COMM. MATH. SCI. (© 2006 International Press
Vol. 4, No. 2, pp. 399-452

EXISTENCE AND CONTINUITY OF EXPONENTIAL
ATTRACTORS OF THE THREE DIMENSIONAL NAVIER-STOKES-«
EQUATIONS FOR UNIFORMLY ROTATING GEOPHYSICAL
FLUIDS*

BONG-SIK KIM! AND BASIL NICOLAENKO?

Abstract. Three dimensional (3D) Navier-Stokes-a equations are considered for uniformly
rotating geophysical fluid flows (large Coriolis parameter f=2Q). The Navier-Stokes-a equations
are a nonlinear dispersive regularization of usual Navier-Stokes equations obtained by Lagrangian
averaging. The focus is on the existence and global regularity of solutions of the 3D rotating Navier-
Stokes-a equations and the uniform convergence of these solutions to those of the original 3D rotating
Navier-Stokes equations for large Coriolis parameters f as &« — 0. Methods are based on fast singular
oscillating limits and results are obtained for periodic boundary conditions for all domain aspect
ratios, including the case of three wave resonances which yields nonlinear resonant limit a-equations
for f—o0o0. The existence and global regularity of solutions of resonant limit a-equations is estab-
lished, uniformly in «. Bootstrapping from global regularity of the resonant limit a-equations, the
existence of a regular solution of the full 3D rotating Navier-Stokes-a equations for large f for an
infinite time is established. Then we prove the existence of exponential attractors of the 3D rotating
Navier-Stokes-a equations (a7 0) and the convergence of the exponential attractors to those of the
original 3D rotating Navier-Stokes equations (a=0) for f large but fixed as & — 0. All the estimates
are uniform in «, in contrast with previous estimates in the literature which blow up as a— 0.

Key words. Navier-Stokes-a equations, fast singular oscillating limits, operator splitting, uni-
form regularity estimates in «, continuity of exponential attractors
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1. Introduction

Geophysical fluid dynamics study flows for which the dynamics of the earth’s ro-
tation (Coriolis force) and stratification (buoyancy force) play important roles. These
properties distinguish them from general fluids and make them special in the field of
fluid dynamics. The dynamics of geophysical fluids admit motions which can vary on
different time and length scales from a few kilometers to thousands of meters and from
a few days to hundreds of years, and the ratio of vertical and horizontal length scales
changes from one phenomena to another. Computation of this class of motions using
a model based on the fundamental three-dimensional (3D) Navier-Stokes equations is
prohibitive due to severe accuracy and time step restrictions. To resolve these restric-
tons, a number of modifications have been proposed. The Navier-Stokes-a model is
one of the promising approximate models.

Marsden, Holm, and Ratiu introduced the a-model for the mean motion of the
incompressible ideal fluid flows (without viscosity) in three dimensions, including ro-
tation and stratification ([25] and [26]). Later, S. Chen et al added viscosity to them
([15] and [16]). This is a dispersive regularization of Euler/Navier-Stokes equations,
based on the Euler-Poincaré equations (see [27] for details) and Lagrangian averaging,.
In this model, the amplitude of the rapid fluctuations introduces a length scale, a.> 0,
below which wave activity is filtered by both linear and nonlinear dispersion.
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400 THE 3D ROTATING NAVIER-STOKES-a EQUATIONS

Inspired by successful computational comparison with empirical data ( [14], [15],
[16], [17] ) of the a-model for turbulent channel and pipe flows, further studies of the
model in the context of turbulence modeling have been done and pointed to the «
model to be a good subgrid large eddy simulation model of turbulence (]20], [21], [24],
[31]). In spite of these encouraging results there remain important issues on the range
of validity of the o model:

e Under what conditions does the a-model approximate the 3D Navier-Stokes
equations of geophysics in turbulent regimes?
e How do the dynamical attractors of solutions to the a-model converge to
those of the original 3D Navier-Stokes equations as o — 07
e What are the scaling laws between « and important dimensionless numbers
characterizing turbulent geophysical flows (e.g., Rossby, Froude, Reynolds
number, etc.) which optimize the convergence?
This paper explores some of these issues in the context of the 3D Rotating Navier-
Stokes (RNS) equations of geophysics. The corresponding 3D Rotating Navier-Stokes-
a (RNS-a) equations without buoyancy effects are

ov -
E"‘(U'V)V““GVU]—F][E:;XU:—V7T+VAV+F (1.1)
V-V=0 (1.2)

V(t,x)|t=0 =V (0,2) =V(0),
where
V(t,xz)=(V1,Va,V5) the actual velocity, (1.4)
Ut,z)=(1—a?A)"'V(t,z) the filtered or regularized velocity, (1.5)
1 2
77:87§|U|27%|VU|2 a modified pressure. (1.6)
p

Here & = (z1,z2,23), f =2 is the Coriolis parameter, F' = (Fy,Fy, F3) is a divergence
free force, v > 0 is the kinetic viscosity, p is the fluid density, and p is the pressure. For
simplicity we will assume the forcing term to be time independent; that is, F'= F(x).

The system is considered subject to periodic boundary conditions in a lattice
Q=[0,2ma4] x [0,2waz] x [0,27ag], as well as stress-free boundary conditions in the
vertical. The corresponding function spaces are Fourier-Sobolev spaces of periodic
functions, H?®, s >0, with the norm

lallZ=> 7 (7> un ?,

nezs3

where n=(n1,n2,n3) € Z* is a wave number and 7= (11,%2,73) with 7; =n;/a; for
7=1,2,3. We set a; =1 without loss of generality. Problems addressed are
(i) whether the 3D RNS-a equations possess existence and global regularity of
solutions with uniform regularity estimates in «, and
(ii) what are the constraints on « for a-trajectories to effectively shadow real
trajectories of the 3D RNS equations, especially, with respect to important
geophysical functionals such as enstrophy.
There have been several efforts in this direction. E. Titi, C. Foias, D. Holm, ([22])
proved the existence and global regularity of solutions of the 3D Navier-Stokes-a
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equations (without rotation). Their regularity estimates, however, are for filtered (or
regularized) velocity, U, but not for the actual velocity, V. In particular, such esti-
mates strongly depend on o and blow up as a« — 0. This is an obstacle to establish the
uniform and strong convergence of the solution of 3D NS-« equations when « vanishes.
Instead, they proved the weak convergence of such solutions to some weak Leray so-
lutions of Navier-Stokes equations as &« — 0. The uniform controllability of « is at the
heart of the difficulty. This stems from the fact that the Navier-Stokes-a equations
(when f=0) lack a uniform spatial L?>-norm estimate (a Lyapunov functional for the
set of Leray solutions, [30]) of the unfiltered velocity V. The corresponding Lyapunov
functional for the three dimensional Navier-Stokes-a equations is

|<V,U>|2:/V-Uda;:/|U\2dx+a2/|VU|2dx<K

for any U € H* relative to V by the relation U = (1—a?A)~1V, where K is a constant
uniform in «. For our purpose, we intend to establish the existence independent of a
for f large enough, which is necessary in constructing the uniform convergence of the
solution of RNS-« equations. We follow the methods that A. Babin, A. Mahalov, B.
Nicolaenko developed in their papers, [1]-[13].

For a=0, this system bears on the classical geophysical equations, the 3D RNS
equations. The existence and global regularity of the 3D RNS equations for large
f have been established by Babin, Mahalov and Nicolaenko (BMN; [1], [2], [5], [6],
[7]). They applied to Navier-Stokes and Euler equations with fast oscillations the
nonlinear averaging methods of geometric optics and hyperbolic systems ([1]-[13]).
With such an approach, there are three foremost issues with the analysis of the 3D
RNS-a equations of geophysics for a large parameter f.

(i) First, the nature of the resonant limit a-equations as f — co and the regularity
of their solutions. This is a non-trivial process in which the 3-wave resonant
structure must be rigorously analyzed.

(ii) Second, the convergence of solutions of the 3D RNS-a equations to those of
the resonant limit a-equations.

(iii) Finally, bootstrapping from analysis of the first two questions the infinite

time regularity of solutions of the equations for large f but finite, a bounded.
Following this program, we, however, encounter substantial technical difficulties due
to the fact that the Lagrangian averaged a-model lacks a uniform spatial L?-norm of
the unfiltered velocity V. The best uniform in « estimates in this work turn out to be
restricted to HP,3>5/2. Based on the existence and regularity results we establish
the existence of exponential attractors of the 3D RNS-«a equations. Then we prove
the convergence of the exponential attractors of the 3D RNS-a equations to those
of the original 3D rotating NSE, which also delineates the constraints of nonlinear
scaling laws of parameter « in terms of enstrophy and others.

This paper is organized as follows:

e In section 2, we set up functional spaces and investigate basic properties of
the 3D RNS-a equations.

e In section 3, we use techniques developed by Babin, Mahalov, and Nicolaenko
([1]-[14]) for fast singular oscillating limits of (1.1)-(1.3) as f —oo. We an-
alyze resonant structure of the equations, which leads to operator splitting.
Through the splitting we obtain baroclinic and barotropic limit a-equations.

e In section 4, we establish the existence and global regularity of solutions of
limit resonant a-equations with uniform regularity estimates in c.
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e In section 5, the local existence and regularity of solutions of the full 3D
RNS-a equations are established in H?,3>5/2. All estimates are uniform in
« and independent from f.

e In section 6, we establish the existence and global regularity of the 3D RNS-«
equations with large f in H?,3>5/2. Regularity estimates are uniform in a.
The existence of absorbing sets in H” follows.

e In section 7, we construct uniform exponential attractors of the 3D RNS-«
equations in H”.

e In section 8, alternate form of the governing equations is derived, with the
help of the operator (R, —I), where R, =(1—a?A)~! and I is the identity.
This operator plays a crucial role in proving the convergence of solutions. In
appropriate spaces, the norm of the operator can be taken as small as needed,
and it induces the uniform convergence as a— 0 in Fourier-Sobolev spaces.
Then, we prove the uniform convergence theorem of exponential attractors in
L? as a—0.

e Finally, in section 9, we conclude with remarks on the delination of constraints
of « scaling, for uniform convergence, which are nonlinear with respect to 1/ f
and the enstrophy [|[V]];.

2. Preliminaries

We consider domain parameters, a;,as and ag bounded away from both zero and
infinity. V and U are vector fields defined on D =@ x [0,T] for any T > 0. Periodicity
of the boundary conditions leads naturally to a Fourier representation of the fields,
that is

V= ZVnei(nlzl/a1+n2w2/a2+n3/a3) _ ZVnei'frm’

where V,,’s are Fourier Coefficients. We introduce Fourier-Sobolev spaces of divergence
free periodic vector fields

HS:{uE[LQ(Q)]?’ | u= Z Une™ T ut =u_p,, ug=0, -u, =0, ||u||§<oo}7

nezs

with the norm ||u||2 =3 ;s [7|**|un|*. The corresponding inner product is denoted

by <-,->5. When s=0, H’=H and we denote <-,- >q=<-,-> and ||-||[o=]-| as the
inner product and the corresponding norm in H, respectively. For s=1, we denote
[|-|[1=]-]] as the H' norm. We assume that

/QU(;C,O)da::O and /QF(x)dx:O.

This yields |, 0 V(z,t)dz=0 for all t >0, and allows for the use of Poincaré inequality.

We denote Pr, as the usual Leray projector and introduce an operator R, = (1—
a?A)~1, which is defined by R,v=(1—a?A)~tv. We also define a bilinear operator
B, on divergence free vector fields by

Bo(u,v) =Pr[(Rau-V)v+0v;V(Rau);l. (2.1)
Then Eq(1.1) can be rewritten in the form

%—‘;+fPLJPLRav+uAv+Ba(V,V):F (2.2)



B. KIM AND B. NICOLAENKO 403

where A=—Pr A is the Stokes operator and J is a rotation matrix given by
0-10

J=1100

000

LEMMA 2.1. Bo(V,V)=PL[(RoV -V)V+V;V(R.V),]=—PL[R.V x curlV].

Proof. Let U=R,V. Using the identity (a-V)b=V(a-b)—(b-V)a—a x curlb—
bx curla we have

(U-VWV+V,VU,; =V(U-V) = (V-V)U-U xcurlV =V x curlU + V;VU;.  (2.3)

Notice that

[out  aud]
V7 L ij - 6331 |
. v j__ lau? _ au?
(V-V)U =V, VU = | V; | 5= — 5,
lau® _ au?
L ‘/J I Ox Oxs |
(v, Tout _ au2] aut _ auB
‘/2 _3$2 - 3I1 ] +‘/é (9:23 - 8x1
_ au? _ aut U auUd
- ‘/1 L 0301 - 012 ] + ‘/?3 81’3 - 81’2
aus  aut U3 au?
L ‘/1 L 8901 - 8$3 ] + ‘/2 8LE2 - ng,
[ au? _ aut aul  aud
- ‘/2 8901 - 8I2 _VS 813 - 811
_ aud _ au? au?  aut
- - ‘/3 61132 - 8323 _‘/1 611 - 812
Ul  aUd U aUu?
L - Vl 83?3 - 8x1 - V2 8:82 - B&C?,
=—(V x curll).
Thus
V xcurlU +(V-V)U - V; VU’ = [V x curlU] — [V x curlU] =0. (2.4)

Since PL[V(U-V)]=0, the result follows with the substitution of (2.4) into (2.3). 0O

For the strong convergence of solutions of the system (2.2) as o — 07 it is crucial
to get the uniform in o bounds of various H® norms of the real velocity V. Those,
however, are not readily feasible. For the uniform in « estimate in H for V' we may
use the Galerkin procedure as in [22] by estimating the bounds of H, H', and H?
norms of U, since

V2 =|U]2+22%||U||* +a*| AU |2

We can achieve the uniformness in o only in H and H' for the regularized velocity U
but not in H? as we will see below. ! Only the H~! norm of V is uniformly bounded
in o, which is at the root of the difficult problem of finding better uniform estimates.

