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Abstract

We study the localization/delocalization phase transition in a class of directed models for a ho-
mogeneous linear chain attracted to a defect line. The self-interaction of the chain is of mixed
gradient and Laplacian kind, whereas the attraction to the defect line is of 6-pinning type, with
strength € > 0. It is known that, when the self-interaction is purely Laplacian, such models un-
dergo a non-trivial phase transition: to localize the chain at the defect line, the reward ¢ must
be greater than a strictly positive critical threshold ¢, > 0. On the other hand, when the self-
interaction is purely gradient, it is known that the transition is trivial: an arbitrarily small reward
€ > 0 is sufficient to localize the chain at the defect line (¢, = 0). In this note we show that in the
mixed gradient and Laplacian case, under minimal assumptions on the interaction potentials, the
transition is always trivial, that is ¢, = 0.

1 Introduction

We consider a simple directed model for a homogeneous linear chain {(i, ¢;)}o<;<n, such as a
polymer, which is randomly distributed in space and is attracted to the line {(i,0)},<;<y through
a pinning interaction, see Figure 1. We will often refer to {y;}; as the field. We discuss the
localization properties of the model as a function of the attraction strength € > 0 and of the
characteristics of the chains, that are embodied in two potentials V; and V.
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Figure 1: A sample trajectory of the model P, y.

1.1 The model

We first define the Hamiltonian, which describes the self-interaction of the field ¢ = {p;};:

N+1 N
A ain+11(9) = FG_ 1 n411(P—15 00 P41) 1= ZV1(V<P1) + sz(A‘Pi): (@)
i=1 i=0

where N represents the length of the chain. The discrete gradient and Laplacian of the field are
defined respectively by Vo, := p; — ¢;_; and Ag; := V1 — Vo, = ;11 + 9;_1 — 2¢;. The
precise assumptions on the potentials V; and V, are stated below.

Given the strength of the pinning attraction ¢ > 0 between the chain and the defect line, we define
our model P, y as the following probability measure on RN-L:

N-1

[ Je80(dp) +dgy) @

i=1

exp(_jf[—l,N+1](S0))
"oxs,N

IPS,N(d(pl yeee ’dQDN—l) =

where we denote by §,(-) the Dirac mass at zero, by d¢; = Leb(dy;) the Lebesgue measure on
R and we choose for simplicity zero boundary conditions: ¢_; = ¢y = @y = ¢y = 0 (see
Figure 1). The normalization constant %, y appearing in (2) plays an important role, as we are
going to see in a moment: it is called partition function and is given by

N-1
%y = f e @ [ (e50(dpr) +dpy). ®
RN—I

i=1

We assume that the potentials V;,V, : R — R appearing in (1) are measurable functions satisfying
the following conditions:

(C1) v; is bounded from below (inf, .z V;(x) > —o00), symmetric (V;(x) = V;(—x) for every
x € R), such that lim,|_,, V;(x) = +o00 and fR e 2 dx < 0.

(C2) V, is bounded from below (inf, g V5(x) > —00), bounded from above in a neighborhood of
zero (Supjy|<, Vo(x) < oo for some y > 0) and such that fR lx|e™"29) dx < 0.

We stress that no continuity assumption is made. The symmetry of V; ensures that there is no
“local drift” for the gradient of the field (remarkably, no such assumption on V, is necessary; see
also Remark 7 below). We point out that the hypothesis that both V; and V;, are finite everywhere
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could be relaxed, allowing them to take the value +oco outside some interval (—M, M), but we
stick for simplicity to the above stated assumptions.

The model P,  is an example of a random polymer model, more precisely a (homogeneous) pinning
model. A lot of attention has been devoted to this class of models in the recent mathematical
literature (see [8, 7] for two beautiful monographs).

The main question, for models like ours, is whether the pinning reward & > 0 is strong enough to
localize the field at the defect line for large N. The case when the self-interaction of the field is
of purely gradient type, i.e., when V; = 0 in (1), has been studied in depth [1, 3, 6, 2], as well
as the purely Laplacian case when V; =0, cf. [4, 5]. We now consider the mixed case when both
V; # 0 and V, # 0, which is especially interesting from a physical viewpoint, because of its direct
relevance in modeling semiflexible polymers, cf. [9]. Intuitively, the gradient interaction penalizes
large elongations of the chain while the Laplacian interaction penalizes curvature and bendings.

