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Abstract: The fundamental solution E(z,s,x, y) of time dependent Schrédinger equa-
tions idu/0t = —(1/2)Au + V(t,x)u is studied. It is shown that

e E(t,s,x,y) is smooth and bounded for ¢ s if the potential is sub-quadratic in the
sense that V(¢,x) = o(|x|?) at infinity;

e in one dimension, if V(¢,x) = V(x) is time independent and super-quadratic in the
sense that V' (x) = C(1 + [x|)**¢ at infinity, C > 0 and & > 0, then E(%,s,x, y) is
nowhere C!.

The result is explained in terms of the limiting behavior as the energy tends to
infinity of the corresponding classical particle.

1. Introduction

We consider the time dependent Schrodinger equation with a real potential V(z,x):
idufot = —(1/2)Au+ V(t,x)u, (t,x) R xR™. (L.1)

The equation generates a unique unitary propagator {U(Z,s) : —0o < f,s < oo} in
L*(R™) under the conditions to be imposed below and u(z,x) = (U(t,s)$)(x) repre-
sents a unique solution of (1.1) which satisfies the initial condition u(s,x) = ¢(x) €
L*(R™). Standard arguments show U(z,s) is a two parameter family of strongly
continuous unitary operators satisfying the semi-group properties: U(¢,¢) =1 and
U(t,s)U(s,r) = U(t,r). We denote by E(z,s,x, y) the distribution kernel of U(¢,s):
E = E(t,s,x,y) is the fundamental solution of Eq.(1.1), or FDS for short. In this
paper, we show that

1. E(t,s,x,y) is smooth and bounded with respect to (x, y) for any f=s, provided
V is “sub-quadratic” in the sense that for all |a| =2, limy_ [0}V (2,x)| =0
uniformly with respect to ¢ € R!;

2. in one dimension, if V' (z,x) = V(x) is time independent and “super-quadratic” in
the sense that ¥ (x) = C(1 + |x|)*** at infinity, C > 0 and ¢ > 0, then E(Z,s,x, y)
is nowhere C!.
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To state our main theorems more precisely, we introduce some notation. Let
0; = 0/0xj, D; = —i0;, j =1,...,m, 0 = (01,...,0m), D = (Dx,...,Dy), and for the
multi-index o = (0t,..., %), D* =D ---Dir, 0* = 0" - 0% |a| = a1 + -+ + 0.
For a function F, 0F(x) denotes the gradient vector and 0*F(x) denotes the Hessian
matrix. For 0 € R, Z7(R™) is the Bessel space

LIR™) ={f € L' R™):(1-L)f e L'(R")}

and #Y ), (R™) is its localization. We say f is nowhere in 4 (R") if ¢ f ¢ Z7(R™)
for any ¢ € C§°(R™). Note that CJ(R™) C £9(R™) for all ¢ < 1. Finally the pair
of functions (x(t,s, y, k), p(t,s, y,k)) always denotes the solution of Hamilton’s equa-
tions corresponding to (1.1):

{dx/dt = p(t), {x(s,s, »k)y=y,

dp/dt = —(0.V )1, 3(1)), (.5, 7, k) = k (12)

Theorem 1.1. Assume that V(t,x) is C* with respect to x € R™ and 0%V (t,x) is
C° with respect to (t,x) for all o, where 0 = 0,1,... . Suppose that

lim sup |03V (t,x)| =0, if |¢|=2, and |05V (t,x)| < C,, for all |af = 3.
|¥|—o0 teR
(1.3)

Then E(t,s,x,y) is C*® with respect to (x,y) and all derivatives agﬁ)ﬁ,E(t,s,x, )
are C°T' with respect to (t,s,x,y) for t+s. Moreover, for every T > 0, there

exists a constant Cy > 0 such that the following statements are satisfied. Write
Qr ={(t,5,x, ) ER*XR™:0 < |t —s| £ T,|x|> + |y* = C2}.

1. For (t,s,x,y) € Qr, there exists a unique k € R™ such that x = x(t,s, y,k). The
Sfunction S(t,s,x,y) defined on Qr by

S(t,5,x, y) = ft{(1/2)p(1:,s, k) — V(t,x(1,5, y,k))}dt (1.4)

is smooth with respect to (x,y) and all derivatives 8;‘6[;S(t,s,x, y) are C°!
with respect to (t,s,x,y). If |o+ B| = 2, the following estimates are satisfied:

|03 05{S(t,5,%, y) = (x — ) /(2(t = ))}| < Cuprlt —s|. (1.5)
2. In Qr, E(t,s,x,y) may be written in the form
E(t,5,x,y) = Qmi(t — 5)) "™ a(t,5,x, y)eSt7) | (1.6)
where a(t,s,x, y) satisfies, for all « and P, the estimates
0208 a(t,s,x, )| £ Cupr - (1.7)

3. There exists a constant T(V) such that, for T < T(V), Cr may be set equal
to zero.

In the next theorem, we assume that V(t,x) = V(x) is independent of ¢. Then
E(t,s,x,y) depends only on (¢ —s,x,y) and we write E(t,x,y) = E(2,0,x, ).
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Theorem 1.2. Let m =1 and V € C3(R") be real valued. Assume further that
outside a compact interval K the following two conditions are met:

1. V'(x) > 0 and xV'(x) = 2cV(x) > 0 for some ¢ > 1;
2. For j=1,2,3, V(x) = O(1/x)VU=D(x) as |x| — .

Then, as a function of (t,x,y), E(t,x,y) is nowhere in a"fll,/li‘;(R3 ). In particular, it
is nowhere C".

Several remarks are in order.
Remark 1. We should supplement Theorem 1.2 by the following two statements:

1. For almost all y € R (resp. x € R!), E(t,x, y) is nowhere in ,%’ll,ﬂii(Rz) with
respect to (£,x) (resp. (4 »)).

2. If V(x) is C™ and satisfies V' (x) < C|x|* for large |x|, in addition to the
conditions of Theorem 1.2, then for any @ € C$°(R?), the Fourier transform PE
of @F decays at infinity as follows: |®E(, &, n)| < C(1 + |t| + |&P + )~ V2.
The proof of Theorem 1.2 shows that —1/2c¢ is the best possible decay rate.

We shall give a proof of this remark.

Remark 2. When T is small, i.e. T < T'(V'), Theorem 1.1 is well-known (see Fu-
jiwara [6], and also Yajima [18] for an extension to the case where magnetic fields
are present). Moreover, the results in [6] (and [18]) are proven for small 7 > 0
under an assumption weaker than (1.3), viz, |02V (t,x)| = C, for |a| = 2. For these
potentials, however, E(¢,s,x, y) is in general not smooth for larger values of |t — 5.
When ¥ (x) = x?/2, Mehler’s formula [13] shows that

1 S 2 2
_ (/2 sin ){(|x[*+|y|*) cos t—2x * y}
E(t,x,y) = Grisin1y7° , (1.8)

from which one sees explicitly that £ is smooth when ¢#nn, n € Z, but is singular
when ¢ = nn. This “recurrence of singularities” takes places for a wide range of
perturbations of x?/2 (cf. Zelditch [21] and Kapitanski-Rodnianski—Yajima [9]).

Remark 3. Zelditch’s paper mentioned above also shows that if V' (¢,x) is bounded
with all x-derivatives, then FDS is smooth with respect to (x, y) when ¢t %5, —00 <1,
s < oo, and can be written in the form

E(t,5,%, y) = (2mi(t — 5)) "2 G215, x, ) (1.9)

with a(z,s, -, +) € C* as above. The proof that E is smooth has been extended by
Craig, Kappeler and Strauss [4] to the sub-linear potentials, |0%V(x)| <
Cy(1+ lxl)‘“'“|_8 for all a, ¢ > 0, but they do not construct the structure formula
like (1.6) or (1.9). The smoothness of the FDS can also be studied by investigating
the smoothing property of the propagator U(z,s). In this direction, we mention the
works of Ozawa [14] and Yamazaki [20] and the references therein. After submis-
sion of this paper, we learned that Kapitanski—-Rodnianski [8] have demonstrated the
smoothness of E(¢,s,x, y) for a slightly different class of sub-quadratic potentials.
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Remark 4. The FDS of (1.1) can be very singular. If H = —d?/dx? is the Dirichlet
Laplacian on the interval [0, 7], which may be thought of as an extreme super-
quadratic case, then, the FDS E is given by E(t,x, y) = (2/71:)2::18—”"2 sin nx sinny,
which is nowhere locally integrable. Indeed, this is a direct consequence of the proof
of Theorem 1.2 given below. Thus it is somewhat surprising that, for this H, the
propagator of (1.1) still has a rather strong smoothing property,