IThe uniformness of U in H and H' is used to prove the existence of solutions of barotropic limit
a-equations in Appendix A.
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Assume that F e H with |F|< My, and U(0)e H'. Let {w;}52, be an or-
thonormal basis of H consisting of eigenfunctions of the Stokes operator A. Denote
H,, = Span{wy,...,w,} and let P,, be the L2-orthogonal projection from H onto
H,,. ? The Galerkin procedure for Eq. (2.2) (Ch8, [18]) is

aalgn+PmBa(Vm,Vm)+VAVm+fPLJPLUm:PmF, (2.5)

where U,, = P,,U and V,,, =U,, +a?AU,,. Taking the inner product of (2.5) with U,,
we obtain

d 1
2 T+ 2| U2} v {[[Un|* +0®| AU "} < — M. (2.6)

Using Poincaré and Gronwall’s inequalities gives

2

M,
U (8)] + 02| Una (5)]2 < U (0)* +0?[|U (0)]]* + V;;\F =K, Vt=0, (2.7)
1

where \; is the smallest eigenvalue of Stokes operator A (section 2.1, [37]). Note that
K is an absolute constant, and this estimation is uniform in «. By (2.7) Uy, remains
bounded in L>(0,7;H?'), and, for each m and a >0, there exists a unique solution
U, to the Galerkin system (2.5) on [0, T]. In addition, (2.7) implies that

| <V, U >[*<K; sothat V, € L0, T;H "), VYm, (2.8)

where V,,, = (1+a2A)U,,. Integrate (2.6) and use (2.7) to get

T
K, T
/0 ||Um(s)\|2ds§71+§M§szl(T). (2.9)
Then k1 (t) < oo, ¥t >0, and
Un€L*(0,T;HY). (2.10)

Notice that the estimate is uniform in «; i.e. k1(t) does not depend on «. A similar
estimate for V;,, cannot be obtained. Also, from (2.6) and (2.7), we can get

¢ 1 [tME Ki] -
/O AU ()] ds < —5 { - +V] — T (ta). (2.11)
This implies that U, € L?(0,T; H?) such that
U1 22(0.7;2) < Kr (T, x) (212)

where l~cl~(t7a) satisfies
(i) ki(t,a)<oo for all £>0 and a >0,
(i) limg o0 kg (¢, @) =00,

(iii) limg_ o+ k1 (¢, ) = o0.

2Here P, is not the Leray projector Pr. This notation is used only in this section. In later
sections, P, will denote the n-th mode of Py, in Fourier space.
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We can proceed further to get the H? estimate for U by taking the inner product of
Eq. (2.2) with AU,,:

U (0)]]? + %] AU (1) | < Ko (t, ) for all ¢>0

where ko (t,«) has properties

( ) ka2(t,a) < oo for all t>0,

ko(t, a) is independent of m,

ka(t,«) depends on v, F, and «; moreover, lim;_, o+ ko (t,a)) = 00,
imsup,_, o k2 (t,a) < 00,
e) lim, o+ ka(t,a) =00 for every ¢ > 0.
Part (e) implies that the H?-estimate blows up as a«—07. A uniform estimate in o
is far from trivial. Noticing that |V,,|? = |Up|*> +202||Upn||? + a*| AU, |? where V,, =
(1+a2A)U,,, we obtain

li
li

/Oth(s)stgk;g(t,a). (2.13)

Again, ks(t,«) has similar properties as ko(t,a) does; in particular, it depends on «
and blows up as a—0%. So we have, V,,, € L?(0,T;H) for finite >0, nonuniformly
in a. This is at the root of the difficulty in obtaining uniform in « estimates for the
unfiltered velocity V for the case of large Coriolis parameter f>>1.

The followings are some useful properties on the operator R,:

LEMMA 2.2. In the Fourier space of periodic functions, for each wave number n,

1

Ran:7~
R =132z

In addition, R, is commutative with curl.
LEMMA 2.3. ( Skew-symmetry) < PLJPLR,V, APV >=0, V¥3>0.

Proof. By Fourier-Perceval’s identity, for every divergence free field V,

Vi S
< PplesxR,V), APV >= e3 X —— | |E|?PV
1 (e ) Z( HQW) >V

K[
=Y ————[(eax Vi)- Vo +(e3 x Vo) - Vi

sl +a2|k|?
=0.

d

3. Resonant limit a-equations and operator splitting

Recall the 3D RNS-«a equations (2.2):
8V

+fPLJPLR V+vAV+B,(V,V)=F (3.1)
V.-V=0 (3.2)

where B, (V,V)=Pr[(RaV-V)V+V,;V(R.V);]=—Pr[RoV xcurlV]. In Fourier
space, the action P; on n-th Fourier component of a vector field is given by
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Pro=3" (P,v,)e"™® and P,v, = (v, — =% n) with

[n]?

2 ning ning

ny
CL% as
1 ning M2  nang
Pn = I - D) as ag asas

ning nang N3
as asas a3'

Then, for each wave number n € Z3, the 3D RNS-a equations have the form

oV, 1

~ 12 o

W—FHTW]CP”JPHVH—FVMJ Vn+Ba(‘/,V)n—Fn (33)
where
1
Bo(V,V)n=—iP, . (Vix(mxVy)). 3.4
V. PO R ) (3.4
+m=n

3.1. Nonlinear averaging. For =0, the linear version of (3.1)-(3.2) was

extensively studied by Poincaré ([32]) and Sobolev ([34]). The Poincaré propagator
is the unitary group solution E,(—ft)®(0)=®(¢t) (E,(0)=1Id is the identity ) to the
linear Poincaré problem:

0P+ fJRP=—V7r, V- =0,
or, equivalently,
0@+ fPLIPLR,®=0, V-&=0.

Denote M, =PrJP, R, and My, =(My),= WPTLJP”. The matrix M., has
the eigenvalues, +i&,.,, where

n3

1
_ o 2 2 2 g _
bon= ez \Oun? +0m3 +63n3, 0, = (3.5)

The Poincaré operator E,(ft)=efMat can be written in Fourier space as:

1
Ea(ft)n:Cos(fgomt)IJrWsin(ffant)Rn, (3.6)
11 . 1 ) 1
— if€ant o, —if€ant s
5 [e (I Z‘ﬁ|Rn)+€ (I+Z|ﬁ|Rn) 3

where the matrix iR, is the Fourier transform of the curl vector; (curlv),, =iR,v, =
in X v, with
0 —ng N9
Rn = flg 0 —n1
7712 niy 0

We introduce the unitary (Van der Pol type) transformation by setting

V= Eq(—ft)u(t), (3.7)
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where v is the “slow envelope” variable (also known as a Poincaré variable). Notice
that from (3.5) &4, =0 for ng =0 and then, from (3.6), E,(— ft) reduces to the identity
operator on any barotropic (vertically averaged) field implying

V=E,(—ftyv=10
V=0 =vl¢=0-
Since ¥ =—fMuEo(—ft)vo+Eo(—ft)% =—fM,V +Eo(—ft)%, the rotational

term in Eq. (3.1) is eliminated and Eq. (3.1), in the transformed Poincaré variables,
takes the form

%+VAU:Ba(ft7vav)+Ea(ft)F’ (38)

where

Ba(ft,0,0) = Ea(ft) PL{[Ra Ea (= ft)v] X [curl(Eo (= ft)v)]}
=—Ea(ft)Ba(Ea(—ft)v, Ea(—ft)v) (3.9)

The corresponding representation in Fourier space is, for each n € Z3,

Oyvn = Bo(ft v,v)n—z/|ﬁ|2vn+Ea(ft)nFn
= Z Ba(ftavkavm)n_V‘ﬁ|2vn+Ea(ft)nFna (3.10)
k+m=n
where
1

Bo(ft,05,0m)n = Eo(ft)nPnEa(—ft)kvr X (M X Eq(=ft)mvm)]. (3.11)

—

1+ a?|k|?
Eq. (3.10) is explicitly time-dependent with rapidly varying coefficients. This suggests
that, for f>>1, the dynamic mechanisms of (3.10) evolve over two different time
scales; the first one being induced by the fast Poincaré waves and the second given by
the evolution of the Poincaré “slow envelope” v(t). The following equations describe

reduced dynamics associated with Eq. (3.10) in averaging over fast time scale in the
limit f — oo (with »=0 and F =0):

N 1 2m
0w = By (w,w), By(w(t), w(t))= lim —/0 Bo(fs,w(t),w(t))ds. (3.12)

f—o 2T

In Fourier space, the integrand on the right hand side of Eq. (3.12) has terms of the
form of e!(Féartlam®ean)ft wwhere

k3 m3 n3

ak = T . o T o Sam T T T4 . o - o San T 7o . 5o iov 3.13
Sk = A ali)” o TRl t el o = ety O

with 2=k 4. Denote D;(k,m,n) = %Lk +Eam & Ean, where [=1,2,...,8 is the com-
bination of signs +. Then, for D;(k,m,n)#0,

27 2

iDl(k:,m,n)ft <
e —_— -
N f|Dl(k7mvn)‘

iDy(k,m,n)f

2m
/ i (EEak E€am £an) It dt‘ _
0

0
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This implies that, for each n=k+m, resonances arise as D;(k,m,n) — 0. That is, we
obtain resonant condition for the interactions generated by the quadratic nonlinearity
in the limit f— oo;

igakigamig(xn:(l (314)

Thus B, (ft,v,v) contains resonant terms (ft-independent terms) and nonresonant
terms (ft-dependent terms), and we decompose it as

B, (ft,v,v)= Ba(v,v) + B2*¢(ft,v,v),

where B2%¢( ft,v,v) contains all nonresonant terms and Bg(v,v), “the resonant bilinear
operator”, contains all resonant terms. Clearly,

Bgsc(ftavav)n: Z eiftDl(k’mﬁn)Qkﬂnnl(’Ulwvm)v (315)

1=1,2,...,8
k+m=n
Dy (kymn)#£0

where Qpmni(Vk, V) is a bilinear form in vy, v,, € C® with the estimate
|kanl(vkvvm)| S |’ﬁ’L| "UkHUm|

Averaging the nonresonant operator (3.15), which includes oscillating exponential
terms with D;(k,m,n)#0, yields no contribution to resonant terms in the limit f — oo.
That is, for each n,

Hence, after averaging (3.8), we arrive at the resonant limit a-equations;

%—i—VAv:Ba(v,v)—l—ﬁ’ (3.16)
v(0)=V(0) (3.17)
where
B 1 2
Ba(v,v):flir&EA Ba(fs,v,v)ds (3.18)
- 1 27
F= lim —/ E.(fs)Fds. (3.19)
f—oo 27 0

We will call B, (v,v) a (bilinear) resonant limit operator.

3.2. Structure of resonant sets. The resonant nonlinear interactions of
Poincaré waves for B(v,v) in (3.18) are present when the Poincaré frequencies satisfy
the resonant relation D;(k,m,n)=0, and we define the corresponding resonant set K
by

K n) €L tak T amEtEan=0, n=k+m} (3.20)

I
—~

(

k,m

8

_ UKl (3.21)
=1



B. KIM AND B. NICOLAENKO 409

where K;={(k,m,n):D;(k,m,n)=0, n=k+m} and [ describes the choice of signs
+. Define

Dl(k,m,n) :fak’ +€am +§om7 Dg(k,m,n) :gak 7£am +€om,a (322)
D3(k;m7n) - _fak: +§o¢m +§0¢n7 D4(kam7n) = _gak _gam +£an- (323)

Four other Djs are obtained by multiplication of (3.22) and (3.23) by —1, and K can
be represented as K =U?_ K.

We decompose the resonant set K into three groups for further analysis; pure 2D
interactions (Kap), two wave interactions (K), and three wave interactions (K*). 3

(i) Kop={(k,m,n)€ K|ks=ms3=ng=0} corresponds to pure two dimensional
horizontal interactions (i.e., depends on x1,z2 and does not depend on z3 in
physical space.)

(i) K ={(k,m,n)€ K|ksmznz=0, k3+m3+n3#0} is the set of two wave res-
onances. Here k3msns =0 represents that one or two of k3,m3 and n3z would
be zero. But, if two of them are zero, we have 1l-wave interaction which is
excluded. It requires the second condition k32 +m3+n3 #0.

This is the case when one of the three frequencies £ equals zero and two re-
maining ¢ are nonzero;for example, {(k,m,n) € K|{an =0,80k +Eam =0,Ear #

0£&wm}=Ki14=(K1NKy)\ Kap. K can be expressed in the way of
K=K14UKoyUK34,
where K4 =(K;NK4)\ Kop for j=1,2,3 and

K14: {(k,m,n) €K|7’L3 :0,];}3 = —’[’7’7,3 750, |’rh| = |]v€‘} (324)
Koy ={k3=0,mm3=n3#0,|m|=|n|} (3.25)
K34:{m3:07k3:ﬁ37£07|k‘:|ﬁ|}- (326)

Formally there exist three more 2-wave cones, but they are empty sets ([6]).
(iii) K*={(k,m,n) € Klkgmsns#0} is the set of strict three wave resonances.

3.3. Explicit formula of the resonant limit operator. The bilinear
form B(ft,v,v) in Eq.(3.18) can be written as a sum of even and odd terms in ft:

Ba(ft,v,0)=Bg" (ft,v,0)+ By (ft,v,0).

In (3.12), integrating the bilinear operator over [0,27], the odd terms vanish and make
no contribution to resonant terms. Thus we only need to consider the even terms of
the operator.

The operator exp(fM,t) restricted to divergence free vector fields has the form
(3.6) in Fourier space, and acts on Fourier components of divergence free vector fields
as

[E(—ft)]nvn=cos(f&ant) vy — ‘—:” sin (f€ant) Rnvn (3.27)

where R, v, =7 X v,. Denote Cs(ft) and Sn(ft) by

[Cs(ft)]n = Csn(ft) = CO8 (fgant)
[Sn(ft)], =Sn,(ft)=isin(fEant).

3Note that if two & are zero, then using n3 =ms3+k3 we see that the third £ becomes zero; so
1-wave interactions are impossible.
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Using the fact that the Stokes operator A=—A can be written as A,, =|n|? in Fourier
space the equation (3.27) can be expressed as

E(—ftyv= C’s(ft)v—FA_%Sn(ft)curlv.

Here we also used curl(e?®®v,,) = e %i(i x v,). Then, from (3.9), the even terms of
B, (ft,v,v) can be written as

4
B (ft,v,v) ZB (ft,v,v)
Jj=1

where

Bl(ft,v,v0)=PLCs(ft){(1—a®A)"'Cs(ft)vx Cs(ft)curlv}

B2(ft,u.v) =Py Cs(ft){( QA)—lA—%Sn(ft)curlvxA%Sn(ft)v}
B3(ft,v,0)=—PLA"% Sn(ft)curl [(1—a2A)—1cs(ft)vxA%sn(ft)v]
BA(ft,v,0) = —PL A~ % Sn(ft)curl [(17042A)*1A*%Sn(ft)cur1v><cs(ft)curlv}.

We make an important observation which will produce an operator splitting.
LEMMA 3.1. BE°"(ft,v,0m)n restricted to K14 has no resonant terms.

Proof. Recall that Ky4={(k,m,n)€ K|ks+ms=0,|m|=|k|}. Since nz=rks+
3 =0, sin({un ft) =0 and cos(&ny ft) =1 on Ki4. Thus the bilinear operators B2 and
B? are identically zero on Kj4. On the other hand, the bilinear operators B} and B?
have the following Fourier coefficients on Ki4:

B! (ft, v, Vm)n :imcos (Eak ft)Prlve X (Th X Um)]

Bi(ft,vk,vmn:im 02(€are 1) Pa[(k X 04) X V).

