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GAUSSIAN BEAMS SUMMATION FOR THE WAVE EQUATION IN
A CONVEX DOMAIN*

SALMA BOUGACHAT, JEAN-LUC AKIAN# AND RADJESVARANE ALEXANDRES

Abstract. We consider the scalar wave equation in a bounded convex domain of R". The
boundary condition is of Dirichlet or Neumann type and the initial conditions have a compact
support in the considered domain. We construct a family of approximate high frequency solutions
by a Gaussian beams summation. We give a rigorous justification of the asymptotics in the sense of
an energy estimate and show that the error can be reduced to any arbitrary power of €, which is the
high frequency parameter.
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1. Introduction

In this paper, our aim is to provide asymptotic solutions, in a sense to be made
more precise later, to the following initial-boundary value problem (IBVP) for the
wave equation

Pu.=02u. — 0, - (c*(x)0pue) =0 in [0,T] x O,
e |t=0 =ul, Opuc|—o =v! in €, (1.1)
Bu.=01in [0,T] x 09,

where B is a Dirichlet or Neumann type boundary operator.

Above, T'>0 is fixed, and €2 is a bounded domain of R", with n=2 or n=3 for
important applications to acoustics or elastodynamics problems.

We assume the boundary 02 is C*° and the domain is convex for the bichar-
acteristic curves of P, see more precisely Assumption Bl below. Furthermore, the
coefficient c is assumed to be in C*°(Q), though this assumption may be substantially
relaxed.

Our initial data will depend on a small parameter € > 0, playing the role of a small
wavelength, and our main objective is to study the high frequency limit, corresponding
to € —0, i.e., the construction of high frequency solutions. Moreover, we shall assume
that ul, vl are

A1l. uniformly bounded respectively in H'(Q2) and L?(Q),
A2. uniformly supported in a fixed compact set K C (.

The search for such approximate solutions and related notions of parametrices
for the wave equation and similar equations has been an intensive area of research. A
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974 GAUSSIAN BEAMS SUMMATION IN A CONVEX DOMAIN

widely used technique to produce such high frequency solutions is given by geometric
optics, also called the WKB method [32]. This technique is well known in the Physics
literature [21]. Then, and in the full space case, approximate solutions are constructed
under the form

N
S clajeivle, (1.2)
=0

with a real phase function % and complex amplitudes functions a;. The presence of
a boundary may lead to further terms with reflected phases and amplitudes.

Typically, initial data should have the same form as in (1.2), but solutions for
more general initial conditions can be obtained by summing an infinite number of
WKB solutions. Mathematically, this technique relies on the well known theory of
Fourier Integral Operators (FIOs), see for instance [15], see also the earlier works of
Maslov and Fedoruk [32] and the recent lecture notes by Rauch and Markus [38]. In
general, the global construction of a FIO breaks down at some time, due to generic
existence of caustics, see [9].

The caustics problem is also linked to the local solvability of the eikonal equa-
tion for the phase, which is derived by substituting the WKB ansatz in the partial
differential equation. Indeed, the eikonal equation is solved using the method of char-
acteristics and the phase therefore cannot be defined near every point of the domain,
at the exception of some very particular cases.

To overcome this difficulty, one either uses a collection of local FIOs or, more
generally, constructs a global FIO. This is the way chosen by Chazarain to produce a
parametrix for the mixed problem of the wave equation in [6]. Though this method is
quite satisfying for the mathematical analysis of propagation of singularities, it does
not give approximate solutions directly. A computationally oriented alternative to
this elaborate mathematical method is the use of Gaussian beams summation.

Gaussian beams are high frequency asymptotic solutions to linear partial differ-
ential equations that are concentrated on a single ray. In the mathematical literature,
their first use dates back to the 1960s, see [2]. Since then, they have been useful
in a variety of problems in mathematical physics such as modelling seismic [14] or
electromagnetic [10] wave fields. They also have been used in pure mathematics, such
as propagation of singularities [16, 36] and semiclassical measures [35], see [17] and
[12] for other methods concerning these problems.

One advantage of this method over the WKB precedure is that an individual
Gaussian beam has no singularities at caustics. Note that Gaussian beams summation
is naturally linked to FIOs with complex phases [15] (see [4, 23, 24, 43] for recent
contributions).

In a bounded domain of general geometry, both of the WKB and the Gaussian
beams ansatzs are inadequate to produce asymptotic solutions. Other models are
needed to describe the diffraction phenomena or the gliding of rays along the boundary,
such as Fourier-Airy Integral Operators [33] or gliding beams [37]. However, in our
precise setting of a convex domain with compactly supported initial data, only the
reflection effects at the boundary must be considered.

Dirichlet or Neumann boundary conditions can be taken into account by combin-
ing a finite sum of successively reflected Gaussian beams [19, 30]. Using an infinite
sum of Gaussian beams, one can then match quite general initial conditions. This
summation can be achieved in different ways, see [5, 20, 22] and the more recent
[14, 18, 26, 28, 29, 34, 44]. In [28] and [44], superpositions of Gaussian beams are
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used to solve wave equations with initial data of WKB form. In fact, in Theorem
1.1 below, more general initial conditions are allowed through the use of their FBI
transforms, which is also naturally linked with the concept of a Gaussian beam.

The FBI or Fourier-Bros-Iagolnitzer transform (see [8, 31, 42]) is, for a given scale
g, the operator T.: L?(R") — L?(R?") defined by

To(a)(y,n) =cne & / a(w)e —w/e=w=w)?* /@) gy o =27 57— g e LA(R™).

(1.3)
Its adjoint is the operator

3n

THf)(@)=cac™ % | flymem /o=@ COgquan e L2(R™).  (1.4)

R27‘L

Like the Fourier Transform, the FBI transform is an isometry, satistfying 7.7, = Id.
Its main property is to decompose an L2 function over the family of functions
(ei"'(x*y)/e’(xfyf/(%))(ym)@@n. For instance, FBI transformation was the method
used in [39] to construct an approximate solution for the Schrédinger equation with
WKB initial conditions. The FBI transform is of course again connected with FIOs
with complex phases and an interesting result on their global L? boundedness was
recently proved in [43], regarding the Hermann Kluck propagator.

In this paper, our approach to find asymptotic solutions to the problem (1.1) is
to achieve a superposition of incident and reflected Gaussian beams weighted by the
FBI transforms of the initial data, satisfying both the condition at the boundary and
the initial conditions. Our main result is given by

THEOREM 1.1. Under Assumptions A1 and A2, suppose the FBI transforms of the
initial data are infinitely small on the complement of some ring

R,={neR",ro<|n|<re}, 0<r9<ro,

in the sense that
A3. HTE’UéHLZ(RnXR%) =0(e®) and ||T6v§||L2(Ran;) =0(e*), Vs>0.
Then for any integer R>2, there is an asymptotic solution to (1.1) of the form

u?(tax) = Z f]RZn alec (t’5573/7777R)eiwk(t7w’y77]7R)/Edyd777
k

where ake™x/¢ are Gaussian beams and the summation over k is finite.

ult is asymptotic to the exact solution of the IBVP (1.1) in the following sense:

Sup [[u(t,.) —uc(t, )| gy =0@E"7 ),
t€[0,T]
and Sup |0l (t,.) —Ou(t,)| 2 =07 ).
t€[0,T]

Let us note that construction of asymptotic solutions such as a summation of Gaussian
beams is certainly not new, but rigorous justification is the main point of our work,
together with precise estimates.

This paper is organized as follows. In section 2 we recall the construction of
Gaussian beams for a strictly hyperbolic differential operator as achieved in [36].
Then we study the case of the wave equation and construct the incident and reflected
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beams, and in a final step we construct approximate solutions for (1.1) by a Gaussian
beams summation. Justification of the asymptotics is given in section 3. Therein, we
introduce approximation operators acting from L?(R?") to L?(R") with a complex
phase and compute their norms. We apply these operators on FBI transforms of
initial data, and estimate the error of the constructed asymptotic solutions near the
boundary, thus taking into account the precise boundary condition, and in the interior
set. These estimates are combined with the errors in the initial conditions and yield
the justification of the asymptotics by means of energy type estimates.

We close this introduction by a short discussion on the notations. Throughout
this paper, we will use standard multiindex notations. The inner product of two
vectors a,b€R? will be denoted by a-b. The transpose of a matrix A will be noted
AT If E is a subset of R?, we denote 1 its characteristic function. For a smooth
function f€C>®(RZ,C), we will use the notation 9, f to denote its gradient vector
Oz, f)1<b<d, O2f to denote its Hessian matrix (0.,0..f)1<p.c<a and OLf, 7>2 to
denote the family (9, .0, f)1<b,,..b,<a- For a vector function F eC>®(R?,CP),
we denote its Jacobian matrix by DF with (DF); ;=0 F; and its second derivatives
by D?F with (D?F); 1= 0;0,F). For y.,2. €R,, we use the notation y. < z. if there
exists a constant ¢>0 independent of ¢ such that y. <cz.. We write y. &> or
Ye =0(e>) if Vs >0 there exists ¢; >0 s.t. y. <cse® for € small enough . Finally, the
word const denotes a positive constant (different each time it appears).

2. Construction of the asymptotic solutions

In this section we first introduce the notion of Gaussian beams for strictly hyper-
bolic differential operators, following the presentation of [36]. Then the construction
of incident and reflected Gaussian beams in the particular case of the wave equation
is explained. Finally, the approximate solution for the IBVP (1.1) is given in the last
section as an infinite sum of Gaussian beams.

2.1. Gaussian beams for stricly hyperbolic operators. This section
follows basically the presentation of [36].

Let P(t,z,0¢,0.) be a strictly hyperbolic differential operator of order mp and of
principal symbol p. That is, we suppose that the roots 7 of p(t,x,7,£) =0 are simple
and real for all (¢t,2) and £ #0. The symbol p is assumed to be real. A Gaussian beam
for P is a function of the form

N
wa(t,m)=ZEjaj(t,x)eW(t’x)/e,NEN, (2.1)
§=0

satisfying
Im>0s.t. ||Pwellpz =0(e™).

Note that the above expansion is similar to the usual WKB expansion, but it is
required here that:

(i) the beam w, is concentrated on some fixed ray (t(s),z(s)) associated to p.
Here s is the “time” parameter of this curve.

(ii) the phase 1 is a complex-valued function, but real-valued on the ray
(t(5),x(s))-

The exact definition of a ray (¢(s),z(s)) is as follows. First of all, we introduce
the so-called null bicharacteristics, which are the curves, solutions of the Hamiltonian
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equations

t(s)=0rp(t(s),2(s),7(5),6(5)), 7(s)=—0ep(t(s),2(s),7(5),&(5)), (2.2)

i(s)=0ep(t(s),(s),7(s),£(s)), &(s)=—0up(t(s),x(s),7(s),£(s)), '
with initial conditions satisfying p(¢(0),2(0),7(0),£(0)) =0. Note that it follows that
p(t(s),x(s),7(s),&(s)) =0, for all s. Then by definition, the projection on RZF of
such a curve (t(s),z(s),7(s),£(s)), that is (¢(s),x(s)), is called a ray. We suppose
the conditions for local existence, uniqueness, and smoothness with respect to initial
conditions of solutions to the Hamiltonian system (2.2) to be fulfilled; see [13].