- 1/4
(of“”(t’ : )H:‘*([o,n])dt) < Cllollzqom

(cf. Zygmund [22]). Note however that the solution is much smoother in the whole
space (cf. e.g. Yajima [19]) in the sense

oo 1/4
({”u(f, . )”2°°(R)dt) < Cllollew, -

For every (s, ), E(t,5,x, y) is a solution of (1.1) with initial condition E(s, s,x, y)
= d(x — y), Dirac’s measure at the point x = y, and Theorems 1 and 2 may be con-
sidered, partly, as statements on the propagation of singularities for E(z,s,x, y). Thus
one may be tempted to think that the statements are consequences of Hormander’s
celebrated theorem on propagation of singularities (cf. [7,16]), viz, the wave
front set WF(u) of the solution of the partial differential equation Q(x,D)u =
2 |a)<n do(x)D*u = 0 with real principal symbol Ou(x,&) = 37, a(x)&* is con-
tained in the characteristic set {(x,&): O,(x,£) =0} and is invariant under the
Hamiltonian flow generated by the principal symbol. Note, however, that the prin-
cipal symbol of the Schrédinger Eq.(1.1) is &2/2 and the characteristic set is
{tx,1,&): ,te Rx e R", E=0€R"}, (1,&) being the conjugate variables of
(¢,x). Hence, each point (¢,x,7,0) is a stationary point of the Hamiltonian flow
of the principal symbol ¢2/2 and Hérmander’s theorem unfortunately provides little
information about the propagation of singularities for solutions of (1.1). (In this
connection, see Craig, Kappelar and Strauss [4] and Kapitanski and Safarov [10].)

This situation has been analyzed further by Lascar [12] and Sakurai [15]. They
introduced the notion of the quasi-homogeneous wave front set WF%(u) and showed
how the set propagates for solutions of quasi-homogeneous (pseudo-)differential
equations. Their theory, when applied to (1.1), shows that WF%(u) is contained
in {(t,x,7,&) : T = £2/2} and is invariant under the Hamilton flow generated by the
principal symbol £2/2 on each plane ¢ = constant. This implies that E(t,s,x, y), as
a function of (¢,x), is singular everywhere on the plane ¢t = s for every fixed (s, y),
however, it still does not tell us whether or not the singularity propagates in the
forward or backward direction of time ¢.

Our results may be best “understood” if we believe in the following “conjecture™:
The singularities of the solution (defined in terms of a suitably modified notion of
the wave front set) of the evolution equation iou/0t = P(t,x,D)u with real symbol
P(t,x,&) propagate along the limit set, as the energy tends to infinity, of the
trajectories of (t,x(t),7(t), p(t)) of the Hamilton equations, not for the principal,
but for the full symbol:

dx/dt = OP/0p, dp/dt = —0P/0x, dt/dt = —0P/ot . (1.10)

In other words, the singularities propagate along trajectories with infinite energy.
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Let us “explain” our theorems from this point of view in one dimension when
V(t,x) = V(x) does not depend on ¢ and V(x) — oo as |x| — oo, so that all trajec-
tories of (1.2) are periodic functions of ¢.

When V(x) = x%/2, the period of the trajectories is independent of energy and
is always equal to 2. If ¢+ nm, therefore, for any two points x, y € R” no solutions
of (1.2) with x(0) = y and very large |p(0)| approach x at time ¢. Hence the FDS
is everywhere smooth when 7#nm. On the other hand, if ¢# is an integer times
half the period, i.e. ¢ = nm, all trajectories leaving y at time O reach (—1)"y at
time nm with momentum (—1)" times the initial one. Hence, for any (nm,x,y),
there is a sequence of trajectories (f,x(¢), 7x(?), px(t)), with fixed initial position
x¢(0) = y, and a sequence of time #, k = 1,2,..., such that # — nm, x () — x
and (%) — oo, as k — oo. Thus E(t,x,y) is singular everywhere when ¢ = nm,
n=0,%1,..., as we see explicitly from Mehler’s formula (1.8) above. Since the
smooth perturbation of x?/2 becomes negligible in the high energy limit of the
Hamiltonian flow, this argument also explains the recurrence of singularity results
of [9] and [21].

When V(x) is subquadratic, the period of the trajectories diverges to infinity
as energy increases to infinity. Hence, the trajectories with x(0) = y and initial
momentum p(0), | p(0)| — oo, will have gone instantaneously to infinity and will
never come back to any point of configuration space. These trajectories produce
no singularities anywhere and E(t,x,y) is smooth everywhere. If V(x) is super-
quadratic, on the other hand, the period of the trajectories decreases to 0 as the
energy grows to oco. Hence, for any two spatial points x, y and any time ¢, there
are trajectories with arbitrarily high energy that leave y at time zero and reach x at
time z. Such trajectories create the singularity of the FDS at (¢,x,y) and E(z,x, y)
is nowhere smooth. Though this heuristic argument is, of course, not a proof of the
above theorems, it gives a clear explanation why the drastic change of smoothness of
FDS takes place as the potential ¥ (x) changes from sub-quadratic to super-quadratic
at infinity. Indeed, the proof of Theorem 1.1 that we shall present in Sect. 2 is based
on this semi-classical picture.

We now describe the plan of the paper, introduce some additional notation and
then outline the proofs of Theorem 1.1 and Theorem 1.2. In Sect. 2, we prove that
E(t,s,x,y) is everywhere smooth with respect to (x, y) if V(¢,x) is sub-quadratic.
The proof is based on two facts, the first, that Theorem 1.1 holds for small time
|t —s] < T(V) and, hence, the propagator U(¢,s) is continuous from the Schwartz
space £(R™) onto itself for all #,s € R (this is due to Fujiwara [6]); the second,
that for |t —s| < T, T being arbitrarily large, the Hamiltonian flow of (1.2) has a
generating function S(t,s,x, y) outside a bounded set {(x, y) : |x|> + |y|* = C%} and
it satisfies the estimate

1028 (t,5,%, ) — (¢ — )7 '|| < 107" — 5|7

as indicated in statement (1). This is a consequence of the sub-quadratic behavior
of the potential. The major part of the proof is devoted to the construction of the
generating function and to the study of its properties. For arbitrary 0 < ¢t —s < T,
we divide s =1y <t; < --- <ty =t such that |t;, —t; 1| S T(V), j=1,...,N,
and write U(t,s) = U(ty,tn—1)---U(t1,%). We may suppose by induction that
E(ty_1,1t,x, y) satisfies the statements of Theorem 1.1 and write

E(ty_1,8,%y) = ED(ty_1,5,x, y) + 5W=15Na(ty_y.5,x, ),
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where E(1) is smooth with compact support with respect to (x, y) and a(ty_1,5,X, )
is smooth and is supported in the set {(x,y);|x|* + |y|> = C%}. (Here we have
absorbed the factor (2mi(t —s))~™? into a and we will continue to do so in what
follows.) Using the short time result, we write

E(t,s,x,y) = [eSCh-13q(t ty_1,x,2)ED(ty_1,5,2, y)dz
+ [ St -1x S -152 (¢, ty_y,x,2)a(ty—1,5,2, y)dz
=Ei(t,s,x,y) + E2(t,8,x,p) .

Since ED(ty_1,s,x,y) is CP(R*") with respect to (x,y), the fact that U(t,ty—1)
is a continuous operator in #(R™) implies that Ei(Zs,x,y) € #(RY x R}). To
analyze E;(t,s,x,y) we apply the method of stationary phase using the fact that

2S(t,ty—1,%,2) + O2S(ty—1,5,2,y) ~ (t—ty—1)"" + (ty—1 —s)~"

is non-singular, which yields the desired properties of E(t,s,x, y). Thus the proof of
Theorem 1.1 more or less follows the semi-classical picture outlined in the preceding
“explanation” of the theorems.