Then, for each fixed n, the operator BE'*"( ft,v,v), with interactions restricted to
K14 takes the form

n , 1 y
B (fton,vm)nlr =1 Y Traziiz 08(28auk f1) P [k X (170 X U )]
(k;m,n)EK14 +a ‘ |
=0
. . . . . . 1 _ 1
since the domain of summation K7, is symmetric in k and m, Tra2f2 = Trazmp OB
K14, and (kX vg) X Uy, = —vp, X (kX vg). Hence, the lemma is proved. a

Also, observe that

Bs(ftvvky'um)n:o on K94 and ](347
Bg(ftvvk7’urn)n:0 on K34,
B2 (ft,05,0m)n=0 on Koay.
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Collecting all the resonant terms gives the following explicit formula:

4

ZBg (ft,vk,vm)n:|

j=1

Ba(v,0)nl e, 0k =

KypUK

) 1 y
ZZZT [V X (T X U )]

a2|k‘2

Y o Paloex (<o)

K24UK3g 1+a2|k‘2

= X X Um
z;l+a2|k|2 nl < (v x )]

7 1 1 = §
"32 Ww”[”X{<kka>x<mxvm>}1

Z P, (m'vk)vm]
o0 1+a2|k\2

7 1 . v
+§Z+T|k|2 n[(vk'vm)er(k-vm)vk}
+§;mpn[(ﬂkvm)m—(mvk)vm]

34

T —

L+a?|af? |af?
34

For the last equality we used the identity a x (bxc)=(a-c)b—(a-b)c as well as the
fact that |k|>=|n|? on K34. Now the bilinear resonant limit operator takes the form

Ba(”,v)n = B? (0,0)n +BIQI(U»U)11 +B?H(va)m (3.28)
where

]3’? (v,v) =2D bilinear operator corresponding to the kernel of PJPS,
for which Eq(—ft)=1 ( see Eq. (3.32) for the notation Sa)

1
=—3 ——— P, [(m-vi)Um
K§ Tra?li? (172 vk Jvm]
2D

B?I(v,v) = Catalytic bilinear operator corresponding to 2-wave resonances

1

:*iZmPn[(m'vk)vm]

+3 24 1+0(2|k|2 P (Uk Um)'fh"’(kvm)’uk}
52 T Pe (0 v — v
K34
_iz¥ipn [ {(F x ve) X (17 X vn) ]
2 2 T a?laf? [P
K34
Bf7;(v,v) = Resonant bilinear operator corresponding to 3-wave resonances

= Z kan(vkyvm)-

(k,;m,n)eK*
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3.4. Barotropic and Baroclinic projections: operator splitting. Let V'
be the z3-averaging of V € H:

1

V(t,z1,m2) = ora
3

2mas
/ V(t,$1,$2,$3)d$3. (329)
0

Denote M ={V (t,21,22)|V € H}. Then M is a closed subspace of H, and any V €
H has a unique representation V=V +4V+ with V- =0. We define an orthogonal
projection P,: H— H by

PV=V=

2mas
/ V(t,$1,$2,$3)dl‘3. (330)
271—043 0

We call P, a barotropic projection. The corresponding projection PbL : H— H defined
by

Prv=v+t (3.31)

is called a baroclinic projection. With H=P,H and H- = PbLH we obtain an orthog-
onal decomposition H=H @ H> .

The barotropic projection is the projection on the null space of P JPrS,, where
S, 18 the matrix of filtering operator and, in Fourier space, it has the form

1
oV 0
Son = 0 JEI R 0 . (3.32)
0 0 1+o¢£|7ﬂ2

This is the infinite-dimensional space of divergence free fields which depends on only
x1,29. Hence E(—ft)Py=1

LEMMA 3.2. In Fourier space, the averaging in 3 is equivalent to n3=0. That is,
for each wave number n, V is the restriction of V' to nzg=0.

This Lemma together with resonant sets in section 3.3 induces the following repre-
sentation of the resonant limit operator in (3.18):

Bo(w,w) = Bo(w,W) + Bo(W,w" ) + Ba(w" )+B (wh,w) (3.33)
= BY(w,w) + B¢ (W, w*) + B (wh,wh) (3.34)

where
B?(w,w)_izm;lw P, [@y, (17 X Wy, )] (3.35)
4}271 o 0 TTn) (3.36)
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~ 1
Bfy(@,wh)=—iy  ————P, (Wi )wy] (3.37)
2|12 m
o 1+a?lk|
i 1 .
+=) ————— P, [(W-wk)m+ (k-wk)w 3.38
3 2 Ty oy Dol )it (k- Y (3.38)
Koaq
i 1 TN o
+§Z 1+a2|ﬁ|2pn[(wlc Wi )11 — (110 Wi ) Wiy, (3.39)
K3y
i R
_§mePn[nx{(kxwk)x(mxwm)}] (3.40)
K3y
B?II(wawL): Z kan(wiawﬁﬁ (341)
(k,m,n)eK*

Now, we obtain the same important result as the one in ([6]):

LEMMA 3.3. The barotropic projection commutes with the bilinear limit operator; that
18,

B, (w,w) = By (w0, W) = B¢ (W0,). (3.42)

Proof. The result follows from Lemma 3.1 and Lemma 3.2 on the structure of
resonant sets (3.24), (3.25), (3.26) and K* as well as (3.28), (3.28) and (3.28). ad

Lemma 3.3 immediately implies the following properties for P, acting on the two
and three wave bilinear limit operators;

LEMMA 3.4. The barotropic projector annihilates the catalytic and three wave resonant
limit operators:

(a) Py (w,wt) =0

(b) PyBfp(wh wh)=0

Recalling (3.16) of the form

where F,w(0) €V, we obtain the following:

PROPOSITION 3.5. (Operator Splitting) Equation (3.43) and (8.44) split into the
triangular systems;

(a)
ow  ea =
e +vAw= B} (w,w)+F (3.45)
w(0)=v(0)=V(0), V-w=0. (3.46)

This system is called the barotropic (resonant) limit a-equations, which
is identical to the two dimensional and three-component Navier-Stokes-c
equations.
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(b)

owr - - -
5 TvAwt =B (@wh) + By (wtwt) + F (3.47)

wH(0)=v-(0)=V1(0), V-wt=0. (3.48)
This system is called the baroclinic (resonant) limit a-equations.

Proof. Take Py, on (3.43) and (3.44) and use the followings:
(a) 0=P(V-w)=V-Pw=V- w.
(b) 0=V-w=V-w+V-wh. Since V-w=0, V-wt=0.

4. Existence and regularity of limit a-equations

In this section, our main theme is the existence and global regularity of solu-
tions of resonant limit a-equations with estimates independent of the parameter «.
Independence from « is at the core in this paper, which will establish the uniform
convergence of RNS-a equations as a— 0.

4.1. Barotropic limit a-equations. The barotropic limit a-equations of
RNS-a equations are

9% . _
871: Vv AT = B (w,w) + F (4.1)
w(0,z1,22) =w(0), V-w=0 (4.2)
where B$(w0,W) = P1,[Ro x curl®]. We denote the horizontal velocity vector field by
wy, = (W1 (t,21,22),Wa(t,z1,22),0) and we understand ws = (0,0,ws(t,x1,22)) as the
vertical velocity vector field component. Then the nonlinear term can be written as
RaW X curl® = (RaWh, + RoWs) X {curl(wy, +ws)}
=[Rowh X curl@p] 4+ [RaWp, X curlws)
+[Raws X curlwy] 4+ [Raws X curlws).
The third term vanishes. The second term represents vertical modes, and the first

and fourth consist of horizontal modes. Then the equation (4.1), in the component
form, splits as:

% +v AWy, = PL[(Ra®Wh % curl®@y,) + (RaWs X curlws )]+ F, (4.3)
% +vAws = PL[RoWp, X curlws] + F. (4.4)

Note that the barotropic limit equations of rotating NSE are completely decoupled
into horizontal and vertical components (see [6] and [7]) but rotating NS-a equations
have a coupled 2D3C (two dimensional and three component: dependence on two
variables z1,x2) system (4.3) and (4.4).

Following the standard way like for the classical 2D NSE we can obtain the unique
existence of a solution of the barotropic limit a-equations. There, however, is a
difference between the a-equations and the usual 2D NSE. The bilinear operator B?
doesn’t have the usual orthogonal property as the 2D NSE does; < B}X(u},w),ABw >
0 for any weV and 8>0. But, it has a certain orthogonal property;

< BS(w,w), APRow >=0 for any we V.
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THEOREM 4.1. Let T >0 be given. Assume that F is a time-independent force such
that

|F|? < Mg, (4.5)

and let w(0) € H'. Then the barotropic limit equations (4.1) and (4.2) have a unique
regular solution W on [0,T] that satisfies we L>(0,T; HY)NL*(0,T;H?). Moreover,
the estimates are uniform in «.

The proof of Theorem 4.1 is provided in Appendix A.

4.2. Catalytic limit a-equations. In this section we consider the baroclinic
limit a-equations (3.47) NOT including the three-wave resonant operator B¢;;. The
latter is only present for 1/as,1/as of Lebesque measure zero ([6], [7]). The resulting
system is called the catalytic limit a-equations:

wt 1L_ pa =, 1y, &l
W*FVAU) :B})‘I(w,w )+F (46)
wt(0)=wy, V-wh=0. (4.7)

Recalling Lemma 3.2, the vector field w has the form of Fourier coefficients wy, (t) =
Wk, 0)(t), where ky = (k1,ko) € Z*. We, from [6], adopt the definition

|[@]| o = sup [wy .
k€72
Since [w|*=3Y",, [Wk,|* >supy, [@k|*,  |[@0]|go, <[@w].  In addition, |[@]|go <
(a1az) =1 (2m) 2| [w||z1. We follow the BMN’s procedure (Lemma 5.1 and Theorem
5.3 in [6]) to establish the regularity, commutativity, and skew-symmetry properties
of catalytic bilinear operator (the proof of Theorem 4.2 is given in Appendix B):

THEOREM 4.2. Let we H and wt € H?>**! s>0. Then
1. B (W, A*wb) = A* By (w,wh).
2. <BY(w,wt), ASwt>=0
3. B, (w,05w) =0, By, (w,wh).
4. <~B?I(E,wL), Obwt >=0.
5. (1B, (@)l <8V |l [[wtllss1 <8VE (@] ] lsss.

The existence and uniqueness of regular solution of catalytic limit c-equations can be
easily obtained using Theorem 4.2:

THEOREM 4.3. Let F* be a force with |F*|?> < Myy, and let w(0)€ H'. Then, for
any time T >0, the catalytic limit equations (4.6) and (4.7) have a unique regular
solution in L>(0,T; HY)NL2(0,T; H?). Moreover, the estimates are uniform in c.

Proof. By the property 2 of Theorem 4.2, we have
<BY(@,wt), Awt>=0, Vs>0.

e L2?-estimate of w': Taking an inner product (4.6) with w yields

1d L2V e L aie

—— < — —|F—|~. 4.8

S St Pt < St P+ S|P (143)
Let y=|w|?. Then we obtain

dy
—<gy+h
m sSgy—+n,
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where g=v and h= %|FL|2. By the classical Gronwall’s inequality, we obtain
M2
y() < [y<o>+ F} T, Ve, 1)
Thus
L2 L2, Mir vT (1L 2
[ (@OF < |lw (OF + == 1" =(pu(T))",  vte[0,T], (4.9)

and
wh e L>®(0,T;H), VT >0.
Furthermore, from (4.8) and (4.9),

r 1 M. T
|t iPas< S+ EL =0 (410)

and hence,
wt € L2(0,T;H'), VI >0.
H'-estimate of w': Take an inner product (4.6) with Aw™ to get

d

1
a2 L2 D pL2
Sl ] Aw P < [P

Using Poincaré inequality again, we get

d, 19 2oL

prrd L oS | el 8 (4.11)
Let y=||w||?. Then

dy
Y gy+h
at =9vth

where g=—A;v and h=1|F*|2. The Gronwall’s inequality gives

< Mor _ (1) 4.12
y() <y(0)+ 5 =(pm)" (4.12)
1V
This implies
wt € L°°(0,T; H'), VT >0. (4.13)

From (4.11 ) and (4.12) we obtain

T MZT  (pin)?
| 1w (o as < T P = ()

v
and hence

wt € L?(0,T;H?), YT >0.
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4.3. Baroclinic limit a-equations. In this section, we prove the existence of
a unique regular solution of the baroclinic limit a-equations (3.47) and (3.48) which
include the 3-wave resonant interactions. As usual, we need to establish the regularity
result on the baroclinic bilinear operator B, ;. To do that we will follow the procedure
developed in [7].

We start off by stating the following lemma whose proof is exactly the same as
the one in Lemma 2.1, [7].

LEMMA 4.4. Let (u,v,w)€ Hi x Hi x H'. Then

1 27
< Bo(u,v),w>= lim —/ < Bo(fs,u,v),w>ds.
0

f—o 2

The bilinear operator B in the classical NSE enjoys the identity < B(w,w), Aw >
= — < B(curlw,w), curlw > for any w € H2. We investigate whether the operator By,
B, (u,v)=—Pr{Rqux curlv}, have the same property. It turns out that it has a
similar identity (but not exactly the same).

LEMMA 4.5. Let w€ H?. The operator B, satisfies the identity

< Bo(w,w), Aw>=<(curlw-V)curlw, Row>
=—<(curlw- V)R w, curlw>.

Proof.

< By(w,w), Aw>=—<Raw x curlw, curl®w >
=—<curl [Rqw x curlw], curlw >
=< —(curlw-V)Rqw, curlw>
+ < (Row- V)curlw,curlw > .

For the third equality we used the identity curl(a x b)=adivb—bdiva+(b-V)a—(a-
V)b to get

curl [Row X curlw] =R owdiv (curlw) — curlwdiv (R, w)
+(curlw- V)Row — (Row- V)curlw.

Notice that the first and second terms vanish.
Since < (Row-V)curlw,curlw >=0, we get

< By(w,w), Aw>=<—(curlw- V)R w, curlw>. (4.14)
Notice that, for any u,v such that divu=divv=0,
—(v-V)u=vx curlu—v;Vu,.
By setting v=curlw and u=TR,w, we obtain
—(curlw- V)Row = curlw x curl (Rqw) — (curlw) ; V(Rqw);.

Substitution of this into Eq. (4.14) and the equality < curlw X curl (R,w), curlw >=0
yield
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< Bo(w,w), Aw>=—<(curlw);V(Rqw);, curlw>

0
z—/(curlw)j oz, (Row);(curlw); dz

= /(curlw)i g(curlw)j (Row);dx

Ly

= /(curlw -V)eurlw- Rowdzx.

a0
From Lemma 4.4 and Lemma 4.5 we can obtain the following identity by passing
to the limit in averaging:

COROLLARY 4.6. Let w€ H?. The resonant limit operator B, satisfies the identity

< Bo(w,w), Aw>=—<(curlw-V)R,w, curlw>.