The construction of a Gaussian beam w, is achieved by making Pw,. vanish to a

certain order on a fixed and given ray (¢(s),z(s)). For this purpose, applying P to
the form (2.1) of a Gaussian beam, we obtain a similar form

Nimp . .
Pw, = Z sj_m”cje"wa, (2.3)
7=0

where

Co :p(t7xa8t¢,8x1/))a07
Cj:Laj—l +p(t;$’at¢’8z¢)aj+gja121 (24)

Above, a; =0 for j >N, g1 =0, and g; is a function of 9,ao,...,a;_2 for j>2. Fur-
thermore, L is a linear differential operator with coeflicients depending on . Using
p’, the symbol of the terms of order mp —1 of P, L can be written in an explicit way
as

1 1
L= Ear,ﬁp(twra 3t1/1,3a:¢) . 8t,w + ZTT(aE,gp(t$35t¢78z¢)8t2,z¢) +p/(f,$7at¢aam1/})-
(2.5)
For the construction of a Gaussian beam adapted to P, the first step, and by far
the most important one, is to build a phase ¥ satisfying the eikonal equation
p(t,x,0p)(t,x), 0, (t,2)) =0 on (t,2) = (t(s),z(s)) up to order R only, (2.6)
with R > 2, which means

O [p(t, 2,00 (t, ), 0.9 (t,2))]| (1(s),2(s)) =0 for |a] < R.

Compare this with the usual eikonal equation p(t,z,0:(t,x),0,4(t,2)) =0 required
by the WKB method in full space.
Order 0 of the eikonal equation (2.6)

p(t(s),z(s),000(t(s),2(s)),0u1p(t(s),2(s))) =0,
is fulfilled by setting
(010, 000) | (1(5),0(5)) = (T(5),£(5)). (P.a)
This constraint ensures that -Lt(t(s),z(s)) is real, which leads by choosing

¥ (t(0),2(0)) a real quantity,
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to the required property
Y(t(s),x(s)) is real. (P.b)

Replacing Or ¢p|((s),z(s),7(s),¢(s)) DY (t(s),&(s)) yields in the differentiation of (2.6) to

the compatibility condition
i(s) Op 7(s)
07 2 (t(s),0(5)) < : ) =— ( = . . (2.7)
'z ' (s 0, s
(s) P 7| 45 0(5) m():6(5)) £(s)

It also gives for every function f€C*>(R; xRZ,C),

d
Orepl(t(5) 0(9).7(5).8()* Ora o)) = o Flev().ao0)- (2.8)

Using this relation on 07,1, |a| =2, we may write order 2 of the eikonal equation
(2.6) as

d
£3t2,m¢\(t(s),x(s)) + Hi2(5)" 07 2l (t(s),0(5)) + 07 2 t(5),0(5)) H12(8)
+ 07 215 ,w(5)) H22(8) 07 o] 1(5) () + H11(5) =0,

where  Hy1(s) =07 ,pl((s),2(s)7(s)6(s))s  (H12)be(8) = (0r,6)6(D,2) Dl (1(5),(5) 7 (5).6(5))
and Haa(s) :azip\(t(s)@(s)ﬁ(sm(s)). One can substitute for 0;0.v|w(s),z(s)) and
97| (1(s),2(s)) from the compatibility condition (2.7), since i(s)#0 by the strict hy-
perbolicity of P. The previous Riccati equation then yields a similar Riccati equation
on 8%1#\(15(5)@(5)). Although non-linear, this equation has a unique global symmetric
solution which satisfies the fundamental property

Im@iw\(t(s),x(s)) is positive definite, (P.c)

given an initial symmetric matrix 8%1/}|(t(0)7x(0)) with a positive definite imaginary part
(see the proof of Lemma 2.56 p.101 in [19]).

Higher order derivatives of the phase on the ray are determined recursively. For
3 <r <R, order r of the eikonal equation (2.6) combined with the relation (2.8) leads to
linear inhomogeneous ordinary differential equations (ODEs) on 051 (¢(s),z(s))- They
have a unique solution for a fixed initial condition 03%|w(0),2(0))-

The second step of the construction is to make ¢;, for 1<j <N +1, vanish on the
ray up to the order R—2j. The choice of the order R—2j is related to the quadratic
imaginary part in the phase and the study of estimates in Sobolev spaces. This will
appear clearly in the justification of the approximation in Lemma 2.2. In any case,
the equations on the amplitudes ¢; =0 can be solved on the ray at most up to the
order R—2, due to the term 07,4 in the operator L (2.5).

Taking into account the eikonal equation (2.6), one gets the following evolution
equations on aj, 0<j <N

1 1
2 r,&p(t7$a8t¢7axw)'at,xaj‘F ZTT(872'7§p(tam7atw7ax¢)at2x¢)

+p/(ta$78t¢’3x¢) Q; +gj+1 =0

on (t,z)=(t(s),x(s)) up to order R—2j—2. (2.9)
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This equation uniquely determines the Taylor series of a; on (t(s),z(s)) up to the
order R—2j—2, given the values of their spatial derivatives at (¢(0),z(0)) up to the
same order.

REMARK 2.1. The number N of amplitudes in the ansatz (2.1) and the order R
up to which the eikonal equation (2.6) is solved are not independent. Indeed, the
computations of the amplitudes’ derivatives require

R—-2N-22>0.

Another condition ([36, p.219]) is assumed to ensure that the remainder terms c;,
N+2<j<N+mp, contribute with the right power of £ (see [45] for an alternative
justification)

R—2N —3<0. (2.10)

An essential point for the use of Gaussian beams is the smoothness of the phase and
the amplitudes with respect to (w.r.t.) (¢(0),x(0)). To this aim, the needed initial
values of the derivatives of the phase 0,9 (:(0),2(0)), 2<7 < R, and of the amplitudes
05a4(¢(0),2(0)), 0<r<R—2j—2, are chosen to be smooth w.r.t. (#(0),2(0)). The
phase and the amplitudes are then prescribed to be equal to their Taylor developments
(truncated up to fixed orders) on the ray.

The final step of the construction is to multiply the amplitudes by a cutoff equal
to 1 near the ray.

2.2. Incident and reflected beams for the wave equation. The preceding
results will now be applied and detailed for the particular case of the wave equation
and the construction of reflected beams. The computations rely on the results of [30]
and [36].

We extend ¢ in a smooth way outside Q. Let p(x,7,£) =c*(x)|¢|> —72 be the
principal symbol of the wave operator P =097 — 9, - (c?0,). Then 7(s)=7(0) from the
Hamiltonian equations (2.2). Writing

P=—D+P—, with p+(x,7',§) :C(LL‘)K‘ +7 and p*(xa'rvg) = —C(.’L‘)‘ﬂ +Ta

shows that null bicharacteristics s— (¢(s),x(s),7(0),£(s)) for p s.t. 7(0)#0 are either
null bicharacteristics for py if 7(0) <0 or for p_ if 7(0) >0, by using the parametriza-
tion s’ =—27s.

Denote hy(z,€)=c(z)[¢] and let (z§(y,n).&6(y.n)) (or simply (z§,£5)) be the
Hamiltonian flow for hy starting from the point (y,n), that is

dl’t é-t dgt
b gty wbye) —clo) L, B0, (o, 6) ~ ~duclab I,

t €61 t (2.11)
zhli—o =1y, &li=o=n,m#0.

Then the null bicharacteristic curve (¢(s),z(s),7(s),£(s)) for p starting at s=0 from
(0,9, Fc(y)|nl,n) is exactly (t,23"(y,n),Fc(y)|nl,&5 (y,n)), the null bicharacteristic
curve for p4.

As in [41], one can prove that the Hamiltonian system (2.11) associated to hy
has a unique solution global in time (by Cauchy-Lipschitz theorem), which depends
smoothly on (¢,y,17) eRxR"™ x R™\{0}.



980 GAUSSIAN BEAMS SUMMATION IN A CONVEX DOMAIN

The remainder of this section is organized as follows. In section 2.2.1, we explain
the construction of incident and reflected beams associated to p,, then section 2.2.2
is a simple repetition for p_, and finally in section 2.2.3 we give error estimates for
the individual beams gathered in (2.18).

2.2.1. Construction of beams associated to p..  For the ray (¢,z{(y,n))
associated with p,, denote w?(t,z,y,7) to be a Gaussian beam concentrated on that
ray, and ¥ (t,z,y,n) and a?(hmy,n) to be its associated phase and amplitudes. If
no confusion is possible, symbols y,n and even t,z,y,n in the notations above will be
dropped.

The phase 1 is determined by solving the eikonal equation (2.6) on the ray (¢,zf)
together with the conditions

aﬂ/’o(taxf)):*h+(3567§(t))751¢0(t7$6):f(t)a (P()'a)
and the choice of

1¥0(0,y) a real function,
02100(0,) a symmetric matrix with a positive definite imaginary part,
Or0(0,y),3 <r <R, permutable families.

In particular v satisfies the important properties
Yo(t,zh) is real, (Po.b)
and
Im 2o (t,x8) is positive definite. (Po.c)
The phase 1) is assumed to be equal to its Taylor series up to the order R on z=x},
Yolt,) = IER;<xx3>“aswo<t,xa>. (212

The amplitudes of w?(¢,z) are also determined by the requirement that the c;,
1<j<N+1in (2.4) are null up to orders R—2j on the ray (¢,zf), given their initial
spatial derivatives on the ray 8;a? (0,y), 7=0,...,R—2j—2. We choose them as

1 .
a?(t,x):)(d(x—x(t)) Z a(m—xé)“@ﬁa?(t@é),j:O7...,N, (2.13)
la|<R—2j—2
where d >0 and x4 is a cut-off of C5°(R",[0,1]) satisfying
xa(x)=1if || <d/2 and yq(z) =0 if |z| >d.

Throughout the paper, the parameter d will be adjusted to obtain requested estimates.
This construction leads to a beam w?(t,z,y,n) called an incident beam for p,,
satisfying

sup Hng(t,.)HLz(Q) =0(e™) for some m >0.
t€[0,T)

Let T*Q=T*Q\{n=0}. To study the reflection on the boundary, we make the
following assumptions.
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B1. The domain 2 is convex for the bicharacteristic curves of P, that is for every
o
(y,m) €T*Q, xf(y,n) cuts the boundary at only two times of opposite signs
and transversally.
o
B2. For every (y,n) €T*Q, x{(y,n) does not remain in a compact of R” when ¢
varies in R.

B3. The boundary has no dead-end trajectories, that is infinite number of succes-
sive reflections cannot occur in a finite time.

For (y,n) € T*Q, let T1(y,n) be the instant (that is the exit time) s.t.

JIC0T1 (y.m) (y,n) €0 and Ty (y,n) >0.

o o
Note that 7*Q is an open set, and thanks to B1, the function (y,n) € T*Q—T1(y,n)
is well-defined and C*°, as follows from the implicit function theorem. The reflection
involution associated to the considered symbol p is the map

R ZT*RnL‘)Q—) T*Rn‘ag
(X,2) — (X,(Id—2v(X)v(X)T)Z).
Above v denotes the exterior normal field to Q. Let ¢f = (z},&}) denote the incident

Hamiltonian flow solution of (2.11). We define the first reflected flow ¢! by the
condition

Pt =Rop",

that is the Hamiltonian flow for h having at ¢t =T}, position xgl, the direction being
given by the reflected vector of fg .

