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SELF-SIMILAR SOLUTIONS OF THE NON-STRICTLY
HYPERBOLIC WHITHAM EQUATIONS*

VIRGIL U. PIERCE' AND FEI-RAN TIAN%

Abstract. We study the Whitham equations for the fifth order KdV equation. The equations
are neither strictly hyperbolic nor genuinely nonlinear. We are interested in the solution of the
Whitham equations when the initial values are given by a step function. We classify the step-like
initial data into eight different types. We construct self-similar solutions for each type.
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1. Introduction
It is known that the solution of the KdV equation

Ug 46Uy + € Upgy =0 (1.1)
has a weak limit as e — 0 while the initial values
w(x,05€) =up(x)

are fixed.
The weak limit is described by hyperbolic equations. It satisfies the Burgers
equation

ug+ (3u?), =0 (1.2)

until its solution develops shocks. Immediately after, the weak limit is governed by
the Whitham equations [4, 5, 12, 13]

Wit + A (U1, u2,u3) Ui =0, 1=1,2,3, (1.3)

where the A;’s are given by formulae (2.12). Equations (1.3) form a 3 x 3 system of
hyperbolic equations. After the breaking of the solution of (1.3), the weak limit is
described by a 5 x5 system of hyperbolic equations similar to (1.3). Similarly, after
the solution of the 5 x5 system breaks down, the weak limit is characterized by a
7 x 7 system of hyperbolic equations. In other words, for general initial data ug(z),
one must construct the weak limit by patching together solutions of (1.2), (1.3), 5x 5,
7x 7, etc systems in the z-t plane.

The KdV equation (1.1) is just the first member of an infinite sequence of equa-
tions, the second of which is the so-called fifth order KdV equation

uy + 30Uy + 2062 Uy Uy + 106Ut pp g + € Upppes = 0. (1.4)
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800 SELF-SIMILAR SOLUTION OF THE WHITHAM EQUATIONS

The solution of the fifth order KdV equation (1.4) also has a weak limit as ¢ —0. As
in the KdV case, this weak limit satisfies the Burgers type equation

ug +(10u?), =0 (1.5)

until the solution of (1.5) forms a shock. After the breaking of the solution of (1.5),
the limit is governed by equations similar to (1.3), namely,

Wit + i (U, u2,uz) Uiy =0, i=1,2,3, (1.6)

where p;’s are given in (2.18). They will also be called the Whitham equations. As
in the KdV case, after the solution of (1.6) breaks down, the weak limit is described
by a 5 x5 system of hyperbolic equations.

In this paper, we are interested in the solution of the Whitham equation (1.6) for
the fifth order KdV (1.4) with a step-like initial function

a, =<0,
uo(ac):{b7 >0, a#b. (1.7)

For such an initial function with a >0, b<a or a <0, b> a, the solution of the Burgers
type equation (1.5) has already developed a shock at the initial time, t=0. Hence,
immediately after ¢ =0, the Whitham equations (1.6) kick in. Solutions of (1.6) occupy
some domains of the space-time while solutions of (1.5) occupy other domains. These
solutions are matched on the boundaries of the domains.

Equations (1.2) and equations (1.5) are prototypes in the theory of hyperbolic
conservation laws [6]. Their solutions will generally develop shocks in finite times.
The solutions can be extended beyond the singularities as the entropy solutions. The
entropy solution of the Burgers equation (1.2) with initial function (1.7) is simple: it
is either a rarefaction wave or a single shock wave. The Burgers type equation (1.5) is
more complicated, as its flux function changes convexity at u=0. Its entropy solution
with step-like initial data (1.7) can be a rarefaction wave, a single shock wave or a
combination of both [6].

Solutions of equations (1.2) or equations (1.5), in the theory of the zero dispersion
limit, are not extended as weak or entropy solutions after the formation of singular-
ities. Instead, they are extended to match the Whitham solutions of (1.3) or (1.6).
For initial data (1.7), the resulting solutions of the Whitham equations (1.6) will be
seen to be more complex than those of (1.3) in the KAV case. Indeed, there are eight
types of different solutions in the former case while there is only one type of solution
in the latter case.

The KdV case with the step-like initial data (1.7) was first studied by Gurevich
and Pitaevskii [2]. The Burgers solution of (1.2) develops a shock only for a>b.
Moreover, because of the Galilean invariance of the KdV equation, the corresponding
initial function is equivalent to the case a=1, b=0. In this case, Gurevich and
Pitaevskii found that it was enough to use the Burgers solution of (1.2) and the
Whitham solution of (1.3) to cover the whole z-t plane, without going to the 5x 5 or
7 x 7 system. Namely, the space-time is divided into three parts

(1) %<—6, 2) —6<%<4, (3) %>4.
The solution of (1.2) occupies the first and third parts,

u(z,t)=1 when £ <—6, u(z,t)=0 when %>4. (1.8)
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The Whitham solution of (1.3) lives in the second part,
up(x,t) =1, %:)\2(1,“2,0), uz(z,t) =0, (1.9)

when —6 <z/t <4.
Whether the second equation of (1.9) can be inverted to give ug as a function of
the self-similarity variable x /¢ hinges on whether

OAg

aUQ (I,UQ,O) 750

Indeed, Levermore [7] has proved the genuine nonlinearity of the Whitham equations
(1.3), i.e.,

o\
(9ul-

(ul,UQ,U3)>O, 1=1,2.3, (1.10)

for w1 >ug > ug.

For the fifth order KdV (1.4), equations (1.6), in general, are not genuinely non-
linear, i.e., a property like (1.10) is not available. Hence, solutions like (1.8) and (1.9)
need to be modified.

Our construction of solutions of the Whitham equation (1.6) makes use of the
non-strict hyperbolicity of the equations. For KdV, it is known that the Whitham
equations (1.3) are strictly hyperbolic, namely:

A1 (ug,uz,ug) > Xo(ug,uz,uz) > Az(ur,ug,u3)
for u; >wug>us. For the fifth order KAV (1.4), different eigenspeeds of (1.6),
wi(u1,u2,u3)’s, may coalesce in the region uq > ug > ug.

