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Abstract

We discuss the properties of three upsilon transforms, which are related to the class of
p-tempered a-stable (7'S%) distributions. In particular, we characterize their domains
and show how they can be represented as compositions of each other. Further, we
show that if —oo < f < a < 2and 0 < g < p < oo then they can be used to transform
the Lévy measures of TSZ distributions into those of T'SY.
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1 Introduction

Over the past decade there has been considerable interest in the study of trans-
forms of Lévy measures, especially upsilon transforms, which are closely related to
stochastic integration with respect to Lévy processes. Although upsilon transforms
were formally defined in [2], the concept goes back, at least, to [7]. In this paper, we
study the properties of three upsilon transforms, which are related to tempered stable
distributions.

Let M, ; be the collection of all o-finite Borel measures on R? such that every
M € M, ¢ satisfies M ({0}) = 0, and let p be a nonzero o-finite Borel measure on (0, c0).
A mapping T, : M, — M, is called an upsilon transform with dilation measure p if,
for any M € M, s, we have

[Y,M]|(B) = M(s7'B)p(ds), B e B(RY), (1.1)
0
where B(R?) refers to the Borel sets in R.
We are particularly interested in the case when Y, M is a Lévy measure. Recall that
a Borel measure M € M, is called a Lévy measure if

M ({0}) = 0 and / (LA |2[*) M(dz) < . (1.2)
Rd
Theorem 3.2 in [2] tells us that if T,M is a Lévy measure then, necessarily, M is a

Lévy measure as well. However, T,M need not be a Lévy measure even if M is. We
write D(T,) to denote the collection of all Lévy measures for which Y,M remains a

*University of North Carolina Charlotte, USA. E-mail: mgrabcha@uncc.edu


http://dx.doi.org/10.1214/ECP.v20-4366
http://ecp.ejpecp.org/
http://arXiv.org/abs/1506.04856
mailto:mgrabcha@uncc.edu

Three upsilon transforms

Lévy measure. This is called the domain of T,. Further, we write (Y ,) to denote the
collection of all Lévy measures M’ for which there exists an M € ©(Y,) with M’ =T ,M.
This is called the range of T ,.

A probabilistic interpretation of T, is given in [2]. Specifically, for an upsilon trans-
form Y, let 7,(t) = p([t, 00)) for t > 0. Assume that 7,(t) < oo for each ¢ > 0 and let 1, be
the inverse of 7, in the sense 7 (t) = inf{s > 0:1,(s) <t} fort > 0. Let {X; : ¢ >0} be a
Lévy process such that the distribution of X; has Lévy measure M. Define (if possible)
the stochastic integral

np(o)
Y = / n,(t)dX;
0

in the sense of [17]. If the integral exists then M & @(TP) and the distribution of Y is
infinitely divisible with Lévy measure Y,M. However, even if M € ©(Y,) this does not
guarantee that the integral exists since we must be careful with the Gaussian part and
the shift. See Theorem 3.5 in [17] for the exact conditions under which the stochastic
integral exists.

In this paper we focus on upsilon transforms with the following dilation measures:
1. Fora € Rand p > 0let

Yap(ds) = s7 e ™ 1 ods. (1.3)

2. For—o < f<a<ooand p > 0let

—a—1 aB_q
s (1—sP)» lo<s<1ds, (1.4)

Ta—a,p(ds) = Kaos
a,B,p

Kogp= /0 u P e du = p7IT (a;ﬁ) .

3.For0<g<p<ooand a € Rlet

where

7rC’4717—>11(ds) :pfq/p(sip)siaipills>0d57 (15)

where, for r € (0,1), f, is the density of a fully right skewed r-stable distribution with
Laplace transform

/ e*mfr(m)dm —et. (1.6)

0

For simplicity of notation we write

\Ilavp = Twa,p’ Eﬁ%aﬁb = TTﬁ*)a,p’ and q30¢710—>q = Tﬂa,p—»q'

The transform ¥, ;, was first introduced in [10] and then further studied in [11] and [12].
Several important subclasses were studied in [16], [1], and [8]. The transform, T3,
was discussed in Section 4 of [12], and the case where p = 1 was considered in [16],
[18], and [9]. The transform B, ,—., is essentially new, although it appears, implicitly, in
[4]. Further, a related transform is studied in [3].