In Sect. 3, we prove that E(¢,x, y) is nowhere in fll’ﬁz(R3) when V(t,x) = V(x)
is super-quadratic and the spatial dimension m = 1. In contrast to the proof of
Theorem 1.1, the proof here is indirect in the sense that it heavily relies upon
the spectral theory of the operator H = —(1/2)d?/dx* + V(x). By the definition of
Bessel space, it suffices, by the Riemann—Lebesgue theorem, to show that for non-

negative p, @, ¥ € CS°(RY),
JE@tx, »)p(t)B(»)P () A Ddrdxdy = (p(2 — H)D(y)e” " ¢, P(x)e™ "),
R3

(1.11)

does not go to zero faster than C(|A| + |&| + 7)Y as |A| + |&| + |n| — oco. Here
p is the Fourier transform of p,

0 .
) = [ e p(tydt,
and (-, - ) in (1.11) is the inner product in L?>(R!). We set & =y = ++/21 in (1.11)
and let 1 — oo along the eigenvalues A, of H. Since V is super-quadratic, the one
dimensional operator H has only eigenvalues 4, tending to oo and the spacing of

neighboring eigenvalues increases algebraically as follows: |1, — A,41| = CaF 12,
Hence, modulo O(4, ), only the projection to the n™ eigenfunction u,(x) contributes
to (1.11),

(L.11) = BOXP(x)e™ " ¢ un)(un, P (x)e™ " M) + O(2,)

where N is arbitrary large. But, on every compact interval, u,(x) asymptotically
approaches a plane wave as n — 00, un(x) ~ Re {C;, € 2’1""}, C,, being a com-
plex constant satisfying the lower bound |C;,| = Ciy /*. Thus, we have |(1.11)] =
Cly '/ and E(t,x, y) is nowhere in gll,ﬁiz(R3 ). In particular, it is nowhere in C'.

In what follows various constants whose specific values are not important will

be denoted by the same character C. These constants may differ from place to place.
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2. Sub-Quadratic Potentials — Proof of Theorem 1.1

In this section, we always assume that V' (¢,x) is subquadratic, viz, that the condition
(1.3) is satisfied. Let V’(¢,x) denote the vector .V (t,x), V"(t,x) the matrix 02V (¢,x)
and set M = sup, , [|[V"(¢,x)|. For 0 < § < 1, Ls denotes the smallest number such
that

sup [V, x)|| < dlx|*/, for |x| = Ls, j=0,1,2, 2.1
teR
where || - || should be understood as the absolute value, the Euclidean norm of a

vector, and the matrix norm of a linear operator in R™, for j = 0, 1,2 respectively.
Set
M= sup [P 22)
teR,|x| <Ls
In what follows, when there is no confusion, we shall often suppress the explicit
dependence of various quantities on the independent variables or parameters.
We begin by studying the trajectories of the Hamilton flow, (x(z,s, y,k), p(s,s,
v,k)), corresponding to (1.1), viz, the solutions of (1.2). Standard arguments in
ordinary differential equations (see e.g. Coddington—Levinson [3]) show that

o for fixed (t,5), (x(¢,s, v, k), p(t,s,y,k)) is C* with respect to (y,k),
e the derivatives of (x(t,s, y,k), p(t,s, y,k)) with respect to (y,k) are C°*! with
respect to the all variables (z,s, y,k).

Furthermore x(¢) = x(¢,s, y,k) satisfies the integral equation
t
x(t)=y+k(t—s)— [(t =)V (r,x(x))d7 . (2.3)
N
Lemma 2.1. Let N =max(1,2M,2sup,.g |V(t,0)|). Then, for any (y,k) € R" xR"
and (t,s) € R xR,
(1 + (s, 2 OF + | p(ts, 0P £ M0+ pP+ kP (24)
Proof. Write F(t) = (1 + |x(t)]> + | p(¢)]*)"/* and denote by the t—derivative.
From the Schwarz inequality, and the fact that (x(¢), p(¢)) satisfies Eq. (1.2), we
have
(d/dr)F (e < 2F@)(|X(0))° + | p(0))'? < 2F@)(| p@)F + [V (6 x(2))) 2 .
By the mean value theorem, |V'(¢,x)| < |V'(,0)| + M|x|, which implies
(d/dn)F () < 2F@)(| p(1)]* + 2]V (1, 0) + 2M>|x(1)[*)"? < 2NF (1) .
The estimate (2.4) now follows by quadrature. [J
Notational remark. In the following we will use 10710 as a generically small con-
stant. This notation has an advantage of indicating the number of estimates needed

to arrive at our final result. Thus the estimates in the first stage are proportional to
10719, the estimates in the second stage are proportional to 107°, etc.
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Lemma 2.2. Let T > 0 and C, > 0. Then, there exists C, > 0 such that the
following estimates are satisfied for |y| < Cy, |t —s| £ T, and |k| = Cy:

|x(taS,y,k)—y—(t—S)k| = 10_10(1 + 't_S“kI), (25)

|p(t,s, v, k) — k| < 107"]. (2.6)

Proof. We prove (2.5) for the case s =0 < ¢t < s+ T only. The proofs for the
general case, and for p(z,s, y,k), are similar. Define f(¢) by

F(O) = [t = $)V'(s, y + skds
0

and let 0 < 6 < 1. We split the interval [0,¢] into two parts, [} = {0 < s < ¢:
|y+sk| =2 Ls} and L ={0 < s < t:|y+sk| < Ls}. It follows, by the definition
of Ls, that |V'(s, y + sk)| < 6|y + sk| for s € I; and that |V'(s, y + sk)| < M, for
s € L. Since the measure of I, does not exceed 2Ls/|k|,

LfO = [t [1V' (s, y + sk)lds < [t|(2Ls/|k|)Mi1 + 0 [|y + sklds
0 0
< |t{QLs/|k|)Mys + 8|y|} + 9|t || - (2.7)

We denote g(¢) = x(t) — y — tk and write, via the mean value theorem, the integral
Eq. (2.3) in the form

t 1
g(t)=f@t)— [(t—ys) {fV"(s,y + ks + Hg(s))dO} g(s)ds . (2.8)
0 0
Using the estimate ||V"/(s,...)|| < M and applying Gronwall’s inequality, we obtain

90 = 17O+ Jo0 = MlaGe)ds = Lo+ T ol
< O]+ MT [T f(5)lds < max [£65)]- 7. (29)
0 st

Inserting (2.7) into (2.9) yields, for 0 < ¢t < T, |y| £ Cy, and |k| = G,

19()| < TeMT {(2Ls/Co)My 5+ 5C1 } + |tk|(TeMT 6) . (2.10)

Thus, choosing d > 0 sufficiently small and C, large enough, we arrive at the
estimate (2.5). O

Corollary 2.3. Let T > 0. Then, there exists a constant C3 such that, for any
R = 1, the following estimate holds for (t,s,y,k) satisfying |t —s| < T and y* +
(t —s)*k* < R%:

x(t,s, k) — y — (¢ = s)k| < CsR. @2.11)
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Proof. We assume s =0 < ¢ < s+ T and use the same notation as in the proof
of the previous lemma. Using the bound |V'(¢,x)| £ C(1 + |x|), we estimate

t
Ol S tf V(s +sk)lds < 2C(L+ || +tlk])
0

and insert the latter estimate into (2.9). The result is
lg()] < MTECA + |y| + 1lk]) .

If we take C3 = 2v/2CT%eMT”, this clearly produces (2.11) for R = 1. O

The following lemma, which is the key lemma of this section, demonstrates that,
in the sub-quadratic potential field, the variations along a trajectory remain almost
constant for a finite interval of time, if the trajectory starts either with a large initial
momentum, ., or from a point, y, far away from the center of the potential. The
proof will exhibit why this happens: if |y| is large while |k| remains small, the
trajectory remains in the region where ||V”(¢,x)| is small; if |k| is large, on the
other hand, though the trajectory can enter the region where ||V”(t,x)| is large,
the sojourn time in that region is short because the velocity is high and because
re-entrance to the region is forbidden, due to the long period of the trajectory.

We now state the lemma and give a formal proof. We use the notation
0,x(t,8, y,k), etc. to represent the differential of the map of y — x(z,s, y,k), etc.

Lemma 2.4. Let T > 0. Then, there is a constant R = 0 such that the following
estimates hold for (t,s, y,k) satisfying |t —s| £ T and |y|* + |k|> = R*:

0,x(t,5, 3, k) — 1]] < 10710 212)
”akx(tsssyak)_(t_s)” é 10_10|t_sl . (2’13)
10y Pt 5, . )| + 10k p(t,5, y, k) — 1]| < 10710 (2.14)

Here 1 (resp. (t — s)) on the left-hand sides stands for the m X m identity matrix
(resp. (t — s) times the identity matrix).

