Electron. Commun. Probab. 17 (2012), no. 35, 1-14. ELECTRONIC

DOI: 10.1214/ECP.v17-2213 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Scaling limits of recurrent excited random walks on integers
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Abstract

We describe scaling limits of recurrent excited random walks (ERWs) on Z in i.i.d.
cookie environments with a bounded number of cookies per site. We allow both pos-
itive and negative excitations. It is known that ERW is recurrent if and only if the
expected total drift per site, J, belongs to the interval [—1, 1]. We show that if |§| < 1
then the diffusively scaled ERW under the averaged measure converges to a (9, —0)-
perturbed Brownian motion. In the boundary case, |6 = 1, the space scaling has
to be adjusted by an extra logarithmic term, and the weak limit of ERW happens to
be a constant multiple of the running maximum of the standard Brownian motion, a
transient process.
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1 Introduction and main results

Given an arbitrary positive integer M let

Qs = {((w:(4))ien)zez | w=(i) €[0,1], fori € {1,2,..., M}
and w; (i) = 1/2,fori > M, z € Z}.

An element of 2, is called a cookie environment. For each z € Z, the sequence
{w:(7)}iew can be thought of as a stack of cookies at site z. The number w, (i) rep-
resents the transition probability from z to z + 1 of a nearest-neighbor random walk
upon the i-th visit to z. If w,(i) > 1/2 (resp. w,(i) < 1/2) the corresponding cookie is
called non-negative (resp. negative).

Let P be a probability measure on (2,;, which satisfies the following two conditions:

(A1) Independence: the sequence (w,(+)).ez is i.i.d. under IP;

(A2) Non-degeneracy: {Hi\il wo(i)} >0 and E [Hﬁl(l —wo(i))| > 0.

For z € Z and w € Q) consider an integer valued process X := (X;), j > 0, on some
probability space (X, F, P, .,), which P, ,-a.s. satisfies P, .,(Xo = z) = 1 and

P.r,w(Xn,+1 - Xn + 1 ‘ fn) =1- P.'zc,w(Xn—i-l - Xn -1 |fn) = wx, (LXn (n))v
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Excited random walks

where F,, C F, n > 0, is the natural filtration of X and L,,(n) := Z?:o 1{x,=my is the
number of visits to site m by X up to time n. Informally speaking, upon each visit to a
site the walker eats the topmost cookie from the stack at that site and makes one step
to the right or to the left with probabilities prescribed by this cookie. The consumption
of a cookie w, (i) induces a drift of size 2w, (i) — 1. Since w,(i) = 1/2 for all i > M, the
walker will make unbiased steps from z starting from the (M + 1)-th visit to z. Let § be
the expected total drift per site, i.e.

=E

§ = E| ) (2wo(i) - 1)

i>1

> (2w (i) — 1)] . (1.1)

i=1

The parameter § plays a key role in the classification of the asymptotic behavior of the
walk. For a fixed w € €2 the measure P, , is called quenched. The averaged measure
P, is obtained by averaging over environments, i.e. P,( - ) :=E (P, (-)).

There is an obvious symmetry between positive and negative cookies: if the envi-
ronment (w,).cz is replaced by (w)).cz where w.(i) =1 — w,(i), foralli € N, z € Z,
then X', the ERW corresponding to the new environment, satisfies X’ 4 _x , where 4
denotes the equality in distribution. Thus, it is sufficient to consider only non-negative ¢
(this, of course, allows both negative and positive cookies), and we shall always assume
this to be the case.

ERW on Z in a non-negative cookie environment and its natural extension to Z?
(when there is a direction in R? such that the projection of a drift induced by every
cookie on that direction is non-negative) were considered previously by many authors
(see, for example, [4], [22], [23], [2], [3], [17]1[5], [9], [16], and references therein).

Our model allows both positive and negative cookies but restricts their number per
site to M. This model was studied in [14], [15], [20], [19]. It is known that the process
is recurrent (i.e. for P-a.e. w it returns to the starting point infinitely often) if and only
if § <1 ([14]). For transient (i.e. not recurrent) ERW, there is a rich variety of limit laws
under P, ([15]).