The transform ¥, , is closely related to the class of tempered stable distributions,
which is a class of models that is obtained by modifying the tails of infinite variance stable
distributions to make them lighter. These models were first introduced in [14]. The more
general class of p-tempered a-stable distributions (7'S?), where p > 0 and « < 2, was
introduced in [4] as a class of infinitely divisible distributions with no Gaussian part and
a Lévy measure of the form ¥, ,M, where M € ©(¥,, ,). If we allow these distributions
to have a Gaussian part then we get the class of models studied in [10]. This, in turn,
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contains important subclasses including the Thorin class, the Goldie-Steutel-Bondesson
class, the class of type M distributions, and the class of generalized type G distributions.
For more about tempered stable distributions and their use in a variety of application
areas see [13], [5], [6], and the references therein.

The relationship between tempered stable distributions and the transforms %4_,, )
and B, will become apparent from studying the relationships among the transforms.
Several such relationships are known. Specifically, if —o00 < v < f < a < oo then
Theorem 3.1 in [16] (see also [9]) implies that

\Ija,l = ‘Iﬁ%a,lqjﬁ,l
and Theorem 4.7 in [18] implies that

T'y%a,l = Sﬁ%a,l‘z'yﬁﬂ,l .

We will show that these relations hold with 1 replaced by any p > 0. Further, we show
thatif 0 < r < g < p < o0 and a € R then

\Ija,q = ma,p—ﬂlma,p
and
(poz,p—n" = ;pa,q—wma,p—ﬂl'

Putting these together implies that if —co < f < a < coand 0 < ¢ < p < oo then

Va,g =Bap-q¥s-ap¥8p = Ts—a,qPBsr—-q¥8,p-

Thus we can transform ¥g , into ¥, , by using the other two transforms. In the context
of tempered stable distributions this means that we can transform the Lévy measures of
TS} distributions into those of T'Sg.

2 Main Results

We begin by characterizing the domains of the transforms of interest. Toward this
end we introduce some notation. For « € [0, 2] let < be the class of Borel measures on
RY such that M € M if and only if

M ({0}) = 0 and /]Rd (|z]* A |z]*) M(dz) < oco. (2.1)

Note that if 0 < a1 < ap < 2 then IM? C M2 C M* C MY, and that M is the class of
all Lévy measures on R?. Let 9M'°¢ be the subclass of M° such that M € 98 satisfies
f|a:\§1 |z|2 M (dz) + f‘z|>1 log |#| M (dzx) < co.

Theorem 2.1. 1. For —oco < f < o < 0o and p > 0 we have

Mo ifa<0

mes  ifa=0
@(‘IB—)Q,IJ) = :D(\Ila,p) = N ifo € (0 2)

{0} ifa>2

2. Fora € R and 0 < g < p < co we have

MO ifa—q<0

Mmee  ifa—qg=0
@(m(x,p—ﬂ]) = M1 ifa—qe (07 2)

{o} ifa—q2>2
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The proof follows from a general result and is given in Section 4. We note that
D(¥,,,) was already fully characterized in [10]. Henceforth, we assume that a < 2 in
the case of T3 .., and ¥, , and that a < 2 + ¢ in the case of °B, ;4. Of course, our
results will, trivially, remain true for the other cases.

We now turn to the composition of transforms. Let T
and define the composition Y,,T, on the domain

o1 I, be two upsilon transforms

D(Yp,Ypy) ={M € D(Yp,) : Tp, M € D(Y),)}
Proposition 4.1 in [2] tells us that ©(Y,,Y,,) = D(Y,,T,,) and that
T92TP1 = TPI TP2'

Thus compositions of upsilon transforms commute. To give a better understanding of the
domains of compositions we give the following.

Lemma 2.2. If—-co<y< f<a<ocand0<r < qg<p< oo then

m(sﬁﬂa,p) c :D(Sv%@p) = g(mﬁ,p)

and

m(\lla,p)vm(ma,q—)r)vm(‘zﬂ%mp) C g(ma,pﬁq)'
The proof follows from a general result and is given in Section 4. We now state our
main result.
Theorem 2.3. 1. If —co < B < a < 2 andp > 0 then

Vap=%p5a,p¥8p-

2. If —co <y < B <a<?2andp >0 then

(zv—m,p = (Zﬁ—mm(sv—%p-

3. Ifa<2and0 < g <p< oo then

\I’a,q = mmp%qlpa,p'

4. If0<r<qg<p<ooand—oco < «a<2+r then

‘Baﬁpﬂr = ma,qﬂrma,pﬁm

The proof is given in Section 4. In all cases equality of domains is part of the result.
Further, in the above, all compositions commute. Before proceeding, we recall a result
from [10].

