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Abstract

A closed formula for the mean of a maximum likelihood estimator associated with the Brownian
bridge is obtained; the exact relation with that of the Brownian motion is established.

Introduction

Let X;, t € T, be a Gaussian process, and p be a probability measure on 7. To avoid
measurability questions, we take T as finite. Denote X, = [ X; u(dt). Consider the following
maximum likelihood estimator

2
sup exp ()\Xu — %E |Xﬂ|2> , (1)
m

where the supremum is taken over all the probability measures on 7. This maximum likelihood
estimator (introduced in a slightly different way) has been studied extensively (c.f. [3]-[5]).
By taking the § measure at t € T, it is easy to see that (1) dominates

)\2
sup exp ()\Xt - —E |Xt|2) . (2)
teT 2

Thus, there is a close connection between (1) and the supremum of the Gaussian process.

However, because of the quadratic term ’\72E | X “|2 in (1), there seems to be no direct derivation
from one to the other. In particular, what is the mean

)\2
Wx (A) =: E sup exp ()\Xﬂ - ?E |Xu|2> (3)
m

for a given Gaussian process? (The use of the letter “W” will become clear later, once the
connection with the Wills functional is established.) By omitting the quadratic term, it is
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clear that (3) is bounded above by the moment generating function of sup,c X¢. Note that
the exact expression for the moment generating function is hard to obtain (in fact, it is known
only for six special Gaussian processes). Thus, (3) is an alternative quantity to study. We
believe that (3) contains rich information about a Gaussian process. For example, by studying
its upper bound, [6] obtained an exponential inequality, which is stronger than the well-known
deviation inequality for the supremum of a Gaussian process.

Motivated by this, we consider (3) for Brownian bridge on [0, 1]. We choose this process because
of the nice geometric structure, and more importantly, because the moment generating function
of the supremum is known. This allows one to study the connections between the two. It turns
out that for Brownian bridge, (3) is of very nice closed form.

Theorem 1 If M; and B; are the Brownian motion and the Brownian bridge on [0,1] respec-
tively, then

A2 5 1 — W41 A :
Wx(\) f.Estklbpexp (ABu7E|B“| > - 5;0 k! (@) W

and

War(A) =: E supexp <)\MM - —E|M, 2) =1+ 7/ Wg(t (5)
n

where the supremum is over all the probability measure on [0,1], and wy, = 7*/2 /T (k/2 + 1) is
the volume of the k-dimensional unit ball.
(5) should be compared with the relation between the moment generating functions M s (\)

and Mp(X) of the suprema of Brownian motion and Brownian bridge:

./\/lM( —1—|— / MB 2t

It is interesting that there is an extra factor 2 in Mpg.

Connecting to geometry

By approximation and continuity, we can assume 1 consist of n 4+ 1 elements. Equipped with
the distance dist(X;, X VE|Xe — X2, {X: 1t € T} can be viewed as a set in R™. Let
K be the convex hull of thls set. Then for any probability measure p on T, X, is a point in
K. It is then not hard to derive that

)\2
E sup exp ()‘Xu - 7E |Xu|2) = / exp(— dist®(z, A\K/V/27))dx
h R"

(See [6]). The right hand side is usually called the Wills functional of K, and can be expressed

) gvkuc) (%27) (6)

where Vi (K) is the k*® intrinsic volume of K. (See [1] or [7]). It is known that Vj(K) can be
evaluated by

Vi(K) =Y [Fs /(N (Fy, K)), (7)
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where |F}| is the Lebesgue measure of the k-dimensional face Fy of K, v(N(F, K)) is the
Gaussian measure of the solid angle of the normal cone N(F;, K) at F;, and the sum is over
all the k-dimensional faces of K.

Thus the evaluation of Wx (A) becomes a problem of computing solid angles.

Proof of the theorem

Because there is no formula available in general on the evaluation of higher dimensional solid
angles, from now on, we restrict ourselves to the Brownian bridge setting.
A Brownian bridge on [0, 1] is a Gaussian process Bi(w), 0 < ¢ < 1, with covariance E (B;B;) =
min(s,t) — st for s,t € [0,1]. For any 1 < T < 1, consider the following special discretization
of By, 0 <t < T. For positive integer n, let m be the largest integer such that m/n < T.
View {0, B(1/n),B(2/n),...,B(m/n)} as m + 1 points in R™, whose convex hull is an m-
dimensional simplex. Up to scaling by /n, this simplex has the vertices Py = (0,0,...,0),
and P, = (1,---,1,0,...,0) — %(1, 1,---,1), 1 <4 < m. One can view it as the simplex with

i
vertices Qo = (0,0,---), and @Q; = (1,---,1,0,...,0), 1 < 1 < m, having each vertex twisted

\w—/
3

and pulled back in the “diagonal” direction. Denote this simplex by K.
For 1 < k < m, let J = {ig,i1,%2,...,ix} be a set of integers, such that 0 < ip < i1 < s <
-+ < i <m. Let Fj be the k-dimensional face of K that contains P;, i € J, and |F;| be the
k-volume of Fj.