Then the broken flow is defined recursively after a finite number of successive
reflections as follows (see figure 2.1): for k>1, Ty and ¢} = (2},£}) are determined
by:

Ti(y,n) is the instant s.t. xf’j(f”")(y,n) €9 and Ty (y,m) >Tr-1(y,n),
@f’“ =Rop,* .

The convexity of the boundary B1 implies the non-grazing hypothesis

Y(y,m) €T*Q and k> 1,259 (y n) - v(a Y™ (y,m)) >0,

where &}, denotes %xfc_l. Assumption B3 leads to

V(y.m) € TR, Ti(y,m) | — oo (2.14)

It ensures that for a fixed point (y,n) in T’C‘)Q, there is a finite number g4 (y,n) of
reflections in [0,77].

Following the method of Ralston in [36, p.220], we shall construct reflected beams
wl,...,wd" which satisfy the boundary estimate

3m' >0 and 5> 0 s.t. | B(wd 4 +w)|| (o 1 x00) = OE™),
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FiG. 2.1. successive reflections.

together with the interior estimates

sup [|Pwk(t,.)l| 2 (@) =0(™), 1<k <qy.
t€[0,T]

For each 1<k <gqy, the reflected beam wk will be written as
U)"I; :eid)k/a(ag +"'+5Na§:\]).

To ensure the interior estimates, each phase ¥, and the amplitudes a? (0<j<N)
must satisfy equations (2.6) and (2.9) on the reflected ray (¢,z%).

As the beams vanish away from their associated rays, the contribution to the
boundary norm of wg + -4 wd* occurs when t is close to some T}, and then from the
beams w*~! and wF. The construction of the reflected beams is completed recursively.

Assume that the beam w*~! has been constructed and that its associated phase
satisfies

Ahre—1(t, ), y) = —hy (2], 1,6 1), Qo1 (t, 25 _1) = &1, (Pr-1.2)
VYr_1(t,xh_,) is real, (Pi—1.b)
Im &4y, 1 (¢, 2k _,) is positive definite. (Pg—1.c)

One may write on the boundary 02
B(wk ' ywl)=(e7medb )l 4o g Nk e er/e
+(emmedr N dh ) et Vr/E,
mp being the order of B (mp =0 for Dirichlet and mp =1 for Neumann).

In order to satisfy the boundary estimate, the first step is to impose on 9 to
have the same time and tangential derivatives as i;_1 at (Tk,xf’i 1), up to the order
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R. More precisely, let us introduce boundary coordinates near ;* , =x,* as follows.

We partition 02 with a finite number of small open subsets Uy, ..., Uy, s.t. there exist
C°° parametrizations

o N —R",1=1,...,L,

where N are open subsets of R, o;(N;)=U;, and o; is a diffeomorphism from N
to U;. Suppose that :cg’“_l belongs to U, and denote :cg’“_l =0y,(2;). For x € R™ close

to xg‘; 1, We may write
x=01,(0) +v,v(0y,(0)),
with 9 € M}, and v, €R. If we use the notation
7f(t,0,00) = f(t,2),
then we impose
0157k (T, 2k,0) = 07 " —1 (T, 21,0), [a| < R. (2.15)

Order 0 of (2.15) gives a real value for 9y (T), ¢ ,). Order 1 of this same constraint
and order 0 of the eikonal equation (2.6) on 1, are both satisfied by setting

Onpr(t,y,) = —hoy (2}, €4), Outi (b)) = &5 (Py.a)
It follows that
VYr(t,zh) is real. (Py.b)

Due to the non-grazing hypothesis, (2.15) and the compatibility condition result-
ing from order 1 of the eikonal equation (2.6) provide 9%y, (Tk,xg’“_ 1). To solve the
Riccati equation on 929y (t,zt) with its given value at =T}, we need to study the
imaginary part of 337,[1k(Tk,:E£’11). For k' =k—1,k, one has

D105 s (t,0,0) = Doy, (0)T 0,0 thpr (8,28,
and

C{)% ka/ (t,th) = .D2O'l0 (f)) (8x1/)k/ (t,l’}i/))
+ Dalo (@)Taiwk' (t’xgc’)DUlo (’ﬁ)

Differentiating (Py_1.a) and (Py.a) yields

Im 00, tbp: (t,2h,) = —Tm o2y (t,2L,) aL,
and

Im a7y (t,a ) = j, - Ty (2, ) &, -
Denote

My =87 5 "¥r—1(Tk, 2,0) =07 s b (T, 2, 0). (2.16)
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One therefore has
T . N
Im My = (—il¥, Doy, (2)) ImdZhp (Ty,apt ) (—ilF, Doy, (1)) -

The non-grazing hypothesis ensures that the matrices (—;i:f,", Doy, (2k)) are non sin-
gular. Since Imagwk,l(Tk,xg’il) is positive definite by (Py_1.c), it follows that the
same property holds true for Im M} and consequently for Im@%qbk(Tk,xg’j 1)- Hence,

the matrix 924 (t,z}) solution of a Riccati equation with its given value at ¢t =Ty
satisfies

Im&24y(t,2L) is positive definite. (Py.c)

Higher order derivatives of the reflected phase on the associated ray are deter-
mined recursively. For 3<r <R, 97y (t,z}) satisfies linear ODEs with a given value
at t:Tk.

The second step is to prescribe that d’:nlB +j+d’i mp+j vanish up to the order
R—2j-2 at (Tk,zf’“_ 1). These requirements provide the derivatives of a;? up to the
order R—2j—2 at (Tj, 2" ). Hence, for 0<r<R—2j—2, drak(t,z}) satisfy linear
systems of ODEs with initial conditions given at ¢t =Tj.

It follows from this construction that the choice of the (truncated up to fixed
orders) Taylor series of the phase and the amplitudes of the incident beam on the
starting point of the ray recursively determines the (truncated up to fixed orders)
Taylor series of successively reflected beams’ phases and amplitudes.

Finally, the amplitudes af are multiplied by a cutoff equal to 1 near zj. The
reflected phases and amplitudes have the same forms as the incident ones

()= 3 (o) Ot al),

t

lo|<R
and
1
aj(ta)=xalr—a) Y —(a—al)*0taf(tal),j=1...N.
lo|]<R—-2j-2
2.2.2. Construction of beams associated to p_.  For the symbol p_, the

same construction applies for the associated incident and reflected beams.

An incident beam for p_ is a beam concentrated on the ray (t,xgt), so it is
N+2 .
simply w(—t,z). In fact, denoting Pw?= Y e1=2c0¢’¥/¢  one can notice that
3=0
Plw?(—t,z)] = [Pwl](—t,z) and the amplitudes ¢}(—t,z) vanish on z=z5" up to the
required orders.

o
Reflected beams for p_ are obtained by reflecting ¢f, backwards. For (y,n) € T*Q,

let T_1(y,n) <0 be the instant s.t. xOT’l(y’n)(y,n) strikes the boundary 0. Denote
©' | to be the Hamiltonian flow for h, determined by the condition (see figure 2.1)

1

T_ T
p_ 1 =Ropy™".
For k> 1, one can recursively define the instants of reflections T_j and the Hamil-

tonians flows ¢! , for hy as follows:

T_k(y,n) is the instant s.t. xi}e'f‘_(f’n)(y,n) €00 and T_(y,n) < T—g+1(y,m),

T i _ T i
¢} =Rop 1.,
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Assumption B3 implies that Tk (y,n) — —oo when k goes to —oo, and thus ensures
a finite number g_(y,n) of reflections in [—T',0].

Then we build Gaussian beams w_ k for p_ after 1 <k <q_ backwards reflections,
by imposing [|B(w?+--+w: ") || g=(j—1,0)x00) =0(e™) for some m’ >0 and 5> 0.
We write these beams as

w_k :ew*"/e(aak—i—---—i—sNaEk).

In particular, for 1 <k <q_, the phase ©_j satisfies the following properties:

6t¢—k(taxt—k) =—hy (xt—kagt—k)v arw—k(tvzt—k) :gt—lw (P—k"a)
Y_p(t,zt ) is real, (P_g.b)
Im&2e)_y(t,x' ;) is positive definite. (P_k.c)

Noting that (¢,z" ), k=1,...,q_, are successively reflected rays for p_, the reflected
beam of p_ after k reflections is simply w_*(—t,).
2.2.3. Error estimates for individual Gaussian beams.  We fix (y,n) €

T*Q and choose d sufficiently small s.t. for k=0,...,q+, t€[0,7] and |z —2Tt| <d,
Imepg(£t,x) Zconst(a:fxi}i)z. (2.17)

One can see that this choice is always possible by the properties (Py.a)—(Pj.b)—(Pg.c)
of each phase ¥y, —q_ <k <qy.
For t€[0,7] and x € R™, let

wt(t,x)= qii wk(t,x) and w (t,2)= Y wk(—t,z). (2.18)
k=0 k=0

Then we have the following estimates on these constructed beams

LEMMA 2.2.
1o lem 5w () | m o) S1 and [le™ i T OwE (t,.) || 2(0) S 1 uniformly w.r.t. t€
[0,T],
2. ||P (e~ it w?) (t, ) 2@ 56% uniformly w.r.t. t€[0,T],

_n . Rt1
3. ||B (e wE) | (o, rxo0) SeT™ETT 2, s> 0.

The proof of this Lemma and other results rely on this standard estimate for pe N
|x|pe_””2/5dxgage_mQ/(2€),VxGR". (2.19)

For more details, we refer the interested reader to [36] or [30].

+

2.3. Gaussian beams summation. The constructed functions 5_%“@8

are approximate solutions for the IBVP of the wave equation with initial data

N q+

—o41, + _ 7ﬁ+1§ j 0 % —o/e 7ﬁ+1§ +k

€ 4 w, |t:0*€ 4 Ejaj|t:06 Wolt=o/ +e 1 Wg |t:05
j=0 k=1

and

N+1 qx
O (e 5 wF) [imo =+ 4 E Ejffew‘)‘t:"/gif_jﬂ E Aw" 1=,
o P
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where the f} are related to the phase and amplitudes of w?. One can show that
the Assumptions B1-B2 imply that 20 ¢ Q for k0. The exponential decrease of the
phases away from their associated rays leads to

[wE|e=oll () S and [|Osw? |i—o]| 12 (0) S™, k #0.

Modulo infinitely small remainders, the initial conditions of e~ % T!lw¥ are then

N N+1
5*%4*1 Zgja%tzoel’ébo\t:o/E’ :l:é‘i% Z &l f](?ezwg|t:0/6
§=0 §=0
We wish to consider the IBVP (1.1) with general initial conditions (ul,v!) in
HY(Q)x L*(Q). Note that tolt—o has properties similar to ¢y, where

cne™ T ei?0(®:9:m)/e denotes the kernel of T7; see formula (1.4) in the introduction. The

o
first step is to build, for a fixed point (y,n) € T*Q, asymptotic solutions with initial

conditions close to (e~ Tlei®0(-wm/e 0) and (0,6~ % oGum/e) in HY(Q) x L2(Q).