Proof. We only prove (2.12) for s =0 and 0 < ¢t < T. Proofs for other cases

are similar. By differentiating (2.3) with respect to y, we have an equation for the
matrix-valued function 9,x(¢),

Oyx(t)=1— ft(t — $)V"(5,%(5))0,x(s)ds . (2.15)
0

Since ||(¢ — s)V"(s,x)|| £ TM, Gronwall’s inequality implies
lox(e)| <™, 0=<t=T,

which, when applied to (2.15), in turn produces the estimate

, T
0yx(2) — 1] = TeM" OfllV”(S,X(S))IIdS' (2.16)
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Given T, we set & = 10~19(T2eMT*)=1/2. We let C, be the constant in Lemma 2.2
corresponding to C; = Ls, where L is defined by (2.1). By replacing C, by a larger
constant if necessary, we may assume C, > 4 - 10197¢MT"(2L; + 1). We show that
(2.12) is satisfied if we take R = " (1+ C, + Ls), where N is the constant of
Lemma 2.1.

We decompose the interval [0, 7] into two subsets

L={0<t<T:}x(t) 2L}, L={0<t<T:x¢) <Ls}.
Since ||V (s,x(s))|| < ¢ for s € I, by definition,

1T " (s, xs))ds < 72075 = 10792,
I

and (2.12) follows if I, = (). Suppose, therefore, that L+ and |x(t)| < Ls for
some fy € [0,T]. We have |p(%)] = C;; otherwise by Lemma 2.1,

RE+1 S kP +[yP +1 = V(1 + | plto) + [x(10)]*)
MU+ G+ LY =R,
which is a contradiction. It follows, by virtue of Lemma 2.2, that
(1) — x(t0) — (¢ — 10) p(t0)| < 1071°(1 + |(2 — o) p(20)])

and, if T 2 |t—to| = 2(2Ls + 1)/Cy, then |x(t)] = (1 — 10~")|t — 1o]| p(to)| —
[x(to)| — 1071% > L;. This implies that the measure of I, does not exceed 2(2Ls +
1)/C;, and

T [||V"(s,x(s))|lds < TeM M|L| < 107972,
L

which concludes the proof of the lemma. [

The following estimations of the higher derivatives of x(¢,s, y,k) and p(t,s, y,k)
are well known ([5], Proposition 1.4).

Lemma 2.5. For |o+ f| = 2 there exists a constant Cyg such that for all (t,s,x, y),
|0%00x(t, 5, , k)] < Cuplt — s, (2.17)
|0%9 plt,5, y.K)| < Cugle — s|1H1P1. (2.18)

We now set i(t,s, y,k) = x(t,s,y,(t —s)"'k) (cf. [5]) and consider the two
parameter family of mappings I'(z,s) in R” x R™ given by

I'(t,s)(», k) = (y,x(1,s, y,k)), (»k)eR" xR". (2.19)

Lemma 2.4 and Lemma 2.5 imply that all the derivatives of the mapping I'(¢,s)(y, k)
are bounded uniformly for 0 < | —s| < T and that the differential at (y, k), which
we denote by J(t,s, y,k), satisfies, for all |y|> + k> = R? and 0 < |t —s| £ T,

s -al <1070 a= (g 1), (2.20)
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where 1 stands for the m X m identity matrix and R is T + 1 times the constant R
appeared in Lemma 2.4. The matrix 4 is non-singular and v2 < ||4|| = ||[47|| <
/3 as a linear operator on R” x R”™.

The following lemma shows that such maps I'(¢,s) are diffeomorphisms on the
exterior of a ball, and estimates the size of the image. We denote

Bor={z€R :|zl 2R}, Ber={zcR :|z] R},

etc. We remark that, when 7 > 0 is small, (2.20) holds with R = 0 because the
right-hand side of (2.16) clearly converges to zero as 7' — 0 (cf. Fujiwara [5]).

Lemma 2.6. Let A be an ¢ x ¢ non-singular matrix, F : R — R’ be C*® with
|0°F(z)| < C,, for |a| = 1, and let R = 0. Suppose that the differential 0F(z) of
F(z) satisfies

|0F(z) — 4| < (nla™'|)7", for z € Bxg. (2.21)

Set Cy = 5601+ wllA 4~ ), Cs = 2]l + (x4~ )" and K = supi,_g [F2)
— Az|. Then:

1. The map F is a diffeomorphism from By to its image.

2. The image, F(Bxr), contains the exterior of the ball B> c,k+csR)-

3. When |z| = max{6K||A~!|,R}, F(z) satisfies |F(z)| = |z|/(2||47"||)). In parti-
cular, we have an upper bound of the image of the exterior of balls,

F(BZVI) C Birl/(2”A"||)’ for r| = max{6KHA_1||,R} .

Proof. The inequality (2.21) implies ||[4~'0F(z) — 1| < n~. Hence, dF(z) is non-
singular and F is locally diffeomorphic on Bsg. Denote k = (z|[4~!|)~!. If {y(s):
0 < s < 1} is a rectifiable curve in Bxp of length ||y|| connecting two points z, w €
B>g, we have

1
|F(z) — F(w) — A(z — w)| = 0f(aF(v(S)) — Ayj(s)ds| < klvll (2.22)

where equality holds only if ||y]] = 0. Connecting z and w in Bz by a half circle
with these points at the ends, we deduce from (2.22) that

|F(z) — F(w) — Az —w)| < xnlz —w| = 47|z —w],

where again equality holds only when z = w. Hence F is one to one on B>y and
F is diffeomorphic there. This proves the first statement.
Taking the line segment connecting z and zy = Rz/|z| as y(s) in (2.22), we
deduce
|[F(z) — Az| < |F(20) — Azo| + K|z — 20| < K + k]z] . (2.23)

It follows that if |z| = max{6K||4~!|,R},
F@)| 2 |47 e = K = xlz| = @47 D7 el

which proves the third statement.
To prove the second statement, we modify F(z) as follows and apply Hadamard’s
global inverse mapping theorem. Take ¢ € C5°(R) such that 0 < ¢(¢) < 1, ¢(¢)=1
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for |f] = 1, ¢(¢) =0 for |¢| < 1/2, and |¢'(¢)| < 21/10. For 0 < § < 3/2 we de-
fine, Fs(z) by

F(z), lz] = 3R/S,
F5(z) =  ¢(8lz|/3R)F(z) + (1 — ¢(Jz|/3R))4z,  3R/26 < |z| < 3R/5,
AZ, 'Zl é 3R/25 .

The map F5(z) is obviously C* and satisfies |0*F5(z)| < Cys. A short computation
shows that, for 3R/26 =< |z| = 3R/J,

10F5(z) — Al = (3/3R)|¢'(8]z|/3R)||F(z) — Az| 4« .
Since |¢’| < 21/10, the inequality (2.23) now implies the estimate
[0F3(z) — Al < (218/30R)(K + K(3R/8)) + & = (21/30R)KS + (31/10)x ,

which is < (1 —10719)||47"||~! provided § < (R/18K)k. Thus, if we set 6 =
min(1,(R/18K)k), Fs(z) is a global diffecomorphism of R™ which is identical with
F(z) on By3gss. It follows that

F(Bxgr) D F5(Bx3gsis) = R™ \ Fs(B<3gys) -
Since (2.23) implies that, for |z| < 3R/J,
|F(2)| < |4z| + K + xlz| < ([|4]| + ©)BR/6) + K
max(2R(||4]| + &) + K,56(1 + nl|4~"||[4]DK) < CiK + CsR,

lIA

statement (2) now follows. [J

In the remainder of this section, we fix T > 0 arbitrarily large, and then,
take R > 1 in such a way that (2.20) is satisfied for all (i,s,y,k) satisfying
|y> + |k|> = R* and 0 < |t —s| < T. We apply Lemma 2.6 to the triplet (4, F,R)
consisting of the nonsingular matrix 4 = ((1) :) the map F' = I'(t,s) and this constant
R. Recall that v/2 < ||4|| = ||[4™"|| £ /3. We let C; be the constant in Corollary
2.3 and set, as in the previous lemma,

Cq = 56(1 + n[4|[[[471[)( < 600),  Cs=2(||l 4| += |4 [~" )< 4),

Co=C3Cs+Cs, and Ry={6V3(C3+1)+T}IR.

The constant K(¢,s), which is the K of the previous lemma for this triplet 4, I'(z,s)
and R, satisfies, by virtue of Corollary 2.3,

K(t’s): sup Ix(tas9y9k)_y_(t—s)kl é C3R’
|12 +[(t—s)k|*=R?

and hence max{6K(t,5)||47!||,R} < Ro. Thus, Lemma 2.6 implies the first part and
the relation (2.24) of the following lemma.

