.15) also has a positive
radius of convergence and the result follows as in the case of a constant branching rate.
[

3 Interacting-branching particle systems

In this section, we give a formulation of the interacting-branching particle system. We
first prove that equations (1.6) have unique solutions. Recall that ¢ € C(R) is Lipschitz,
h € C(R) is square-integrable and p is twice continuously differentiable with p" and p”
bounded. The following result is an extension of Lemma 1.3 of Wang (1997) where it was
assumed that ¢(z) = const.

Lemma 3.1 For any initial conditions z;(0) = z;, equations (1.6) have unique solutions
{z;(t) : t > 0} and {(z1(t), -, zm(t)) : t > 0} is an m-dimensional diffusion process with
generator G™ defined by (1.7).

Proof. Fix T'> 0 and i > 1 and define {z¥(¢) : t > 0} inductively by 2?(¢) = z;(0) and

A0 =)+ [ elat@aB + [ [ hy—atoWidydn, =0

11



Let I(c) > 0 be any Lipschitz constant for ¢(-). By a martingale inequality we have
T
B{ swp |0~ ot P} < 8 [ B{leh) - ool 0) Pt
o<t<T 0
T
+8 [ B{ [ Ity - k(o) ~ by - k() Pay
0 R
T
o [ B{lat) - st 0P
T
+16 [ B(0) - plat() - 5t (0)
0

IN

T
< 8(l(e)* + Hp”H)/ E{|z}(t) — 2; 7' (t)]*}dt.
0
Using the above inequality inductively we get

B sup [o51(0) — ab ()P} < (lel + p(0)(e)? + |14 ETY /R,

o<t<T
and hence
P{ sup |o1 () = 2b(8)] > 27} < const - (1(e)? + [ [))*(8T)* /.
0<t<T

By Borel-Cantelli’s lemma, {zf(t) : 0 < t < T} converges in the uniform norm with
probability one. Since T' > 0 was arbitrary, z;(t) = limj_., 2¥(¢) defines a continuous
martingale {z;(t) : t > 0} which is clearly the unique solution of (1.6). It is easy to
see that d(z;)(t) = a(x;(t))dt and d(z;,x;)(t) = p(z;(t) — x;(t))dt for ¢ # j. Then
{(z1(t), -, zm(t)) : t > 0} is a diffusion process with generator G™ defined by (1.7). O

Because of the exchangebility, the G™-diffusion can be regarded as a measure-valued
Markov process. Let N(R) denote the space of integer-valued measures on R. For 6 > 0,
let My(R) = {670 : 0 € N(R)}. Let ¢ be the mapping from US_,R™ to My(R) defined
by

C(Ilv" » L Zm: :Eza m > 1. (31)

Qb|>—‘

Lemma 3.2 For any integers m,n > 1 and any f € C*(R"), we have

GmF"vf(C(xla"'axm)) = QQ”Z Z xla xlu"':xln)

a=11y,-l,=1

1 - - n
+ oo Dl ST el gl )

o, B=1,a#8 11, In=1la=lg

1
* % Z Z xla Lig fa/ﬁ(xlm T :xln)- (32)

a,f=1,a#0 11, ln=1

12



Proof. By (3.1), we have

Fn,f(C(l'l,"‘,$m>):_ Z f(xlm'“?xln)'

Observe that, for 1 <i < m,

,l‘ln),

(3.3)

d2
= Fof(C(x1, - Tm) HZZ fla(y,
dz; "9
' @,6=1{-}
where {---} = {forall 1 <1y, ---,l, < m with [, = lg = i}. Then it is not hard to see
that
ZCIZ d 2 nf(C(Ila )
=1

= 07 Z Z C(flfza)c(flflg)fgﬁ(%a T

a,B=111,ln=1,la=ls

- 0” E E xla xln"'v‘rln)

a=11y,-lp=1

Z Z C(.TJQ)C(l'lﬂ)fgﬁ(gjll’ .

Ot,ﬂ:l,a#ﬂ llv"'vlnzlvl(x:lﬁ
On the other hand, for 1 <i # j < m,

d? d?
<dl’zdl'j * dl‘idZL‘j)FnJ(C(l‘h B Z Z

a,@ La#p {-}

where {---} = {forall 1 <[, ---,l, <m with [, =4 and lg = j}. It follows that

d2
| Z p(z; — ij)an,f(C(flfb S Tm))

Z Z p(z, — fzg)fg,@(xlu T

a,f=Lo0#£B U1, In=1laF#lg

Using this and (3.4) with ¢(z;)? replaced by p(0),

P(%‘ - fj)an,f(C(fly Tty fm))
18y

+
:|"
NE
NE
e}
—~
8
s
ks
@
S;H
o)
—~
ks

—~

o, f=10#B 11 =1

7xln)

[Bxl17"'7

' .7xln)'

7xln)‘

(3.4)

(3.5)



Then we have the desired result from (3.4) and (3.5). O

Suppose that X (t) = (x1(t),---, 2, (t)) is a Markov process in R™ generated by G™.
Based on (1.2) and Lemma 3.2, it is easy to show that ((X(¢)) is a Markov process in
My(R) with generator Ay given by

AgF(p) = %/Ra(x)%i];((gu(d )+2—10/ c(x)e(y) d "E ) 0. (dy) p(dz)

dady 6pu(x)6p(y)
1 E 8 F()
+5 [ e =g ) (3
In particular, if
F(M) :f(<¢luﬂ>v"'7<¢nvﬂ>)7 JURS MH(R)a (37)

for f € C*(R") and {¢;} C C?*(R), then

AF ) = 5 30010 o)

+ QQZ (1, 1), =+ (B i) (0% 1) (3.8)
+ Z ((0r,m) (o) | ple = )ek()6} (hutdon(dy).

