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Abstract

Let B be a standard Brownian motion and let b, be a piecewise linear continuous boundary
function. In this paper we obtain an exact asymptotic expansion of P{B(t) < b (t),Vt € [0,1]}
provided that the boundary function satisfies lim~_,o b, (t*) = —oo for some t* € (0, 1].

Introduction

Let B denote a standard Brownian motion, and let b : [0,1] — R be a deterministic bound-
ary function. Several authors have studied the boundary crossing probability P{3t € [0,1] :
B(t) > b(t)}. If the boundary function b is piecewise linear, then the boundary crossing prob-
ability can be calculated explicitly. When h is a straight line this probability is well known,
see for example Borodin and Salminen (1996), p. 197. Scheike (1992) obtained an integral
expression for trend functions consisting of two straight lines. Wang and Potzelberger (1997),
Novikov et al. (1999), Janssen and Kunz (2004) deal with the case of a general piecewise
linear boundary. Wang and Pétzelberger (1997) gave an integral expression for the boundary
crossing probability, while Janssen and Kunz (2004) have expanded this integral expression in
a sum of multivariate normal distribution functions. For other related results see the recent
articles of Benghin and Orsingher (1999), Potzelberger and Wang (2001) and Abundo (2002).

In an asymptotic context the boundary function b = b, may depend on 7. If lim,_, b, (t*) =
—o0, with t* € (0, 1], then the boundary crossing probability tends to 1. For this case, it is
interesting to find the speed of convergence to 1.

In various applications b is of the form u — vyh with h a trend function (or signal) and v a
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given deterministic function with u(0) > 0. If h is positive at some point t* € (0, 1], then
Y(yh,u,B) =1—P{3t € [0,1] : B(t) + vh(t) > u(t)} — 0, v — .

The speed of convergence to 0 of )(vh, u, B) is of particular interest when dealing for instance
with the asymptotic power of weighted Kolmogorov test (see e.g. Bischoff et al. (2004) for
results concerning Brownian bridge). A large deviation type result for ¥ (vh,u, By) with By
a Brownian bridge is derived in Bischoff et al. (2003a), whereas in Bischoff et al. (2003b) the
exact asymptotic behaviour is obtained for i, u both piecewise linear continuous functions.
In an unrelated paper Lifshits and Shi (2002) showed in Lemma 2.3 the following asymptotic
lower bound

1 L
lim inf v =2 log (P{ sup (B(t) +vh(t)) < m—b}) > = / (W (1)) dt, (1)
Yoo te[0,L] 2 0

with h piecewise linear such that h(0) = 0 and @ > 0,b > 0, L > 0 three constants. If b =0
the logarithmic asymptotic above follows by large deviation theory (see e.g. Varadhan (1984),
or Ledoux (1996)), we have

L
lim inf v~ 2 log (P{ sup (B(t) +vh(t)) < a}) = i / (¢'(1)? dt, 2)
Yoo tel0,L] 0
with g(t) = [y ¢'(s)ds,t € [0,1].
For a given function f : [0,00) — R with f(0) < 0 we denote throughout in the following by
f the smallest non-decreasing concave majorant of max(0, f) and by f" = (f)' the right-hand
derivative of f (if it exits).
In this article we obtain an exact asymptotic expansion for ¢ (h., u,, B) where h,, u, are two
piecewise linear continuous functions and the trend function h. becomes large as v — oo. It
turns out that the asymptotic is largely determined by iLA, the smallest non-decreasing concave
majorant of h,. In the special case that h, = vh is piecewise linear continuous with 2(0) < 0
and u,(t) = ay~b,Vt € [0, L],a > 0,b > 0 we have (see Example 1)

P{ sup (B(t) +~h(t)) < a’y*b}
te[0,L]

2

L
= (1+o0(1)cyy exp(é/o (B (t))? dt+a71bi~1’(0+)>, v — 00,

with ¢1, ¢a two positive constants. An immediate consequence of the above result and (2) is
L L _ t
inf / (g t)*dt = / (R'(t))*dt, with g(t) = / g(s)ds,t€[0,1].  (3)
g>max(0,h) Jg 0 0

Outline of the paper: In the next section we introduce several notation. In Section 3 we present
the main result, and give its proof in Section 4.