Proposition 2.4. If —co < o < 2 and p > 0 then the transform ¥V, ;, is one-to-one.
Combining this with Theorem 2.3 will give the following.

Corollary 2.5. If —oo < § < a < 2 and p > 0 then the transform Ts_,. , is one-to-one. If
0 < ¢ < p and o < 0 then the transform ‘B, p—,4 is one-to-one.

For T5_,4,p a different proof was given in [12]. For 8, ,_,,, the case where o > 0 is
more complicated and will be dealt with in a future work.

Proof. We begin with Part 1. Let M, M’ € D(Tpsap) = D(Vayp). If TpapM =
TpsapM' then Vg ,T5 0 M = Vg, Ts,,,M' and hence by commutativity and Theo-
rem 2.3 we have ¥, ,M = ¥, ,M’. From here Proposition 2.4 implies that M = M’ and
hence T3_,, ), is one-to-one. The proof of Part 2 is similar. We just need to note that, in
this case, D(¥, 4) = MO, O
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We now interpret Theorem 2.3 in the context of tempered stable distributions. For o <
2 and p > 0 let LT'S? be the class of Lévy measures of p-tempered a-stable distributions,

and note that LT'SE, = R(V, ;). For —co < f<a<2and 0 < ¢ <p < oo let Tgia,p and

‘1322_,(1 be the restrictions of Ts_,4 , and Pa -4 to the domains LTSZ ND(Tp_a,p) and

LTS? respectively. Note that, by Lemma 2.2, LT'S?. C ®(Pa,p—rq)-

Corollary 2.6. For —oo < 3 < a < 2 and p > 0 the mapping T35, ,  is a bijection from

LTSZ ND(Tp—a,p) onto LTS?. For0 < ¢ < p and o < 2 the mapping gﬁ,ﬁq is a bijection
from LTS?, onto LT SY.

Proof. The result is immediate from Theorem 2.3 and Corollary 2.5, except in the case of

Zi _,q With @ € [0,2). In this case we can show that ‘,)355, _,q is one-to-one by arguments
similar to the proof of Corollary 2.5. O

3 Probabilistic Interpretation

In this section we interpret Theorem 2.3 in terms of stochastic integration. First,
recall that every infinitely divisible distribution 1 on R has a characteristic function of
the form ji(z) = exp{C,,(2)} for z € R?, where

Cu(z) = —%(z,Az) +i(b, 2) +/ (ei<w> —1- i(z,x)lmgl) M (dx),

R4
A is a symmetric nonnegative-definite d x d matrix called the Gaussian part, b € R? is
called the shift, and M is a Lévy measure. The measure y is uniquely identified by the
Lévy triplet (A, M, b) and we write pn = ID(A, M, b). Further, we write {Xt(“) :t >0} to
denote a Lévy process with X; ~ u. A Lévy measure M on R? is called symmetric if
M(B) = M(—B) for every B € B(RY).

We say that a dilation measure p satisfies Assumption A if p(dt) = r(¢)dt for some
Borel function r for which there exists a b € (0, 00] with r(¢) > 0 for ¢ € (0,b) and r(¢) =0
otherwise. For any dilation measure p satisfying Assumption A let 7,(t) = p([t, c0)) for
t € (0,b) and note that 7, : (0,b) — (0,7,(0)) is differentiable, strictly decreasing, and
invertible. Let 7 () be its inverse function.

Fix a dilation measure p satisfying Assumption A. For any u = 1D(0, M, 0), where
M € ©(Y,) is a symmetric Lévy measure, Theorem 3.5 in [17] implies that the stochastic

integral
7,(0) ()
[ moaxy
0

exists. For such u define the transform

77/3(0) ( )
TO() = £ / i (Hdx® ) |
0

where £ (X) is the law of X. Theorem 3.10 in [17] implies that Y*(u) = ID(0,Y,M,0).

We can now give a probabilistic interpretation of Theorem 2.3. We only present it for
the first part of the theorem since the rest are similar. Fix —co < S < a <2, p > 0, and
let M be a symmetric Lévy measure with M € ©(¥,,). If u = ID(0, M, 0) then the first
part of Theorem 2.3 implies

e, p (0) i )
/0 w, (X

1ES

T8 sa,p (0) . TY8.p
/O ne L (Bdx (T

WB,I,(O) . LB ap
/0 %,p(t)dxt( 2

[la
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In this section we focused on the case where y = ID(0, M,0) and M is a symmetric
Lévy measure. This was done for simplicity. In the general case, the conditions for
the existence of the stochastic integral and the form of its Lévy triplet are a bit more
complicated, see Theorems 3.5 and 3.10 of [17]. Never-the-less, one can obtain more
general results analogous to those given in this section.