1.2 Free energy and localization properties

The standard way to capture the localization properties of models like ours is to look at the ex-
ponential rate of growth (Laplace asymptotic behavior) as N — oo of the partition function Z, .
More precisely, we define the free energy F(e) of our model as

F o 1 1 1 3JE,N 4
(e) :== Jim - log Zon ) @

where the limit is easily shown to exist by a standard super-additivity argument [8].
The function € — %,  is non-decreasing for fixed N (cf. (3)), hence ¢ — F (¢) is non-decreasing
too. Recalling that F(0) = 0, we define the critical value ¢, as

g, :=supf{e>0: F(¢)=0} = inf{e >0: F(¢) >0} € [0,00], (5)
and we say that our model {P, y}yey is
o delocalized if € < ¢,
o [ocalized if € > ¢,.

This seemingly mysterious definition of localization and delocalization does correspond to sharply
different behaviors of the typical trajectories of our model. More precisely, denoting by ¢, :=
#{1 <i <N —1: ¢; =0} the number of contacts between the linear chain and the defect line, it
is easily shown by convexity arguments that

e if ¢ < g, for every 6 > O there exists c; > 0 such that

P, y(Uy/N >6) < e N forall N € N; (6)

e if £ > g, there exists 6, > 0 and ¢, > 0 such that

P.y(fy/N <8,)<e N,  forall N €N. %)

In words: if the model is delocalized then typically £ = o(N), while if the model is localized then
typically £, > 6, N with 6, > 0. We refer, e.g., to [4, Appendix A] for the proof of these facts. We
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point out that the behavior of the model at the critical point is a much more delicate issue, which
is linked to the regularity of the free energy.

Coming back to the critical value, it is quite easy to show that ¢, < co (it is a by-product of our
main result), that is, the localized regime is non-empty. However, it is not a priori clear whether
€. > 0, i.e. whether the delocalized regime is non-empty. For instance, in the purely Laplacian
case (V; =0, cf. [4]), one has €CA > 0. On the other hand, in the purely gradient case (V, =0,
cf. [2]) one has scv = 0 and the model is said to undergo a trivial phase transition: an arbitrarily
small pinning reward is able to localize the linear chain.

The main result of this note is that in the general case of mixed gradient and Laplacian interaction
the phase transition is always trivial.

Theorem 1. For any choice of the potentials V,, V, satisfying assumptions (C1) and (C2) one has
e, =0, i.e., F(¢)> 0 for every € > 0.

Generally speaking, it may be expected that the gradient interaction terms should dominate over
the Laplacian ones, at least when V; and V, are comparable functions. Therefore, having just
recalled that ecv =0, Theorem 1 does not come as a surprise. Nevertheless, our assumptions (C1)
and (C2) are very general and allow for strikingly different asymptotic behavior of the poten-
tials: for instance, one could choose V; to grow only logarithmically and V, exponentially fast (or
even more). The fact that the gradient interaction dominates even in such extreme cases is quite
remarkable.

Remark 2. Our proof yields actually an explicit lower bound on the free energy, which is however
quite poor. This issue is discussed in detail in Remark 9 in section 3 below.

Remark 3. Theorem 1 was first proved in the Ph.D. thesis [1] in the special case when both
interaction potentials are quadratic: V;(x) = %xz and V,(x) = gxz, for any a, 8 > 0. We point
out that, with such a choice for the potentials, the free model P,  is a Gaussian law and several
explicit computations are possible.

1.3 Organization of the paper
The rest of the paper is devoted to the proof of Theorem 1, which is organized in two parts:

e in section 2 we give a basic representation of the free model (¢ = 0) as the bridge of an
integrated Markov chain, and we study some asymptotic properties of this hidden Markov
chain;

e in section 3 we give an explicit lower bound on the partition function %, y, which, together
with the estimates obtained in section 2, yields the positivity of the free energy F(¢) for
every ¢ > 0, hence the proof of Theorem 1.

Some more technical points are deferred to Appendix A.

1.4 Some recurrent notation and basic results

We set RY = [0,00), N := {1,2,3,...} and N, := NU {0} = {0,1,2,...}. We denote by Leb the
Lebesgue measure on R.