Preliminaries

Consider in the following the reproducing kernel Hilbert space which is naturally connected
with B(t),t € [0, 1] defined by

t
H, = {h absolute continuous, 30’ € L*([0,1]) : h(t) = / h'(s)ds, Vte€ |0, 1]}
0
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furnished with the inner product and the corresponding norm

1 1
< hi,hy >=/ Ry (s)hy(s)ds, Yhi,hg € Hy, |h|? :/ (h'(s))*ds, Vh e Hy.
0 0

We introduce next some notation needed in the sequel.

Throughout, let k¥ > 1 be a fixed integer and put to =0<t1 < - - <t =1,0; =t;41 —t;,1 <
k — 1 and denote by ¥ the covariance matrix of the random vector (B(t),...,B(t;))". Its
inverse matrix is given by

1 1 1
t1—to + ta—t1 T ta—t 0 o 0
1 1 1 1
Tt oti T H—ta LD
-1 _ 1 1 1 .
Z O _t3—t2 t3—t2 + t4_t3 : 0 ' (4)
__ 1
: ’ 1 tk:_ltk—l
0 T 0 T tp—tr—1 te—tk—1
Hence we have for any © = (z1,...,2x) ",y = (y1,...,y) € RF
(Yit1 — vi) :
'Yy = Z : (@i — x3),  with 2 = yo = 0. (5)

i—0 z+1_t

For any two vectors =,y € R¥ the relations > y and £ > y,x < y are understood
componentwise.

Let I be an index subset of {1,...,k} with |I| > 0 elements. The subvector z; = (z;);-; € RI!
of x consists of the components of  with indices in I and similarly, the square matrix > is
obtained by deleting the rows and the columns of ¥ with indices not in I. We write simply
x; ,Z instead of (x7) ", (X7)~?, respectively. Note in passing that both ¥, El_l exist since
3., X1 are positive definite matrices.

If L, M are two non-empty index sets, then LM is defined by

LM ={i:ieLi+1eM}.

In case that |L||M| =0 then LM is the empty set.

Denote in the following by g the vector (g(t1),...,g(tx))" with ¢ : R — R an arbitrary
function.

Any polygonal line g discussed below is continuous with minimal representation given in terms
of the nodes (to,9(to)), (t1,9(t1)),. .-, (tk, g(tx)) so that g(t*) > 0 for some t* € (0,1] and

g(0) < 0. Put next
K(g)={ic{l,....k}: g(ti) > g(t:)}

and let I(g) C {1,...,k} be the minimal index set such that the polygonal lines through
(ti, g(t:)),i = 0,.. k: and through (¢;,g(¢;)),s € I(g) U {0} are equal. Clearly, I(g) exists,
is unique and |I(g )| < k. Since we assume that g(t*) > 0 then we have |I(g)| > 1. For any
x € R* we get
219 1) I10) = i) Z1(5)I1(0)
If for some m € {0,1,...,k} the points ((tm, g(tm))s Em+1, 9(Em+1))s (Emt2, g(tms2))) lie in a
line, then
9(tm+1) — g(tm) _ 9(tmr2) = g(tmi1) _ 9(tmy2) — g(tm)

9

thrl - tm tm+2 - tm+1 tm+2 - tm
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hence by the definition of the index set I(g) and (5) we have for any = € R*
2N = @) T, 9r(g) (6)

and consequently for any polygonal line g € H; we get

1
52 = / (7()%ds = 37579 = 93y Z1 9o (7)

