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Abstract

In this paper, after recalling the definition of generalized anticipated backward stochas-
tic differential equations (generalized anticipated BSDEs for short) and the existence
and uniqueness theorem for their solutions, we show there is a duality between them
and stochastic differential delay equations. We then provide a continuous depen-
dence property for their solutions with respect to the parameters and finally estab-
lish a comparison result for the solutions of these equations.
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1 Introduction

In 2009, Peng and Yang [4] introduced the following type of backward stochastic
differential equations (BSDEs), called anticipated BSDEs:

−dYt = f(t, Yt, Zt, Yt+δ(t), Zt+ζ(t))dt− ZtdWt, t ∈ [0, T ];

Yt = ξt, t ∈ [T, T +K];

Zt = ηt, t ∈ [T, T +K],

Here ξ. ∈ S2
F (T, T + K;Rm), η. ∈ L2

F (T, T + K;Rm×d) and δ(·) and ζ(·) are two R+-
valued continuous functions defined on [0, T ] such that
(i) there exists a constant K ≥ 0 such that for any s ∈ [0, T ],

s+ δ(s) ≤ T +K; s+ ζ(s) ≤ T +K.

(ii) there exists a constant L ≥ 0 such that for any t ∈ [0, T ] and nonnegative and
integrable g(·),∫ T

t

g(s+ δ(s))ds ≤ L
∫ T+K

t

g(s)ds;

∫ T

t

g(s+ ζ(s))ds ≤ L
∫ T+K

t

g(s)ds.

Further, for all s ∈ [0, T ], f(s, ω, y, z, ξ, η) : Ω×Rm×Rm×d×L2(Fr;R
m)×L2(Fr′ ;R

m×d) −→
L2(Fs,R

m), where r, r′ ∈ [s, T +K], and f satisfies the following conditions:
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(H1) there exists a constant C > 0, such that for all s ∈ [0, T ], y, y′ ∈ Rm, z, z′ ∈ Rm×d,
ξ., ξ

′
. ∈ L2

F (s, T +K;Rm), η., η
′
. ∈ L2

F (s, T +K; Rm×d), r, r̄ ∈ [s, T +K], we have

|f(s, y, z, ξr, ηr̄)− f(s, y′, z′, ξ′r, η
′
r̄)| ≤ C(|y − y′|+ |z − z′|+ EFs [|ξr − ξ′r|+ |ηr̄ − η′r̄|]).

(H2) E[
∫ T

0
|f(s, 0, 0, 0, 0)|2ds] <∞.

For these equations, [4] gives an existence and uniqueness result, and also proves some
comparison theorems. Then Xu [5] gave a more general comparison theorem for antic-
ipated BSDEs where the generators have less restrictions. In 2011 Xu [6] provided
necessary and sufficient condition for the comparison theorem for multidimensional
anticipated BSDEs. In 2013 Yang and Elliott [8] established a converse comparison the-
orem for anticipated BSDEs.

In 2006 Yang [7] generalized anticipated BSDEs as follows: Yt = ξT +
∫ T
t
f(s, Y, Z)ds−

∫ T
t
ZsdWs, t ∈ [0, T ];

Yt = ξt, t ∈ [T, T +K];

Zt = ηt, t ∈ [T, T +K].

Here K > 0 is a given constant and for all t ∈ [0, T ], f(t, Y, Z) : L2
F (t, T + K;Rm) ×

L2
F (t, T + K; Rm×d) −→ L2(Ft,R

m). It is obvious that the equations studied in [4] are
a special type of this equation. In the same paper Yang deduces the existence and
uniqueness theorem for solutions of the above equations. However, the notation in the
above equations is not clear. In this paper we rewrite above equation as: Yt = ξT +

∫ T
t
f(s, {Yr}r∈[s,T+K], {Zr}r∈[s,T+K])ds−

∫ T
t
ZsdWs, t ∈ [0, T ];

Yt = ξt, t ∈ [T, T +K];

Zt = ηt, t ∈ [T, T +K],

where K > 0 is a given constant and for all t ∈ [0, T ] and f is a function defined on
L2

F (t, T + K;Rm) × L2
F (t, T + K; Rm×d) with values in L2(Ft,R

m). We call the above
type of equation a generalized anticipated BSDE. In this paper, we discuss generalized
anticipated BSDEs and derive a comparison theorem.