The Corollary 4.6 induces the following inequality for the 3-wave resonant oper-
ator:

|< Bf‘ll(wl,wL), Awt >l=|< (curle‘ 'V)Rawj‘, curlw® >|
<c Y K| wi] m] [(Raw™)ml[i] [wpr| X (k,m,n)
k4+m+n=0
<c Y || wi] ] fwp] 7] [wyr| X (k,m,n).
- m n b )
k+m+n=0

For the last inequality we used (Rowb),;, = mwfﬁ so that |(Row™)m| < |wk|.

Here, X (k,m,—n) is the characteristic function of the resonant set K* of strict three-
wave resonances:

igakigamiganzoa n—l—k‘—i—m:O, k3m3n37é07

where .1 = and similarly for £u4m,&an. This set lies in the set of solutions

k
a2 [FP)IF]
of the equation

P(k,m,n)= k[ [m|* |2t (1+a? k)" (1+a?m|?) ! (1+a®[n]*)!
(2440 +865,)° —4€2460,,] =0, (4.15)

Recall that [k|? =61k%+602k3 +03k3, 0,=-L(j=1,2,3), and similarly for 1,7 This
equation can be obtained from considering the product of all D;(k,m,n) in (3.22) and
(3.23) (this product is zero on the resonant set K);

(gozk +§am +§om) (gak - Eam +§om) (fak - éam - €an) (fak +§o¢m - g(yn)

Without loss of generality we put 6; =03 =05=1.
The equation P is a polynomial in k,m,n, and it has the symmetric property:
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LEMMA 4.7. The polynomial P is symmetric with respect to k,m, and n;

P(k,m,n)=P(m,k,n)=P(k,n,m)=P(m,n,k).

Proof. 1t is sufficient to consider the factorization (4.16). Changing k to m, m to
n, and n to k, (4.16) becomes
(gcxk +§o¢m +€o¢n) (éak - £o¢m +€o¢n) (é.ak _éam - éan) (gak +§o¢m _gan)
= (gak +fam +§o¢n) (fak +§o¢m _Ean)
{(_1)(§ak —&am +§an)} {(_1)(5046 —&Eam — §an)}

Compared to (4.16) this contains exactly the same components as those in (4.16).0

By this lemma X (k,m,n) is equipped with symmetry, and we can take advantage
of Lemma 3.1 of [7]. For the detailed proof, see [7]:

LEMMA 4.8. (Restricted Convolution Lemma) Let X (k,m,n) be the characteris-
tic function of some resonant set K* in (Z3)3 such that X(k,m,n)=X(m,k,n)=
X (k,n,m) is symmetric. Let v>0,0 fized and

sup > X (k,m,n) k| =7 < Cyp2%8 (4.17)
" kiktmtn=0keY,

for every i=0,1,2,... where

Z:{k:(khkg,kg) | 2i<|k|<2i+1,|k|:,/k%+k§+k§}.

i

Then for any sequence u, with u g, o,0)="0

1/2 1/2 1/2
Y luk] fuml fun X(k,m,n)<0<2|nlﬁ|unl2> <Z|kIWkI2> <Z|uml2>
n k m

k+m+n=0
(4.18)
where C' = 6+/2C.

Consider the polynomial P(k,—n—k,n),

P(k,—n—k,n)=ki|-n—k|* [n|* 1+a?|-n—k>)*(1+a?|n*)?
H(=n—k)' k" [n[* (1K) (1+a®[nf?)!
nglkl* [=n—k[*(1+a®[k}) ! (1+a?|—n—k[*)*
—2k3(—ns —ks)?|k[* [=n—k[* [n|* (1+a?[k[*)?
(1+a?|—n—k[*)*(1+a?n]?)*
—2(—na —k3)*n3|k|* [=n—k[* [n[* (1+a?|k*)*
(1+a®|=n—k[*)*(1+a®n|*)?
—2k3n3|k[? [=n—k[* [n]*(1+a?[k[*)?(1+a®|—n—k[*)!
(1+a?|n|*).
The highest power of k3 is 24, and P(k,—n—k,n) is a polynomial of degree 24 in ks.
The coefficient at k3% is a'%n3 which can be obtained from the term

nalkl* [-n—k[* (1+a?[k[*)* (1+a®|—n—k*)*,
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which does not vanish because k3 #0,m3 #0 and n3 #0. Thus, for fixed k1, k2,n, there
are at most 24 ks satistfying P(k,—n —k,n)=0. So, if we estimate the sum (4.17) with
a=1,

N> Bk AR X (k—k—nn)<24+24 > (Ki+kD)2

21 <|k| <2+t 0<|kp <2ttt
—1
=24+24 E |kh|
0<|kp|<2i+1
%
S 002 )

where Cj is an absolute constant independent from «. Note that the only difference
with BMN’s [7] is the coefficient 24, which replaces the coefficient 8 in [7]. Thus, the
inequality (4.18) holds with y=8=1.

Let vy =|k| |wj-| and similarly for m,n in the inequality (4.15). Then using
Corollary 4.6 we obtain the following estimation, uniformly in a:

|<Bfrr(wwb), Aw™>[<c Y |vk| [vm] |va| X(k,m,n)

k+m+n=0
1/2 1/2 1/2
- 2 2 2
<c(z|n 0] ) (Zw ™ ) (Zw )
n k m
2
el v
~ 12 1
<éllw s [lw |

Here, we used [[v][1 = [lw" ||z and |v[ = lw™"|. Also, for the last inequality, we applied

the interpolation inequality, ||w*||% <c|lw™|| [[w']|]2. Therefore, we have proved the
2
following:

THEOREM 4.9. Let wl € H2. Then
|< By (wh,wh), Awt >| < Cppgllwt|2 w2 (4.19)

The estimates are uniform in «.

From the estimate (4.19) we easily obtain the existence of a unique regular solution
of baroclinic equations, uniformly in «. Estimate (4.19) is similar to that of 2D
Navier-Stokes equations with Dirichlet boundary conditions. The procedure of proof
is exactly the same as the one in the proof of Theorem 3.2 of [7].

THEOREM 4.10. Let wt(0)€ H' and let F* be a force with |F*|>< Myp. Then,
for any T >0, there exists a unique global reqular solution w*¢€ L>(0,T;H')N
L2(0,T;H?) of baroclinic limit equations (3.47) and (3.48), with the norm estimates
uniform in «.

5. Local existence of solutions of 3D rotating Navier-Stokes-a equa-
tions, independent of «

In this section we prove the existence of a solution of the problem (1.1)-(1.2) on a
small (but f-independent) time interval. We assess the estimates on nonlinear terms
of RNS-« equations to get the same estimates as the one of RNSE in Ch4 of [6]. That
makes it possible to follow the exact same procedure developed in Ch4 of [6]. Now
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we start off by recalling RNS-a equations in a Fourier space: for each wave number
n, Eq. (1.1) takes the form

%" + H;Wf(PLJPL)nVn+u|ﬁ|2vn+ipnk+;n (( 1) Vi + V910, U(J)) Fo.
(5.1)

Recall that the action of A® in a Fourier space is multiplication by |n|**. Multiplying

Eq. (5.1) by V*|n|* (V¥ =V_,) and using the skew-symmetry of (PrJPp), (Lemma

2.3), we obtain

|25

: atDw AP VI =i YD Ui (Vi Valal®)
k+m+n=0

Z V(J)Um m-Vn|ﬁ|2S)
k+m+n=0

+Y - Vo|al®. (5.2)

Here we assume the summation is over |k| <R,|m|< R and |2| <R for Galerkin ap-
proximations and then will take R — oo. The following property holds:

LEMMA 5.1. (Ug-1)Vy, -V, is skew-symmetric in n,m:

> (Uk-1i) (Vi - Vi) rinf*2]* =0.

k+m+n=0

Proof. Interchanging n and m in the summation and then using the divergence
free condition k-U, =0, we obtain

Yo W) Vi Vi)l = Y (Us-) (V- Vi) 2] |1i]*

k+m+n=0 k+m+n=0

k+m+n=0

—— S (U) (Vi Vi) ]

k+m+n=0
Therefore, Zk+m+n:O(Uk-m)(Vm~Vn)\mP|fL|5 =0. 0

The second term in Eq. (5.2) doesn’t have the skew-symmetry in n and m, and
we have to get the uniform estimate in a of it. We introduce the space of periodic
functions H, (when p=2 it coincides with the Sobolev space H® = Hj) with the norm
defined on Fourier coefficients u;, as follows:

P _ L.|Ps P
lully = 3 [ .
kez3
Note that H, C H; if p<gq because the wave numbers lattice is discrete. Then,

LEMMA 5.2.

S VOUD i Vi)l [al*| < Co(B) V16 IV
k+m+n=0
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where Co(B) = (S, [FI229)1/2 < (5, [k[2-29)/2 <o if 5 5
Proof. We use 71V, = (k+1)-V,, =0 to get

>° VOUR vl Bl =| >0 VUL (R Va)lml® [al?

kE4+m+n=0 k+m+n=0
< ST (R VOl [U] 7] [Vl

k+m+n=0
< S0 VOl VD] [R) |Val

k4+m+n=0

<Vl IVIE
<C:B)IVIs IVIE-

Now, we formulate the estimate on a nonlinear term.

LEMMA 5.3.
[<Ba(V,V), AV >[<C(s)IIVIs V2
with s> 6>% and 3 is independent of s. This estimate is independent from a.

_ Proof. The estimation relies on the inequality ||k +m|* — |m|*| < Cy(s)(Jrm]*~ k| +
|k|*) and the identity |k+4m|®=|m|®+ (|k+m|® —|m]|®).

(i)

Yo Uem)Vin - Vala*) = Y (Uk-m) (Ve Vi) [k 40| |]*

k+m+4n=0 k+m+n=0

= > (Ue) (Ve Va)llif* + (Jk+omf* —[m]")] |n]*

k+m—+n=0

= D> Uk) (Ve Vi)l [2]*

k+m+n=0
+ Y Uk ) (Vi Va) (ki = |m]*) [7]°
k+m-+n=0

= D> Uk) (Ve Va)([k+mm|* = |m]*) [A]*

k+m—+n=0

We used Lemma 5.1 for the last equality. The right hand side of the above
equation can be estimated as:

Y. U ) (Vi Vo) (k)" = |ml*) ]
k+m+n=0

<Cu(s) Y R U] || [Vau] [2]* [Va]

k+m+n=0
+Ci(s) D R[|U] ] [Vl )" Vil
k+m—+n=0
<Ci(s) Y (R Vil [l [Vl [2)° Vil
k4+m-+n=0

+Ci(s) D LRI Vil | [Vin] R [Val.
k+m—+n=0
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By Young’s inequality for convolutions ||f*g|lr- <||fllz» |lgllLe, where %—i—
1_q.1

P 1+, we get

1

2

Do RLVE] [l [Vin] 2] [Val <
k+m+n=0

Vs

Z{ PR AN vm|}2

n k4+m=—n

<Vl V]2
<GB IVIls V2,

where C(8)= (3, |k|>"2)Y2 < (32, |k|>2)Y/2 <00 if B>5 (for the first
inequality we used aj,as,a3<1). The other sum has the same estimate.
Thus

Y. U ) (Vi Va)(k+ml* —|m]*) ||| <2C1(s)C2(B)IIV [15 IIV3-

k+m+n=0
(ii) Note that
S VOUR (h-Vala*)

k+m+n=0

_ S VOU V) el — il

k+m+n=0
+ 3 VOUR Vo)l il
k+m+n=0
Then
S VOUD Vil -+l — il
k+m+n=0

<Cu(s)(ml* " (k| + 1K) (VL V2] il (Vi [*
=Ci(s)|ml* [VP] R (V] []* Vil
+C1 (IR V] ] [V 1] [Val
<2C1(8) IV gy V2
<2C1(s)C2 (B IV [l IV]I3- (5.3)
Thus, the inequality (5.3) and Lemma 5.2 give the estimate

ST vOUD (Vi) <C) VI V]2
k+m+n=0

Combined (i) and (ii) complete the proof. d

Now we establish the local existence of solutions of the equations.

THEOREM 5.4. Let 0<v<1,s>5/2,V(0)c H®. Assume that F € H® and that

IV(O)lls < Mos;  [|F[ls < Mosp-

Then there exists Ts >0 such that there exists a unique local solution of Fq. (1.1)-(1.3)
which is bounded in L>(0,T5; H®) and satisfies

Ts
V@2 < M2, 0<t<T,; / VI dt <M (5.4)
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where My, Ts do not depend on v,Q2,a2,a3 but depend on Mys, Mosg. Here we assume
that Mg > Mos > Mosp > 1, Ts <1. These estimates are uniform in «.

Proof. Existence is proved using Galerkir} approximations. The approximations
are equivalent to considering Eq. (5.1) with |k| < R,|m|< R. Later we take R — co.

By multiplying (5.1) by V,*|#2|** we could get (5.2). Together with Lemma 5.3 we
obtain

0
SIVIE+20IVIE <Cls BNV IVIE+IFIE+IVIE, (5.5)

where a constant C(s,3) =max{4C1(s)Ca2(8), 4C2(5)}. By Gronwall’s inequality

Ts
IVOIZ < [IV(O)IIF+Mgp] exp (/O [Cls,B)[[V(s)lls+1] d«9> ,

where s> 3> 5/2. Note that 3 does not depend on s so that 8 can be fixed indepen-
dently of s. We put S=s. Then Eq. (5.5) becomes

7
o IVIE+ 2 VI3 C@IVIE+ME,p+ V3. (5.6)

Let y=||V|?+ Mg, and then y>1. The inequality (5.6) provides

d
2|V 2, <[C(s) + 1y, (5.7)

Solving the ODE gives the inequality

—2

y(t) < | —

= WOQS —(C(s)+1)t

on the interval [0, t*] , where t*=1/[4Mys(C(s)+1)]. Taking Ts =t* yields
IVIIZ<16Mg,, 0<[4Mos(C(s)+1)] ™"

Integrating (5.7) we obtain on the same interval
Ts
21// V1241 dt <66(C(s)+1)[Mos]®, Ts <[4Mos(C(s) +1)] 7" (5:8)
0

The inequalities (5.7) and (5.8) imply (5.4) with the appropriate choice of My, Ts.
Using these estimates, we can prove the existence of a solution of the problem

in a standard way with R— oco. The solution satisfies the same estimates and the

theorem is proved. ]

REMARK 5.5. Theorem 5.4 is true for the usual rotating Navier-Stokes equations
(that is, when a=0). See Ch4 in [6] for details.

6. Global regularity of 3D rotating Navier-Stokes-a equations for large
f and finite o

In this section, we establish the existence and global regularity of solutions of 3D
rotating Navier-Stokes-a equations (1.1)-(1.3) for f large enough which is uniform
in a. Our regularity estimates are uniform in «, which is at the very heart of our
results and make them distinctive from the previous literature. Typically, only weak
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convergence of the solution of the 3D NS-a equations to some weak Leray solution had
been obtained in the limit o — 0 ([22]). We use techniques developed by A. Babin, A.
Mahalov and B. Nicolaenko in [6] - [12] to establish the existence and global regularity
for the real velocity field V', which exist uniformly in «. The uniformity in o make it
possible to establish the existence of absorbing balls, uniformly in «, and the strong
convergence of solutions of 3D rotating Navier-Stokes-a equations with large fixed
rotation f =22 as « vanishes.