Main Result

We consider in the following a piecewise linear continuous boundary functions b, = uy, — h,
with nodes in (;,b,(t;)), ¢ < k with b,(0) > 0,7 > 0. As mentioned above 1 (h, u-, B) can be
calculated explicitly (see e.g. Janssen and Kunz (2004))

k—1

v, B) = [ [t -0] " [ ez e

i=0 <u,—h,
k—1
x TT[1 = exp(=206 (1) = 20 (b (tis1) = wis1) /(tis — 1) | da, (8)
=0

with g = 0. In order to deal with the asymptotic behaviour of the above probability we
suppose that

lim |h,| =00, lim LT h, (9)
~y—00 y—00 |h7|
Vi <k, im u,(t;) = wu(t;) €[0,00), (10)
’Y*?oo
Vi<k lim M =a; € [0,00), lim (hy(t;) — iL,y(u)) = ¢ €[-00,0] (11)

y—00 |h"y| ~y—00

are fulfilled. It is not easy to see, form the integral representation, the asymptotic behaviour of
Y(hy, uy, B) if |hy| becomes large and u., satisfies (9). In the main theorem below it is shown
that the first dominating term in the asymptotic is exp(—|h,|?/2). As noted in Lifshits and
Shi (2002) even obtaining that term (in a logarithmic asymptotic) cannot be done by applying
directly known results from large deviation theory. We present next the main result:

Theorem 1 Let by = uy — hy,y > 0 and h,u be given continuous polygonal lines such that
hy,h € Hi,h # 0 and h, # 0,b,(0) > 0 hold for any v > 0. Assume that by is linear in each
interval [t;,t;11],0 <i <k —1 and for any v >0

I(hy) =I(h) = I, K(h,)=K(h)=:K. (12)

If (9),(10),(11) hold and further

lim q;l [1 — exp (— 25,(0)

(e
y=00 ti \14+1(1 € I)|h,|

hy(t1) — hw(tl)))] = q(x1), Vo1 > 1 (13)
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is satisfied with g, > 0,q(x1) positive, then as y — oo
U(hy, uy, B)

= (14 o) O |0 T [1(ang > 0) +
el K

X (1(ai+1 =0,¢ip1 = —00)[hy(tit1) = ho(tig1)] + Laigr = 0,¢i1 > —OO))}

2
[Py |(tiv1 — ti)

2 -
X a; > 0 —_——— 1(ai =0,¢; = —OO)[h (tl> —h (tl>]
lgl[ |hw|(tz‘+1 =) ( ’ !
Lz o Ty—1
+1(a; = 0,¢; > —o0) )| exp (=3 s 2 + (uy) =7 A ) (14)
with J ={1,...,k} \ (I UK) and C a positive constant defined by
A 12
¢ = @0 [t -] [T 2/ -]
i=0 i€ITUTTUJT

x/ exp(—(@* —w) TS @ —u)/2 — & S5 hr)g(x)

< JI  =wia [ [1 — exp(—22;%is1/(tiss —ti))}

i€l TUIJUJT icJJ

X H |:1(ai+1 = O,Ci_;'_l = 700).%1' + l(ai+1 = O,Ci+1 > 700)1’1‘(177;4_1 — Ci+1)
i€l K

+1(a;41 > 0) [1 —exp(—2a;+12;/(tiv1 — tZ))H H [l(ai =0,¢; = —00)Tjt1
ieKI

+1(a; =0,¢; > —00)xiy1(x; — ¢;) + L(a; > 0) [1 — exp(—2a;x;41/(tiv1 — tl))H

< IL [ ew2e - e - e/ - )| do (15)
iEKKUJKUK J
wherew}:(O,...O) e R, xh ok = xjuk,c= (c1,...,c p) e <0i=1,....k a;=c; =

0,i¢ K, 1(-) is the boolean indicator function, and [[;c(sy =: 1, exp(—o0) =: 0.

Corollary 2 Let h € H; be a piecewise linear continuous function with nodes at (t;, h(t;)),0 <
i <k and h(0) =0. Then we have

A S . 2 1 -1 _ 172
;nzuﬁsc 2 :c—gzirgrelHl|g| —h' 2 lh= hI(h)Ez(h)hI(h) = |h|". (16)
Remarks: 1) If h, = yh with h(0) < 0,h € H; and h(t*) > 0,t* € (0,
with norm |h,| = v|h| — co as v — oo. Further I(h,) = I(h), K(h,)
v > 0 and

1], then h, = vh € H,
= K(h) holds for any

ai%f(ti)>0, ci=—oco, VieK(h), ai=c;=0, VidK(h).
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Condition (13) can be checked easily. For instance if 1 € I and lim,, . b,(0)/(7|h]) = ap > 0,
then we can take ¢y = 1, hence g(z1) =1 — exp(—2agt; *x1). If ap = 0 then we put gy =
2b.,(0)/(y]hlt1) which implies g(z1) = ;.