This paper is organized as follows. After a brief presentation of some known re-
sults that we shall use in Section 2, Section 3 provides some properties of generalized
anticipated BSDEs, including a duality between them and stochastic differential delay
equations (SDDEs), a continuous dependence property with respect to parameters for
their solutions, and an important result for generalized anticipated BSDEs, the compar-
ison theorem.

2 Preliminaries

Let (Ω,F , P,Ft, t ≥ 0) be a complete stochastic basis such that F0 contains all P -
null elements of F and suppose that the filtration is generated by a d-dimensional
standard Brownian motion W. = (Wt)t≥0. Suppose T > 0 is given. For all n ∈ N, denote
the Euclidean norm in Rn by | · |. Denote:
• L2(FT ;Rm) ={Rm-valued FT -measurable random variables such that E[|ξ|2] < +∞};

• L2
F (0, T ;Rm) ={Rm-valued and Ft-adapted stochastic processes such thatE[

∫ T
0
|ϕt|2dt]

< +∞};

• S2
F (0, T ;Rm) ={continuous processes in L2

F (0, T ;Rm) such thatE[ sup
0≤t≤T

|ϕt|2] < +∞}.

If m = 1, we denote L2(FT ,R) by L2(FT ), L2
F (0, T ;R) by L2

F (0, T ) and S2
F (0, T ;R)

by S2
F (0, T ). Then L2 and S2 are separable Hilbert spaces.
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The following four lemmas are quoted from Peng [3]. Lemma 2.1 below is Lemma
3.1 of Peng [3]. Lemma 2.2 is Theorem 3.2 of Peng [3], and is a basic result for BSDEs:
an existence and uniqueness theorem. Lemma 2.3, which is a comparison result for so-
lutions of BSDEs, is Theorem 3.3 of Peng [3], and can also be found in El Karoui, Peng
and Quenez [1].

Lemma 2.1. For a fixed ξ ∈ L2(FT ) and g0(·) which is an Ft-adapted process satisfying

E[(
∫ T

0
|g0(t)|dt)2] < +∞, there exists a unique pair of processes (y., z.) ∈ L2

F (0, T ;R1+d)

satisfying the following BSDE:

yt = ξ +

∫ T

t

g0(s)ds−
∫ T

t

zsdWs, t ∈ [0, T ].

If g0(·) ∈ L2
F (0, T ), then (y., z.) ∈ S2

F (0, T ) × L2
F (0, T ;Rd). We have the following basic

estimate:

|yt|2 + EFt [
∫ T
t

(
β

2
|ys|2 + |zs|2)eβ(s−t)ds] ≤ EFt [|ξ|2eβ(T−t)] +

2

β
EFt [

∫ T
t
|g0(s)|2eβ(s−t)ds].

(2.1)
In particular,

|y0|2 + E[

∫ T

0

(
β

2
|ys|2 + |zs|2)eβsds] ≤ E[|ξ|2eβT ] +

2

β
E[

∫ T

0

|g0(s)|2eβsds], (2.2)

where β > 0 is an arbitrary constant. We also have

E[ sup
0≤t≤T

|yt|2] ≤ kE[|ξ|2 +

∫ T

0

|g0(s)|2ds], (2.3)

where the constant k depends only on T .

Consider the following conditions for g = g(ω, t, y, z) : Ω×[0, T ]×Rm×Rm×d −→ Rm :

(a) g(·, y, z) is an Rm-valued and Ft-adapted process satisfying Lipschitz condition in
(y, z), i.e., there exists ρ > 0 such that for each y, y′ ∈ Rm and z, z′ ∈ Rm×d,

|g(t, y, z)− g(t, y′, z′)| ≤ ρ(|y − y′|+ |z − z′|).

(b) g(·, 0, 0) ∈ L2
F (0, T ;Rm).

Lemma 2.2. Assume that g satisfies (a) and (b). Then for any given terminal condition
ξ ∈ L2(FT ;Rm), the BSDE

Yt = ξ +

∫ T

t

g(s, Ys, Zs)ds−
∫ T

t

ZsdWs, 0 ≤ t ≤ T (2.4)

has a unique solution, i.e., there exists a unique pair of Ft-adapted processes (Y., Z.)

