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A SIMPLE PROOF OF THE CUCKER-SMALE FLOCKING
DYNAMICS AND MEAN-FIELD LIMIT*

SEUNG-YEAL HA! AND JIAN-GUO LIU%

Abstract. We present a simple proof on the formation of flocking to the Cucker-Smale system
based on the explicit construction of a Lyapunov functional. Our results also provide a unified
condition on the initial states in which the exponential convergence to flocking state will occur. For
large particle systems, we give a rigorous justification for the mean-field limit from the many particle
Cucker-Smale system to the Vlasov equation with flocking dissipation as the number of particles goes
to infinity.
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1. Introduction

Collective self-driven synchronized motion of autonomous agents appears in many
applications ranging from animal herding to the emergence of common languages in
primitive societies [1, 9, 10, 11, 12, 14, 16, 18, 19, 20, 2, 3]. The word flocking in this
paper refers to general phenomena where autonomous agents reach a consensus based
on limited environmental information and simple rules. In the seminal work of Cucker
and Smale [2, 3], they postulated a model for the flocking of birds, and verified the
convergence to a consensus (the same velocity) depending on the spatial decay of the
communication rate between autonomous agents.

In this paper, we present a simple and complete analysis of the flocking to the
Cucker-Smale system (in short C-S system) using the explicit Lyapunov functional
approach. In particular we improve the flocking estimates of the C-S system for regular
and algebraically decaying communication rates [2, 3] in two ways. First, we present
flocking estimates for general communication rates which can be singular when two
particles are very close enough. Secondly, we remove the conditional assumption in [2,
3] on the initial configuration in critical case, where the communication rate behaves
like |z| !, as |x| — co. We show that the standard deviations of particle phase-space
positions are dominated by the system of dissipative differential inequalities (SDDI):

dX av
v G secow (1)
where (X, V') are nonnegative functions and ¢ is a nonnegative measurable function.

A simple phase plane analysis (see section 3) provides a unified condition on initial
states in which the convergence to a consensus will occur. For the mean-field limit
for large particle systems with flocking dissipation, we derive a bounding function for
the growth on the size of a velocity support. This enables us to establish a stability
estimate of measure valued solutions to the C-S system in Kantorovich-Rubinstein
distance. For the existence of a measure valued solution, we refine the argument given
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298 A SIMPLE PROOF OF CUCKER-SMALE FLOCKING DYNAMICS

in [13, 17]. The novelty of this paper is to present a direct and simple but surprisingly
a complete flocking analysis employing a Lyapunov functional to the SDDI (1.1). This
is a contrasted difference from Cucker-Smale’s original proof [2, 3] and its modified
approach in [8] using a bootstrapping argument. We refer to Degond and Motsch’s
works [4, 5, 6] for recent kinetic description of Viscek type model for flocking.

The rest of the paper is divided into two main parts (flocking estimates and
mean-field limit) after this introduction. The first four sections are devoted to the
dissipation estimates for the SDDI system, which yield simplified and strong estimates
for the dynamics of the C-S system. More precisely, in section 2, we briefly review the
C-S system and provide the reduction of Cucker-Smale dynamics to the dynamics of
the SSDI. In section 3, we present a general frame work on the dissipation estimate of
the SDDI using explicit Lyapunov functionals, and we also present several conditions
regarding the initial configurations and communication rate functions for the flocking
formation. In section 4, we study the flocking estimates for dissipative systems with
the algebraically decaying communication rates with singularity or non-singularity at
the origin as a direct application of the results in section 3, and we also briefly discuss
the comparison between Cucker-Smale’s result with main results in section 4. Finally
the last two sections deal with kinetic mean-field limit of the C-S system. In section
5, we study the particle approximation [15] to the kinetic C-S model introduced in
[8]. Section 6 is devoted to the existence of measure valued solutions to the kinetic
C-S model.

Notation: Throughout the rest part of the paper, we denote C(T,N,...) to be
a generic positive constant depending only on T, N, etc., and for any vector b, b’
represents i-th component of it.

2. Preliminaries

In this section, we discuss the reduction of the C-S dynamics to the SDDI (1.1)
and present a definition for the time-asymptotic flocking.

Consider an interacting particle system consisting of N identical autonomous
agents with unit mass [2, 3, 8, 9, 16]. Let (z;(t),v:(t)) €R% x RZ be the phase space
position of the ith particle, 1 <i < N, governed by the general Cucker-Smale dynamical
system:

N
dx; dv; A
— =i, t:NZ (J&j —z])(vj —v;), t>0, (2.1)

with initial data

z;(0) =xio, v;(0) =vjp. (2.2)

Here A and v are a nonnegative coupling strength and the mutual communication
rate between autonomous agents, respectively.

Note that the vector field (v,AF), Fi=< Zjvzl Y(lz; —x;|)(v; —v;)) associated

with (2.1) satisfies dissipative condition:

N

ij=1
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This implies that the C-S model (2.1) is a dissipative dynamical system. We first set
the center of mass system (x.,v.):

1 & 1 &
T.i= N;mk’ V= N;’ljk (2.3)

Then the system (2.1) implies that

dx, . dv. 0

a a

which gives the explicit solution x.(t) =x.(0)+tv.(0),v.(t) =v.(0). Without loss of
generality, we may assume that the center of mass coordinate of the system is fixed
at zero in phase space at time ¢:

z.(t)=0, w.(t)=0, (2.4)

which is equivalent to the relations:

N

N
> mi(t)=0, > wi(t)=0, t>0. (2.5)

i=1

If necessary, instead of (x;,v;) we may consider new variables (&;,0;):= (x; — @, v; —
v.) which correspond to the fluctuations around the center of mass system.

2.1. Reduction of the C-S dynamics to the SDDI’s dynamics. In
this part, we explain how the dynamics of the C-S system (2.1) with (2.4) can be
determined by the corresponding dynamics of the SDDI, which will be discussed in
next section. We now consider the system (2.1) with (2.4). It follows from (2.1) that
we have

N
d A
T MwilP=—5 > wllw—w)lv; —vil . (2.6)

i=1 1<i,j<N
Here ||-]| is the standard ly-norm in RZ.
We set
x:=(x1,...,xy) RN, v:=(v1,...,on) eRVE
and

N 1 N 1

2 2

2= (Y llwall?) " Aoll= (Y lwill?)
i=1 =1

Note that ||x|| and ||v|| denote quantities proportional to the standard deviations of
x; and v;, respectively.