Now we introduce a branching mechanism to the interacting particle system. Suppose
that for each € R we have a discrete probability distribution p(z) = {p;(x) : i =0,1,---}
such that each p;(-) is a Borel measurable function on R. This serves as the distribution
of the offspring number produced by a particle that dies at site x € R. We assume that

Zipi(x) =1, (3.9)
and
op(z) = ZiQpi(x) —1 (3.10)

| = | B
/Me(R) F(v)Iy(p, dv) = o) ZZ ijj(:I:i)F@ +(j—1)0 5%)’ (3.11)



where 1 € Mp(R) is given by

For a constant 7 > 0, we define the bounded operator By on B(Mj(R)) by

B () =200 A (V)] [ (F() = Fu)Euf.dv). (3.12)

My(R)

In view of (1.6), Ay generates a Feller Markov process on My(R), then so does Ly := Ay +
By by Ethier-Kurtz (1986, p.37). We shall call the process generated by Ly an interacting-
branching particle system with parameters (a, p,~y,p) and unit mass 1/6. Heuristically,
each particle in the system has mass 1/60, a(-) represents the migration speed of the
particles and p(-) describes the interaction between them. The branching times of the
system are determined by the killing density v6?[0 A u(1)], where the truncation “0 A u(1)”
is introduced to make the branching not too fast even when the total mass is large. At
each branching time, with equal probability, one particle in the system is randomly chosen,
which is killed at its site x € R and the offspring are produced at x € R according to the
distribution {p;(z) :4=0,1,---}. If F'is given by (3.7), then ByF (1) is equal to

~[0
“‘ sz—l (i fls((D1, 1) + &1, -+ (s 1) + €iPn) Pa, 1) (3.13)

a,B=1 j=1

for some constant 0 < §; < (j — 1)/6. This follows from (3.11) and (3.12) by Taylor’s
expansion.

4 Continuous branching density

In this section, we shall construct a solution of the martingale problem of the SDSM
with continuous branching density by using particle system approximation. Assume that
o € C(R) can be extended continuously to R. Let A and B be given by (1.5) and (1.8),
respectively. Observe that, if

for f € C*(R") and {¢;} C C?*(R), then

AF() = 53S0 s ol ) 1.2

by D o non) [ oo = 9ol )t uta),

Zjl
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and

n

BE(r) = 23 ({0 1) (6w ) 00u6,. 1) (4.3

ij=1

Let {6} be any sequence such that 8, — oo as k — oo. Suppose that {Xt(k) :t>0}is a
sequence of cadlag interacting-branching particle systems with parameters (a, p, v, p*),

unit mass 1/6; and initial states Xék) = up € My, (R). In an obvious way, we may also
regard {Xt(k) .t > 0} as a process with state space M(R). Let o}, be defined by (3.10)
with p; replaced by pgk).

Lemma 4.1 Suppose that the sequences {40y} and {(1, j1x) } are bounded. Then {(x® .
t > 0} form a tight sequence in D([0,00), M(R)).

Proof. By the assumption (3.9), it is easy to show that {(1, Xt(k)) :t > 0} is a martingale.
Then we have

1
P{aup(1, X > ) < L)
>0 n
for any n > 0. That is, {Xt(k) : t > 0} satisfies the compact containment condition of
Ethier and Kurtz (1986, p.142). Let £y denote the generator of {Xt(k) :t >0} and let F

be given by (4.1) with f € CZ(R") and with each ¢; € C3(R) bounded away from zero.
Then

t
FX®) - F(x®) - / LF(XP)ds, >0,
0

is a martingale and the desired tightness follows from the result of Ethier and Kurtz (1986,
p.145). O

In the sequel of this section, we assume {¢;} C C3(R). In this case, (4.1), (4.2) and (4.3)
can be extended to continuous functions on M(R). Let AF(u) and BF (1) be defined
respectively by the right hand side of (4.2) and (4.3) and let LF () = AF () + BF (),

A

all defined as continuous functions on M (R).

Lemma 4.2 Let D(L) be the totality of all functions of the form (4.1) with f € C2(R")
and with each ¢; € C3(R) bounded away from zero. Suppose further that v.op — o
uniformly and py, — p € M(R) as k — oo. Then any limit point @, of the distributions

