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Abstract: We define a Rohlin property for one-parameter automorphism groups of
unital simple C*-algebras and show that for such an automorphism group any co-
cycle is almost a coboundary. We apply the same method to the single automor-
phism case and show that if an automorphism of a unital simple C*-algebra with
a certain condition has a central sequence of approximate eigen-unitaries for any
complex number of modulus one, then any cocycle is almost a coboundary, or the
automorphism has the stability. We also show that if a one-parameter automorphism
group of a unital separable purely infinite simple C*-algebra has the Rohlin property
then the crossed product is simple and purely infinite.

1. Introduction

A C*-dynamical system is a C*-algebra with an action of a locally compact group
by automorphisms. To analyse such a system the notion of Rohlin property was
introduced and exploited at least when the group is the integer group Z or perhaps an
amenable discrete group [8,12,13,5,3,4,22,26,19,20]. We here introduce a Rohlin
property for one-parameter automorphism groups; if α is a strongly continuous one-
parameter automorphism group of a unital simple C*-algebra A9 α is said to have
the Rohlin property if for any real number p e R there is a central sequence {vn}
of unitaries in A such that ttt(vn) — eiptυn converges to zero uniformly in t on every
bounded subset of R. In this case the spectral projections of vn would be periodically
transformed, in a sense, under α, with period 2π/pι so this is an analogue of
the Rohlin property for single automorphisms. The main result (Theorem 2.1) will
show that then for any α-cocycle u, i.e., a continuous family u(t) of unitaries
with u(s)as(u(t)) = u(s +1\ s,t E R is almost a coboundary, i.e., has a sequence
{wn} of unitaries with wwα,(w*) —> u(t) uniformly in t on every bounded subset
of R. (Here a small condition on u should be imposed; see 2.1 for details.) The
only natural examples we can give of one-parameter automorphism groups with the
Rohlin property are on simple non-commutative tori (Proposition 2.5). (Others may
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be obtained by considering infinite tensor products.) Note that any one-parameter
automorphism group of an AF algebra does not have the Rohlin property since K\
is trivial (the unitaries {vn} above must give non-trivial elements in K\\ This is
very much different from the situation for single automorphisms [20]. We also note
that the crossed product by a one-parameter automorphism group with the Rohlin
property must be simple (Proposition 2.4).

We employ a similar method to show that if an automorphism α of a unital
simple C* -algebra with a certain condition (which is satisfied by AF algebras and by
purely infinite C*-algebras if α* = id on KQ), has the property that for any complex
number λ of modulus one there is a central sequence {vn} of unitaries such that
a(vn) — λvn —> 0, then for any unitary u in the connected component of 1 of the
unitary group of A there is a sequence {wπ} of unitaries such that wwα(w*) —» u
(Theorem 3.2). If the C*-algebra is AF and the automorphism induces the trivial
action on ΛΓ0, the above property is equivalent to the Rohlin property. (This is
perhaps not surprising because the Rohlin property may be obtained by the property
that any non-zero power of the automorphism is not weakly inner in any tracial
representation [20], which follows easily from the above property.)

If a one-parameter automorphism group α has the Rohlin property then there are
α-covariant irreducible representations [17]. If the C*-algebra has real rank zero and
satisfies the condition referred to above, we shall show that there is a decreasing
sequence of almost α-invariant projections whose limit is a minimal projection in
the second dual (Theorem 4.1). (A similar result for single automorphisms with
trivial action on KQ can be obtained by using part of the arguments for 4.1 if the
automorphism satisfies the property that all non-zero powers are outer; a substan-
tially weaker property than the Rohlin property in general.) We have an example of
one-parameter automorphism groups where the conclusion of Theorem 4.1 does not
hold. (In this example αi is inner.) Then we shall show that the crossed product of a
unital separable purely infinite simple C*-algebra by a one-parameter automorphism
group with the Rohlin property is simple and purely infinite (Theorem 4.8).

2. One-Parameter Automorphism Groups

Let A be a unital C* -algebra and let

which is a unital C* -algebra; x = (xn) + co(N,A) has norm lim sup \\xn\\ Embedding
A into /°°(N,Λ) by c -> (*,*,...) and also into A00, we denote A00 ΠAf by A^.
Let α be a strongly continuous one-parameter group of automorphisms of A\ then
α acts on /°°(N,^) in the natural way and leaves cv(N9A) and A invariant. Let

/£°(N,,4) - {x G /°°(N,Λ);f -» α,(jt) is continuous}

which is a C*-subalgebra of /°°(N,^4) containing co(N,^4) and A, and let

A? = C(N,Λ)/c0(N,Λ), Λoo,. = A™ Π A' .

By an α-cocycle u in ΛOO,OC we mean a continuous family u(t), t € R, of unitaries
in Λoo.α such that for s,t e R,

u(s)as(u(t)) = φ + 0 .
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For a unitary u G A, if u is in the connected component of 1 of the unitary
group of A, let l(u) be the infimum of the lengths of rectifiable paths from u
to 1 and otherwise let l(u) = 00. If A has real rank zero, then either l(u) ^ π or
l(u) - oc [24].

Theorem 2.1. Let A be a unital separable simple C* -algebra and let α be a
strongly continuous one-parameter automorphism group of A. Then the following
conditions are equivalent:

1. For each p G R there exists a unitary v G ̂ oo,α swc/z fλflf 0^(1; ) = eltpv.
2. For £0cΛ u-cocycle u in A^^ such that t~ll(u(t}) — > 0 αs t — > 0, ί/zere e mfs

α unitary w G ̂ (oo,α ^^cA ί/zαί w(f) = wαf(w*).

/« ί/z/s case for each a-cocycle u in A such that t~ll(u(t)) — > 0 as t — > 0, ί/zere is
a sequence {wn} of unitaries in A such that \\u(t) — wwα(w*)|| — » 0 uniformly in t
on each compact subset 0/R.

A one-parameter automorphism group α of a unital simple C* -algebra A is
said to have the Rohlin property if α satisfies the condition (1) in the above
theorem.

Let T be a subset of A. We say that T is equicontinuous with respect to α if
the family of continuous functions t — > α^*) with x G Γ is equicontinuous, i.e., for
any ε > 0, there exists a <5 > 0 such that if \t\ < δ and x £ T, then HOC^Λ:) — #|| < ε.