In this paper we study scaling limits of recurrent ERW under F,. The functional limit
theorem for recurrent ERW in stationary ergodic non-negative cookie environments on
strips Z x (Z/LZ), L € N, under the quenched measure was proven in [9]. Our results
deal only with i.i.d. environments on Z with bounded number of cookies per site but
remove the non-negativity assumption on the cookies. We are also able to treat the
boundary case § = 1. Extensions of these results and results of [15] to strips, or 74 for
d > 1, or the “boundary” case for the model treated in [9] are still open problems.

To state our results we need to define the candidates for limiting processes. Let
D([0,00)) be the Skorokhod space of cadlag functions on [0,00) and denote by % the
weak convergence in the standard (.J;) Skorokhod topology on D([0,0)). Unless stated
otherwise, all processes start at the origin at time 0. Let B = (B(¢)), t > 0, denote a
standard Brownian motion and X, g = (X, g(t)), t > 0, be an («, 8)-perturbed Brownian
motion, i.e. the solution of the equation

Xo,5(t) :B(t)—&—asuan’ﬁ(s)+ﬁir<1ftXa,3(s), (1.2)
s<t 5>

For (o, 8) € (—00,1) x (—00,1) the equation (1.2) has a pathwise unique solution that is
adapted to the filtration of B and is a.s. continuous ([18], [7]). Now we can state the
results of our paper.

Theorem 1.1 (Non-boundary case). If§ € [0,1) then
Xn)
vn

% X57_5(~) asn — oQ.
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Excited random walks

We note that there are other known random walk models which after rescaling con-
verge to a perturbed Brownian motion (see, e.g., [8, 21]).

Theorem 1.2 (Boundary case). Let § = 1 and B*(t) := maxs<; B(s), t > 0. Then there
exists a constant D > 0 such that

Xin]
D./nlogn

Observe that for § = 1 the limiting process is transient while the original process is
recurrent. To prove Theorem 1.2 we consider the process S; := maxg<;<; X;, 7 > 0, and
show that after rescaling it converges to the running maximum of Brownian motion.
The stated result then comes from the fact that with an overwhelming probability the
maximum amount of “backtracking” of X; from S; for j < [T'n] is of order \/n, which is
negligible on the scale \/nlogn (see Lemma 5.2).

ER B*(-) asn — oo.

2 Notation and preliminaries
Assume that § > 0 and Xy = 0. Let T,, = inf{j > 0: X; = z} be the first hitting time
of x € Z. Set

S, =max Xy, I,=minX;, R,=S,—-I,+1, n>0.
k<n k<n

At first, we recall the connection with branching processes exploited in [2], [3], [14],
and [15].
Forn € IN and 0 < k < n define

T, -1
Dy = E Lix, =k, X;451=k—1}s

§=0
the number of jumps from k to £ — 1 before time T,,. Then

T,L:n—|—22Dmk:n+2 Z Dn,k+QZDn7k. (2.1)
k<n 0<k<n k<0

Consider the “backward” process (Dy, n, Dy—1 - - ., Dno). Obviously, D,, , = 0 for every

n € IN. Moreover, given D,, ,, Dy, n—1, ..., Dy k41, We can write
Dy ky1+1
Dy = Z (# of jumps from k to k — 1 between the (j — 1)-th
j=1

and j-th jump from % to k + 1 before time 7,,), k=0,1,...,n — 1.

Here we used the observation that the number of jumps from k to k£ + 1 before time
T, is equal to Dy 41 +1forall 0 < k < n — 1. It follows from the definition that
(Dnn, Dpn—1...,Dyp) is a Markov process. Moreover, it can be recast as a branch-
ing process with migration (see [14], Section 3, as well as [15], Section 2). Let V :=
(Vk), k >0, be the process such that V5 = 0 and

(Vo: Vi, ., Vi) £ (Dyn, Dney -, Dpo) foralln € IN.