Lemma 1

|FJ| = %\/<1 — I ;’LO) (Zk _ik—l) X (ik—l —ik_g) X oo X (il —io). (8)

Proof. Let D be the volume of the parallelepiped body generated by the vectors P; P;, j € J,
j #ig. Then |F;| = D;/k!. Note Dy is just the square root of the determinant of the k x k

symmetric matrix Z; = (z4), where z4 is the inner product of P;, P;, and P;, P;,, 1 < s < k,
1 <t < k. A direct calculation gives zg = n=1(is —ig)[n — (it —ip)] for 0 < s <t < k. Denote

d; = i; — i9. Then

n=tdy(n —dp) nfldl(n—dg) nildl(n—dk_l) nildl(n—dk)

n~tdy(n — da) n~tda(n — da) <o n7lda(n —di_1) n~tda(n — dy)

n~ltdi(n—dy_1) nTlda(n—dp_1) - nTldgi(n—di_1) nTldp_i(n—d)

n=tdi(n — dy) n=lda(n — dy) o T (n - dy) n~tdg(n —dy)
Subtracting row k by ni:lf’“l multiple of row (k — 1), and expanding along row k, we obtain

n~ldi(n —di) n~ldi(n — d2) co nTldi(n —di_1)
n — dy n~ldi(n — ds) n~lda(n — da) co n7lda(n —di_1)
(d = di—1)————| ..
— 0g—-1
n~ldi(n —dp_1) nlda(n—dr—1) -+ nldeg_1(n—dp_1)

Continuing the procedure, we finally obtain
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det(Z;) = n_l(n —dg)(dx — dg—1) -+ - (d2 — dy)dy
n " n — (ip —io)](ix — ip_1)--- (i1 — io)-

Lemma 1 follows. O
In order to evaluate the &*® intrinsic volume of K, we need to compute the Gaussian measure
of the normal cone N(F;,K) at Fy. For 1 < j < m + 1, we denote e; the unit vector in
R™*1 whose j'' coordinate is 1. Let ug = e; — e;,41, and u; = ej11 —e; for 1 < j < m.
It can be checked that the extreme rays of the normal cone at Fy are u;, 0 <j <m, j ¢ J.
These vectors can be separated into k+ 1 groups: B; = {u; 1 i;_1 <1 <14;},j=1,2,...,k and
C={u; :1<igorl>ig}. The vectors from different groups are mutually orthogonal. Thus,
Y(N(Fy, K)) can be evaluated as

k
V(N(Ey, K)) = +(C) - ] 7(Bo). (9)

i=1
where v(C) means the Gaussian measure of the cone generated by the vectors in C.

Lemma 2 ) )

7( J) 15 —15—-1 ’Y( ) m72k+10
Proof. Add the vector x =: €i,_,+1 — €;; into B;. The expanded group contains (i; — ;_1)
vectors. Note that the sum of these vectors is 0. Thus any linear combination of these vectors
can be expressed as a convex combination of (i; —i;_1 — 1) vectors. In fact, for any linear

combination ax + Zij71<l<i3_ byuy, suppose a < by, ij_1 <! <1;. Then,

ax + Z bu, =a |x+ Z u | + Z (bl — a)ul = Z (bl — a)ul,

15 —1<I<ij 15 —1<l<ij 15 —1<l<ij 15 —1<l<ij

which is a convex combination of (¢; —¢;_1 —1) vectors. Because any (i; —i,;_1 —1) vectors from
this extended group are linearly independent, such convex combination expression is unique
(except on a lower dimensional subset).

Consider the (i; — i;_1) cones that are formed by (i; — i;_1 — 1) vectors from the extended
group. The argument above implies that these cones form a partition of an (i; —i,_1 — 1)-
dimensional space. By looking at the inner products of the vectors, we notice that all these
cones are reflections of one another. Therefore, they have the same measure. Hence each cone
has Gaussian measure 1/(i; —i;_1).

To compute y(C'), we notice that the inner product structure of the vectors in C' is the same
as the inner product structure of the vectors ui, us, ..., Wm—i,+i,- S0 they have the same
measure. The latter has measure 1/(m — ix + io) by the previous argument. m]

Lemma 3 The k'™ intrinsic volume of K,, is
1 n—(li+lo+- +1)
Vi(Ky) = —
k(Kn) k!zs:\/nxllxlgx-~-><lk

where S = {(l1,la, ..., lg) : i +lo+- -+l <ml; >1,1<i<k}.
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Proof: Applying Lemma 2 to (9), together with (8) and (7), we have

1 n— (ik - io) 1
Vi(K) = — - - - - - - - —.
k(K) ;k! n X (g — tk—1)(Gk—1 — tk—2) - - ({1 —%0) M —1i; + 1o
The lemma follows by changing variables: Iy = i — ip_1. O

Proof of Theorem 1: As n — oo, m/n — T. By applying Lemma 3, we obtain

1 1—
Vi(Kn/vn) — E/ \/ (ot ) dridzs - - - day,
'Jp

1T Tk

where D = {(z1, 22, ..., zx) 1 x; > 0;1 <14 < k; Zle x; < T}. By changing variables, we can
express the right hand side as

1 kwk

il
— 1— (23 + 2+ +a22)deyday - doy = ——Br(k/2,3/2),
k! Ja2tazqsaz<T \/ toe k k2

Wh41
2k! -

where O is the incomplete Beta function. In particular, if T' = 1, we have Vi (K, /y/n) —
Together with (6), this implies (4).
The proof of (5) follows from (4) and the result in [2], which states that the corresponding k!

e . . Wk
intrinsic volume for Brownian motion approaches R O
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