of {Xt(k) .t > 0} is supported by C(]0,00), M(R)) under which

t
F(wy) = F(wo) — / LF(ws)ds,  t>0, (4.4)
0
is a martingale for each F' € D(L), where {w, : t > 0} denotes the coordinate process of
C([0, 00), M(R)).
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Proof. We use the notation introduced in the proof of Lemma 4.1. By passing to a
subsequence if it is necessary, we may assume that the distribution of {Xt(k) :t >0}
on D([0,00), M (R)) converges to Q. Using Skorokhod’s representation, we may assume
that the processes {Xt(k) : t > 0} are defined on the same probability space and the
sequence converges almost surely to a cddldg process {X; : t > 0} with distribution
Q, on D([0,00), M(R)); see e.g. Ethier and Kurtz (1986, p.102). Let K(X) = {t >
0: P{X; = X;-} = 1}. By Ethier and Kurtz (1986, p.118), for each t € K(X) we
have a.s. limy_ o Xt(k) = X;. Recall that f and f;i are rapidly decreasing and each
¢; is bounded away from zero. Since Yar — o uniformly, for ¢ € K(X) we have a.s.
limy o0 L F( X, ) LF(X,;) boundedly by (3.8), (3.13) and the definition of £. Suppose
that {H;}", C (J( (R)) and {t;}"%' ¢ K(X) with 0 < ¢y < --- < t, < t,41. By Ethier
and Kurtz (1986, p.31), the set K (X) is at most countable. Then

_ /t:"Jrl E{ﬁF(XS) HHi(Xti)}dS

— lim E{ (x*) HH (x®) }— lim E{F(Xt(f))HHZ-(Xt(f))}

k—oo k—o0

tn+1

~ lim {.ck F(X®) HH )}ds

k—oo tn

= g B{ [P0, - ) - [ o) TT o)

k—o00

= 0.

By the right continuity of {X; : ¢ > 0}, the equality
tn+1 N
E{ [F(XW) ~F(X,,) - / L‘F(Xs)ds} I1 HZ-(XtZ.)} —0
tn :
holds without the restriction {t;}7*! ¢ K(X). That is,
t A~
F(X,) — F(X,) — / EF(X)ds, >0,
0

is a martingale. As in Wang (1998, pp.783-784) one can show that {X; : ¢ > 0} is in fact
a.s. continuous. O
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Lemma 4.3 Let D(L) be as in Lemma 4.2. Then for each y € M(R), there is a probabil-
ity measure Q,, on C([0,00), M(R)) under which (4.4) is a martingale for each F' € D(L).

Proof. 1t is easy to find py € My, (R) such that y, — p as k& — oo. Then, by Lemma
4.2, it suffices to construct a sequence (7, p*)) such that y,0, — o as k — oo. This is
elementary. One choice is described as follows. Let v, = 1/vk and oy = Vk(o + 1/Vk).
Then the system of equations

k k
%)+é)+p? =1,
+ kpk = 17
4p(2k) +RpE =0+,

has the unique solution

p(k):O'k—i—k—l p(k):k—l—ak p(k): op— 1
0 2k 7 2 20k—2) 7 P k(k—2)

(k)

where each p,”’ is nonnegative for sufficiently large £ > 3. g

Lemma 4.4 Let Q, be given by Lemma 4.3. Then forn > 1,t > 0 and p € M(R) we
have

Qu{{1.w)"} < ()" + gnn =Dl | Q1w "}

Consequently, Q ,{(1,w;)"} is a locally bounded function oft > 0. Let D(L) be the union
of all functions of the form (4.1) with f € C3(R") and {¢;} C C3(R) and all functions of
the form F,, ;(n) = (f, ™) with f € C3(R™). Then (4.4) under Q,, is a martingale for

each F € D(L).

Proof. For any k > 1, take f, € C2(R)) such that fi,(z) = 2" for
/(z) <n(n—1)2""2 for all z > 0. Let Fi(n) = fr((1,1)). Then AF,(u

0 § 2z § k and
) p—
1 n—1
BE() < 5n(n — o1
Since
t
Fk(Xt) — Fk(Xo) — / ﬁFk(<1,XS>)d8, t> O,
0

is a martingale, we get

QuALLX)") < ful(1us)+ gnln=Dlol [ Q1 X as

<+ gntn =Dl [ @0, X) s

Then the desired estimate follows by Fatou’s Lemma. The last assertion is an immediate
consequence of Lemma 4.3. ]
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Lemma 4.5 Let Q, be given by Lemma 4.3. Then for i € M(R) and ¢ € C2(R),
n s}

Mi(6) = (6. w) — (00) ~ 3 / (ad w)ds, 120, (4.5)

is a Q,-martingale with quadratic variation process

W)= [ (oot wyds+ [ ds [(he =96, (146)

Proof. 1t is easy to check that, if F,, () = (¢, u)", then

n(n—1)
2

———— (¢, )" o9, ).

LE,(p) = (¢, )" Yad”, )+

n(n -1)

: i KUCERENTRE

It follows that both (4.5) and

t

ME(d) = (d,w)? — (0, >2—/(gz5 ws)(ad”, wy)ds

/ds/ 2= W) dz—/(ogb whds (A7)

are martingales. By (4.5) and It6’s formula we have

t

(6 wn)? = (6, ) + / (6, w,) (a6, w,)ds + 2 / (6w dM(0) + (M@ (48)

Comparing (4.7) and (4.8) we get the conclusion. O

Observe that the martingales {M(¢) : t > 0} defined by (4.5) form a system which is
linear in ¢ € C%(R). Because of the presence of the derivative ¢ in the variation process
(4.6), it seems hard to extend the definition of {M(¢) : ¢ > 0} to a general function
¢ € B(R). However, following the method of Walsh (1986), one can still define the

stochastic integral
t
/ /gb(s,x)M(ds,dx), t>0,
0o JR

if both ¢(s,z) and ¢/(s,z) can be extended continuously to [0,00) x R. With those in
hand, we have the following

Lemma 4.6 Let Q, be given by Lemma 4.3. Then for any t > 0 and ¢ € C3(R) we have
a.s.