Denote by o € [1, 0] and ¥ € [0, oo] respectively the lifetime and the total progeny over
the lifetime of V, i.e. 0 = inf{k >0 : V, =0}, ¥ = ZZ;Ol V. The probability measure
that corresponds to V will be denoted by P). The following result will be used several
times throughout the paper.
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Theorem 2.1 ([15], Theorems 2.1 and 2.2). Let§ > 0. Then

lgn n°PY (o >n) = Cy € (0,00); (2.2)
5 _
nl;ngon P0 (E >n ) =C5 € (0,00). (2.3)
We shall need to consider V over many lifetimes. Let g =0, 3¢ =0,
o;—1
oi=inf{k>o0;1: Ve =0}, Si= > Vi i€l (2.4)
k=o;_1

Then (0; — 0;_1, % )ien are i.i.d. under Py, (0; — 0y_1,%;) 4 (0,%),7€N.

3 Non-boundary case: two useful lemmas

Let ¢ € [0,1). First of all, we show that by time n the walker consumes almost all the
drift between I,, and S,,.

Lemma 3.1. Assume thato € [0,1). Given v, > 0, there exist v» > 0 and 6 € (0,1) such
that foralll1 </ <n

n—1
Py ( Z ]l{Lm(Tn)<M} > [Yl> < 0 and (3.1)
m=n—~{
—(n—20)
Pl Y Mpaaen > 00| <07 (3.2)
m=—(n—1)

Proof. We shall start with (3.1) and use the connection with branching processes. Since
the event we are interested in depends only on the environment and the behavior of the
walkon {n—¢,n—£¢+1,...}, we may assume without loss of generality that the process
starts at n — £ and, thus, by translation invariance consider only the case £ = n.

Let Ly (n) = Y7 L1y,—k}. We have

n—1
(z Lioiryesn) > ) <n (z Lipnaan) > )

m=0 m=0

=F (Z Ly, <my > ml) < Mogc&iXMPO (Z Ly, =
m=0

m=0

71
i (3.3)
M

At first, consider the case § € (0,1). Let ¥ = 0. Then (see (2.2) and (2.4)) for all
sufficiently large n we get

M PV (LY n
=M max Fy ( i (n) > )

[n71/M] c, [n71 /M)
) H Py (05— 011 <n) < (1—%) :

Since 71 > 9§, this implies the desired estimate for k£ = 0.
Letk e {1,2,...,M — 1}. Then forany ¢ > 0

RY (LY > ") =
0 k M -

By (LX (n) >
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We only need to estimate the last term. Notice that by (A2) there is € > 0 such that
PY(Viy1 =0|V; =k) >cforall k € {1,2,...,M — 1} and j € N. Therefore, the last
term is bounded above by the probability that in at least [»7* /M| independent Bernoulli
trials with probability of success in each trial of at least ¢ there are at most [en" /(2M)]
successes. This probability is bounded above by exp(—cn? /M) for some positive ¢ =
¢(¢). This completes the proof of (3.1) for § > 0.

If 5§ = 0 we modify the environment by increasing slightly the drift (to the right)
in the first cookie at each site. Let V be the branching process corresponding to the
modified environment. There is a natural coupling between V and V such that \N/] <V,
j €{0,1,...,n}. Accordingly,

Y Lyemny <D Loy
=0 =0

and (3.1) for § = 0 follows from the result for 6 > 0 and the second line of (3.3).

Next after replacing X by —X proving (3.2) reduces to proving (3.1) for § < 0 and
~v1 > 0. As above, the result for § < 0 can be deduced from the result for ¢ € (0,71) by
coupling of the corresponding branching processes. O

Next we show that /n is a correct scaling in Theorem 1.1.

Lemma 3.2. Assume that 0 € [0,1). There exists § € (0,1) such that for all L > 0,
e INU{0}, andn € N

2 2
Py <T£+n -1, < nL> <6V" and F (Ten -T_,< 72) < ovVT.