Lemma 2.2. Lei w(ί)? t ^^R be a continuous family of unitaries in A^^ Then
there exists a sequence {un(t)} of continuous families of unitaries in A such that
(u\(t\ U2(t\ . . .) represents u(t\ {un( }} is equicontinuous on every compact subset
0/R and {un(t)} is equicontinuous with respect to a for each t G R. Moreover if u
satisfies that \\u(s) — u(t)\\ < C\s — t\ for distinct s,t G [— r,r] with some C,r > 0,
then {un} can be chosen so that \\un(s) — un(t)\\ < C\s — t\for distinct s, t G [— r,r],

for all sufficiently large n.

Proof. For each t G R there is a sequence {xn} in A representing u(t) such that Λ:W'S
are equicontinuous with respect to α. Since x*xn — > 1 and xnx* -^ 1. wn =^«|^«|~1

is well-defined for large rc and {un} satisfies the same properties as {xn}. Thus we
can assume that xn's are unitaries.

For each t G R let {ύn(t)} be a sequence of unitaries in A representing u(t)
such that MM(0's are equicontinuous with respect to α. Let w0 = 0. For each A: G N
we choose an n^ G N such that n^ > n^-\ and if s, t G [—k,k] satisfies s — 1\ <
2~"k then \\u(s) - u(t)\\ < 1/3*. Let w0 = 0. Then we choose an mk G N such that
mk > mk-\ and for any / ̂  mk and s,t e Pk = {j G [-&,£] 2n*y G Z},

- uι(t)\\ < \\u(s) - w(

For / with m^ ^ I < m^\ and s e Pk define A/ > s = Λ* 5 G A of small norm by

Let

w/(0 = e*-5VΛkh* >uι(s\ t G [5,5 + 2-Λ*] ,

w/(ί) = M/(— *), ί ^ — *, and w/(ί) = #/(*), t ^ k. Thus we obtain the contin-
uous functions un on R for w ̂  / w i . We assert that {un} satisfies the required
properties.
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For t G 2~mZ with m G N, {un(t)} represents u(t). Let s,t G R. For a sufficiently
large k with s,ί G [—A:, A:] we have that for n ^ m^,

< ||φ) - ιι(θ|| + Ilk ,

where s',t'ePk with |,s - j'| <2~"*, |f - f ' | <2-Λ*. Hence {«„(•)} is equi-
continuous on each bounded interval of R. In particular {un(t}} represents u(t) for
each t G R.

If s G 2~~mZ with m G N, then {un(s)} is equicontinuous with respect to α. Since
} is equicontinuous, this is the case for any t G R.

To show the last assertion choose an increasing sequence {n^} such that for
H,Λ* + 1,. ..,/ι*+ι -1}

εn = \\un(r2~k(l - 1)) - ι/Λ(r2-*/)|| < Cr2~k .

Suppose that Cr2~k <2. We define < by: For t G [r2~*(7 - I),r2~kl],

w«(0 = β *~r un(r2 (I — 1)),

where h is defined as before by Iog(un(r2~kl)un(r2~k(l — 1))*) with branch along
the negative real axis. Then since | |A | | ^ 2 arcsin εn/29 the new {u'n} satisfies the
required properties.

Lemma 2.3. Let A be a unίtal simple C*-algebra and let {vn} be a central sequence
of unitarίes in A such that for any ε > 0, Sp(ι;w) + (0,ε) = T (regarded as R/Z)
for all sufficiently large n. Define a linear map of the algebraic tensor product
A Θ C(T) into A by

Then {φn} is an approximate homomorphism, i.e.,

\\φn(x)* ~ Φn(x*)\\, \\Φn(xy) ~ Φn(x)Φn(y)\\

converge to zero for any x9y G A Θ C(T), and for any x G A Θ C(T),

where \\x\\ is the C*-norm of x G A ® C(T).

Proof. It follows by easy computations that {(/>„} is an approximate homomorphism.
Then the map x ι-» ((/>ι(jc), (/>2(^c), . . .) defines a homomoφhism of A Θ C(T) into v4°°
and so

y(*) = lim sup ||^(Λ:)||

defines a C*-seminorm on ^4 Θ C(T). (See [23,9] for similar arguments.)
Let / be an open interval in T and let for a £ A,

where χ/ is the characteristic function of/. Then it follows that δ is a C*-seminorm
on A. Since (5(1) — 1 by the assumption on Sp(fw) and since A is simple, it follows
that δ(a)= \\a\\, a G A.



Rohlin Property for One-Parameter Automorphism Groups 603

Note that any non-zero closed two-sided ideal of the tensor product A <S> C(T)
contains a non-zero element a ® /. If y is not a norm, there is a non-zero element
a ® / such that

7(Λ*®/*/) = 0.

Since /*/ dominates cχ/ for some c > 0 and /Φ0, this contradicts that δ is a
norm. Since ^4 0 C(T) has a unique C*-norm, we obtain that

y(x) = ||*||, * G Λ Θ C(T) ,

which suffices to conclude the proof.

Proof of Theorem 2.1. For each p £ R, t \-^ elpt can be regarded as an α-cocycle
in ^oo,α Thus (1) is a special case of (2). We shall prove that (1) implies (2).

Let u be an α-cocycle in ^oo,α and ε > 0. First we choose an N G N so that
l(N)/N < ε. Let {#„(•)} be a sequence of continuous families of unitaries which
represents u as in Lemma 2.2. Then it follows that

un(s)ots(un(t)) - un(s + t)

converges to zero uniformly in s,t on each compact subset of R. Here we may
suppose that wn(0) = 1 and l(un(N)) < εN. We choose a sufficiently large n e N
so that for s, ί e [0, 27V],

\\un(s)oίs(un(t)) - un(s + Oil < e ,

and we let U = un. By Lemma 2.2 we may further assume that there is a con-
tinuous family x(t),t G [0,7V] of unitaries such that c(O) = 1, x(N) = U(N) and
for distinct s,t e [0,7V],

||jc(»-jt(0|| <φ- t .

Define a unitary W in ^4 0 C(T) by

for 5 e [0, 1]. Since W(0) =\ = W(\\W is in fact in A ® C(T).
Define a one-parameter automorphism group y on C(T) by (ytf)(s) = f(s — t).