4 Proofs

In this section we prove our main results. First, recall that, for r € (0,1), f, is the
probability density of a fully right-skewed r-stable distribution with Laplace transform
given by (1.6). Recall further that the class of all stable distributions on R is a parametric
family with four parameters. While there are many ways to parametrize this family,
a common parametrization is given in Definition 14.16 of [15]. We note that, in this
parametrization, f, is the density of a stable distribution with parameters (r, 1,0, cos %)
We now give some properties of this density.

Lemma 4.1. 1. Ifr € (0,1) then there is a K > 0 depending on r such that

fr(z) ~ Kzt asz — oo.

2. Ifr € (0,1) and 8 € (—oo,r) then

/OO s f,(s)ds < oo,
0

3. Ifr,p € (0,1) then
Fop) = / Foay™ ")y V" £ () dy.
0

Proof. Part 1 follows from (14.37) in [15]. When § < 0 Part 2 follows from Theorem
5.4.1 in [19] and when 3 € [0, r) it follows from Part 1. Now, let X ~ f, and Y ~ f, be
independent random variables. The fact that

B [eityl/rx] B {E [e*tyl/TX\Y” _g {e*”Y} — ot

implies that Y/7 X ~ frp. From here Part 3 follows by representing the density of ylUrx
in terms of the densities of X and Y. O

Lemma 4.2. Assume that p(ds) = g(s)1s>0ds and that there exist 6 € (0,1), « € R, and
0 <a < b<oosuchthata < s**tlg(s) < b forall s € (0,5). When o < 2 assume also that

Iy~ s%g(s)ds < oc. In this case

MmO ifaa <0

Mg ifa=0
(1) = Mme  ifa € (0,2)

{0y ifa>2

Further, when a € (0,2) we have R(Y,) C M’ for every B € [0, ).

We note that a related result is given in Theorem 4.1 of [18].

Proof. Fix M € 9°. We need to characterize when

/ (lz[* A1) [T, M](dz) < oc.
Rd
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First assume « > 2. If M # 0 then there exists a ¢’ € (0, ) such that M(|z| < 1/§") >0
and

/‘”'§1 A = /]R = /Wl (s)dsM (dw)
/stms/ |w|2/0 9(s)dsM (dz)

6/
a/ |x|2/ st dsM (dz) = oo
|| <1/6" 0
Now assume that o < 2. We have

/z|>1[T Mt /z|<1/6 //m #)dah(dz)
+/|x|>1/5 »//|a: g(s)dsM (dx)

/ / dSM dl‘)— I+ I+ Is.
|2|>1/8

Since M € M’ and for any ¢ > 0 we have [~ g(s)ds < ¢™2 [° s?g(s)ds < co we have
I3 < 0o and

Y

Y

L S/ |x|2M(dx)/ s2g(s)ds < oo.
lz|<1/6 0

Now note that

o 8
a/ / s %dsM (dz) < Ip < b / s *dsM (dwx).
2|>1/6 J1/|e| |z|>1/6 J1/|z|

From here the fact that flé/\w\ sT17ods = (Jz|* — 67%)/a when « # 0 and it equals log |z
when o = 0 gives the necessity of our conditions. Now note that

1/|z|
/ 2 P[Y, M](der) / |a:|2/ (s)dsM (dz)
|z|<1 R4

1/|=|
g/ w[2M (dx)/ g(s)ds + b m?/ sl ds M (da)
le|<1/8 0 |z|>1/6 0

o b
= / |x|2M(dx)/ s2g(s)ds + 5 / |x|“ M (dz).
|¢|<1/68 0 a J|z|>1/68

This gives sufficiency of the conditions and completes the proof of the first part.
Now assume that a € (0,2) and 3 € [0, «). It suffices to show that for any M € 9~

/ |z|? [T, M](dx) / \x|ﬁ/ (s)dsM (dx) <
|z|>1 R4 |z~

Observing that

/ |x|ﬁ/ sPg(s)dsM (dzx) S/ |x\2M(dx)/ s2g(s)ds < oo,
|z|<1/6 || |z|<1/6 0

/| s |x|ﬁ/§ sPg(s)dsM(dz) < oo
x|>
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and

A

§ 00
/ |x|5/ sPg(s)dsM(dz) < b/ |a:|ﬁ/ sPolds M (dx)
|z|>1/8 2] -1 |z|>1/8 |21

b
= |z|“M(dz) < 0o
a—=B Jiz>1/s

gives the result. O
We can now prove Theorem 2.1 and Lemma 2.2.