The proof of global regularity relies on the global regularity of the limit a-
equations and techniques for convergence theorems as f— oco. From now on we as-
sume 0 < a < a s, where s is some maximum of « since we are interested in the limit
a— 0%, Let V4(0) € H? be smooth initial data and let Fy be a smooth force such that
F,(t)e H?, 0> (+4, 6>5/2, which are close to V(0) and F. We approximate initial
data in H” by smoother initial data in H?:

IV(0) =V (0)[| s <e.
Further, we assume that F is approximated by Fy. We denote F’ = F — F,; and assume
I3, <, 6.1)

with 6>5/2.

Using the previous results on equations we will find a solution V;(¢) of (1.1)-(1.3)
in H?, 0> (3+4, #>5/2 with mollified data which satisfies e-independent estimates
in H? for large f and finite a. The solutions V;,V satisfy equations of the form

OV (t)=Bo(V,V)—vAV — fPLIP RV +F (6.2)
0iVs(t) = Bo(Vs, V) —vAVs — fPLIPL R Vs + F

with the same Stokes operator A and bilinear operator B, and different (but close)
initial data. The difference Z(t) =V (t) — Vs (t) satisfies the equation

Z(0)=V(0) - Vs(0) (6.5)

with a small forcing term F'=F — F, and small initial data =(0).

We start out by generalizing Lemma 5.1 in [7]. Once it is constructed, theorems
in Ch5 of [7] can be adapted, and hence the global existence and regularity follow.
Recall that, for each fixed wave number n,

Bgsc(ft,v,v)n: Z eiftDl(k’m’n)kanl(Ukvvm)7

l,k+m=n
Dy (kym,n)£0

where [=1,...,8, and Qgmni(Vk,Vm) is a bilinear form in vg,v,, € C3. B2¢(ft,v,v)
contains all nonresonant terms (ft-dependent terms). Here, the bilinear function
Qrmni(Vk, V) is expressed by

Qi (Vksvm) =iPu > [(Rav)e-)vm + v i(Rav) |
k+m=n
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Then
|(Rav)k - mvm| < |[(Rav)k] [ o]

< ——— || || |v
< ol ol ol

<] |og| [vm]
0 (Ra0) | < 0] ] |(Rav) )]

<[v| |iml o)

1+ a?|mhl|?
<|m| ‘Uk| |V

Since the summation has finitely many terms for each fixed n, the bilinear function
has the following inequality,

|Qrmnt (Vk,vm)| < Cq | vg] [vm]. (6.6)

This estimate satisfies the condition of Lemma 5.1 in [7], and the corresponding lemma
follows uniformly in «:

LEMMA 6.1. Let XC(Z° {0})x{1,...8} =((Zi x 23 x7Z3) {0})x{1,....8}. Let
Qrmni be a bilinear function from C3x C3 to C* which depends on (k,m,n)€Z° and
onl=1,...,8 and satisfies for n=k+m:
|Qrmni (U, vm)| < Cq [ [uk| [vm].
Let
(BQ(U,’U))n = Z kanl(ukavm)~
k+m=n
(kym,n,l)eX

Let $>0. Then with Cs=Cs(3) we have

|< Bq(u,v), A%w>| <CoCsllwllpst [[ullj2llvlls+1 + lullgers2 0]
<vlwllf 41 /8+C Il l0]7] /v,

for arbitrary v >0 when o >max{B+1,1}. Moreover, if 0<[3<3/2

|<Bg(u,v), A%w>|<CoCsllwllgrillulls/asp/zllvlls/ats
<v|wl[F41/8+CA/)ull3 /41521003 /4152
If0<f8<3/2 and e<< 1, we have

< Bo(v,w), A%w>|<CoCrllwllgsillwlissi-ellvllijore

—2/€ 2/e
<vlfw|31/8+Cv e

2
12tellwll-

All these estimates are uniform in «.

Now we recapture theorems from Ch5 of [7]. The proofs can be carried over from
Theorem 5.1 and Theorem 5.2 in [7].

First, the following theorem establishes the existence of regular solutions on large
time intervals of 3D Navier-Stokes-a type systems with very small initial data and
forcing, uniformly in o with the help of Lemma 6.1.
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THEOREM 6.2. Let 3>5/2,v>0,Ty>0. Let the following hold:
1V(0) = Vs(0)[| s <e,
and
[F' (I3 < €.

Assume that
To
IVa®) 5 < Mas, 0<t<Th, / IVa(t)[3,, < M2,

and e <€y, where ¢y depends on Mya,0,v,Ty. Then a regular solution = of (6.4) exists
in H® and

To
1E(®)]ls < Coe, V/O 21541 <C5e?, 0<t<Ty, (6.7)

where Cy depends on Myg,3,v. In particular, the estimates are uniform in c.

The proof of the theorem is exactly as the one of Theorem 5.1 in [7], albeit with the
uniform in o Lemma 6.1.

Now we derive the existence theorem for Eq. (6.3) with smooth initial data in
H?, 0> (44, which includes a 3-wave resonance operator.

THEOREM 6.3. Let ay,as,a3 be arbitrary and fixed; let $>5/2,v>0,0 > F+4 and let
Vs(t) be a solution of Eq. (1.1)-(1.3) with smooth initial data and forcing term such
that

IVa(0)llg < Mg, [Fsll3—1 < (Mpr)*; (6.8)
IVsO)llo < Mor, [|Esll5-1 < (Mor)*;

Then, for every f > fo(Mg,Mar, Msp,v,a1,a2,a3), there exists a unique solution V()
for 0<t< oo such that

IVa(t)ls < M. 0< 1 < o,
To
v [V s 0y

where Mé depends only on Mg,MgF,v,a1,az2,a3 but not on My,r. Moreover, these
estimates are uniform in c.

For the proof of Theorem 6.3 we need the lemma below, which is uniform in
« thanks to the local existence Theorem 5.4 and the uniform in o Theorems 4.1,
4.3, and 4.10 for the limit resonant a-equations. Consider (Poincaré variable) v,(t) =
exp(fPJPR4t)V,(t), where Vi(¢) is a solution of (6.3) with smooth initial data V(0)
and smooth force Fj(t); consider w(t)=w(t)+w™(t) solution of the limit equations
(3.45) for w and (3.47) for w, with:

w(0) =V,(0), w(0)=V;*(0).

Let r(t) =vs(t) —w(t). Then we have:
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LEMMA 6.4. Let T,(M,p,v,a1,a2,a3) be the local (small) time existence for a solution
Vs(t) of (6.3). Under conditions 3>5/2,0 — >4 we have

Ir(t)lls <8(f). Vt€(o, Ty,
T
v / Ir(0)13,2dt < (5(1)2 WT €0, T,

where 6(f)—0 as f—o00; T, does not depend on f; 6(f) depends on Myp,T,,v,0,0,
ai,as,as3, but uniformly in c.

We then obtain the proof of Theorem 6.3, exactly as in [7] but extending the existence
of V() on 0 <t <oo. For this extension, the “uniformly in & of Theorem 5.4 (local
existence) and above all Theorems 4.1, 4.3, and 4.10 (regularity of limit equations for
0<t<o0) is crucial.

We now proceed with the existence and regularity theorem for less smooth V(0)
and F.

THEOREM 6.5. Let the domain parameters a=(a1,az,as3) be fized but arbitrary, and
let v>0, 0<a<an, 8>5/2. Let |F|3_, <Mz, [V(0)|s < Mg,and f large: f>
fl(Mg,MBF,I/,ahag,ag). Then, for each such f, the solutions of Eq. (1.1)-(1.3) are
reqular for all t such that 0<t<T and T arbitrary large, and

IV(#)lls<Mj  ¥telo,T],

where ]\Zf[g :Mé(Mg,MgF,V,al,ag,ag,T). Moreover, the estimates are uniform in .

Proof. We sketch the proof following the line of Theorem 5.3 in [7] albeit for
B>5/2 instead of 1/2 and without using the L? absorbing ball and t* entry time
in H'. The theorem is restricted to 3>5/2 since we do not have any uniform in «
estimates for V in L2, nor in H' (and a fortioriin H®, 0<3<5/2.) The root of the
problem lies in the lack of classical energy conservation of V' for the inviscid, unforced
3D Euler-a equations. Only, H~! norm is conserved in H! (see p5-6 in Section 2).
Otherwise, the theorem is proved with the help of the uniform in o Lemma 6.1,
Theorem 6.2, Lemma 6.4 and Theorem 6.3.

We approximate the force F' and initial data V(0) by smooth functions Fy and
Vs(0) in H?, 0> (3+4 so that:

IEO)[s =11V (0) =Vs(0)lls <m, [V5(0)[|o < M.

Moreover, the inequality (6.1) holds and, with F'=F — Fy:
IF(0)llo < My,

where M,, depends on M, 3, Mg, nand T only. We then consider the RNS-a equations
with smooth initial data V(0) and force Fs in H?, which satisfy (6.8) and (6.9) in
Theorem 6.3 with Mg < Mg+ M,, |[V(0)|ls <M,, and Myp < Mgp+M,. We then
apply Theorem 6.3 on [0, T]. The H° norms of these smooth functions are bounded
by ( a possibly large) constant M, depending on this fixed n and Mg,MgF. After
that, we choose f> fi(Mg, Mgp,n,v,a1,a2,a3) such that we have (6.10) and (6.10) in
Theorem 6.3 for solutions V;(¢) on [0, T] of equations with smooth data. We then
apply Theorem 6.2 with € replaced by 1, M,z by Mg—i-r] and Ty by T'; we obtain a
regular solution = of (6.4) such that

T
20 <Con. v | IE()Byrdr <Coi, 0<t<T,
0
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where Cy depends on Mg, B and v. We now choose 1 so small that we have Cyn<e
in Theorem 6.2, and we obtain

IV@lls <IVs@lla+ 125 < Mg +e,

where M} depends only on Mg, Mgp, v,a1,a2,a3,T, but not on M,. Finally, we
obtain Theorem 6.5 with Mé =Mj+e. ]

COROLLARY 6.6. Let the conditions of Theorem 6.5 be satisfied. Let Bg be a ball in
HP, 3>5/2 with radius of B3 < Mg. Then, for T given arbitrary large, we have

||S(t)éﬂ||ﬁ SM&? Ve [Ov T]>

where M,’B:Mé(M@,MgF,V,al,ag,ag,T). Moreover, the estimates are uniform in .

Proof. As 3>5/2, we can easily show that the semiflow S(t) is compact on H” and
take Bs compact in H?, modulo a small translation in time (smoothing property of
the 3D NSE, cf. [6] , [18]). We then cover Bg with a finite set {V;(0)}, i=1,2,...,N(n),
such that, ¥V (0) € Bpg,

[V(0)=Vi(0)lls <n/2.

For each V;(0), we apply Theorem 6.5 with [[V;;(0)—V;(0)|z<n/2 and M,=
maxi<;<n M, ;, where ||V ;(0)|| <M, ;. Clearly, YV'(0), there is a V;;(0) such that
[IV(0)—V;,:(0)]|g <7, and we can apply Theorem 6.5 uniformly in Bz on [0, T]. 0O

Bootstrapping the previous corollary on a sequence of times 0,7,27,..., NT' is
possible, but yields the following exponential estimate for M [’3:

M(NT) < Mj(T)exp(Nlog(Co)),

where Cj is defined in (6.7). This prevents any straightforward construction of an
absorbing ball in H?, uniformly in . However, a weaker absorbing set can be con-
structed as the following:

THEOREM 6.7. Let 0<a<au;, v>0; let ai,az, and as be arbitrary and fized. Let
B8>5/2,v> 044, and F a time-independent force such that
||F||%71 SMEF and ||F||3,71 SMA%F'

Let V(0) € By be initial data in a ball in H?. Let diam(B,) <2p,; in HY norm and
diam(B.1) <2psr in H? norm. Then, for each f> f*(Mar,Myr,py1,pp1,0,01,02,a3),
the 8D rotating Navier-Stokes-o equations possess an absorbing set Bg in HP: that
is, there exists tg=tg(par), such that f> f* and V(0) € B, imply

t+1
IWV(t)g<ps and 1// ||V(T)||%+1dT§M§+1,
t

for all t>tg. This absorbing set is uniform in o and pg=ps(Map,v,a1,a2,a3),
Mpi1=Mpgi1(Mpgp,v,a1,a2,a3) (with no dependence on Myg, nor on pyr).

Proof. We now choose F smooth in HY, v>3+4, §>5/2 and initial data in the
smooth ball 3,; of radius p,; in the H” norm, and radius pgs in the H? norm. Of
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course, HY C H?. We apply Theorem 6.3 with v=0, M, replaced by p~1 and Mg
replaced by pgr. Then, for any V(0) € B,1, we obtain regular solutions in the weaker
topology of H?, for f> f*(Map,M,r,pa1,py1,v,a1,a2,a3).

IV(#)lls <M, 0<t <00

where M= Mj(Mgr,pgr,v;a1,az,a3) but does not depend on M, or p,;. We are
using two deep (and subtle) features of Theorem 5.2 in [7]: the dependence of the
threshold f* upon bounds in the highest norm H? but the independence of M é from
the latter; and that Theorem 5.2 in [7] can be extended to T'=o0c. Then the proof of
an absorbing ball for B,; in the H” topology follows along classical lines, using the
generalized (uniform) Gronwall lemma with norms in H? and H?*! (time average),
together with finite regularization time in H#*+!, and we obtain pa, Ma11 independent
from pyr and M, p. 0

REMARK 6.8. Absorbing balls in a weaker topology than that of the set of initial
data are a typical feature of infinite dimensional dynamical systems methods applied
to damped hyperbolic PDE’s (Ch6, [19]). This notion enables the construction of a
global attractor as well as exponential attractors in the “H” — H7” sense ([28], Ch9).
Here, of course, it is the lack of conservation of classical energy for the unfiltered V,
that creates the difficulty.

7. Existence of global and exponential attractors, uniformly in «

In this section we follow the theory along the line of [19] to construct an expo-
nential attractor for the 3D rotating Navier-Stokes-a equations for large f. We start
out by recalling the procedure with which exponential attractors are constructed in
Hilbert spaces.

Let E be a Hilbert space with norm ||-|| g induced by the inner product (-,-)g. Let
X be a compact subset of E and S: X — X a Lipschitz continuous map with Lipschitz
constant L. Then S possesses a global attractor A which is a compact, connected set
given by

A= 5"(X).

