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Probabilistic representation of fundamental solutions to
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Abstract

For the fundamental solutions of heat-type equations of order n we give a general
stochastic representation in terms of damped oscillations with generalized gamma
distributed parameters. By composing the pseudo-process X,, related to the higher-
order heat-type equation with positively skewed stable r.v.’s T4, j = 1,2,...,n we
obtain genuine r.v.’s whose explicit distribution is given for n = 33 in terms of Cauchy
asymmetric laws. We also prove that X3(T% (... (T%‘ (t))...)) has a stable asymmetric

law.
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1 Introduction

The problem of studying the form of fundamental solutions of higher-order heat
equations of the form

Ouy, O™ Uy,
— - > .
5 (z,t) = km S (z,t), z€R, t>0, m>2 (1.1)
with
m(z,0) = 0(z)
where

[ (-1)TF! ifmiseven
= 41 if m is odd

has been tackled in some particular cases by mathematicians of the caliber of Bernstein
[4], Lévy [8], Polya [13] and Burwell [5]. By applying the steepest descent method some
recent papers by Li and Wong [9], Accetta and Orsingher [1], Lachal [7] have explored
the form of the fundamental solutions of equation (1.1). The aim of this note is to give
an explicit representation of the solutions to (1.1) for the case where the order of the
equation is odd, that is an alternative to the inverse Fourier transform

um(x,t):%/Re_‘ﬁ“'”mt(_"@) ds
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Higher-order equations

and that captures the sign-varying behavior of the fundamental solutions to (1.1). Our
result is that the fundamental solutions to (1.1) have the probabilistic representation

1 2n
Uopt1(x,t) = EE [e‘b“”“Gz A/ gin (anacGQ"'H(l/t))} , z€R, t>0 (1.2)

in the odd-order case, and

U (2, ) = %E{Sin (2G2"(1/t)) } z€R, t>0 (1.3)

for the even-order case. In (1.2) and (1.3) by G"(¢) we denote the generalized gamma
r.v. with density

Y1 27
g (z,t) =7 ; exp(—t>, x,t >0, v>0.

The parameters a.,, b, appearing in (1.2) and (1.3) are

a, = COS b, = sin

T T
2(2n+1)’ 22n+1)

Results (1.2) and (1.3) show that the fundamental solutions have an oscillating behav-
ior which has been explored in several papers by many researchers. In our view our
result represents a concluding picture of the solutions to higher-order heat equations.
For all values of the degree m of the equation (1.1) we have solutions which have the
behavior of damped oscillations where the probabilistic ingredients (the generalized
gamma or Weibull-type distributions) depend only on m € IN. An alternative universal
representation of the fundamental solution in the odd-order case reads

1 X1 nrk k z \"
n ,t - _ — qj I'(1 - .
Uz (@, 1) = = kzzl [k (2n+ 1) ( Tony 1) ( tmlu)

Functions ug, 41 display oscillations which fade off as the degree 2n + 1 of the equation
increases. A special attention has been devoted to third-order equations where we have
that

t > zy
:i e~ 2 sin <\g§xy> y2e*ty3 dy

1 <1 7k k z \"
=— — —sin|{ — | {1+ = - .
= (5)r(+3) (-5)
In the fourth-order case (biquadratic heat-equation) in D’Ovidio and Orsingher [12] we
have shown that

[t
ug(z,t) =5 / e 22 cos (zy) dy

I SR N G L AW ORI *
_QW\/QtT/?kZ:O(Qk)! (2+4> T A

2

2/OO 1 <x2 7r> e*ﬁd

= cos | — — — s
0 2ms 2s 4 ) \/2rt

The last form of uy(x,t) was first presented by Benachour et al. [3].
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Higher-order equations

In a recent paper ([11]) we have shown that the composition of an odd-order pseudo-
process X, 1 with a positively skewed stable r.v. T2 L of order T1+1 yields a genuine
r.v. with asymmetric Cauchy distribution, that is, for any fixed time ¢ > 0,

s
t cos m

Pr{Xon1(T_o_(1) € du} =

2n

dz. (1.4)

T [(IE + tsin 5ry)? + 12 cos? gl

For n = 1 from (1.4) we can extract a very interesting relationship for the Airy function
which reads