Suppose that 0 g s < 1 and 0 < t g AT. If Λfc > ί, then

(^ 0 y^(^*))(^) - U(Ns)uN(s-ι}(x(Ns)*x(Ns - t))oct(U(Ns - 0)* .

Since \\x(Ns)*x(Ns -t)-l\\<εt and ||w(A^) - U(t)at(U(Ns - Oil < ε, it follows
that

\\(W*< 0 JtiN(W*))(s) - U(t)\\ < β(ί -f 1) .

If Ns < t, then

κNs(x(N + Ns- t))at(U(N + Ns-t)*).

Since \\x(Ns) - 1|| < eΛ^y and ||;c(7V H-Λ/5 - 0 ~ C/(^)|| < e(* - ^&), it follows that
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Hence we obtain for t G [0,Λf],

\\\ <ε(t + 2 ) .

By (1) there is a unitary v G ^oo,α such that a.t(υ) = e~2πίt/Nv. Let {vn} be a
sequence of unitaries in A representing v such that {υn} is equicontinuous with
respect to α. We define a linear map φn of A Θ C(T) into A by

as in Lemma 2.3.
Note that for a G v4 and / G C(T),

</>„ o α,

i.e., for x G Λ Θ C(T),

lim \\φn o α/ <g> y//^(jc) - α/ o 0Λ(*)|| = 0 .

We find a Wit A® C(T) c Λ <8> C(T) such that || Wι -W\\<& and find an
n G N such that for t G [Q,N),

< ε ,

Then for JΓ = φn(W\) we obtain that

\\W*t(W*)-U(t)\\ < £+\\Φn(W,)φn°QLt®ytlN(Wλγ - U(t)\\

< 2ε +

< 5ε

< Is + εί .

Since PF is close to a unitary, the unitary w obtained by the polar decomposition
of W has the desired properties.

For each sufficiently large n we specify N, x(t) and υm and then construct
wn = w in the above way. If A is separable, it is easy to make {wn} cen-
tral. (We have assumed the separability only for this reason.) This concludes the
proof of (1)^(2).

The last statement follows from the same proof as above. We do not need the
separability for this statement.
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Proposition 2.4. Let A be a unital simple C* -algebra and let a be a strongly
continuous one-parameter automorphism group with the Rohlin property. Then
the crossed product A x R is simple.

Proof. The dual action ά of R on A x R is defined by &p(a) — a, &p(λt) = eίptλt,
where a G A and the canonical unitary group λ implementing α on A are elements
in the multiplier algebra. Then it soon follows that each Stp is approximately inner,
i.e., &p — limAάun \A x R, where {un} is a central sequence of unitaries in A with
lim | |αf(Mn) — e~lptun\\ = 0 uniformly in t on every compact subset of R. Hence any
closed two-sided ideal of A x R is left invariant under ά. Since A is simple, this
implies that A x R is simple.

Proposition 2.5. Let A be a simple non-commutative n-torus, i.e., the univer-
sal C* -algebra generated by n unitaries u\,...,un with UiUj ufu* — e2πίθlJ\ G Cl
such that the anti-symmetric matrix Θ = (βij) satisfies that Θm (£ZW for any
non-zero m G Z". Let a be a one-parameter automorphism group of A such
that

and any α, with ίΦO is not inner, i.e., (Zn + ΘZn)ΠRp = {0} with p = (p\,...,pnj.
Then α has the Rohlin property.

Proof. This is noted in [18] in a different context. Let q G R. We shall find a
sequence {m^} in Z" such that

dist (Θmk, Z
n ) -> 0, plmk -> q .

Then the sequence of unitaries

is central and satisfies that aιt(um* ) - e2πiqtumk -> 0.
This follows since

G = {(Θm + k, p'm) \k,m£ Zn}

is dense in RΛ+1. To prove the density of G suppose that GφRΛ + 1. Then since G
is a subgroup of Rπ+1, there must be a non-zero ξ = (£o,£ι) ^R" x R such that
(ξ,g) G Z for any g G G, i.e.,

(-θξθ9m) + (ξ^k} + (ξi A W ) G Z ,

which implies that £0 G 7J1 and

Then it follows that ξι φO and ξip G Z" + ΘZn, a contradiction.

3. Single Automorphisms

Let A be a unital C*-algebra and let α be an automorphism of A. Let

Λ = {/ € C[0,1] ® Λ I /(I) = α(/(0))} .
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Condition 3.1. There is an increasing function / : R+ — > R+ such that for any
u in the connected component of 1 of the unitary group of A^ there is a con-
tinuous path ύs,s G [0,1] of unitaries in Aa such that UQ = w, ύ\ = 1, and the
length l(ύ) of u is bounded by /(L(w)), where Z/(w) is the length of u(s),
s G [0, 1].

We shall consider this condition later in Propositions 3.4 and 3.5.

Theorem 3.2. Let A be a unital simple C* -algebra and let α be an automorphism
of A. Suppose that Condition 3.1 is satisfied and that for any μ G T there is a
unitary v G AQQ such that α(ι ) = μυ. Then for any u in the connected component
of 1 of the unitary group of A there is a sequence {vn} of unitaries in A such that

Proof. Let u G A be a unitary in the connected component of 1 and let w(l) = u
and u(k) — ua(u(k — 1)) for k — 2,3,..., i.e., u is an α-cocycle in the sense that
u(k)ak(u(m)) = u(k + m) for k,m G Z. Let UQ be a rectifiable path of unitaries in
A such that

ι>o(0)=l,

Let, for k= 1,2,. ..,/ι- 1,

Note that s G [0, 1] ι-> ι>o(.s )*^o(^)(«)an(fo(^ )) is a path from 1 to VQu(n)
in the unitary group of Aa9 where VQ(S)(H) is defined in the same way as w(«), based
on VQ(S) instead of w, and that the length L(vQu(n)a,n(vQ)) as a function on [0, 1]
is at most 2/(t?o), independent of n. Using Condition 3.1 let WQ = l ,wι,.. .,ww_2,
wn_ι = a~n(vQu(n)un(vQ)) be a sequence of unitaries in A^ such that

| |w*-w*_ι| | < C//ι, *= 1,2,. . . ,w- 1 ,

where C = f(2l(υQ)). For A: = 0,l, . . . ,/ι - 2 let % G C[0, 1] 0^ be a unitary
such that

ί e [0, 1/2] ,

C//ι

and let wn-\ = wn_\.
Let ΰk = Vkθίk(w%). We define a unitary ι;GC(T)(S)^4 as follows: for

ί €[*/«,(* +!)/«),
ϋ(ί) = ϋt(nί - A:) .