(¢, w) = (P, / /Pt sO(x)M(ds, dx).
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Proof. For any partition A, := {0 =1ty <t; <---<t, =1t} of [0,t], we have

n

<¢7 wt> - <pt¢a M> = Z<pt—ti¢ - pt—ti_l b, wti>

i=1

+ ZKpt—ti—l ¢7 wti) - <pt—ti—1 ¢7 wti—l)]'
=1

Let ||A,|| = max{|t; — t;_1] : 1 <i < n} and assume ||A,|| — 0 as n — oco. Then
n n t; R R
lim » (P_y,¢ — Py, 6wy,) = — lim > / (P,_ G, wy,)ds
n— oo ) n— oo = Jtia

t
= —/(]%_Séqﬁ,wS)ds.
0

Using Lemma 4.5 we have

n

nhigo ZKpt—ti—l ¢7 wti> - <pt—ti—1 ¢7 wti—l)]

=1

= lim Z
n—o0 P

= /0 t /R Pt_sgzﬁM(ds,dx)—l—% / (a(P_s0)" wy)ds.

t;

N 1 N
/ Py, oM (ds, dx) + lim ~> " / (a(Pr_y,  ®)", w)ds
R n—oo 2

ti—1 i=1 Yti-1
t
0
Combining those we get the desired conclusion. O

Theorem 4.1 Let D(L) be the union of all functions of the form (4.1) with f € C*(R™)
and {¢;} C C*(R) and all functions of the form F, ;(u) = (f, ™) with f € C*(R™). Let
{w; : t > 0} denote the coordinate process of C([0,00), M(R)). Then for each u € M(R)
there is a probability measure @, on C([0,00), M(R)) such that @, {(1,wy)™} is locally
bounded in t > 0 for every m > 1 and such that {w; : t > 0} under Qu is a solution of
the (L, D(L), u)-martingale problem.

A~

Proof. Let @, be the probability measure on C([0, o0), M(R)) provided by Lemma 4.3.
The desired result will follow once it is proved that

Q {wi({0}) =0 forall t € [0,u]} =1, u > 0. (4.9)

For any ¢ € C3(R), we may use Lemma 4.6 to see that
t
Mtu(gb) = <Pu—t¢7 wt> - <PtPu—t¢7 ,LL) = / / Pu—s¢M(dS7 dl‘)? te [O,U],
0o Ji
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is a continuous martingale with quadratic variation process

A = [ ool wdds+ [ ds [ = )P wde

_ /0t<a(15us¢)2,ws)ds + /Ot ds/ﬂ§<h(2 — ) (Bysd) w,)2d.

By a martingale inequality we have

Qu{ 510 [(Pucstrw) — (Pud i)}

0<t<u

< /Q{ Buesd)s }ds+4/ s [ Qu{thz = )Puer(@) )
< 4/0< 7(Punst P ds +4 [ dz/ QL w ) (Pu ()%, w)}ds
<4 /0“<a<13“¢> s + 4l [ b / Q{1 w.)?}ds.

Choose a sequence {¢;} C C3(R) such that ¢y(-) — 15 (-) boundedly and ||¢}| — 0 as
k — oo. Replacing ¢ by ¢ in the above and letting k — oo we obtain (4.9). O

Combining Theorems 2.2 and 4.1 we get the existence of the SDSM in the case where
o € C(R)" extends continuously to R.

5 Measurable branching density

In this section, we shall use the dual process to extend the construction of the SDSM to
a general bounded Borel branching density. Given o € B(R)™, let {(M;,Y;) : t > 0} be
defined as in section 2. Choose any sequence of functions {0} C C(R)" which extends
continuously to R and ¢, — ¢ boundedly and pointwise. Suppose that {y;} € M(R)
and ur — p € M(R) as k — oo. For each k > 1, let {Xt(k) :t > 0} be a SDSM with
parameters (a, p, o) and initial state u; € M(R) and let @, denote the distribution of
{(X® ¢ >0} on C(]0,00), M(R)).

Lemma 5.1 Under the above hypotheses, {Q,} is a tight sequence of probability mea-
sures on C([0,00), M(R)).

Proof. Since {(1, X"} : t > 0} is a martingale, one can see as in the proof of Lemma
4.1 that {Xt(k) : t > 0} satisfies the compact containment condition of Ethier and Kurtz

(1986, p.142). Let Ly denote the generator of {Xt(k) :t >0} and let I be given by (4.1)
with f € CZ(R") and with {¢;} C C3(R). Then

F(XM) — p(x{) /L‘k F(X®ds,  t>0,



is a martingale. Since the sequence {0y} is uniformly bounded, the tightness of {Xt(k) it >
0} in C(]0, 00), M(R)) follows from Lemma 4.4 and the result of Ethier and Kurtz (1986,
p.145). We shall prove that any limit point of {Q,} is supported by C([0,00), M(R))
so that {Q,} is also tight as probability measures on C([0,00), M(R)). Without loss

of generality, we may assume @) converges as k — oo to @, by weak convergence of

probability measures on C'([0, 00), M(R)). Let ¢, € C2(R)* be such that ¢, (z) = 0 when
||| < n and ¢,(z) = 1 when ||z|| > 2n and ||¢,|] — 0 as n — oo. Fix u > 0 and let
m, be such that ¢, (z) < 2P,¢,(z) for all 0 <t < w and x € R. For any a > 0, the
paths w € C([0,00), M(R)) satisfying SUPg<s<y(Pm,, W) > « constitute an open subset