Then one expects to fulfill more general initial data (ul,v!) by decomposing ul on

the family (¢~ +1ei%0/¢) o and v! on the family (¢~ % e?%0/¢) o, indexed
(ym)eT*Q (y,mET*Q
by (y,m)-

Let us recover the notation of the beams referring to the starting points of the

incident flow. We fix (y,n) € T* and consider the incident beam w?(¢,x,y,n) associ-
ated to the ray (t,z}(y,n)) and the reflected beams w*(¢,x,y,1), k=1,...,q+. Taylor
formulae (2.12) yields at t=0

1
Vo(0,z,ym)= D — (=)0 vo(0,5,,7)-
laj<Rr

If one chooses the following initial spatial derivatives on the ray for the incident beam’s
phase

Yo(0,9,5,m) =0,02¢0(0,y,y,1m) =ild and 95 (0,y,y,m) =0,3<|a| <R,
then (Pp.a) implies
Yo (0,2,y,n) =n-(x—y)+i(z—y)?/2=do(z,y,n). (2.20)

We assume henceforth that the incident beam’s phase satisfies (2.20). Consider an
approximate solution

1 =
3¢ Tl ).
Its initial data is
N
57%“25%%:06”0/5,0
=0

with a remainder of order £ in H'(Q) x L?(Q). To get the form (e~ %+1ei%0/ ),
one has to make a suitable choice for the amplitudes. The expansion (2.13) at t=0
yields

E 1 a g .
a?(O,x,y,n):Xd(x—y) j(x_y) 810’?(07:%3/’77)’]:07---7]\[7
lo]<R—2j-2
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and one has full choice for the initial spatial derivatives of a? on the ray up to the
order R—2j—2. Under the assumptions

a8(07y7y777):l,agag(o,y,%n):() for 1< |a| <R-2,
02a%(0,y,y,m) =0 for |a| <R—2j—2,1<j <N,

one obtains
N

> e7ad(0,2,y.m) =xa(z—y). (2.21)
=0

Taking advantage of the exponential decrease of e'®0(®¥m/¢ for |z —y|>d/2, one
deduces that

N
Hf_%ﬂzfjfl?(Q Ly,m)etPolym/e _ =G +1gido(ym)/e m (o) S
=0

We keep the notations a} and w? to denote the amplitudes satisfying (2.21) and the
associated incident beam. For 1<k <gq4, we denote wfk to be the corresponding
reflected beams and w® to be the sum of the incident and reflected beams for p. .
Next, we shift to the initial condition on the time derivative, for which we con-
struct a new incident beam wg/ with amplitudes a?/. Indeed, an approximate solution

]. n
5 T ! —wl ),
2
has initial data
N+1
n - . I / ;
0,67Z Z gl (Zaﬂl)oag Jrf)ta?_l ) |t:0€z¢0/E
j=0

modulo a remainder of order e in H'(Q) x L2(Q), with a® ;" =a%,,"=0. In order to
approach the form (0,6~ % e*%0/¢), we derive new initial Taylor series for the incident
beam’s amplitudes. As 9:10(0,y,y,1m) =—c(y)|n|, we impose

a8 (O,.ym =i(c()ln) 0% (90ag) (0,y,9,m) =0 for 1<|a] <R-2,
o (iat¢oa§?’+ata2_1’) (0,5,y,17) =0 for |[a| <R—2j—2,1<j<N.

One obtains

N+1 N

ZEj (iatw()a(;l‘i’atag—l/) (vaayan):1+zsj Z (xfy)aza(xﬂyan)
3=0 i=0 |a|=R—2j—1
+€N+16ta‘(])\f/(oaxayvn)a (222)

where z, are smooth remainders that vanish for |z —y| >d. Making use of (2.10) and
(2.19), one can show that

N+1
e~ % Z el (iat%a?’_i_ata?il’) (0,.,y,m)e'P0Cym1/e _5—%ei¢o(-,y,n)/e”L2(Q) 55%.
=0
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Let wgik/, 1<k <q4, be the reflected beams associated to wg/ and denote wai/ to be the
sum of the so obtained incident and reflected beams for p+. Hence, the approximate
solutions

— £

1 _» 1 _»
3¢ T wd +w)(tay.n) and Sem T W —wl )t y.n),
have the required initial data

(6*%+1ei¢0($1y1n)/5’0) and (0757%61'%(1,%71)/6)’

modulo remainders of respective orders e and "z in H'(Q) x L(R).

1,1

To fulfill general initial conditions (u;,v;), the previous computations together

with the identity TT, = Id, suggest that we look for an approximate solution such as

Cp _3n

S, Toul(y,n) (wd (t,z,y,n)+w: (t.2,y,n))dydn
T*Q

C n
+?n€_%/o 6TE,UEI (w:/(tvl‘v?%n)_Ma_/(taxvz%n)) dyd??
*Q

Let us notice that it is not clear that the previous integral is well defined.

Firstly, the construction of wei(,)(t,x,y,n) breaks down when y approaches the
boundary 92 because the numbers of reflections in [0,+7] become infinitely large.
Next we need to tackle the problem of integration for large 7.

One way to overcome these two problems is to require that the initial FBI trans-
forms are compactly supported modulo small remainders. This requirement is in the
spirit of considering only compactly supported symbols in the study of the FIOs of
[24]. Nevertheless, this restriction was recently removed by Rousse and Swart in [40].
In particular, a general boundedness result of FIOs with complex phases for sub-
quadratic Hamiltonians was established therein. The proof is rather subtle and relies
in particular on Cotlar-Stein estimate. The same arguments can be used for the con-
stant coefficient wave equation but do not seem to work for the general wave equation.
In fact, in this case, the second derivatives of the Hamiltonian are not bounded and
thus the proof of [40] needs to be adapted.

A last problem related to the wave equation is the integration for small 7.

In view of all these difficulties, this explains why we made the Assumptions A2
and A3 on the initial data in the introduction, which we recall

ul and v! are supported in a fixed compact K C €,

”TeugHLZ(R“xR:‘,) =0(e) and ”TEUgHL?(R”XR;) =0(e™),

where R, ={ne€R",ro < |n|<7x}, 0< 7 <7s. These assumptions are satisfied for in-
stance by a large class of WKB functions ae’®/¢, a € C5°(Q). Indeed the non-stationary
phase lemma implies that the FBI transform of such a function is of order O(£>) out-
side the compact set

Ax B={yeR",dist(y,suppa) <c} x {n e R",dist(n,0, P(A)) <c},c>0;

see Lemmas 4.2 and 4.3 of [39]. Thus ae’®/¢ satisfies Assumption A3, provided that
0, P does not vanish on suppa.
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REMARK 2.3. Another strategy can be used to match initial conditions of WKB form
in a Gaussian beams summation [28, 44]. It consists of integrating the beams associ-
ated to rays that start from y €suppa with the direction n=0,®(y). The accuracy
of such obtained solutions faces a damage caused by caustics, namely an extra factor
et appears in the error estimate. This loss originates from the restriction to rays
xifc (y,0:®(y)) (k=0,...,N1), which technically leads to considering the deformation
matrices 9, [zt (y,0,®(y))] singular at caustics (see [28, Lemma 5.1]). The summa-
tion over rays starting with general directions 7 independent of y uses the symplectic
maps gof,; and thus provides a phase space description of the solution that unfolds
the caustics.

Let p be a cut-off of C§°(R™,[0,1]) supported in a compact K, C {2 and satisfying
p(y)=1if dist(y, K) < A for a small A >0, (2.23)

and ¢ a cut-off of C§°(R"™,[0,1]) supported in a compact K, CR™\{0} s.t. ¢=1 on
R,.
One can establish that the Assumptions A2 and A3 imply

1 (1= p)em) Teulll2 . e and [|(1—p(y)d(n)) Tovl |2 S

In fact, viewing the FBI transform as the Fourier Transform of some auxiliary function
yields by the Parseval equality the following result

LEMMA 2.4. Let a be a positive real and G a measurable subset of R™ s.t. dist(G,K) >
a. If ue L*(R?) is supported in K then

e~ (w=v)*/(29)] < et/ ||y

2
Lw,y ~

Ile(y)Toull e, =cne™ T [16(y)u(w) 2 -

On the other hand, if (y,n) varies in K, x K, then ¢4 (y,n) is uniformly bounded.
In fact, for j>1, the T, are positive, depend continuously on (y,n), and property
(2.14) ensures that T; /" 400 when j— +oo. Thus they uniformly go to +oo on the
compact K, x K, by Dini’s theorem on the sequence (1/7};);>1. As Ty, <T, it follows
that sup ¢y <+oco. The same result holds true for g_. Denote Ny= sup q+.
Ky XKy, Kyx K,
The construction of the reflected beams in section 2.2 may be continued up to N4
reflections.

The final result of the discussion above is an approximate solution proposed as

]. 3n N+ !/ N /
ul(ta) == ¥ e [ pwotn) [Tl (ron) (L ut (tan) = Y (<t
k=0 k=0

]RQn
Ny N_
+Toul(y,n) (wa(t,%y,n) +Zw2k(—t,x,y,n))} dydn.
k=0 k=0

(2.24)

This approximate solution is indexed by R, the order of vanishing of the eikonal
equation (2.6) on the ray. The incident beams’ phase fulfills the initial conditions
(2.20) and their amplitudes satisfy respectively (2.21) for w? and (2.22) for w? for
every (y,n) €suppp®¢. The size d€]0,1] of the support of the cut-offs multiplying
the amplitudes no longer depends on (y,n) and would be chosen sufficiently small to
satisfy various constraints we set out in the following section.
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In the sequel, we prove that this family of functions (uf) indeed allows to approach
the exact solution of the IBVP problem (1.1) to any arbitrary power of ¢ by choosing
the order R. The difference between the asymptotic solutions and the exact one
is investigated in C([0,7],H'(Q)) xC*([0,T],L?*(2)) by means of error estimates in
the interior equation, the boundary condition, and the initial conditions. The only
assumptions needed on the initial data are A1, A2 and A3.

3. Justification of the asymptotics

We aim to estimate |[uff(t,.) —uc(t,.)| g1 (o) and [|Opuli(t,.) — Opuc(t,.)|| 2(q) for
te[0,77.

It follows from standard results [7] that the IBVP for the wave equation is well-
posed, and furthermore one has the energy estimate (as a consequence of [25, p.185]
for the Dirichlet problem and of [3, p.224] for the Neumann problem)

Sup [Juf (t,.) —uc(t,) | o)+ Sup 0uli(t,.) = Ouea(t, )| L2
t€[0,T] t€[0,T]

< Sup ||Pull||p20) + | Bu || =0, 11x09)
t€(0,T]

(0, = i 0y + 100 0,.) =02 120, (3.1)
where s=1 for Dirichlet and s:% for Neumann.

The asymptotics will be proven by estimating each term of the right hand side of
this energy estimate.

Since the error estimates in the interior and near the boundary use similar com-
putations, a unified framework will be used by considering the more general problem
of estimates linked with a suitable family of approximation operators O“ in section
3.1. Then in section 3.2 we use these estimates for the interior term ||Puf||2(q) in

3.2.1, the boundary term ||Buf||Hs([07T]X39) in 3.2.2, and the initial conditions errors
in 3.2.3. All these estimates are gathered in section 3.3 to prove Theorem 1.1.

3.1. Approximation operators. Let K,y be a compact of R*" and
E.={(z,2,0)eR"x K, g, |x— 2| <r},r>0.

Consider a complex phase function ® smooth on an open set containing E,, for some
ro €]0,1]. We assume, for (z,0) € K, g, that

0:P(2,2,0)=0,
®(z,2,0) is real, (Q1)

02®(2,2,0) has a positive definite imaginary part.