∈ S2
F (0, T ;Rm)× L2

F (0, T ;Rm×d) satisfying equation (2.4).

Lemma 2.3. Assume gj(ω, t, y, z) : Ω× [0, T ]×R×Rd −→ R satisfies (a) and (b), j = 1, 2.
Let (Y (1)

. , Z(1)
. ) and (Y (2)

. , Z(2)
. ) be, respectively, the solutions of BSDEs as follows:

Y
(j)
t = ξ(j) +

∫ T

t

gj(s, Y
(j)
s , Z(j)

s )ds−
∫ T

t

Z(j)
s dWs, 0 ≤ t ≤ T,

where j = 1, 2. If ξ(1) ≥ ξ(2) and g1(t, Y
(1)
t , Z

(1)
t ) ≥ g2(t, Y

(1)
t , Z

(1)
t ), a.e., a.s., then

Y
(1)
t ≥ Y (2)

t , a.e., a.s.
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3 Some properties of generalized anticipated BSDEs

3.1 Recalling generalized anticipated BSDEs

We first recall the basic conditions for the existence and uniqueness of solutions to
generalized anticipated BSDEs in [7]. Let K > 0 be a given constant. Consider the
following generalized anticipated BSDE:

−dYt = f(t, {Yr}r∈[t,T+K], {Zr}r∈[t,T+K])dt− ZtdWt, t ∈ [0, T ];

Yt = ξt, t ∈ [T, T +K];

Zt = ηt, t ∈ [T, T +K].

(3.1)

We wish to find a pair of Ft-adapted processes (Y., Z.) ∈ S2
F (0, T + K;Rm) × L2

F (0,

T +K;Rm×d) satisfying the generalized anticipated BSDE (3.1).
Assume that for all t ∈ [0, T ], f(t, y., z.) : L2

F (t, T +K;Rm)×L2
F (t, T +K; Rm×d) −→

L2(Ft,R
m), and f satisfies the conditions as follows

(H3) For all t ∈ [0, T ], (y., z.) ∈ L2
F (t, T + K;Rm) × L2

F (t, T + K;Rm×d), f(t, y., z.) is
Ft-measurable.

(H4) There exists a constant C > 0 such that for all t ∈ [0, T ], y., y
′
. ∈ L2

F (0, T +K;Rm),

z., z
′
. ∈ L2

F (0, T +K;Rm×d),

E[

∫ T

t

|f(s, y., z.)− f(s, y′., z
′
.)|2eβsds] ≤ CE[

∫ T+K

t

(|ys − y′s|2 + |zs − z′s|2)eβsds],

where β ≥ 0 is an arbitrary constant.

(H4′) There exists a constant C ′ > 0 such that for all t ∈ [0, T ], y., y
′
. ∈ L2

F (0, T +K;Rm),

z., z
′
. ∈ L2

F (0, T +K;Rm×d),

E[

∫ T

t

|f(s, y., z.)− f(s, y′., z
′
.)|2ds] ≤ C ′E[

∫ T+K

t

(|ys − y′s|2 + |zs − z′s|2)ds].

(H5) E[
∫ T

0
|f(s, 0, 0)|2ds] < +∞.

Remark 3.1.

(1) f satisfies Assumption (H4) if and only if f satisfies Assumption (H4′).

(2) Note that Lipschitz condition is stronger than Assumption (H1), and Assumption
(H1) is stronger than Assumption (H4).

Example 1. Set g(t, yt+K) := E[yt+K |Ft], t ∈ [0, T ], y. ∈ L2
F (0, T +K). Then g satisfies

(H1) but does not satisfy Lipschitz condition.

Example 2. For any t ∈ [0, T ], x ∈ [0, T + K], define f(t, x) := E[
∫ x

0
BrdBr|Ft], where

B. is a 1-dimensional standard Brownian motion with B0 = 0. Then for any x, y ∈
[0, T +K], t ∈ [0, T ], we have

E[
∫ T
t
|f(s, x)− f(s, y)|2ds] ≤ E[

∫ T
t
E[|

∫ x
y
BrdBr|2|Fs]ds] =

∫ T
t
E[|

∫ x
y
BrdBr|2]ds

=
∫ T
t
E[

∫ x
y
|Br|2dr]ds ≤ (T +K)

∫ x
y
rdr =

T +K

2
(x− y)2.