LEMMA 2.1. Let (x;,v;) be the solution to (2.1) with a nonnegative and non-increasing
function 1. Assume that (2.4) holds. Then ||x| and ||v]|| satisfy the SDDI (1.1) with
H(3) = (2):

ol A

<loll, SN <= vl (27)

df|z||
dt
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Proof. We take an inner product the C-S system (2.1) with +2x; and use the
Cauchy-Schwartz inequality to see

dx

d 2
LAl=]® :i2< w> =+2(v,z) <2[|z|||v],

dt dt’

where (-,-) is the standard inner product in RV9. This gives the first inequality in
(2.7). Next, we use (2.6) and the nonnegativity and non-increasing properties of ¥,
and the fact

max |z; —x;| < 2|z,

1<4,j<N
to find
dlol2 A 22
”dt| <—2p@lel) 3 - vl =- 2wl o)
1<i,j<N

This gives the second inequality in (2.7). Here we used (2.5) to see

N N N
S wi— vl =23 il =2 Y v > v ) =2l 0
=1 i=1 =1

1<i,j<N

The above reduction to the SDDI can be recast in a more abstract form. Let E
be a vector space over R with an inner product (-,-) and its corresponding norm || - ||.
Let (x;)™,(v;)", €R?? be the phase space coordinate of i-th autonomous agents
among N agents. In this case, E is simply the N-particle phase space RN?. Consider
the following dynamical system in F x E:

dx dv
pria - (x)v, >0, (2.8)
with initial data

x(0) ==, v(0) =vy. (2.9)

where L(z): E— E is a linear operator. We assume that the linear operator L(z)
satisfies a coercivity condition: there is a positive and non-increasing function (s)
such that

(L(z)v,v) > v ([zl)]v]*. (2.10)

Here v is a nonnegative measurable function. We set ¥ to be the primitive function

of ¢

Then it is easy to see that W is an increasing function. We next show that the norms
(Il]],||v]|) of the solution (x,v) to the system (2.8) with (2.10) satisfies the SDDI. It
follows from (2.8) that

d 2
21 (e vy <2l o).
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d||v||?
WO (1 yo.v) < 20 e o]
These yield the SDDI:
d||x d||lv
Wl <oy, 0 <y o, (211)

Before we close this section, we present the definition of the time-asymptotic
flocking as follows.

DEFINITION 2.2. The Cucker-Smale system (2.1) has a time-asymptotic flocking if
and only if the solutions {x;,v;},i=1,....N to (2.1) satisfy the following two condi-
tions:

1. The velocity fluctuations go to zero time-asymptotically (velocity alignment):

. 2 __
Jlim an (1) =

2. The position fluctuations are uniformly bounded in time t (forming a group):

sup ZH:’% (t)]|* < o0.

0<t<oo i

3. A flocking theorem
Note that the SDDI (2.11) admits natural Lyapunov functionals £ (x,v) which
can be viewed as energy functionals for (2.11):

Ex (|||, |[v]]) := [[o][ + ¥ ((|z]])- (3.1)

The first and second terms in the £ (||x||,||v]|) can be regarded as the kinetic and
internal (potential) energies respectively. The next lemma shows that the functionals
E+(||z|],||v]]) are non-increasing along the solutions (||x|[,||v]]) of (2.11).

LEMMA 3.1. Suppose (||x||,||v]]) satisfy the SDDI (2.11) with ¢»>0. Then we have
(1) Ex([|z @), ||ﬁ( )H)<5ﬁ:(||wo||a||”0\|), t>0.
@) @l +] [ wtsias] < ool
o

Proof.
(i) We now use (2.11) to obtain

%Si(llw(t)l\»l\v( Ol = (Ilv( )Y ((l()]])

:deH (e H)dllwll
deII

<Y(lll) | —llvll+=—=

MY

(ii) Tt follows from (i) that

[o@)] = l[lvoll < = (W (llz@)]) =¥ (llzol): @ = llvoll < ((ll2(®)]) = ¥({[zoll))-
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Hence we have

[EZ0]
||U(t)||_v0||<_|‘I’(||w(t)||)—‘1’(||f’30||)|:—’/” ¥(s).ds|. 0

Toll
As a direct application of Lemma 3.1, we obtain the following bounds on ||x|| and
||v]| satisfying the SDDI.

THEOREM 3.2. Suppose (||z||,||v]|]) satisfy the SDDI (2.11) with ¥ >0. Then the
following estimates hold.

(1) If

(1ol
ol < / W(s)ds,
0
then there is a x,, >0 such that
[[Zo |
ol = / G(s)ds,  e@®l|>zm, 20,
(ii) If

[[woll < P(s)ds,

1ol
then there is a xpr >0 such that

T M
Ivoll=/alc HZD(S)ds, Izl <zar, o)) < Jwofle™ 0"
0

Proof.
(i) Since % is a nonnegative measurable function,

[1Zoll
/ ¥(s)ds is a non-increasing continuous function in ¢ > 0.
5

1Zoll
Hence if ||vgl| </ P (s)ds, let x,, >0 to be the smallest value such that
0

(1ol
ol = / (s)ds. (3.2)

m

For the second assertion, we use result (ii) in Lemma 3.1, i.e., for any solution (x,v)
to (2.8) we have

[l ()]l
‘/ w(s)ds‘ <|woll,  t>0. (3.3)
[1Zoll
Suppose there exists a t € (0,00) such that
&) <@

Then we can choose a time t, € (0,00) such that

10| . .
lvoll < / Y(s)ds, et <em,  min [Ja(s)]|> 2.
[l (t)]| 0<s<t, 2
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We now consider ¥ defined as follows.
U(s) ::/ Y(T)dr. (3.4)
1ol

Then for such t, and ¥, we have

[[Zol| 120 ||
ol = / (s)ds < / (s)ds,
Tm [1 ()]

which is contradictory to (3.3).
(ii) We use the same argument as (i), i.e.,

It JJwoll < b(s)ds,
1o

then we choose the largest value x5, >0 to satisfy
T M

[woll:= P(s)ds.

1Zoll

Similar to (i), it is easy to see that

le()l| <ar.

On the other hand, we use the above upper bound for ||(¢)|| to find
d
Mol < —perniol.

This yields the decay estimate for ||v(t)][:

[o()]| < [|lvolle~ @t ]

In next section, we consider the SDDI (2.11) equipped with explicit singular
and regular 1’s decaying algebraically at infinity, and apply Theorem 3.1 to get the
detailed information on the size of spatial support and time-decay estimates of ||v]|.

4. Application of the flocking theorem to the Cucker-Smale system
In this section, we consider two explicit communication rate functions 1):

V=5 U= g a0, f20

The second communication rate function s has been employed in previous lit-
eratures [2, 3, 8, 16] on flocking. In the following two subsections, we present several
estimates for z,,, and x,; together with explicit dissipation estimates.

4.1. Singular communication rate. In this part, we consider the singular
1 decaying algebraically at infinity:

Ui(s)=—5,  a>0, B20.

Since the flocking dynamics of 1; completely depends on 5€[0,1] or & (1,00), we
separate its presentation. For the long-range communication rate ¢ with g€ [0,1],
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we have global flocking regardless of initial configurations. In contrast, for the case
of short range case with € (1,00), we have a conditional flocking saying that only
certain classes of initial configurations reduce to the flocking state.