~

of C([0,00), M(R)). Then, by an equivalent condition for weak convergence,

Qu{ sup w{(©))) > o} < Qu{ s (Brw) >

0<t<u 0<t<u

4 ~
< timinf Qu{ sup (dn, w) > af < sup —Qu{ sup (P, wi)? |
k—o0 E>1 O 0

0<t<u <t<u

8 .
<pu¢n7 ,U/k>2

8 . .
< sup —QQk{ sup |[(Pu—i@n, we) — (Pud)n,qu} +sup sup —
E>1 0<t<u &

E>1 & 0<t<u

As in the proof of Theorem 4.1, one can see that the right hand side goes to zero as
n — oo. Then @, is supported by C([0, 00), M(R)). O

Theorem 5.1 The distribution ng) (ptk, +) of Xt(k) on M(R) converges as k — oo to a
probability measure Q(ju,-) on M(R) given by

1 t
/ (f,v™Qup, dv) = E7, | (Vy, ™) exp {i/ M(M — 1)dsH. (5.1)
M(R) 0
Moreover, (Q)i>0 Is a transition semigroup on M (R).

Proof. By Lemma 5.1, {ng) (g, dv)} is a tight sequence of probability measures on M (R).

Take any subsequence {k;} so that ngi)(uki, dv) converges as i — oo to some probability
measure (i, dv) on M(R). By Lemma 2.1 we have

/ 1[‘1700)(<17V>)<17Vm>Q§k)(/ik,dV)
M(R)
1

@ JMR)

1 o . o ‘ i
< — D 27 (m e+ Y'm oL
1=0

1, ™" (uy, dv)

which goes to zero as a — oo uniformly in & > 1. Then for f € C(R)" we may re-
gard {(f, Vm>Q§k) (ux,dv)} as a tight sequence of finite measures on M(R). By passing
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to a smaller subsequence {k;} we may assume that (f, ™)@, ) (1, dv) converges to a
finite measure K;(u,dv) on M(R). Then we must have Kt(u,dy) = (f,v"™Q(p, dv).
By Lemma 2.2 and the proof of Theorem 2.2, Q;(1,-) is uniquely determined by (5.1).

Therefore, ng) (g, -) converges to Qq(u, ) as k — oo. From the calculations

Q. (. d) / o™ Qo dv)

M(R) M(R

_ E7,, [(Yt, ) exp / M,( }]Qr(u,dn)

M(R)

= m [ [, 00 es / M,(M, — 1)ds )]

= Bl | By (Vi) exp { Q/ﬁﬂﬂuwy—UdS)Emp{%/¢N@@@——Dm%]
: e :

= B [0 en {5 [ MLOL - s}

- / (0™ Qrsen, do)
M(R)

we have the Chapman-Kolmogorov equation. O

The existence of a SDSM with a general bounded measurable branching density function
o € B(R) is given by the following

Theorem 5.2 The sequence Q) converges as k — oo to a probability measure Q,, on
C(]0,00), M(R)) under which the coordinate process {w; : t > 0} is a diffusion with
transition semigroup (Qy);>o defined by (5.1). Let D(L) be the union of all functions
of the form (4.1) with f € C*(R") and {¢;} C C?*(R) and all functions of the form
Fo g () = (f, ™) with f € C*(R™). Then {w, : t > 0} under Q,, solves the (L, D(L), u)-

martingale problem.

Proof. Let @, be the limit point of any subsequence {Qy,} of {Q;}. Using Skorokhod’s
representation, we may construct processes {Xt(ki) :t > 0} and {X; : t > 0} with
distributions @, and Q, on C([0,00), M(R)) such that {Xt(ki) : t > 0} converges to
{X;:t >0} as. when i — oo; see Ethier and Kurtz (1986, p.102). For any {H,}*| C

C(M(R)) and 0 < #; < --- < t, < tn41 we may use Theorem 5.1 and dominated
convergence to see that

{HHX;onMﬁ

n

= Jim B{ [T #5(X) Hon (X)) |
j=1
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n

=l B{[[ 5,0 [ Hea @)@l (X))

= E{jllej(th)A(R) Hn+1(’/)Qtn+1—tn(th,dV)}-

Then {X; : t > 0} is a Markov process with transition semigroup (Q¢):>o and actually
Q) — Q, as k — oo. The strong Markov property holds since (Q;)¢>o is Feller by (5.1).
To see the last assertion, one may simply check that (£, D(L)) is a restriction of the
generator of (Q;)i>o- O

6 Rescaled limits

In this section, we study the rescaled limits of the SDSM constructed in the last section.
Given any 6 > 0, we defined the operator Ky on M(R) by Kyu(B) = u({fx : = € B}).
For a function h € B(R) we let hy(z) = h(0z).

Lemma 6.1 Suppose that {X; : t > 0} is a SDSM with parameters (a, p,o). Let X! =
072KyXgo,. Then {X? :t >0} is a SDSM with parameters (ag, pg, 09).