Then t> is indeed continuous in t € T because for k = 0, 1, . . . , « — 1,

f? t(l) = «(*)α*(ιι)α*(w*+ι(l)*) = u(k + l)α*(w*+ι(l)*) ,

βt+ι(0) = «(* + l)α*+1(wt+,(0)*) = «(* + l)α*(w*+ι(l)*) ,

and

ϋb(O) = 1 ,

»B_ι(l) = u(n - l)α"-1(w)α-1(M*«(n)α"(M)) = u(n)aΓλ (u* u(n +!))=! .
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Note also that

= u(k

^-iα"-1^-!))*

$n-\W(vMu(n - 1)*)

Thus it follows that

\\υ(t)a(v(t - l/n))-u\\ < 3C/n .

Let {um} be a central sequence of unitaries in A such that ||α(ww) — e~2m/num\\ — » 0.
Define a linear map φm of ^4 Θ C(T) into A by

Φm(a® f} = af(um) .

Since ||ι?α (8) 7ι/«(f *) — H 0 1 1| < 3C/n and </>m o α 0 yι/n w α o φm9 we have, as in
the proof of Theorem 2.1, that for a sufficiently large m, a unitary w which is close
to "φmW satisfies that

| |wα(w*)-w|| < 3C/n.

This concludes the proof.

We have not proved an obvious adaptation of Theorem 2.1 to this case, i.e., the
equivalence of the following two conditions:

1. For any μ G T there is a unitary v G AOQ such that α(t ) = μv.
2. For any u in the connected component of the unitary group of AQQ there is

a unitary υ G AQQ such that u — vu(v*).

To prove this we would need an obvious condition involving central sequences
which is stronger than Condition 3.1, and which we could not prove unless A is an
AF algebra. We shall now consider Condition 3.1.

Lemma 3.3. Let A be a unίtal C* -algebra of real rank zero and let u(s}, s E [0, 1]
be a continuous path of unitaries in A with [w(0)] = 0 in K\(A). Then for any
ε > 0 there is a continuous function h o f [ 0 9 1] into the self-adjoint part of A such
that for all s e [0, 1]

\\u(s}-eih^\\ < ε .

Furthermore ifu(0) = 1 = w(l), then h can be chosen such that Λ(0) = 0, elh^ = 1,
and ||Λ(0|| < C\l(u) -\- €2, where C\ and CΊ are constants independent of u
{depending on ε).

Proof. For any ε > 0 there exist a δ G (0, ε/2) and N G N such that if || UQ — u\\\<δ
with MO, HI unitaries of finite spectra, the unitaries

27V -1

% = Σ eπik/NPi([k/2N - l/4N,k/2N + 1/47V)) ,
k=0
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where P/( ) is the spectral measure of HI on T, can be connected by a
continuous path ύt of unitaries such that \\ύt — ut\\ < ε/2, Sp(ύt) is finite, and
G = {(t,λ)\λ 6 Sp(fiί)} !ooks like:

Some of the end points may not exist (all eπιk/N's may not be eigenvalues
of Sp(w/)); so some line segments should be removed from the above picture
(cf. [2]; here we have used freedom to change the pattern of eigenvalues slightly).
In particular, (Q,eπik/N) may be connected to at most four points of (i?β

π^+™W)5

I — —2, —1,0, 1,2 in G as t increases.
Let L be the length l(u) of u. If M e N satisfies that L/M < δ ^ L/(M - 1)

one finds a sequence ί0 = 0 < t\ < t2 < - - < tu — 1 such that for s,t e [A-ι,f/],

\\u(s) - 11(011 < δ .

Then composing the u constructed for the pair w(f -ι), u(tι\ we obtain a path w(s ),
s <E [0, 1] such that \\u(s) - u(s)\\ < ε and G, = {(f,λ) f G [ί, _ι,ί, ], AeSp(δ(0)} sat-
isfies the condition as above. Then starting from Λ(0) = — zlogw(O) with ||λ(0)|| ^
π we can continuously define h(t) = — /logw(0; the definition of λ(0 (or the eigen-
values of Λ(0) is by no means unique and in general the spectral projections of
h(t) are finer than those of u(t).

To be more precise, if w(0 = Σί MθA (0> A'(0's are projections with
^^ /?/(0 = 1, and ju/(0's are mutually distinct at a neighbourhood of ί = ίo, A(0
may be defined as

in that neighbourhood, where Σ^ ^s tne sum over a finite set of integers, logμ/(0 is
defined as a continuous function, and /?^(0's are projections with Σ^ Ptk(t) — pί(t).

If μ, (0's are mutually distinct for f ^ *o except for μ2/-ι(*o) = μ2ι (*o)5

and fi(0 = Σ/ ft (θΛ (0 for ί ^ ίo, where μί(ί0) = μ2ί-ι(ίo) = μ2«(ίo) and
/? (ίo) = /?2i-i(fc) + Piifa), then A(0 is defined up to ί = fe as in (*) and by
assuming Iogμ2/-ι(*o) — logμ2z(^o)9A(0 may be defined as

Σ Σ(-ί logft'(0 + 2π*)/4(ί) (**) ,
/ £

where /4(0's are projections with J]̂  /7^(0 = A'CO
If fi(0 = Σ/^COXV) for t ^ *o,p"(tY* are projections with Σ* >.p"(*) = 1,

μ ;(0's are mutually distinct for ί ^ ί0 except for μ^
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h(t) is defined up to t = tQ and ]Γ^ ptk(to) = P^+iM + Pxtto)- Let *ι < *o be
close to fo. By the Riesz decomposition property, we find subprojections qik of
p" (to) such that

[Pik(*i)] = [q2i+ι,k] + teal >

Then we find a path pik(t\ t G [fι,*o] of projections from ptk(t\) to q2i+ι,k +
#2U at ί = *o for each k such that Σk A*(0 = A'(0 By using these paths we
change h(t) for ί G [£ι,fo] keeping the relation ύ(t) = elh^\ Then we can continue
to define h(t) for t > tQ by finding paths p"k(t) such that p"k(t$) = qik and

If w(0) = 1 = M(!), we assume that 5(0) = 1 = δ(l). Starting with A(0) = 0, we
can estimate the norm of h(t): If tk-\ ^ t < t^,

and hence for any t G [0,1],

We note that if AΓoC<4) is totally ordered, then the above h can be defined in a
unique way by requiring that the ramification can occur at most on one eigenvalue
of u(t). (This requirement makes the choice of subprojections q^ unique when we
use the Riesz decomposition property in the above proof.) In this case if u(Q) =
1 = u(i) we have that h(l) G 2πZl.