We denote by LP(R), for p € [1,00], the Banach space of (equivalence classes of) measurable
functions f : R — R such that ||f||, < oo, where [|f||, := (f]R If (x)|P dx)'P for p € [1,00) and
IIf lloo :=esssup,eg |f (x)| =inf{M > 0: Leb{x e R : |f(x)| > M} = 0}.
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Given two measurable functions f,g : R — R™, their convolution is denoted as usual by (f *
g)(x) = fRf(x — y)g(y)dy. We recall that if f € L*(R) and g € L*®(R) then f * g is bounded
and continuous, cf. Theorem D.4.3 in [11].

2 A Markov chain viewpoint

We are going to construct a Markov chain which will be the basis of our analysis. Consider the
linear integral operator f — £ f defined (for a suitable class of functions f) by

(A f)(x) :=J k(x,y)f ()dy,  where k(x,y):=e 700, (©))
R

The idea is to modify k(x, y) with boundary terms to make .# a probability kernel.

2.1 Integrated Markov chain

By assumption (C1) we have |le™2"1||; < oo. It also follows by assumption (C2) that e™"2> € L!(R),
because we can write

lle™"l, = J e 2Wdx <2 sup e VW +f Ix|e™>®dx < oo.
R x€[-1,1] R\[-1,1]

Since we also have e™"2 € L®(R), again by (C2), it follows that e™"2 € LP(R) for all p € [1, 0], in
particular ||e2%2||; < co. We then obtain

f k(x,y)?dxdy = f e 21 U e—ZVz(y—x)dx) dy = [le™®"[|; le™"[; < oo.
RXR R R

This means that .# is Hilbert-Schmidt, hence a compact operator on L2(R). Since k(x,y) > 0 for
all x, y € R, we can then apply an infinite dimensional version of the celebrated Perron-Frobenius
Theorem. More precisely, Theorem 1 in [13] ensures that the spectral radius A > 0 of 4 is
an isolated eigenvalue, with corresponding right and left eigenfunctions v,w € L2(R) satisfying
w(x) > 0 and v(x) > O for almost every x € R:

1 1
v(x) = ZJ kO, y)v(y)dy,  wx) = IJ w(y)k(y,x)dy. )
R R

These equations give a canonical definition of v(x) and w(x) (up to a multiplicative constant) for
every x € R. Since k(x,y) > 0 for all x,y € R, it is then clear that w(x) > 0 and v(x) > O for
every x € R. We also point out that the symmetry assumption on V; (cf. (C1)) entails that w(x) is
a constant multiple of e™1®)y(—x), cf. Remark 7 below.

We can now define a probability kernel #(x,dy) by setting

1 1
P (x,dy) = plx,y)dy = > ——=k(x,y)v(y)dy. (10)
A v(x)

Since Z(x,R) = f]Rp(x,y)dy = 1 for every x € R, we can define a Markov chain on R with

transition kernel 2 (x,dy). More precisely, for a, b € R let (£, .o/, P(*?)) be a probability space on
which is defined a Markov chain Y = {Y;};cy, on R such that

Yo =a, POY(Y,,edy|V,=x) = 2(x,dy), (11)
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and we define the corresponding integrated Markov chain W = {W,};oy, setting
Wo=b, W,=b+Y,+...+Y,. (12)

The reason for introducing such processes is that they are closely related to our model, as we show
in Proposition 5 below. We first need to compute explicitly the finite dimensional distributions of
the process W.

Proposition 4. For every n €N, setting w_; := b —a and w, := b, we have

n
v(w
PO (W, ..., W,) € (dwy, ...,dw,)) = %(a;l) ~Hoim (-t ”)l_[dWi- (13)

Proof. Since Y; = W, — W,_; for all i > 1, the law of (Wy,...,W,) is determined by the law of
(Yq,...,Y,). If we set y; := w; _q fori > 2 and y; := w; — b, it then suffices to show that the
right hand side of equation (13) is a probability measure under which the variables (y;);_; ., are
distributed like the first n steps of a Markov chain starting at a with transition kernel p(x, y) To
this purpose, the Hamiltonian can be rewritten as

Sy g (W_rs s w) = Vi) +Va(y — @)+ D (Vi) + Valyi = Yim)) -
i=2

Therefore, recalling the definitions (8) of k(x, y) and (10) of p(x, y), we can write
V(Wn Wp_ 1) _Qf[ 1] W_peewy) v(.yn)

AHV(G) = 7\,“ ( )k(a yl l_[k(yl 1’yl

p(a,y1) l_[p(yi—l:}/i),

i=2

which is precisely the density of (Y3, ...,Y,) under P(¢?) with respect to the Lebesgue measure
dy; ---dy,. Since the map from (w;);—; _, to (¥;)i=1,., is linear with determinant one, the proof
is completed. O

.....