PROPOSITION 4.1. (Unconditional flocking) Suppose (||x||,||v||) satisfy the SDDI
(2.11) with =1}, :

HE[OJ]? ||w0||7é0
Then there exist x,, and xp; independent of t satisfying
em <l <zar, o) <lvolle” 0",

where x,,, and xpr are explicitly given by

1

(max {0, llzo|'~# = =2 ol }) 7, Bef0.1),

Ty = G/fld
v
o=, B=1,
1
_ _ -5
proe d (I2ol =7+ 12 0o [) 7, Be0,1),
’ v
ol B-1.

Proof. If ||vg|| =0, then we have ||v(t)||=0 and ||x(t)||=||xo||. So the lemma
holds. Now we show the lemma also holds for the case of [|vo||#O0.

(i) (Estimates of xps): For §€[0,1], since

o0 o0 a
wl(s)dSZ/ —ds =00,
/|wo| 2o 5

it follows from Theorem 3.2 that there exists a x s >0 such that

T M
lvoll = 2 H%(S)d& le®ll <zar, o) < [[wolle 0,
0

Below, we give a upper bound for x,; using the above defining relation.
Case 1 (0< < 1): By direct calculation, we have

TN « 1-8 1-8 .
lvoll = @ Hz/i(s)ds: 176(95]\/[ —||lxo]|*77), ie.,
0

1
s 1=B, \T?
on=(laall =+ 2 ol )

Case 2 (8=1): In this case, we have

M T . 1ol
llvoll = \| H@bl(s)ds:alnm, ie, xpy=|lxolle =
Lo

(ii) (Estimates of z,,): As in (i), we separate the estimate into two cases.

Case 1 (0< < 1): We again use Theorem 3.2 to obtain the estimate of z,,. Note
that

l1Zol| 2ol
| = lad [ (s)s = T el k)

m
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If lvo|| < 125 lzo[|*~#, then the defining condition for ,, yields the explicit represen-
tation for x,,:

(67

2ol
|Ivo|\:/ vi(s)ds, ie. [vol=—=(llwoll' ™" —a5,7).
T

m 1-5

Hence we have

., 1-8 s
= (|lzol|' ™ = —Jlwoll) .
8]

Otherwise, we simply take z,, =0.
Case 2 (8=1): Since

l1Zol|
/ P1(s)ds =00,
0

we use Theorem 3.2 directly to get
_ 1l

IZoll
ol = / Yds, = ol R, 0
z S

m

Below, we consider the case > 1, which is the integrable case at s=oc.

PROPOSITION 4.2. (Conditional flocking) Suppose (||x|],||v||) satisfy the SDDI (2.11)
with =11

s B-1
Be(1,00), ol #0, [lmof' =7 > =—]wo]]-
Then there exist x,, and xp; independent of t satisfying
em <|x@)| <zar, (o) < volle” ",

where x,, and xp; are given by

1 1
s, 81 =5 s Bl T
omi= (2ol + 22 oal)) - aari= (ol - 2 ool

«

Proof. As in the proof of Proposition 4.1, the lemma holds for ||vg||=0. So we
only need to prove the lemma for the case of ||vg||#0.

(i) Note that

Raet a 1
_ -8
/|a:0| Sﬁds—ﬂ_lﬂon < 0.

We again use Theorem 3.2 to find xp,: If
e

51

[[wol| < o',

then there exists x; >0 such that

M, «a 1-3
fooll= [ s =5 el -k,
lzo) 57 B-1 M
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which gives the desired result.
(ii) Since

2ol
/ —ds =00,
0 58

we can find z,, from the defining relation:

(1ol a a
looll= [ Sds= 52wk~ ).
Tm Sﬂ ﬂ - 1 " I:l
4.2. Regular communication rate. In this part, we will consider regular

force case at s=0. For definiteness, we set

Q
Pa(s) = ——, a>0, [>0.
(1+52)2
In the following, we will use the fact that
b 8 b B1 1 1-8
/ (1+52)75d52/ 5(1+52)7Tdszm(1+52)T b B#L

b
/(1+52)_§ds:1n(3+ 1+52) b B=1.

Below, we present two parallel propositions with Propositions 4.1 and 4.2 without
proofs.

PRrOPOSITION 4.3. (Unconditional flocking) Suppose (||z||,||v|]) satisfy the SDDI
(2.11) with 1 =1y:

Be[0,1].
Then there exist x,, and xp; independent of t satisfying
em <z <z, o) <lvolle 0",

where T, and T are given by the solution of the following relations:

(1+a2,) % = max {1,(1+ |z |) 5" = 2 woll ], Be0,1),
T+ /1422, =max{1,(||zo]| ++/1+[[zo|]2)e~IVoll/e} 3=1.

and
1-8 1= q_
(1+a3) = <(1+]lzol®) 2 +%Hvoll7v Belo,1),
1Vl
war+ /T3, = (lwoll + T+ Twol?) e, B=1,
Proof. The proof is similar to that of Proposition 4.1. Hence we omit its
detailed proof. ]

PROPOSITION 4.4. (Conditional flocking) Suppose (||x|],||v||) satisfy the SDDI (2.11)
with ¥ =1s:

1-8
Be(l,00), (I+zol*) = > [[voll-

(-1
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Then there exist x,, and xp; independent of t satisfying
rm <@l <zar, o)) < Jvolle” ",

where T, and xp; are given by the solution of the following relations:

+

(1+22)° > [min {11+ o) + Do}
B-1), 11
Jvoll]

«

=1 1-8
(1+a3) "7 < [(1+ o) —

~~
~—

4.3. Comparison with Cucker-Smale’s results. In this part, we briefly
summarize improved flocking estimates on the C-S model (2.1) with v;,i=1,2, and
compare our results with these given in [2, 3] for the communication rate 5. Since the
C-S model can be reduced to the SDDI (see section 2.1), we can use the estimates in
Propositions 4.3 and 4.4. The main results on flocking phenomena can be summarized
as follows:

THEOREM 4.5. (Unconditional flocking) Assume that the communication rate is 1 =
v, 1=1,2 with f€]0,1]. Let (z,v) be a solution to (2.1) with ©q#0. Then there
exist positive constants T, and x; independent of t satisfying

e <@ <znr, B <[Dofle 0", >0,

REMARK 4.1. The results given in the above theorem improves the flocking results
in Cucker-Smale [2, 3, 8, 16] which only deal with regular communication rate )
in two aspects: Improved flocking estimates for critical case (6=1) and singular
communication rate 1. More precisely,

(i) For 0 <@ <1, unconditional flocking with exponential decay in the variance of
velocity was obtained both in [2] and [3].

(ii) For the system (2.1) with regular communication rate v, with 5=1, condi-
tional flocking for initial configuration satisfying

[woll* < C(N,N),

was obtained in [2, 3], whereas Ha-Tadmor [8] improved Cucker-Smale’s conditional
flocking for the unconditional flocking with algebraic decay rates. Hence the result
given in this theorem also improves the results [2, 3, §].

THEOREM 4.6. (Conditional flocking) Let (x,v) be a solution to (2.1) with xq+#0,
and assume that v takes one of the form 1; with € (1,00). Suppose the initial
configuration (xg,vo) satisfies

{nmm1ﬁ>%fWML =1,

1-8

(L4 lloll*) =" > P lwoll, ¥ =e.
Then there exist positive constants x.,, and xp; independent of t satisfying
e <@ <@zar, @< [Bolle” 0 t>0.