The Taylor expansion of ® together with Assumptions (Q1) imply the existence of
some constant r[®] €]0,r¢] s.t. for (z,2,0) € g4

Im®(z,2,0) > const(z — 2)2.
Consider a sequence [, € C*(R” x Rg%,@). We assume that

ls(zaz70) =0if (I’,Z,@) %ET'[‘b]}

lc is uniformly bounded in L*>(R3").
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For a given multi-index a, let the operators O° (I.,®/e) and O (l.,®/¢) be given by
[0° (1., ®/2) h] (z) = /R  h(e 01,7, 0)e e ddh, he L2 (R,
and
[0%(I.,®/e) h] (z) = /R ) h(z,0)l.(x,2,0)(x — 2)**@=D /e d2d0, h e L?(R?"),

with z € R™.
Let us show that these are operators from L?(R?") to L?*(R"). For x € R" we
have

/lleei¢/5|dzd9§/ e—const(x—z)z/adzde,
(z,0)€EK . ¢
and thus
/|zgei¢/6|dzdege%.
Similarly, for (z,0) € K, ¢

/\lgeiq’/ﬂdx <e®.

It is then immediate by Schur’s lemma that

n
2

”OO (lE’(I)/g) ‘|L2(R2n)4,L2(Rn) ,56 .
Similar arguments lead to the estimate

n lof
2t

||Ooz (157(1)/5) HL2(R2")~>L2(R“) SE

However, the use of the module inside the previous integrals makes one lose the highly
oscillatory character of €’®/¢, that is the contribution of €*?"(*=2)/¢_ In fact, a better
estimate on the norms of these operators is available if a precise control on I, is
assumed. This is stated in the following lemma

LEMMA 3.1. Assume that agﬁiblg (b=1,...,n) is uniformly bounded in L>=(R3"), at
any order k€N. Then, one has

1. HOO(ZE’CI)/E)||L2(R2")~>L2(Rn)§537n,
2. 0% (1o, ®/e) | 2zn) - r2qae) SEHHE

Proof. 1. Let h € L?>(R?"). We shall use the notations f(x) for f(x,2,0) and f’(z)
for f(z,2',0"). First of all, we make explicit the L? norm of O°(l.,®/e)h as

0% Uesb/elhlffa= [ | W eI e st/ eity -0
R n

[/ ZE(w)zls(x)ei(9_9/)‘I/Eei@(x7z79’zl’9/)/Ed:ﬂ} dzdz'dede’, (3.2)
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where

O(z,2,0,2/,0") = > (x—z)afol%(1—s)@ﬁ‘b(z—&—s(m—z),zﬁ)ds

la=2

- > (x—z’)o‘fol%(1—s)@?@(z’—l—s(z—z’),z’,@’)ds.

jal=2

Let I. denote the integral inside the brackets, which we begin to estimate. For 1 <b<n
and K €N, successive integrations by parts give

I.(2,2,0,0")i% e 5 (6, —0))"
:(_1)K Z (g)/ ei(979’)'90/6(-'9516\17)[61’6/6]8916\5[lszls]dl.7

N+N'=K

N
we use the following result, of which proof is postponed to the end of this section

where <K> denotes the standard binomial coefficient. To estimate 8% [€®/¢], N €N,

LEMMA 3.2. Let peN* and consider a complex phase function F, of the form

Fy(z,2)= Z (x—2)"fol(z,2),

la|=p

with f. smooth on some open set of R*" containing a subset S and OF f, bounded on
S for any k>0.
Then for (z,2) €S, |[x—2|<1, smalle, NeN, and b=1,...,n, one has

o (upldg, ) (D0 MoV g DT )
0San N<p<N 1<k
1<K<N

o2 [ /9| <

We write © = F, — F} with
)
Fy(x,z,0)= Z (x—z)o‘/ —(1=5)07®(2+s(x—z2),2,0)ds,
0 «-
|a|=2
for (z,2,0) € E¢]. By Leibnitz formula, 8% [€©/¢] is a sum of terms of the form
(’)ﬁl [ein/E]aﬁz [e_m‘:/g]’ 0<N{,N;<N,N;i+Ny=N.
Note that Im F, =Im®. Lemma 3.2 yields for N; €N and (z,z2,0) € E,[g]

|84V1 [eiF2/6]|< Z E_k|$—z|2k_N1 +€—N1/2 e—const(x—z)z/el
b ~J
B <k<N,

Hence

‘651 [eiFQ/EH < 6—%e—const(z—2)2/s.
b ~

A similar estimate may be obtained for |92 [e'F2/¢]| when (z,2,0') E,(q). It follows,
for (z,2,0),(x,2',0') € Ey[¢], that

|8N1 [ein/E]aNz [e—ipz//é‘]l < 5—we—const(z—z)Z/ee—const(w—z’)2/5
Tp Ty ~

)
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and thus

|8:]c\1[, [ei®/6]|55—%e—const(2m—z—z')2/ae—const(z—z')2/57 NeN.

Since ¢ % 8310\177/ [ll'], N' €N, is uniformly bounded,

|8£:V [ei(—)/a]a:i\/" [lszlg]‘ <eg~ NJEN, 67const(szzfz'V/Eefconst(zfz')Q/e
b b ~

)

and we deduce that

‘IE(Z 20 0/) (917_61/7 K | <E%e—const(z—z/)2/s
b b \/g b

for b=1,...,n and K €N.
Choosing K >n and coming back to (3.2) gives

|0° (1., ®/e) h||2. Se* / 1|1 e~ comst =0 /e dad! (14 (0 — 0)2 Je) ™ > ddY’ .
R4n

Upon using the change of variables:
(2,2") = (u++ev,u—+/ev) and (0,0") = (0 + /6,0 —\/26),

we have

10° 1o /o)l 5<% [

R271
emonstv® (1 4 452) =% duds,

993

/R% |h(u+vev,o+E8)||h(u—ev,o0 —\/e6)|dudo

from which, using the Cauchy-Schwartz inequality for the first integral, we obtain

10° (1, ®/€) hll7z S 1A
2. The arguments are similar to the previous case. For a multi-index «, we have

0%t /e)h3a = [ W e et (i 0

R4
I8(2,2',0,0")dzdz'dde’

where, for b=1,...,n and K €N

ey K _— K i(0—0").x/e
I2(2,2,0,0)i%e X (0, — ) = (-1 K<N)/ne<9 o)./

N+N'=
N « a i0 N’ 7
N [(x—2)*(x—2")"e' /=10 1.1, da.
We note that 82 [(z —2)*(z —2')*¢'®/¢] is a finite sum of terms of the form
(IL’— Z)afkeb (I_Z/)afleba;nb [ei@/s]’
where k,l<ayp, k+1+m=N and e® denotes the vector of R s.t. 62 =04

For (z,2,0),(x,2',0") € E,[¢), it follows that

‘ai\f [(x_z)a(x_zl)aeiG/f:” < €|a|—%e—const(2a:—z—z/)2/e€—const(z—z/)2/e'
b ~
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Since e’z 8310\;/ [Ic17] is uniformly bounded,

0N (2 —2) (x — 2)*e®/5 )N [1L1]| <

8|0¢‘— NJEN/ e—<:0nst(2313—z—,z’)2/56_Const(z_zl)z/g7
and thus
N\ K
‘15(2’2’79,9’) (ﬁ’ﬁ’) |SJ6%-i—|oz|e—const(z—z’)z/s7
g
and finally

|0% (I, ® /) h||22 S e el A 2.

0

Similar computations can be carried out for a phase ® and a sequence of ampli-

tudes I, that depend on a parameter m € [0, M]. In this case, we consider for m € [0, M
a compact K, g(m) CR?*" and denote for r>0

E.={(m,z,2,60)€[0,M] x R3", (2,0) € K, p(m), |z —2|<r}.

We are interested in a phase function ® smooth on an open set containing E,, for
some 7o €]0,1]. We make the further assumption

E

ro 1S compact,

which is obviously fulfilled when no parameter m interferes. Assuming, for m € [0, M]
and (z,0) € K, g(m), that

0. ®(m,z,2,0)=0,
®(m,z,2,0) is real, (Q1)
02®(m, z,2,0) has a positive definite imaginary part,

one can find r[®] €]0,r¢] s.t. for (m,x,2,0) € E g

Im®(m,z,2,0) > const(x — 2)2.

Similarly, the sequence I. will be assumed to belong to C> ([0, M] x R} x R, C) and
to satisfy

for me[0,M],l.(m,z,2,0) =0 if (m,2,2,0) & E,[a], Q2)
le is uniformly bounded in L*([0, M] x R3™).

One can then define, for every given m €[0,M] and « multiindex (Ja|>0), the op-
erators O%(l.(m,.),®(m,.)/e), for which the following estimate may be established

LEMMA 3.3. Assume that Egaﬁbla (b=1,...,n) is uniformly bounded in
L>([0,M] xR3"), at any order k€N. Then, one has

lo]

0% (I-(m,.), ®(m,.) /) || L2(R2n)— L2 (R™) <t uniformly w.r.t. me [0, M].
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In fact, all the estimates used in the proof of Lemma 3.1 hold true with a param-
eter m € [0, M], since E, ) is still compact, owing to the compactness of E..

We now give the proof of Lemma 3.2. Using the formula of composite functions’
high derivatives (see, e.g., [11] p.161), the N*" partial derivative of e*f»/¢ is

N -\ k

N 4Fp _ 1 N! -1 -k va *

83017[6z /E]_ E () H Waipr...aipre’ /E,NEN .
k=1 Gl

Each derivative 87, F}, is a linear combination of
(ac—z)("~'(‘s'_]')eb8;bfa7 o) =p,0<s<j and ap>7j—s.

The product 8;2Fp .. 6;1; F, is then a linear combination of
(:z:fz)“1+(81*jl)eb*”*ak*(‘“k*jk)ebajlfal ' -35: Fors

where for i=1,...,k, |a'|=p, 0<s'<j% and o} >j'—s'. As jl+---+j"=N, then
for N/p<k<N and |z—2z| <1 one has

|(I_z)a1+(sl7j1)eb+-~+ak+(sk7jk)eb| < |$—Z|kp7N.

Thus for NeN*, (z,2) €S, |z —2z| <1, and small ¢,

max (sup|3§bfa\)k< S eV Y 6—N/p>|ein/s|,
o=
o<s<11)v s N<k<N 1<k< X

1<k<N

|07, [e/<] <

which of course is also valid for N =0.

3.2. Error estimates.  The different terms of the energy estimate (3.1) will
be estimated separately. Our main interest is to prove that the interior and boundary
errors given for individual beams in Lemma 2.2 hold true for an infinite sum of beams,
when the starting points of the incident flow vary in the compact K, x K,,. The control
we have is that we can make the Gaussian beams vanish outside the very neighborhood
of their associated rays by making the parameter d as small as needed.