Proof. We shall compute the generator of {X? : ¢ > 0}. Let F(u) = f({¢,u)) with
f € C*(R) and ¢ € C*(R). Note that F o Ky(n) = F(Kou) = f({(¢1/6,11)). By the
theory of transformations of Markov processes, {KyX; : t > 0} has generator £ such
that L7F(u) = L(F o Ky)(Kipp). Since

d . L, d d? o I
%%/9(@ = g(cﬁ )i/6(7) an @%/9@) = @(ﬁb )1/6(7),

it is easy to check that

—_

g (6, 1)) (a0 1)
1

w3l (0.m) [ la =98 @) @(da)ntan)

39 ) (o0, )

Then one may see that {§ 2K,X; : t > 0} has generator £y such that

L) = 5t (6u10) s 1)

+—WWM»/M@ﬂWWW@MﬂM@)

RQ

LOF(p) =

b (6. ) oud?, ),

24



and hence {X? : t > 0} has the right generator 62L,. O

Theorem 6.1 Suppose that (2, X, Qu) is a realization of the SDSM with parameters
(a,p, o) with |c(z)| > € > 0 for all z € R. Then there is a A x A x Q ,-measurable function
Xi(w, ) such that Q {w € 2 : Xy(w,dx) is absolutely continuous with respect to the
Lebesgue measure with density X;(w,z) for A-a.e. t > 0} = 1. Moreover, for A\ x \-a.e.
(t,x) € [0,00) x R we have

QXler} = [ siaan(da)n(ay)

/ ds/ (dy) / ez, 252, 2)pes (y, 2)d2. (6.1)

Proof. Recall (1.9). For r; > 0 and 75 > 0 we use (2.7) and (5.1) to see that
Qy{<gelr1 (l‘> ')7 Xt><gelr2(l‘> ')7 Xt>} = Qu{<gelr1 (I‘, ) ® gelrg (I‘, ')7 Xt2>}

t
- <Pt gﬂ’l( ) ® gelrz(x’ ')’ M2> + / <Pt—5¢12P52961r1 (ZL‘, ) ® gelm (ZL‘, ')7 M2>d8

0

= / Prge (x,7) @ gey (2, ) (y, 2)p(dy) p(dz)
/w/(w/ P20 (@,) @ gh () (2, Dpis(y, 2)d.

Observe that

Plgl (z,) @ gl (z,)(y, 2) = / 2937«1(1‘7Zl)gim(%%)p?(y,2;21722)d21d22
R

converges to p?(y, z; z, ) boundedly as r; — 0 and r5 — 0. Note also that

[ oGP ) @ gl ) 2 i)
< const - HJH\[/ cser, (75 )(2) 900 (Y, 2)dz
< const - ||a||%g€(t+r1)(yax)
< const -

ol —
|| —.
Vst

By dominated convergence theorem we get

lim QM{<ger1( )7Xt><gelr2(x’ '>’Xt>}

r1,72—0

_ /zﬂwzx@(@)wd

/ ds/ (dy) / i (2, 252, 2)p—s (y, 2)d2.
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Then it is easy to check that

lim / it [ Quilal (o) = gb ), Xif e = 0
T1,r2—

for each T' > 0, so there is a A x A x Q,,-measurable function X;(w, r) satisfying (6.1) and

hm ger(x Y) X (w, dy) = Xy(w, x) (6.2)

r—0

in L*(A x A x Q,,). For any square integrable ¢ € C(R),

/0 ' Qu{)@b, Xi) — /R gzﬁ(x)Xt(x)dx‘Q}dt

T
< 2/0 Q, {(6 — Tt X)) dt

+2/OTQH{

and by Schwarz inequality,

Q}dt, (6.3)

(T, X,) — / o) X,(x)dx

Quf|T0. %) - [ ote)Xitayaa| }

= @.{| [ xitao) [ ok ivado [ ote)Xitayia] }

- Q. / (g4 (1), X,) — Xt($)]¢(x)dx‘2}
/QN{’ger ,2), Xp) — Xy(x \}dx/¢

By this and (6.2) we get

IN

T

iy | @u{

2}dt: 0.

(T, Xo) — /R 6(2) X, (2)dx

On the other hand, using (2.8) and (5.1) one may see that
}}L% Qu{<¢ - Ter¢a Xt>2} < }}L% H¢ - T6T¢H2Qu{<1a Xt>2} = 0.

Then letting » — 0 in (6.3) we have

T 2
/O Q.{ pat =o,

completing the proof. O

(6, X)) — / o)X, (2)dx
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By Theorem 6.1, for A x A-a.e. (t,z) € [0,00) x R we have

Q;L{Xt(x)Q} < const - [L<1,u>/ﬂgg§t(x,y)u(dy)

Vit
w [ 2 [ utan) [ eladernlat (e
< const~[;};<1,u>-+vv€uow@‘A;g;<x,y>u<dy» (6.4)

Theorem 6.2 Suppose that {X; : t > 0} is a SDSM with parameters (a,p,o) with
lc(z)] > € > 0 for all v € R. Let X! = 072KyXge,. Assume a(r) — ap, o(x) — o5
and p(r) — 0 as |#| — oo. Then the conditional distribution of {X? : t > 0} given
X8 = € M(R) converges as  — oo to that of a super Brownian motion with underlying
generator (ap/2)A and uniform branching density .