Lemma 2.7. Let R = 1 and Ry be as above. Then, for 0 < |t —s| = T, the map
I'(t,s) is diffeomorphic from Bxg to its image. Moreover, if r = Ry,

Bzcy CI(t,5)B2r) CBs,pyss (2.24)

and the inverse image in R™ x R™ of (x,y) € I'(t,s)(Bz,) is unique.
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Proof. We have only to prove the last statement. But, this is obvious because of
the following two facts: firstly, Corollary 2.3 and (2.24) imply, for » = Ry,

I'(t,s)(B<r) N I'(t,5)(Bzr) C B3R N Bypgnyz =0,
and secondly, I'(¢,s) is diffeomorphic on B>z O
We set Cr = C¢Ry and write, as in Theorem 1.1,
Qr ={(t,5,x,y) eR*™2 . |t —s| < T,|x)* + |y = C%}.

Lemma 2.7 and the definition of I'(z,s) imply that, for any (¢,s,x,y) € Qr, there
is a unique k = k(t,5,x, ¥) € R” such that x = x(t,s, y, k), and this k satisfies y* +
(t —5)*k* = R3; and hence, y* +k? = R?. Setting k = k(t,5,x, y), we define the
function S(z,s,x, y) on Qr by

S(t,8,x,y) = f( (T8, 1,522 — V(t,x(z,s, y,k)))dt . (2.25)

It is well known (cf. e.g. [2]) that S = S(¢,s,x, y) is a generating function of the
Hamilton flow defined by (1.2),

(OxS)(t,8,x(t,8, v, k), y) = p(t,s, v, k), (2.26)
0,9)(t, s, x(t,8, v,k), y) = -k, (2.27)
and S satisfies the Hamilton—Jacobi equation corresponding to (1.1),
08+ (0:SY 2+ V(tx) =0, 08— (8,S)/2—V(s,y)=0.
The latter property, however, will not be used explicitly in this paper.

Lemma 2.8. On the domain Qr, S(t,s,x,y) is C* with respect to x and y. All
derivatives 6;‘(3[;S(t,s,x, y) are C°*! with respect to (t,s,x,y) and satisfy the fol-
lowing estimates:

sup [|0308{S(t,5,%, ) — (x — p)*/2(t — )} < 1078)e — 57", (2.28)
o+l =2
|0205S(t,5, %, )| < Capy o+ B 2 3. (2.29)

Proof. The smoothness property of S(¢,s,x,y) follows from the definition (2.25)
and the corresponding properties of (x(z,s, y,k), p(t,s, y,k)) stated in the second
paragraph of this section. Differentiation of (2.26) with respect to k£ gives for x =

x(t,8, ¥, k),
a)zrs(tasaxay)=(akp)(tasayak)'(akx)_l(tasayak)a y2+k2 = RZ 5 (230)

where (0;x)~! is the inverse matrix of (J;x). The relation (2.14), ||(dr p)(t,s, y,k)
—1]| £ 10719 and the estimate [[(Gix)~!(t,5,3,k) —(t—s)"!| < 107°)t — |71,
which follows readily from (2.13), then yield the estimate (2.28) for the case |o| = 2.
Other cases of (2.28) may be proved similarly by differentiating (2.27) by k and y
and by applying Lemma 2.4. Estimates (2.29) may be proved by further differenti-
ating the expressions thus obtained, say (2.30), and then applying Lemma 2.5. We
omit the details. [
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Because of the remark preceding Lemma 2.6, when 0 < |t —s| < T(V), I'(¢,s)
is a global diffeomorphism of R™ x R™ and S(¢,s,x,y) is defined for all (x,y) €
R” x R™. It is easy to see (cf. [5]) that (2.26)—(2.29) hold for all (x,y) € R*"
when 0 < |t —s| < T(V).

Proof of Theorem 1.1. We prove the differentiability properties of 6§6£E(t,s,x, ¥)
with respect to (z,s,x,y) at the end and proceed ignoring this issue for the mo-
ment. Fujiwara’s theorem [6] shows that Theorem 1.1 holds with Cy =0 when
T = T(V) is sufficiently small. We fix such 7(7) and assume, without loss of gen-
erality, that (2.28) is satisfied for all x, y € R” when 0 < [t —s| < T(V'). We here-
after assume 7' > T(V) and divide s =#) < #; < --- < ty =s+ T in such a way
that 7(V)/2 < |t; —t;—1| £ 3T(V)/4, j = 1,...,N. By the induction argument and
Fujiwara’s short time result mentioned above, it suffices to show that Theorem 1.1
holds for E(t,s,x,y) when ¢ runs over ¢;_; < ¢t < ¢; under the assumption that Theo-
rem 1.1 is true for E(t,s,x,y) whens < ¢t < t;_y,j =2 2. Wesetr =¢t;_; — T(V)/4.
Then T(V)/4 <t —r S T(V) for t;_y =t £ ¢, and E(4,7,x, y) satisfies the short
time results with the smooth bounded amplitude function a(t,r,x, y).

Recall that Cr = CgRy. Take a C* function @(x, y) such that &(x,y) =0 for
x2 + 3% £ (3Cr/2)? and P(x,y) =1 for x* + y?> = (2Cr)?, and decompose

E(r,s,x, J’) = (1 - (p(x5 )’))E(”aS,x»J’) + ‘D(X»J’)E(”s&x’ )’)
= EO(r,5,%,y) + EO(r,5,%, ) . 231)

Denote by ¥/)(r,s), j = 1,2, the integral operator with the kernel £()(r,s,x, y). We
have, of course, U(r,s) = V(r,s) + V3)(r,s) and, because U(t,s) = U(t,r)U(r,s),

U(t,s) = Ut,rYVO(r,s) + VO(r,s)) . (2.32)

Recall that U(t,s) is a family of continuous operators in & (R™) which is strongly
continuous in the parameters (¢,s) (we abbreviate such a family as a C-family in
the sequel). The function E()(r,s,x, y) is C§° with respect to (x, y) and continuous
with respect to (7,s,x,y) by the induction hypothesis. Hence, VI(r,s) is a C°-
family of continuous operators from %/(R™) to & (R™). Thus U(t,7)V(r,s) also
constitutes a C°-family of continuous operators from #/(R™) to &(R™). Thus, by
the Schwartz kernel theorem, the operator has the integral kernel Ej(%,s,x, y) =
(U(t,r)VD(r,s)d,,0,) which belongs to F(R™ x R™) with respect to (x,y) and
the derivatives with respect to (x, y) are continuous with respect to (,s,x, y), where
d denotes Dirac’s measure. Clearly the function E; may be written in the form
required by Theorem 1.1 on the domain Qr, and we have only to deal with the
integral kernel of U(t,7)V®(r,s).

By the induction hypothesis and the short time result, the integral kernel
E;(t,5,x,y) in question can be written in the form of an oscillatory integral

Ex(t,5,x,y) = [Str=tSes2g(z yya(t,r,x,2)a(r,s,z, y)dz . (2.33)
Rm

Write ¢(x,z, y)=S(t,r,x,z) + S(r,s,z,¥) and A(x,z, y)=D(z, y)a(t,r,x,z)a(r,s,z, y).
The phase function ¢(x,z,y) is defined on {(x,z y): y* +2z°> = C%} and Lemma
2.8 implies

0505012, 9)| £ Capyy ol + Bl + ] 2 2, (2.34)
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and
[02p(xr,z,y) —(t—r) ' —(r =) S 1078t —r| " +|r—s|7D) . (2.35)

The amplitude function A(x,z, y) is smooth with respect to x and y and the deriva-
tives are continuous with respect to (¢,s,x,z, ) satisfying

|0700014(x,2, y)| < Cupy,  for all (a, B,7) . (2.36)
We first prove that E»(¢,s,x, y) is a smooth function of (x, y) by using integration
by parts.

Lemma 2.9. E;(2,5,x,y) is C*° with respect to (x,y) € R" X R™ and the deriva-
tives with respect to (x,y) are continuous with respect to (t,s,x, y).