Proof of Theorem 2.1 and Lemma 2.2. Both results follow easily from Lemma 4.2, we
just need to check that the assumptions hold. We only verify this for B, ,_, as it is
immediate for the other cases. In this case we have g(s) = pf,/,(s77)s™*?~1. Lemma
4.1 implies that

oo (o) o0
/ s2g(s)ds = p/ farp(s7P)s' 72 7Pds = / fq/p(v)v_(z_a)/pdv < oo
0 0 0

and that g(s) ~ pKs?*~! as s | 0. From here the result follows. O

Proof of Theorem 2.3. In all cases, equality of the domains follows from Theorem 2.1
and Lemma 2.2. We now turn to proving the equalities. We begin with Part 1. Fix
M € D(Tpa,p¥ps,) and let M’ =T, , Vs, M. For any B € B(R?)

1 —_
WB) = Kb, [ B (-
0
= ﬁp/ / M((ut) " B)t— B~y (1 — o?) 5 " dudt
a—B—p

_ ~1g)pa—B-1,—t"  —a— vP ?
= ﬁ,p/ / M(v™"B)t (1— tp> dodt

= ﬁp/ / M B)tP—le="v=0=1 (1P — o?) 5 " dtdv

= 7ﬂ7p/ M( 713) R 1dv/O e 5 s P14,

/O M@ 'B)e " v "ty = [V, ,M](B),

where the third line follows by the substitution v = ut and the fifth by the substitution
sP =P — P

We now show Part 2. Note that by the well-known relationship between beta and
gamma functions

1 1 b=y _1 1 1 a=B8_1q b=y _1
[t e = [
0 0
a=p B=
_ p—1F< p )F( P ) _ Ka,ﬂ,pKﬁmp.
T (H) Koz,’y,p
p
For simplicity of notation let A = K 5 pK[; ,p and note that

1 B—~
K., = A/O w* P (1 —wP) 7 T dw.
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Fix M € D(TpapTyopp) and let M =T, ,T5,M. For B € B(R?)
1 _
M'(B) = K(;lB,P/ [TyoppM](u™ ! B)u™ " (1~ Up)Tﬁ_l du

’ 0
1 1 a—p B—~
- A/ / M{(ut) " Bu==1 (1 — u?) 7~ dut=P—1 (1 — ) 5Lt
0 0

_[g71

1ot P\ _
= A/ / M(v~'B)v=o"! (1 - ”) Codue i )
0 0

B_1

1 1 -
= A/ M(v_lB)v_a_l/ (tP —oP) P
0 v

1 . 1 _
= A/ M@ B 11 - Up)aT_ldv/ w* P (1 — w]”)ﬁTw_1 dw
0 0

B=x
F)

(1—") 7 P~ dtdw
1 ory
= Koby / M By (1 —0?) 57 do = [T,50,,M](B),
where the third line follows by the substitution v = ut and the fifth by the substitution

wP = (tP — vP) /(1 — vP), which implies 1 — t? = (1 — wP)(1 — vP).
To show Part 3, fix M € D(Pa,p—qVa,p) and note that for B € B(R?)

Bap—q¥arp,M](B) = P/O farp(s7P)s™O P W, M](s™ ! B)ds

- /Oo fq/p(s)sa/p[‘l’a,pM](Sl/pB)ds
0

/ fq/p(s)sa/p/ M(sY/Pt7 1Byt 12" dtds
0 0

/0 M(v_lB)v_l_a/o e_“psfq/p(s)dsdv

/ M B =% " dv = [¥, ,M](B),
0

where the fourth line follows by the substitution v = s~ /7¢.
For Part 4, fix M € D(Pa,q—rPa,p—q) and let M = P+ Pa p—gM. For any B €
B(RY)

M(B) = / Foa 1R s MY (V1B
= / - Fayp(8)s7P / - frg(OtIM (/9517 B)dtds
0 0
= / M (u*/? Byu®/? / Fayp(at™9) f, ()P 9dtdu
0 0
- / MM B)u? £, (u)du = [P M)(B),
0

where the third line follows by the substitution v = st?/9 and the fourth by Lemma
4.1. O
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