We also note that if A is purely infinite and simple, we can also impose the
above requirement, though in this case this does not remove the freedom we have
when applying the Riesz decomposition property. (If Sp(w) is full, we can use this
freedom to control the norm of h(t) to just over π.)

Proposition 3.4. Let A be a unίtal simple C* -algebra of real rank zero such that
A has a weakly unperf orated ordered group with the Riesz decomposition property
as KQ(A) and has the cancellation property. Let α be an automorphism of A such
that α* = id on KQ(A). Then A^ satisfies Condition 3.1.

Proof. Let u G A% be a unitary with [u] = 0. Since u(Q) can be approximated by a
unitary of finite spectrum, we may assume that Sp(w(0)) is finite. Let h = h* G A
be such that \\h\\ ^ π and u(0) = eih. Let

Then UQ = u, u\(0) = 1 = u\(\\ the length of uS9 s G [0, 1] is | |/z| | , and the length
L(u\) of MI as a function on [0,1] is at most 2| |A| | greater than L(u). Hence
we may assume that M(0) = 1 = u(l) and we can regard u as an element of

Suppose that us, s G [0, 1] is a path from u to 1 in the unitary group of AΛ.
By Lemma 3.3 us(l) can be approximated by β/A(ί) with A(0) = 0 and e/Λ(1> = 1.
Hence there is another h'(s) with H/j'C?)!! ~ 0 such that

us(0) = eih^e

ίh'(s\ h'(0) = Q = h'(l).
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By replacing us by

we can assume that us(Q) = 1. Thus u is connected to

u

f

in (£4)+. Let A( l ) = Σk2πkpk, where {/fy} is an orthogonal family of projections
in .̂ Then the class of w' is equal to

in AΓι(£4) which is identified with ^o(^), where we have used that [pk] — [a(pk)]
Hence u (with w(0) = 1 = w(l)) is connected to 1 in the unitary group of (SA)+ .

By applying Lemma 3.3 to u with ε = 2, there are continuous functions A, A' of
[0, 1] into the self-adjoint part of A such that A(0) = 0 = A'(0), A'(l) = 0, ||A(0|| ^
CιL + C2, ||Λ'(0|| <π, and

u(t) -

Note that w and the unitary v defined by v(t) = eih(& can be connected by a path
of unitaries in (SA)+ of length at most π and that v and the unitary w defined
by w(t) = eίth(λ} can be connected by the path of unitaries eW-^h(t)+isth(\) whose

length is at most 2(C\L + Cz). We shall now show that w can be connected to 1
by a path of unitaries in (SA)+ of length at most 4π(C\L + €2).

Let

*(!)=

where {/?#} are mutually orthogonal projections in A and |̂ | rg CiL + C2. Since
[w] = 0 in K\(SA\ we must have that

Let ^o be the maximum of |A| with ^ΦO. If ^o = 0 then A(l) = 0 and there is
nothing to prove. If KQ > 0, suppose that ^ΦO. Since

K0[pκQ] + Σ° *[Λl ^ 0 ,
£=-!

it follows that

AbtpAb] ^ ^o Σ° [Λ] .
£==-!

Suppose that [/?^0] ^ Σ^L-it^] which follows from the strict inequality in the
above formula by KQ(A) being weakly unperforated; then there are subprojections
qk of pk for k = — 1, . . . , — KQ such that

^o
[PKO] = Σ to] -

k=-l

By using the cancellation property we then find a partial isometry W such that

= pκQ, W*W= Σ° qk.
k=-\
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Let

Then

Uθe
2πitpκo u$

connects w to elth , where

Σ *Λ + 2π Σ *(Λ - qk) + 2π Σ (* + l)qk
k=Q k=-KQ -KQ

If [/*<>] £ Σ i t Λ L i e, KQ ^ 2 and Xtf/^] = A o Σ i t Λ L which im-
plies that pk = Q for A: = — 1,.. .,— AO + 1, let p'KQ be a non-zero subprojection

of pκQ. Then [/?^ ] ^ [P-KQ], and we apply the above procedure with p'κ in
place of pκ0 Then we again apply the above procedure to the resulting h1 with
pκQ — P'KQ in place of pκQ, to transform elth to elth with

with no J^* term.
If P_KQ ή= 0, we can use a similar argument to remove the —K$ term. By

repeating this argument we find a path of unitaries which connects w to 1.
Since each argument requires a path of length π, the resulting path has length
at most

4Kπ ^ 4π(C1L + C2).

Proposition 3.5. Let A be a unίtal purely infinite simple C* -algebra and let α be an
automorphism of A such that α* = id on KQ(A). Then A^ satisfies Condition 3.1.

Proof. A purely infinite simple C* -algebra has real rank zero [28] and satisfies that
any non-zero projections p and q are equivalent if [p] = [q] in Ko(A) [11]. Hence
this can be proved in the same way as Proposition 3.4.