Pr{X3(T.(t)) € dz}/dx =

3

< 1 (ax\t 1 [t V3 t
Ai - Ai ds = — ————
0o V/3s 35 /) s /3s ¥/3s 2 x2 + ot + 12

We show here that the r-times iterated pseudo-process (with T, , 7 =1,2,...,r inde-
2n+1

pendent stable r.v.’s)

Z,(t) = Xonsr Ty (T2 (.. (T71_(1))..))),

2n+1 2n+1 2n+1

for any fixed ¢t > 0, is a stable r.v. of order W with characteristic function

— +isgn(f)sin

FeiBZr(t) — _ T
€ exp COS 2(277, n 1)

s —1
M) t|ﬁ‘( n+1) :| . (15)

We have also explored the connection between solutions of fractional equations

0“u ou
%($7t)——%(1'7t), l'>0, t>0

with the solutions of higher-order heat-type equations (1.1) for a = # m € IN.

2 Pseudo-processes

Some basic facts about the fundamental solutions of higher-order heat equations had
been established many years ago essentially by applying the steepest descent method.
In particular, Li and Wong [9] have shown that the number of zeros is infinite for so-
lutions to even-order equations. The steepest descent method was applied by Accetta
and Orsingher [1] for the analysis of the third-order equation. The oscillating behav-
ior of the solutions of higher-order heat-type equations is confirmed by our analysis.
Furthermore, for the odd-order case our results show that the asymmetry of solutions
decreases as the order 2n + 1 increases. The result of Theorem 2.1 below shows that
solutions of all odd-order heat equations can be constructed by means of damped oscil-
lating functions with gamma distributed parameters.

We move now to our principal result.

Theorem 2.1. The solution to

w n 2n+lu
%7($,t):(71) %(l’,t), SUGIR, t>0 (2.1)
u(z,0) = 6(x)
is given by
1 2n+1 . n
wani (@) = —B [ 00 gin (0,262 +1(1/75))} (2.2)
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Higher-order equations

where, Vit > 0, the r.v. G7(t) has the generalized gamma distribution

1 7
g (z,t) =~ " exp(—t>7 x,t >0, v>0.

and

T
ap, = cos ——, b,

22n+1) Y

’/T
n—
2(2n+1)

Proof. We start by evaluating the Fourier transform of (2.2)

/ eiﬂxu2n+1($7 t)dx
R

) * (2n+ 1)t . n
:/ ezﬁmdx/ gefb"xw sm(a”:z:w)wz’”‘(f“”2 Taw
R 0 T™r

0o 9 2t eiﬁa:Jrianwwfbna:w _ eiﬂmfianwwfb”mw
=2n+ 1)t we Y - dx dw
0 R 2mix

(2.3)

—=(2n + 1)t / w?me " [Hy(w(an — iby)) — Ha(—w(an + iby))] duw
0
where in the last step we used the integral representation of the Heaviside function

1 . iyw 1 . —iyw
Hy(l') o 671wz€b dw — 'sze : dw
2r Jr 1w 21 Jr 1w
By a change of variable, the Fourier transform (2.3) takes the form
iBx _ (2n + 1)t o 2n _—t ﬁ Zntl
/]Re Ugpt1(, t)dw ~Tan — 2 w?re e tmr)
(2n + l)t /Oo 9 7t($)2n+1
— " an+ibn Hg(—w)d
(an +ibn)2n+1 0 woe ﬂ( w) w

=i(2n + 1)t/ wQ"e_”erlHﬁ(w)dw
0

. e on itw2ntl
+2(2n—|—1)t/ w"e"
0

Hg(w)dw

Hpg(—w)dw
—+o0
=i(2n + 1)t/ wneitw’

— 00
. Foo 2 it 2n+1
=i(2n + 1)t/ w e dw. (2.4)
B
In the above steps we used the fact that

Hp(w)dw

(an 4 ibn)2n+1 =13 and (an _ ibn)2n+1 = —i.

transform

/ et (/ eiﬁwuznﬂ(x,t)dw) dt = / “’2"/ e D it (2 4 1) du
0 R 8 0

_/°° i(2n + 1w dw 1
B

The integral (2.4) can be performed in two different ways. First we can take the Laplace