That is, (H4′) holds. Hence (H4) holds. On the other hand, for any t ∈ (0, T ], x ∈
[t, T +K], y ∈ [0, t), by Itô’s formula we know

|f(t, x)− f(t, y)| = |E[
∫ x
y
BrdBr|Ft]| =

1

2
|E[B2

x −B2
y − (x− y)|Ft]| =

1

2
|B2
t −B2

y − t+ y|.

Therefore, f does not satisfy (H1).
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The following is the main result of this section: the existence and uniqueness theo-
rem for solutions of generalized anticipated BSDEs.

Theorem 3.2. Suppose that f satisfies (H3), (H4) and (H5). Then for arbitrary pair of
given terminal conditions ξ. ∈ S2

F (T, T + K;Rm), η. ∈ L2
F (T, T + K;Rm×d), the gener-

alized anticipated BSDE (3.1) has a unique solution, that is, there exists a unique pair
of Ft-adapted processes (Y., Z.) ∈ S2

F (0, T + K;Rm) × L2
F (0, T + K;Rm×d) satisfying

equation (3.1).

The proof of theorem 3.2 is similar to the proof of theorem 4.2 in [4] or can be found
in [7].

3.2 A duality between SDDEs and generalized anticipated BSDEs

El Karoui, Peng and Quenez [1] showed that there is a duality between stochas-
tic differential equations (SDEs) and BSDEs, that is, the solutions of linear BSDEs can
expressed in terms of the solutions of SDEs. In [4] Peng and Yang proved a duality
between SDDEs and anticipated BSDEs. We shall investigate whether there exists a
duality between SDDEs and generalized anticipated BSDEs. For the generalized antic-
ipated BSDEs considered below, the answer is positive.

Let µ, ν : R −→ R be two continuous functions. Suppose for all s ∈ [t, T + K],

As : L2
F (t−K, s) −→ L2(Fs), Bs : L2

F (t−K, s;R1×d) −→ L2(Fs,R
1×d) are defined by

As(η) = µs

∫ s

t−K
ηrdr, Bs(η) = νs

∫ s

t−K
ηrdr.

They are obviously two linear functions, that is, for all s ∈ [t, T +K], η, η′ ∈ L2
F (t−K, s),

τ, τ ′ ∈ L2
F (t−K, s;R1×d), and for all α is a constant:

As(η + η′) = As(η) +As(η
′), αAs(η) = As(αη),

Bs(τ + τ ′) = Bs(τ) +Bs(τ
′), αBs(τ) = Bs(ατ).

Consider the following generalized anticipated BSDE:
−dYt = (EFt [A∗t ({Yr}r∈[t,T+K]) +B∗t ({Zr}r∈[t,T+K])] + lt)dt− ZtdWt, t ∈ [0, T ];

Yt = Qt, t ∈ [T, T +K];

Zt = Pt, t ∈ [T, T +K],
(3.2)

where for all s ∈ [0, T ], θ. ∈ L2
F (s, T + K), θ′. ∈ L2

F (s, T + K;R1×d). Then A∗s(θ) and
B∗s (θ′) are defined as follows:

A∗s(θ) =

∫ T+K

s

µrθrdr, B∗s (θ′) =

∫ T+K

s

νrθ
′
rdr.

Proposition 3.3. Let l. ∈ L2
F (0, T ), K > 0 be a given constant and suppose there

exists a constant γ > 0 such that for all r ∈ [0, T + K], |µr| ≤ γ and |νr| ≤ γ. Then
for all Q. ∈ S2

F (T, T + K), P. ∈ L2
F (T, T + K;R1×d), the solution Y. to the generalized

anticipated BSDE (3.2) can be given by the closed formula:

Yt = EFt [ XTQT +
∫ T
t
Xslsds]

+EFt [(
∫ T+K

T
Qrµrdr)(

∫ T
t
Xsds) + (

∫ T+K

T
Prνrdr)(

∫ T
t
Xsds)], a.e., a.s.,

where {Xs}s∈[t−K, T+K] is the solution to the following functional SDDE:
dXs = As({Xr}r∈[t−K,s])ds+Bs({Xr}r∈[t−K,s])dWs, s ∈ [t, T +K];

Xt = 1,

Xs = 0, s ∈ [t−K, t).
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Proof. There exists a unique solution to the above SDDE (see Theorem (2.1) of [2]).
Apply Itô’s formula to XsYs for s ∈ [t, T ], and take the conditional expectation under Ft.