For the fifth order KAV with step-like initial function (1.7) where a=1 and b=0,
the space time is divided into four regions (see Figure 1.1)

(1)§<—15, (2)—15<%<a, (3)a<%<16, (4)§>16,

where « is determined by (3.15). In the first and fourth regions, the solution of (1.5)
governs the evolution:

u(z,t)=1 where z/t<—15 and u(z,t)=0 where z/t>16 .
The Whitham solution of (1.6) lives in the second and third regions; namely:
x x
up (z,t) =1, n = o (1,ug,u3), n = us(1,ug,us), (1.11)
when —15 </t <, and
x
up(z,t) =1, ?:ﬂ2(17u2,0)7 us(z,t) =0,

when a <z /t<16.
Equations (1.11) yield

po(L,ug,u3) = ps(1,uz,us)
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Fic. 1.1. Self-Similar solution of the Whitham equations for a=1 and b=0 of type II.

on a curve in the region 0 <wu3 <wug <1. This implies the non-strict hyperbolicity of
the Whitham equations (1.6) for the fifth order KdV.

The organization of the paper is as follows. In Section 2, we will study the
eigenspeeds, p;(u1,us,us)’s, of the Whitham equations (1.6). In Section 3, we will
construct the self-similar solution of the Whitham equations for the initial function
(1.7) with a=1, b=0. In Section 4, we will use the self-similar solution of Section 3
to construct the minimizer of a variational problem for the zero dispersion limit of the
fifth order KdV. In Section 5, we will consider all the other possible step-like initial
data (1.7). We find that there are eight different types of initial data. We construct
self-similar solutions for each type.

2. The Whitham equations

In this section we define the eigenspeeds of the Whitham equations for both the
KdV (1.1) and fifth order KdV (1.4). We first introduce the polynomials of & for
n=0,1,2,... [1, 3, 10]:

P (&un,ug,u3) =" +an 1 &7+ Fan et (2.1)
where the coefficients, ap 1,05,2,...,0n n+1 are uniquely determined by the two condi-
tions

Pn ) ) ) n— —
(Eruiuaus)  _ en1/2 | 0(e=3/2) for large [¢] (2.2)
V(€—u1)(E—u2)(€—us)
and

Y Albuu) e, 2.3
A e un)E—w) ) (33)

Here the sign of the square root is given by /(€ —uy)(§ —u2)(€—u3) >0 for £>uy
and the branch cuts are along (—oo,us) and (ug,u1).
In particular,

1
Po(&,ur,uz,u3) =E+agy, Pi(&ur,ug,uz)=E&*— §(u1 +ustuz)é+ain, (24)



V. U. PIERCE AND F.-R. TIAN 803

where
E(s)
ap1=(u1—u3z)——=—u
0,1 = (u1 5)K(s) 1,
1 1
01,2:g(U1U2+U1U3+U2U3)+6(u1+u2+u3)ao,l-
Here
_ uz—us3
_ul—ug

and K(s) and E(s) are complete elliptic integrals of the first and second kind.
K (s) and E(s) have some well-known properties [8, 9]. They have the expansions

13- (2n—1)

o s 9 4 2 n
K@y_2U+4+@f-+ +( W™ )s" 4], (2.5)
Cmos 3, 1 1:3-(2n-1), ,
Bls)=5ll =151 1 2dan ) (26)
for |s| <1. They also have the asymptotics
1 16
K(s)==1 2.
(5) g log 1o, (27)
1 16
E(s)~1+—-(1-s)[l -1 2.
()~ 14 3 (1—s)log 7~ 1], (2.9
as s is close to 1. Furthermore,
dK(s) E(s)— (175)K(s), (2.9)
ds 25(1—3s)
dE(s) E(s)—K(s)
= ) 2.10
ds 2s (2.10)
It immediately follows from (2.5) and (2.6) that
1 _K(s) _1-3
1. 2.11
1_%<E(S)<1_ for 0<s< (2.11)

The eigenspeeds of the Whitham equations (1.3) are defined in terms of Py and
P1 of (24),

Pl(ui7u17u27u3) .
Ai(u,us, =12—= =1,2,3,
(w,u2,u3) Po(ui,ur,uz,u3) !

which give

K
A (u1,u2,u3) =2(ug +ug +us) +4(u1 —us2) 5

Az (u1,uz,uz) =2(uy +ug +uz) +4(uy 7u1)E(s) —(1=5)K(s)’
K(s)

B KO (2.12)

)\3(U1,’LL2,’LL3) = 2(U1 “+ U2 -|—’LL3) +4('LL2 — 'LL3)
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Using (2.11), we obtain

)\1—2(11,1 +uso +u3)>07 (213)
)\2_2(7.[41 +uo +U3)<0, (214)
Az —2(ug +uz+us) <0, (2.15)

for uy >wus >wug. In view of (2.5-2.8), we find that A;, Ay and A3 have behavior:
(1) At ug = ug:

A1 (ur,u2,u3) = 6ur,

Ao(ug,ug,us) = Ag(ug,us,us) =12us — 6u;. (2.16)
(2) At uy = uo:
A1 (ur,ug,us) = Aa(ug,uz,ug) = 4uy +2us, (2.17)
As(ur,ug,us) = 6us.
The eigenspeeds of the Whitham equations (1.6) are
(ot ag) — 80 2L UL U US) g (2.18)

Po(ui,u1,uz,us)
They can be expressed in terms of A, Ao and A3 of the KdV.