Proof. Since |og|| = ||o|| and X§ = u, as in the proof of Lemma 5.1 one can see that
the family {X? : ¢t > 0} is tight in C([0,00), M(R)). Choose any sequence 6, — 0o
such that the distribution of {Xf *:t >0} converges to some probability measure @, on
C([0,00), M(R)). We shall prove that @, is the solution of the martingale problem for
the super Brownian motion so that actually the distribution of {X? : ¢t > 0} converges to

Q, as 0 — oco. By Skorokhod’s representation, we can construct processes {Xt(k) 2t >0}
and {X” : ¢ > 0} such that {X" : ¢t > 0} and {X* : ¢ > 0} have identical distributions,
{Xt(o) :t > 0} has the distribution @, and {Xt(k) :t > 0} converges a.s. to {Xt(o) (1 >0}
in C([0,00), M(R)). Let F(u) = f({¢,p)) with f € C*(R) and ¢ € C*(R). Then for each
k>0,

FXPy — Fx Py - /Ot LiF(X®)ds,  t>0, (6.5)
is a martingale, where £y is given by
L) = 576 m)a0d", ) + 5 (6. 1)) (00,67 1)
+%f”(<¢,u>)/ po, (= y)¢'(x)¢' (y) u(dx) p(dy).

RQ
Observe that

lémwwx%mm—ww&%m

SWWM%EM%—MK%MS

IN

|wwwlﬁmf%wm

Mol | d d — aplps(z, v)dy.

_uﬂwulsémmémm>%mmwy
2

A\
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Then we have

i [ B{1F(06. X)) [(aa, — asle”, X)) ds =0, (6.6)
> Jo

In the same way, one sees that
t
lim [ B{|f" (6. X)) (|09, — o0l¢*, X)) }ds = 0. (6.7)
Using the density process of {Xt(k) :t > 0} we have the following estimates

P XN [ pn e = 1) @)o! (X)X (a)

R

E

< {1 /R |06, (= = )16/ (2)0 ()| E{X ) (2) X (y) Ydady

< Il /R po (@ = 9)l|¢/ ()¢ () | EAXD ()12 B{X P (y)*} 2 deedy
< P [ lonte = 0Pl )P sy [ BXO @B @) drdy)
<

171 [ e = )Pl ) Pasdy) [ BOXOOaa

By (6.4), for any fixed t > 0,

/0 s /R E{X")(2)2}dx

is uniformly bounded in k > 1. Since py, (x —y) — 0 for A x M-a.e. (z,y) € R? and since
oo, [l = llpll, we have

iy [ lon, (o = )16/ (0)of o) Pdady =0

k—oo

when ¢’ € L?()\). Then

(6, X9 /

R

lim F

k—o0

po(z = )9 (2)¢/ () XD (dw) X (P (dy) | = 0. (6.8)

Using (6.6),(6.7), (6.8) and the martingale property of (6.5) ones sees in a similar way as
in the proof of Lemma 4.2 that

t
FXO) — F(x0) - / LF(XO)ds,  t>0,
0

is a martingale, where L, is given by

LoF () = 50" (6, 0", 1) + 500" ({6, 1) (6 ).

This clearly implies that {Xt(o) :t > 0} is a solution of the martingale problem of the
super Brownian motion. O
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7 Measure-valued catalysts

In this section, we assume |c(x)| > € > 0 for all € R and give construction for a class
of SDSM with measure-valued catalysts. We start from the construction of a class of
measure-valued dual processes. Let Mp(R) denote the space of Radon measures ¢ on R
to which there correspond constants b(¢) > 0 and [(¢) > 0 such that

[z, 2 +1(Q)]) <b(O)I(¢), zeR (7.1)

Clearly, Mp(R) contains all finite measures and all Radon measures which are absolutely
continuous with respect to the Lebesgue measure with bounded densities. Let Mp(R™)
denote the space of Radon measures v on R™ such that

videy, -, dry,) = f(x1, -, xm)dey, -+ deg,1((dx,y,) (7.2)

for some f € C(R™) and ( € Mp(R). We endow Mp(R™) with the topology of vague
convergence. Let M4(R™) denote the subspace of Mg(R™) comprising of measures which
are absolutely continuous with respect to the Lebesgue measure and have bounded den-

sities. For f € C(R™), we define A} € Ma(R™) by A7(dx) = f(x)dz. Let M be the
topological union of {Mp(R™) :m =1,2,---}.
Lemma 7.1 If ( € Mp(R) satisfies (7.1), then

/ Pl y)C(dy) < h(e,Gt)/VE  t>0,3€R
R
where

h(e, C;t) = const - b(() [2[({) + \/Qm], t>0.