If further u, (t) = dyu(t),t € [0,1],5 > 0 with lim,_,o d, = d € [0, 00), then clearly (10) holds.
2) In the case h, = h, € Hy we have I(h,) = {1,...,k},|K(h,)| = 0,[J(hy)| > 0. If h, is
strictly concave then |J(h,)| = 0.

3) The assumption that the boundary function b, is continuous can be easily dropped using
the result of Janssen and Kunz (2004).

4) Exact asymptotic expansion for P{B(t) + h(t) < u,(t),t € [0, L]} with L € (0, oo] can be
shown along the same lines of the proof of the main result above.

5) The asymptotic behaviour of ¢ (h,u~, By) with hy, u, piecewise linear functions and By a
Brownian bridge can be derived by our main result using further a time transformation that
transforms a Brownian bridge to a Brownian motion.

Alternatively the Brownian bridge case can be shown directly using similar arguments as for
the Brownian motion. Note that the reproducing kernel Hilbert space connected to By is the
subspace of Hy with functions h € Hy : h(0) = h(1) = 0. See Bischoff et al. (2003b) for the
case hy = vh,u, = u,v > 0. Note further that the main term in the asymptotic will be
determined by the smallest concave majorant of h,. (In the Brownian motion case it is the
smallest non-decreasing concave majorant iL,Y)

Example 1. Consider h and u continuous functions being further linear on each interval
[ti,tix1],4 < k — 1 such that A(0) = 0 and w(0) > 0. We discuss briefly the asymptotic
behaviour of ¢ (yh,dyu, B) with d, positive such that lim,_ dy = d € [0, c0).

Let & be the smallest concave non-decreasing majorant of h. Clearly, h exists and h € H;.
The constants a;,¢; and the index sets I, K can be defined as in remark 1) above. Further
we can take g, = 2d,u(0)/(t1v/h|) and ¢(z1) = 21 for 1 € I. We consider for simplicity
only the case I, K are non-empty disjoint index sets such that I U K = {1,...,k}. Hence
|J| =|1J|=|JI| =|JK|=|KJ|=0. By the above theorem we get as v — oo

~ 2 ~
¢(hy,dyu, B) = (1+ o(1>)20dyt;1u<0><v|h\>—”'—2'”'—1exp(—%w +7dvu1TE?1h1),
with C' a positive constant (see below (17)). If the function w is constant in t, say u(t) =

1,Vt € [0,1] then

’UJTE_lil = u}FE;lh[ = iL(t1)/t1 = ]N“L/(O-i-) > O,
consequently
117 I|—2|IT LT 7
U(hy,dyu, B) = (14 0(1))2Cdt; " (y|h|)~H1=2 l—l(—7|h\2+7d7h'(o+)), v — .

It is interesting to note that if iz(tl) = 0, which means that & is zero in the segment [0,¢4],
and h is non-positive in [0,%1], then the second asymptotic term above vanishes.
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Next, we give an explicit formula for the constant C. In view of (15) we have

k—1

¢ = [en* -] | TL 2/ttis - 1]

i=0 iell
X / exp(—(w* —u)" Nzt —u)/2 - a:}rEjlhI)xl H TiTit1
xz>c iell
X H {1 —exp(—2a;117;/(tir1 — tz))} H {1 —exp(—2a;xit1/(tiy1 — tz))} dx

i€l K i€KIT

= (2m) M2z, m12 eXP(dQUITEI_IUI/Q){H 2/(tiv1 ti)l]/ exp(—a] ¥ hy)
x

iell 120;