LEMMA 2.1. [10] The eigenspeeds, p;’s, satisfy:
1.

d (u1,ug,us) +q(ur,uz,us), (2.19)

1
palur,uz,uz) = o (A = 2(ur +uz +us)] o -

where q(ui,uz,u3) is the solution of the boundary value problem of the Euler-
Poisson-Darbouz equations:

Pq__on 0y

2 i — . = — s .7 .:172,3 ; .’ 220
q(u,u,u) = 30u?.
2.
o2
Opt; ou, L.
EITIR S | , 2.21

The solution of (2.20) is a symmetric quadratic function of u;, us and ug
q(ur,ug,uz) = 6(u3 +us +u3) +4(uug +uguz +ugusz). (2.22)
For KdV, \;’s satisty [8]
oA 3 —A 12D
3 027 A3 02

Ous 2us—ug Ous

for uz <ug <wi. Similar results also hold for the fifth order KdV.
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LEMMA 2.2.
Oz 3 pe—ps ., 0Oq
—_— > = — 2.2
Bug o 2 U2 —U3 Zf Bug ’ ( 3)
Opz 3 pe—pz ., 0Oq
—_— < — 2.24
8U3 < 2 U2 — U3 Zf 8U3 >0’ ( )
for ug <us <wuy.
Proof. We use (2.19) to calculate
Ous 103 0 1 &q
e Nt Nt ST § W) 9
Ous 2 Ous Ous + 2[ 3 2w tuptug)] Ou?
3 )\2 —>\3 Bq 1 32q
4 U — Uz Bug + 9 [)\3 2(7.L1 “+uso +’LL3)} 6’11%’ (225)
and
1 dg 1 dq dq
_ = _ ~1 = ) it S
Mo —p3 =7 (A2 —A3) Dus + 2[)\3 (u1 +uz +us)] <8u2 Dus
1 dqg 1 0%q
=— — — +—=[A3—2 2(ug —
3 (/\2 )\3) Dus + 5 [/\3 (u1 “+usg —|—U3)] (u2 U3) Dusds
. 2 3 )\2 — )\3 aq 3 82(]
_g(U,Q Ug) (4u2u33u3+2[>\3 2(“1 + U9 +U3)] auQau3 s (226)

where we have used equation (2.20)

dqg  0q
%—%—Q(Uz—%)

8%q
3U28U3 ’

It follows from formula (2.22) for ¢ that

oq _ 0%
Ousduz  Oud’

which, along with with (2.25) and (2.26), proves (2.23).
Inequality (2.24) can be proved in the same way. d

The following calculations are useful in the subsequent sections.
Using formula (2.19) for pe and pz and formulae (2.12) for A2 and A3, we obtain

_ Q(UQ—Ug)K
pa(uy, ug,uz) — pa(ug,ug,ug) = (KfE)[E—(I—S)K]M(uhuz’u?’)’ (2.27)
where
04 9q 9 9
M(u17u2,u3)—[au3 +(1-s) aUQ}E (1 3)(8uQ + 8u3)K.
We then use (2.9), (2.10) and (2.22) to calculate
OM (uy,uz2,us3) _ 10(uy — 3up —ug) (E—K). (2.28)

8“2 U1 —UuUs
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We next consider

F (g p) o= P20 020108) ~ a1tz u3) (2.29)
U2 —U3

Using formula (2.19) for ps and ps3 and formulae (2.12) for Ay and A3, we obtain

F=—-9 (1-s)K ¢ K 9q¢
 "E—(1-s5)KOuy ~K-—F Ous
s(1—-9)K d%q K (1-s)K , Oq

=—4

Eo (=K " ") gurtns AR E B 5K dus’

where we have used equations (2.20) in the last equality. Finally, we use the expansions
(2.5-2.6) for K and E to obtain

B 7 0%q 3 9 Og
F(ul,ug,u;),)ffll[(QfZs+~~~)(u17u;),)6u2au3 +(*1 +0(s ))a—w]

=-16[(2— Zs—km)(ul —U3)+(—§ +0(5%))(u1 +uz +3u3)], (2.30)

where we have used formula (2.22) for ¢ in the last equality.

3. A Self-similar solution

In this section, we construct the self-similar solution of the Whitham equations
(1.6) for the initial function (1.7) with a=1 and b=0. We will study all the other
step-like initial data in Section 5.

THEOREM 3.1. (see Figure 1.1) For the step-like initial data uo(z) of (1.7) with
a=1,b=0, the solution of the Whitham equations (1.6) is given by

up=1, xz=ps(1,ug,uz)t, x=pus(1l,uz,us)t (3.1)
for =15t <z <at and by
up =1, x=pa(1l,us,0)t, uz=0 (3.2)

for at <ax < 16t, where o= ps(1,u*,0) and u* is the unique solution us of pa(1,u9,0)=
us(1,u2,0) in the interval 0 <us <1. QOutside the region —15t <x < 16t, the solution
of the Burgers type equation (1.5) is given by

u=1 x<-15¢ (3.3)
and

u=0 x>16t. (3.4)

The boundaries x =—15¢ and =16t are called the trailing and leading edges,
respectively. They separate the solutions of the Whitham equations and Burgers type
equations. The Whitham solution matches the Burgers type solution in the following
fashion (see Figure 1.1):

u1 =the Burgers type solution defined outside the region, (3.5)

Ug =Uus, (36
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at the trailing edge;

Ui =ug, (37)
u3 =the Burgers type solution defined outside the region, (3.8)

at the leading edge.

The proof of Theorem 3.1 is based on a series of lemmas.

We first show that the solutions defined by formulae (3.1) and (3.2) indeed satisfy
the Whitham equations (1.6) [1, 11].

LEMMA 3.2.
1. The functions uy, us and ug determined by equations (3.1) give a solution of
the Whitham equations (1.6) as long as uz and ug can be solved from (3.1)
as functions of x and t.
2. The functions uy, us and uz determined by equations (3.2) give a solution
of the Whitham equations (1.6) as long as us can be solved from (3.2) as a
function of x and t.

Proof. (1) uy obviously satisfies the first equation of (1.6). To verify the second
and third equations, we observe that

Oz Ous
=2 _p 3.9
(9’U,3 6162 ( )
on the solution of (3.1). To see this, we use (2.21) to calculate
22N

2 dus
= —p3)=0.
Dty Ny Ny M2 H3)

The second part of (3.9) can be shown in the same way.
We then calculate the partial derivatives of the second equation of (3.1) with
respect to x and t.