For n > 2 we denote by cpr(la’b)(-, -) the density of the random vector (W,_;, W,):

P(a b) (( n— 1:Wn) € (dwladWZ))

dw,dw,

PP wy, wy) 1= ,  forwp,w, €R. (14)

We can now show that our model PP, y in the free case, that is for € = 0, is nothing but a bridge of
the integrated Markov chain W.

Proposition 5. For every N € N the following relations hold:

Pon() = POO ((Wy,., Wy_y) € - |WN =Wy41=0), 15
Zon = AW p%9(0,0). (16)

Proof. By Proposition 4, for every measurable subset A € RVN~! we can write

p(0.0) (Wi, ., Wy_1) GA)WN =Wy =0)

N-1
— ; e AN (W W) l_[ dw; a
ANFL (0, 0)(0 0) v

N+1 i=1
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where we set w_; = wy = wy = wy,; = 0. Choosing A= RN~! and recalling the definition (3) of
the partition function %, y, we obtain relation (16). Recalling the definition (2) of our model PP, y
for ¢ = 0, we then see that (17) is nothing but (15). O

2.2 Some asymptotic properties

We now discuss some basic properties of the Markov chain Y = {Y;};y,, defined in (11). We recall
that the underlying probability measure is denoted by P(*?) and we have a = Y,. The parameter
b denotes the starting point Wj of the integrated Markov chain W = {W;};y, and is irrelevant for
the study of ¥, hence we mainly work under P(®0,

Since p(x,y) > O for all x,y € R, cf. (10) and (8), the Markov chain Y is -irreducible with
= Leb: this means (cf. [11, §4.2]) that for every measurable subset A C R with Leb(A) > 0 and
for every a € R there exists n € N, possibly depending on a and A, such that P(*0(Y, € A) > 0. In
our case we can take n = 1, hence the chain Y is also aperiodic.

Next we observe that fR v(x)w(x)dx < ||v||,||wl|l, < oo, because v,w € L%(R) by construction.
Therefore we can define the probability measure 7w on R by

n(dx) := %v(x) w(x)dx, where c :=J v(x)w(x)dx. (18)
R

The crucial observation is that 7 is an invariant probability for the transition kernel #(x,dy):
from (10) and (9) we have

J 2(dx) 2 (x,dy) f v(x)w(x) q k(x, y)v(y) :
XER XER

c X Av(x)
W(y)CV(y) dy

(19

= n(dy).

Being (-irreducible and admitting an invariant probability measure, the Markov chain Y = {Y;};cy,
is positive recurrent. For completeness, we point out that Y is also Harris recurrent, hence it is a
positive Harris chain, cf. [11, §10.1], as we prove in Appendix A (where we also show that Leb is
a maximal irreducibility measure for Y).

Next we observe that the right eigenfunction v is bounded and continuous: in fact, spelling out the
first relation in (9), we have

V(X) — %f e—Vz(y—x) e—V1(y) v(y)dy — %(e—Vz *(e—Vl V))(X) (20)
R

By construction v € L%(R) and by assumption (C1) e~"* € L2(R), hence (e™"1v) € L}(R). Since
e 2 € L®°(R) by assumption (C2), it follows by (20) that v, being the convolution of a function
in L*(R) with a function in L!(R), is bounded and continuous. In particular, inf|y|<p v(x) > 0 for
every M > 0, because v(x) > 0 for every x € R, as we have already remarked (and as it is clear
from (20)).

Next we prove a suitable drift condition on the kernel &. Consider the function
|X| evl(x)

U(X) = W, (21)
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and note that

1
(PU)(x) = f p(x, Y)U(y)dy = —f e 207 y|dy
R Av(x) Jg 22)
S e o +alxl
= 00 Le |z 4+ x|dz < )

where ¢, := fR |z]e™2®) dz < 00 and ¢, := fR e 2 dz < 00 by our assumption (C2). Then we fix
M € (0, 00) such that

Ix|eVt) x|+ . 14 |x]
(x) = (2U)(x) () o) S v or |x| >

This is possible because V;(x) — oo as |x| — 0o, by assumption (C1). Next we observe that

b := sup ((U)(x)—-U(x)) < o0,

|x|<M

as it follows from (21) and (22) recalling that v is bounded and inf‘x‘SM v(x) >0 forall M > 0.
Putting together these estimates, we have shown in particular that

14 |x|
v(x)

This relation is interesting because it allows to prove the following result.