Actually this case is simpler. When we apply Lemma 3.4 in the proof of the
above proposition, we impose the extra condition indicated just after the lemma,
and we obtain the self-adjoint h which may end up with

where p-\-q—\ and

We have to estimate the length of a path which connects w : w(t) = elth^ to 1.
Suppose k > 0. Then since [p] = (k + 1)[1], we find k+l non-zero subprojections
e\,.. .,βk+ι of p such that e\ H ---- βk+\ — p and [e{\ = 1. Then w and the unitary
y defined by y(t) = e

2π(k+lW~e\} can be connected by a path of length kπ. Since
[1 — e\\ = 0, y can be connected to 1 by a path of length (k + 2)π. Thus the
estimate is (2k + 2)π = 2||A(1)||. The other case can be treated in a similar way.
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4. Real Rank Zero C*-Algebras

Theorem 4.1. Let A be a unital separable simple C* -algebra of real rank zero
and let a be a one-parameter automorphism group of A. Suppose that α has the
Rohlin property and that A has a weakly unperforated ordered group with the
Riesz decomposition property as KQ and satisfies the cancellation property, or A
is purely infinite. Then for any ε > 0, there is a decreasing sequence {en} of
projections in A and an a-cocycle u in A such that

Adu(t) o ctt(en) = en ,

and the limit of en in the second dual A** is a minimal projection.

Proof. Let {xn} be a dense sequence in the unit ball of the self-adjoint part of
A. Let ε > 0, eQ = 1, α(0) = α, and w0(0 = 1 for all t G R. We shall construct a
decreasing sequence {en} of non-zero projections in A and a sequence {un} with
un an α(w~1)-cocycle such that

un(\ -en-ι)= 1 -έ?π_ι ,

Den(enxmen) < l/n, m = l,2,...9n,

where if e is a projection in Λί and h is a self-adjoint element of eAe, De(h) denotes
maxσe(h) — mmσe(h) with σe(h) the spectrum of h in e^4e. If this is done let

u(t)= lim κΛ(0
«— > oo

which exists for all / e R, is an α-cocycle, and satisfies

Note also that Adu(t) o ΰLt(en) — en for all n. Let 0 be a state of A such that
</>(eπ) = 1 for all n. Then by the condition that Den(enxen) — * 0 as « — > 0, φ is
uniquely determined. Thus 0 is a pure state, which proves that lim en is a minimal
projection in ^4**.

Suppose that we have constructed e^'s and w^'s up to k = n — 1. Let β = o^n~1^
and let f0 > 0 be such that for f e [0, f0]>

for m = 1,2, ...,«. Let TV G N and (5 > 0. Then by Lemma 4.2 below we find a
non-zero projection p in en-\Aen-\ such that Dp(pβ-ιtQ(xm)p) < δ for m = l,...,n
and / = 0,1,..., N. Noting that all non-zero powers of βtQ are outer and applying
Lemma 4.3, we may further assume, by replacing p by a smaller projection, that
if *,/ = 0, !,...,#, and
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for m — 0, . . . ,« where XQ = 1. By Lemma 4.4 below we find an orthogonal family
{#o,#ι? ?#τv} of projections and a unitary v such that

4o = P,

v(\ -en-ι)= 1 -en-ι ,

Adv o βtQ(qk-ι) = qk, k=l,...,N ,

\\βkt,(p)-qk\\ <B(δ,N), k = 0,...9N,

\\v- 1|| < ε(δ,N),

where ε(δ,N) — > 0 as (5 — » 0. Let {̂ -} be matrix units such that

#// = Adi; o

Let
E1 1

7 Σ <7y1 i,y'=o

1
Σ

1

(7VH-1) 2<

1=0

where δ' = δ + 2ε(δ,N) and

Dqι(qιxmqι)

Thus we have that

DE(ExmE) g (T

Then E is a projection in en-\Aen-\ and satisfies that

\\E~βt,(E}\\

and that for λk G σqk(qkxmqk),

I N

1

4-

Both βi and ε2 defined above can be made arbitrarily small by making N sufficiently
large and then δ > 0 sufficiently small.

By Lemma 4.5 there is a β-cocycle u such that

Adut o βt(p) = p .
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Let v(Q) = 1 and let for k = 1,2,...,

and define

7=0

Since βt(v(j))βjtQ(u* p)υ(j)* is a partial isometry with initial projection qj and final
projection βt(qj), wt is also a partial isometry. Note that

We assume that

Then

ίΌ = Adι;(/ - 1) o j8(ί_1)ίo(ήr10)Adt;(ϊ - 2) o j8(l _2)/0(^ιo) 0ιo

and so

qij = v(i)u

By using this we obtain that

O)/^^^

Note that

and so

* - —i o J o^V -j- 1 J—Q 7V -|- 1 y_o

Hence
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and thus EwtQE is invertible in EAE and close to E. By Lemma 4.6 below there is a
jS-cocycle u in A such that

-en-ι)= 1 -en-\ ,

Adw(f) o β(£) = E ,

where γ(ε) — > 0 as ε — > 0 as in the lemma.
Let x(t)9 t E [0, to] be a path of unitaries in A such that

*(0) = 1, x(tQ) = uto ,

-en-ι)= 1 -en_ι ,

Define a unitary PF G ̂  0 C(T) by

Then

(W*(E (

and for λ £ σβ(ExmE)

|| FT (£ 0 l)^(jcm 0 1)FΓ*(^ O l)fΓ - AfF*(^ 0 \)W\\

= max ||

As in the proof of Theorem 2.1,

with error up to y(ε\)t. This is true for / € [0, 1]; then it follows that
for all t € R\{0},

\\Wβt®yt,tϋ(W*)-u(t}®\\\

Now we use an approximate homomoφhism {φm} of A Θ C(T) into A as defined in
Lemma 2.3 such that φm o βtQt 0 yt κ> βtQt o φm and we let w be a unitary obtained
from a suitable image of W in A so that the following conditions are satisfied: for
en =

\\βt(en)-en\\
0

Den(enXmen) < 1/H, /w =!,...,«.
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By Lemma 4.7 we then find a β-cocycle un such that

un(t)(l -en-ι)= 1 -en-ι ,

Aάun(t)oβt(en) = en9

un(t) « 1 .

This concludes the proof.

Lemma 4.2. Let {jq ,...,#„} &e a finite sequence of self-adjoint elements in A.
For any ε > 0 ί/zere is a non-zero projection p in A such that Dp(pxmp) < ε,
m= 1,. ..,«.