xay [ [ wiwia [ {1 —exp(—2a;412i/(tig1 — ti))}

iell i€l K

X H {1 — exp(—2aixi+1/(ti+1 — tz)):| diL‘]
€K1

= (2m) 25|72 exp(—d?u] £ ur/2) [H 2/ (tip1 — ti)l]
iell

(o ] o0
X H / xf exp(—x;v;) da; H / x; exp(—x;v;) [1 — exp(—2a;+12;/(tiv1 — tl))} dx;
ieirr 0 etk 0
o0
X H / x; exp(—x;v;) {1 —exp(—2a;—12;/(tiy1 — tz))} dxz;
ickKI170
X H / exp(—w;v;) [1 —exp(—2a;_17;/(tig1 — tl)):|
icKIK Y0

X {1 —exp(—2a; 117/ (tiy1 — tz‘))} dz;

_ 2\II\+\IAII\+3\KIK|7\I\/2(,/T\I\|EI|)71/2 exp(—dzulTill_lul/Q) |:H (ti—l-l o ti)1:|

eIl
1 1 (tiv1 — t;)?
LT3/ (G-
; ;o (2a4 tiv1 —ti)vi)?
iellT Yi ielIK vi (Qais + (tiny Jvi)
[ H (i _ (ti1 —t)? )] [ H ai—10i11(@i—1 + @ig1 + (Lig1 — ti)vi)
Pttt vZ (2ai-1 + (i1 — t3)v;)? KK v (2451 + (tig1 — ti)vy)
1
X , 17
(2ai41 + (tix1 — ti)vi)(2ai—1 + 2ai41 + (tiv1 — ti)vi)] (17)

with v; = e;rZ;lh[ > 0,7 € I where e; is the ith unit vector in R, 0 = (0,...,0)T € R¥ and

IIr={i—1e{0}ul,iell}, IIK={i—1e{0}Ul,icIK},

KII={i-1eK,icll}, KIK={i—-1€cK,icIK}.
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Proofs

PROOF OF THEOREM 1. Assume for simplicity that I, J and K are non-empty index sets. By
the definition 7UJUK = {1,...,k} with J ={i € 1,...k: hy(t;) = h,(t;),i & I}. Define in
the following ; = |h,| if i € I and 7; = 1 otherwise and put @, = (x1/71,...,2%/7k) . Using
(6) and (7) we get for any x € R¥

(zy + E’y —uy) Sz, + ilv — Uy)
= (&) —uy) SN @y —uy) + [P+ 227 ST (R/ |G ) = 2(us) ] B Ry

By the definition of the index set I (vecall h(t;) = hy(t;),Vi € I) and the fact that h. is
concave non-decreasing we get ¥ ' (h,); > 0;. Furthermore (X7 'h,); # 0,Vi € I is satisfied,
hence Lemma A.1 of Bischoff et al. (2003b) implies

(zy + FL’Y —u,) S (2, + ilw — uy)
> |h"/|2 - 2(“7)?21_1"1 + 2$ITZI_1(h/‘h'y|)I + (T — u'y)}uK(EJUK)il(m — Uy) JUK-

By the assumptions we obtain further as v — oo

(2 + Ty = 1) TS @+ By =) = (1B P~ 2(u)] 57

— 2237 hr 4 (2 —w) T2 (2 — ) ,

with &} = 07, x%x = juk and for any ¢ > 1 (recall §; = t;41 — t;)

1- eXP(—%i_l (/7 + oy (83) = hoy(83)) (i1 /Y1 + oo (tigr) — hv(tz‘+1)))

2(0; |h 1) tawi, 1ell,
207y ) P ii ielJorieJl,
1 —exp(—26; Yeiwiv), 1€ JJ,
1 — exp(—2a;416; ‘@), i€IK, a1 >0

— (1+0(1) 2(1hy|85) " (hoy (ti1) — hoy(ti1)) s, Z:€ IK, a;11 =0,c41 = —00
(|h 16) " H(2iv1 — civr) i, 1 €IK, ajy1 =0,¢i401 > —0
1 —exp(—2a;0; Yriv1), i€ KI, a; >0
2(|7[6:) 71 (B (1) = Do (1)) i1, i€ KI, a;=0,¢; = —00
2(|hy)65) ™ (s — )ml, i€ KI, aj=0,¢; > —00
1 —exp( 20; 1 —¢i) (@it —ci+1)), 1e KKUJKUK.J.