REMARK 4.2. For the short-range communication rate o with >1, i.e., in the
Cucker-Smale’s context

K:

o=1,

A
N’
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the sufficient condition for flocking formation given in [2, 3] can be rephrased as

follows.
1\ 71 1 e
i = —1
AF-T || = - = > B,
5)"-(3)
where
22
A=—— 2 B=1+2N||zol?
SN ool FeN ol

which can be recast as

a5t > @I (T ()T

Here v=v(N) is a positive constant bounded by

3—NSI/(N)§2N(]\771)7 for N >2.
The discrepancy between the condition in Theorem 4.6 and (4.1) might be due
to different a priori estimates.

5. Measure valued solution and stability estimate

In this section, we present a global existence of measure valued solutions for the
kinetic C-S model [8] and their stability estimate in Kantorovich-Rubinstein distance.
Recall C-S particle model: For i=1,..., N,

N
% =v;, d;;i :)\;mm(@j —x;|)(vj —v,), m; : constant, (5.1)
x;(0) ==z, ©i(0)="wj,
and the corresponding kinetic C-S model:
f(:c7v70)=f0(a:,'v), '

where f is the one-particle distribution function, and F[f] is given by the following
representation:

Pl .= [ illa—yD(o—ov.)f(y..)dv.dz.

The kinetic model (5.2) was introduced by Ha and Tadmor [8] using the method
of BBGKY hierarchy from the C-S particle model as a mesoscopic description for
flocking.

5.1. Measure valued solution and moment estimates. In this part,
we review the notion of a measure valued solution to (5.2) and present several a
priori estimates for the particle trajectory. In the time-asymptotic limit (¢t — o), the
distribution function f= f(x,v,t) will concentrate on the velocity mean value (see
[2, 3, 8]), hence the natural solution space for the kinetic Equ. (5.2) will be the space
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of nonnegative measures, including Dirac measures. We will prove that the kinetic
C-S model (5.2) is well-posed in the space of Radon measures.

Let M(RR?%) be the set of nonnegative Radon measures on the phase space R??,
which can be understood as nonnegative bounded linear functionals on Cy(R??). For
a Radon measure v € M(R??), we use a standard duality relation:

()= [ glwoldndo),  geCo®)

The definition of a measure-valued solution to (5.2) is given as follows.

DEFINITION 5.1. For T €[0,00), let p€ L>([0,T); M(R??) be a measure valued so-
lution to (5.2) with initial Radon measure pg € M(R??) if and only if ju satisfies the
following conditions:

1. w is weakly continuous:
(ue,g) is continuous as a function of t, V g€ Co(R*).

2. u satisfies the integral equation: ¥ g€ C3(R*¢x[0,T)),

t
<ut,g(-,-,t)>—<uo,g(-,-70)>=/0 (1s,0s9g+v-Veg+AF-Vog)ds,  (5.3)

where F(x,v,us) is a forcing term defined as follows:

Plawp)i== [ dle-yho—vmdydo). (54

REMARK 5.1.
1. If f€ LY(R?? x [0,T)) is a weak solution (in the sense of distributions) to (5.2),
then ¢ (de,dv) = f(x,v,t)dzdv is a measure valued solution to (5.2).

2. If p is a measure valued solution to (5.2) and p; be the absolutely continuous
measure with respect to Lebesgue measure whose distribution function is given by
feL (R x[0,T)), i.e., us(de,dv)=f(x,v,t)dedv, then f is a distributional weak
solution to the (5.2).

3. For any solutions {(z;,v;)}, to particle system (5.1), the discrete measure
N
,ut::Zmié(sc—:c,»(t))®5(v—'vi(t)), m, : constant,
i=1

is a measure valued solution.

4. Recall that spt(u) (the support of a measure p) is the closure of the set
consisting of all points (z,v) in R?? such that p(B,((z,v))) >0, ¥ r>0. For a finite
measure with a compact support, we can use g € C'(R??) as a test function in (5.3).

5. Let p be a measure valued solution to (5.2) with initial Radon measure pg (see
section 6 for existence issue), then for any g€ C}(R??), we have

d
£<1u’tvg> = <1u’t7v'vzg> +)\</'l‘t7Fv’Ug>7

as long as the left hand side of the above relation is well-defined. In fact, for the
measure valued solution g in Theorem 6.2, %(,ut, g) exists a.e.
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6. We will revisit the formulation (5.3) from the viewpoint of particle trajectories
in Lemma 5.5.

LEMMA 5.2. Let p€ L>=([0,T); M(R?9)) be a nonnegative measure valued solution to
(5.2) such that py has a compact support for t a.e. Then we have

d d
) — de,dv)=0, — dx,dv)=0.
(4) dt/de'ut( x,dv) =0, g RZdvut( x,dv)

. d
i) 5 [ JoPutdedo)== [ [ [ wo—yho—o.Fpuldy.dv.)]|uiz.v).

Proof. The time derivative of velocity moments can be checked directly by taking

g(z,v,t)=1,v",|v|? in (5.3) respectively (see Remark 5.1 (4)), i.e.,

d . . A
o v' g (dee,dv) = X, F - Vov') = A u, FY)
t R2d

=3 [ dlle—y)(v' ~vipn(dy.do.ys(de. dv) =0,
R4d

and
d 2
— [ |vlfp(dz,dv) =2\, F-v)
dt Jpea
=—2A/4dw(|w—y\)v-(v—v*)ut(dy,dv*)ut(d%dv)
R
=3 [ vl o= v.Pru(dy.do. )l da. do).
R
Here we used the change of variables (x,v) < (y,v.) and Fubini’s theorem. 0
5.2. A priori estimates on the particle trajectory. In this part, we

present several a priori estimates for the particle trajectory which are crucial in the
next section on the existence of a measure valued solution and the mean-field limit.
We first note that the forcing term F(x,v,u:) in (5.4) can be rewritten as

F(x,v,put) = —/deil)(lw—yl)(v—v*)ut(dy,dv*)

{/wa(kﬂ—y|)U*Mt(d’y,dv*)} _ [/qup(|$_y|)m(dy7dv*>}v

=a(x, ) —b(x, pu)v. (5.5)
LEMMA 5.3. Assume the communication rate i takes the form of
1
Y(s)= mv >0,

and let € L>=([0,T); M(R??)) be a measure valued function with the following prop-
erties.

1. A compact support for each time slice: for some nonnegative locally bounded
functions R(t),P(t),

spt(pee) € Br(ty(0) X Bp(1)(0).
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2. Uniform boundedness of the first two moments:
/ pe(de,dv) <mgy < oo, / |02 e (da, dv) < my < oo.
R2d R2d

Then a(z, ;) and b(z,p;) satisfy
(i) Ja(, )| < (mom2),  la(@, ) — aly,pm)| < Bz — yl(moma)
(i) |b(, pe)| <o, [b(,pe) = by, pe)| < Bl —yl.
(i) [F (1, 0,10) ~ F (g, 00 p)] < [B((moma) F + P(1)) + 1m0 | |(,0) — (y,02)].