(u+iw2"+1)2 - M+iﬂ2"+1

o0 2n+1
:/ e Hte—itB dt.
0
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Higher-order equations

This shows that
“+oo
/ P ugy 1 (2, t)dr = e~itAT
— 00
We can arrive at the same result by means of the following trick
+oo . o . 2n+1
ePugp i1 (z, t)dr = lim |i(2n + 1)t w?e” (YT gy
PN p—0 8

it 2n+1 aip2n4l
e~ (@t+1)B — it )

We have thus shown that the Fourier transform of (2.2) coincides with the Fourier trans-
form of the solution to the Cauchy problem (2.1). O

Proposition 2.2. We can write the fundamental solution us,1 in the following alter-
native form

nrk k x *
g1 (2, 1) = Zkl ( )F(1+2n+1) <_'[;2n1+1) '

Proof. From (2.2) we have that

(27”L 1)t / —zysin sty o ™ on  —pqy2nt1
—_— @n+1) g . y d
. o & sin | XYy Cos 2(2n 1) ye Y

[eS)
_ (2” + 1)t / e—my cos 7(2::11) sin (my sin (2 'I’L;T» 1)> ane_tyszﬂdy
v 0 n

(2n + 1)t /cD o —ty?nt ) nrk \ (—ay)k
= 7 n E S d 2
T 0 voe M\ 21 KoY (by (3.2))

k=0

iil . [ nrk
T k! 2n +1 2n—|—1 t2n+1

Remark 2.3. We note that

nm L 1 !
nt1(0,) =si Tt — a
u2n41(0,¢) = sin <2n+ 1) < + M + 1) giTAFT nooo T

Additionally, we are able to evaluate the semi-infinite integral

U2n+1 (xv t) =

/ Uon41(z, t) do
0

by means of the representation (2.2). Indeed, by considering that

* g~Bz A A
/0 c . sin (Ax) dx = arctan (B) = g — arccot (B) (2.5)

(see [6, formula 3.941]) we get that

e > 1 n
/ Uznt1(x,t) de :/ —F [e‘b"mGQ T/ i (aanQ"H(l/t))} dx
0 0

T

1 (x an
=— |— —arccot | —
5 e (52)]
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Higher-order equations

1 cos T 1L
——|I_ arccot %

T |2 sin 5 557

o1 (2.6)

2 2n+1

which is in accord with Lachal [7, formula 11].

Theorem 2.4. The solution to

9u (g, t) = (—1)" L8 (p f), zER, t>0 2.7)
u(xz,0) = §(x)
can be written as )
o (1, 1) = ?E[sm (xG2(1/1)) } 2.8)
i
Proof. The solution to (2.7) is given by
1 [ n 2nt
Ugp (2, 1) = 7/ et cos BxdB = i/ prnle smﬁx dg
™ Jo T Jo
which immediately concludes the proof. O

Remark 2.5. The solution (2.8) takes the following values at x =0

1 1 1

Clearly, by symmetry and by considering formula (2.5), we obtain that

> 1
/ Ugn(z, t)de = <.
O 2

Remark 2.6. It is well-known that the solution to the fractional diffusion equation of
index v € (0, 2]

{ O u(r,t) = N204(x,t), z€R,t>0, 2.9)
u(z,0) = 6(z)
with w;(x,0) =0, for v € (1, 2], is given by
1 ] = 1 2 )"
t W v | = _ _
s t) =5y < )\t”/2) 2)\t”/ Z MT (1= 2(1+k) ( \tv/2
S ip( 1+k>)sm(ﬂ<l+k>) Ly
27r)\t”/2 k! 2 Av/2 )
The folded solution to the equation (2.9) reads
i | 2uy(x,t), >0
“(“)_{0, <0
and for v = 2, @ € (0,1), A = 1 becomes
1 =T(afk+1)) . x\Fk
:W?Z%sm(ﬂ'a(k‘—i—l)) (—t—a) . (2.10)
k=0 ’
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Higher-order equations

This represents a probability density of a r.v. X (¢) on the half-line (0, oo) which can be
expressed in terms of positively skewed stable densities:

a+1 a+1
Pr{X(t) € dax} =g (z,t)dx = qq (tya,t) O;;jdy’ (x = t)