Proof. We shall prove the first inequality for § € (0,1). The case 6 = 0 and the second
inequality are handled in exactly the same way as in the proof of Lemma 3.1.

Since Ty 4o — Ty > ZZ;Lf Do 4 Z?:o V;, it is enough to show that

Y v< ) <ovn
=0

Notice that by the Markov property and the stochastic monotonicity of V in the initial
number of particles

m+k m+k m m
RIS visn| < | Y vigal Y viga| R (X vi<n
j=0 j=m+1 §=0

Suppose that we can show that there exist K,ny € IN such that for all n > ng
Kn 1
Py Vi<n?| <-. 3.5
0 Zj i<’ <3 (3.5)
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Then using (3.4) and (3.5) we get that for all L > 4K2 and n > v/Lny

e N\ VE/@E)]

= n? % n
ZO s SR X st
2K [n/VI] 2\ \ VE/CE) NNL
v
(i) (0™
and we are done.

To prove (3.5), we observe that due to (2.2) the sequence am/ml/‘;, m € N, has a
limiting distribution ([10], Theorem 3.7.2) and, thus, if K is large then P()(O'[( VEn)’] >
Kn) < 1/4 for all large enough n. We conclude that there is an ng € IN such that for all
n > ng

1 VR n)?]
2 1%
Zngn §Z+PO Z V<n a[(f)5]<Kn
. =
[(VEn)®] [(VEn)°] [(VEn)®]
1 v 1 23) 1 Cs

S R B R (1%5) .
This immediately gives (3.5) if K is chosen sufficiently large. O

4 Non-boundary case: Proof of Theorem 1.1
Let A, = X;,4+1 — X, and

n—1

Z A — EO w Aklfk)) C, = Z EO’W(AH]:]@). “4.1)
k=0 k=0

Then X,, = B, + C,,, where (B,,), n > 0 is a martingale. Define
Xint]
vn'’

Theorem 1.1 is an easy consequence of the following three lemmas, the first of which
holds for the quenched and the last two for the averaged measures.

XM(t) = B™(t) .=

Cln
. O () = % t>0, neN.

Lemma 4.1. Let B be a standard Brownian motion. Then B(™ :% B asn — oo for
P-a.e. w.

Lemma 4.2. Foreacht > 0ande >0

CrL —0R
Py (sup M >5> — 0.
k<nt Vn

Lemma 4.3. The sequence X(™, n > 1, is tight in D(]0,00)). Moreover, if X is a
limit point of this sequence and P is the corresponding measure on D([0,c0)) then
P(X € C(]0,00))) = 1.

Proof of Theorem 1.1 assuming Lemmas 4.1-4.3. Since X("), n. > 1, is tight and B(™ S/
B as n — oo, the sequence c™, n > 1, as the difference of two tight sequences is also

tight. We can assume by choosing a subsequence that X () 4 x , where X is continuous
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by Lemma 4.3. The mapping x(:) — r?(:) := sup,<. z(s) — infs<. #(s) is continuous on
C([0,t]). Therefore, by the continuous mapping theorem

n Ry,.
P = e B0, (4.2)
The tightness of C™, n>1, (4.2), Lemma 4.2, and the “convergence together” result
([6], Theorem 3.1) imply that O™ £ 5% as n — .
Now we have a vector-valued sequence of processes (X("), B™), C’(")), n > 1, that

is tight. Therefore, along a subsequence, this 3-dimensional process converges to
(X, B,6rX). Since X" = B(") 4+ C("), we get that X = B + or~. O

We shall conclude this section with proofs of Lemmas 4.1-4.3.