Here B,-(0) denotes the ball with a radius v and a center 0.

Proof. Let (x,v) €spt(p).
(i) We use || <1 and Lemma 5.2 to obtain

@] < [ olla—yDlv.u(dy.dv.)
1 1
<( [ mtagdon)* ([ o Putdy.dv.))’
R2d R2d

S (momg)%.

For the Lipschitz continuity of a, we use |¢)'| <3 and the mean value theorem
(e —z|) =¥ (ly —z[)| < Ble -y
to find
Ia(w,ut)*a(y,ut)lS/RM|¢(Iw*Z|)*¢(|y*ZI)Hv*Iut(dz,dv*)
< Bla—yl(moms)? .

(ii) By direct estimates, we have

o < [ oo slm(dy.do.) <mo,

)byl < [ 10 =5 =0y =5 a(dg.dv.) < Sl =y

(iii) We use the estimates (i) and (ii) to obtain

[F(z,v,11) — F(y,va, )| < |a(@, 1) — aly, pe ) |+ b
S |a(ma/”'t) _a(y7,ut)| + |b( y ot
Hb(y.gu) [0
< Blx—y|(moms2)? + Bl —y|P(t) +molv —v.|

=8| (mom3)? + P(t)| |2 —y|+ molv—v.|
< [8((moma) + P(®)) +mo| (2.0) - (y.0.)].

(:vaut)'u - b(yhu/t)v*|
@, p1e) = b(y, )| |v]

Here we used max{|z —yl,|v—v.|} <|(x,v) — (y,v.)|.
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For (z,v,t)eRIxRIx[0,7) and peLl>([0,7);M(R?*))), we denote
(Xu(s;t,x,v), Vyu(s;t,x,v)) to be the particle trajectory passing through (x,v)
at time ¢, i.e.,

d
S Xu(stzv)=Vy(sta,v), se[0,T), (5.6)

Valste) =2 [ oKyt ~y)(Vilste.o) v ldy.do.), (57

subject to initial data
X, (ttx,v) ==, V. (tt,x,v)=w.
For notational simplicity, we use the simplified notation
(@ (),0(5)] 1= [ (551, 0), 0, (s3,,0)].

LEMMA 5.4. Let p€ L>([0,T); M(R?%)) be a measure valued function with the fol-
lowing properties.
1. A compact support for each time slice: For some nonnegative locally bounded
functions R(t),P(t),

spt(it) C Br)(0) X Bp(1)(0).

2. Uniform boundedness of the first two moments:
/ pe(dx,dv) <mg < oo, / [0 e (dee, dv) <mgy < 0o,
R2d R2d

Then we have

(i) For any fized (x,v,t) ERY xR % [0,T), there is a unique global particle tra-
jectory [@,(s;t,x,v),v,(s;t,x,v)] which is a C*-function of s€[0,T] and admits an
unique inverse map in the form of

x:=X,(t;5,2,0), v:=V,(t;s,%,7),
where
z:=X,(s;t,xz,v), v:=V,(s;t,x,v).

(ii) Let P(t) and R(t) be the bounds for supports of the velocity and position
variables respectively. Then we have

P(t) <P(0)+ANmoms)2t,  R(t)< R(0)+ P(0)t+ g(momg)%t?

Proof.
(i) Consider the vector field on the phase-space generated by (v, \F(x,v,us)).
Then this vector field satisfies the following two properties
1. Continuity in time ¢ due to the weak continuity of .

2. Global Lipschitz continuity in the @ and v variables due to (iii) of Lemma
5.3.
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Hence the standard ordinary differential equation theory implies that there exists the
unique global C* particle trajectory passing through (z,v) at time ¢ generated by the
above vector field, and its inverse map is just a backward trajectory. Hence (i) holds.

(ii) Since the estimate for R(t) follows from the estimate for P(t), we only consider
the growth estimate of P(t). For simplicity in presentation, we denote

[x(s),v(s)]:==[z,(5;0,2,v),v,(s;0,2,0)],

with (@,v) € By, (0) x BP(Of (0).
We now consider the following equation for v:
dv(s)
ds

We integrate the equation to get the integral equation:

= Na(@(s), 1) ~ Ab(a(s), 1. )v(s).

t
v(t):voe—xfgbms),us)ds+,\/ M@ 107 ((5). 1 )ds,
0

Then we use b >0 and the estimates in Lemma 5.3 to obtain

Nl

|v(1t)|§|U0|+>\/O la(@(s), 1) |ds < P(0) + A(moms) 3.

Hence we obtain the upper bound on the size of the velocity support of u:
P(t) < P(0)+ A(moms) 3 t.

Now we can directly obtain a bound on x(t):

¢
. A A 1
|z(t)] <[x(0)] +/ [v(s)|ds < R(0) + P(0)t+ 2 (moms) # 2.
0
This completes the proof of Lemma. ]

LEMMA 5.5. For any T € (0,00], let pe L*°([0,T); M(R??)) be a measure-valued so-
lution of (5.2) satisfying (5.3)—(5.4). Then for any test function he€ C}(R?*?), we
have

h(x,v)p(de,dv) = X, (ts,z,v), Vu(t;s,x,v))pus(de,dv).
R2d R2d

Here [X,(t;s,2,v),V ,(t;s,z,v)] is the particle trajectory passing through (x,v) at
time s.

Proof. Recall that the defining relation (5.3) can be rewritten as

[ s wtiuldedo) - [ gwv.s)n(dy.dv.)

R2d R2d
t
N /de (879+’_"Vz79+AF(1775)-Veg)us(dz‘/,d@)dr. (5.8)

We now choose a test function g so that the right hand side of (5.8) vanishes. For
any h € C}(R?9) and fixed t, we set

g(jvﬁaT) ::h’(XM(t;T7537{))7Vu(t;7-7"ia’6))'
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Then, by (i) in Lemma 5.4, we have
g(XH(T;t,:L'/U),VH(T;t,(L‘,’U)J’) :h(wav)' (5'9)

Direct differentiation of the above relation (5.9) with respect to 7 and Lemma 5.4
imply

g€ CYHR* % [0,T)), drg+v-Vgg+AF(y,0)-Vgg=0.

Hence relation (5.8) implies that

g(x,v,t) s (de,dv) :/ g(x,v,8)ps(de,dv)

R2d R2d

or

[ heopmlddo) = [ X, (6520 Vs 0 dedo). g
R2 R2

5.3. Stability estimate in bounded Lipschitz distance. In this part, we
derive a stability estimate for measure valued solutions to (5.2) in a bounded Lipschitz
distance. This stability estimate is crucial in the mean-field limit of the C-S particle
model in next section.