(@U)x) - U(x) < — + b1 gy (). 23)

Proposition 6. There exists a constant C € (0, 00) such that for all n € N we have

1
E(0,0) IYn| S C , E(0,0) (_) S C . (24)
() W(T,)

Proof. In Appendix A we prove that Y = {Y;};cy, is a T-chain (see Chapter 6 in [11] for the
definition of T-chains). It follows by Theorem 6.0.1 in [11] that for irreducible T-chains every
compact set is petite (see §5.5.2 in [11] for the definition of petiteness). We can therefore apply
Theorem 14.0.1 in [11]: relation (23) shows that condition (iii) in that theorem is satisfied by the
function U. Since U(x) < oo for every x € R, this implies that for every starting point x, € R and
for every measurable function g : R — R with |g(x)| < (const.)(1 + |x|)/v(x) we have

lim EXo9 (g(v,)) = f g(z)m(dz) < 0. (25)
n—oo
R
The relations in (24) are obtained by taking x, = 0 and g(x) = |x]| or g(x) = 1/v(x). O

As a particular case of (25), we observe that for every measurable subset A € R and for every
Xy € R we have

n—oo

lim PXo0(y, € A) = n(A) = %f v(x)w(x)dx. (26)
A

This is actually a consequence of the classical ergodic theorem for aperiodic Harris recurrent
Markov chains, cf. Theorem 113.0.1 in [11].
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Remark 7. Although we do not use this fact explicitly, it is interesting to observe that the invariant
probability 7 is symmetric. To show this, we set ¥(x) := e~"1®)y(—x) and we note that by the first
relation in (9), with the change of variables y — —y, we can write

1 1
) = = | e Wk(—x,y)v()dy = 5 | e 1 k(—x,~y) " T(y)dy.
A’ R A R

However e~"10) k(—x, —y)e"10) = k(y, x), as it follows by (8) and the symmetry of V; (recall our
assumption (C1)). Therefore v satisfies the same functional equation v(x) = % f R v(y)k(y,x)dy

as the right eigenfunction w, cf. the second relation in (9). Since the right eigenfunction is
uniquely determined up to constant multiples, there must exist C > 0 such that w(x) = C v(x) for
all x € R. Recalling (18), we can then write

n(dx) = = e 1 y(x)v(—x)dx, Ti=—= 27

oyl —

from which the symmetry of 7 is evident. From the symmetry of 7t and (25) it follows in particular
that E©9(Y,) — 0 as n — oo, whence the integrated Markov chain W = {Wi}ien, is somewhat
close to a random walk with zero-mean increments.

We stress that the symmetry of 7 follows just by the symmetry of V;, with no need of an analogous
requirement on V,. Let us give a more intuitive explanation of this fact. When V; is symmetric,
one can easily check from (10) and (8) that the transition density p(x, y) (or equivalently k(x, y))
is invariant under the joint application of time reversal and space reflection: by this we mean that
foralln e N and xq,...,x, €R

p(x1’x2) B 'p(xn—l:xn) . p(xn’ xl) = P(_xm _xn—l) o 'p(_XZa _xl) : p(_xl) _xn) . (28)

Note that V, plays no role for the validity of (28). The point is that, whenever relation (28) holds,
the invariant measure of the kernel p(x,y) is symmetric. In fact, (28) implies that the function
h(x) := p(x,x)/p(—x,—Xx), where X € R is an arbitrary fixed point, satisfies

h(x)p(x,y) = h(y)p(=y,—x), Vx,y €R. (29)

It is then an immediate consequence of (29) that h(—x) = h(x) for all x € R and that the measure
h(x)dx is invariant. (For our model one computes easily h(x) = (const.)e™""™ y(x)v(—x), in
accordance with (27).)

2.3 Some bounds on the density

We close this section with some bounds on the behavior of the density @SIO’O)(X, y) at (x,y) =
(0,0).