Proof. We let K be a compact set and prove the lemma for (x, y) € K. We apply
Lemma 2.6 to the triplet consisting of the nonsingular matrix (¢t — )~ + (r — s)~!,
the map z — 0,¢(x,z, y), and the constant R = Cr. Because of (2.35), the third
statement of Lemma 2.6 yields a lower bound for |0,¢(x,z, y)| for (x,y) € K,

|0:¢(x,2, )| =2 Cixlzl, lz| =2 Gk - (2.37)
On the other hand (2.34) gives the upper bound,
0:0(x, 2, )| + 10,(x,2, )| 4+ 10:¢(x,2, )| < C(A +z]), (r,y) €K . (2.38)
Define a first order differential operator L by
L=(1+06)7"(1 - i(0.¢)- ) . (2.39)

The function e/® is an eigenfunction of L on the support of 4, Le® = ¢, and
integration by parts in the oscillatory integral (2.33) a la Asada—Fujiwara [1] yields

Ext,5,x,y) = [(L'e?™50)  A(x,2, y)dz = [?C52) - (LY A(x,2,y)dz,  (2.40)

where ‘L is the formal transpose of L. The lower bound (2.37) and the upper bounds
(2.34) and (2.38) of the derivatives of ¢(x,z, y), and the bounds (2.36) on the
derivatives of 4 produce the upper bound for (x, y) € K,

|0208{ > D(LY A(x,2, y)}| £ Cop(1 + ||y~ HFIAL

Hence, differentiating (2.40) by (x, y) under the integral sign, we conclude that
Ex(t,s,x,y) 1s C* with respect to (x, y) and a;';aﬁEz(t, s,x,y) are continuous with
respect to (¢4,5,x,y). O

Next we prove that on Qr, the derivatives 6;‘61yia2(t,s,x, y) of the function a,
defined by

aZ(ta §,X, J/) = e_iS(t’s,x,y)EZ(t’S’x, y)a (t’ 8, X, J’) € QT ’ (2'41)

are uniformly bounded. We apply the method of stationary phase as presented in
Lemma 3.2 of Asada—Fujiwara [1]. Note that we only have to show (2.41) for
x? +y? = C2, where

C; = 20V2C2Cr

since we already know that on Qr, a, is smooth with respect to (x, y) with deriva-
tives which are continuous with respect to all the variables.
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Lemma 2.10. For any (x,y) with x> + y*> = C3, there exists a unique point z =
z(x, y) of stationary phase for the map z — ¢(x,z,y),

0, ¢9(x,2,y) =0, (2.42)

such that z* + y* = Cr. Moreover, z(x, y) satisfies z(x, y)* + y* = (2Cr)?, and
d(x,2(x, ¥), y) = S(t,8,%, ) , (2.43)
|0:052(x, p)| < Cop,  for all |u|+[B| = 1. (2.44)

Proof. Recalling Lemma 2.7, we write x in the form x = x(¢,s, y,k) for a unique
k € R™. We have, by virtue of (2.26) and (2.27),

(0:8)(t,7,%,2) | 2=x(r,s5, k) = — P(F,8, ¥, k), (2.45)

(0:8)(7,8,2, Y)|o=x(t,5, . k) = (158, ¥, k) . (2.46)

This shows that z = x(r,s, y,k)(= z(x, y)) satisfies Eq. (2.42). We show that z(x, y)?
+ y* = (2Cr)*. The first inclusion relation of Lemma 2.7 and x* + y? = C? imply

V24 (t — s)k? = (C7/Cs)? = (20V2Cr ).

Hence 2 + (r — s)%k? = 572() + (t — s)*k?) = (4v/2Cr)?, which in turn implies,
by the second inclusion of Lemma 2.7, that z(x, y)*> + y* = x(r,s, y,k)* + y* =
(2Cr)?. We show next that the point of stationary phase is unique on the support
of A(x,z, y). Suppose that zy = x(7,s, y,k’) is another point of stationary phase such
that z2 + y* = C?%. Then, (2.26) and (2.27) imply that x = x(Zs, y,k’). But, such a
k is unique and we conclude that the stationary point is unique in z> + y* > C2.
By definition of S(¢,s,x, y),

S(t,r,x,x(r,s, y,k)) + S(r,5,x(7,s, y, k), y) = S(t,5,x(,5, . k), ) ,

which implies (2.43). The estimate (2.44) can be obtained as follows. We differenti-
ate Eq. (2.42) repeatedly after replacing z = z(x, y) and solve the resulting equation
for 8;‘6£z(x, ¥). Then, with the help of the induction argument, the non-singularity
(2.35) of 3*¢(x,z y) and the bounds (2.34) on the derivatives of 9,P(x,z,y), we
obtain the desired estimates. We omit the routine details. O

We take w € C§°(R™) such that w(z) =1 for |z] < Cr/4 and w(z) =0 for
|z| = Cr/2, and split the integral (2.40),

EZ(t9s9xa y) = EZ,](t’ §, X, )") + E2,2(t9 §,X, J/)
= [e9%2Dw(z — z(x, y))A(x, 2, y)dz
+fei¢("’z’y)(l —w(z — z(x, ¥))A(x,z, y)dz .
For x* +y?> = C2, Lemma 2.10 and definition of w(z) implies that the sup-
port of w(z —z(x, y)) is contained in the 3?4+ z?> = (3Cr/2)?. Thus the integral
E;)(t,s,x,y) may be computed and estimated in entirely the same way as in the

proof of Lemma 3.2 of [1], and one concludes easily that e SE,; satisfies the
desired properties. We do not repeat the arguments here.
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To analyze e *E,, we write, using the notation zy = z(x, y),
e S N, o (t,5,x,y) = [ P20 —w(z — 20))A(x,2, y)dz . (2.47)

This will be treated below via integration by parts following basically the same line
presented in [1]. Because the phase and the amplitude functions are defined and
estimated only on the exterior of a compact set, however, we need two estimates,
presented in the following lemma, which replace the key estimates, (3.13) and (3.47)
of [1], used in the corresponding part of the argument.

Lemma 2.11. Let (x,z,y) satisfy x*> + y* = C? and y* + 2> = C%. Then
1(0:¢)(x,2, y)| 2 Glz —z(x, »)|/2, (2.48)

where G = (t — 1)+ (r — )7, and

0500,z ¥) = P(6z(6 ). )| £ Cop(1+ |z —2z(e, )], e+ Bl 2 1. (249)

Proof. To prove (2.48), we connect z and z(x,y) by a curve y(z), 0 < 7 < 1,

of length < m|z — z(x, y)| which satisfies y? + y(t)* = C% so that ¢(x,y(t),y) is

well defined. Since z(x, y) is a point of stationary phase, (0,¢)(x,z(x, y),y) =0, it
follows that

(6z¢)(x,z, y) = (62¢)(x’z5 J’) - (6Z¢)(xaz(xs y)9 J’)
1
= Of((5§¢)(x, Y(2), ¥) — G)i()dt + G(z — z(x, y)) . (2.50)

Relation (2.35) now readily implies (2.48), as well as the upper bound
[(0:¢)(x,2, ¥)| = 3Gz —z(x,)|/2. (2.51)

We prove (2.49). Let |y| = 2Cr. Then, for any (x,z) € R?", (x,z,y) is in the
domain of definition of ¢(x,z, y), and

1
¢(X,Z, y)—¢(x,z(x, y)a y):‘({(azgf’)(xa 1z + (1 - ')’)Z(JC, y)’ y)dt ° (Z - Z(xs J’)) . (252)

Differentiate (2.52) and apply (2.34), (2.44) and (2.51). Estimate (2.49) follows.
Next let |y| < 2Cr. We set Q= {y=01n...,ym):£y; 20}, j=1,...,m and
cover R” by these sets. When y € QF, we telescope the difference ¢(x,z, y) —
d(x,z(x, y), y) as follows:
¢(X,Z, J’) - d)(x’Z(xa y)o J’) = (d)(x’Z’ y) - ¢(.x,Z, y + 2CTe]))
+(¢(X,Z, y + 2CTej) - d)(x,z(x, y + 2CTej)7 y =+ 2(/wTej))
+(P(x,z(x, y £ 2Cre;), y £ 2Cre;) — P(x,2(x, ¥),¥)) =L + L + I,

where e; is the J™ unit vector. Note that for y € jS and 7 = 0, we clearly have
C} <22+ )% <22+ (y+1e¢;)* and 2% + (y £ 2Cre;)? = (2Cr)?. Hence, I; and
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I; are uniformly bounded with uniformly bounded derivatives with respect to (x, y),
as can be easily seen from the expressions

+o
11 = - f(an¢)(xazay + ‘L'ej)df 5
0

and
+o
I = [{(8:9)(x,2(x, y + Te)), y + 1€;)d,,2(x, y + Te;)
0

+(0y,9)(x%,2(x, y + 7€), y + T€;) }dT .