We review the definition of the bounded Lipschitz distance in [13, 17]. We first
define the admissible set € of test functions:

Q:Z{QZRM—’R tlgll= <1, Lip(g):=  sup wél}-
21 #2Z5€R24 |21 — 22

DEFINITION 5.6. [13, 17] Let p,v€ M(R??) be two Radon measures. Then the
bounded Lipschitz distance d(p,v) between p and v is given by

d(u,v):=sup‘/RMg(:c,v)u(dm,dv)—/Rz(ig(a:,v)y(d:c,dv)‘.

geQ

REMARK 5.2.
1. The space of Radon measures M(R??) equipped with the metric d(,-) is a
complete metric space.

2. The bounded Lipschitz distance d is equivalent to the Wasserstein-1 distance
(Kantorovich-Rubinstein distance) W7 (see [7, 17]):

Wi(uv):= inf / |21 — z2ly(dz1, dza),
~vell(p,v) JR2d

where II(u1,v) is the set of all product measures on R?? x R2? such that their marginals
are pu and v.
3. For any g€ Cy(R??) with |g(2)| <a and Lip(g) <b, we have

‘/ g(m,v)u(dw,dv)—/ g(x,v)v(de,dv)| <max{a,b}d(u,v). (5.10)
R2d R2d

We present a series of estimates regarding the dynamics of particle trajectories.
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LEMMA 5.7. Let p,v € L°([0,T); M(R?%)) be two measure valued functions with com-
pact supports for each time slice:

spt(pee), spt(ve) C Br(t)(0) X Bp()(0),

where R(t) and P(t) are nonnegative locally bounded functions. Then a(x,u;) and
b(x,ue) in (5.5) satisfy

(1) [a(@, ) —a(@,vy)| < dmax{P(t), BP(t) +1}1d(ps, vi)-

(i) |b(x, pe) — b(x, 11 )| <max{1,B}d(pt,vt).
Proof.
(i) Let (y,v.)€spt(pe) Uspt(r). Then we have

[Y(|lz—yl)vl|<P(t) and
(|2 —y, v} — ¥ (|x —ys|)vh| < (BP(E)+1)|(y1,v1) — (y2,02)]-

It follows from (5.10) that we have
) —al ) = | [ olle— ot (g do) (o)
<max{P(t),BP(t)+1}d(u,v).

This yields the desired result.
(ii) Note that

P(lz—y)) <1 and  [Y(je—y;|) = (2 -ya)| <Bly1 —ysl,

hence we again use (5.10) to obtain
blaane) bl <| [ vl ul)(udy.dv.) - (dy.dv.)
R

< max{laﬁ}d(utayt)'
g
LEMMA 5.8. Let p,v € L°([0,T); M(R?%)) be two measure valued functions with com-
pact supports
spi(pie), spt(ve) C Brt)(0) X Bp)(0),
and finite moments

/ e (de,dv) <my, / \v|2ut(dw,dv)§m2,
R2d RZd

/ vi(da,dv) <my, / v (da, dv) <ma.
R2d R2d
Then for any 0<s<T, we have

(4) |a(X#(5)afLS) —a(Xy(s),vs)|
< B(mom2)? |(X(s) — X, (s)| +dmax{P(max{s,t}), 3P (max{s,t}) +1}d(us,vs).
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(i1)  |b(Xpu(s), 1) = b(Xy (5),v5)]

<6m0\( 1 (8) =X, (s)|+max{1, 5} d(us,vs).
Here we used the simplified notations:

X, (s) =X, (s;t,x,v), X, (s): =X, (s;t,x,v).

Proof.

(i) By definition of a, we have

la(X mﬂs) a(X,,vs)|

= | [ K=oty = [ 00X, —uv.rildy.do.)

‘/ ( X, —yl)—¢ (IXV—yI))v*us(dy,dv*)

][ olXe =y dydon) ~ [ 60X~y (dy.do.)
R2d R2d
= 1-14—12.

The term Z; can be treated as follows.

M\»—-

T, < BIX, — X, | / o |a(dy,dv.) < BIX, — X, |(moma)*.

On the other hand, for the estimate of Z5, we use the same argument as in Lemma
5.7 (i) to obtain

T <dmax{P(max{s,t}), BP(max{s,t})+1}d(us,vs).
(i) Similar to (i), we have
|b(X#nu5)7b(Xl/,Vs)|
< [ 1%, 9 - (X, -yl (dy.dv.)

][ eXe—yhdy o) - [ o(X, -yl (dy.do.)
R2d R2d
< 5|X;L7XV|m0+maX{1aﬁ}d(MsaVs)'

a
LEMMA 5.9. Let p,v € L*=([0,T); M(R??)) be two measure valued solutions with com-
pact supports

spt(pe), spt(ve) C Bry(0) x Bp)(0),  for some positive functions R(t), P(t),

and uniform bounded moments
/ pe(de,dv) <my, / 0] i (da, dv) <ms,
R2d R2d

/ vi(da,dv) <my, / [v|?v, (dze, dv) <ma.
R2d R2d
Then for any 0<s<T, we have

|XH(S;t7$a’U) _XV(S;tam7v)| + |VM(8;t,.’.U,'U) —VV(S;t,QII,'U))I
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max{s,t}
S/ a(T;s)d(,U/T7VT)dT?
min{s,t}

where a=«(T;8) is a smooth function depending only on T, A (3,d,mg,ma,P(-), and
R(").

Proof. We set
y(s) =X, (s;t,@,v) — X, (s;t,z,v), v(s):=V,(s;t,x,v) =V, (s;t,x,v).

We consider the case 0 <t <s. The other case is exactly the same except the change
of sign. It follows from (5.6) that we have

dy(r)
dr

=v(7), y(t)=0.

We integrate the above equation from 7=t% to 7=s to find

()] < / fo(r)dr.

On the other hand, v(7) satisfies

dv(T)

+ (X, (75t 2,v), 17 )0(T)
-

pr)o(
=Na(X,(7;t,2,v),1.) —a(X, (15t 2,v),v,)]
o )\([) (Xp(rst, @, v), 1) = 0(X, (15, 2,0),v7)| V, (58, 2,0),

We use the method of integrating factor and e~ 1) <1 to obtain
()= [ NalX,(ritie,0).) ~a(X,(rita.).v, )i
[ A (r3t.2,0). ) 8K, rit20)00) [Vt o)
< /:A [dmax{P(T),ﬁp(T) +1} +max{1, Y P(r)|d(ur,vs )dr
+ [ A8 [maP(r)-+ (mama) 2] f(r)dr
§/ts)\[d+(1+d)P(T)max{1,ﬂ}]d(pT,VT)dT
+ [ 38 [moPU) + moma) 2] jy(r) (5.11)

t

Here we used the fact that
dmax{P(1),8P(1)+1} +max{l,5}P(1) <d+ (1+d)P(r)max{1,5}.
We set

2(s):=[v(s)[+1y(s)l, A(r):=Ald+(1+d)P(r)max{1,5}],
B(r):= ax{l /\[mOP( )+(m0m2)1/2} }
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Then z satisfies the Gronwall type inequality:

