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Necessary and sufficient conditions for
the continuity of permanental processes
associated with transient Lévy processes*

Michael B. Marcus' Jay Rosen?

Abstract

Let u” (x,7) be the -potential density of a transient Lévy process Y and X, =
{Xauz € R} be the a-permanental process determined by u”(z,y). Let L =
{ff, (t,z),€ R+ x R} be the local time process of Y and let G = {G,,z € R} be
the stationary mean zero Gaussian process with covariance u” (z,y) + uﬁ(y, z). Then
the processes X,, L and G are either all continuous almost surely or all unbounded
almost surely. Therefore, the well known necessary and sufficient condition for the
continuity of L and G is also a necessary and sufficient condition for the continuity of
Xa.
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1 Introduction

Let Y = {Y;,t € R;} be a Lévy process with state space R and continuous (-
potential densities u” = {u®(z,y),z,y € R}, B > 0. Consider the transient Lévy process
Y ={Y;,t € R, } thatis Y killed at an independent exponential time with mean 3 > 0.
Note that «” is also the zero potential density of Y. We have

uP (z,y) =uP(0,y — 2) = uP(y — x). (1.1)
Forall z1,...,x, in R, consider U’(zy,...,x,), the n x n matrix with entries {u”(z; —
z;)}* ;. Since u”(x,y) is the potential density of a transient Markov process, it follows
from [3, Theorem 3.1] that for all « > 0 and z;,...,z, € R, there exists a random
variable (X,,,..., X, ) with Laplace transform
E (e— iz X) = ! (1.2)
[+ UPB(z1,...,2,)S]®

where S is the diagonal matrix with entries s;, 1 < i < n. Therefore {u”(y — ), z,y € R}
determines a stochastic process X = {X,,z € R} which is called the a-permanental
process associated with Y.
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Continuity of permanental processes

Vere-Jones defines and briefly considers permanental processes in [9]. Here is why
we are interested in them. Local times of certain Markov processes with symmetric
potential densities are related by isomorphism theorems to the squares of Gaussian
processes. ( Suppose that u?(z,y) is symmetric. Then by [5, Lemma 3.3.3] it is also
positive definite and (72 /2,...,n2 /2), where (1,,,...,7,,) is an n-dimensional normal
random variable with mean zero and covariance matrix {u”(z; — z;)}1", satisfies (1.2)
with a = 1/2.) When a # 1/2 or v?(x,%) is not symmetric, the isomorphism theorems
that hold for Gaussian squares can be generalized, by replacing the squares of the
Gaussian processes by other permanental processes, so that they also hold for Markov
processes with potential densities that are not symmetric. To apply these isomorphism
theorems it is important to know sample path properties of permanental processes.

The Lévy processes we consider have local times. Therefore the potential density u”
can be associated with a local time process and a permanental process. It can also be
associated with a stationary Gaussian process, that we define below. In Theorem 1.1 we
show that these processes are either all continuous almost surely or else all unbounded
almost surely.

We write the characteristic function of Y as
EeMYt = et (1.3)

When v/ (y — ) is not symmetric, ¢/(\) is complex.
It follows from the assumption that u”(z,y) is continuous, that

W) = o [ Re(/5+u0) i 1.4
and
02(2) = 2P(0) — (WP (2) + uP(=2)) (1.5)
= 2 cosOeRe /(5 + 5 i
see [2, Theorem 19]. Clearly
WP (2) + uP(—2) = % /_0; cos(Az)Re (1/(8 + 1(N))) dA. (1.6)

Since Re (1/(8 + v¥()))) is positive and in L}(R), T'(z,y) = v’(y — x) + v’ (z — y) is the
covariance function of a stationary Gaussian process, say G = {G,,z € R} and

(BE(Gy — Go)?)"? = o). (1.7)
We refer to G as the stationary Gaussian process associated with Y.
Another consequence of the assumption that the potential densities u®(x,y) are
continuous is that Y has a local time which we denote by L = {L;, (t,z),€ Ry X R},
which we can normalize so that E*(L".) = u” (z,y).

Let 7(u) denote the non-decreasing rearrangement of o(u) on [0,1]. We note that the
well known criteria

Y S ()

is a necessary and sufficient condition for there to exist a version of {G,,z € R} that is
continuous almost surely; see e.g. [5, Corollary 6.4.4].

We have the following theorem:
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Continuity of permanental processes

Theorem 1.1. Let Let Y = {Y,t € R,} be a transient Lévy process with continuous
potential densities u®(z,y). Then the following are equivalent:

(i) The local time process L = {ff7 (t,x),€ Ry x R} has continuous sample paths
almost surely,

(ii) The associated a-permanental processes X, = {X, ., € R} have continuous
sample paths almost surely,

(iii) The associated stationary Gaussian process G = {G,,z € R} has a continuous
version,

(iv) (1.8) holds.