Proof of Lemma 4.1. We shall use the functional limit theorem for martingale differ-
ences ([6], Theorem 18.2). Let &,x = n~/2(Agp_1 — FEou(Ag_1|Fx-1)), k,n € IN. Due to
rescaling and the fact that ERW moves in unit steps, it is obvious that the Lindeberg
condition,

Z Eow[fik]l“gnk‘zg}] —0 asn—ooforeveryt>0ande >0,
k<nt

is satisfied. Thus, we just have to show the convergence of the quadratic variation
process, i.e. for IP-a.e. w for each ¢t > 0

[nt] 1

2 N L 2
Z Eow(&plFr-1) = n n Z (Eow(Ak—1]Fk-1))" =t (4.3)
k<nt k<nt
as n — oo. Since 1 v
- Z Eow(Ak-1]Fr-1))? < = Rjny,
n b<n n

it is enough to prove that POM(RW] > en) — 0 a.s. for each € > 0. We have
PO,w (R[nt] > 5”) < PO,w(T[sn/S] < nt) + PO,w (Tf[sn/J] < nt) = fn,a(wat)-

By Fubini’s theorem and Lemma 3.2,

E (Z fnys(w,t)> = Z Efp.(w,t) = Z (Po (Tienya) < nt) + Py (T-(eny3) < nt)) < o0.

n=1 n=1 n=1
This implies that f,, .(w,t) — 0 a.s. as n — oo and completes the proof. O

Proof of Lemma 4.2. Let d,,, = Zi\il(me(z) — 1) be the total drift stored at site m,

m € Z. Then

Sk Sk M
Ck — 5Rk = Z (dm — (5) - Z ]l{Lm(k)<M} Z (2wm( ) - 1)
m=1I m=Ix j=Ln (k)+1

By Lemma 3.2, given v > 0, we can choose K sufficiently large so that Po(Rp.y >
K+/n) <v/2for all n € N. We have

) ‘ Z I 5)’ R,
PO(SHPM>€) SPO max m= k Ri E [t] <K
k<nt vn k<nt Ry, f 27 \/n
M Sint) - ] y
P —= n > — <K —. 44
+ Py /n 2}: {Lom([nt]) <M} — = + 2 (4.4)
m=I[ny]
ECP 17 (2012), paper 35. ecp.ejpecp.org
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By the strong law of large numbers  lim (a+b)"' 3° (dm —0) = 0 (PP-a.s.). There-

(atb)—o0 m=—a
fore, for P-a.e. w there is an r(w) € IN such that R;l‘ Z,,S;lek (dm—é)‘ < ¢/(2K) whenever

Ry, > r(w), and the first term in the right-hand side of (4.4) does not exceed
2(M + Vr(w) _ ¢ Ry eV
P, — <K|)<E|P., _— .
o< Tn >2’\/ﬁ— < 0, T(w)>4(M+1) —0 asn— oo

Thus, we only need to estimate the second term in the right-hand side of (4.4).
Divide the interval [I},,;}, S|»y] into subintervals of length n'/4. By Lemma 3.1, given

v1 € (4,1), with probability at least 1 — 97"*"* Kn'/4 all subintervals except the two
extreme ones have at most n"*/4 points which are visited less than M times. Hence, for
n sufficiently large

Snt)
M e Ry
B | —= 1 n > 5, <K|<
0 \/ﬁ ZI {Lm([ t])<M} 2 \/ﬁ
m=In
Sin)
(1+71)/4 1/4 Ry n2/4 - 174
Po| > n,mgy<nry > nE/% 4 onl/4) <K | <" Knl/4,
WL:I[nt] \/ﬁ
and the proof is complete. O

Proof of Lemma 4.3. The idea of the proof is the following. If X (") has large fluctuations
then either B("™ has large fluctuations or C(") has large fluctuations. B(™) is unlikely to
have large fluctuations, since it converges to the Brownian motion. By Lemma 3.1, C,
can have large fluctuations only if S,, increases or I,, decreases. However by Lemma
3.2 neither I,, nor S,, can change too quickly. Let us give the details.

To prove both statements of Lemma 4.3 it is enough to show that there exists Cs, a >
0 such that for all / € IN and sufficiently large n, n > 2¢,

Po(UpeotQger) < C327% (4.5)

n k+1 n k —£/8
e e (1) x0 (3) 2]

(see e.g. the last paragraph in the proof of Lemma 1 in [11], Chapter III, Section 5).
Let

where

my 1= {Z? , Mg = [(k—gel)n} ,J = in1/22_€/8. (4.6)
Then
Qe = {|Ximy = Xy | > 4T} C Q5,005
where

Qf,k,f = {|BT - Bm1| > ‘]7T < TTLQ}, Qik,é = {|CT - Cm1| > 3‘]7T < mQ}a

7 :=inf{m > my : |X,, — X;n,| > 4J} and B,, and C,, are defined in (4.1).