Proposition 8. There exist positive constants C,, C, such that for all odd N € N

C

~ S en70,0) < G (30)
The restriction to odd values of N is just for technical convenience. We point out that neither of
the bounds in (30) is sharp, as the conjectured behavior (in analogy with the pure gradient case,

of [3])is wf\?’o)(o, 0) ~ (const.)N~1/2,
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Proof of Proposition 8. We start with the lower bound. By Proposition 5 and equation (3), we have

1 1 2N+1 2N 2N—1
(0,0) =Y iV -2, Va(A;
Pon+1(0,0) = 22N+1 ZooN = me 16 Zis V(90-Lim VAo | | de;,
R2N- i=1

where we recall that the boundary conditions are ¢_; = @g = poy = Yoy = 0. To get a lower
bound, we restrict the integration on the set

Y
lon — Pnsl < —} s

_ Y
C]%I = {(¢1a---,¢2N—1)€R2N Voo —enaal <3, 5

2

where y > 0 is the same as in assumption (C2). On C,, we have [Vy | <7y/2 and |[Apy| <7,
therefore V,(Awy) < M, := sup, <, Vo(x) < co. Also note that V;(Vyoy,1) = Vi(0) due to
the boundary conditions. By the symmetry of V; (recall assumption (C1)), setting Cf,(cpN) =
{(p1,- -, on-1) €RVT 1 oy — oy 1| < 7/2}, we can write

(pgl)\f(fl (0,0)

e~ (M, +V1(0)) 2N-1

> W J e*Zil Vl(wi)fZ?’:Bl Va(Aw;) e*fo,ﬂl Vl(wi)foi’NH Vy(Ay;) l_[ d‘Pl
C, =
e~ (M, +V1(0))

2
N-1
WJ dSON |:J e‘Zi'vzl VMWJ—ZS Va(Ay;) l_[ dSOl:|
R Cilen) i=1

For a given ¢y > 0, we restrict the integration over ¢y € [—cy, cy] and we apply Jensen’s inequal-
ity, getting

o~ (M, +V1(0))

2
N-1
(0,0) - L i(Ve)-2i, Va(ag)
0,0 Z d i=1 "1 i=0 d .
()02N+1( ) - 2CN |:AN f ¥N fN(wN !:1[ (pl:|
> e M) y(0)? | 1 f f V(‘PN ¥n-1)
T A2y VA AN e €2 (o) ov0)

_ 2
. o~ T (Te)-X Va(aw) 1_[ d%}

e~ (M1 (0) 4, (0)2

_ POO(Wy| < ey, Wy — Wy sl <7/2)]%, (3D
A-2cy ||v||§0 [ ]

where in the last equality we have used Proposition 4. Now we observe that

POO(Wy| <cy , [Tyl <7/2) = 1=-POO(Wy| > cy) — POO(vy| > v/2)
(32)

%

1
1 - — ECOQwy |1 - POO(|vy| > y/2).
Cn

By (26), as N — oo we have POO(|yy| > y/2) — n(R \ (—— —)) =:1— 37, with n > 0, therefore
POO(|yy| > y/2) <1 — 27 for N large enough. On the other hand, by Proposition 6 we have

N
ECO[wy[] < D ECO[|Y,[] < CN. (33)

n=1



544 Electronic Communications in Probability

If we choose ¢y := CN /7, from (31), (32) and (33) we obtain

e~ MV (0) ()2 5 1 (const.)

22¢ METNT TN

‘102(1)\}?1(0’ 0) =

which is the desired lower bound in (30).

The upper bound is easier. By assumptions (C1) and (C2) both V; and V, are bounded from below,
therefore we can replace V;(Vani1), Vi(Van), Vo(Ap,y) and Vo(Ag,y_1) by the constant
¢ :=inf,cx min{V;(x), V5(x)} € R getting the upper bound:

1 2N-1
0,0 s
Soéle(O, O) = WJ e ‘yf[ 1,2N+1](<P) l_[ dSOi
RZN*l i

i=1
o 2N-1
< e*if[—l,ZN—u(ﬁP) d(,D
= i-
A | |i=1|

Recalling Proposition 4 and Proposition 6, we obtain

0.0) e v(0) 0.0 d W d
@on41(0,0) < 2 (o ~oma) PP (Woy o € dpay—o, Woy—1 €dipay—1)
g2 V(¥Pan-1 — Pon—2

v(0) - 1 v(0)
— e ¥ E0O < e = L.
2z ¢ v(Yon_1) ) T A2 ¢ (const.),

which completes the proof of (30). O

3 A lower bound on the partition function

We are going to give an explicit lower bound on the partition function in terms of a suitable
renewal process. First of all, we rewrite equation (3) as

N-1
=k f e @ [ ] 5o(dy) [ [ den. (34)
k=0  Ac{1,.,N-1} meA neAs
|Al=k

where we set A° := {1,...,N — 1} \ A for convenience.