Then

EFt [XTYT ]−XtYt

= EFt [−
∫ T
t
XsE

Fs [A∗s({Yr}r∈[s,T+K]) +B∗s ({Zr}r∈[s,T+K])]ds−
∫ T
t
Xslsds]

+ EFt [
∫ T
t
YsAs({Xr}r∈[t−K,s])ds+

∫ T
t
ZsBs({Xr}r∈[t−K,s])ds]

= EFt [−
∫ T
t
Xs(

∫ T+K

s
µrYrdr)ds−

∫ T
t
Xs(

∫ T+K

s
νrZrdr)ds−

∫ T
t
Xslsds]

+ EFt [
∫ T
t
Ysµs(

∫ s
t−K Xrdr)ds+

∫ T
t
Zsνs(

∫ s
t−K Xrdr)ds]

= EFt [−
∫ T+K

T
Yrµr(

∫ T
t
Xsds)dr −

∫ T
t
Yrµr(

∫ r
t
Xsds)dr]

+ EFt [−
∫ T+K

T
Zrνr(

∫ T
t
Xsds)dr −

∫ T
t
Zrνr(

∫ r
t
Xsds)dr −

∫ T
t
Xslsds]

+ EFt [
∫ T
t
Ysµs(

∫ s
t−K Xrdr)ds+

∫ T
t
Zsνs(

∫ s
t−K Xrdr)ds]

= EFt [−
∫ T+K

T
Yrµr(

∫ T
t
Xsds)dr −

∫ T+K

T
Zrνr(

∫ T
t
Xsds)dr −

∫ T
t
Xslsds]

+ EFt [
∫ T
t
Ysµs(

∫ t
t−K Xrdr)ds+

∫ T
t
Zsνs(

∫ t
t−K Xrdr)ds].

Since Xt = 1 and Xs = 0, s ∈ [t−K, t), we deduce

Yt = EFt [XTQT +
∫ T
t
Xslsds]

+EFt [
∫ T+K

T
Yrµr(

∫ T
t
Xsds)dr +

∫ T+K

T
Zrνr(

∫ T
t
Xsds)dr]

= EFt [XTQT +
∫ T
t
Xslsds]

+EFt [(
∫ T+K

T
Qrµrdr)(

∫ T
t
Xsds) + (

∫ T+K

T
Prνrdr)(

∫ T
t
Xsds)]. 2

3.3 A continuous dependence property with respect to parameters for the so-
lutions of generalized anticipated BSDEs

The basic estimates (2.1) and (2.2) can also be applied to study the continuous de-
pendence property of the generalized anticipated BSDEs with respect to parameters.

Proposition 3.4. Let (Y
(1)
· , Z

(1)
· ) and (Y

(2)
· , Z

(2)
· ) be respectively the solutions to the

following two generalized anticipated BSDEs:
−dY (i)

t = (f(t, {Y (i)
r }r∈[t,T+K], {Z

(i)
r }r∈[t,T+K]) + ϕ

(i)
t )dt− Z(i)

t dWt, t ∈ [0, T ];

Y
(i)
t = ξ

(i)
t , t ∈ [T, T +K];

Z
(i)
t = η

(i)
t , t ∈ [T, T +K],

where i = 1, 2. Assume the terminal conditions ξ(i)
. and η(i)

. are given elements in
S2

F (T, T + K;Rm) and L2
F (T, T + K;Rm×d), respectively, ϕ(i)

. are given processes in
L2

F (0, T ;Rm), where i = 1, 2. Set (y., z.) = (Y (1)
. − Y (2)

. , Z(1)
. −Z(2)

. ), ξ. = ξ(1)
. − ξ(2)

. , η. =

η(1)
. − η(2)

. , ϕ. = ϕ(1)
. − ϕ(2)

. . If f satisfies (H3), (H4) and f(t, 0, 0) ≡ 0 for all t ∈ [0, T ],

then

|yt|2 +
1

2
EFt [

∫ T
t

(|ys|2 + |zs|2)eβ(s−t)ds]