3.2.1. The interior estimate of Puf. In this section, we will prove that

R—1
Sup ||Pu?(ta')”L2(Q)§5 2
te[0,T]

For 0<k < N,, one has by construction
N+2
k i—2 ki
Pw; = Z{—:J cje“p’“/a,
=0

where c? is null on (¢,z%), up to the order R—2j, for j=0,...,N+1. One may write

N+1
Pub(ta)=Y (3 (@—af) rh(ba)e D) £ eN ek (ta)e ),
j=0 la|=R—2j+1
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where 7% denotes the remainder in the Taylor formulae of c;? near zt. Applying P to
(2.24) then gives terms of the form

Pt ) = E Y / he(y.m)

la|=R—2j+1
(x—a}) 7k (t,2,y,n)e s Bevm /e qydny,

with 7=0,...,N+1, and

_3n 1
PRt )= +N+1/2 p(Y) () he (y,n) koo (t,,y,m)e Ve B9 dydn,
R n

where h. is either eT1T. u or Tsv and 0<k<N,. Other terms of the same form
come from Pw , 0<k<N,, and Plw k()( t,.)], 0<k<N_.

Let f(t,:v,z,@) = f(t,z,{¢L}1(2,0)). Using the volume preserving change of vari-
ables (z,0) =t (y,n) in the definition of pl*(¢,z), 0<j < N +1, writes it as a sum of
terms of the form

6737”71+j/ @b(t,z,@)fzs(t,z,ﬂ)(xfz)afg(t,x,z,@)eii’k(t’m’z’e)/sdzd&
R2n
with |a|=R—2j+1. Similarly, pY+2*(¢,z) is a sum of terms of the form
E_%HVH/ p/E\X)/qS(t,z,9)ﬁg(t,z70)é§“\,+2(t,x,z,@)e“ﬁk(t’m’z’e)/adzde.
R27

We want to estimate these integrals with the help of the operators O* applied to

he. Clearly 1 )CZ:E;);I(t,.) is uniformly bounded (w.r.t. ¢ and )

1suppp/¢55(t,-) supp p@(t,.

in L2(R?"). But more work is needed for estimating 6_1lsupp;§$(t’l)Tgug(t,.), which

is given in the following result.
LEMMA 3.4. ||571TEU£HL2(R27L)N1
Proof. Differentiating (1.3) w.r.t. yp, 1 <b<n, yields

Eéayb(TEug):inbe_%Tgui—cns_%/ ui(w)e_%(yb—wb)ei”'(y_“’)/s_(y_w)Z)/(25)dw.

The left hand side is bounded in L2, because 8y, (Teul)=T:(dy,ul). The second
term of the right hand side is the Fourler transform of a bounded function in L2, thus
it can be estimated using the Parseval equality. One obtains

o5 [ ulw)ed = w0 B Sl

Y.

Thus ||5’%anEug||L§ , <1 and consequently ||5*%¢>(17)T€u£||% , S 1. Assumption A3
yields

_1
le =3 Tl S1.
Hence ||ul||z 2 < /2. Reproducing the same arguments on the following equality

3n

8yb(T5u£):inbs_ngug—cns_T/ (5_%u£) (w)s_%(yb—wb)eéy’ (y=w) =52 (v=w)* gy,
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leads to ||ull|z2 Ze. 0

Let us now check if a family of operators O“ may be used. First, each phase 1/;k
is smooth on an open set containing

Ey={(t,2,2,0) €[0,T] x R*" (2,0) € o} (K, x K,),|z — 2| <1}.

E; is compact, since the map (¢,y,1)+— (¢,¢k(y,n)) is continuous. For t€[0,T] and
(2,0) € L (K, x K,)), one has by (Py.a), (Py.b), and (Py.c),

Duti(t,2,2,0) = €4 (2,0) =0,

zﬁk(t,z,zﬁ) is real,

aiz/;k (t,2,2,0) has a positive definite imaginary part.
Hence v, satisfies properties (Q1’). We fix some r[@k] €]0,1] so that

Imy,(t,,2,0) > const(z — z)? for every (t,z,z,6) SEONERE (3.3)
Next, for R—2N —1<|a|<R+1, let
1k (t,2,2,0) = p@ Bt 2,0)7k (t,,2,6), £ €[0,T],
and
1k (t,2,2,0) = p@ G (t,2,0)K 1 5(t,2,2,0),t€[0,T).

Then the [*F |a|=R—2N —1,...,R+1, and [°* are smooth w.r.t. all their variables.
Assume that

d<r[],k=0,...,N,. (3.4)

Because of the cut-offs x4 in the beams’ amplitudes, it follows that
Koot w,2,0) =7k (t,2,2,0)=0 if |x—z|>r[y]. Furthermore, p®¢(t,2,0)=0 for
(2,0) & oL (K, x K,;). The [“* therefore satisfy Assumptions (Q2’).

It follows that the operators O can be used to obtain for ¢t €[0,T] and x € R"

| i e _ )
Pty =TS [0 (M) () ) 1, Be(t)] (@),
|o|=R—2j+1

with 7=0,...N+1, and

P () = N[00 (19%(,.), i (h, ) fe) 1 7).

wapp 70 Pt (

Applying Lemma 3.3 and making use of (2.10) yields

R—1

||pg’k(t,.)||Lz(Q) <e 2, uniformly w.r.t. t€[0,7], for j=0,...,N+2.

3.2.2. The boundary estimate of Bul'. We will now estimate Bulf|sq,
B=D or N standing for Dirichlet and Neumann operators respectively. We shall
prove that

R—1 R_2
HDuanl([o,T]xan)gf > and HNU§||H1/2([0,T]xaQ)5€ 2

(3.5)
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To this end, we note that the boundary operator B applied to (2.24) is a sum of terms
arising from Bw”, 0 <k <N, such as

Ny
. _3n —m . g (t,z”
(ta) = E 0 [ )0 () 3o (b))
" k=0
(3.6)

with j=0,...,N+mp, and others with the same form arising from Bwf/, 0<k<Ny,
and Blw " (~t,.)], 0<k<N_.

Above and as in the previous section, h. is either 5*1T5u£ or Tsvg and thus is
uniformly bounded in L2.

We first study the support of the amplitudes. Next we use local boundary coor-
dinates to expand the boundary phases and introduce a change of variables on (y,n)
that makes the obtained phases satisfy properties (Q1). The previous results on the
approximation operators O% are then used to estimate the boundary norms.

Support of the amplitudes

Due to Assumptions B1-B2-B3, the rays stay away from the boundary except
for times near the instants of reflections. For (y,n) € K, x K, and t € [0,T] near some
Ty(y,m), 0<k<Ny , only z!(y,n) and, if k#0, z}_,(y,n) approach the boundary.
This suggests that the meaningful contributions to the boundary norm of b/ are
the quantities d]:nlB_irj(.,y,77)6“1”“1("y”’)/g—l—d’imB_irj(-,Z/ﬂ?)ew’“('“y’")/6 near Ty (y,n),
k=1,...,N;. Furthermore, for ¢ in the neighborhood of T} (y,n) and z’ €9, one

1 T (y,m)
k

expects d’i:nBH(t,x',y,n) and d’imB+j(t,x’,y,n) to vanish away from z,.""" (y,n),

because of the cut-offs in the amplitudes. In the remainder, we show that these two

intuitive points are true. The key argument is that (¢,y,n) vary in a compact set.
The first point is rather easy to see. For (y,n)€ K, xK,, let us consider

a period smaller than any lapse of time between two successive reflections, say

Bly,m)= min (Tk(y,n) —Tk—1(y,7))/3, (Io=0), and define the intervals
0<k<Ny

Io(y,n) =0, I (y,n) = [Tx(y,n) — B(y,n), T (y,n) + B(y,n)] for k=1,...,N,,
and Iy, +1(y,n)=0.
For each £=0,...,N,, let

Ap={(t,y.n) €[0,T) x Ky x Ky, t ¢ I1.(y,n)UIps1(y,m)}

For (t,y,n) € Ay, dist(z},(y,n),0Q) >0 and then has a positive lower bound by conti-
nuity on the compact Ax. One has by (3.3) and (3.4)

qpk(taxayvn) ZCOHSt(I*IZ(y,n))z,
for (t,z,y,m) €[0,T)xR" x K, x K,, s.t. |x—z(y,n)| <d. Thus
|d]imB+j(t,:U’,y,n)ew’“(t’”/’y’")/g| <e—comst/e fop (t,y,m) € Ay and x’ € ON.

All we have to care about then is the contribution to the norm at the boundary of

d]:ﬂlBﬂ»ew’“l/s and d’imBﬂ-eW’k/s at times in the interval Iy, k=1,..., N . Let

= E e [ oo, (0, e

+dﬁm5+jeiw’“/5)dydn.
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Summing over k=1,..., N yields

) Ny o
62| 2 (fo, 7% 00) S kZ 2" || L2 (0, 1) x 062) +€°- (3.7)
=1

For the second point, we partition the set of starting points (y,n) according to
the part of the boundary the rays ! _,(y,n) reach at t=T(y,n). Let (u;) be a C®
partition of unity associated to the covering (U;) introduced in subsection 2.2.1 and

m(y,n) = p(y)d(n)w(z4* , (y,n)). Then

L
|\qg’k||L2([o,T]xaQ) 52 ng’k’lHL?([o,T]xaQ),
=1

where

ik _—3n41— j k—1 i)
miFt == mB+J/2 hsﬂlllk(t)(d_mb+jewk 1/e
Rﬂ,

+d* e e ) dydn. (3.8)

We fix 1<I<Land 1<k<N;. For 0<é< min S, let

KyxKy
Bs={(t,y,n) €[0,T] x suppm, t € I (y,n)\| Tk (y,n) — 6, Tx(y,n) + [}

If (t,y,n) is in the compact set Bs, then dist(x} (y,n),00)>0. Let d(8)€]0,d] s.t.

d(6)< min dist(z}(y,n),090) and consider the set
(t,y,m)€Bs

Ss={(t,2",y,n) €[0,T] x O x suppm,t € I(y,n) and |z’ —z% (y,n)| <d(5)}.
If (t,2',y,m) € S5 then t €Ty (y,n) — 6, Tk (y,n) + ] and consequently

Ty (y, .
&' — a2 ()| < |2’ — 2 (ym)| = Te(y,m)| sup |5 (y,m))|
s€[t, Tk (y,m)]

<(1+efloo)d,

which implies that x’ € U for sufficiently small §, since zz’i (1y & (y,m) varies in a compact
set of Uj. Assume that d<d(8). Thus, supp (m(y,n) 11,y ()d",, i (t2",y,m)) is
included in Ss. On the other hand, as o; is a diffeomorphism between A and U, one
has

|1 (9) —0y(9")| > const |6 — 9’| for every ©,0" €N].
Therefore, there exists x>0 s.t.