Applying to I, the estimate already proven for the case |y| = 2Cr, we obtain
|0%08D| < Cap(1+ |z — 2(x, y + 2Cre))|) -

But, as z(x, y) has uniformly bounded derivatives, this immediately implies (2.49)
for ;. The proof follows by combining the above estimates. [J

Completion of the Proof of Theorem 1.1. We are now ready to show that the
function e SGS%YE),(¢,s,x, y) is smooth and bounded with respect to (x, y) and
that the derivatives are bounded and continuous with respect to (z,s,x, y). Note, by
virtue of (2.48) of the previous lemma,

|0:(x, ,2)| 2 Clz —z(x, y)| 2 CCr/4, (2.53)

on the support of 1 — w(z — z(x, y)). This means that we can use the same operator
L defined by (2.39) to perform integration by parts in (2.47), which gives

e—iS(l,s,x,y)Ez,z(t’ 5,X, y)= fei(¢(x,z,y)—¢(x,2(x,y),y))(tL)/
X((1—w(z —z(x,y))A(x,z, y))dz . (2.54)

Here, the lower bound (2.53) and the upper bound for the derivatives of A(x,z, y),
z(x, y) and 0,¢(x,z, y) show that

(0205)(LY (1 — w(z — z(x, »)A(x,2, )| S Cop(1+ |z — 2(x, )N .

Hence differentiating (2.54) with respect to (x, y) under the integral sign and using
the estimates (2.49), we see that e SES¥)E, o(1,5,x, ) is bounded with bounded
(x, y) derivatives which are jointly continuous with respect to (z,s,x, y).

To complete the proof, we show finally that the derivatives E,p = 8;‘0/;E (t,s,x,y)
are C°! with respect to (t,s,x,y), provided that, for all «, 0%V (t,x) are C° with
respect to (¢,x). For this we show that E(¢,s,x, y) satisfies the following equations
in the sense of distributions:

10E(t,8,x,y) = —(1/2)AcE(2,5,x, y) + V(L,x)E(t,5,%,y) , (2.55)
10,E(t,5,%,y) = (1/2)NE(t,5,%, ) — V(s, Y)E(t,5,X, ) . (2.56)

Once these equations are established, the C°*! property of E,4 follows immediately.
Indeed, by differentiating (2.55) and (2.56) by 6;‘6?, and applying the previous result
that E,g is jointly continuous, we deduce easily that d,E,3 and 0,E,p are both jointly
continuous with respect to (¢,s,x,y). Further differentiation of (2.55) and (2.56)



Smoothness and Non-Smoothness of Time Dependent Schrodinger Equations 623

by (2,s,x,y), and a standard induction argument now lead to the conclusion that
6;‘6§E(t, s,x,y) is C°*1. To prove (2.55), it suffices to show that

J (@0 + (1/2)Ax = V()6 x W (s, y) « Et, 5., y)dydxdtds = 0,
R2m+2

for ¢(t,x),Y(s,y) € C(R™!). But this follows immediately because the integral
is absolutely convergent and, for every fixed s € R!,

u(t,x;s) = Rme(t,s,x,y)lﬂ(s, y)dy

is a solution of (1.1) by the definition of E(t,s,x,y). The second Eq.(2.56) fol-
lows from the first (2.55) and the identity E(t,s,x, y) = E(s,t, y,x)*, which follows
in turn from the identity U(s,?) = U(¢,s)*, where the former * denotes the com-
plex conjugate and the latter * the conjugate operator. This completes the proof of
Theorem 1.1. O

3. Super-Quadratic Potentials — Proof of Theorem 1.2

In this section, we prove Theorem 1.2. We assume the spatial dimension m = 1 and
V(x) satisfies the condition of Theorem 1.2. Under this condition it is well known
that the operator H = —(1/2)d*/dx* + V(x) is essentially selfadjoint on C§°(R!)
and its closure, which we denote by the same symbol, has purely discrete spec-
trum A < Ay < --- — o00. We let uj(x),us(x),... be the associated real normalized
eigenfunctions.
We begin with the study of the asymptotic behavior of solutions of the eigen-
function equation
— (1/2)d" (x) + V(x)u(x) = Au(x) 3.1

in the interval Q; = {x: V(x) < 4/2}, as the parameter A — co. We set

Sx) = [V20—V(s)ds,  alx) =Q(A— V()™
0
and make the well known change of variables (cf. Titchmarsh [17], p. 119): x —
y = S(x) and u(x) = a(x)w(y). This transforms the eigen-Eq. (3.1) into
dz_w e V' (x) N 5V (x)?
& B —VR T 32— V()

It follows that w satisfies the integral equation:

}w:O, y=3S8(x).

w(y) = w(0)cos y + w'(0)sin y — jsin(y —z)V(z, A)w(z)dz 3.2)
0

where, of course, ¥(y,4) stands for the function inside {---},

V" (x) 5V'(x)?

8 — V) G —rmy 2T S(x).

Viy,A) =

We write C; = (w(0) — iw'(0)) so that w(0)cos y + w'(0)sin y = Re (C;e”).
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Lemma 3.1. There exists a constant C > O independent of 4 = Ay and x € Q)
such that '
la(x)™"u(x) — Re{C;e*@}| < C|C;|a"2. (3.3)

Proof. Let (xp,x1) C 2;\K. We assume without loss of generality that 0 < xp <
x; and V'(x) = 0 on the interval. Since V' < CV(x) £ C(A— V(x)), we have,
uniformly with respect to xo and x;, that

§G) 5 CV'(x) C
S(;{(;) V(y, i)dy = }'3/2fV”(JC)d +fmd < m . (34)

It follows by applying Gronwall’s inequality to (3.2) that |w| < C|C)|, and inserting
this inequality into (3.2) and using (3.4) again, we obtain (3 3). O

We have S(x) = v2Ax + O(A~"2) and a(x) = (24)~Y4(1 + O(A~")) uniformly
on any compact set /. Hence, as 4 — oo, we have

u(x) = Q1) 4 Re {CreV 2} + O(CA72)),  xel. (3.5)

We now assume that the solution u belongs to L*(R!) and find a lower bound
of |C;| for large A. In what follows (-, - ) denotes the inner product on L*(R!).

Lemma 3.2. Let a real function u € L>(R") satisfy (3.1) and suppose |ul| = 1.
Then, there exists a constant C > 0 such that |C)| = CA¢~D/¢ for ) = k.

Proof. We denote M = inf,cx(V(x)+ (1/2)xV'(x)). Let A = (1/2)(x-D + D -x)
be the generator of the spatial dilation e™u(x) = e”?u(e'x). By a simple computation
we have

i[H,A] = 2H — 2V +xV"),

where [H,A4] = HA — AH is the commutator. Since u(x) is C° and exponentially
decreasing as x — £oo with its derivatives, integration by parts shows that

([H, AJu,u) = (Au, Hu) — (Hu, Au) = A{(Au,u) — (u,Au)} = 0
and we obtain the virial identity,
= (Hu,u) = (V + (1/2)x - V' u,u) .

For large 4y we have K C Q; for A = y. Hence, by the assumption 2c¢V(x) <
xV'(x) on K¢,

A zM+ [(V(x)+(1/2)x- V'(x)|u(x)*dx
KC
e +c)

=M+ [(1+ )WV (x)|ux)?dx 2 M +

e

fl u(x)2dx .

It follows that for large A = Ao,

(c—Di+2M S 1(c=1)

Cc+Di 2@ G

[lu@))Pdx =1 — [|u(x)|*dx =
@ Qs
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On the other hand (3.3) implies u(x) = a(x)(Re {C1e"®} + O(|C;|]A~?)) on Q;
and
clal?

dx <
A

|21+ Ca?),

3.7

where |Q,| is the measure of ;. On the other hand, the assumptions imply V(x) =
C|x|* outside a compact set and we have |Q;| < CA/%. It follows by combining
(3.6) with (3.7) that |C;| = C|Q;|~ 24 = C’'Ae=D/4 a5 desired. [

[luGoPdx = [ 1B {C150) + 0(|C;|A~ 1)
Q, 0,

2(2—V(x)

We now show that the spacing of the neighboring eigenvalues 4, — 4, is
algebraically increasing with 4, as » — co. From the assumption on ¥V we de-
duce that, outside a compact interval K, V(x) is increasing with respect to |x| and
Clx|* £ V(x) < C'|x|* for some d = c outside a compact set. It follows for large
Jn, that the equation V(x) = 4, has two roots X, < 0 < X,. It is well known (cf.
Titchmarsh [17], p. 151) that

n

1% 12 1 1
;Xf,{Z(in—V(x))} dx:n-l—i-l—O( ) : (3.8)

Lemma 3.3. There exists a constant C > 0 such that for large n, we have

[Ant1 — An| = CAY2T12€ (3.9)

Proof. Without loss of generality, we may assume min V'(x) = 0. For large n,
we have X, < X,31, X > X,,, and C'\/* < X, — X] < CA/*. Subtracting (3.8)
from both sides of the corresponding equation for n + 1, we obtain

Xn
n+0(%)=fG%aH—Vu»P”—&uw—wnnmwx
X,

Xn’ Xn+1
' ( S+ ) {20m1 =V Pdx =L+ L+ 15 .
X,

Obviously, 0 = I; < 2n for large n. Estimating I; from below, we have

I = ? 2(/1n+1 - /ln) dx > (/ln+1 - /ln)an _X,:l
Y 20 — VO A+ (200 — VPR = Ny

(3.10)
It follows that Auii — Ay < 270/ 20041 [Xs — X, 71 < CAVZ 00 and

01— 2uflt £ CIHI714 S0, n—o0.