Oz

_ Opa _Op2
8UQ

1=
8“2

tugg, O tugg + p2,

which give the second equation of (1.6).
The third equation of (1.6) can be verified in the same way.
(2) The second part of Lemma 3.2 can easily be proved. O

We now determine the trailing edge. Eliminating x and ¢ from the last two
equations of (3.1) yields

/1,2(].,’&2,7.1,3)—/1,3(1,’&277.1/3):0. (310)

Since it degenerates at ug =ug, we replace (3.10) by

1 — 1
_ ,[1,2( ,UQ,'UB) ,u.?)( ,UQ,'UB) =0. (311)

F(l,’UQ,’ng)I Wy — U3

Here, the function F is also defined in (2.29).
Therefore, at the trailing edge where us =us, i.e., s=0, equation (3.11), in view

of the expansion (2.30), becomes

3
2(17'&3)7 1(1+4U3) :O,
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which gives ug =ug=1/4.

LEMMA 3.3. FEquation (3.11) has a unique solution satisfying us =wug. The solution
is ug=wug=1/4. The rest of equations (3.1) at the trailing edge are u1 =1 and x/t=
uo(1,1/4,1/4)=—15.

Having located the trailing edge, we now solve equations (3.1) in the neighborhood
of the trailing edge. We first consider equation (3.11). We use (2.30) to differentiate
F at the trailing edge u; =1, ug=u3=1/4

OF(1,3,5) 0F(L,1,3)

= =40
8uQ 8u3 ’

which show that equation (3.11) or equivalently (3.10) can be inverted to give us as
a decreasing function of us

in a neighborhood of uz =uz=1/4.
We now extend the solution (3.12) of equation (3.10) in the region 1>wug >1/4>
uz >0 as far as possible. We deduce from Lemma 2.2 that
Ip2 Ous
—>0, =—<0 3.13
8uz 8U3 ( )
on the solution of (3.10). Because of (3.9) and (3.13), solution (3.12) of equation
(3.10) can be extended as long as 1 >wug >1/4>u3>0.
There are two possibilities: (1) ug touches 1 before or simultaneously as ug reaches
0 and (2) ug touches 0 before us reaches 1.
It follows from (2.17) and (2.19) that

uo(1,1,us) > ps(1,1,us) for 0<uz<1.

This shows that (1) is impossible. Hence, us will touch 0 before ug reaches 1. When
this happens, equation (3.10) becomes

ug(l,uQ,O)—u3(l,uQ,0)=O. (314)

LEMMA 3.4. FEquation (3.14) has a simple zero in the region 0 <wug <1, counting
multiplicities. Denoting the zero by u*, then pa(1,u3,0)— us(1,u2,0) is positive for
ug >u* and negative for us <u*.

Proof. We now use (2.27) and (2.28) to prove the lemma. In equation (2.27),
K—F and E—(1—s)K are all positive for 0<s<1 in view of (2.11). By (2.28),

OM (1,us,0)

=10Bug —1)[K —FE] for 0<us<1.
8“2

Since M(1,uz3,0) vanishes at uz =0 and is positive at ug =1 in view of (2.5-2.8), we
conclude from the above derivative that M (1,us,0) has a simple zero in 0<wug < 1.
This zero is exactly u* and the rest of the theorem can be proved easily. ]
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Having solved equation (3.10) for us as a decreasing function of us for 1/4 <wug <
u*, we turn to equations (3.1). Because of (3.13), the second equation of (3.1) gives
ug as an increasing function of z/t, for —15 <z /t <a, where

a=po(1,u*,0). (3.15)
Consequently, ug is a decreasing function of x/t in the same interval.

LEMMA 3.5. The last two equations of (3.1) can be inverted to give us and uz as
increasing and decreasing functions, respectively, of the self-similarity variable x/t in
the interval =15 <z /t <a, where a=puz(1,u*,0) and u* is given in Lemma 3.4.

We now turn to equations (3.2). We want to solve the second equation when z/t >
a or equivalently when ug >u*. According to Lemma 3.4, uo(1,us2,0) — p3(1,u2,0) >0
for u* <wus <1, which, together with (2.23), shows that
Opa(1,u2,0)
3u2

Hence, the second equation of (3.2) can be solved for us as an increasing function of
x/t as long as u* <wug <1. When uy reaches 1, we have

x/t=p2(1,1,0) =16,

>0.

where we have used (2.17) and (2.19) in the last equality. We have therefore proved
the following result.

LEMMA 3.6. The second equation of (3.2) can be inverted to give ug as an increasing
function of z/t in the interval o <z/t <16.

We are ready to conclude the proof of Theorem 3.1.

The Burgers type solutions (3.3) and (3.4) are trivial.

According to Lemma 3.5, the last two equations of (3.1) determine uy and us
as functions of x/t in the region —15<z/t<«. By the first part of Lemma 3.2,
the resulting wj, us and wug satisfy the Whitham equations (1.6). Furthermore, the
boundary conditions (3.5) and (3.6) are satisfied at the trailing edge = —15¢.

Similarly, by Lemma 3.6, the second equation of (3.2) determines uq as a function
of z/t in the region a </t <16. It then follows from the second part of Lemma 3.2
that uy, us and ug of (3.2) satisfy the Whitham equations (1.6). They also satisfy the
boundary conditions (3.7) and (3.8) at the leading edge = =16t.

We have therefore completed the proof of Theorem 3.1.

A graph of the Whitham solution is given in Figure 1.1. It is obtained by plotting
the exact solutions of (3.1) and (3.2).