1 . i
= 2 —'I‘(a(l + k))sin (mra(1 + k) <—) Wdy

where in the last step appears the expression of the stable density

=}

oo N\k
Palz,1) ==Y ( kll) C(a(l+ k) sin(ra(l + )z 2001 2 e R,. (2.11)
k=0 ’

3

The calculations above show that the r.v. X (¢) with distribution (2.10) can be expressed
as

%0 =1 ()

where Y (t) is a positively skewed stable-distributed r.v. of order € (0,1). In other
words the stable law of Y (¢) is related to the folded solution of the fractional diffusion

equation X (¢) in the sense that
V() =t [~ v
C\X@/)

This is because

Pr{Y(t) <y} = Pr {X(t) > tj;l } — /Oi G (2, 1) da.

T

We also give the double Laplace transform with respect to time ¢ and space « of ¢, (z, ).
We have

1 1
Az «
o ,t der = — _7E7a —a\ — 7T — —Ea — At 3 t 0 2.12
A € q (x ) €L I: N ,1 ( At“>:| 71( ) > ( )

where in the last step, formula

1 1
_EEfa,lfa <$) = Ea,l(x)

has been applied (see formula (5.1) of [2]). Furthermore,

o0
/ e M (z, t)dt = p* e " x> 0.
0

Formulas above help to check that ¢, satisfies the fractional equation
0y ou
—(x,t) = ——=—(z,t 2.13
pa (101) = —5-(2,1) (2.13)
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with initial condition u(z,0) = é(x) where % is the Caputo fractional derivative. The
double Laplace transform of (2.13) reads

pOLO ) — = =AL(A, )

which proves that

a—1
L\ 1) / —f”/ (z,t)dz dt = M” - (2.14)

Remark 2.7. For o = 1/2, the formula (2.11) yields

1 & 1 1 -
p1/2x1 :Q—Z . (7’+ )sin (7r(7"2+ )>x(;1)1

1 T\ k-3 L(k) . k-1
—% - Sln (ﬂ'k =+ 5) X 2 — m Sin (Tf'k) X
s 1) 1 1
ko2 exp(——). 2.1
277%3/2 Z T F N/ <P ( 4;1:) (2.15)

The result (2.15) shows that the stable law (2.11) for & = 1/2 coincides with the first-
passage time of a standard Brownian motion through level 1//2.
3 The third order case

For the special case of the third-order heat equation we have the following result.

Corollary 3.1. The solution of the Cauchy problem

Quip t) = -2z, t), z€R,t>0
u(z,0) = 6(x)

can be written as

us(z,t) x >, z€e€R,t>0.

Y <
= i
V3t \ V3t
Proof. It is convenient to work with the following series expansion of the Airy function
(see [10, formula (4.10)])

i) P ;/a > k' y (%(k; 1)> - <k ; 1) V) o)
:37;/3 k; (k - e (2?) t <§> (V3w)*™!
b (F)r(

If we expand the function

€5 gin (zsin @) = %{ ye@} {Ze7¢kx } Zsm ‘Z)k m (3.2)

we establish a relationship which is useful in transforming (3.1) as

T w Z 5 (2§k> (V/3w)" /Oo k3= g

k>1 0
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Higher-order equations

1 <, sin (27k /3 k
=— e Zwk%(?)z)ﬁ»dz

TWw
0 E>1
1 [~ _, %=, . (356
=— e Fe” "2 Ysin [ — 23w ) da.
Tw Jo 2

Now we can write

1 3t [ 3
—— Ai ,x =— / 2% exp (—z?’t — ﬁ) sin £z:v dz.
/3t V3t) mx Jo 2 2

From (2.2), forn =1 (v = 3), we write
1
us(z,t) =—F

—Z2G3(1/t) V3 3(1
—E|e sm( 5 G*( /t))]

3t [ _ay 3 :
== e~ 2 sin <\2[:Ey> y2e_ty3 dy.
0

T

This proves that

1 T
,t) = Ai .
@t = o= ’(m)

O
Remark 3.2. Two solutions to the third-order p.d.e
ou O3u
i e 3.3
ot ox3 (3.3)

are given by

_ L (fﬂ)
V/ 3t v/ 3t

z 1 T x
t :—714 —_— = — t.
o) =5 =i () = Tn(an)

and

Indeed, we have that

dq oz Op
a(x,t) t2p(a:,t) + o (z,t)
and

Jdq 1 x dp

g(xvt) _Ep(xvt) + ?%(xvt)v

0%q 2 0p x &%p

@( ;1) ;%( ) )‘f‘;@(fﬁat)’