Note in passing that the terms in the right-hand side above are non-negative for any x; >
CiyTit1 > Ci+1 and exp(—oo) =: 0. Further, g(z1) is either bounded by 1 or is linear in a3
and by the definition of the index set K we have cyyy = Oy and ¢ < 0,Vk € K. Write
for notation simplicity in the following Bw, h~ ; instead of il,y(ti), h~(t;), respectively. In light
of (8), changing variables * — —x, — iLW + u, and applying further Lebesgue’s Bounded
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Convergence Theorem we obtain

Y(hy, uy, B)
k—1

{(271‘)’“ H (51} 1/2/1 exp(—x 'Y 1z /2)

i=0 <u~—h,

lj {1 - eXp( by (t) — ) (Dy (tign) — xiﬂ))} dx

~1/2 3
_ [(W I az} Al [ ey )
i=0 x>h—h,
X |:1 — exp(—va(O)tl_l(xl/'yl + ];,7,1 — h771)):|

k-1
X H {1 - exp(—%fl(ﬂ?i/% + hyi = Py i) (@1 / Vi1 + hoigr — hv,i+1)):| dx

k=1 -1/2
= [ IT8] ol ep(<lis /2 + w75 ny)
=0
<[ exp( (0 = ) 5y — ) /2 ] 5 o)1
xz>h—

X |:1 — exp O)tfl(xl/’yl + ;L,y,l - hfy,l)):|
1 ~ ~
X H {1 - GXP(— 67 (@i /Yi + Py — i) (i1 [Yie1 + By i1 — hw,i+1))} dx
i1

- <1+o<1>>[<2w>klﬁai}m[ 11 z/(si]w—wwl—zlnlH[1<am>o>

=0 i€l TUIJUJI i€l K

+2(|BV|5Z’)_1(1(%+1 =0,¢i41 = —00)(hy,it1 — hyis1) + L(aig1 = 0, ci41 > —00))}

< I1 [ (a; > 0) + 2(|h|6;)~ ( (a i:0,ci:—oo)(fzw—h%i)—kl(ai:0,02->—oo))]qw
i€eKT

x exp(—|fiy2/2 + () [ S hr) /

x>c

exp(—(w* — u)TEfl(w* —u)/2 — w}rE;lh[)q(xl)
X H TiTit1 H [1 - eXP(—%ilxifEiH)} X H |:1(ai+1 =0,¢i41 = —00)x;
i€ ITUIJUJI icJJ ielK
+1(aiz1 = 0,¢i41 > —00) i (Tiy1 — cip1) + L(agp1 > 0) [1 - eXp(—2ai+15¢133i)H
X H |:1(a1 =0,¢ = —OO)ZL’iJrl + l(al =0,¢; > —OO)$i+1($i — Ci) + l(az > O)
i€KT

X [1 - EXP(—2ai5i1$i+1)H 11 {1 - GXP(—25Z1(% —¢i)(wiy1 — Ci+1))} d.

iIEKKUJKUKJ



216

Electronic Communications in Probability

Since El_lﬁj = El_lh] > 0; then J:ITEl_lhI > 0 holds for any x € (0,00)%. Hence it follows
easily that the last integral above is positive and finite, thus the proof is complete. 0

PrOOF OF COROLLARY 2. Following the proof of the above theorem it is easy to see that the
dominating term (as v — o0) of (vh,1, B) is the same as the leading term of the discrete
boundary crossing probability P{maxi<;<x(B(t;) + vh(t;)) < 1}. Large deviation theory
implies that the leading term of the latter is exp(— g Milg>p peRE x "X 1x), hence the proof
follows using further (3). 0

Acknowledgement: I am extremely thankful to the Referee and Professor Martin Barlow
for several corrections and suggestions and to both Professor Enzo Orsingher and Professor
Mario Abundo for kindly providing some relevant articles.
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