Furthermore, if the processes in (i), (ii) and (iii) are not continuous almost surely,
they are unbounded almost surely.

Under additional conditions on the Lévy exponent ¢ in (1.3) the condition in (1.8) can
be expressed in a more transparent form. It follows from [5, Section 6.4] that

1/2
dA < o0 (1.9)

/OO (f;o Re (1/1(s)) ds)
2 A(log A)1/2

implies (1.8) and when Re (1/1()\)) is asymptotic to a monotonic function at infinity it is
equivalent to (1.8).

The only part of Theorem 1.1 that is new is (i) = (iv). Finding necessary
conditions for permanental processes to be continuous seemed very difficult because
so little is known about them compared to what is known about Gaussian processes
or the local times of Lévy processes. In [7] we make progress in this direction in the
general case, i.e., when u is the potential density of a transient Markov process that does
not have to be a Lévy process. However, the necessary conditions obtained in [7] are
not best possible. While working on [7] we realized that actually all the ingredients for
obtaining (i¢) <= (iv), when u is the potential density of a transient Lévy process, are
already contained in the literature in results of R. Dudley and X. Fernique, M. Barlow and
J. Hawkes, N. Eisenbaum and H. Kaspi and ourselves. References are given in Section 2
in which we give the proof of Theorem 1.1.

We conjecture that Theorem 1.1, with obvious modifications, holds when u is the
potential density of a general transient Markov process. In Remark 2.4 we point out that
this is the case if u(z, y) is symmetric.

2 Proofs

The next theorem shows that the necessary and sufficient condition for the continuity
of a stationary Gaussian process in (1.8) is also a sufficient condition for continuity of
a-permanental processes associated with Lévy processes.

Theorem 2.1. Let 0, = {0;,,t € R} be an a-permanental process associated with a
transient Lévy process with potential density u(z,y) = u(y — x,0) =: u(y — =) satisfying
u(0) < oo. For o, defined in (1.5), let 5(u) denote the non-decreasing rearrangement of
o(u) on [0,1]. Then I,(1) < oo implies that there exists a version ¢;, = {0, ,,x € R} of 0,
that is continuous on (R, o).

Proof Theorem 2.1 is proved in [4, Theorem 3.1] with ¢ replaced by

1/2

5(2) = (2(u(o) - (u(z)u(—z))1/2) 2.1)
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We can replace ¢ by o since it follows from [6, Lemma 5.5] and [5, Theorem 3.4.3] that
—0(z) <o(z) <a(z). (2.2)

Note that [4, Theorem 3.1] is proved in the general case of associated processes de-
termined by potential densities u(x,y) that need not be symmetric nor functions of
y — x. Consequently the sufficient condition for continuity [4, (3.25)] is given in terms of
majorizing measures. Since [4, (3.25)] is necessary and sufficient for the continuity of all
Gaussian processes and (1.8) is necessary and sufficient for the continuity of stationary
Gaussian processes the two conditions for continuity must either both hold or both not
hold when ¢ can be expressed as it is in (1.7). O

Let Y =(Q,Y;, P*) be a Borel right process with state space S and 0-potential densities
u(x,y) that satisfy u(z,y) > 0, forall z,y € S. Let L = {LY; (y,t) € S x R, } denote the
local times of Y, normalized so that

E” (LY,) = u(z,y) 2.3)

and let X = {X,, 2 € S} be the a-permanental process associated with Y. The proof that
(#4) = (iv) in Theorem 1.1 uses the following lemma:

Lemma 2.2. Let C be a countable subset of S and z denote a fixed element of S. If

pP* (sup Ly = oo> =1 (2.4)
zeC
forallt > 0, then
Px (sup X, = oo> =1. (2.5)
zeC

This lemma is proved using an isomorphism theorem relating permanental processes
and local times obtained by Eisenbaum and Kaspi, [3], when o = 1/2. For the general
case, see [8, Section 7.3].

Let hy(2) = u(z,z) and assume that h,(z) > 0 for all x,z € S. The expectation
operator F*/"= is defined by

B (Flyegy) = E*(Fh,(Y4)), (2.6)

1
ha(2)
for all bounded F? measurable functions F, where F} is the o-algebra generated by
{Y;, 0 < r < t}. (See e.g. [5, (3.211)].) Here, as usual, E* denotes the expectation
operator for Y started at z. The next theorem is the isomorphism theorem we use in the
proof of Lemma 2.2.