2(s) S/tsA(T)d(/,LTV-,—)dT—‘r/tsB(T)Z(T)dT,

hence the Gronwall Lemma implies that

z(s) S/ A(T)ef:B(r)drd(uT,vT)dTE/ a(r;s)d(pr, vy )dr.
t t
Here we used a simplified notation:
a(r;s) = A(r)els BOr,
Therefore, we have
X, (s5t,x,v) =X, (s;t,2,0)|+|V,(s;t,x,v)) =V, (s;t,2,v))]

— ()] + [y (s)] < 2(s) < / o(7:8)d(pir ) dr.

|

PROPOSITION 5.10. Let pu,v€ L=([0,T); M(R24)) be two measure valued solutions
corresponding initial data pg,vy with compact supports:

spt(pe), spt(ve) C Bry(0) x Bp)(0),  for some positive functions R(t), P(t),

and uniform bounded moments:

/ o(da,dw) < mo, / o (e, ds) < s,
R2d R2d

/ vo(dz,dv) <my, / [v|?vo(dz,dv) <ms.
R2d R2d
Then there exists a nonnegative function Co=C(T,d,\,3,P(-),R(:),mo,m2) satisfying
d(pe,vr) < Cad(uo, o), te[0,7).
Proof. Let g€ Cy(R??) a test function in €, i.e.,
[lgllz= <1 and Lip(g)<1.

Then we have

/Rgdg(w’v)ﬂt(dmad”)_/deg(w’”)’/t(dwvd”)

< / |9(X,.(£;0,2,v),V,(:0,2,v)) — 9(X, (£0,2,v),V, (0,2,v)) | o (de, dv)
RQd

T / 09X, (£:0,2,0), Vi, (10, 2,0) o (da, o)
R2d

_/ g(XV(t;07m7v)7VV(t;O7wvv))V0(dm7dv)
R2d
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+ d(po,v0)

t
< ma [ a(rit)d(ur,v,)dr+ d(po.).
0

< / (X, (t:0,2,v) — X, (¢0,2,v) |+ |V, (0,2,v) — V,(¢;0,2,v)|) po(dx, dv)
RQd,

Therefore we have

t
) <mo [ alriT)d(ur v, dr + d(po, ).
0
The Gronwall lemma gives
d(utayt) Sd(uO;VO)emOISa(T;T)dT' o

6. Mean-field limit and the existence of measure valued solutions

In this section, we show the existence of measure valued solutions to (5.2) with
initial Radon measure po. For this, we use a standard method for the Vlasov equation
with a bounded and Lipshitz kernel in [13, 17]. However unlike to the case in Neuzert
and Sphohn’s case in [13, 17], the kinetic model (5.2) does not have a bounded kernel
due to the relative velocity factor (v —wv,). Hence we need to control the growth of
velocity support (Lemma 5.4) to construct measure valued solutions.

6.1. A particle method. For the particle method or particle in cell (PIC),
the initial Radon measure g is approximated by a finite sum of Delta measures. For
example, for given h >0 and lattice points i,j € Z?, we set a phase space box R"(i,7)
and its center (xz;,v;):

x;:=1h, v;:=jh, and

R0, 5) =TIy [ (i~ 5 Gt )R] T [ G

o1

2
Hence the whole phase space R?? is the countable union of R"(i,5):
R*:=U;, jczaR" (i, 7).

Suppose initial Radon measure pg has a compact support, i.e.,

3 Ry, Po<o such that  spt(uo) C Br,(0) x Bp,(0).
We construct the initial approximation u2 as

=S miyd(w— ) ©6w—vy),  my ::/Rh(muo(dw,dv). (6.1)
i, ’

Note that since 1o has a compact support, the sum in the above definition (6.1) is in
fact a finite sum.

LEMMA 6.1. Let jug be a given initial Radon measure on R*? with a compact support:
spt(po) C Br,(0) x Bp, (0),

and let uft be the initial approvimation given by (6.1) with a uniform grid size h. Then
we have

Vd
d(ﬂgauo)§7\|uo||h-
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Here d(-,-) is the bounded Lipschitz distance introduced in section 5.3, and ||uo]| :=
Jgza to(d,dv).

Proof. Let g € Q be a test function with the properties (Jg| <1, Lip(g)<1). Then
we have

[ st wm(dedo)~ [ g@ophde.d)
R2d R2d
< E ‘/ g(w,v),uo(dw,dv)—/
i Y R

R (i,5)

:Z‘/ g(m7v)U0(dm7d’U)_/

i Y RMGI) RM(i,5)

<y /R o) (el o)
hi,j

g(@,v)uf(dw,dv)

g(miavj)NO(dmvdv) ‘

<[ i@ (@)

O
REMARK 6.1.

1. We will use single index i, i=1,..., N instead of double index, and rewrite
in (6.1) as

N
b ::Zmié(az—wi)@)d(v—vi).
i=1
2. Note that the sequence {u"} satisfies
d(pg" ) < dpg" s o) + (o, pg?) < V| ol | max{ha, o},

which implies that {,ug} is a Cauchy sequence in the complete metric space

(M(RQd)7d('7 ))

The particle method is exactly identical with the Cucker-Smale dynamics:

N
d:Bi d’Ui .
TR 7 :A;mﬂmwrmm(vrm), i=1,...,N. (6.2)

With solutions (@;(t),v;(t)) of (6.2), we can define an approximate solution:
N
=Y mid(@—mi(t) ®6(v—v;(t)). (6.3)
i=1

It is clear that bounds for supports of the velocity and position variables as Ph(t) and
R (t) is also bounds of support of measure (6.3) ul, i.e.,

spt(py) C B y(0) X Bpn ) (0). (6.4)
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6.2. Convergence of a particle method. In this part, we present a con-
vergence of approximate solutions to the measure valued solution of (5.2) and error
estimate for the particle method which is first order accurate.

THEOREM 6.2. Let jg€ M(R??) be a Radon measure with a compact support. Let
ul be the approzimate solution constructed by the particle method with a grid size h.
Let (Ro, Py) be the radius of the initial compact support, i.c.,

Spt(/‘LO) - BR() (0) X BPO (0)7

and let mg,mo be the moments of the initial measure

moz/ o (dz,dv), m2:/ [v|? o (dee, dv).
R2d R2d

Then there is a measure valued solution p€ L°°([0,T); M(R??) to (5.2) with initial
data po such that

1. g is the weak-x limit of the approximate solutions u? as h— 0+, and we have
the error estimate

d(pe, i) < C3h,

where C3=C3(T,d,\,3,Py,mop,ms) is a positive constant depending on the
arguments specified.

2. v is weakly Lip continuous and has bounded first two moments for each time
slice

/ pe(dee,dv) <mg, / [0 e (da, dv) <m.
R2d R2d

Moreover p has compact support for each time slice:

spt(pe) C Br (0) X Bp)(0),

where R(t) and P(t) are positive bounded functions satisfying the growth es-
timates

A
P(t) < Py+Amoms)?t,  R(t) §R0+P0t+§(m0m2)%t2

3. w is unique in the class of measure valued solution to (5.2) with initial data
o and compact supports for each time slice.