4. The Minimization problem

The zero dispersion limit of the solution of the fifth order KdV equation (1.4)
with step-like initial function (1.7), a=1, b=0, is also determined by a minimization
problem with constraints [4, 5, 12]

Minimize {—— / / ‘ (1) dndp+ /O ng— 16 (). (4.1)

{¥=0, wGLl}

In this section, we will use the self-similar solution of Section 3 to construct the
minimizer. We first define a linear operator

Ry ] (e
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The variational conditions are

Lap=xn—16tn° where ¢ >0, (4.2)
Ly <axn—16tn°  where 1) =0. (4.3)

The constraint for the minimization problem is
¥ >0. (4.4)

The minimizer of (4.1) is given explicitly:
THEOREM 4.1. The minimizer of the variational problem (4.1) is as follows:
1. For x <-—15t,

—xn+80tn(n* — 31— 5)

¥(n)=
1—n2
2. For —15t<zx<at,
—anPo(n°,1,uz,u3)+80tnPs(n*,1,us,u3)
— s <,\/u
V=12) (wa—12) (a5 =) 1= Vs,
¢(77): Oa \/U3<77<\/U2a
7znP0(772,1,u2,0)+80t'r]P2(n2,1,u2,0) \/U>2<7]< 1

VA=) P —u2) (P ~us)

where Py and Py are defined in (2.1) and us and ug are determined by equa-
tions (3.1).
3. For at <z < 16t,

Y(n)=

{ 0) T]<\/u27

—xPy(n?,1,uz2,0)+80t Py (n?,1,us2,0)
VA7) ) Vi<

where ug s determined by (3.2).
4. For x>16t,

Proof. We extend the function 1 defined on [0,1] to the entire real line by setting
¥(n)=0 for n>1 and taking ¢ to be odd. In this way, the operator L is connected
to the Hilbert transform H on the real line [4]:

+<>O,¢
/Hw )du  where Hiy(n PV/
o M= .U

We verify case (4) first. Clearly, 1(n) =0 satisfies the constraints (4.4). We now
check the variational conditions (4.2-4.3). Since ) =0,

Lp=0<zn—16tn°,

where the inequality follows from x > 16t and 0 <71 <1. Hence, variational conditions
(4.2-4.3) are satisfied.
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Next we consider case (1). We write ¢(n) as the real part of g;(n) for real 7,
where
V=1[—an+80tn(n* - 51° — §)]
Vn?—1
The function g; is analytic in the upper half complex plane I'm(n)>0 and g;(n) =

O(1/n?) for large |n|. Hence, Hv(n)=Im[gi(n)] =z —80tn* on 0<n <1, where H is
the Hilbert transform [4]. We then have for 0<n <1

g1 =+ —1(x—80tn*) +

n
Lp(n) :/O Ho(p)dp=an—16tn°,

which shows that the variational conditions are satisfied. Since 15+ 80(n* — %772 — %) =
80(n*—$)?>0, it follows from x<—15¢ that 1) >0. Hence, the constraint (4.4) is
verified.
We now turn to case (2). By Lemma 3.5, the last two equations of (3.1) determine
ug and wug as functions of the self-similarity variable z /¢ in the interval —15 <z /t <a.
We write ¢ = Re(gs) for real 7, where

V _1[_1‘77130(7]27 1)“27”3) +80t77p2(772, 1,1,[,2,“3)}

V02 =1) (0% —u2)(n? —us)
The function gs is analytic in Im(n) >0 and g2(n) ~O(1/n?) for large |n| in view of
the asymptotics (2.2) for Py and P,. Hence, taking the imaginary part of go yields

x—80tn?, 0<n<y/us,

_ _ 4 [=2Po(n?,1,u2,0)+80t Py (n*,1,u5,0)]n
Hp(n) = q == 800 N Tererp T B A

go =V —1(x—80ty") +

x —80tn?, Vg <n<l1.
We then have
:1:77—1([315775, | 0<n<./us,
. — 16t 5_ M —xPy+80tPa]p d
Lyp(n) = &= 1600° — | oy e ey e VB <N <V,
xn —16tn°, Vg <n<l.
where we have used
vz —2Py+80tP:
/ [ eh T 2]’; du=0, (4.5)
vz V(= p2) (uz — p?) (u2 —us)

which is a consequence of (2.3) for Py and Ps.

We study the zeros of —xFPy+80tP,. It has two zeros at n=./uz and n=/us.
This follows from (2.18) and (3.1). It also has a zero between ,/uz and |/uz because
of (4.5). Since it is a cubic polynomial of %, —xPy+80tP, has no more than three
zeros on the positive 7 axis and furthermore these three positive zeros are simple.

Since the leading term in —zPy+80tP, is 80tn%, the polynomial is positive for
n>./uz and negative for 0 <n<,/us. This proves 1) >0; so (4.4) is verified. Since
—xPy+80tP, changes sign at each simple zero, it follows from (4.5) that

/7] [—J)PO +80tP2}/J
vz /(1= p2) (uz — pi2) (1% — uz)

dpu>0
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for \/usz <1< ,/uz. This verifies the variational conditions (4.2) and (4.3).

We finally consider case (3). By Lemma 3.6, the second equation of (3.2) deter-
mines ug as an increasing function of /¢ in the interval a <z /t <16.

We write ¢ = Re(gs) for real n, where

V _1[_1:])0(772’17”230)+8Otp2(772)1au270)]
(n* =1)(n* —u2)

The function g3 is analytic in I'm(n) >0 and g3(n) ~O(1/n?) for large |n| in view of
the asymptotics (2.2) for Py and P,. Hence, taking the imaginary part of g3 yields

g3 =v—=1(z—80tn") +

a—80tn* — _wPO(nQ&(?‘_’Z);fg 22732’1’“2’0’ , 0<n</ug,

Hip(n) =
x—80tn*, V2 <n<1.

We then have
— 16t 5_ " Md , 0<n< ,
Lyp(n) = {m} 0 o s v

xn—16tn°, Vg <n<l.

where we have used

VU2 0 Po(2,1,us,0) + 80t Py (12,1, u5,0
/ X 0(.”’ , L, U2, )+ 2(#’ , L, U2, )d,u:(), (46)
0

(1= p2)(ug — p?)

which is a consequence of (2.3) for Py and Ps.