≤ EFt [|ξT |2eβ(T−t) +
∫ T+K

T
(|ξs|2 + |ηs|2)eβ(s−t)ds+

∫ T
t
|ϕs|2eβ(s−t)ds],

(3.3)

where β = 8(1 + C). We also have

E[ sup
0≤t≤T

|yt|2] ≤ cE[|ξT |2 +
∫ T+K

T
(|ξs|2 + |ηs|2)ds+

∫ T
0
|ϕs|2ds]. (3.4)
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In particular, when ϕ(1)
s ≡ 0, ( set ξ(2)

. ≡ 0, η(2)
. ≡ 0,

E[ sup
0≤t≤T

|Y (1)
t |2] ≤ cE[|ξ(1)

T |
2 +

∫ T+K

T

(|ξ(1)
s |2 + |η(1)

s |2)ds, (3.5)

where the constant c depends only on the constant C in (H4) and T,K.

Proof. Since for all t ∈ [0, T ], f(t, 0, 0) ≡ 0, we obtain for any t ∈ [0, T ], A ∈ Ft,

IAY
(i)
t = IAξ

(i)
T +

∫ T
t

(f(s, {IAY (i)
r }r∈[s,T+K], {IAZ

(i)
r }r∈[s,T+K]) + IAϕ

(i)
s )ds

−
∫ T
t
IAZ

(i)
s dWs,

where i = 1, 2. From estimate (2.1) and the fact that (a+ b)2 ≤ 2(a2 + b2) we have

IA|yt|2 + EFt [
∫ T
t
IA(

β

2
|ys|2 + |zs|2)eβ(s−t)ds]

≤ EFt [IA|ξT |2eβ(T−t)] +
4

β
EFt [

∫ T
t
|IAϕs|2eβ(s−t)ds]

+
4

β
EFt [

∫ T
t
|f(s, {IAY (1)

r }r∈[s,T+K], {IAZ
(1)
r }r∈[s,T+K])

−f(s, {IAY (2)
r }r∈[s,T+K], {IAZ

(2)
r }r∈[s,T+K])|2eβ(s−t)ds].

Since β = 8(1 + C) and f satisfies (H4), we take the expectation of both sides of the
inequality to obtain:

E[IA|yt|2] + E[
∫ T
t
IA(

β

2
|ys|2 + |zs|2)eβ(s−t)ds]

≤ E[IA|ξT |2eβ(T−t)] +
1

2
E[

∫ T
t
IA|ϕs|2eβ(s−t)ds] +

1

2
E[

∫ T+K

t
IA(|ys|2 + |zs|2)eβ(s−t)ds].

Therefore,

E[IA|yt|2] +
1

2
E[

∫ T
t
IA(|ys|2 + |zs|2)eβ(s−t)ds]

≤ E[IA|ξT |2eβ(T−t)] + E[
∫ T
t
IA|ϕs|2eβ(s−t)ds] + E[

∫ T+K

T
IA(|ξs|2 + |ηs|2)eβ(s−t)ds].

By the definition of conditional expectation, we obtain (3.3) holds. From (2.3) and (3.3),
we have

E[ sup
0≤t≤T

|yt|2]

≤ kE[|ξT |2] + kE[
∫ T

0
|f(s, {Y (1)

r }r∈[s,T+K], {Z
(1)
r }r∈[s,T+K])

− f(s, {Y (2)
r }r∈[s,T+K], {Z

(2)
r }r∈[s,T+K] + ϕs|2ds]

≤ kE[|ξT |2] + 2kE[
∫ T

0
(|f(s, {Y (1)

r }r∈[s,T+K], {Z
(1)
r }r∈[s,T+K])

− f(s, {Y (2)
r }r∈[s,T+K], {Z

(2)
r }r∈[s,T+K]|2 + |ϕs|2)ds]

≤ kE[|ξT |2] + 2kE[
∫ T

0
(|f(s, {Y (1)

r }r∈[s,T+K], {Z
(1)
r }r∈[s,T+K])

− f(s, {Y (2)
r }r∈[s,T+K], {Z

(2)
r }r∈[s,T+K]|2eβs + |ϕs|2)ds]