(Incidentally this estimate yields the upper bound A,,; — 4, < Ci*V Zd.) On the
other hand, if ¥, < 0 < ¥, are the two roots of V(x) = 4,/2, we have

X V'(x) xdx
{200 = VN2 xV"(x)

d <? : dx + }n+
A1 = An =Y,{ ﬂ,l,/z X!

Yy
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Estimating the second integral by using xV’(x) = 2cV(x) = ci, and |x| < CAY*,
we bound the right hand side by
’ 1/2
Y, I_ZYI c/l‘/z"’ } f V'(x)dx _ Y, I—ZY,; N cal* e
Al {200 = V)Y Al Cn

This yields the estimate /1 < C(Ay41 — 4n )2,1,/ 20122 We estimate L, and I3 in a sim-
ilar fashion. By using xV'(x) = 2cV(x) = 2c4, and |x| < C/l,liff < C"2Y% which

are valid on the region of integration, we see that

) Ipi1 — V 12,y /11/20 Xos1 ,
= [ R T e < B - vy s

2v2C 5 A 1/2 .
= 2 s =2l (B 1) 5 Gt —

n

with the constant C, — 0 as n — co. We may estimate /, in entirely the same way
and arrive at

1
n+ 0 <;> =L+ L4105 £ Clnp1 — An)AY2e"12

which clearly implies A,y — 4, = oM
lemma since 4,/4,—; — 1 as n — co. O

. This completes the proof of the

Proof of Theorem 1.2. 1t suffices to show that for any non-negative and not
identically vanishing C§° functions ¢, @ and ¥,

[E(t,x, y)p(2)D(x) P(p)e M+ " 7Y " Dt dx dy (3.11)
R3

is bounded from below in modulus by a constant times (4 + |&| + |5])~"/%, along
a sequence (4, &n,1y) such that 4, + |&,| + |7,| — 00, B — 00. We write Pp(x) =
d(x)e™ "¢ and ¥,(x) = P(x)e” " ". By the definition of E(t,x,), (3.11) may be
written as o

[ (e H-Dap, W)dt = (P4 — H)®, P, , (3.12)

— 00

where $ is the Fourier transform of ¢:
$() = [ e ()t .

Let A, be the n™ eigenvalue of H and B, denote the orthogonal projection onto the
eigenspace spanned by u, and let O, =1 — P,. By virtue of Lemma 3.3 and the

fact that ¢ is rapidly decreasing, we have for any N = 1,2,...,
90 = H) = GOR = 600~ HIQl = s1p B = 20)| = Cy2 ™%,
*n

with a constant Cy independent of n = 1,2,... It follows that for any large N we
have, uniformly with respect to ¢ and 7,

(GCH — Jn) Bz, By) = PO)( e, ), By) + OU™)
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as n — 00. On the other hand (3.5) and Lemma 3.2 show that

1 ‘ _ )
(i tn) = 503777 {f(p(x)(cl,,eh 2 4 Tydx + O(Ci, 2, 1/2)} ,

and integration by parts yields
C_
(Pyarsthn) = 0, )1/4(fq>(x)dx+0(/1 12yy. (3.13)

We may compute (4, ¥,57-) in a similar fashion and conclude that

GH — 257 ¥ ) = 5 (| LN |)1 F(B0)B0)P(0) + 0(; 7)) + 00 ™) .

Thus, setting A = 4, and & =n =+/24, and using Lemma 3.2, we have obtained
the desired lower bound along this sequence

(BH — 1), 8| Z COA+ 8]+ )~ .
This completes the proof of Theorem 1.2. [
Proof of Remark 1. (1) We show that E(¢,x,y) is nowhere in 31/2C(R2) with

1,loc
respect to (¢, y) for almost all x € R!. The second statement follows from E(t,x, y) =
E(—t, y,x)*. We use the notation of the proof of Theorem 1.2. It suffices to show
that, for almost all x € R, limsup,_, . of

b B PGP VI dt| = A7\ GH = 1)@ 7 (6))

is positive. Decompose, as before,
GH — 1n)® /- (x) = PONP D 50)(x) + HH — ) Dn®yzr)x) . (3.14)

The second term on the right may be estimated as follows by using the Sobolev
inequality,

Sup [9(H = 20)(Qn® 7)) = ClIOH — 2n)0uy i -
Choose a constant M > 0 such that V' (x) + M = 1/2 and estimate the right hand-

side by ~ ~
2C((H + MYp(H — 2n)On® a7, $(H — 20)0n P57,
which is further estimated as in the proof of Theorem 1.2, to give the bound

(ICH = A )D(H — 22)0ul| | (An + MGH — 22)0u)) - |6EH — 22) 00| B2
< CyA N,

where N is an arbitrarily large number. If we write Re C,e'V?** = |C,| cos(v/27,x +
7,), the asymptotic formulae (3.5) and (3.13) imply for the first term of (3.14)

$(0)(Bz<pm)(x) = ;f}zi_w,{nlz e~ {cos(v/2Anx + T,)

+00 PYHB0) + 00 1)) .
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Thus, if we set Grn,,={]x| £L:|cos(v2Lx+1,)| >27¢} and G, =
Uz iNZiUnZkGran s, we have

lim sup /1,1,/20|$(H — )@ a7 (x)] > 0, forall xe€Gy.

n—oo

But the complement Gj , , of Gp,,,¢ in the interval [—L, L] has a measure < CL2~*

for large / and n, and the measure of the set Gf = (1,2, Uy ),— G5, , Vanishes.
This proves statement (/). O

Proof of Remark 1. (2) The function E(t,x, y) satisfies the Schrodinger equations
(10 + (1/2)Ax = V(5,x))E(t,x, y) = (i0, + (1/2)5, = V(t, y))E(t,x,y) = 0

as can be easily checked as in the proof (2.55) and (2.56). Then, the theory of
Lascar [12] and Sakurai [15] on the propagation of the quasi-homogeneous wave
front sets implies that

WFE C {(t,x, y, 1, &) : 24 = & =P},

viz, for any (to, xo, yo) there exist p(), ¥(x), $(y) such that &(z,x, y) = p(1){(x)p(»)
does not vanish at this point and, for any small ¢ > 0, ®F decays rapidly outside
the parabolic set

{Am, &) e R |1 —|&|/In]| + |1 — 24/8| + |1 — 24/n?| < &}, (3.15)

as follows: for any large N, |®E(4,1,E)| < Cy(1 + |A] + 1 + |€)~N. It follows
that we have only to estimate

BE(A, 0, —&)=(p(H — M)z, ¥y)
=(B(H — DBide, Y) + (PCH — 1)Ontbe, Uiy (3.16)

in the set (3.15). If 1, is the eigenvalue of H nearest to A, we have A€
(An—1,An+1) and the distance from A to the end points of this interval is greater
than (1/2) min{4,+1 — A, 4 — Ay—1}. Thus, by using Lemma 3.3 as in the proof of
Theorem 1.2, we deduce that the second term in the right of (3.16) is bounded by

[(BH — D)One,Y)| < CnA™ < Cy(1+ 1A+ [P + €7
On the other hand, when A is large enough, the asymptotic formula (3.5) implies
I(BO)P e, Y)| < Iz |(De, )| (un, Yoy
< @)~ G, Pl el 1l -

But, we may estimate the left hand side of (3.7) from below as

2 [Re {C1¢5} + O(|C3|A~ )2 |Caf? ip
1gg£|u(x)ldx f AT xzzmlml(l CA™'?),

and, because @, = CAY/2¢ by assumption, we obtain |C; | < CAY*~"*. This implies
@A n, &) £ C(L+ [A] + [n” + €)%,

as desired. [
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