(Theorem 2.4.2, [23]). Exponential attractors for a map S are defined as:

DEFINITION 7.1. (Discrete Exponential Attractor) A compact set M is called
an exponential attractor for (S, X) if ACMCX and

(i) (positively invariant) S(M) C M.

(ii) M has finite fractal dimension, dimp(M) < oco.

(iii) There exist positive constants ¢y and c¢1 such that

dp(S" X, M) <cpe” ", ¥n>1

where dy, is the standard Hausdorff semi-distance between two sets defined by
dp(A,B) =sup,¢ o infreplla—0b| .

In establishing the existence of discrete exponential attractors key techniques are
those based on examining the difference of two solutions and verifying the squeez-
ing property on the underlying mapping S. The squeezing property guarantees the
existence of discrete exponential attractors (Ch. 2, [19]):
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DEFINITION 7.2. Let E be a Hilbert space and X a subset of E. A map S has the
squeezing property in X if, for some 6 € (0,%), there exists an orthogonal projection
P=P(d) of finite rank Nog= No(J) such that, Vu,v € X, if ||(I — Pn,)(Su—Sv)||g>
|| Png (Su—Sv)||g then ||Su—Sv||g <d||lu—v||E.

THEOREM 7.3. If S has the squeezing property in X, then there exists an exponential
attractor M for (S,X) and, moreover,
2L 1
dp(M) < No max{1,log(~+1)/log()},
where 6 € (49,1) arbitrary and dp is the fractal box dimension for the metric E.

We now turn to the continuous case. Let {S(¢)|t >0} be the semigroup on X.
Assume that S(¢) possesses a global attractor A. The exponential attractors for
(S(t),X) are defined as:

DEFINITION 7.4. (Continuous Exponential Attractor) A compact set M is called
an exponential attractor for a semigroup (S(t),X) if
(i) ACMCX,
(it) S(t)yM CM for t>0,
(iii) the fractal dimension of M is finite, dimp (M) < o0,
(iv) there exists positive constants co and ¢y such that

dn(S(t) X, M) <cope 't Wt >0,

where dy, is the Hausdorff semi-distance for the metric E.

Given the semigroup {S(t)|t >0} of solution operators, we will choose a positive
t, small enough such that S, =S(t.) possesses the squeezing property in X. If S, is
Lipschitz continuous, then the existence of a discrete exponential attractor M, for
(S«,X) is guaranteed by Theorem 7.3. Next we define

M= ] St)M.

0<t<t,

and G:[0,T)x M, — M as G(t,z)=S5(t)x. If G is Lipschitz, then it can be shown
that M is a compact set with a finite fractal box dimension, and M will be an
exponential attractor for (S(¢),X) (Theorem 3.1, [19]). The exponential attractors for
the continuous dynamical systems generated by a semigroup {S(¢)}+>0 are unions of
exponential attractors restricted by squeezing time t,. In addition, given an estimate
for M,, it is not difficult to get an estimate for the fractal box dimension of M
(Theorem 3.1, [19]):

THEOREM 7.5. Let S(t.) have the squeezing property in X for some time t.>0 and
let M be an exponential attractor for (S(t),X) and G(t.,x)=S(t.)x forze X, t>0.
If G(t«,-) is Lipschitz in X with Lipschitz constant L, then

dp(M) <dp(M,)+1.

Furthermore,

dn(S(t)X,M) < cL, exp (-(ltn8)t>

*
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for all t>0, where c is a positive constant.

Now we follow the above procedure to establish the existence of an exponential
attractor in L? for the 3D RNS-a equations. We do this for all f that allow the
existence of a global attractor. Assume that F' is time-independent and smooth and
that f> f* as in Th 6.7. Let S,(¢) be the semiflow for solutions of the 3D RNS
a-equations and let Bg,3>5/2, be the absorbing ball obtained in Theorem 6.7. Set

g
XOC’B = Utztﬁ(B,@)JrﬁSa(t)Bﬁ‘ )

where the closure is taken in L2-topology and A; denotes the first eigenvalue of the
Stokes operator. Then X, g is a bounded subset of Bg, compact in H%,0<s <, and
positively invariant under S, (¢) such that, for all V,,(0) € X, g,

1Sa () Va (0|l 76 < pa,g, VE>0,

where p, 3 is the uniform bound obtained in Th 6.7. In particular, there exist absolute
bounds pa,s = pa,s(Mpgr,v,a1,a2,a3) such that ||So(t)Va(0)||m: < pa,s < pa,p for 0<
s< 3. We will denote py for p,0 and py for p,,1. Since X, g is compact in H*® for
0<s<f, we can deduce that the underlying semigroup S(¢) is uniformly compact so
that it possesses a unique global attractor A in H® for 0<s< g, (Theorem 1.1, [37]).
Moreover, it can be proved that A lies in H” for 3>5/2, (Corollary 9.7, [28]).

We consider the solution operator S, (t) as a map from X, g into X, 3. We only
need to show that there exists a squeezing time ¢, such that the discrete operator
Sex = Sa(t«) has the squeezing property in L2-topology. To achieve it we first examine
the difference between two solutions, V, and V3, of 3D RNS-a equations in X, g. Let
W=V,—V, and W' = w Then W satisfies the equation

aa—vl/—l—uAW—&—fMRaW:—[Ba(W',W)—&-BQ(W,W’)] (7.1)
W(0)=V,(0) —V,(0). (7.2)
Taking the inner product with 2W and using Lemma 2.3 we obtain
d
S WP 20| W2 <2{|< B (W, W), W >| +|< Ba(W, W), W >[}, (7.3)

where B, (u,v) = (Raqu-V)v+v;V(Rqu);. Estimating the right hand side of (7.3) and
using Young’s inequality yields

d K,
D we o< S (7.4
where K7 =c}p{, with ¢; a constant. Letting A(t) = l‘lwgl‘;’ (7.4) becomes
d , K,
& MW (O] < A+ ot
so that
(WO <) W(0) (7.5)
with

5(t) = exp (V/OtA(s)ds+ I;;t) .
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Next, we need to find a time ¢, such that the estimate for §(t.) allows squeezing.

Thus it is essential to bound fot A(s)ds, and following the exact line of section 6.1 in
[38] we obtain

2 . 3/2
=51 (7.6)
c2 KoK
4
where Ky =copy and K32 = 227;33 p?, + %\lpH with ¢o and c3 constants. Furthermore,
ty V3/2
At dtZC4/\N 175 7
where ¢4 = 1[1—exp(—c}/c2)] >0, so that
5/2 3
4 v cs Py
3(ts) < —=A N 7.7
(*)exp( o N0+1K3pv+1/3/2K3>’ (7.7)
where ¢5 = 2Zc¢lc3c3. By the definition of K there exists a constant ¢> 0 such that

3
(P 1/2
K3§C<V3‘;2+1/1/2)\1/ pH).

Choosing Ny such that

1 3/2 6
Ny > 3/2 max{ (pEPV) Pv }7

P D TS

gives §(t.) < i. Under the above condition of Ny, the following Lemma assures the
existence of an exponential attractor M, for (S.,Xa ) for f> f. (Ch 3, [19]; Propo-
sition 2.2.7, [38]):

LEMMA 7.6. Let t, >0 be given and u,v € X. Define

= 0

where w, = S,u—S,v. Then S, possesses the squeezing property in X, if there ex-
ists 6 € (0,1/4) and No=No(6) €N, such that A, > $An,11 implies that |S,.u—S.v| <
dlu—w|, for all u,ve X.

Furthermore, the Lipschitz constant for S, on X, g is estimated as

3
_ Cs5Py
L.=6(t.) <exp <V3/2K3> ,

and hence

dn (Sa(t) Xa,p,Mg) <cLs ((6(t*))1/t*)t

<L (e,lng)t/t*

—daFt
=cqre 7,
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where cop=cL, and o p = 1{‘—8.

Now we summarize the results:

THEOREM 7.7. Let F be a smooth, time-independent force and let a=(a1,a2,a3) be
a domain size parameter. For f> f. asin Th 6.7, let X, g be the positively invariant
set from (7.1). Then {S,(t)|t >0} restricted to X, g admits an exponential attractor
My, in L?. Moreover, the rate of convergence to the exponential attractor is given by

dh(Sa(t)Xa,,87Ma) < CaFe_éaFt7

where cop,0qF are constants, which only depend on v,a,pam,pay and are independent
of the angular frequency f > fo and a>0.

REMARK 7.8. M, is bounded in H” and attracts all orbits in the L?-norm topology.
It is compact in the space HY,0<y < (.

8. Continuity of exponential attractors

In this section we investigate the convergence of the exponential attractor M, g
for the semiflow S, (t) to the one for the semiflow Sy(t) of the original RNSE as
« vanishes by establishing the upper and lower semicontinuity of the exponential
attractors with respect to the Hausdorff semi-distance, as a— 07. In the previous
section, we constructed the exponential attractor M, g for the 3D RNS-a equations
when a>0. Now we need the corresponding exponential attractor for the original
RNSE (when a=0). Trahe ([38]) constructed an exponential attractor My for the
original RNSE. We extend his attractor to the space HP.

8.1. Construction of exponential attractors in H” for 3D RNSE. Trahe
([38]) constructed an exponential attractor My for the 3D RNSE with a smooth,
time-independent force F' for all f large enough. His construction of the exponential

attractor is based on the existence and global regularity theorems of solutions to the
3D RNSE ([7)):

THEOREM 8.1. Let the domain parameters a=(a1,az2,a3) be fixzed but arbitrary.
Let v>0,s>1/2, and F a smooth time-independent force with ||F|ls—1 <M, r. Let
|V (0)||s <M,. Then there exists f, :fS(MS,M&F,I/,a) such that for each f> fs, the
corresponding solutions to the 3D RNSE (a=0) are regular for allt>0 and

IV(#)lls <ML, vE=0,

where M; :M;(MsaMS,F7V7a)'

THEOREM 8.2. Let the domain parameters a=(ay,az,a3) be fized but arbitrary.
Let v>0,s>1/2, and F a smooth time-independent force with ||F||s—1 <M, r. Let
[V(0)|lo < My. Then there exist a time T =T (Mo, Myp,v) and f' such that, for each
f=1', the corresponding weak Leray solution V (t) of the 3D RNSE («=0) defined
on [0,T] satisfies the following: V can be extended to (0,00) and is regular for each
te[T,00), i.e., V belongs to H* and |V (t)||s <C(a,Mp,v) for all t>T.

This theorem describes the situation when f is fixed and large enough depending only
on the magnitude of F' and independent of nonsmooth initial data V(0) € L2. Then
weak Leray solutions V (¢) are always regular for ¢ > T.

Using these two theorems Trahe established the existence of absorbing balls in
H?! as well as in L? (Section 6.1, [38]).
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PROPOSITION 8.3. Let F' be a time-independent, smooth force. Then for each f >0,
there exists an absorbing set By in L?, independent of f, for every weak Leray solution
of the 3D RNSE. That is, given a bounded set B in L?, there exists tg =t (B), such
that each V(0) € B implies

IV (©)lo=11So()V(0)lo < prr = \/5%

forall t>tg.

PROPOSITION 8.4. Let F' be a time independent, smooth force with ||F|lo < My p. Let
Mo=Moy(1/(v\1)) and M, =~/2My, where M, is from the hypothesis of Theorem 8.1
with s=1. Then, for each f> fo=max{f’, f1}, the 8D RNSE possess an absorbing
set By in H'; that is, given BC H' bounded, there exists ty =ty (B) such that f > fo
and V(0) € B imply

VO =11So(O)V(0)[l1 < pv
for allt>ty. Here py is a constant depending on pg,v,a1,a2,a3.

REMARK 8.5. Trahe also constructed the absorbing set By in H?, which has size of
pw = pw (pn,v,a1,a2,a3,||F||1). The absorbing set and the entry time are uniform for

all f> fo.

We extend this result to get an absorbing ball By 5 in space H? via the usual 3D
NSE smoothing process:

PROPOSITION 8.6. Under the same hypothesis as in Proposition 8.4, for each f> fo=
max{f’, f1}, the 3D RNSE possess an absorbing set By 5 in HP; i.e., given BC H
bounded, there exists tg=to 3(B) >ty (By)+ Til such that f > fo and V(0) € B imply
IV (©)lls=1So(t)V(0)lls < po,s
for allt >ty 3.
Define

Il
Xo,5= U So(t)Bos (8.1)
t>to,5(Bo,s)+ pxy

where the closure is taken in the L?-norm topology. Then Xy s is a bounded subset
of By s and is compact in the spaces H?,0 <o < (. In particular, if V(0) € X g,

[So(O)V(0) < pr, [1S0()V(0)[| < pv, and [|So(t)V (0)[|2 < pw, V¢ >0.
Let My be an exponential attractor in H 0 constructed in Ch. 6, [38]. We simply
restrict it to the set X g to obtain an exponential attractor Mg g =M ;N Xy g.

PROPOSITION 8.7. Let the domain parameters a=(a1,az2,a3) be fized but arbitrary,
F' a smooth time-independent force, and Xo g a positively invariant compact set from
(8.1). Then, for each f> fo, {So(t)} restricted to Xo 3 admits an exponential attractor
My 3. Moreover, the rate of convergence to the exponential attractor is given by

dp(So(t)Xo,8,Mo,8) < cope~%rt

where c¢,0F are constants, which only depend on v,a,pm,py and are independent of
the angular frequency f> fo.

REMARK 8.8. In Proposition 8.7, the Hausdorff semi-distance is defined with L2-
norm.
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8.2. Convergence of exponential attractors. Now we express Eq. (1.1)
in the equivalent form that is very useful in showing the continuity of exponential
attractors. Rewrite Eq. (1.1) as

O RV VIV 4 VyV(RAV); 4 fIRaV VAV = ~Vr 4 F

Notice that
ViV(RaV); =Vy¥ ([Ra—1IV), + VTV,
=VV([Ra~1V), + VIV
where I is the identity matrix. Since P[3V|V;]?]=0, Eq.(1.1) becomes, after Leray

projection,

%—‘;JrVAVJrPL[(R V-V)V]+PLV;V([Ra V), ]+ fPLIPLR,V=F.  (8.2)

The operator R, —1I in Eq.(8.2) is crucial in proving the convergence of solutions of
the 3D RNS-« equations because its norm in Fourier-Sobolev spaces may be taken as
small as needed:

LEMMA 8.9. Let 0<s< oo and >0 be given. For any arbitrary small number € >0,
there exists a constant &(€) such that, Y0 < a < a(e),

|(Ra.= D)ol <€ |[o][3geso,  for any ve H*P. (8.3)

In particular, &(e) —0 as € —0.