0%q 3 0% x 03p 3 0%p x Jp

923 D =3 g @0+ 3@ = 150 = T (@)

and therefore
dq 0%q 1

82
E(%t) + ﬁ(%t) ) <3tax§($,t) - xp(x,t)) .

0? 1 x 1 x

7 714 - — *A‘N

ax2[33t Z<33t)] 3t (33t>
and the fact that Ai”(z) — zAi(z) = 0 that is, Ai satisfies the Airy equation, we get that

dq 0%q B

By observing that

ECP 17 (2012), paper 1885. ecp.ejpecp.org
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Remark 3.3. We have shown in a previous paper ([11]) that the r.v.
Z(t) = Xg(T% (1)) (3.4)

obtained by composing the third-order pseudo-process X3 with the stable subordinator
T% with distribution

Pr{T.(t) € ds} = — \;?Ai (\;3?> ds, s,t>0 (3.5)

possesses Cauchy distribution

Pr{Z(t) € da}/dx - OOO \1F ' (&) E%Ai (&) ds

_ V3t _ V3 t (3.6)
2m(a? + ot +12) 27 (x4 L)2 4+ 3427 )

Result (3.6) shows that (3.4) is a genuine r.v..The characteristic function of (3.6) is
clearly
+oo : V3 -t
/ elB’”Pr{Z(t) €dx} = e~z UBl=izh
— 00

We have now the following generalization of the previous result for the composition
of the pseudo-process X3 with successively composed subordinators of order %

Theorem 3.4. Ther.v.
Zy(t) = Xg(Tg(. S A(TE())..0)

with T{, 7 =1,2,...,n, independent, positively skewed r.v.’s with law (3.5) has charac-
3
teristic function

Eeiﬂzn(t) =exp |:— (COS +ngn(ﬁ) SlIl

) Bl

™
23 ) (3.7)

Proof. We first observe that

Pr{Z,(t) Edm}/dm

/ / ( 52 1 A S92 ) t 1 A( t ﬁd
e — /Al | TY— S
351 51 /381 /3s Sn /38, /3s,, e J
has Fourier transform

“+oo

/ P pr{Z,(t) € dz}
e8] e8] n

= —igtsy S2 1 4 82 LT ds.

= = —(ip%)hs, 531 Ai [ 38 o1 A ¢ nd.

j=2
de.e} 1
B B _(ip?) 5T g, i 1 Ai t d
=...= e 7 S
/0 Sn /38y /385 "
- o 2 x N

=exp [— (eZE sgn(pB) |B|5) Tt =exp {— (625 59”(3)‘@5) ? t]

- ( +isgn(B) sin ) 1|7 |
= — =T | |

exp COS 9. 3n 15gn S11 9. 3n
ECP 17 (2012), paper 1885. ecp.ejpecp.org
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Higher-order equations

We observe that the characteristic function of a stable r.v. S, . (t) can be written as

, gl —i T sgn (8)
EeifSan(t) _o—tlpl7e "

=exp [—U (1 — i sgn(B) tan %) t\ﬁﬂ

where .
tan &5~
2
= € [-1,1]
uge? )
tan -5
and o = cos ZZ > 0. In our case o = -, v = 3~ and therefore o = cos ;% and
tan 52—
e (3.8)
an 53n—1

and since 6 # +1, the r.v. Z,, is spread on the whole line with parameter of asymmetry
equal to (3.8). O

Remark 3.5. We note that by adjusting the derivation of (3.7) we can obtain result
(1.5) of the introduction.

Remark 3.6. The positively skewed stable r.v. T,(t), t > 0, a € (0,1), with Laplace

transform
_ e
Fo—Ma(t) — =A%t

has characteristic function

EeifTa() —pe=(mif)Ta(t) — o—t(=if)" _ oxp) [_t| Bl et sgn(B)}

=exp [— cos % (1 —isgn(p) tan %) t|5|"}

and therefore with asymmetric parameter ¢ = +1 and o = cos *.
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