Theorem 2.3. For any countable subset D C S,

aw XiE

{Lgc +Xy;yeD,PI/hw><PX}l= {Xy;yeD,iPX}. 2.7)
ou(x,x)
Equivalently, for all x4, ...,x, in S and bounded measurable functions F on R", for
alln,

X, Xz Xo;

By (L4222 ) ) =Bx (———=F (=) ). (2.8)
2 ou(z, ) 2

(Here we use the notation F(f(z;)) :== F(f(x1),..., f(zn)).)
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Proof of Lemma 2.2 Let

B:{supr :oo} (2.9)
zeC
and assume that
Px(B) < 1. (2.10)
Hence X
Ex (13 ) < 1. (2.11)
au(z, z)

This uses the fact that Fx (X,) = au(z, z) and P(X, =0) = 0.
Using (2.11) and the isomorphism theorem, Theorem 2.3, we get

E*/h=py <sup X, + L2 = oo) <1 (2.12)
zeC
This implies that
co == E*/"= (Sup LY = oo) <1 (2.13)
zeC
Therefore, since Lf is continuous and increasing in ¢, we see that for all ¢ > 0
E#/h- (sup LY = oo) <cop <1 (2.14)
zeC
Therefore, by (2.6)
Y;
/ WY 2) yp <oy < 1, (2.15)
{sup,cc Lf=00} ’LL(Z, Z)
It then follows from (2.4) that forall¢ > 0
Y;
E* <“( t’2)> <ep < 1. (2.16)
u(z, 2)
However, for z fixed, Zgzg is bounded and continuous in z, and under P? we have

limy_,oY; = 2. Hence lim;_,o F~? (QL((Y;;))) = 1. Thus we can choose t; > 0 such that

E* (%) > ¢ for all t < ty. This contradiction proves the lemma. O
Proof of Theorem 1.1 We first prove the four equivalencies regarding continuity. It is
well known that (#ii) <= (iv). This is due to R. Dudley and X. Fernique, see [5, Section
6.5] for references.
We complete the proof by showing (iv) = (¢) and (iv) = (¢4) and (iv)¢ = ()
and (iv)¢ = (i4)°, where (iv)° is not (iv), etc.
(tv) = (i) This is a result of Barlow and Hawkes, see [1, Theorem B].
(tv) = (it) This follows fromTheorem 2.1.
(iv)¢ = (4)° This is a result of Barlow, [1, Theorem 1].
) =

(v (#i)¢ Since (iv)¢ = (i)° it suffices to show that (:)¢ = (47)°. To show this
we first note that by [1, Theorem 1], if the local time process {L?, (t,z),€ Ry x R} for Y
does not have continuous sample paths almost surely, then for each ¢ > 0

PO sup Lf=o0 ]| =1, (2.17)
zeQN[—1,1]

where () denotes the rational numbers.
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Let A denote an independent exponential random variable with mean 1/3. The local
time {I;,(t,z),€ R, x R} of Y can be obtained from the local time of ¥ by setting
ff = LY. See [5, Remark 3.6.4 (3)]. It follows from (2.17) that

P < sup ff = oo) :/ p° ( sup Lj,, = oo) e P Bdr =1. (2.18)
0

zeQN[—1,1] zeQN[—1,1]

Using this and Lemma 2.2 we see that (:)¢ = (i)°.

We now consider the statement that if the processes in (i), (i¢) and (ii¢) are not
continuous almost surely, they are unbounded almost surely. This is a well known
result for stationary Gaussian processes, see [5, Theorem 5.3.10]. For the local times
processes it is proved by Barlow and Hawkes and is what we show above in (iv) = (i)
and (iv)® = (i)°. For the permanental process we show above that (i)° <= (4)°.
Furthermore, in the proof that (i)° = (i¢)° we actually show that ()¢ implies that the
permanental process is unbounded almost surely. O

Remark 2.4. When the potential densities u = {u(s,t),s,t € S} of a transient Markov
process determine an associated a-permanental process X, = {X,(t),t € S} for some
a > 0, they determine a-permanental processes for all a« > 0. Therefore, by (1.2), X,
is infinitely divisible in «. It follows from this and the fact that X, is positive, that for
a <o <ma,

[Xalloo < [ Xarlloo < m|[Xalloo (2.19)

This shows that if | X, ||cc < oo almost surely for some « > 0, it is finite almost surely
for all o > 0. Therefore, for all o > 0, X,, is finite (infinite) almost surely if and only if
X7 is finite (infinite) almost surely. Suppose that u is symmetric. Then, as we point out
on page 2, X, is the square of a Gaussian process. Consequently the necessary and
sufficient condition for boundedness of Gaussian processes is also the necessary and
sufficient condition for boundedness of a-permanental processes. A similar argument
involving inequalities for other norms shows that this also holds for continuity.
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