Proof. Note that, for any wave number k, (Ro—1)i = 1:22'@;. Then, for any
M >0,
a2|7€|2 2 .
Ra—1v||%. = —— | [k*|u)?
1(Re— Tyl % 2;[1+a%k2}| o
a|k[! P2 2
< *lv
> e
o |k7‘ |2 2, 2 2
<> — k2 fon*+ Y[Rkl (84)
= 4|74
e 1O K| k> M
Now:

. 1 .
Z |k|23|vk|2: Z W|k|2(s+ﬁ)|vk|2

k| >M k| > M

< s llolles. (5.5)

(ii) Choose the closest integer M to (2 )25 batlbfymg M=[(2 )%J +1, where [ - |
denotes the integer part of “ 7 . Then w725 < 5, and, from (i), we obtain

§:|M%WH2§§WM%WW

|k| > M
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1/4
i) Now choose d(e) = (&) </2 / . Then
2 T—e/2

1 €/2
Sar1oe2

(8.6)

It implies a*M* < E//z so that % <5. Thus

4374
a*M - € €
> o Rl < G ol < Gl
|k|<M

Combining (i)-(iii) with the inequality (8.4), we get, for any 0 < a < a&(e),
|(Ra—Dv|[4. <€ ||v]|%.14, for any ve HHP.
a

This lemma can be generalized to the following lemma, using the Holder’s inequality
and choosing the closest integer M to 2 in part (i) and (ii) in the proof of Lemma
8.9, respectively:

LEMMA 8.10. Let 0<s< oo and 8>0 be given. For any arbitrary small number e >0,
there exists a constant &(€) such that, Y0 < a < a(e),

1(Ra— o] | 1= < C(B)EX/ Do |7/ ||| 21052 0 for any ve HP. (8.7)

In particular, &(e) —0 as e—0.
Now we prove the continuity of exponential attractors:

THEOREM 8.11. Let v>0,a=(a1,a2,as3) fized, and F a smooth time-independent
force. Let f,. fixed, given in the existence theorem 6.7. Let n>0 given. Then there
exist time t=t(n,v,po.g,pa.5,a) >0 and &(n,v,Ma r, f) such that, for 0<a <@,

() (52(0Mo. 5 Mo ) <1

(i) dp(So(t)Mo,g,Ma,5) <n.
For a given f, this convergence is uniform in o, 0 < a < &. Moreover, &—0 asn— 0.

Proof. Proof of (i): Let n>0. We need to show that there exist t=t(n) and
a=a(n) such that

V€ Sq(H)Mas JyE M, g such that |z —y| <.

Since Sa(tN)Ma’g CMapsNSa(t) My, it suffices to show this for xe€ Mea,gN
Sa(t)Mq 5.

First we determine such ¢. Let t; =1,(Ba,3) be the entry time for the set B, g for
the solutions to 3D RNS-a equations into the absorbing set By g for the solutions to
the 3D RNSE under the semiflow {Sy (¢ )} Recall that B, g is itself absorbing under
{S.(t)}. It is clear that Vt>ty+to,s+ 557+ So(t)Bo,s € Xo,s. By Proposition 8.7, we

can pick >ty +tg+ u>\1 such that

dn(So(t) Bo,g, Mo, p) < cope” or AT g
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Notice that ¢ depends on 7,ty,t2,805,cor,v. This implies that, given n>0, 3y € Mo g
such that

[So(t)V(0) —y| < g for every V(0) € By s.
Now suppose € Mo 5N Sa(f)Ma,5. Then,
3V(0) € Xop such that z=S,(f)V(0).
Thus we have
|2 =y <[Sa(H)V(0) = So(H)V(0)| +]So(H)V(0) —y].

From the tracking Lemma 8.12 below with T'=%(n), Bo.1 = X0, 8, Ba,s = Xa g, T =tp +
tg+ T}\lv and t;=the initial time, we obtain, for o small enough,

Sa(6)V(0) = So()V (0)| <

N3

. This completes the proof. Proof of (ii) follows the same procedure. ]

LEMMA 8.12. Let [0, T] be a time interval on which the solutions of the 3D RNSE
and the 3D RNS-a equations are in respective absorbing sets in By in H', with the
radius of M{, and B, g in HP, 3>5/2, with the radius of M. Assume f > f*, where
f* is defined in Theorem 6.7. Consider two solutions, Vi and V,,, of the 3D rotating
Navier-Stokes equations and the 3D rotating Navier-Stokes-a equations, respectively,
with the same initial data at some time t; > T, where T, =max{Tu0,T0}, Tao= the
initial time when Vo (t) enters into an absorbing set, and To= the initial time when
Vo(t) enters into an absorbing set. Then two solutions uniformly converge as a— 0 in
L? for all t€[ty, T) in the following sense: For any n>0, Eld(n,%,T,M[g,M{) such
that, for any a<d(n,%,T,Mé,M{),

Va@)=Vo®)llo<n, Vte[t, T],t1 =T,

and, for fized f> f*, n—0 as & —0. The limit is uniform in f for f* < f< fmax-
Moreover, d(n,%,T7Mé,M{)—>O asn—0 and %—>O.

Proof. Let Vy and V, be two solutions of the 3D rotating Navier-Stokes equations
and the 3D rotating Navier-Stokes-a equations, respectively. Let By ; be an absorbing
set for Vo in H' and let B, g, 3>5/2 be an absorbing set for V, in HP. We assume
that Vj is in By, and V,, is in B, g with:

Vol <My, |[Valls < Mg,

where M é:pﬁ in Theorem 6.7. Let T be an arbitrary, but fixed time. In addition,
along with the existence results from [7], we will assume that f is large and finite.
The corresponding equations are

oV
—— +VAVL+Pr[(RaVa - VI)Vo] + PL Vo V{Ra — I}Vo) ]+ fPLIPL RV =F

ot
oV
87250+I/AV0+PL[(‘/O'V)V0]+fPLJPL‘/0:F.
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Writing Z, =V, —Vj and taking the difference of the above two equations we obtain

0%,
ot

+VAZy=—Pp[(RaVa-V)Va]+ Pr(Vo- V) Vo]
—PLVa;V({Ra—I}Va);] = FPLIPL[RGVa—Vol.  (8.8)

Note that

PL[(RaVa‘V)Va] *PL[(VO'V)VO} :PL[(RQVQ'V)ZDM] JFPL[(RaVoz 'V)VO}
+PL[(Za-V)Vo = (Vo V)VO]
=PL[(RaVa V) Za]|+ PL[(Za-V)V0]
+PL[({Ra _I}Va ’ V)VO]‘

Then (8.8) becomes

0Z,
ot

+VAZy=—PL[(RaVa-V)Za] = PL[(Za - V)V

—PL[({Ra _I}Va 'V)VO] - P [Vajv({Ra _I}Va)j]
—fPLIPL[RaVa— Vo). (8.9)

Taking the inner product (8.9) with Z, gives

b ol Zal? 4V Zall? =~ [ (2 S )Vol Zed
~ [ 1R~ 1}Ver Vil Zo
— [ Ve V(B 1}V2),] 2

_/[fPLJPL(RaVa _‘/0)] 'Zad(E.

Note that < Pr[(RaVa:V)Zs], Zo >=0. We assess the estimation on the right hand
side:

(1)

[0Sl Zuda| <o 19 2

<c |1 Zall IVoll 1Zal'? (| Zall*2
=1 [ Zal*? Vol 1Za]'/?

v 54¢?
< *IIZa||2+T31 IVoll* | Zal.

In each of (ii), (iii), and (iv) below, it is Lemma 8.9 that is crucial to obtain third
inequalities.
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(i)

R 9l e

_ ‘/[({RafI}Va'V)ZQ]-Vbdx

<{Ra—1}Vallpa 1 Zall Vol s

<o {Ra—I}Val* [{Ra —I}Va|[**
Vol '/* Voll** 1| Zal

<ese | Val* IValld™ Vol* 1Voll** 1| Zal

<o [[Vall2 Vol 112

c3e?

Vall2 Vol
yﬁ” 2 [IVoll

v 2
<—||Za
<Z)Zal*+

(iii)

l/[VajV({Ra—I}Va)j]-Zadw

_ ’/[(ZQ~V)VQ]~{Ra—I}Vad:c
<[1Zallgs [Vall [({Ra—1}Va) s
<cs {Ra—I}Val* [{Ra = I}Va "

IVall 1Zal* 11 Za**
<ese |[Val " IVall3 IVall 1ZalV* 1 2]
<esed, N Valla IVall (12

c2é?

l/)\l

14
<2\ Zall?+ 2 Val3 IV

(iv)

’/[fPLJPL(RaVa — Vo) Zadx

< ‘/[fPLJPL(Ra — Vo] Zodx

_|_

/fPLJPLZa 'Zad.T

SIfPLIPL(Ra—1)Val |Zal

<eflVall 1Zal
14 2 2€2f2 2
<fiza+ v
Collecting all the estimates, we get
0 3v c? v
72042 7Za2<2 e 4, 7 ZQQ
2+ S 1zaP <2 (Sl + 5 ) 12
9022 €2 2
+ Vall2 (Vo2 + | Vall?) + ——, 8.10
T IVl (VoI + Vel 2) + (5.10)

where ¢=max{54c1,co,c3,1} and e arbitrary small number in Lemma 8.9. Write
y=|Zu|?*. Then, from (8.10)

d
d—i’ggwh, vieo, T),
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where
y:|Za‘2:‘Va_%|2

02 12 02
=2 = IVl*+= | <K;=2( =
s=2(Simal+ %) <k

3

(M{>4+;>
262f2

Vallz (IVol1” +[1Val*) + ——IVall* < K> + € 2 K.

b 2c%€? |

N Uy/ )\1

Note that K7, Ko= %(Méﬁ)z(M{)z, and K3= %(M{ﬁ)z, are absolute constants on
[0, T.

Choose € and € such that

A ~ 1+0
2 n ~2 n 1 .
€ S% and € SQKg(F) with >0, (8.11)
Here 7 will be determined later. Let ¢* =min{e,é} and let o <a(e*) to get the small
error estimate in Lemma 8.9. Then

h(t)<#, Vte[T., T).

Applying the classical Gronwall’s inequality over an interval (¢1, t) C [T, T] we obtain

(1) <0y (1) 4 () -

< e lt=t)y (1)) + Kiefﬁ(t*fl), Vt,t; such that T, <t; <t <T.
1

Let us assume that the two solutions are identical at some time t; >T,. Then
y(t1) =0, and we get

I Kalt=t) ety T), Vi, > T

y(t) < X

This implies

sup y(1)< L KA(T=T),
relty, T) K,

Choosing 7 such that [Hexp(K1(T —Ty))]/ K1 <n yields

sup y(r)<n—0 as n—0.
TE[t1, T

d

A similar lemma can be established for the H!-norm distance. Proof is provided
in the Appendix, Section C.

LEMMA 8.13. Let [0, T] be a time interval on which the solutions of 3D RNSE
and 8D RNS-a equations are in respective absorbing sets in Byo in H? and Ba g
in H®, 3>5/2, and T arbitrary but fired. Assume f> f*, where f* is defined in
Theorem 6.7. Consider two solutions, Vo and V,, of the 3D rotating Navier-Stokes
equations and the 3D rotating Navier-Stokes-a equations, respectively, with the same
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initial data at some time t1. Then two solutions uniformly converge as a—0 in H*
for allt €[ty, T] in the following sense: For anyn>0, Ja(n, %,T, M}, M;) such that,
for any & <d(n, 3T, M}, M),

and, for fixed f> f*, n—0 as &—0. The limit is uniform in f for f* <f < fiax-
Moreover, d(n,%,T,Mé,Mz’)HO as 1—0 and %—>O. (Here, Too= the initial time
when Vi, (t) enters into an absorbing set, To= the initial time when Vo(t) enters into
an absorbing set, and T, =max{Tn0,To}).

9. Physical implications: nonlinear scaling laws of parameter o

In conclusion, this paper establishes under what conditions solutions to the geo-
physical fast rotating Navier-Stokes-a equations uniformly converge to those of the
fast rotating classical Navier-Stokes equations as o — 0 and how respective exponen-
tial attractors converge in the Hausdorff semi-distance as o — 0T. In particular, the
proofs of Lemma 8.12 and 8.13 clearly show that o must follow a nonlinear scaling
constraint with respect to 1/f, the natural fast scale of rotating problem, and the
enstrophy in order to achieve uniform convergence:

(i) From (8.6) in the proof of Lemma 8.9, we have

. 1 €2 (6)2/5 €/2

ot < — ~(= —
M41—¢/2 2 1—¢/2

(ii) Let n be the error in Lemma 8.12 (and Lemma 8.13). From Eq. (8.11), we

obtain
2
2 (L
~2K3 \ f?

where K3=|V,||? (enstrophy). Note that we have n? instead of 7 on the
right-hand side.

(iii) When S=1 in (9.1), the scaling is nonlinear for the relative distance of RNS
and RNS-« solution trajectories in the enstrophy norm, and with Constant
of dimension L?/T3:

’72 3/2

4

o~ < Constant ()
[Vallf £2

||Va(7f)—Vo(t)||1)3 1
=Constant | —F——"""-] —
( IValla f3

to ensure the n-errors in Lemma 8.12 (and Lemma 8.13) on (0,7). The
constant, of course, depends on T.

Future extension of this work will consider the a-Primitive equations of geophys-

ical fluid dynamics, that is the Boussinesq equations with rotation (cf., [8]-[11], [13]).

Appendix A. Proof of Theorem 4.1.
Proof. L?-estimate of w: Inner product (4.1) with w yields
10

5 5 01+ =< B7 @,

where 5> 0. (9.1

w), w>+<F, w>
<|<RoW x curlw, > |+||F||g: |[w]|

v 1, —=
§ZH@H+;||F||%I;+|<ﬂ><cur1@, w> |
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where 1=R,w=(1—a?A)"1w. Then we have

1o

3 1, —
55 w|2+%||w|\2§;||F||fql*+\<ﬂ><cur1@,w>| (A1)

Using Holder’s and Young’s inequality, we get the following estimate on the nonlinear
term:

| < x curlw, w> | < cul? |[al|? [w]? [[w]|? <> |w]+ 5 @l |l @]
1%

|
!
where ¢= %04. Substituting this into (A.1) yields
0, _ _ 2 — C 12 112 1—
ol Al < 21 P+ 1l
Using (2.7) we would get
2

M,
[al® < [al* +o?|[al|* < [aol* + o[ |* + u??\lj =K.