Proof. Using (1.9) and (7.1) we have

/R pi(w,y)C(dy) < const - /R ger (2, )¢ (dy)

26(O)1(¢) k*1(¢)?
V2met ;exp{— et }

< const - b [21(() —i—/ReXp{ — y—:}dy]
< const - 4 [21(()—1—\/%},

< const -

giving the desired inequality. O
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Fix n € Mp(R) and let @;; be the mapping from M, (R™) to Mp(R™ ') defined by

Piju(day, - drm-1)
= ,LL,(I'l, s Tm—1 " Tm—1, " xm—Q)dII o dxm—Qn(dIm—l)a (73)

where 1/ denotes the Radon-Nikodym derivative of y with respect to the m-dimensional
Lebesgue measure, and x,,_; is in the places of the ith and the jth variables of x4 on the
right hand side. We may also regard (FP;"):o as operators on Mp(R™) determined by

P"v(dx) = / pit(x, y)v(dy)de, t>0,zeR" (7.4)

By Lemma 7.1 one can show that each P, maps Mp(R™) to M4(R™) and, for f € C(R™),

P"Ni(dz) = P" f(x)dz, t>0,z € R". (7.5)

Let {M; :t >0} and {[} : 1 <k < My — 1} be defined as in section 2. Then

[ y--- P

T2—T1

r,pm

Tk —Tk—1

7, = pMm

t—T7g

Flp Zo, Tk §t<Tk+1,0§l€§MO—1, (76)

defines a Markov process {Z; : t > 0} taking values from M. Of course, {(M;, Z;) : t > 0}
is also a Markov process. We shall suppress the dependence of {Z; : ¢ > 0} on 7 and let
E!  denote the expectation given My = m and Zy; = v € Mp(R™). Observe that by
(7 4) and (7.6) we have

B[z e {3 [ 2001, - 1as)]
= (PP, um) (1)
L ! Mi—uy ex s ¢ | du.
”2#/ E;,_ 1,8, Py <Zt w M p / My(M; —1)d }]d

Lemma 7.2 Let n € Mp(R). For any integer k > 1, define n, € M4(R) by

ne(dx) = ki(n) " n((il(n)/k, @+ Di(n)/k)dz,  x € (il(n)/k, (i + 1)l(n)/K],
where ¢ = ---,—2,—1,0,1,2,---. Then n, — n by weak convergence as k — oo and

e[z, + 1)) < 2b(n)l(n), zeR

Proof. The convergence 1, — 1 as k — oo is clear. For any x € R there is an integer ¢
such that

[z, 2 +1U(n)] C (il(n)/k, (i + 1)l(n)/k+ L(n)].
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Therefore, we have

([, @ +1(n)])

IN

me((@l(n)/k, (i + 1)U(n) /k + 1(n)])

n((il(n)/k, (i + Dl(n)/k +1(n)])

n((@l(n)/k,il(n)/k + 2L(n)])
b(n)l(n),

as desired. O]

IAINA
[\

Lemma 7.3 Ifn € Mp(R) and if v € Mg(R™) is given by (7.2), then

E", [<Z£, 1M exp {% /Ot M, (M, — 1)ds}]

< (e Cn [y VE+ 3 2o m — e Ly ] (78)
k=1

(Note that the left hand side of (7.8) is well defined since Z; € M 4(R) a.s. for eacht > 0
by (7.6).)
Proof. The left hand side of (7.8) can be decomposed as ZZ:OI Ay, with

Ap = EZz,u [<Z£7 :UMt> exp / M - 1)d8}1{7'k<t<7'k+1}i|
By (7.2) and Lemma 7.1,
Ao = (B v), 1) < |IfllR(e, G 1) {L, )™ [V

By the construction (7.6) we have

m!(m
A = ds, | d
E T Ok m—k)l(m — k—l / 81/ - /k

E) (P PR IP ) ) |1y = 5501 < j < k}dsy
for 1 <k <m — 1. Observe that
¢ dsy, < 2v/2 ¢ dsy, < A4/t '
ooy VE=8/Sk = Sk—1 VI =861 s, )2 VE— Sk T VE— Sk

By (7.5) we have P F)\F < /\”h” for h € C(R™*). Then using (7.9) and Lemma 7.1
inductively we get

m!(m — DI f]]

AkSQk(mkmk—l/ds/dS2 /
hle G 0 L )"
Vit — s \/59 — 514/51

2"ml(m — )| f| .
ot — o — 16 G OR(e L g

< 25m*(m = 1)"|| Il hle, Gt (e, ;) (1, )™ 2,

(7.9)

IN
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Returning to the decomposition we get the desired estimate. O

Lemma 7.4 Supposen € Mp(R) and define n, € M4(R) as in Lemma 7.2. Assume that
. — i weakly as k — oo. Then we have

E", [<Z;, 1M exp {% /Ot M, (M, — 1)ds}]

1 t
= lim EM, [(Z;, ") exp {5 / M,(M, — 1)ds}].
0

k—o0

Proof. Based on (7.7), the desired result follows by a similar argument as in the proof of
Lemma 2.2. O

Let n € Mp(R) and let 7 be defined as in Lemma 7.2. Let o) denote the density of n
with respect to the Lebesgue measure and let {Xt(k) :t >0} be a SDSM with parameters
(a, p,or) and initial state pup € M(R). Assume that g, — pu weakly as k — oo. Then we
have the following

Theorem 7.1 The distribution Q" (g, ) of X® on M(R) converges as k — oo to a
probability measure Q(j,-) on M(R) given by

1 t
/ o™ O dv) = B [(2, 1Y exp {_/ MM, - sy (n10)
M(R) o 2 Jo
Moreover, (Q)i>0 Is a transition semigroup on M (R).

Proof. With Lemmas 7.3 and 7.4, this is similar to the proof of Theorem 5.1. O

A Markov process with transition semigroup defined by (7.10) is the so-called SDSM with
measure-valued catalysts.
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