7Tl(yan)llk(y,n)(t)dlim3+j(tvgl({))’yvn) =0 if |t_Tk(ya77)| >4 or |@_2k(y77])| 256’

where o (2(y,n)) = Ifi(ly’n) (y,m)-

The same result holds true for m;(y,n)11, (y.n) (t)d’i:nlBﬂ- (t,01(0),y,m), assuming
that d <d'(8) with d'(d) €]0,6] and d'(d) < y yrr}yi)relB dist(z},_;(y,n),09). Furthermore
»Ys s

mdF(ta) =0 if 2’ ¢U;.
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Ezxpansion of the boundary phases For simplicity of notation, we shall drop the
exponents and indexes [. We expand the phase “15_1 on [0,7] X N x {0} near (T}, %)

V=0

TYr—1(t,0,0) =1 (£, (0) +va1(0(2)))

="Y—1(Ths2k,0) + (t =T, 0 — 23) - (7,0k)

1
+§(t—Tk,ﬁ—2k)-Mk(t—TkﬂA}—ék)

+ E (t—Tk,@—ﬁk)a
|a|=3
3

1
/ a(l — 5)267?:@01#/6_1(17@ +s(t—Tx), %k +S(1:‘ —2k),0)ds,
O .

where 6, =Do(%)7¢]* | and the matrix Mj, defined in (2.16) has a positive definite
imaginary part. Remember that all the quantities of the previous formulae depend

on (y,n) € (z}, T *)<71> (U). For the purpose of obtaining a phase satistfying (Q1), the
form of “_1]v, =0 suggests the change of variables (C):(z,0) =¥(y,n), with

ﬁ(yﬂ]) (xgk 1)<71> (U)H(TkaékaTaék)~

Because tangential rays are avoided, the function T}, €C™((xi* )<~'> (U)) so ¥ is

C>. Note that ¢7, =% (2)0 + ((0(24))-£7* Jw(o(24)) with £ = Do (Do” Do) ™"
Hence ¢ is bijective and its inverse is given by

970 (T, 20, 0) €9 (22 ) <7 (U))
= {or 1M 0(20), B0+ (7 /¢ (0(24) — |5(20)0k ) 2 (0 (24)))-

9~ 1is C* on 9 (( [ e (U)) because the square root in the previous expression

never vanishes. Consequently, 9 is a C* diffeomorphism.
Let v=(t,9), 2= (T, k), and 0 = (7,0)) and denote f(v,z,0) = f(v,97*(2,0)). We
may write “Yg_1|y, —o as

012)16—1(”707279) = Uiz)k_1(z,0,z,9)+0~( )+%(”U Z)Mk(z 0)(v—2)
+ Y a(0=2)282 k-1(2,0,2,0) + 741 (v,,0)

3<[al<R

= Av,2,0)+7—1(v,2,0).

Since 74, and “¢p_1 have by construction the same derivatives w.r.t. v up to the
order R at (z,0), the expansion of 71|, —o involves the same derivatives up to the
order R and a remainder 7,

TP (,0,2,0) = N, 2,0) + 74 (v, 2,0).

With the change of variables (C), “mZ"* may be written on [0,7] x N x {0} as

1 _3n _ : ~ T~
it e ety [ a0 e e
R2n

+odb @ OFTO/E) det 9| dzdd,
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where I, denotes [T — 3,T +/3]. We split the previous integral into two integrals
which can be estimated using the operators O

g~ Hlmmat] RznBgﬂfk(t)(“&’i;gﬂ+“d;m5+j)ei<i+’*k—l>/€\dew|dzd9::@,
e~ Hl-mpt] ﬁafrlfk (t)”J’imB+jeix/s(eifk/s — €T =1/%) | det 9| dzdf : = @.

R2n

Estimate of ©: The phase A+ 7x_1 is smooth on an open set containing
B,y ={(v,2,0) €R" x supp7, |[v—z| <rg} for some ro€]0,1]. Furthermore, A+74_1
satisfies the required properties (Q1). We fix r[A+7,_1] €]0,70].

Since "dlijnlB 4T "d’imBﬂ- is zero at v =2z up to the order R—2j — 2 by construc-
tion, one has

(Ud]i;nls-kj—’—a&*msﬁﬁ)(v’z’e): Z (v_z)agltz(v7z79)’
|a|l=R—2j—1

k

~ are smooth remainders. Let

where §
a®*(v,2,0) =7(2,0)1; (t)5k (v, 2,0)|detd(z,6)|.

The a®* are smooth and a®*(¢,0, T}, 21,0) =0 if [t —Ty| > or |6 — 21| > K6 or
(2,0) ¢ supp(7). Then the a®* satisfy the properties (Q2), assuming 4 is small enough
to ensure [(0,K0)| <r[A+Tr_1].

Therefore
O=cTHHTmet 3T 0% (0™ (M Fimr)/2) Luppehe
lo|=R—2j—1
One deduces
1®llz2(o,71x) S 2 lhc 2. (3.9)

_ Estimate of @:  This is the term for which Lemma 3.1 is fully used. We write
A as A=+ 2v where
1 ~ ~ 1 ~

y= Z(v—z)Mk(z,H)(v—z) and 6:A—§(U—Z)Mk(z,9)(v—z).
The part 4~ will play the role of the phase for the operators O%, while e?7/¢ will
be enclosed in the amplitude to give it a good behavior. The phase 3+ is smooth
on an open set containing E,, and satisfies the properties (Q1). We associate to this
phase some constant r[3++] and impose on § to satisfy |(6,xd)| <r[B+7].

Let

ok =7 71y (1) "J’ijHe”/e(eﬁ’“/E — e -1/%) | det v
One has

; _R—1 _ N2 g g
|C§’k|§€ e const(v—z) /E‘ezrk/siezr;ﬁ_l/ﬂ.

If § is small enough,

— g )2 P P _ _ _ )2
e const(v—z) /E|€“k/5—6”k’1/8|55 1|,U_Z|R+le const(v—2z) /(25)7
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so that

k

Hence ¢ is smooth and satisfies the properties (Q2):

C3* (0,2,0) =0 if |v— 2| > [3+1] or (2,6) ¢ supp(7),
cl* is uniformly bounded in L°°(R3").
To make use of the estimates of Lemma 3.1, we aim to show that for N €N, agaﬁcg’k

(b= 1,...,n)~ is uniformly bounded in L (R3"). For this purpose, we write
ON[e/e(e'm/e —ei™-1/%)] as a sum of terms of the form

N1 [e/e]aNz e/ — ¢ =1/€] 0 < Ny, Ny < N,Nj+No=N.
As the remainders 7 and 7,1 are of order R+ 1, Lemma 3.2 yields for N1, Ns €N,

(z,0) €suppT, |v—2z| <|(d,x0)| and ¢ sufficiently small

|8TJJ\£1 [ei'y/eE” sz%efconst(vfzf/e’

|a£\£2[eﬁk/s_em,l/a]|5( Z ey — o D =Nz | Z 57%)

No No
T Sk<N2 Isk<wfr

(‘eifk/s‘ + ‘eifk,1/5|> )

The second sum in the last inequality is zero when Ny/(R+1)<1. Remember
that R>2. If No/(R+1)>1 then No(R—1)/(2(R+1)) > (R—1)/2 and consequently
—Ny/(R+1)>—Ny/2+ (R—1)/2. Thus

|811)\£2[em"/5—eﬁ’“*1/6]|5< Z E—k|v_zlk(R+1)—N2+E_%+R2—l)

N.
22 <k<Ny

(‘eifk/e‘ + ‘eﬁk_l/ED )

Hence, for (z,0) e supp7 and |v—z| <|(4,x9)|

O 11| gN eiFe/ — gifu-1 )| g ¢ o

It follows that
AT
One can use the operator O° to write
@=c FHl-metifF 0 (I*,(B+7)/e) Loupprhe,
and thus

R41
2

1@l 2o, r)xa) Se2 ™8 || he|| 2. (3.10)

Using (3.9) and (3.10) yields

Emad IS

[mZ* | L2 0.1 x00) S€
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One has a similar bound for ¢/** by summing over [=1,...,L

)

||qg’k|\L2([o,T]xm)§ =M || e

Plugging this into (3.7) gives

_mB

1621 2 0T]><69)<5 2
All in all, we have shown that
<t -ms

HBU§HL2([O T]x0Q) S €

This result can be adapted to the integer Sobolev spaces as follows:

R+1 B
| Bul || s (jo. 1 x00) S€°2 s seN.

An interpolation argument ([27, p.49]) enables the same estimate for non integer
Sobolev spaces H*([0,7] x 9), s> 0. This proves (3.5).

3.2.3. The initial conditions. In this section we estimate the difference
between (uf|,—o,0uf|i—0) and (ul,vl) in H'(Q) x L?(Q).
By construction,

Ny N_
1 _sn / Y
ug (0,a) =& C”/Rz p(y)¢(n)6Tav§(y,n)[Zw§ (0,2,y,m) = > _w*(0,2,y,n)
" k=0 k=0

+p(y)p(n Tu yn[Zw Ozyn—!—Zw Oxyn}dydn.

As dist(29,(y,n),Q) >0 for (y,n)€ K, x K,, k=1,...,Ny, wh! )(O,a:,y,n) are uni-

€

formly exponentially decreasing for z € Q and (y,n) € K, x K,,. Thus, only the incident
beams contribute to uf(0,z) in Q and

Uf((),w):f%cn/RZ p(y)d(m)Teul (y,m)w(0,2,y,n)dydn+O(>)

uniformly w.r.t. « € Q. The initial values for the phase and the amplitudes of w? have
been fixed in (2.20) and (2.21). Hence

_3n ;
ul (0,2)=e cn/Rz p(y) o () Teul(y,n)xale —y)e' VD dydn + O(>),
uniformly w.r.t. x €. It follows, uniformly for x € (), that

ul(0,2)=T; p® ¢Toul(z)

3n

+e T, /Rg p() oM Teul(y.n)(xalz —y) = 1)e D/ dydn + O ().

One wants to get rid of the second integral by making use of the exponential decrease
of ei®o(@ym/e for |z —y|>d/2. The following estimate is immediate by the Cauchy-
Schwartz inequality:
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LEMMA 3.5. Let a be a positive real number and he L*(RZ" ). Then

H/ Wi, i, (g™ =0 @y S hllgy e/,
lz—y|>a L2 v

The previous Lemma leads to
[ulfli=0 = T2 p@ ¢Toul|| 20) S,

by using the boundedness of T* from L?(R?*") to L?(R") (this result follows, e.g., from
[31, p.97] ). On the other hand, p® ¢T.ul approaches T.ul up to a small remainder.
In fact, as p(y) =1 if dist(y, K) <A, one has by Lemma 2.4 and Assumption A3

ITeul - p@ $Toul |z S
and consequently
im0 —ulllL2() S

Moving to the spatial derivatives of uZ, one has

N
—8n ] 7 x
O, ul'(0,2) =™ Cn/ p(y)e(MTeul(y,m)y /0y, [a?(Oym,y,n)e ool ’y’”)/s} dydn
R2n -
7=0

+0(e™), uniformly w.r.t. x€Q.
Plugging the initial condition (2.21) for the incident amplitudes into the previous
equation yields a simpler expression

Oayul (0,2) = T ey /Rzy P Teul (y,m) D, (xala —y)e @ v ) dydn 4 O(),

uniformly w.r.t. x €.

Since 0,, (x(z —y)ei%/a) =—0y, (x(z— y)ew"/e), integration by parts leads to

3

(‘vauf(o,ac)za_%cn/]R2 Oy, (pTaué)(bXd(x—y)ew‘)(z’y’”)/sdydn—l—O(EOO),
uniformly w.r.t. x €.