The function —zPy(n?,1,u2,0) +80tP(n?,1,u2,0) has two zeros on the positive
n-axis. One is at n=,/us, in view of (2.18) and (3.2). The other is between 0 and
VU2, in view of (4.6). At =0, the function has a positive value. To see this,

7$P0(0,1,U2,0)+80tP2(0,1,'UJ2,0) :Po(o,1,'[1,2,0)[7.%4*15/1,3(1,’&2,0)]. (47)

According to Lemma 3.4, uo(1,u2,0) > us(1,u2,0) when ug >u* or equivalently when
a<z/t<16. It follows from formula (2.4) and inequality (2.11) that Py(0,1,u2,0) <O0.
Hence, the right hand side of (4.7) is bigger than

P()(O,1,U2,0)[_l‘+tﬂ2(1,U/2,0)] =0,

where the equality comes from (3.2). Since it is a cubic polynomial in ? and since it
is positive for large >0, the function —zPy(n?,1,uz,0)+80tPs(n?,1,u2,0) can have
at most two zeros on the positive n-axis. Hence, the above two zeros are all simple
ZEros.

It now becomes straight forward to check the variational conditions (4.2-4.3) and
the constraint (4.4), just as we do in case (2). 0

5. Other step like initial data

In this section, we will classify all types of step-like initial data (1.7) for equation
(1.4). When a=0, since b#0, the solution of (1.5) will never develop a shock. We
therefore study the cases a >0 and a <0. In the former case, it is easy to check that,
when b> a, the solution of equation (1.5) will never develop a shock; accordingly, we
will restrict to b<a. Similarly, in the latter case, we will confine ourselves to b> a.

We will only present our proofs briefly, since they are, more or less, similar to
those in Section 3.
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FiG. 5.1. Self-similar solution of the Whitham equations for a=1 and b=1/3 of type I.

5.1. Type I: a>0, a/4<b<a.

THEOREM 5.1. (see Figure 5.1) For the step-like initial data (1.7) with a>0, a/4 <
b<a, the solution of the Whitham equations (1.6) is given by

up=a, x=puq(a,uz,b)t, uz=>b

for puz(a,b,b) <x/t<pus(a,a,b), where s (a,b,b) = —10a? —40ab+80b2 and pz(a,a,b) =
16a2+8ab+6b%. Outside this interval, the solution of (1.5) is given by

u=a x/t<ps(a,b,b)
and

u=b xz/t>ps(a,a,b).

Proof. Tt suffices to show that ps(a,us,b) is an increasing function of ug for
b<us <a. By (2.28), we have
dM(a,ug2,b) 10(3uz+b—a)

= K—-F
dus a—>b [ }>0

for b <wus < a, where we have used a/4 <b<a in the inequality. Since M (a,uq,b)=0
at ug =0, this implies that M (a,uz2,b) >0 for b<uz <a. It then follows from (2.27)
that po(a,us,b) —pus(a,u2,b) >0. By Lemma 2.2, we conclude that

d:u2 (a7u27b)

>0
dU2
for b<us <a. |

5.2. Type II: >0, —2a/3<b<a/4. Theorem 3.1 is a special case of the
following theorem.

THEOREM 5.2. (see Figure 1.1) For the step-like initial data (1.7) with a >0, —2a/3 <
b<a/4, the solution of the Whitham equations (1.6) is given by

uy=a, x=pz(a,uz,u3)t, x=/ps(a,u,uz)t
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for —15a2 <z /t < pa(a,u**,b) and by
up=a, x=p(a,uz,b)t, usz=>b

for pa(a,u**b) <x/t<16a>+8ab+6b%, where u** is the unique solution us of
pa(a,uz,b) = pz(a,ug,b) in the interval b<ug <a. Outside the region —15a* <z /t<
16a% +8ab+6b2, the solution of the Burgers type equation (1.5) is given by

u=a x/t<—15a>
and

u=b x/t>16a%+8ab+6b°.

Proof. The trailing edge is determined by
F(a,ug,u3)=0 (5.1)

when us =ug3. Here F is given by (2.29). In view of the expansion (2.30), the above
equation when us =ugs, i.e., s =0, reduces to

3
2(0,7’[1,3)7 1(a+4u;3):07
which gives us =u3=a/4 at the trailing edge.
Having located the trailing edge, we solve equation (5.1) in the neighborhood of
uz =ug=a/4. We use the expansion (2.30) to calculate
0F(a,%,9) O0F(a,%,%)

= =40
8U2 811,3 ’

which implies that equation (5.1) can be solved for ug as a decreasing function of usy
near us =ug=a/4.
The solution of

M2<a7u2>u3)_M3(G;U27U3):O (52)
can be extended as long as a>wus >a/4>u3>b. To see this, we need to show that

Ops(a,uz,us3)
8u3

Opa(a,uz,us3)
8u2

Opa(a,uz,us3)
3u3

Ops(a,uz,us3)
3u2

=0, =0, >0, <0

on the solution of (5.2). The proof of the equalities is the same as that of (3.9) in
Section 3. To prove the inequalities, in view of Lemma 2.2, it is enough to show that

9q(a,uz,us)
aU3

9q(a,uz,u3)
8u2

>0, >0.

We use formulae (2.19) to rewrite equation (5.2) as

1 0q(a,uz,uz) 1 0q(a,ug,usz)
5[)\2 2(a+u2+u3)]T—§[)\3 2(G+U2+U3)]87u3
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which, together with inequalities (2.14) and (2.15), proves that ;Tq and a% have the
same sign on the solution of (5.2). On the other hand, we calculate from (2.22)

9q(a,uz,us3)
(9’112

for a>wug >a/4>u3>b>—-2a/3.

We now extend the solution of (5.2) as far as possible in the region a >us >a/4 >
us >b. There are two possibilities: (1) us touches a before or simultaneously as us
reaches b and (2) ug touches b before us reaches a.

Possibility (1) is impossible. To see this, we use (2.17) and (2.19) to calculate

=4(a+3ugs+u3)>0

8(](&,&7“3)

iy =8(a—u3)(2a+3us), (5.3)

pa(a,a,us) — ps(a,a,us) =2(a—ug)
which, in view of b> —2a/3, is positive for b<us<a.