Proof. We present the proof in several steps.
Step A (bounds for moments and compact support): Denote

mh(o)= [ uide.do).  mho)= [ [oPulde.do)
R2d R2d
and let (R"(t),P"(t)) be the radius of the initial compact support, i.e.,

spt(111') C Bre (1) (0) X Bpn s (0).

As explained in (6.4), P"(t) and R"(t) can also be bounds for supports of the velocity
and position variables P"(t) and R"(t) respectively. From Remark 5.1 (3), we know
that uf is a measure valued solution. We now apply Lemmas 5.2 and 5.4 to uf,

mg (t) =mg(0), m3(t) <m3(0),
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PR(t) < PH(0) 4 AmB(O)mB(0)) b1, B (1) < RY(O)+ PR(O)1-+ 5 (mfm) b1

Due to the construction of initial approximation uf, it is easy to prove that
me(0) <mo+Ch, mi(0)<my+Ch, R"0)<Ry+Ch, P"0)<Py+Ch. (6.5)
Hence
Ph(t) < Py+A(moma) 2t +Ch(1+t), (6.6)

Rh(t)gRo+P0t+%(momg)%t2+0h(1+t+t2). (6.7)

Step B (Existence of weak-+ limit and error estimate): For fixed t€[0,7'), it follows
from Proposition 5.10 and Remark 6.1 that

d(p,p0p?) < Cad(pd* ,py?) < CoV/d|| o || max{hy, ho}.

Due to (6.6) and (6.7) and the fact that mo=||uo|| , we know that Cy depends only
on T,d,\,3,P(0),mg and mo. Hence, we set

03(T7d7)\7/6aP07m07m2) :CQ\/EH,UOH
to obtain
d(py,u?) < Camax{hy, ho}.
Therefore the sequence of approximate solutions {u?} is a Cauchy sequence in the
complete metric space (M (R??),d(-,-)). This guarantees the existence of a limit mea-
sure ;€ M(R??). By taking h; =h fixed and and hy — 0, we have a first order
accurate error estimate

d(lu’?a/’(‘t) < CBh

Since d(-,-)-convergence is also equivalent to weak-* convergence[17], we know that
pt is the weakx-limit of u*. From (6.5)(6.7), we have

mo(t)=mo, ma(t) <ma,
1 )\ 19
P(t)SPO—F/\(momg)Qt, R(t)§R0+P0t+ §(m0m2)2t .
Step C (Weak Lipschitz continuity): We need to check the weak continuity of the map
t— ;. We first note that the vector field (v, AF(u?)) is bounded in the time-strip

R24 % [0,T"):

|(0, AF ()| < o] + A[F (1))| < Ivll + Ma(z, )|+ Alb(z, 1)) [0
<P #)+ A (mEmb)z + P (t) < C(T,d, \, 8, Py, mg,msz) < 0.

Here we used Lemmas 5.3 and 5.4. This leads to

X" (t4 At) =X (t)|+ [V (t+ At) = V()| < C(T,d, \, 3, Py, mo,ma) At.
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On the other hand, note that for any g € C}(R??), we have from Lemma 5.5 that
|<u?+m,g>—<u?,g>|=’/Rgd(g(X*‘(t+At;t,xm),V*‘(t+At;t,x7v))

—g(m,v)),u? (dwadv)

< llgllcrml (X" (t+ A8 =X (@) + V" (t+ A1)~ V' (1))
SC(TvdaAaﬂaPO,mOamQag)At'

As At —0, we see that u is weakly Lipschitz continuous in ¢. Since u” satisfy required
bounds, the limit p also satisfy required bounds.

Step D (p satisfies (5.3)): In the following, we show that this limit measure u is a
measure valued solution to (5.2).

Note that " is a measure valued solution, hence it satisfies the equation (5.3):

<ﬂ?7g('a'7t)> - </u‘gag('a'70)> :/0 (u?,@ngrv-Vrng)\F(ug)-va> ds. (68)

Since d(-,-)-convergence is equivalent to weak-* convergence, it is easy to see that the
first two terms in (6.8) converge to the corresponding terms for weaks-limit p, i.e.,

<M?79('7'at)> - <U(})ng('7'50)> - (ut,g(~,-,t)> - <U0ag('a'70)> as h—0+.

It remains to show that the terms in the right hand side of the equation (6.8) converge
to the corresponding terms for u.

Claim: For any test function g€ C¢(R2?? x [0,7T)),

t t
/ <N?aasg+’u'vwg+)‘F(:u?)'V’Ug>ds_)/ <NS7859+U'V9;9+)\F(MS)'V'vg>d8’
0 0

as h— 0+.

The proof of claim. The above relation directly follows from the following
strong result. For ¢ €[0,T), we prove that

(1,059 +v-Vag+AF (1) Vog) — (1,059 +v - Vag+AF (1) Vo g)
< Cyh.

Here Cy=C4(T,d,\,3,Py,mp,ma,g) is a positive constant.
Note that

[t ,0sg+v-Vag) — (1,059 +v-Vag)| <||0sg+v-Vagllcrd(uf, 1) < Ch,

and hence it is enough to show that

(W AF (1) -V g) — (s, AF (1) - Vayg) | < Chh. (6.9)
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By definition of F', we have
| AR (1) - Vo g) = {pas, AF (1) - Vo g)|

< A / (P(u) P (1)) Vg i (dedv)|

| [P0 Foglul o)~ [ F(u) Vog] (i)

= J1+Te.
We next estimate J;, i=1,2 as follows.

Case 1 (J1): We use Lemma 5.4 and Lemma 5.7 to see that

[F (2,0, 0) = F(2,0,0)| < la(a, pe) — a(@, 1) |+ [b(@, ) — bz, 1) [o]
<dmax{P(t),BP(t) +1}d(ps, u) + max{1, B} P(t)d(pus, ult)

<Ch.

This yields
jl S mo ACh.

Case 2 (J2): In this case, we use Lemma 5.3 to obtain
E (1) - Vogllioe < F (o)l [Vog| <Ol Vgl | (moma)? +moP(t)] <C,
F(z,v,1¢) - Vog(x,v) —F(y,v., ) - Vog(y,v.)|
<|F(z,v,10) —F(y, v, )| [ Vgl Lo +[[F|| L= [V g(z,v) — Vog(y,v.)|
< {2[B((moma)* + P(1)) +mo]|1Vwgll = + IFll=llgllc= fI(@,v) - (,0.)]

<Cl(z,v)—(y,v:)|-
Therefore, thanks to Remark 5.2 (3), the term J2 can be estimated as follows.

Tz < Cd(u, ) < Ch.
Hence Case 1 and 2 verify that p satisfies the equation (5.3).

(Uniqueness part): Let v€ L>([0,T); M(R??) be a measure valued solution to (5.2)
corresponding to same initial data pg with a compact support for each time slice:

spt(v¢) C Br) (0) X Bpt)(0).
Then we apply the stability estimate in Proposition 5.10 to find

d(ut,Vt):O, i.e. Mt = Vg, Y t>0.
This yields p=wv. a
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