3.1 Arenewal process lower bound

We restrict the summation over A in (34) to the class of subsets B, consisting of 2k points
organized in k consecutive couples:

By = {{t;—Lt,.... . —L,} 0=ty <t;<...<tg<N-1land t; — t; , > 2 Vi}.
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Plainly, B, = 0 for k > (N — 1)/2. We then obtain from (34)

[(N=1)/2]
Zyz S Y j et [ 5o(don) [ [ den
k=0 AEB 4, meA neAs
[((N-1)/2] k+1
SO NI YR | ORI @
k=0 0=to<t;<..<tp<tp;=N+1 j=1
ti—ti_>2 Vi<k+1
where we have set forn € N
0 ifn=1
e 1-12(0,0,00) — ,—2V1(0)-2V,(0)) fn=2
K(n) := 36
( ) J e*f%[—l,n](w—l ~~~~ W")dwl v de—2 (36)
Rn—z if n 2 3

withw_; =0,wy=0,w,_; =0,w,, =0

We stress that a factorization of the form (35) is possible because the Hamiltonian 5¢_; y.17(¢)
consists of two- and three-body terms and we have restricted the sum over subsets in B,;, that
consist of consecutive couples of zeros. We also note that the condition t; —t;_; > 2 is immaterial,
because by definition K(1)=o.

We now give a probabilistic interpretation to the right hand side of (35) in terms of a renewal
process. To this purpose, for every € > 0 and for n € N we define

2
K.(1) :=0, K.(n) := %I?(n) e Het = g2 cp,go’o)(O, 0)e " ¥Yn>2.

where the second equality follows recalling (36), Proposition 4 and the definition (14) of the
density ¢,. The constant u, is chosen to make K, a probability on N:

[e¢]
1
dK(n) =1, thatis > @@9(0,0)e7" = = (37)
n=2 €

neN

It follows from Proposition 8 that 0 < u, < oo for every ¢ > 0. We can therefore define a
renewal process ({n,},>0,%,) on Ny with inter-arrival law K,(-). More explicitly, n, := 0 and
the increments {141 — N }x>0 are independent, identically distributed random variables with
marginal law &,(0,41 — nx = n) = K,(n). Coming back to (35), we can write

AN+L o(N+1)p, [((N-1)/2] k+1

N2 Z Z l_[Ke(tj_tj—l)

€ k=0 O=ty<t;<..<ty<tp;1=N+1 j=1
AN+L p(N+1)p, [((N-1)/2]
= 7 Z Po(M =ty M1 = tig)

€ k=0 O=to<t;<..<tp<tp;=N+1
AN+1 p(N+Dpse [((N-1)/2] AN+L p(N+Du,
=T =2 Z Ze(Mn =N+1) = — (N+1en), (38

k=0

where in the last equality we look at 1 = {n; };>( as a random subset of Ny, so that {N +1€n} =
U:ﬂ{nm =N + 1} (note that (1., =N +1)=0for k > [(N —1)/2]).

We have thus obtained a lower bound on the partition function %, y; of our model in terms of the
renewal mass function (or Green function) of the renewal process ({n,},>0}, Z.).
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3.2 Proof of Theorem 1
Recall the free energy from definition 4

gs,N

1
F(e)= lim —1
(6= Jim g 5

From now on, the limits N — oo will be implicitly taken along the odd numbers. Observe that by
Proposition 5 and both bounds in Proposition 8

lim ilogff = lim L ((N+ 1)log A + log go(o’o)(o O)) = log A
N—oo N 0N N—oo N N+1MV ’
Therefore for every € > 0 by (38) we obtain