Application of Lemma 3.5 and then Lemma 2.4 shows that the term involving 0y, p
has an exponentially decreasing contribution in L?(€2). On the other hand, the y
derivative of the FBI transform is the FBI transform of the derivative. Thus

—3n 7 x o)
10, ulf|i—o—c 3 Cn/2 p@GT- (D, ul) xa(z —y)e YD /E dydn|| 12 () Se™.
R n

Again, Lemmas 3.5-2.4 and Assumption A3 imply
b e

10, ul|1=0 — O, ul L2 S~

Time differentiation of uf is somewhat different. The contribution of reflected
beams is still uniformly exponentially decreasing for x €2

Oulli—o(z)=c" "¢, /Rz p(y)p(m)Tevl (y,m)20w? (0,2,y,m)dydn + O (%),
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with

N+1
i - . / ! -
58twg = g gl (’Laﬂ/)()a? +8ta(;_1 )6“110/5.
Jj=0

The initial values (2.20) and (2.22) for the phase and amplitudes of w?" yield

N
et (0,,y,m) =€ @vn /e L3 00 ST () (a,y,p)eito @y /e
j=0 |a|=R-2j-1

_|_aNJrlata?\/’(O’I’y777)61'¢7()(937.74,?7)/57

where z, are smooth remainders that vanish for |z —y|>d. We can use the operators
O% to estimate the contribution of the terms (z —y)“2, to the norm of uf*|;—g

HE‘%/R%,0®¢Tevi€j(w—y)azae“”(’/gdydnllq =~ H 0% (p® $za, b0 /) Tev! || 12
<", for j=0,...,N.
We also have
I [ pooToleN 100 o <dydill

_3n
=g+ TN 00 (p®¢6ta9v/|t:07¢0/5) Tov!| 2
<€Aﬁ%y

~

It follows, with the help of (2.10), that

R—1

[0cul im0 — T p@STev! || L2y Se77
and finally, from Lemma 2.4 and Assumption A3,
R-1
185u [1=0 —vil| L2y Se7= -
Hence
R—1
105l [1=0 = vl]| L2 () + [1ul[s=0 — wl | i) Se77

3.3. Proof of the main theorem. Now we may collect the previous estimates
in order to bound the difference between u. the exact solution for (1.1) and uf the
approximate solution of order R.

For the Dirichlet case, the errors in the interior, at the boundary, and in the initial
conditions exhibit the same scale of ¢, and the energy estimate leads to

R—1 R—1
Sup ||u5(t,.)—u§(t,.)HH1(Q)gsT, Sup Hatus(t,.)—8tu5(t,.)||L2(Q)géT
te[0,T te[0,T]
(3.11)

For the Neumann case, one loses an order /¢ in the boundary estimate, and thus
the energy estimate yields

R—2 R—2
Sup Jue(t,.) —ul (t, )@ Se 2 . Sup [[Owue(t,.) —Oul(t,.)| 20) Se 2
te[0,T] te[0,T
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However, when comparing the ansatz at order R and R+1 in the difference between

R+1 R t\a
us ! and ul, we can make use of further powers of ((z—a7,) )|a|:R+1 between the

phases and ((x—iUZ)a)M: R_2j_1 0 the amplitudes. Using the approximation oper-
ators yields uniformly in time

R-1 R-1
[ul*H () =l ) @) Se77 10wl () = 0l (t )2y Se 2

Hence one may improve the estimate for the Neumann case by using the approximate
solution at the next order R+1

e (t,) = uff (8, )|z () S e () = w1 (E ) g+ (5 ) —ul () 1 @)

R—1
<"

This leads to the same estimate (3.11) for the Neumann case.

REMARK 3.6. The FBI transforms of ul and v! are uniformly locally infinitely
small outside the frequency sets Fs(ul) and Fs(v!) respectively, as ¢ tends to 0 (see
[31, p.98]). These sets may be phase space submanifolds of lower dimensions. For
instance, for WKB initial data, Fs(ae'®/¢)={(y,0,®(y)),y €suppa}. For numerical
computations, one therefore has to discretize neighborhoods of (K, x K,)N Fs(ul)
and (K, x K,)NFs(vl). Numerically studying the behaviour of FBI transforms in
the associated computational domains could lead to interesting results on the optimal
mesh size. Details on numerical FBI transforms are given in [26].

4. Conclusion

We have shown that Gaussian beams summation can be used to construct asymp-
totic solutions for the wave equation in a convex domain. Rigorous estimate of the
difference between the obtained approximate solutions and the exact solution has been
given. We have proven that the precision of a Gaussian beams superposition depends
only on the accuracy to which the used individual beams satisfy the wave equation;
no extra order of error is induced by the summation process. A large class of initial
data, including the WKB form, is allowed. The boundary condition can be either of
Dirichlet or Neumann type. The obtained solutions are global and thus well suited to
numerical computations, which will be performed in a coming work [1].

REFERENCES

[1] R. Alexandre, S. Bougacha and J.L. Akian, Gaussian beams summation for computing high
frequency waves, preprint.

[2] V.M. Babich, Figenfunctions concentrated in a neighborhood of a closed geodesic, V.M. Babich
(eds.), Math. Problems in Wave Propagation Theory, Sem. Math., V.A. Steklov Math.
Inst., 9, 1968. Translated by Consultants Bureau, New York, 1970.

[3] H. Beirdo da Veiga, Perturbation theorems for linear hyperbolic mized problems and applica-
tions to the compressible euler equations, Commun. Pure Appl. Math., 46, 221-259, 1993.

[4] J. Butler, Global h-Fourier integral operators with complex-valued phase functions, Bull. Lond.
Math. Soc., 34, 479-489, 2002.

[5] V. Cerveny, M.M. Popov and 1. Penéik, Computation of wave fields in inhomogeneous media
- Gaussian beam approach, Geophys. J. R. Astr. Soc., 70, 109-128, 1982.

[6] J. Chazarain, Paramétriz du probléme mizte pour l’équation des ondes a lintérieur d’un do-
maine convere pour les bicaractéristiques, Astérisque, 34-35, 165-181, 1976.

[7] J. Chazarain and A. Piriou. Introduction to the Theory of Linear Partial Differential Equations,
North-Holland Publishing Co., Amsterdam, 1982.

[8] J.-M. Delort, F.B.I Ttransformation. Second Microlocalization and Semilinear Caustics, Lec-
ture Notes in Mathematics, Springer-Verlag, Berlin, 1522, 1992.



SALMA BOUGACHA, JEAN-LUC AKIAN AND RADJESVARANE ALEXANDRE 1007

J.J. Duistermaat, Oscillatory integrals, Lagrange immersions and unfolding of singularities,
Commun. Pure Appl. Math., 27, 207-281, 1974.

L.B. Felsen, Real spectra, complex spectra, compact spectra, J. Opt. Soc. Amer. A, 3, 486-496,
1986.

L.E. Fraenkel, Formulae for high derivatives of composite functions, Math. Proc. Cambridge
Philos. Soc., 83, 159-165, 1978.

P. Gérard, P.A. Markowich, N.J. Mauser and F. Poupaud, Homogenization limits and Wigner
transforms, Commun. Pure Appl. Math., 50, 323-379, 1997.

J.K. Hale, Ordinary Differential Equations, R.E. Krieger Pub. Co., Huntington, New York,
1980.

N.R. Hill, Prestack Gaussian-beam depth migration, Geophysics, 66, 1240-1250, 2001.

L. Hérmander, Fourier integral operators I, Acta Math., 127, 79-83, 1971.

L. Hérmander, On the existence and the regularity of solutions of linear pseudo-differential
equations, L’Enseignement Mathématique, 17, 99-163, 1971.

L. Hormander, The Analysis of Linear Partial Differential Operators III, Springer-Verlag,
Berlin, 1985.

S. Jin, H. Wu and X. Yang, Gaussian beam methods for the Schrodinger equation in the semi-
classical regime: Lagrangian and Eulerian formulations, Commun. Math. Sci., 6, 995-1020,
2008.

A. Katchalov, Y. Kurylev and M. Lassas, Inverse Boundary Spectral Problems, Chapman &
Hall/CRC, Boca Raton, 123, 2001.

A.P. Katchalov and M.M. Popov, The application of the Gaussian beam summation method to
the computation of high-frequency wave fields, Dokl. Akad. Nauk, 258, 1097-1100, 1981.

J.B. Keller, Corrected Bohr-Sommerfeld quantum conditions for non separable systems, Ann.
Physics, 4, 180-188, 1958.

L. Klimes, Ezxpansion of a high-frequency time-harmonic wavefield given on an initial surface
into Gaussian beams, Geophys. J. R. astr. Soc., 79, 105-118, 1984.

A. Laptev and Y. Safarov, Global solution of the wave equation, in Journées Equations aux
dérivées partielles, Saint-Jean-De-Monts, France, 1-9, 1990.

A. Laptev and I.M. Sigal, Global Fourier integral operators and semiclassical asymptotics, Rev.
Math. Phys., 12 749-766, 2000.

I. Lasiecka, J.L. Lions and R. Triggiani, Non-homogeneous boundary value problems for second
order hyperbolic operators, J. Math. Pures Appl., 65, 149-192, 1986.

S. Leung and J. Qian, Eulerian Gaussian beams for Schridinger equations in the semi-classical
regime, J. Comput. Phys., 228 2951-2977, 2009.

J.L. Lions and E. Magenes, Problémes aux limites non homogénes et applications, Dunod,
Paris, 1, 1968.

H. Liu and J. Ralston, Recovery of high frequency wave fields for the acoustic wave equation,
preprint, 2009.

H. Liu and J. Ralston, Recovery of high frequency wave fields from phase space based measure-
ments, preprint, 2009.

F. Macia and E. Zuazua, On the lack of observability for wave equations: a Gaussian beam
approach, Asymptot. Anal., 32, 1-26, 2002.

A. Martinez, An Introduction to Semiclassical and Microlocal Analysis, Springer-Verlag, New
York, 2002.

V.P. Maslov and M.V. Fedoruk, Semiclassical Approzimation in Quantum Mechanics, Reidel,
Dordrecht, 1981.

R.B. Melrose, Microlocal parametrices for diffractive boundary value problems, Duke Math. J.,
42, 605-635, 1975.

M. Motamed and O. Runborg, Taylor expansion errors in Gaussian beam summation, preprint,
2008.

T. Paul and A. Uribe, On the pointwise behavior of semi-classical measures, Commun. Math.
Phys., 175, 229-258, 1996.

J. Ralston, Gaussian beams and the propagation of singularities, Studies in PDEs, MAA stud.
Math., 23, 206-248, 1982.

J. Ralston, Gliding beams and whispering gallery quasi-modes, Michigan State, March, 2008.

J. Rauch and K. Markus, Lectures on geometric optics, L. Caffarelli (eds.), in Hyperbolic
Equations and Frequency Interactions, IAS/Park City Math. Ser., 5, 383, 1999.

S.L. Robinson, Semiclassical mechanics for time-dependent Wigner functions, J. Math. Phys.,
34, 2185-2205, 1993.

V. Rousse and T. Swart, Global L?-boundedness theorems for semiclassical Fourier integral
operators with complex phase, preprint, 2007.



1008 GAUSSIAN BEAMS SUMMATION IN A CONVEX DOMAIN

[41] M. Salo, Stability for solutions of wave equation with C1+1 coefficients, Inverse Probl. Imaging,
1, 537-556, 2007.

[42] J. Sjostrand, Singularités analytiques microlocales, Astérisque, Soc. Math. de France, 95, 1982.

[43] T. Swart and V. Rousse, A mathematical justification for the Herman-Kluk propagator, Com-
mun. Math. Phys., 286, 725-750, 2009.

[44] N.M. Tanushev, Superpositions and higher order Gaussian beams, Commun. Math. Sci., 6,
449-475, 2008.

[45] N.M. Tanushev, J. Qian and J.V. Ralston, Mountain waves and Gaussian beams, Multiscale
Model. Simul., 6, 688709, 2007.