≤ kE[|ξT |2] + 2kCE[
∫ T+K

0
(|ys|2 + |zs|2)eβsds] + 2kE[

∫ T
0
|ϕs|2ds]

≤ kE[|ξT |2] + 2kE[
∫ T

0
|ϕs|2ds] + 2kCeβ(T+K)E[

∫ T+K

T
(|ξs|2 + |ηs|2)ds]

+ 4kCeβ(T+K)E[|ξT |2 +
∫ T

0
|ϕs|2ds+

∫ T+K

T
(|ξs|2 + |ηs|2)ds].
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Since k depends only on T, it is obvious that there exists a constant c depending only
on the constant C in (H4) and T,K satisfying

E[ sup
0≤t≤T

|yt|2] ≤ cE[|ξT |2 +

∫ T+K

T

(|ξs|2 + |ηs|2)ds+

∫ T

0

|ϕs|2ds],

Therefore, (3.4) is proved. This estimate yields (3.5). 2

3.4 Comparison theorem of 1-dimensional generalized anticipated BSDEs

Comparison theorems are fundamental results in the theory of BSDEs. It is natural
to ask whether there is a comparison result for 1-dimensional generalized anticipated
BSDEs. The answer is positive.

The following result is a comparison theorem for 1-dimensional generalized antici-
pated BSDEs. In this section, m = 1.

Theorem 3.5. Let (Y (1)
. , Z(1)

. ) and (Y (2)
. , Z(2)

. ) be, respectively, the solutions to the fol-
lowing two 1-dimensional generalized anticipated BSDEs:{

−dY (j)
t = fj(t, {Y (j)

r }r∈[t,T+K], Z
(j)
t )dt− Z(j)

t dWt, t ∈ [0, T ];

Y
(j)
t = ξ

(j)
t , t ∈ [T, T +K],

where j = 1, 2. Assume that for j = 1, 2, fj satisfies (H3), (H4) and (H5), ξ(j)
. ∈

S2
F (T, T + K), and for any t ∈ [0, T ], z ∈ Rd, f2(t, ·, z) is increasing, i.e., f2(t, θ., z) ≥
f2(t, θ.′, z), if θr ≥ θ′r, θ., θ.

′ ∈ L2
F (t, T + K), r ∈ [t, T + K]. If ξ

(1)
s ≥ ξ

(2)
s , s ∈ [T, T + K],

and f1(t, θ., z) ≥ f2(t, θ., z), t ∈ [0, T ], θ. ∈ L2
F (t, T +K), z ∈ Rd, then

Y
(1)
t ≥ Y (2)

t , a.e., a.s.

Proof. Set{
Y

(3)
t = ξ

(2)
T +

∫ T
t
f2(s, {Y (1)

r }r∈[s,T+K], Z
(3)
s )ds−

∫ T
t
Z

(3)
s dWs, t ∈ [0, T ];

Y
(3)
t = ξ

(2)
t , t ∈ [T, T +K].

From Lemma 2.2,we know there exists a unique pair of Ft-adapted processes (Y (3)
. , Z(3)

. )

∈ S2
F (0, T +K)× L2

F (0, T ;Rd) satisfying the above BSDE. Since

f1(s, {Y (1)
r }r∈[s,T+K], z) ≥ f2(s, {Y (1)

r }r∈[s,T+K], z), s ∈ [0, T ], z ∈ Rd,

by Lemma 2.3 we deduce
Y

(1)
t ≥ Y (3)

t , a.e., a.s.

Set {
Y

(4)
t = ξ

(2)
T +

∫ T
t
f2(s, {Y (3)

r }r∈[s,T+K], Z
(4)
s )ds−

∫ T
t
Z

(4)
s dWs, t ∈ [0, T ];

Y
(4)
t = ξ

(2)
t , t ∈ [T, T +K].

Since for all t ∈ [0, T ], z ∈ Rd, f2(t, ·, z) is increasing and Y
(1)
t ≥ Y

(3)
t , a.e., a.s., from

Lemma 2.3 we know
Y

(3)
t ≥ Y (4)

t , a.e., a.s.