Since (B]-erl — By, ), j > 0, is a martingale, whose quadratic variation grows at most
linearly, the maximal inequality and Burkholder-Davis-Gundy inequality ([13], Theorem
2.11 with p = 4) imply that

C(ma —my)

2
PO,w(Qr]ik,e) < Py < max |Bj — B, | > J) < = < C'o—3/2

m1<j<ms

ECP 17 (2012), paper 35. ecp.ejpecp.org
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Hence, P, (Uk<2gﬂf’u) <2tz

To control Py(QS ;. ,) consider the following intervals:
A1 = (7OO,Im1) ﬂF, A2 = [Imlasml] OF, Ag = (Sml,OO) ﬂF,
where I' = [X,,,, — 4J, X,,, + 4J]. Then

3 T—1
0k UUA D 1Bow(d | F)llix,eay > J,m < mo
s=1 | j=m1
3 mzfl 3
C U Z |Eow (A [ Fj)Lix,eay >J p = U ngis
s=1 | j=m1 s=1

To estimate Po(Qi k.¢3) Dote that to accumulate a drift larger than J the walk should
visit at least [J/M] distinct sites, i.e.

O 405 C {Ts,, +1/an — T,y 41 < M2 —ma }.
Let J = [J/(2M)] and ¢ = ¢/8. There exists an m € IN such that
Sy +1<mJ < (m+1)J < Sy, + [J/M].

Using Lemma 3.2, we can find K > 1 such that Py(S, > Kv/n) < 2~ for all sufficiently
large n. Therefore,
PO(QS,k,Z,iﬁ) <27+ p (Um<22+3A1KQIL,m,€’ Sn < K\/ﬁ) ;
where ij,,m,ﬁ = {Tns1)7 — Ty < ma —ma }. Since my —my < C.J2/25 for some con-
stant C > 0, Lemma 3.2 implies that there is 6 < 1 such that and all sufficiently large
n
Py (Upeariorcarhme) € 30 Po(0h,00) <23 KMET < C2,
m<2+3K M
Po(Up<2eQS ;. 4.1) is estimated in the same way.

We consider now A,, which is a random subinterval of [—m;, m] and, on QS‘M,Q,
has length between .J/M and 8.J. To estimate Py(f25 , ,,) We notice that by Lemma 3.1,
outside of an event of exponentially small (in J7?) probability, the number of cookies
that are left in A at time m; does not exceed CJ7*, where ; < 1. Even if the walker
consumes all cookies in that interval, it can not build up a drift of size J > C'J" (for J
large). With this idea in mind, we turn now to a formal proof.

As we noted above, on ng,w, we have Ay € Z, where T denotes the set of all
intervals of the form

[a,b], a,b€Z, —my <a<b<my, J/IM <b—a<8J.

The cardinality of Z does not exceed 16m,.J < Cn?/2. Therefore,
mQ—l
c 3/2
Po(QS 1 0) < Cn* max P Z |Bow(Aj | Fij)Lix,ery > J, A2 = A | . (4.7)
J=ma

By the definition of As, the walk necessarily crosses the interval A, by the time m;. The
leftover drift in A, is at most M times the number of sites in A,, which still have at least
one cookie. Writing A as [a,b], a,b € Z, a < b, we can estimate the last probability by

b b
Py (M > Urrvn<ny > J) = I (Z UL, (v <my > J/M> :

m=a m=a

ECP 17 (2012), paper 35. ecp.ejpecp.org
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If @ > 0 we can apply Lemma 3.1 and get that for all sufficiently large n (such that
(8)1 < J/M)

b b
Py (Z Lyp,, (tavr)<M} > J/M> < P <Z L, (my<my > (b— a)71>

m=a m=a

< plb=a) < g(J/M)™ (4 8)