Note that K is an absolute constant. Then, Eq. (A) yields

872 —112 2*2 6K17272
3¢ @+l < 1y + 5[l @l (A.2)
Let y=|w|?. Then Eq. (A.2) becomes
dy
Eﬁgy—kh, Ve 0,77, (A.3)

where g= %£1{|7|2 and h= %HF”%@‘ The Gronwall’s inequality gives

o

G, M2 vt cK 1 M2 ~
y(t) <[wol?exp | S OET |+ 2 (1 —exp | THOET| ) =p3(T), Vie[0,T),
v cKy Vo

and hence
we L>*(0,T;H), VYT>0. (A.4)

Furthermore, from (2.6), (4.5), (A.2), and (A.4), we obtain the time averaging of w
in H':

T 2 ~ 2
oM2, KM,
v [l < |2 4 S | TR (A)
0
This implies
we L*(0,T;HY), VYT >0. (A.6)

H'-estimate of w: By taking inner product (4.1) with Aw we get

1d
2 dt

FQ
2+ 2 w2 < 1T

— t|<uxw, Aw>|.
v
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Note that |<uxw, Aw>|=|<curl(uxw), curlw>|. Using the identity curl(A x
B)=(B-V)A—(A-V)B we can estimate the nonlinear term:
| <curl(@wxw), curlw > | < |{(curlw- V)@, curlw)|+|((w-V)curlw, curlw)|
(the second term is 0) — = | < (curlw- V)u, curlw > |
<|leurlw||3 . |Vl
<c |curlw| ||curlw|| |[]|
<c |[w]| |Aw| |[ul]

<¥)aaP + Syl i (A7)
< lAw i@l @l .
This gives
d 2 — 2¢2
D2+ ol < 272 2 (A8)
Let y=||w]||?. Then, from (A.8), we obtain

d

£§9y+h, vte 0,77,

dt

where g= %HHHQ and h=2[F|%. Following the usual line of arguments with the
Gronwall’s inequality provides

we L>(0,T;H")(\L*(0,T;H?), VT >0. (A.9)

Now, thanks to (A.4), (A.6), and (A.9), the existence and uniqueness of regular
solutions of barotropic limit equations follow in a standard way like for the classical
2D NSE (cf. [18], [29], [33], [35], [36]). |

Appendix B. Proof of theorem 4.2 .

Recall that B¢, (w,w')= By (W,w")+ Ba(w,w) + Bz(wh, @) + By(wt,@). In
Fourier space, the bilinear operator B?I(@,wl) is expressed as following; for any
wavenumber n € Z3,

By(wwh),=—iy _ ' _p (- wg)wy]

2(L|2
o lta ||
_ 1 1 _ . - _

By(w,w), = §ZH—T|R’|2P” (@, - wi )i+ (k- w;, 0]

Koy
_ ) 1 . . _

Bs(wt, @), = 52 I—FTQWPP” [(wir Wy )72 — (70 Wi Wi ]

K3y

) 1 1 .
B4(wL7m)n:_%ZHTWWPn [t { (k X wit) X (7 x W) }] -
K3a

Recall that
K24:{(k7m7n)ezg | k3207m3:n3750)|m|:|ﬁ"7k+m:n}7
and
Kzy={(k,m,n) €Z° | m3=0,kz=n3#0,|k|=|i|,k+m=n}.
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For the regularity of catalytic limit a-equations we use techniques developed in
[6]. Let r>0 and s3€Z. We introduce the operator m, s, restriction of functions
on Z3 with fixed n3 to the points of the lattice on the ellipse ||? =n? +n3 /a3 =7r?
defined as a projection, for each n=(ny,n3) € Z*,

2

if |np[?=r? and n3z=s3

1
(7T7’ s wJ—)(n ns) — w(nh7’ﬂ,3)
o3 RT3 0 otherwise .

Recall that |ny|?>=n?+n3/a3. This projection with fixed r and s3 is finite-
dimensional. Denote wz’nh’m) :(7‘-7‘,83wl)(nh,n3) and let r=7; be the increasing se-
quence of numbers defined by n? +n2/a3 =12 (n1,n2) € Z%. Then we have the orthog-
onal decomposition

1 1
w :E T s5W -

7,83

Since the sums in the bilinear operators B;(w,w") are over |1y, |? = |74|%,m3 =ng3, ks =
0 on Koy and |kp|? = ||, k3 =n3,m3=0 on K34, the functions w(nh ng) T€ coupled
with both of wrmhmg) (on. K.24). and w(rkhjng) (on K34).. In addition, K240K34:
¢. Therefore, the catalytic limit a-equations decouple into a countable family of

subsystems (each of subsystem is decoupled with respect to ns.):

athnh,ng) = _V|ﬁ|2w€nh,n3)
1
D %Pn[m-w Wl }
1+a2 |k ( B) W, na)

m3=—ns

|mp|=|np|=r

kn+mp=np
Loy P [ (o ot (k)]
- _— W - W ™ W W

2(L12° ™ (mn,ns) (mn,na)

2 ms=ns L1ta k| _
|mp|=|nn|=r

kn+mp=np

) 1 _ . . ]

+§ Z 1+a2|ﬁ|2P" |:(w€k'h7n3) 'wm) m-= (m'w(kmns)) wm_
ks=n

[on =l |=r

kn+mp=np

) 1 1 . . . 7
2 > 1+a2|ﬁ|2IﬁIQP"[nX{(kxw(kh,ns>>X(mxw"‘)}.
k3=n3
|kn|=|nn|=r
kp+mp=np
—1
FHE ) ns)- (B.1)

Note that every sum contains all solutions of Diophantine equations: k% + k3 /a3 =n?=
n?+n3/a3. Generically, there are 4 solutions corresponding to k; = +ny, ko = 4no, ex-
cept for a rare set of special rational a3,a2, where there can be a larger, but finite, set of
integer solutions. From the proof of existence and regularity of solutions of 2D3C NS-
a equations, the Fourier coefficients @y (t) =1, 0)(t) and Ty, (t) =W (m,, 0)(t) in the
catalytic subsystem are bounded uniformly in ¢ € [0,T]; Wk p(t),Vm,n(t) € L=(0,T; H).
We implicitly assume ng3 0 because n3 =0 corresponds to the barotropic case. We
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denote, for a fixed ng,

1
BT (w,w ), = —i - P, [ M- wﬂ
1 ) m;:ng T (- wr,)
[mp|=|np|=r
kp+mp=np

‘ 1 o,
=—3 Z _P, [(m'wk)w(mh,ng)]

2|7.|2
mz=ns 1+a |k‘
[mp|=|np|=r
kp+mp=np

7 1 .
By" (W,w )n = = — P [m Y+ (k- ws )W ]
@ =y S e (@i v
[mp|=Inp|=r
kpt+mp=np
7 1 _ . . _
25 mSZ:M 1+a2|k|2P" [(w’“'wgmh,,ns))m+(k'w(rmh,,ns))wk]
[mp|=|np|=r
kp+mp=np
g, Lo 1 1 1 o— s 1N
By (w ,w)n—§ kz HTWPR [(wm'wm)m_(m'wk )wm]
3=n3

|kp|=Inp|=r
kp+mp=np

7 1 r N . _
T2 > 1+a2|nf? Po (@, m) - Wim) 10— (172 Wi, ng) ) T
k3z=ng
|kp|=Inp|=r
kp+mp=np

o _ ] 1 1 . s R
B47 3(wL’w)n:*% k;ﬂ mwpn [nX{(ka;ﬁ)X(mem)}]

|[kp|=Inp|=r
kp+mp=np

k3=ns
lkp|=Inp|=r
kp+mp=np

Now we introduce the following operators:
B?SS (E,U}L) — Z BI,ns (@7wl)neiﬁw

n3=ss3
Inn|=r

BY* (w,wh) E By (w,wh) e
n3=—ss3
[nn|=r

BT 33 U} ’LU § BT 7l3 ) wmn-xT
n3=s3
[np|=r

By * (w, ) E By (w™,w) e .
n3=s3
[nn|=r

) 1 1 . = r o
~ 9 Z 1_‘_a2|ﬁ|2WP"[nx{(kxw(kh,ns))X(mxwm)}]'

(B.2)

(B.3)

(B.4)

(B.5)

The operators BJT-’SS ( j=1,2,3,4) are linear in w for any w<€ H and they, by con-

struction, act from Ht! into Ty, H°.

LEMMA B.1. The four operators B;’s3 for fixed r and s3 satisfy the following proper-

ties.
1. (a) [|BY* (w,wh)|ls <2 [l o, [|7r.ssw|ls11 <2 |[@]]go, [Jwh]|s11
(b) ||1By ™ (w,wb)[|s < (14+2v2)|[W] o, [|7r,s5w|[s41
_(1+2\[)||w\|Hgo w511
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(¢) 1B ** (wh,@)||s < 4v2|[@] o, 77,550 |51 S4V2[W] o, [[w ][54
(@) |1By** (w*,0)||s <2v2|[@| mro, ||mrsqw ™51 <2v20[@] g || ]s41-
2. The operators commute with A® and 0% for all s,1:

3. The operators are skew-symmetric in w':

< B (W,wh), wh >=0, <By*(w,wr), wt>=0,
< By®(wh,w), wt>=0, <Bp®(wt,w), wt>=0.

4. The operator curl (By** + By*® + By® + By**) is skew-symmetric in w:

<curl(By® + By*® + By® + By **) (w,wr), w >=0.

The catalytic bilinear operator B?I (w,w') can be expressed as

Bi(@wh)= Y By*(wuw)

reR*
S3€EZL

By(w,w)= Y By*(w,uw")
reR*
S3€EZ

Bsy(wh,w)= Y By*(w' w)

reR*
S3€EZ

B4(wl,ﬁ): Z BZ’SB(wL7ﬁ).

reR*
S3€EZ

Proof of Theorem 4.2:
Proof. Note that the action of A® in Fourier representation is multiplication
by (—1)%|7|? which is a constant in all of the catalytic subsystem. Analogously

0% corresponds to multiplication by a constant (ifi3)!. Then the properties can be

obtained from the corresponding assertion of Lemma B.1 using summation in r and
n3. Here we prove property 2 and 4 only.

Proof of 2: By the definition
< BS(w,wh), A*wt >=<B(w,w), Awt >+ < By(w,wt), ASwt >
+ < B3(w*, @), Aw >+ < By(wh,w), ASwt >
consider < By (w,w), ASwt >.
< By (w,wh), ASwt>= Z < By (w,wt), ASwt>
reR*
S3EZL
= Z < A*By% (w,wt), wh >,

reR*
S3€EZ
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Notice that

ABP @ty = 3 B (w,wh), A%
n3=ss3
[7in|=r
= 3~ By (w,w ) e
n3=ss
|’hh‘:r

Since ng and |1, =r are fixed and |n|? =|n|2 +73, (—1)%|7|?* can be taken outside
the summation. Then,

AB @wh) = (10 0P Y BY @)™
ng=s3

|7lh|:T
= (—1)%|n|* By (w,w™).
Hence, by property 3 of Lemma B.1,
<Bi(Wwh), Awt >= > (—1)°|a[* < By (w,wh), wh >=0.
reR*
S3EZL
Likewise, we can prove that

< By(w,wt), ASwt >=< Bs(wh, W), A*wt >=< By(wt, @), A*w >=0.

The property 2 follows.

Proof of 4: The method is similar to the above. We consider

< B (w,wt), dbwt >=< By (wW,wr), dwr >+ < By(w,wt), dswt >
+ < B3(wh, ), dhwt >+ < By(wh, @), dwt >,

Again, it is sufficient to consider only < By (w,w™), d4w' >. Others follow by a similar
procedure.

< By (w,wt), dhwt >= Z < By (w,wt), dwt >,

reR™
s3€EZL

Here,

< By (w,wt), 0wt > = Z B (w,wh ), - (in3) wt,
ng=s3
"ﬁh|:’r‘

=(ina)' Yy By (wwh), wk,
ng=s3
[fn|=r

= (inz)! < By** (w,wr), wh >

=0 by property 3 of Lemma B.1.

Therefore, the property 4 follows. ]
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Appendix C. Proof of lemma 8.13.
Proof. Let Bga be an absorbing set for Vp in H? and let B, s, 8>5/2 be an
absorbing set for V,, in HP. We assume that Vj is in By and V,, is in B, g with:

Vollz < M, ||Valls < Mg,

where Mj=pg. Let T' be an arbitrary, but fixed time.
Take inner product Eq. (8.9) with AZ,. Then we get

D V2l AZe = [(RaVr 92 A
—/[(ZowV)Vo]-AZad:c
- / [({Ra = I}Va-V)Vo]-AZ, d
—/[VajV({Ra—I}Va)j]~AZad:c
_/[fPLJPL(RaVa—Vb)]-AZadx.

Again, we estimate the nonlinear terms on the right hand side.

(i)

‘ / (RaVi-V)Zo)- AZy da

S||RaVaHL6 ||VZa||L3 |AZa|

1 1

<ca [RaVall 1Zall? [1Zall3 |AZal
1 3

<cr [[Vall [1Zall? |AZa|?

v 54c¢t
< S [AZ, [ +7,1||Va||4 1Za?

(i)
] [Vl AZda| < 2o 19Vl 147

<o |1 Zall IVOl® [Voll3 |AZal
<ca || Zall A5 Vol |AZal
Non

In each of (iii), (iv), and (v) below, it is Lemma 8.9 that is very crucial to obtain third
inequalities.

(iii)

v
< glAZal + —=Voll3 1 Zal?

’/[({Ra—f}Va'V)Vo]'AZadx SIHRa = I}Vallzs [VVollLe [AZal

<5 I{Ra=1}Vally IVoll2 |AZa]
<cs € [[Vall [[Vollz [AZa|
2€

26% V. 2 Vv 2
R AR

< glAZa ]+



450 THE 3D ROTATING NAVIER-STOKES-a EQUATIONS
(iv)

‘/[VWV({R _ 1YW, AZu da

_’/ (AZo-V)Va)-{Ro— W da
<IH{Ra—I}Vallrs [VVallrs |AZ.|
<cs [HRa—I}Vally [[Vall2 |AZa]
<cae [[Va|l [IVall2 |[AZa|

2€2¢2
2 Vall? [Vall

§%|AZQ\2+

’/[fPLJPL(RaVa ~Wo)|-AZ,dx

< /[fPLJPL(Ra—I)Va] -AZ,dx

—‘r‘/fPLJPLZaAZQdJ}

_ /[fPLJPL(Ra—I)Va]-AZadx
§f|(Ra_I)Va| |AZO<|

<ef [[Val 1AZq |
v 2e2 f
<Uazo+ 2Ly e,
Collecting all the estimates, we obtain
0 3v c
—NZalP+ = AZ 2 < — || Val|* + Ve Zo|1?
S1Zall + LAz < 5 [Vl + Zel] 12
e2c 4€? f
+—[Vall* [IVoll3 +I1Vals] + IVal® (C.1)

where ¢? =max{108c{,4c3,4c3,4c7} and € arbitrary small number in Lemma 8.9. Write
y=|Za||?. Then, from Eq. (C.1), we obtain,

dy
Y- h, vtelo, T
o Syt €0, 17,

where
y=Zal>=Va = Vol

2
1%
= HVaII4+\/T—1||%||§ =K

e2c 4€? f
=Vl (Vo3 + Ve 3] +

[Vall? =€ (K5 + K3).

Note that K5, K4 and K5 are absolute constants on [0, T]. Let Ty and Ty, be entry
times of the solutions of 3D rotating Navier-Stokes equations and 3D rotating NS-
« equations into absorbing balls, respectively. The rest of proof follows the line of
Lemma 8.12. ]
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