Therefore, uz will touch b before us reaches a. When this happens, we have
w2 (a,uz,b) — us(a,uz,b)=0. In the same way as we prove Lemma 3.4, we can show
that this equation has a unique solution us in the interval b < us <a.

The rest of the proof is similar to that of Theorem 3.1. 0

5.3. Type III: a>0, b=—2a/3.

X/t

20 30 40

Fi1c. 5.2. Self-similar solution of the Whitham equations for a=1 and b=—2/3 of type III.

THEOREM 5.3. (see Figure 5.2) For the step-like initial data (1.7) with a>0, b=
—2a/3, the solution of the Whitham equations (1.6) is given by

ur=a, x=pz(a,uz,u3)t, x=ps(a,uz,uz)t

for —15a® <z /t <40a?/3. Outside the region, the solution of the Burgers type equation
(1.5) is given by

u=a x/t<—15a2
and

u=b x/t>40a%/3.
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Proof. Tt suffices to show that us and ug of ps(a,us,us) — ps(a,us,us) =0 reaches
a and b= —2a/3, respectively, simultaneously. To see this, we deduce from equation
(5.3) that
pa(a,a,—2a/3) — ps(a,a,—2a/3) =8(a—2a/3)[2a+ 3(—2a/3)] =0. (5.4)
a0
5.4. Type IV: a>0, b<—2a/3.

u
( x/t

Fi1G. 5.3. Self-similar solution of the Whitham equations for a=1 and b=—1.1 of type IV.

THEOREM 5.4. (see Figure 5.3) For the step-like initial data (1.7) with a>0, b<
—2a/3, the solution of the Whitham equations (1.6) is given by

uy=a, x=pz(a,uz,u3)t, x=/ps(a,u,usz)t

for —15a® <z /t <40a?/3. Outside the region, the solution of the Burgers type equation
(1.5) is given by

u=a x/t<—15a2

and

. —/5  40a%/3<x/t <30b* .
b x/t > 30b

Proof. By the calculation (5.4), when ug of po(a,us,us) — ps(a,us,us) =0 touches
a, the corresponding us reaches —2a/3, which is above b. Hence, equations

x:/’LQ(a’au27u3)t7 l':ﬂg(a,UQ,U?,)t

can be inverted to give us and us as functions of =/t in the region ps(a,a/4,a/4) <
x/t <ps(a,a,—2a/3). To the right of this region, the Burgers type equation (1.5) has
a rarefaction wave solution. O

5.5. Type V: a<0, b<—a/4.

THEOREM 5.5. (see Figure 5.4) For the step-like initial data (1.7) with a <0, a<b<
—a/4, the solution of the Whitham equations (1.6) is given by

up=b, x=upo(bus,a)t, us=a
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x/t
-20 20 "40 60 80 100

Fic. 5.4. Self-Similar solution of the Whitham equations for a=—1 and b=0 of type V.

for pa(b,b,a) <x/t<pa(b,a,a), where uz(b,b,a)=6a*+8ab+16b> and puz(b,a,a)=
80a? — 40ab—10b%. Outside this interval, the solution of (1.5) is given by

u=a x/t<ps(bb,a)
and

u=b z/t>ps(b,a,a).

Proof. Tt suffices to show that us(a,us,b) is a decreasing function of ug for a<
uz <b. By (2.19), we have

Opa(b,uz,a) 10Xy Oq 0%q
—_— == A2 —2(b
8uz 2 QUQ 8UQ *3 [ 2 ( 2 +a)] (9 ou2”
The second term is negative because of (2.14) and a—q =12>0. The first term is also
negative. Its first factor is positive in view of (1.10). The second factor
9q _
6U2

for a <wus <b because of b< —a/4. O

5.6. Type VI: a<0, —a/4<b< —2a.
THEOREM 5.6. (see Figure 5.5) For the step-like initial data (1.7) with a <0, —a/4 <
b< —2a, the solution of the Whitham equations (1.6) is given by

4(b+3uz+a) <0

r=p1(u1,u2,a)t, x=ps(ui,uz,a)t, us=a (5.5)
for 5a® <z [t < pa(b,u***,a) and by
up=b, x=upo(bus,a)t, usz=a (5.6)

for pz(b,u** a) </t <80a?—40ab—10b%, where u*** is the unique solution us of
p1(b,uz,a) = pa(b,ug,a) in the interval a<us<b. Outside the region 5a? <x/t<
80a? — 40ab— 10b2, the solution of the Burgers type equation (1.5) is given by

u=a x/t<5a®
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x/t

25 | ~ea_ 50 75 100 125

Uy

Fi1c. 5.5. Self-Similar solution of the Whitham equations for a=—1 and b=1.2 of type VI.

and

u=b x/t>80a’—40ab— 10b°.

Proof. We first locate the “leading” edge, i.e., the solution of equation (5.5) at
u; =ug. Eliminating x/t from the first two equations of (5.5) yields

w1 (ug,uz,a) — po(ug,us,a) =0. (5.7)
Since it degenerates at u; =ug, we replace (5.7) by

(v, ug,a) — po(uy,uz,a)
G(uy,ug,a):= (01— 1)K (3)

=0. (5.8)

Using formulae (2.19) for p; and ps and formulae (2.12) for Ay and Ag, we write

2 0q toli} Jq

B Guy g E (=95, K

G(uy,uz,a)= Bu,

In view of (2.7) and (2.8), equation (5.8) reduces to

O4(ur,u,) | Dqur,uz.)
8u1 8U2

at the “leading” edge u; =wus. This gives

=0

a
Ul ZUQ:—Z.