Proof. Here we use the assumption that ^4 has real rank zero (cf. [7]). If D\(x\) =
maxσι(jcι) — minσι(xι) ^ ε, let λ G σ\(x\\f a non-zero non-negative continuous
function on R such that supp/ C (A — ε/2, A + fi/2), and let /?ι be a non-zero projec-
tion in the hereditary C*-subalgebra generated by f(x\). Then DPl(p\x\p\) < e. If
σP\(P\χ2p\) ^ ε, we repeat this procedure for p\X2p\ G p\Ap\ in place of zi G ^4
to obtain a non-zero subprojection p2 of /?ι such that Dp^p^ipi) < ε. Note that
DP2(P2X\P2) ^ A^iί/7^!/7!) "̂  ε WG repeat this n — 2 more times to obtain a pro-
jection p = pn.

Lemma 4.3. Let β be an automorphism of A such that βk is outer for any
k= 1,...,7V, and let {x\,...,xn} be a finite sequence in A. For any non-zero
projection e in A and ε > 0 there exists a non-zero subprojection p of e such that
for £=(=/ in {0, 1,...,7V} and m =!,...,«,

\\βk(p)xmβ\p)\\<ε.

Proof. This follows from [15]. By using the assumption that A has real rank
zero, we can take for p a projection instead of a positive element of norm
one.

Lemma 4.4. For each N G N and sufficiently small δ > 0 there exists an &(δ,N) >
0 such that lim.$-+Qs(d,N) — 0 and the following conditions are satisfied: For any
non-zero projection p in A with

\\pf(p)\\<δ, k=l,2,...,N9

where β is an automorphism of A, there is an orthogonal family {qo,q\ ,...,##}
of projections in A and a unitary v G A such that

4o = p,

Adz; o β(qk_ι) = qk ,

\\V-\\\<B(δ,N)

for k= l,...,N.

Proof. This is standard. After construction qo9qι,...9qk-ι, we construct q^ by func-
tional calculus, from

(1 -0o ----- qk-\)βk(p)(\ -qQ ----- flfc-i),
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which is close to βk(p). If #o> »<7τv are obtained, the unitary v is obtained, by
polar decomposition, from

TV / N \ / N

Σ?*0*(/»)+ ι-Σ?t Π
k=0 \ £=0 / \

Lemma 4.5. For any projection E in A there is an a-cocycle u in A such that

Adw(0 o ut(E) = E .

Proof. Let E1 be a projection in A such that \\E — Ef\\ < 1/2 and E' is in the domain
of the generator δ of α. Let W be the unitary obtained by the polar decomposition of

EE' + (l -E)(l -E').

Then WE'W = E. Let h = [δ(E'),E'] == δ(E')E' - E'δ(E'). Then [h,E'] = δ(E')
and so (δ - δh)(Ef) — 0, where δh(x) = [h,x]. Define an α-cocycle v by

jv(t) = -t;(Oα,(Λ), ϋ(0) = 1 .

Then it follows that Adυ(t) o α,(£') = E' . Let u(t) = Wv(t)θLt(W*). Then u is the
desired α-cocycle.

Lemma 4.6. For each small ε > 0 there exists a y(ε) > 0 such that limε_+o y(ε) = 0
α«ί/ ί/z^ following conditions are satisfied: For each projection E in A and an α-
cocycle u in A with

- E\\ < s for some tQ > 0 ,

Adu(t) o «,(£) - J? ,

Eu(t$)E is connected to 1 z« ί/ze inυertible elements of EAE ,

w αw u-cocycle v in A such that

Aάv(t) o aιt(E) = E ,

Proof There exists a unitary fF such that W & 1 and AdW o atQ(E) = E. Since
[w(ί0)FF*£] = 0 in K\(EAE) and Ad^Γ o <xtQ\EAE has the stability by 3.2, there
exists, for any ε' > 0, a unitary V\ in £/4£ such that

\\u(t*)W*E - Vf

In the same way there is a unitary VΊ in (1 — E)A(l — E) such that

||M(ί0)^*(l -E)- VΪMW o α(o(F2)|| < ε' .

Let

Then v is an α-cocycle and

Adv(t) o α/(^) = E ,
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Lemma 4.7. Let ε > 0 be sufficiently small and e a non-zero projection in A such
that \\oct(e) — e\\ < ε(\t\ + 1). Then there exists an oc-cocycle u such that

Adw(0 o ut(e) = e ,

\\u(t)-l\\<δ(ε), f e f l U ] ,

where δ(ε) — > 0 as ε — > 0.

Proof. Let / be a non-negative C°° function on R with compact support such that
ff(t)dt= 1. Let

Then for /y(f ) = /(yί)7 with 7 > °>

= d/y,
Let A be a C°° -function on R with compact support such that h(t) = 0 on
(-00, 1/2 - 1/23/2] and h(t) - 1 on [1/2 + 1/23/2, 1]. Let y > 0 be such that

or y=

Let
x = Sfy(t)*t(e)dt .

Then \\x-e\\ <ε(Cι/y+ 1) = ^/e, ||;c|| ^ 1, and so ||;c2 -jc|| ^ 2||jc-^|| < 2^ε. If
2Λ/ε ^ 1/8, then Sp( c) C [0, 1/2 - 1/23/2] U [1/2 + 1/23/2, 1] and p = h(x) is a pro-
jection such that

\\p-x\\ g (1-

Let δ be the generator of α, and let

Since

it follows that

||̂ )|| ϊ Cί\\δ(X)\\ ί C2C37 =

where

(See [6,27] for details.) Since \\p — e\\ < 5^/ε, there is a unitary w such that

wpw* = e and ||w - 1|| < 30^/ε (if IUA/S < 1/2). By the proof of 4.5 there is an
α-cocycle υ such that

- i l l ϊ 2\\δ(P)\\\t\ ,
Adv(t) o ut(p) = p .

Then u(t) = wv(t)ut(w*) is the desired α-cocycle.
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We present examples concerning the conclusion of Theorem 4.1; there is a
non-unital purely infinite simple C*-algebra B and a periodic one-parameter auto-
morphism group β of B with period 1 such that if e is a non-zero projection in B
then ||Λ(e)|| ^ 1, where A is the generator of β, and that there is a unital purely
infinite simple C*-algebra and a one-parameter automorphism group α with αi inner
such that the conclusion of Theorem 4.1 does not hold. Note that for this periodic
β there are many invariant pure states [16].

Let On be the Cuntz algebra generated by n isometries Sι,...,Sn [10] and let α
be a one-parameter automorphism group of On such that

a,OSf) = e?*'Si .