The case b < 0 is similar. Finally, consider the case a < 0 < b. Then

b 0
Py (Z Lz, (tovTo) <M} > J/M> <FB <Z Yz, (t)<ny > J/(2M)>

m=a m=a

b
+ Py (Z Lr, (1)<a) > J/(2M)> . (4.9)

m=0

If b < J/(2M) then the last term in (4.9) is 0. But for J/(2M) < b < 8J we have that
b < J/(2M) for all sufficiently large J. Lemma 3.1 implies that

b b
Py (Z ]l{Lm(Tz,)<M} > J/(?M)) <P (Z ]l{Lm(Tb)<M} > b'71> < g < g(J/(2M))7>

m=0 m=0

The first term in the right-hand side of (4.9) is estimated in the same way. We conclude
that for some constant C' and all sufficiently large n

Po(Upc2e QS 4 5) < Cn®/22090/CMD™ < 9L

This completes the proof of (4.5) establishing Lemma 4.3. O

5 Boundary case: Proof of Theorem 1.2.

Letd =1. Fort > 0and n > 2 set

= Kl gy o Slnd
Vnlogn’ Vnlogn

Let ¥;, j > 0 be i.i.d. positive integer-valued random variables defined in (2.4). They
satisfy (2.3) with 6 = 1 and by [12, Chapter 9, Section 6] for some constant a > 0

Sy,
n2

T
(n) .f [n=]
(@) = n2/log®n’

XM(1) -

%aH() as n — oo, (5.1)

where H := (H(z)), > 0, is a stable subordinator with index 1/2. More precisely,
H(x)=inf{t > 0: B(t) = z}. (5.2)
We shall need the following two lemmas.

Lemma 5.1. The finite dimensional distributions of T("") converge to those of cH, where
¢ > 0 is a constant and H is given by (5.2).

Lemma 5.2. Foreverye > 0,7 >0

lim P, ( sup (S™(t) — XM (1)) > s> =0.
n—oo 0<t<T
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Theorem 1.2 is an easy consequence of these lemmas.

Proof of Theorem 1.2. Lemma 5.1 implies that the finite dimensional distributions of
the process S(™) converge to those of DB*, where D > 0 is a constant. Since the trajec-
tories of S(™) are monotone and the limiting process B* is continuous, we conclude that
S(™) converges weakly to DB* in the (locally) uniform topology (see [1], Corollary 1.3
and Remark (e) on p.588). Finally, by Lemma 5.2 for each 7' > 0

sup (S () — XM (1)) =0
0<t<T
in Py probability. By the “converging together” theorem ([6, Theorem 3.1]) we conclude
that X (") converges weakly to DB* in the (locally) uniform topology, and, thus, in J;. O

Proof of Lemma 5.1. Let k € Nand 0 = zg < 1 < --- < ;. We have to show that for
any 0 =ty <t) <to <--- <ty

Po(T™ (@) — T (2;) < tog, ¥i=0,1,2,... k1)
— P(T(xg) — T(x;) <tgp—i, Vi=0,1,...,k—1), as n — oo,

where T'(-) = cH(-) for some ¢ > 0.

At time Tj,,,,,) consider the structure of the corresponding branching process as we
look back from [nzy]. Notice that Dy, ; < Dpng,),; for i < k and all j. This simple
observation will allow us to get bounds on Tj,;,;, + = 1,2,...,k — 1, in terms of the
structure of downcrossings at time 7J,,,,]. This means that we can use the same copy of
the branching process V' to draw conclusions about all hitting times T},,,,}, i = 1,2,..., k.