Having located the “leading” edge, we solve equation (5.8) near u; =us=—a/4.
We calculate
0G(—a/4,—a/4,a) O0G(—a/4,—a/4,a)

= =32.
ouq Oua s

These show that equation (5.8) gives u; as a decreasing function of s

u1 = B(uz) (5.9)
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in a neighborhood of u; =us=—a/4.
We now extend the solution (5.9) of equation (5.7) as far as possible in the region
a<ug<—a/4<u; <b. We use formula (2.19) to calculate

8/“ - 1 8)\1 8q 1 q
87u1 "2 9uy Ouq + 2 A1 =2(u1 +us +a)] 3u%’
Opa 10Xy 0q 1 0%q
8711,2_53711,28711,2—’—5[)\2 2(“’1 +U2+a)}87u%'

In view of (1.10), (2.13) and (2.14), we have

O .. Oq

Pl [

Du, >0 i Bus >0,

Opta .. 0q

—_— f ——<0.

Bty <0 i Bty <0

We claim that

Jdq dq
—_— —_— .1
s >0, Dy <0 (5.10)

on the solution of (5.7) in the region a<ug<—a/4<u;<b. To see this, we use
formula (2.19) to rewrite equation (5.7) as

1 dqg 1 dq
5[}\1 72(U1 +U2 +a)]87u]~—§[)\272(711 +U2+a)]67u2.

This, together with

9q  9q _
%_%—Q(Ul 'LLQ)

0%q
8U1 8u2

=8(us —u2)>0

for uy >z, and inequalities (2.13) and (2.14), proves (5.10).

Hence, the solution (5.9) can be extended as long as a <uz < —a/4 <uy <b.

There are two possibilities: (1) u; touches b before us reaches a and (2) us touches
a before or simultaneously as u; reaches a.

Possibility (2) is impossible. To see this, we use (2.16), (2.19) and (2.22) to
calculate

p(ur,a,0) = po(u,a,a) = 40(ur —a)(u1 +2a), (5.11)

which is negative for —a/4 <u; <b< —2a.
Therefore, u; will touch b before uy reaches a. When this happens, we have

p1(b,ug,a) — pa(b,uz,a)=0. (5.12)

LEMMA 5.7. Equation (5.12) has a simple zero, counting multiplicities, in the interval
a<ug <b. Denoting this zero by u***, then pi(b,us,a)— ua(b,us,a) is positive for
ug >u*** and negative for ug <u***.

Proof. We write

p1(byug,a) — pua(byug,a)= M{(;i —i—S%)E— (1—3)%](}. (5.13)



820 SELF-SIMILAR SOLUTION OF THE WHITHAM EQUATIONS

Denote the parenthesis of (5.13) by N(b,us,a). Since F—(1—s)K >0 for a <ug <b,
the left hand side has a zero iff N(b,us,a) on the right has one.
We now calculate

ON (b,uz,a) 30E(s) [ _a—b]
Ous T b—a U7 3

Since N (b,uq,a) is zero at us =a and positive at ug =b, we conclude from the above
derivative that N(b,us,a) has a simple zero in a <us <b. 0

We now continue to prove Theorem 5.6. Having solved equation (5.7) for u; as a
decreasing function of usy for u*** <wus < —a/4, we can then use the last two equations
of (5.5) to determine uy and usy as functions of x/t in the interval ps(—a/4,—a/4,a) <
x/t < pa(b,u***,a).

We finally turn to equations (5.6). We want to solve the second equation of (5.6),
x/t=pa(b,uz,a), for ug <u***. It is enough to show that us(b,us,a) is a decreasing
function of ug for us < u***.

According to Lemma 5.7, p1(b,ug,a) — pa(b,ug,a) <0 for ug < u***. Using formula
(2.19) for py and po, we have

1 dg 1 Jq
S =2 -2 ey
2[)\1 (b+us +a)]3u1 < 2[)\2 (b—l—ug—l—a)}au2

This, together with

0q  0q _ 9%q

IR T kY wr

:8(b—U2) >0

for uj >us, and inequalities (2.13) and (2.14), proves

8q(b7u23a) < O
8u2
for us <u***. Hence,
8u2 1(9)\2 8(] 1 82(1
———=——"— 4+ —[Ag—2 — .
Ous 2 Oug Ousy + 2 Ao =2(b+us+a)] Ou? <0

5.7. Type VII: a <0, b=—2a.

THEOREM 5.8. (see Figure 5.6) For the step-like initial data (1.7) with a <0, b= —2a,
the solution of the Whitham equations (1.6) is given by

r=p1(ur,uz,a)t, x=pz(ui,uz,a)t, uz=a

for 5a? <x/t<120a®. Outside the region, the solution of the Burgers type equation
(1.5) is given by

u=a x/t<5a>
and

u=b x/t>120a°.
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F x/t

25 | N 75 100 125 150

uy

F1c. 5.6. Self-Similar solution of the Whitham equations for a=—1 and b=2 of type VII.

Proof. Tt suffices to show that w1 and ug of pq(ug,us,a) — pa(uy,us,a) =0 reaches
b=—2a and a, respectively, simultaneously. To see this, we deduce from equation
(5.11) that

p1(ug,a,a) — ps(ur,a,a) =8(ug —a)(ug + 2a) (5.14)

is negative for u; <b and vanish when u; =b=—2a. |

5.8. Type VIII: a <0, b> —2a.

x/t

S——sa___100 150 200

Us

Fic. 5.7. Self-Similar solution of the Whitham equations for a=—1 and b=2.5 of type VIII.

THEOREM 5.9. (see Figure 5.7) For the step-like initial data (1.7) with a <0, b> —2a,
the solution of the Whitham equations (1.6) is given by

r=p1(ur,ug,a)t, x=p(ur,uz,a)t, uz=a

for 5a% <x/t <120a%. Outside the region, the solution of the Burgers type equation
(1.5) is given by

u=a, z/t<5a?,
and

. Vg, 1200 </t <3007,
b, x/t > 3062
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Proof. By the calculation (5.14), when ug of pa(u1,u2,a) — pig(u1,u2,a) =0 touches
a, the corresponding ug reaches —2a, which is below b. Hence, equations

r=po(a,uz2,u3)t, x=ps(a,u,ug)t

can be inverted to give us and ug as functions of 2/t in the region po(—a/4,—a/4,a) <
x/t < pa(—2a,—2a,a). To the right of this region, the Burgers type equation (1.5) has
a rarefaction wave solution. |
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