&e,N

1N+1 ele (N+1)
lim —log |:—
N—oo

> limsupﬁlog 2 P(N+1e n)} — log A

o,N N—o00

1
> U + li?supﬁlog?}g(N +1len). (39)
—00

Since #.(n; =n) > 0 for all n € N with n > 2, the renewal process ({n;}r>0, @.) is aperiodic and
by the classical renewal theorem &, (N +1€n) — mi as N — oo, where

m, = ZnKS(n) = EZZnnp,go’o)(O,O)e_“*‘" < 0.

n=2 n=2

by Proposition 8. Therefore from (39) we get F(¢) > u,. As we already mentioned above, we
have u, > 0, hence F(g) > 0, for all ¢ > 0. This shows that our model exhibit a trivial phase
transition. O

Remark 9. We have just shown that F(e) > u,. Recalling the definition (37) of u,, it is clear that
the lower bound in (30) on (,0](\?’0) (0,0) yields a corresponding lower bound on u,, hence on F(¢).
Unfortunately, this lower bound is very poor: in fact, by standard Tauberian theorems, from (30)
we get u, > exp(—(const.)/e?), which vanishes as ¢ | 0 faster than any polynomial. On the other
hand, the conjectured correct behavior of the free energy, in analogy with the purely gradient case,
should be F(g) ~ (const.) 2.

One could hope to sharpen the lower bound on u, by improving the one on <p§v‘”°)(o, 0). This
is possible, but only to a certain extent: even the conjectured sharp lower bound 4,01(\?’0)(0, 0) >
(const.)/v/N (in analogy with the purely gradient case) would yield only u, > (const.)e*. This
discrepancy is a limitation of our lower bound technique: in order to have a genuine renewal
structure, the chain is forced to visit the defect line at couples of neighboring points, which are
rewarded ¢2 instead of ¢. If one could replace 1/¢2 by 1/¢ in (37), the lower bound go,(\;)’o)(o, 0)>
(const.)/vN would yield u, > (const.”) &2, as expected.

A Some recurrence properties

We have already remarked that Y = {Y;},cy, is Leb-irreducible, hence it is also 7-irreducible, see
(18), because 7 is absolutely continuous with respect to Leb. By Proposition 4.2.2 in [11], a max-
imal irreducibility measure for Y is ¢(dx) := ZZOZO #(m@”)(dx), where we set (12)(dx) :=
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fzeR n(dz)2(z,dx) for any kernel £ and we use the standard notation #°(z,dx) := §,(dx),
Pl = (werecall (10)) and forn > 1

P (z,dx) = f P (z,dy) @ (y,dx).
YER

Since the law 7t is invariant for the kernel &, see (19), we have n#" = = for all n > 0, therefore
the maximal irreducibility measure ¢} is nothing but 7 itself. Since a maximal irreducibility mea-
sure is only defined up to equivalent measures (in the sense of Radon-Nikodym), it follows that
Leb, which is equivalent to 7, is a maximal irreducibility measure.

(As a matter of fact, it is always true that if a p-irreducible Markov chain admits an invariant
measure 7T, then 7 is a maximal irreducibility measure, cf. Theorem 5.2 in [12].)

Next we prove that Y is a T-chain, as it is defined in Chapter 6 of [11]. To this purpose, we first
show that Y is a Feller chain, that is, for every bounded and continuous function f : R — R the
function (& f)(x) := f IR97’(x,dy) f(y) is bounded and continuous. We recall that the function v
is continuous, as we have shown in §2.2. We then write

1 )=V
(Zf)x) = f 2 (x,dy)f(y) = mj e IRy (y) f(y) dy
R R
_ 1 -V, -
= ) (e x (e v f))(x),

from which the continuity of 2 f follows, because e™"> € L®°(R) and (e™"1vf) € LY(R) and
we recall that the convolution of a function in L*(R) with a function in L*(R) is bounded and
continuous. Since Y is a Leb-irreducible Feller chain, it follows from Theorem 6.0.1 (iii) in [11]
that Y is a Leb-irreducible T-chain.

Finally, we observe that from the drift condition (23) it follows that Y is a Harris recurrent chain.
For this it suffices to apply Theorem 9.1.8 in [11], observing that the function U defined in (21)
is coercive, i.e. limj o U(x) = 400, hence it is “unbounded off petite sets” (cf. [11, §8.4.2])
because every compact set is petite for irreducible T-chains, by Theorem 6.0.1 (ii) in [11].
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