We shall use notation (2.4) and let N(© =0,

N¥ =D =min{m € N: o, > [nag] — [nag]}, i=0,1,2,....k—1.
Since
NE—D_1 Nk=D)
2 ) % < Thwy) — Ty S nae—nai+2 Y 3,
=1 7=1
we have

NF=1)_q
<P(2 > ¥ <n’_i/log’n, ¥i=0,1,2,....k—1] (5.3)

j=1

and

Po(T™ (@) — T (2;) < toq, ¥i=0,1,2,... .k — 1)
N(k—1)
> P | [nay] — [na] +2 ) 85 <nPtei/log’n, Vi=0,1,2,....,k—1]. (5.4)
j=1

Next we provide some control on N*~%),i=0,1,...,k — 1, and on the maximal lifetime
over [nxy] generations. Theorem 2.1 and [10, Theorem 3.7.2] imply that o,,/(nlogn) =
b~! for some positive constant b. From this it is easily seen that

min{m € N: o, > n}

1 . 5.5
b/ Togn = as n — oo (5.5)
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Recalling our definition of N (%~

all n > ng

we get that for every ¢, v > 0 there is ny such that for

N (k=1)
P(ll/<<1+1/, iO,...,kzl) >1—e¢,

where N*=%) = p(z;, — x;)n/logn. In particular, for C = (1 + v)bx), we have that

P(N(k) < On ) >1—¢
logn

Define \, = (logn)~'/? (any sequence \,, n € NN, such that \, — 0 and )\, logn — oo
will work) and notice that by Theorem 2.1 there is n; such that for all n > ny

20, Cn/logn
P < max (i —0i-1) < n)\n> > (1 — ) >1—e.
1<i<Cn/logn n)\n

Thus, on a set 2. of measure at least 1 — 2¢ for all n > ng V n; the number of lifetimes

of the branching process V covering [nzy] — [nz;] generations, ¢ = 0,1,2,...,k — 1, is
well controlled and the maximal lifetime over [nz}] generations does not exceed n,,. In
particular, on €2, the number of lifetimes in any interval ([nz;], [n;11]), 1 =0,1,...,k—1,

goes to infinity as n — oo.
Finally, on 2. we get from (5.3) and (5.1) that

PO(T(n) ('rk) - T(n) (1‘1) < th—is Vi = Oa 17 27 R k — 1)
(1—v)NF=D 1
<P|2 > ¥ <nlty_i/log’n, Vi=0,1,2,....k—1

=1
_)NEk=D _q
Z(‘—1 M % lg—i
=P = < : Vi=0,1,2,...,k—1
(1 —v)n/logn)?2 — 2(1 —v)?’ TR S

— PlaH (b(zp —2;)) < (1 — ) 24/2Vi=0,1,2,... .,k — 1)
= P(2ab*(H(zy) — H(z;)) < tpi(1 =) 2)Vi=0,1,2,....k—1).

The lower bound is shown starting from (5.4) in exactly the same way. Letting v — 0
and then € — 0 we obtain the statement of the lemma with T'(-) = 2ab?H () =: cH(-). O

Proof of Lemma 5.2. Without loss of generality we can consider ¢ € [0,1]. Fix some
v > 0. We have

P, ( sup (S (1) — XM (1)) > E> < Py(S, > K+v/nlnn)+

0<t<1

Py < max (S, — X)) > evnlnn, S, < K\/ﬁlnn)) . (5.6)

0<m<n
By Lemma 5.1 we can find K > 0 such that for all large n
Po(Sn > K\/ﬁlnn) < PO(T[K\/HInn] < n) <.

To estimate the last term in (5.6) we shall use properties of the branching process V.
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Let N = min{m € N : o, > K+/nlnn}. Then the last term in (5.6) is bounded by

Py (max(oi —0;_1) > ev/nln n) <

i<N

(5.5)
PY (N > Cy/n)+ Py ( maxf(ai —0i_1) >eynlnn, N < cx/ﬁ) <
i<Cy/n

Py o) > 1 ,
v+ P, (Z_inca\%(az oi1) > evn nn)
for some large C' and all sufficiently large n. Finally, from (2.2) we conclude that for all
large enough n the last probability does not exceed

20, [Cvn]
1-11— —— .
( Eﬁlnn) <v

This completes the proof. O
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