For n = 5, 6, · · ·, consider the following classical BSDE:{
Y

(n)
t = ξ

(2)
T +

∫ T
t
f2(s, {Y (n−1)

r }r∈[s,T+K], Z
(n)
s )ds−

∫ T
t
Z

(n)
s dWs, t ∈ [0, T ];

Y
(n)
t = ξ

(2)
t , t ∈ [T, T +K].
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Similarly we have Y (4)
t ≥ Y

(5)
t ≥ · · · ≥ Y

(n)
t ≥ · · ·, a.e., a.s. We use ‖ν(·)‖β in the proof

of Theorem 3.2 as the norm in the Banach space L2
F (0, T +K)× L2

F (0, T ;Rd). Set

Ŷ (n)
s = Y (n)

s − Y (n−1)
s , Ẑ(n)

s = Z(n)
s − Z(n−1)

s , n ≥ 5.

Then by the basic estimate (2.2), we have for any n ≥ 5,

E[
∫ T

0
(
β

2
|Ŷ (n)
s |2 + |Ẑ(n)

s |2)eβsds]

≤ 2

β
E[

∫ T
0
|f2(s, {Y (n−1)

r }r∈[s,T+K], Z
(n)
s )− f2(s, {Y (n−2)

r }r∈[s,T+K], Z
(n−1)
s )|2eβsds]

≤ 2C

β
E[

∫ T+K

0
|Ŷ (n−1)
s |2eβsds+

∫ T
0
|Ẑ(n)
s |2eβsds] =

2C

β
E[

∫ T
0

(|Ŷ (n−1)
s |2 + |Ẑ(n)

s |2)eβsds].

Set β = 8C + 2, then we obtain

E[

∫ T

0

((4C + 1)|Ŷ (n)
s |2 + |Ẑ(n)

s |2)eβsds] ≤ 1

4
E[

∫ T

0

(|Ŷ (n−1)
s |2 + |Ẑ(n)

s |2)eβsds],

that is,

E[

∫ T

0

((16C + 4)|Ŷ (n)
s |2 + 3|Ẑ(n)

s |2)eβsds] ≤ E[

∫ T

0

|Ŷ (n−1)
s |2eβsds].

Therefore,

E[
∫ T

0
(|Ŷ (n)

s |2 + |Ẑ(n)
s |2)eβsds] ≤ E[

∫ T
0

((
16C + 4

3
)|Ŷ (n)

s |2 + |Ẑ(n)
s |2)eβsds]

≤ 1

3
E[

∫ T
0
|Ŷ (n−1)
s |2eβsds] ≤ 1

3
E[

∫ T
0

(|Ŷ (n−1)
s |2 + |Ẑ(n−1)

s |2)eβsds].

Hence

E[

∫ T

0

(|Ŷ (n)
s |2 + |Ẑ(n)

s |2)eβsds] ≤ (
1

3
)n−4E[

∫ T

0

(|Ŷ (4)
s |2 + |Ẑ(4)

s |2)eβsds].

It follows that {Y (n)
. }n≥4 and {Z(n)

. }n≥4 are Cauchy sequences in L2
F (0, T + K) and

L2
F (0, T ;Rd), respectively. Denote their limits by Y. and Z., respectively. Since L2

F (0,

T + K) and L2
F (0, T ;Rd) are both Banach spaces, we obtain (Y., Z.) ∈ L2

F (0, T + K) ×
L2

F (0, T ;Rd). Because for any t ∈ [0, T ],

E[
∫ T
t
|f2(s, {Y (n−1)

r }r∈[s,T+K], Z
(n)
s )− f2(s, {Yr}r∈[s,T+K], Zs)|2eβsds]

≤ CE[
∫ T
t

(|Y (n)
s − Ys|2 + |Z(n)

s − Zs|2)eβsds]→ 0, n→∞

holds, we see (Y., Z.) satisfies the following generalized anticipated BSDE{
Yt = ξ

(2)
T +

∫ T
t
f2(s, {Yr}r∈[s,T+K], Zs)ds−

∫ T
t
ZsdWs, t ∈ [0, T ];

Yt = ξ
(2)
t , t ∈ [T, T +K].

By Theorem 3.2 we know Yt = Y
(2)
t , a.e., a.s. Since Y (1)

t ≥ Y
(3)
t ≥ Y

(4)
t ≥ Yt, it follows

immediately that

Y
(1)
t ≥ Y (2)

t , a.e., a.s. 2
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