If {/?ι,...,/?«, — A'} generates R as a closed subsemigroup for any i — 1,...,n, then
the crossed product On xα R is simple [14] and furthermore if /?/'s are all positive
(or all negative), On xα R has no non-zero projections [21]. (Since On has a KMS
state for α in this case, α does not have the Rohlin property. We could not decide
whether α has the Rohlin property in the other cases.) Let A be the crossed product
of On by αw,« £ Z. Then A is a unital purely infinite simple C*-algebra [22]. We
extend the action α to an action α on ^4 in a natural way; then άj is inner, i.e.,
άi = Adt/, where t/ is the canonical unitary in A which implements oc\ on On. Let
/ be a continuous function on T with supp / contained in a small neighbourhood of
0, and let B be the hereditary C*-subalgebra of A generated by f(U). Then a\\B is
close to the identity with δ = log(αι|£) well-defined as a *-derivation ([25], 8.7.7).
Let A be the generator of 5\B and let β be the one-parameter automorphism group of
B generated by Δ\ = A — δ. Then, since δ commutes with α it follows that β\ = id.
Since A xα- R = On xα R 0 C(T) and # x<χ R = .# x^ R is a continuous field over
T to the C*-algebra B Xβ T, it follows that B XβΎ is isomorphic to a hereditary

C*-subalgebra of On x R. Hence it also follows that the fixed point algebra B$
is isomorphic to a hereditary C*-subalgebra of On x R. This implies that for any
non-zero projection e in the domain of the generator Δ\ — Δ — δ,

IM,(e)|| £ 1 -

Because if ||zlι(e)|| < 1, then let h = [Δ\(e\e\ and let A2 = Δ\ — δh with δh(x) =
[h,x]. Then for t > 0,

/-J ds

Since | |A | | < 1 it follows that \\eΔ^ - ίd\\ < 2. Then δ\ - log(^2) Can be defined
as a *-derivation. Then for ^3 = Δ^ — δ\ = Δ\ — δn — δ\, we obtain that A^(e) — e
and that

Since B Xβ3Ύ = B xβΎ with β3t = etΔ\B^ is isomorphic to a hereditary C*-sub-

algebra of On x R. Since B^ has the non-zero projection e, this is a contradiction.
We assert that the conclusion of Theorem 4.1 does not hold for (A,ΰ) above.

Suppose that there exists a decreasing sequence {en} of projections and an α-cocycle
u such that

o δ,t(en) = en ,
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and the limit of {en} is a minimal projection in A**. Let φ be a pure state of A such
that φ(en) = 1 for all n. There is a one-parameter unitary group U implementing
α in the GNS representation Uφ associated with φ such that u(t)Utξ = ξ, where Uφ
is omitted and ξ is the cyclic vector associated with φ. For any ε > 0 we can find
an α-cocycle v in B + Cl and a unit vector η in the range of B such that

for some /? e R (cf. [18]). By Kadison's transitivity theorem there is an c G BA
such that xζ = η and ||jc|| = 1. Let / be a continuous non-negative function on R
with integral 1 and let

xf = fe-ίptf(t)v(t)δίt(x)u(tTdt .

Then Xfξ — η and ||jc/|| — 1. Thus we may suppose that

||έ*'u(Oα*(*XO* -x\\<*> t€ [0, 1] .

We can now see that {xenx*} are approximately projections in B (i.e., there is a
sequence {pn} of projections in B such that \\xenx* — pn\\ — > 0) (cf. [22]) and that

||Adϋ(0 o άt(χenx*) - xenx*\\ < 2ε, t G [0, 1] .

Hence | !«,(*£„#*) — Jtewjc*|| < 4ε, t G [0, 1], This implies that B contains an almost
ά-invariant projection (cf. 4.6), which is a contradiction if \\δ\\ is sufficiently small.

Theorem 4.8. Let A be a unital separable purely infinite simple C* -algebra and
let α be a one-parameter automorphism group of A. If a has the Rohlin property
then the crossed product A xα R is a purely infinite simple C* -algebra.

Proof. The simplicity is shown in Proposition 2.4.
Let e\,β2 be non-zero projections in A such that e\e-ι = 0 and [eϊ\ — [1]. By 4.5

we obtain an α-cocycle u in A such that

Adw(0° &t(eί) = £i -

By replacing α by Aάu(t) o α,, we assume that α,(e/) = e{. Let U be an isometry
in A such that UU* = e\ . Let p > 0 and define an α-cocycle u by

u(t) = e

Then for any ε > 0 there exists a unitary V in A such that

Kθ-Fα,(r)||<ε, f € [ 0 , l ] .

Thus for t/i = ί/K,
llαίίC/O-^t/i^ε, f € [ 0 , l ] .

In the same way we have an isometry C/2 such that £/2t/2* = ^2 and

Let A 1,^2 be C°° -functions on R such that

0 g AI ^ 1, 0 ^ A2 ^ 1 ,

supp AI C [-5/?/2, /?/2], supp A2 C [-p/29 5p/2] ,

A? + A^ = 1 on [-2/7,2/7].
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Let, as in the proof of Lemma 6 in [22],

x=Ulhl(H)+U2h2(H),

where H is the generator of the canonical unitary group λt in the multiplier algebra
of A x R, and

h(H) = fh(t)λtdt,

Then

= h\(H) + h\(H) ,

-xx* « h\(H - p)eι + h\(H

If / is a continuous function on R such that f(t)=l on [—3/7/2,3/7/2]
and supp(/) C [—2/7,2/7], then for y = f(x)9 it follows that jt*;cy = jμ and
\\yxx* — xx* \\ is small depending on ε. If ε > 0 is sufficiently small then
ll.y/i/sd**!) — /ι/8(|**|)|| < 1/4, where fs is a continuous function on R such that
fs(t) = 1 for t ^ J,/s(0 = 0 for f ^ s/2, and linear on [s/2,s]. Then it follows
that ||/ι/2(M)/ι/8(**) — /ι/8(|**|)|| < 1/4, i.e., x is an approximate scaling element.
By Lemma 4.2 of [1] A x R contains an infinite projection. The rest of the proof
goes exactly as the proof of Theorem 2 of [22] by using Theorems 4.1 and 2.1.
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